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Abstract
This paper develops a theory of Grdbner basis of ideal of convergent power series.
The basis is consfructed by calculating "S-power series” successively, where the
S-power series is an analogue of S-polynomial and constructed so as to cancel the
head terms of initial polynomials of two power series. By using the finite genera-
tion property of monoideal, it is broved that a finite number of successive
constructions of S-power series provide us a GrSbner basis of power series ideal.
Furthermore, a construction procedure of the Grdbner basis is discussed from the

viewpoint of constructive algebra.



§1. Introduction

In discussing po,lynom‘ial,ideals ana related problems, the GrGbner bases are very.
useful ideal bases [1]. The Grdbner bases allow us to solve the following problems
within reasonable computation steps [2]:‘det’ermine Whether or not a given polyno-
mial is an element of .a given ideal, calculate the interséction of two polynomial
ideals, simplify a :polync‘)ﬁlial ;w:ith.' ,polynomiai side-relations, | solve a system of
algebraic eqautions with/without parameters, calculate the polynomial solutions of
a linear equation with pbly‘nc;nia'l‘ coéffic;ients, and so'on.\ |

A construction method of. Grc’ibhfer basi;for' Jpols;n‘omia’\ls in KE%l....,xh], with K
a number field, was discovered by Buchberger in 1965 [1]. Lauer [3] extended the
:Buchberger's method to include the polynomials with Coefficients in the ring of
integers. However, as far as the authors know, no attempié was made to construct a
Grobner basis of .an ideal in-a ring of power series. In this paper, we construct-a
Gr8bner basis on a ring of convergent power series«,K{-xl,.._-,vxn} _anci discuss some
properties of it.

As we will see vbglow, our construction is an almost straightforward extgnsion of
the method for polynomials, but we used some results of the theory of monoideal to
prove the finitg generation property of the Grdbner bas_is for power series, . We
follow to Hironaka [4] to use monoideals ‘in, discussing - ideals of infinite power
series, Because the theory of monoideal iis essential . in. our. extiension, 82 .is
devoted to survey this theory briefly, With the notions of monoideal, the theory
of Grébner basis can be formulated ~simpl)". Hence, in 83, we reformulate the
conventional Griobner basis theory from the viewpoint of monoideal. The development
of a theory of GrGbner basis of power series ideal is doﬁe in §4 and §5, and the
constructivity of a Gr8bner basis for infinite power series ideal is Adiscussed in

§6.

§2. Monoideal

Let ZO be the set of non-negative integers, and ng the ‘Cartesian product of ZO
with n a positive integer. An element A of Z’a is written as (al,...,cxn) and we
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define lA] = al + cee a_.

Definition I-1 [monoideal]. A »subset IM pf Zg is a monoideal if

2

o Where all the lattice points inside the

Figure 1 illustrates a monoideal in Z
shaded area constitute the monoideal and the lattice points (1,3) and (2,2) are

generators of the monoideal.

Il Fig.l Il

Proposition I-1. °"A monoideal IM is finitely generated. That is, there_exist a

finite pumberv of elements Al’ As in IM satisfying

s

‘Vn
L, = Y+ 2. O

Proof. We use an induction on n. When n = ], it is obvious that IM is generated
by a single element A = (al)_, a, = min{ | Al | Ace IM}_.

or D <k, is finitely generated, we

Next, assuming that every monoideal in YA

consider the case of n = k‘, ,Let

Iy = {@pe, )| @ ) e 10,
1

then iM, is obviously a monoideal in Z‘S- ) Hence,zby inductionr‘assumti‘on, ther,ev
exist a finite number of generators Al' _A,ﬂ such that iM,z “:L‘Jl([\l.f. z’g'l)_ For
i=1,....2, let Ai_ =, (Qil"“??_i.k—l)t and @, = mm{akl (@ ey o) € Lo
Denoting (ail“"'ai,k-l'aik) by A, we decompose Iy ‘as IM = 1\91 (A, + ZI;) + I,
with I, (\[ iL:/l (Ail_gr,z‘;)] = é. Tl'iten‘,'“ each e]gmcn? kql"i"'?k) Qf I}, satisfies a

@, = max{a,...a, }. For each.a in {0,,_,.&k—1}, let iM,a = {(ﬂal,...,ak__lv;)d

k-1 2 . . . k-1 L. ..
| (al,....ak_l.a) € Ih} + Zo , then IM;N s a‘monqldeaym Z0 arvu? it is finitely

generated by induction assumption. Therefore, I, is finitely generated. []

M

Corollary to. Prop. I-1. Let Il < 12_§__ s e e gls < - - is an increasing sequence
of monoideals‘, ’th_env_th‘ere exists an ‘integer T such that

. It = Ipgy = - O
Proof. Let I, = leli'»- then we can see that I_ is a monoideal. Prop. I-1
assures that there are a finite number of elements A, ..., A of I, such that [ =

t .
iL=Jl(A.i + Z;). For each i, 1 £ist, there is a number J(i) such that A; eI,

-3 -
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‘ | .
Let T = max{J(1),...J())}, then A el for i=l,..t. So I, = U + 20<&
=
I.. Hence, we see [ S L &L, &---SI,. O
Let K[xl,,,.,xn] be a ring of polynomials in n variables Xy e X with

coefficients in a number field K. We. abbreviate K[xl,_..,xn] to K[x]. Let fl'

... f_ be elements of K[x], and I the ideal (fi""'fr) in K[x] generated by fl'

' . _ A o . .
fr. We express f in K[x] as f = %_‘, a,x, where A = (al,.,,,an), a, ¢ K, and
xA is an abbreviation of xflxgz...x:n_. We call @, toeee + @) the degree of the
term x*, ie.. deg(x?) = [Al.

Definition I-2 [(lexicdgraphic.order > in Zgr].

For any elements A =‘(a1,_,.,an) and B = (B,-l,...,ﬁn) of Zg, we define A )> B iff
there is an integer i, 1 <i<n, such that a, = Bj' for all j, 1£j<i, and @, >
. O
Note. The following theory is valid if we use another definition of order so far

as Zz becomes a well-ordered Abelian semigroup by~ the order,

Definition I-3 [exponent set, leading exponent, head term].
Exponent set of f, leading e’xponept of f, ‘and head term of f, which are
abbreviated to exs(f), lex(f), and ht(f), respectively, are defined as follows:
exs(f) = {AeZj|a, #0 in f =3 ax")
lex(f) e exs(f), lex(f) > any other element of exs(f),
A

ht(f) = a term a,x” of f, where A=lex(f). [J

Definition . [-4. The l_vyex(I), ‘with I a _pblynomial ideal, :is a subset of Zg defined
by

lex( = {lex(f)| £#0, fel} O

Proposition 1-2.. The set E =lex(I) is a monoideal. [J

Proof. The relation E S E + Z'(; is trivial because (0,,_,,0) e,‘Z:, sq‘We.have only
to show E + Zg S E. Let A+ B be any element of E + Z'(; such that A € E 'énd Be Z'(;.
By definition, there exists a polynomial f in I such that lex(f) = A, Since .

lex(xBf) = A+ B and ] is an ideal, we have;,xBf el. That is, A+ B ¢ E. [O
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§3. GrObner basis of polynomial ideal — formulation ‘based on monoideal —

The essential operations in the GrSbner basis tﬁeory' are.monomial réduction and
monomial cancellation, A mondmial xA is fully charécterized b‘y its exponent A, and
we have seen that an exponent set is well formulated by a monoideal, Tﬁerefore, We
naturally expect that the theory of Gr8bner basis can be formulated simply from the
veiwpoint of monoideal.

Definition I-5 [reducibility].

Let F = {fl._,.,fr} be a subset of K[x]., and put E = i\“/l[l-ex(fi) + Zg]. A
polynomial h in K[x] is called reducible with respect to F if ex‘s(h)ﬂ E #+ ¢ and h
is called irreducible w.r.t. F if exs(h) M E- = ¢. O “

Definition -6 [reduction].

With the notations in Def. 1-5, let h' e K[x].’k The h' is called a ‘reductién of
h w.r.t. F and written as h —= h' if one of th’er followings -holds:

(@) W' =h when h is irreducible w.r.t F,

(b) h" =h - c'fok when exs(h) M [lex(fk)+zg] # @,

where ¢ and A are determined as follows: let ht(fk) = a xAk. hence:-h contains a
. \ . .

A
T A+A, _
X then ¢ = bA+Ak/a

O

term proportional to x and let the term be bA+A
"

A

Definition I-7 [normal form],

Suppose h in K[x] is reduced successively as h — h' - h, and if

B is irreducible w.r.t. F then h is called a normal form of h w.r.t. F. We denote

the above reduction sequenc'e‘ byr h -——F—H h. D

Proposition 1-3. Let F = {fl,.‘,,.'fr} be a subset of K[x]. Given a polynomial h in

K[x], we can reduce h to a normal form h w.r.t. F by a finite sequence of
reductions, [
Proof, -See [1], or refer to a proof for the power series case in §4. [J

Definition 1-8 [Gr8bner basis].:

Let I = (f,....f,) be an ideal in K[x]. A subset G = {g....8,} of K[x] is
called ‘a GrBbner basis of 1 if the following conditions are satisfied:

1) (g)...8)) =1,

(2) for any element f of I, f = 0. O

-5 -
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Deflmtlon -9 [S-polynomlal]

Let f and g be po]ynomlals in K[x] and put ht(f) = anfA and ht{g) = beB. Let

u and v be monormals satlsfymg LCM(x X ) = uxA = vx° , wWhere LCM is the least

common multlple. Then, S—polynomial of f and g, to be abbreviated to Sp(f,g), is
defined by

Sp(f.g) = wf - (a,/by)v-g. O

‘Proposition I-4, Let I be an ideal in K[x]. Let the mor‘loid‘eal ‘E = lerxr(I) be
generated by A ..., As, i.e., E = CJ(A + Zn) If G =. tgl,....gs} is a subset
of I satlsfymg lex(g) | A for every iin -{1 s}; then

(@) (8. g)—I. |

(b) for any f in K[x], f is an element of I iff f—-é—H 0. :El
f_r_q_cﬁ Prop I- 3 assures that there exist polynomrals h | ,hs such that

Zhg +? exs(f)f\E ‘ |

Proof of (a). Let K[x1® . {h € K[x] l exs(h) {\ E = ¢}, then we have a commutative

diagram:
Klx Kix,....x 1/(g,...8 )

!
K{x....x 11

We can see that the mappmg T is ‘surjectlve Oﬁ the other hartd, (b) means that the
‘I’AIS injective. So, proof of (a) reduces. to proof of (b)

Proof of (b). Suppose f €I and T#0, then lex(f) ¢ E because TeI ‘Thi‘s
centradicte to t‘heas:stlmption 4. that Tis ibrreducible. Conversely, if f 0 ther“l it_‘
is vob"vieus that f el . O . |

Corollary to Prop. I~—4. With the notatxons in Prop I-4, let G = {g,.....8,} be a

Grobner basrs of I, and h a polynomlal in K[x]. Let h1 and HZ be normal forms of h

w.r.t. G, then'ﬁ1 = h2' O
Proof. By de_ﬁnritionr of normal form, we have exs(Hi) E = @, i=1.2.’ On the other
hand, lex(ﬁ1 - Hz) ¢ E because Hl - ﬁ2 ¢ 1. Hence, if Hl - Hz # 0, then we have a

contradiction. [



So far, we did not mention how to construct a Gr8bner basis, The construction
of the basis is most important in the theory of Grdbner basis, and it was given by

Buchberger [11].

Procedure BUCHBERGER

input: an ideal I = (fl""’fr) in K[x]. -
output: ‘a Grobner basis G = {gl,...,gs} of I,

G = {g;=f ..., g=f};

P = {(g.8)] 8.8, G, i#i};

while P # ¢ do begin

p;; = a pair (g.g;) in P;
P =P - {p;}hi

(%) ' g = a normal form of Sp(gi,gj) w.r.t. G;

if & # ( ‘then begin

P =P (8] g eG};
G =G | {&};
end;

end,

In the above procedure, the size of G is increasing one by one, so we denote the

G explicitly by Gy, G G,. .... where G, F and G, = G;_; v {é’i}, i=1, with §i

li

the i—th 'generated polynomial. Writing g =

i 8.4 SO G = (8.8}, we put

r+i

— ] n K
E = jEgll[lex(gj) + Z,].

Proposition I-5. The above construction procedure terminates. That 1is, there

exists a positive integer T such that for any pair (fi,fj) in G’I" we have -Sp(fi,f.j)

—— (. [

Gt

Proof, Since EO c E1 C E,C .-+ is an increasing sequence of monoideals,

2 e
Corollary to Prop. I-1 assures that there is an integer T such that E.r = E’r‘+1 =

+++  Suppose there is a pair (gi‘,gj) in G, satisfying Sp(gi,gj) = g. 8§ # 0.
T

that is exs(g) N E. = ¢. Then, by the construction, there is an integer t, t > T,
such that g e Gt, hence lex(g) e Et + On- the other hand, ET = E, by definition of

E "This is ‘a contradiction, -[J

T .
-7 -
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Theorem 1 [Buchberger].
. Let:1. = (-gl.....gs) be an ideal in K[x]-and G the set {gl,....gs}. If
Sp(g;.g)) ——— 0 for any pai}r (g,.8), i#] 1=iiss,
then G is a Grdbner basis of I. [

Proof. See [1], or refer to a proof for the power ;series case in §4. [J

§4. Griobner basis for truncated power series :

Let C{zl._..,zn} be a ring of convergent power. series with coefficients in the
r

complex number field C. We abbreviate C{zl,...;zh.-}" to C{z}.” Let fio o f_be

elements of C{z}, and I the ideal (fl,,,,,.fr) in C{z} .generated by fl' vees T We

r

express f in C{z} as f = 3 a,z® where A = {a,,...a ), a, € C, and % is an
A A B | n A
abbreviation of z7!zo2 2%
1 72 n

Before defining a Grdbner basis for power series, we consider in this section a

M+1 e call a Grébner basis for this

power series ideal modulo (Zl"""zn)-
truncated power series an M-Gr8bner basis. . In this and the next sections, we omit
several short proofs which are analogous to those given in §3.

Definition 1I-1 [order [> in Z’;],

-~ For any element A and B of Z'(;,:w-e define A [> B iff either. |A| < {B}l or A > B
when: }tA] = |B}|. .0
Notes..: ‘We can formulate}‘the. following theory by using-another definition of . >,
For example, if we define [> by using a weight fuﬁction forrvariable_s-,»wei obtain
the “theory in a quite general form.. The important point in such a definition is
that the lower. degree terms are of higher order, and this is essential for power
series,

Definition II-2 .[initial polynomial].

The initial’ polynomial of f, which is abbreviated to .in(f), -is the sum of -the

lowest degree terms of f:

in(f) = Z aAzA; 3

|Al=lowest
Definition II-3 [order, leading exponent, head term].

Order of f, leading exponent of f, and head term of f, which are abbreviated to

- 8 -
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ord(f), lex(f), and ht(f), respectively, are defined 'as'follows:: |
ord(f) = deg (in(f)),
lex(f) = lex (in(f)).
ht(f) = ht(in(f)),
where the lex and ht.in the right hand side are defiﬁ‘ed by Def. I-3. Cl

Definition II-4 [M-equality of bpo‘wer' series].

Two power series f and g in C{z} are equal within degree M, and deno‘ted'.by f'=‘M

g, iff ord(f-g) > M. O

Definition II-5 [M-reducibility of power series].

T,

Let F = {f,,...f .} be a subset of C{z}, and .put E = '}Jl[léxi(f%')'# »23,1'4 Liet !a
power series h in C{z‘} be decomposed as h = hd + 'hé+1 -i—>-~:, Wfiere hi i;s thé sum
of all terms of degree i of 'h. The h 'is called reducible within degree M
(abbreviated to M—reducible) with respect to F if e}is(hi)h E ¢>¢ Lforbsome iSM,
and h is called M-irreducible w.r.t. F if eXs(h;) f\E = ¢ ‘for':all .‘i SM.‘; lj’ o

Definition 1I-§ [M-reduction of power series].

With the notations in Def. II-5, let h' ¢ C{z}. " The h' v‘is -célled -aﬁ M-reduction
of h w.rit. F and written as h W h' if oné‘of the follovﬂiings:. ho‘1>clls:1>

"(a) h''=h when h is M~irreducible w.r.t. F, , |

(b)) h' =h - c.fok when exs(h,) M [lex(fk)+23] # ¢ for some i <M,
iA*, heﬁCé h contains a

Ay

term proportional to. x™ and let the term be b, XM |A+A, | =M, then ¢ =

where c and A are determined as.follows: let hi(fk) = a

k

bA+Ak/aA -0

k

Definition 1I-7 [M-normal form of power series].

‘h' ««« —— h, and

Suppose h in C{z} is reduced successively as h — :
F.M F.M FM

if B is M—irreducible w.r.t. F then h is called an M-norimal form of h w.r.t. F. We

denote the reduction of h to its normal form B by h ——— h. In particular, we

F.M
write h ——— 0 if & =, 0. O |
rite " 0 i v 0 O | X
Proposition 1I-1.° Let F = {fl‘:"“'»'fr}. be a subset of C{z} and- M a positive

integer. - Given a .power 'series h in C(z}, we- can reduce ‘h to an'M—'normal form h
w.r.t. F by: a finite ‘sequence of reductions, [J

- 9=
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Proof. In this proof, we denote the sum of all the k-th degree terms of h by hk.

so h=nh, + h + -+, If d>M then h is élready M-irreducible w.r.t, F, so we

d

T
assume d <M. We put lex(f) = A, i=l,...r, and E = Ul(Ai + Zg).
X 1=

d+1

Step 1. We show, by the transfinite induction w.r.t, lex(hd), that there is a

‘finite sequence of M-reductions

h, — +-+ —— b, + h' + h'

d F M F.M d a+1 d+2 o

where f{d is either (0 or M-irreducible w.r.t. F.
Step 1-1. When lex(h,) = (0.....0), or 4 = 0.
If ord(fi) > ( for all i then ho is obviously M-;irreducible w.r.t, F, otherwise

there is a reduction such that ho Wp 0 + (terms. of degree = 1). Hence, the claim

in Step 1 is right in this case,

| Step 1-2. Assuming that the claim in Step 1 is right for any hé; such that
lgx(hé) ;I A, we show the claim is right for hd with lex(hd) =A. If exs(hd)f'\ E =
¢ then t\here‘is nothing to proire, SO we assume exs(hd)ﬂ E # ¢.  Let B be ‘the

highest order element of exs(h,) () E and assume that B = lex(fk)‘ + C, that is

~(1) B 4 (2)
4 T Cg? + h"™,

(2)).

where [exponent of any term of Hg”] > B and B > lex(h By definition, we

have either ﬁfil) = ( or exs(ﬁgl)) NE = ¢.  The rest part of hd, or chB + h(z),
can be reduced as

B (2) ‘ B 2) c
cgz + h ,W cgz + h - (cB/aAk)_z 1

- ‘ = 1P - ea, 0251, - B
Writing the right hand side expression as ﬁ'(z), we see lex(h'(z)) < B & lex(hd).

By induction assumption, there exist a_ finite sequence of reductions n(? —

e K@

F.M

where the d-th degree part of i® is ‘either 0 or M-irreducible
w.r.t. F. Thus, Step ] is proved,
Step 2. By the Step 1, we have h Frvatiih —_— fid + h:1+1 + h:1+2 + ++-, where

fid is either 0 or M-irreducible w.r.t. F. Next, we apply the reduction procedure

of Step 1 to _héﬂ, This procedure does not alter the terms of degree less than

d+1, hence h —— ++«+ —— K. + h

" s e e ) ,~ T \
VI v M + h + . where ‘h, , is either  or

d+1 d+2

- M-irreducible w.r.t. F. Continuing this procedure, we can reduce h to h. O

- 10 -



Definition II-8 [M-Grébner basis of power series ideal],

Let I.= (f .,fr) be an -ideal in C{z} and M a positive integer, A subset G'=

1'--
{gl,_.,,gs} of C{z} is called an M-Grébner basis of I if the following conditions
are satisfied:

(1) (glu..:gs) = I:

() for any element f of I, fE_,hTH 0. O

Definition I1I-9 [S-power series].

Let f and g be power series in C{z}, and put ht{f) = anA and ht(g) = beB. Let

u and v be monomials satisfying LCM(XA,XB) = ux? = vﬁxB, where LCM is the least
common multiple, Then, S—-power series of f and g, to be abbreviated to Sp(f,g), is
defined by

Sp(f.g) = wf - (a,/by)vg. O

Proposition II-2. (For the proof, refer to Corollary to Prop. I-4.)

Let G be an M-Gribner basis of an ideal in C{z}, and h a power series in C{z}.
Let Hl and _?{2 be M-normal forms of h w.r.t. G, then Hl = fiz. O

Theorem 2. Let I = (gl,...,gs) be an ideal in C{z}, G the set {gl....-,g },and M a

s
positive integer. If

Sp(g;.8;) ——— 0 for any pair (gi.gj/), i#j 1=sij=s,
then G is an M-Grdbner basis of I, O |
Proof. Let E = Qlflex(gi) + 21;] and f be any element of I with lex(f) = A, We .
have only to show f E—M—a—-» 0. If AeE then f can be reduced directly and we can
replace f by f°, lex{(f’) < A, so we _have only to consider the case of A & E.

Since f € I, there exist hl’ hs in C{z} satisfying

f= hlg1 + e + hsgs.
For i=l,...,s, put

ht(g,) = aAizAi, ht(h)) = b _zBi,
hence lex(higi) = A, + B,. Let D be the highest order element ‘of {Ai+Bi] i=1,....s8,
h. #0}. Without loss of generality, we assume D =AA1+BI- =+ =A+B ., D >
A3+Bj for all. j> a. .Then, putting hi = bBizBi -+ h: i=1,....s, we decompose f as

£ (D, @

_.1.1 -
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I'4 g 8
(1) _ B;. | 2y _
£ = 2 bgz e, 10 = D hig + 3 hg
i=1 i=] i=o+1]
We see lex(f(Z)) < D, If 6 = 1 then D = A ¢ E, contradicting to the assumption A

& E. Hence, '¢ > 1' and we can rewrite £ as
(1 _ /,B1 _ .Bs
f = (aAlb 1) (z gl/aAl z gz/aAz)

(B2 — B3
+ (aAszz + aAlel) (z gz/aA2 z gs/aAa)
+ « e e e e 7 B

: J(,Bo-1 _ ,Bs
+ (aI,M_Ide-1 + + aAlel) (z gﬂ_l/aA"_1 z gﬂ/aAa)§
: = . ..‘0‘v " ’ ‘ . Bo ' v k‘
+ (aAdeg + + aA1b31) (z ga/aA,)'
We first note that the last term of the -above expression ' is 0. To see this, we

consider the sum of terms of expo'n'eht’D'vin f(m, which is-

g
A;+By _ . . D
;;‘l a,.bp.2 = (aAlel + + a, by )z .

If this expression is not zero then A = lex(f). = A1'+B1, Contradicting to the

assumption A & E. We next consider the j—-th term, j< o-1, of the r.h.s.

expression, Remembering the definition of‘S—powé'r series, we see [the j-th term] =

u'Sp(gj,gjﬂ) with u a monomial, By the assumption of theorem, Sp(gj,gjﬂ) —-——Hé.M
0. Hence, we find f(‘l) s (L
G.M

The f(z) 1s of the same form as f, so we can continue the above redu‘ctic;n making
fG—,F W ', lex(f*) <« lex(g,), i=l....,s. That is fw—v 0. O
Because the M-Grdbner basis is for truncated power series, i§ can be constructed
by a finite number of steps. In fact, if we modify thé line (%) in Proc.
BUCHBERGER as
g = an M-normal form of S;S(gi,gj‘) w.r.t. G ;
and if we calculate M-normal form and S—power series as truncated power series,

then we obtain the required procedure. The M-Grobner basis will be \.{seful when we

use truncated power series for approximate calculations,

§5. Grobner basis of power series ideal

Now, we investigate the Grdbner ‘basis of power series ideal for which we must
consider the terms of- arbitrarily high degree, This poses us an interesting
problem when we stand on a viewpoint of constructive algebra, We discuss this
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point in the next section, and we first define a GrSbner basis of a power series
:ideal and investigate the properties generally.

Definition III-1 [tangential ideal].

Let 1 = (fl,...,fr) be an ideal in C{z}. The tangential ideal of I, to be
abbreviated to I, is defined as

I =in() = {in(f)| 0#¢ e‘I}C’[x]. O

vDefinition I1I-2 [Grdbner basis of power series ideal];

Let I = (fl.....fr) be an ideal in C{z}. A subset G = {gl,.,,,gs) of I is
called a GrObner basis of I if the followingkconditions are satisfied:

(1) (gy8,) = L

(2) for any f in I and fér .any posi{ivé iﬁteger M, f -E—M—H 0. O
Note that the GrGbner basis of power :series is defined. in terms of M—Gerﬁer basis
which is constructive, | | | |

Now, we bonsider the 'following procedure,

Procedure PS-GROBNER

input: an ideal I = (fl’“"fr) in C{z)}.
output: a Grdbner basis G = {gl,,,',,gs} of I.

0 11-..1 r

G, o= {f,..f); M =0
LOOP: M := M+1; G G

M = OMm-1
P = {(g.8)] 8,8, ¢ Gy, 8 #8,);
while P # ¢ do begin
p;; = a pair (gi,gj) in P;
P =P - {pij};
g := an M-normal form of Sp(gi.gj) w.r.t. G
if g #, 0 then begin
P:=PU ((.8)] g ¢ G,};
Gy = Gy, U (&)
end;
end;
(k%) if Gy =1G1~,.1—1 and [termination condition] is satisfied then returanM;
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goto LOOP.
Note that, in the line (%x%), the [termination condition] is not specified yet. In

the following, we use the notation GM defined above,

Proposition III-1. With the above notations, let f be any element of I. Then, for

.any positive integer L, L <M, we have f 0. O

"
Proof. The case L =M is trivial, so we assume L < M. By the construction, GLQ

Gy SO we write G, = {g~1,,,,,g4} and G, = {g,.....8,,....8,}. Then, for all J, in
{£+1,....m}, there exist h;l, h;z in C{z} satisfying

v -_ ' * o9 '

g = hngl + ©+ h,E,.

Since f e I, there exists hl‘ cees he' hm in C{z} satisfying

f =h + o0 h,g, +~--+hmg'>n

181
= ‘ ' cee ¢
= (111 + Zj:.yhnp)g1 Foeee + (h, + Zhi,lg,.

Reducing f w.r.t. GL as in the proof of Th. 2, we find f 0. O

M

Theorem 3. With the above notations, there ‘exists a positive integer T such that

G

r is 2 Grébner basis of 1. [J

Proof, By virtue of Th. 2, we have only to show) the existence o.f GT such that

Sp(gi,gj) AR 0 for any g, and g; in GT and for any positive integer L. We put
T . . .
m

EM = ik;’l[lex(gi) + Z'(;]. Since El - E2 c -+« is an increasing sequence of
monoideals, Corollary to Prop. I=]1 assures that there exists an integer T such that
ET = E'I‘+1 = -+. Prop., III-1 assures that our claim is right for L=< T. So, we

consider the case L >T. Suppose Sp(gi,gj) o g, lex(g) & E,. Then, by the
: . P . - . :

~

construction, there is an integer £, £ > L, such that g ¢ Gz' - This means lex{(g) ¢

E but E2 = E'r by definition of T, so we are lead to a contradiction, [J

g
Theorem 4. Let 1 = (fl,...,fr) be an ideal in C{z}) and T = in(I) a tangential

B ) s
ideal of I. Let G = {gl,...,gs} be a Grobner basis of I, and put E = 'Ul{lex(gi) +

i=

n

Zo], then lex(I) = E. (The lex m this ‘equa'tior:\ is ft’orv polynomials.) [J

Proof, Put E = lex(I), then 'E € E because lex(g,) ¢ E for all i in {1,...,s}.
Next, we show A e E for any element Av of E. 'Since A ¢ E, there exists a
homogeneous polynomial f in T such that lex(f) = A. Since I = in(I), f can be
expre‘svseduas f %,in(hlfl + + hrfr), withvhl,_ hr in C{z}. Putting f =

-14._
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Zhifi, we see f €1 and lex(f) .= A. Since G is a Grdbner basis of I, we have f
—— (. for any integer M2 |A]|. This means A = lex(f) e E, because if not so then

»

ht(f) cannot be reduced w.rt. G. [J

§8. On constructivity of a Gr6bner basis for infinite power series

Let us consider Proc. PS-GROBNER from the cohstructive viewpoint,  Actual
construction of an ideal basis is possible only when the vfollowing conditions are
satisfied:

(1) The number of basis elements is finite, -

{2) We have a procedure of calculating the basis, where each step of the p}ocedure
can be executed constructively.

(3) We can decide constructively at which point we may stop the procedure,

We have proved that the above condition (1) is satisfied. - However, Proc,
PS-GROBNER does not satisfy conditions (2) and (3) in general. Even if condition
(3) is satisfied, the procedure is not constructive because the arithmetic of
general infinite power series is. not constructive unless we are given an explicit
construction procedure for any power series.

In the constructive algebra, it is quite common tb assume that we are given an
explicit construction procbedure for every quantity to be input. Without such an
assumption, it is impossible to discuss the ‘infinite -power serie‘s constructively,
Therefore, we set an assumption.‘

Assumption I, For each power-series input to Proc. PS-GROBNER, we are given

an explicit procedure which constructs the k—th degree term for any,gi\}en

integer k =2 0.

With this assumption, we can construct: Sp(f,g) exactly as follows, We first
~construct in(f) and in(g) explicitly, which are homogeneous ‘polynomials consisting
of finite terms. Then, we calculate ht(in(f)) and ht(in(g)). let them be aAzA and
bBéB, ‘respectively. Finally, we put Sp(f,g) = uf - (aA/bB),v~é, where u and v are
determined by ;LCM(zA,zB) = wz® = v-zB. Note that we do not actually: construct

every term of uf - (aA/bB)v-g but define a new.power series Sp(f.g) by the: above
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relation,, Then, for any. given k-2 (, we can construct -the k-th degree term",of
Sp(f,g) explicitly because we can for. f and g. The construcvt_ion of M—normal fpr;_n
can be done similarly.

With Assump. >I, every step but the termination condition in Proc. PS-GROBNER
‘becomes constructive.,  This is the reason why we defined the. Grdbner basis for
-power series by using M-Grdbner basis of finite M. The problem is the termination
.condition, . According to Def. III-2,-in order to assert .that GM is a Grobner basis
of I, we must check Sp(gi.gj) Ew—*—* 0 for every pair (gi,gj) in GM and for every
positive integer L = M. If we perform this- check by  wusing the definition of
M-normal form given :in Def. II-7, then .the check is not: constructive in general
because we must "repeat the reduction infinitely many. times, At present, it is
unclear under what conditions -there exists a -constructive termination . .condition.
So, . the .termination .condition is an.open problem mnow,

-In. some cases, however, we .can constructively. check the termination.

Proposition- [1I-2.. Let GM = {gl...;,gm} be an M-Grdbner basis of an ideal‘ I in

0 M is a finite set and M= | A|

m
_ . n — n -
C{z}, and put E,| = iL;J_l[»lex(gi) +2Z,1. HE, =12 E
for any element A of EI'\A then GM is a .Grobner- basis of I. O

Proof,  Let Sp(g.‘,gj‘) r;—»—-» g, with g, and 8; in GM, and suppose g is not zero,
_— e

Then, ord(g) > M. because Gy is an  M<-Gr8bner . basis.  Hence exs(g) sEM,
contradicting to that g is oco—irreducible w,r_t,,:.eGM. O

Figure 2 illustrates the case for which the above criteron .applies.

Another simple criterion, which also applies only in limited cases, is. obtained
by investigating the exponent set of power series to be handled.

Definition IlI-3 [anether monoideal EM]..

For (gl,,,,,gm}, which is a subset of C{z}, we define a monoideal &v‘ in 23 by
m
eM = UTlexs(g) + 2%1. O
1=1 1 0
Notes, .. That., SM is a monoideal is obvious by the definition of monoideal. Sin‘ce'
lex(g,). & exs(g,), i=1....m, we see E c E’M. o
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Proposition III-3. With the above notations, let h be in;C{z} and h G—;—H h, then
. M’

exs(f) € [exs(U E,1. O

Proof. If h is reduced by g, as h -—E—% h' = h - czAgk, with ¢ € C, then exs(h") &
Pt g .

[exs{h) Uexs(zAgk)]. Prop. III-3 is derived directly from this relation, [

Aj

Proposition II[-4. = With the above notations, let ht(g) = a, z ", i=1,...m, and
1 .

then 8,

m , . s i )
Ey = (& + Zp. If g-ht(g), 1Sism, is ee-irreducible w.r.t. G,

has the form
A
gi, =2,z + %‘,g”,

"g“; =0 or 'g” e C{z) with lex(girl‘) é Ey- in

Proof. Suppose gi—-ht(gi) contains a monomial t = czAk+A, 1=k m,“ then we can
reduce this term as t —G———> t - (c/aA)zAgk. This contradicts to the assumption
'y B k

that gi—-ht(gi) is oo—irreducible wr.t. G Hence, gi—ht(gi) contains no term

M°

proportional to z™, [J

Corollary to Prop. II-4. With the above notations, if i\'.:’l[le}a{(gi) + Zg]
'.ijl[exs(gi)' + Zr(;], then we may set g, = M for i=1,. .4 O
=

Proof. The ‘above condition means that every monomial in gi—ﬁt“(gi)," i#1,,_.,y, is a

Ay

multiple of z®, 1<k <gu, hence it can be reduced by igk. Furthermore, Prop.

III-3 assures that the above condition is not altered by the reduction. [

(1) (1

(n (Y 4 S i o . e _
e 8y } be the largest subset of GM satisfying EM = M

Let G = (g{V

i
PR ¢ 3 UUN S TN £ D I S S P W ORI 6 ¥ e ¢ )
where E,/° = iL__Jl[lex(gi ) + Z;] and EM = ik=/1[exs(gi ) + Z,]1. We put G/ =

(0 _ (2 (2 _ @ _ “{2)y o, n
GM - GM = {g1 .8, ), 80 .+ v =m. We also put EM = iE_jl[]ex(gi ) + Zo]
@ _ (2) 14 (2) @) : '
and gM = iL___Jl[exs(gi ) + 2,1, so By # EM ;
Proposition III-5. With the above notations, if exs(.Sp(gi,"gj)')'E El(vxl) for every i
and j in {1,...m) then G, is a Grobner basis of 1. In particular, if Gfuz) = ¢

)

v ] for some i and

then G, is-a GrSbner basis of I. If 1ex(Sp(gi,gj)) & [E, UE
i then G, is not a Grdbner basis of . O |
Proof, Obvious from Prop, II-3  and Corollary to Prop, II-4. O

(2)

M - For example,

Note that Sp(g;.g,) may not be reduced to 0 if exs(Sp(gi,gj)) CE

let GM = {gl,gz}, M >> 1, with
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2

x4y-(1+x+Y+x‘+y2+-~°)

g
+ xsyz'(l + x% 4 yz + ... ),

g, = xsyzf(l -x -y + x

2

+ yZ - .o )
+ xfy(-1 +x2 - yP ),

Then, E, = [(4.D+221U [(3.20+2%) and §, = E, U [(2.3)+22]. Hence, G}’ = 9,

(2)
M

1 _ e _ 2) _
5 = P = 6. 6P =g, &

#,EM"?“d 8;2) = EM. We see
Sp(g,.8,) = y-g, - xg, '
= xty2(9x + 2y + +-- ) + 5y + 2y% 4 -0 ).
Hence, exs(Sp(gl,gz)) QEM_ However, if we reduce the term 2x3y3 of Sp(gl,gz) by
gy, We obtain |
Sp(gl.gz)»—gz—* xtyhox + 2y + --- ) + Syhyt o+ --0)
+ xydex + 2y - 2x® - oyt 4+ o)

2royl 4o

+ x%yh(2 - 2x

’Thus, we obtain exponent (2,4) which Vis not in EM.
In order to .use Prop. III—S» as a termination condition (which is of course
incomplete), we need some assump_tion on the constructivityv of thel monoideal EM.

For example, we may set the following asvsumption:v

Assumption II. For each power series f input'to Proc. PS-GROBNER, we can

construct the generators of the monoideal [exs(f) + Z01.

This assumption is not strange from the practical viewpoint. Suppose we represent
a power series f in a form |
2 .
f = ?L;)l 2%, B & /B + 20 -

(As explicit ex}amplevs gf this representation, see power series g, and g, presented
above.) Then, Aésﬁmp, ‘II says that we can find {Bi]‘i=1,...,/1} for evéry input
power series fk, k=],....t.  The finite generation b_rdperty of monoideal assures
that {Bi] i=1,...,A} is a finite set, and we can usually find the set by scanning a

finite number of leading terms. Thus, Assump. II is acceptable from the practical

viewpoint,
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