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Abstract

In [1], Bhat characterizes a class of linear maps which respect unitary conju-
gation. We generalize this idea and introduce a new class of linear maps, which
we call equivariant maps. These maps satisfy an algebraic property which makes
it easier to detect the k-positivity for this class of linear maps. They are therefore
particularly suitable for entanglement detection in quantum information theory.
The problem of detecting entanglement is an NP-hard problem [2]. This thesis
serves two purposes:

(i) It provides a criterion to detect the k-positivity of equivariant linear maps
and we study some new examples of equivariant maps, which act as en-
tanglement witness.

(ii) Subsequently, we study a subclass of equivariant maps, which we call
(a, b)-unitarily equivariant maps. We give a characterization of this sub-
class and study its graphical representation. We then apply this class to
study the problem of entanglement detection.
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Introduction

Background

The study of positive linear maps started in 1950’s with Kadison generalized

Schwartz inequality and characterization of isometries of C*-algebra [3, 4]. It was
confined to operator algebra until the 1990s when it became clear that they are
extremely important to detect entanglement, which was shown in a series of papers
where dual cone relation between the positive linear maps and quantum entangle-
ment was established [5, 6]. Since then, positive linear maps have been extensively
used to solve problems in quantum information theory. Yet the structure of posi-
tive linear maps is far from being completely understood, even on low dimensional
matrix algebras. There is no simple technique available to detect the positivity of
linear maps. Therefore, it is important to study various concepts of positivity.
On the other hand, there is another class of maps whose structure is well under-
stood, the class of completely positive maps. In 1952, Stinespring [7] introduced
completely positive maps and gave his famous Stinespring dilation theorem. In
1975, Choi [8] gave a characterization to this class of linear maps. Many efforts
have been made to find examples of linear maps and study various concepts of
positivity. Choi gave the first example of a linear map to distinguish n-positivity
from (n — 1)-positivity. He gave an example of a linear map on M3(C), which is
2-positive but not completely positive.

In 1983, Takasaki and Tomiyama [9] obtained examples of linear maps which
are (k—1)-positive but not k-positive. They considered the line segment between the
Choi map and the transpose map on M, (C). In 1985, Tomiyama [10] generalized
this construction and study linear maps on the extended segment. In the same note,
he proved a necessary and sufficient condition for a linear map to be k-positive.

Given a linear map, we try to express it as a positive sum of other class of
linear maps which are more tractable, namely the class of completely positive and
completely copositive maps, such maps are called decomposable maps. Woronow-
icz [11] showed that every positive map in B(Mz(C), M,,(C)) is decomposable if
and only if n < 3 (See also [12]). Stgrmer [13] gave a criterion to detect the
decomposability of positive linear maps. However, there are maps which are not
decomposable. Choi [14] gave the first example of an indecomposable map. In
1988, Tanahashi and Tomiyama [15] considered the extension of Choi map 7, k
and proved their indecomposability (See [16, 17, 18, 19, 3] for variants of Choi
map). In 1991, Osaka [20] showed the positivity of 752 and provided a stronger
indecomposable map. Finally, S. Yamagami [21] proved that all 7, j are positive.
There is another class of maps, called atomic maps. Osaka [22] showed that all
Tn,1 are atomic maps for n > 4. Tanahashi and Tomiyama [15] provided examples
of atomic maps. Robertson [23] also provided examples of maps which are atomic.
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In 1992, S.J Cho, S.-H Kye, and S.G Lee [24] gave generalized Choi maps on
M3(C) and studied the properties of this class of linear maps. They proved that if
this linear map is 2-positive or 2-co-positive then it is decomposable [24, Corollary
4.3]. In 2016, Yu Yang, Denny H. Leung, Wai-Shing Tang [25] generalized this and
proved that this is even true for every 2-positive map in B(M3(C)). It is natural to
ask about the existence of 2-positive and indecomposable map in higher dimensions.

Entanglement detection is one of the fundamental problems in quantum in-

formation theory. This is the problem of determining whether a given quantum
state is separable or not. Schmidt decomposition plays an important role, in the
sense that the problem of separability of pure quantum states is completely solved
as the Schmidt number of pure quantum states is rather easy to obtain, but for
a mixed quantum state, this approach fails. In the past, many efforts have been
made in this direction [26]. First operational characterization of entanglement was
obtained by Peres [27] (See also [28, 29, 30, 31]), which is based on the partial
transpose, applying to one of the quantum subsystems. It says all separable states
have positive partial transpose. States which have positive partial transpose are
called PPT states. It gives a clear distinction between separable and entangled
states. It provides a property which separable state satisfy but entangled states do
not, that is, it gives a necessary condition for separability. Therefore, this criterion
is more useful to detect entanglement.
It is known that for 2 x 2 and 2 x 3, systems PPT and separability are same. but
for higher dimensions, this is not the case, and states which do not fall in this class
are called positive partial transpose entangled states or PPTES in short. The first
example of a PPT entangled state was given by Choi [32] for the case of 3 x 3
system.

Michal, Pawel and Ryszard Horodecki [33] gave a criterion, which is a neces-

sary and sufficient condition to detect separability of quantum states and is called
Horodecki criterion. It says that a state p is separable iff for any positive map
A B(H2) — B(H1), the operator (I ® A)(p) is positive. Clearly, the map A is
not completely positive. Therefore, maps which are positive and not completely
positive lead to entanglement detectors. They used positive maps to formulate a
much more generalized criterion for separability. PPT criterion then becomes a
special case, which uses transpose map as this map is positive and not completely
positive.
Detection of PPT entangled states is one of the central problems in quantum in-
formation theory. It has been proved that indecomposable maps are used to detect
PPT entangled states. Therefore, detecting the decomposability of linear maps is
of significant interest in quantum information theory.

Motivation

Bhat [1] gave a characterization of linear maps which respect unitary conju-
gation. We generalize this idea and define a new class of linear maps on finite-
dimensional matrix algebras, called them equivariant maps. We give a criterion
to detect k-positivity of equivariant linear maps. Its implementation to detect
k-positivity is rather easy. With this method in hand, it is of interest to study ex-
amples of equivariant maps and detect their k-positivity. The study of equivariant
maps began with an example of (1, 1)-unitarily equivariant maps. We prove that
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this family of maps is an entanglement witness. It provides enough evidence to dig
further about this class of linear maps. We then generalize this construction and
define a class of V (U)-equivariant maps and classify its subclasses namely, the class
of unitarily equivariant maps and (a, b)-unitarily equivariant maps. In the following
section, we discuss the main results of this thesis and some interesting questions
in quantum information theory which may be solved with the theory developed in
this thesis.

Thesis structure

This thesis can be divided into two parts. In the first part (Chapter 1), we study
the background needed to understand the construction and the characterization of
a subclass of equivariant maps studied in part 2. The second part is devoted to
the study of equivariant maps. This can be further divided into two sub-parts,
Chapters 2 and 3. A part of the results in this thesis is obtained in a collaboration
with my Supervisor Prof. Benoit Collins, Prof. Hiroyuki Osaka, and Ivan Bardet.
Some results have already given rise to a joint published paper, a joint preprint,
and I expect to convert the remaining results into a paper in the near future.

(i) In the first part (Chapter 2), we give a criterion to detect the k-positivity
of equivariant linear maps on finite-dimensional matrix algebras. The
structure of positive linear maps is difficult to understand. Therefore, it
becomes important to have some simple techniques to detect k-positivity.
Here, we give a criterion, which says k-positivity of linear maps depend
on the positivity of a k-block sub-matrix of its Choi matrix, provided the
map is equivariant.

Theorem 0.0.1. Let ® : M,,(C) — M, (C) be a V(U)-equivariant linear
map. Then, for k < min{n,m}, ® is k-positive if and only if the block
matriz [@(eij)}ﬁjzl is positive, where (e;;) are the matriz units in M, (C).

Subsequently, we study a parametric family of (1, 1)-unitarily equi-
variant maps and analyze the properties of positivity, 2-positivity (us-
ing aforementioned k-positivity criterion), and completely positivity. We
prove that this family of parametric linear maps can act as an entangle-
ment witness. This family of parametric equivariant maps is defined in
Definition 2.2.1.

(ii) In the second part (Chapter 3), we study the characterization of certain
subclasses of equivariant maps, which we call unitarily equivariant maps.
We further study a subclass of unitarily equivariant maps, which we call
(a,b)-unitarily equivariant maps. We give a characterization of this sub-
class of linear maps and also study their graphical representations. We
give this characterization in the following theorem:

Theorem 0.0.2. Let a,b € N and ® : M, (C) — M, (C)®* @ M, (C)®".

Then the following assertions are equivalent.

(a) @ is (a,b)-unitarily equivariant.

(b) [C@,U@)(Hl Q@ U® =0 for all U € U,,, where Cg is the Choi matriz
of ®.
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(¢) There exists f : Sgr1 — C such that
Co= Y fm) (057 @if") [opsa(m)]

7T€S]H,1

where k = a+b, S, denotes the symmetric group on the set {1,2,...,n}
and 6y, is the transpose map on M, (C).

We study the characterization of unitarily equivariant maps and de-
duce that if the map U — V(U) becomes a unitary representation, then
every unitarily equivariant map is “a corner of” (a, b)-unitarily equivariant
map for some a,b € N. We summarize these results as follows:

Theorem 0.0.3. Let ® : M,(C) — My(C) be a unitarily equivari-
ant linear map. Let A[S(®)] = Mn(C) and the map U — V(U) in
Equation (3.1) is continuous. Then there exists a unitary representation
U — V(U) of the special unitary group SU, on CN such that for all
X € M,(C) and U € SU,,,

PUXU*) =V (U)®(X)V(U)*
(®) denotes the image of ®.

The next corollary gives a relation between the two sub-classes of equi-
variant linear maps, which further characterize the sub-class of unitarily
equivariant maps.

Corollary 0.0.4. Let ® € B(M,(C), Mn(C)) be a unitarily equivariant
map. Assume that the map U — V(U) is an irreducible representation of
the unitary group. Then there exist a,b natural integers, a partial isomet-
ric map W : CN — (C")®* @ (C")®® and an (a,b)-unitarily equivariant
map ¥ on M, (C) such that for all X € M, (C),

Wo(X)W* = T(X).

In chapter 4, we study the applications of equivariant maps to detect entangle-
ment. More precisely, we prove that for every entangled state, there exists a positive
unitarily equivariant map with the image on the infinite dimensional Hilbert space,
which detects it, as it is shown in the following theorem.

Theorem 0.0.5. Let ¢ : M,(C) — M,(C) be a positive - but not completely
positive - map. Then there exists a unitarily equivariant map ® : M, (C) — B(H)
for some Hilbert space H such that:

(1) Sm(®) C Sm(9).
where
S () ={p € Smxn s (im @) (p) > 0}.
It means that all entangled density matrices that are detected by ¢ are also
detected by the unitarily equivariant map .

We conjecture that this requirement is not necessary and that this Hilbert
space can be taken to be finite-dimensional. It would be interesting to study (a,b)-
unitarily equivariant map for different values of a and b. In this spirit, we study
one variant of the values of a = 2,b = 0, that is, we present an example of (2,0)-
unitarily equivariant map and study its various properties (See Section 4.4).
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Chapter 5 is devoted to the study of decomposability of equivariant maps. We
give a necessary condition for the decomposability of equivariant linear maps. We
prove that for a decomposable (a, b)-unitarily equivariant map, its two constituents
(two CP maps) in its decomposition can be chosen to be (a, b)-unitarily equivariant.
We also give a sufficient condition of decomposability of the parametric family of
(1, 1)-unitarily equivariant maps ®, g 3 studied in Chapter 2 and show graphically
the region of decomposability.

We believe that this is the only region of decomposability. An answer to this ques-
tion may help to solve a long-standing problem of 2-positivity and decomposability.
This problem was raised in [34] by Terhal. In [24], Cho, Kye, and Lee studied the
maps which are 2-positive and decomposable. In 2016, Yu Yang, Denny H. Leung,
and Wai-Shing Tang [25] proved that this is even true for every 2-positive map in
B(M;(C)).

We expect that there exist values of parameters « and 3 for which the map @, 3.3 is
2-positive and not decomposable, which may help to obtain a partial understanding
of the structure of positive linear maps.

The study and the characterization of equivariant maps open many new questions,
which are of great interest in the theory of operator algebra and may help to solve
problems in quantum information theory.
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CHAPTER 1

Preliminaries

1.1. Operator algebra basics. This chapter serves as an introduction, where
we present to the reader the necessary background and all the notions needed to
understand our new results. We start with the definition of a C*-algebra and
its properties. We next study about positive elements of a C*-algebra and their
properties. Our aim is to study the problems of k-positive and k-copositive linear
maps on a finite-dimensional C*-algebra, In particular on M, (C).

A denotes the vector space over the field of complex numbers C. For more
detail on C*-algebra theory and Operator theory, the reader is referred to [35] and
[36].

Definition 1.1.1. (i) An algebra A is a vector space which is closed under
the binary multiplication, given by the following map:
AxA —- A
(z,y) = z-y
such that
(1.2) x-(y-2)=(x-y) -z forevery =z,y,z€ A

(ii) A norm on an algebra A is a function
LA R,
such that it satisfies the following properties:
(a) (Positivity): ||z|| =0« x = 0.
(b) (Absolute scalable): ||cz|| = || ||z|| for every ¢ € F and = € A.
(c) (Triangle inequality): ||z +y|| < ||z[| + [|y[| for every z,y € A
Definition 1.1.2. A norm |[|.|| on A is said to be sub-multiplicative if

[yl <[] [yl
for every z,y € A

Definition 1.1.3. An algebra A equipped with sub-multiplicative norm is called
a normed algebra. If A has a unit then it is called a unital normed algebra.

Definition 1.1.4. A subalgebra S of an algebra A is a vector subspace which is
closed under the operation of multiplication.

Definition 1.1.5. A normed algebra A is complete if every cauchy sequence in A
converges in A, where the metric is the metric induced by the norm.

Definition 1.1.6. A complete normed algebra is called a Banach algebra. A com-
plete unital normed algebra is called a unital Banach algebra.

A subalgebra of a normed algebra, is itself a normed algebra, with the induced
norm.



2 1. PRELIMINARIES

Definition 1.1.7. An involution on an algebra A is a conjugate linear map a — a*
such that following conditions hold:

(i) a** =a

(ii) (ab)* =b*a*
An algebra A equipped with the involution map * is called a *-algebra. An algebra
A is called a Banach *-algebra if it is a x-algebra and it is complete with respect
to the sub-multiplicative norm.

Definition 1.1.8. A C*-algebra A is a Banach x-algebra such that
lla*al| = ||al?
for every a € A.

1.1.1. Positive elements of a C*-algebra. We give the definition of Positive
elements of a C*-algebra and study their properties.

Definition 1.1.9. An element b of a C*-algebra A is called positive if b is hermitian
and o 4(b) C Ry, where o 4(b) denotes the spectrum of b € A in C. We write b > 0
to mean b is positive and AT to denote the space of all positive elements of A.

Next we state the properties of positive elements of A and later focus on the
convex cone of all positive elements of M, (C).

Theorem 1.1.10. Let A be a C*-algebra. Then,

(i) The sum of two positive elements of A is positive.

(i) For an element b € A, there exists a unique element a € A" such that
b=a’.

(iii) An element b*b is positive for any b € A. Moreover, the set AT is equal
to {b*b | b e A}.

(iv) 10 < a<b, Then ||al| < |[b]|

(v) If A is unital and a,b are positive invertible elements of A. Then
a<b = 0<b'<al

(vi) If a,b € A*. Then, a <b = a'/? <b'/2.

Definition 1.1.11. Let A4 and B be two C*-algebras. A linear map ¢ : A — B is
called positive if it maps the convex cone of positive elements of A to the convex
cone of positive elements of B, that is, ®(A") C BT. We write ® > 0 to denote
positive linear maps.

Notation 1.1.12. 1,, and i,, denote the identity element of M, (C) and the iden-
tity map on M, (C) respectively. Tr(A) and A® denote the canonical trace and
the transpose of an element A in M, (C). Let 6; denote the transpose map on
Md(C) i.e Qd(A) = Al for A e Md(C)

Let (e;;) be the matriz units of My(C), that is, e;jer = djrey for 1 < 4,5, k,1 <
d, ej; =ej and Z?:l e;; = 14. For Hilbert spaces H and K, B(H, K) denotes the
space of all bounded linear operators from H to K and B(#) denotes the space of
all bounded linear operators on .

Positive linear maps are extremely important to study entanglement in Quan-
tum Information Theory, yet the structure of positive linear maps is not completely
understood. Given a linear map, it is difficult to say something about its positivity
even in low dimensional matrix algebras. Hence, it becomes important to study the
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various concepts of positivity.
For k € N, we give the definitions of k-positive and k-copositive linear maps.

Definition 1.1.13. A linear map ® : A — B is called k-positive (where k is a
natural number) if i, ® ® : My (A) — My (B) is positive. It is called k-copositive if
0 ® © : My(A) — My(B) is positive. where 6, is the transpose map on My (C).

Note that the concept of positivity, 1-positivity and 1-copositive coincides. The
following theorem is immediate from the definition of k-positive linear maps.

Theorem 1.1.14. Let ® : A — B be a k-positive linear map. Then ® is [-positive
for every I < k, but converse is not necessarily true as it will be shown below.

The simplest example is the transpose map 6y : M3(C) — My(C) given by
A+ At | Then, 05 is positive and not 2-positive.

Indeed,
1 0 0 1
2 0 0 00
Zi,jzl €ij ® €ij = 00 0 0
1 0 0 1
is positive.
10 0 0
. 2 2 0 010
(i2 ® 62)(21‘,]‘:1 €ij ® e5) = Zi,j:l €ij @ eji = 010 0
0 0 01

It can be easily seen that above matrix is not positive.
Hence, 65 is positive and not 2-positive. We will also show this by using graphical
calculus in Section 1.2.

Definition 1.1.15. ® is called completely positive (CP) if ® is k-positive for every
natural number k. It is called completely copositive (CoCP) if ® is k-copositive for
every natural number k.

Notation 1.1.16. We write P;[A, B] and P¥[A, B] to denote the convex cones of
k-positive and k-copositive linear maps from A to B. P;[A, B] and P![A, B] denote
the convex cones of positive and copositive linear maps from A to B.

Given a positive linear map, whether it is completely positive or not depends
upon the underlying C*-algebras. In the following, we state the cases when it is
possible.

Theorem 1.1.17. [37] Let A and B be C*-algebras with A abelian. Then every
positive map from A to B is completely positive, that is, P1[A, B] = Px|A, B].

Stinespring [7] gave the following characterization of completely positive maps
which is an extension of GNS construction of states to completely positive maps
[35]. The Stinespring dilation theorem for CP maps can be easily formulated for
other classes of maps. Below we will state the Stinespring dilation theorem for CP
and CoCP maps.

Theorem 1.1.18. Let A be a unital C*-algebra and ® : A — B(H).
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(i) @ is completely positive if and only if there exist a Hilbert space K, a
bounded linear operatorV : H — K and a x-homomorphism m : A — B(K)
such that

®(a) =V*r(a)V  forall ac€ A
Furthermore, ||[V]? < ||®(1)]|.

(ii) @ is completely copositive if and only if there exist a Hilbert space K, a
bounded linear operator V. : H — K and an x-anti-homomorphism m :
A — B(K) such that

®(a) =V*r(a)V  forall ac€ A

In the study of completely positive maps, the Choi matrix is very important.
We define the Choi matrix of a linear map and study the relation between linear
maps and their Choi matrices.

Note 1.1.19. Very little is known about the structure of positive linear maps,
even on low dimensional matrix algebras. In this thesis, we restrict our attention
to linear maps on finite-dimensional matrix algebras.

Notation 1.1.20. We give the notation used for the algebra M, (C). Py[n,m]
and P*[n,m] denotes the space of all k-positive and k-co-positive linear maps in
B(M(C), M (C)).

Definition 1.1.21. Let ® : M, (C) — M,,(C) be a linear map. Then the Choi
matriz of ® is defined as:

C<1> = Z €ij ®q)(6”)
i,j=1
With the help of Choi matrix, we can define a correspondence between the
spaces B(M,(C), M,,(C)) and M, (C) ® M,,(C).
Define ¥ : B(M,,(C), M,,,(C)) — M, (C) ® M,,(C) given by

CI)P—>C<1>.

This map is obviously linear and bijective. This isomorphism is known as the
Choi-Jamiolkowski isomorphism [8, 38].

Notation 1.1.22. Let n A m and n V m denote the minimum and maximum of n
and m respectively.

Choi [8] gave a criterion to characterize all completely positive linear maps
defined on finite-dimensional matrix algebras, given by the following theorem.

Theorem 1.1.23. Let @ : M,,(C) — M,,(C) be a linear map. Then following are
equivalent:

(i) @ is completely positive.
(ii) ® is n A m- positive.
(iii) Cg is positive.
Theorem 1.1.23 can easily be formulated for completely copositive maps. Choi’s
condition of completely copositive maps is given by the following theorem.

Theorem 1.1.24. Let @ : M,,(C) — M,,(C) be a linear map. Then following are
equivalent:
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(i) ® is completely copositive.
(ii) @ is n A m- Copositive.
(i) Cyp = doi— €ij @ ®(ej) is positive.

Note 1.1.25. Following inequality can be easily seen from Theorems 1.1.28 and
1.1.24.

(1.3) Pi[n,m] D Py[n,m] D P3[n,m]... > CP[n,m]
(1.4) P'[n,m] D P%*[n,m] > P3[n,m]... > CoCP[n,m]

From Equations (1.3) and (1.4), It can be easily seen that completely positivity
and completely copositivity of linear maps saturates at n A m, in the case of linear
maps defined on finite-dimensional matrix algebras. To distinguish n-positivity
from (n — 1)-positivity of linear maps, Choi [39] gave the first example of a linear
map on M, (C) which is (n — 1)-positive but not n-positive. If we take n = 3, then
the significance of Choi’s map stems from the fact that it is not completely positive
even though it is 2-positive unlike the case of transpose map on M, (C) which is
not completely positive because it is not even 2-positive. This map is defined as
follows:

Definition 1.1.26.
o: M,(C) — M, (C)
A = {(n—-1DTr(A)}1, —A

In 1983, Takasaki and Tomiyama [9] gave a method to construct any number of
linear maps on finite-dimensional matrix algebras M,,(C), which are (k—1)-positive
and not k-positive. They consider the segment between the map & (Definition
1.1.26) and the transpose map 6,, on M, (C) [40] and give the structure of linear
maps on the segment. They proved the following:

Theorem 1.1.27. For a nonnegative number a with 0 < « < 1, the map
U: M,(C) — M, (C)
A = [(n—1)Tr(A)1, — A+ (1 — a)A?
Then, ¥ is
(i) (n — 1)-positive but not n-positive when 3 < o <1
(i) completely positive when + < a < %
(iii) only positive when 0 < o < +
In 1985, Tomiyama [10] generalized the above notion and studied the structure

of extended segment between two linear maps. In particular, he proved the following
result:

Theorem 1.1.28. The linear map
T: My(C) — M, (C)
A = 2Tr(A)L, +(1-MNA -
where A € R and Tr(A) is the usual trace (not normalized trace) on M, (C), is
k-positive for any 1 < k <n if and only if 0 < A <1+ ﬁ

He also proved an important result which is a necessary and sufficient condition
for a linear map to be k-positive.
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Theorem 1.1.29. A linear map 7 in M, (C) is k-positive for 1 < k < n if(and
only if)

[T(fij)}ﬁjzl >0

whenever f;; € Mp(C) for 1 <1i,j <k and satisfy the following conditions
rank(fij) =1, fij=f;; and  fipfe; =pgfi; for 1<4d,j,p,q <k

Note 1.1.30. In [41], we gave a criterion to detect k-positivity of equivariant linear
maps which makes it to important to study further this class of linear maps. We
will continue this discussion in Chapters 2 and 3.

Dual cone relation. Let V and W be two finite-dimensional normed real
spaces and (.,.) is a bilinear form defined on V' x W. Then for subsets A C V and
B C W. The dual of A and B is defined as follows:

A ={weW:{(v,w) >0 V veA}
B ={veV:{(v,w)>0 VY we B}

For A CV and B C W, the pair (4, B) is called a dual pair if A° = B. In this
case, B is called the dual of A and A is called the pre-dual of B. A°° is the closed
convex cone generated by A.

In the following, we study a duality between the spaces B(A, B(H)) of all bounded
linear maps from C*-algebra A into B(#) and projective tensor product AQT (H),
where T (H) denotes the space of all trace class operatros in B(#H). We recall the
definition of a trace-class operator.

Definition 1.1.31. An operator A € B(H) is called trace-class operator if its
trace-class norm ||Al|; = > cp(|A|(z),z) < oo, where E is an orthonormal basis

for H.

The duality between B(A, B(H)) and AQT (H) is given by the following map:
(1.7) (z®vy,¢) =Tr(¢(z)y") for z€ A, yeT(H) and ¢ € B(A B(H))

This duality has many applications in the theory of states and linear maps. We re-
strict ourselves to the case of finite-dimensional matrix algebras. With this assump-
tion, it gives the duality between the spaces M, (C)®M,, (C) and B(M,,(C), M,,(C)).
The bilinear map is given by the following:

(1.8) (,): Mp(C)® My, (C) x B(M,(C), M,,(C)) — . C
(A, ¢) =D la, ¢leij)) -
where A = sz:l eij ®a;; € Mp(C)®@ Mp,(C) and ¢ € B(M,(C), M,(C)) and
the bilinear form on the right hand side is given by (A, B) = Tr(BA?).
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From Equation (1.8), we have:

n

(A, ) = Z (eij @ aij, &)

ij=1
ij—=1

= Z Z Tr(eneji ® plew)ar;)
i,j=1k,l=1

— Z Z Tr(en ® ¢(ew)(eji ® a’ﬁj))
ij=1k,i=1

= TT(C¢At) = TI‘(AtC¢)
Where Cy is the Choi matrix of ¢ defined in Definition 1.1.21.

Definition 1.1.32. Every vector z € (C™ ® C™) may be written in a unique way
as z = Z?:l e; ® z; with z1,29,...,2, € C™ where {¢; : 1 < i < n} denotes
the canonical orthonormal basis of C". We say that z is an s-simple vector if
dim(span{z1, za, ..., 2n}) < s.
Define the convex cones Vi (n,m) and V¥(n,m) of M, (C) ® M,,(C) as follows:
Vie(n,m) = {zz" : z is a k-simple vector in (C" @ C™)}°°
VE(n,m) = {(z2*)'" : 2 is a k-simple vector in (C" ® C™)}°°,
Where (z2*)I' is called the partial transpose of zz*. It acts as a transpose map
on M, (C) (For more information on partial transpose, the reader is referred to
Definition 1.1.44).
With above notation, we study the relation between s-positive (resp.s-copositive)
linear maps in B(M,,(C), M,,(C)) and the cones Vj(n,m)(resp. V¥(n,m)). The
relation between two convex cones is given by the following theorem.

Theorem 1.1.33. [42, Theorem 2.1] For a linear map ¢ : M,(C) = M,,(C), we
have the following:

(i) The map ¢ is s-positive if and only if (zz*, ¢) > 0 for each s-simple vector
zeCrteC™

(ii) The map ¢ is s-copositive if and only if {(zz*)'™, @) > 0 for each s-simple
vector z € C" @ C™.

Let ¢ be s-positive and z € Vi[m,n], that is, z = Y, a;zi2f, 0 < oy <
1,> ;o =1 and z; is s-simple for each i.

(z,9) = <;aiziz:,¢>
= Xi:ai@ﬂfv@

By Theorem 1.1.33,
(227, ¢y > 0 for each i.
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Therefore, (z, ®) > 0. We have

(1.9) Vi[m,n] C PJ[m,n]
Conversely, Let ¢ € V2[m,n]. for each z € Vs[m,n]
(z,0) 20

where z =), a;z;2f and 0 < a; < 1,), a; = 1 for each i.

In particular, (zz*, ¢) > 0 for each s-simple vector z. Therefore, by Theorem 1.1.33,
¢ is s-positive.

(1.10) Vy[m,n] C Ps[m,n]

(1.11) = PJ[m,n] CV; °[m,n] = Vi[m,n]
Therefore, we have
(1.12) B[, n] C Vy[m, n]
By Equations (1.9) and (1.12),
Pgm,n] = Vilm,n]
By a similar calculation, we can prove that
(1.13) P?n,m] =V?*°(n,m)

Hence, (Ps[n,m], Vs(n,m)) (resp. (Ps[n, m],Vs(n,m)) are the dual pair under the
aforementioned bilinear mapping. This is called the dual cone relation between
positive linear maps and quantum states, in the sense that they determine each
other with respect to the given bilinear mapping. This duality can be explained by
the following diagram:

VYIC‘/QCCVn/\m:(Mn(@Mm)-F

1 !

P1DPQ:)"':)Pn/\mg(JMn(@-]Wm)+

FIGURE 1.1. Duality between positive maps in B(M,,(C), M,,(C))
and states in M, (C) ® M,,(C)

Decomposability. We give the definition of decomposability and we apply
the dual cone relation to the class of decomposable linear maps and deduce further
results. In the following, we study the dual cone of (P + P?) for some 1 < s,t <
n A m. Following definitions are inspired by the dual cone relation.

Definition 1.1.34. Let p, g be two natural numbers.

(i) A linear map ® : M,(C) —» M,,(C) is called (p,q)-decomposable if it
can be written as a sum of a p-positive and a g-copositive linear map.
Otherwise, it is called (p, ¢)-indecomposable map.

(ii) @ is called decomposable if it can be written as a sum of a completely
positive and a completely copositive linear map. Otherwise, it is called
an indecomposable map.

(iii) There is a special class of maps which are atomic maps. A linear map is
called atomic if it is not (2, 2)-decomposable that is if it can not be written
as a sum of 2-positive and 2-Copositive linear maps.
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Vi C Vonm NV C Vypn = (M, @ M)+

! ! !

PID Dnm DPn/\mg(Mn(@Mm)—i_

)

FIGURE 1.2. Duality between cone of CP maps and states in (M,, ® M,,)"

VY C Vipm NV C VA = (M, @ M,,) "

7 I I
P'> D, D PN 2 (M, @ M,,)"

)

FIGURE 1.3. Duality between cone of CoCP maps and states in
(M ® Myn)*

Let D, ,, denote the class of decomposable linear maps in B(M,,(C), M,,(C)).
By using the characterization of completely positive and completely copositive maps
(By Theorems, 1.1.23 and 1.1.24) this class can be written as Py, + P*™. By
Equation (1.8), (Poam + P™ ™, Viuam N V™) is a dual pair. By definition,

Virm NV =LA € (M, @ M,,)" : A >0}

We have:
(1.14) GE Dy = (A,0)>0 V A€ Vpyu NV™
(1.15) AEVipm NV = (A,¢) >0 V @€ Dy

Elements of Vi am V™™ are called positive partial transpose or PPT elements.

we have the following diagrams from dual cone relationship between the el-
ements of Voam (resp. V™) and the class of completely positive maps (resp.
completely copositive maps).

For s = 1,nAm, we get a nice inclusion relation between the states in M, @ M,
and completely positive linear maps in B(M,,(C), M,,(C)). But we do not have any
inclusion for other values of 1 < s < n A m. To understand the structure of other
classes of positive linear maps, we ask the question whether these classes of linear
maps are included in the class of decomposable linear maps.

It is clear from the dual cone relationship diagram for decomposable maps, that
there is a strict inclusion between the cone of positive linear maps and decompos-
able maps that is, P D D, . Hence the inclusion is strict. It is intriguing to
inquire about the converse inclusion that is, does there exist a linear map ¢ € P,
such that ¢ & Dy, .

Woronowicz [11] showed that every positive linear map ® : My(C) — M, (C)
is decomposable if and only if n < 3.

Theorem 1.1.35. [11] Let @ : M, (C) — M,,(C) be a positive linear map. Then
D is decomposable if nm < 6.
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The first example of an indecomposable map ® : M3(C) — M3(C) was given
by Choi [14] and he reproduced the example in [43].

Example 1.1.36. Let o be a natural number and

(I)a : Mg((C) — Mg(@)

given by
a11 + aass —ai2 —a13
D, (A) = —az1 ag + aaqy —as3
—ags1 —a32 a3z + aaz2

where A = (a;;) for 1 <1i,j <3.
The linear map ®4 is called the Choi map and it is indecomposable.

In 1982, Stgrmer [13] gave a significant result, which is a necessary and sufficient
condition for a linear map to be decomposable that is (n,n)-decomposable and also
proved the indecomposability of ®, by using this result.

Theorem 1.1.37. Let A be a C*-algebra and ® be a linear map from A to B(H)
where H is a Hilbert space. Then, ® is decomposable if and only if for alln € N
whenever (x;;) and (xj;) belong to M, (A)*, then (®(x;;)) € My (B(H))*.

Later in 1988, Tanahashi and Tomiyama [15] constructed a series of linear
maps. It can be considered as the extension of Choi’s map [14]. They studied the
positivity and decomposable properties of these maps.

Let € be the norm-one projection of M, (C) onto the diagonal part and S be
the shift unitary in M, (C) such that S = [§; j11].

With above setting in mind, Choi’s map can be written as

D M3((C) — Mg((C)
given by

D(A) =2¢e(A) +e(STAS) — A
for A € M3(C)
Generalizing the above methodology and technique, Tanahashi and Tomiyama[15]

introduced the following extension of Choi maps to the matrix algebra M, (C) for
n>3:

ok : My (C) = My (C)
given by

k
Tnk(A) = (n — k)e(4) + Z e(S*AS) — A
i=1
where S is the shift unitary in M,(C), that is, S = [§; j11]. A € M,(C) and
1<k<n-1.

The positivity of 7,1 and 7, ,—2 was proved by Tanahashi and Tomiyama and
Ando. Later in 1991, Osaka [20] showed the positivity of 75 ». Finally, S. Yamagami
[21] proved that all 7, ; are positive.

Moreover, Tanahashi and Tomiyama proved that 7, ¢ is completely positive and
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Tn,n—1 is completely copositive. 7,1 can not be decomposed into the sum of n-
positive and 2-copositive map. They also proved that the Choi’s map 73 ; is atomic
that is it can not be decomposed into the sum of 2-positive and 2-copositive map.
Osaka [20] showed that for n > 4, 7, ,—2 can not be decomposed into a sum of
3-positive and 3-copositive map. Osaka [22] showed that all 7, 1 are atomic maps
for n > 4.

S.J Cho, S.-H Kye, and S.G Lee [24] generalized the idea of Choi maps and
constructed a class of parametric linear maps (also called generalized Choi maps)
on M;3(C) and study the question of positivity, completely positivity and decom-
posability etc. The family of parametric linear maps is given as follows:

Definition 1.1.38. Let a, b, ¢ be three nonnegative real numbers. Define
®Dla,b,c] : M3(C) — M3(C)

given by
®la, b, c|](A) is given by the following matrix:
(a —1)a11 + baga + cass —a12 —a13
—an (a — 1)age + bass + caqy —as3
—asy —aso (a — 1)azs + bair + cazs

where A = (a;;) for 1 <i,5 <3.
Theorem 1.1.39. [24] The linear map ®[a,b, c] is
(i) positive if and only if the following three conditions hold
a>1
a+b+c>3
be>(2—a)® if 1<a<2.

(ii) completely positive if and only if a > 3.
(iii) decomposable if and only if the following two conditions hold

a>1
2
3_
bc>( 2a> if 1<a<3.

(iv) 2-positive if and only if
a>3
or
2<a<3andbc=3—a)(b+c)>0

(v) is completely copositive if and only if it is 2-copositive if and only if the
following two conditions hold

a>1
bec>1

Given a positive linear map, we try to study the question whether it is (p, q)-
decomposable for some values of p and ¢, or if a linear map is 2-positive then
whether it is (3,3)-decomposable, that is, given a linear map we enquire about
whether it can be written as a sum of higher order of positive and copositive linear
map than the given order of positivity.
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S.J Cho, S.-H Kye and S.G Lee [24, Corollary 4.3] proved that if ®[a,b, ] is
2-positive or 2-copositive then it is decomposable. Later in 2016, Yang, Leung
and Tang [25] generalizes this concept and proved that this is even true for every
2-positive or 2-copositive linear map in M3(C).

Theorem 1.1.40. Every 2-positive or 2-copositive map ® in B(Ms(C), M3(C)) is
decomposable.

Mathematics of Quantum Information Theory. Every quantum system
is associated to a Hilbert space H, and it contains all the states of the system, also
known as state space. First, we introduce the bra-ket notation, which is standard in
quantum information theory. We will consider the state space as an n-dimensional
complex Hilbert space C™.

A ket vector is a column vector in a Hilbert space denoted as [¢). A bra vector,
written as (¢| is the row vector obtained by taking the complex conjugation and
transpose of the ket vector |¢), that is,

(o] = (l¢))"

The bra vector can also be realised as the vector in dual space H*, that is, {¢| €
B(H,C) given by

|x) — (@|z)y for every z€H
With the above bra-ket notation, the inner product (1|¢) corresponds to (¢)| |¢)
the multiplication of bra and ket vector respectively.
Bra-ket notation was introduced by Paul Dirac in 1939 [44], also known as the
Dirac notation.

Definition 1.1.41. Let H be a finite-dimensional Hilbert space.
(i) A density operator p on H is defined as follows:

{p e BH)" | Tx(p) =1}

(ii) A pure state of a system is a column vector, written as ket |¢)) € H, where
‘H is the Hilbert space associated to the quantum system. The density
operator corresponding to this state is |¢)(¢].

(iii) A mixed state p is given by a collection of pure states {p;, |1;)}, where 7 is
an index. Generally, a mixed state is represented by its density operator.
A density operator p describing a mixed state takes the following form:

p= Zpi\¢i><¢i|

where ). p; =1 and p; > 0 for all 4.

S(H) denotes the set of all density operators of H and the set of all pure states
is denoted by P(H). A state p € S(H) is called pure if p = xz* for some unit vector
x € ‘H, more precisely, it is a rank-one projection. All other states are called mixed
quantum states. Before proceeding, we give few remarks about the set S(H).

(i) The set S(H) is convex.
(ii) The extreme points of S(H) are pure states.

(iii) The set S(H) is compact.
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The state of a two dimensional Hilbert space is called quantum bit or qubit, in

short. Ket vectors |ej) = and |eg) = [ﬂ are orthonormal basis vectors of

1
0
this space. Therefore state of this space takes the following form

p =ale;) +bles) such that a,be C and |a]* +|b]* =1

Entanglement. Entanglement is one of the striking phenomena in quantum
information theory, which was first observed by Einstein, Podolsky, and Rosen [45].
Einstein referred it as spooky action at a distance [46]. Quantum entanglement
occurs when pairs or groups of particles interact in such a way that the state of each
particle cannot be described individually, and instead the state must be described
for the entire system.

The intrigue of entanglement lies in the fact that two quantum particles are inti-
mately correlated that any measurement on one particle instantly affect the other
particle, even when they are separated by a long distance. Quantum entanglement
plays an essential role in quantum technologies such as quantum teleportation,
quantum cryptography and, superdense coding.

Before giving the mathematical definition of entanglement, we give a brief intro-
duction of the composite quantum system.

Composite system 1.1.42. A composite quantum system is made up of two or
more quantum systems. If it involves two quantum systems, then it is called a
bipartite system otherwise it is called a multipartite system. The state space of the
composite quantum system is the tensor product of the component systems and
the joint state of the composite quantum system is the tensor product of the states
of the component systems, that is, if p; € S(H;) for 1 < i < n are the states of
systems, then p1 @ p2 ® ... @ p, € S(H1 ® Ha ® ... ® H,,). This state is called the
product state. This is the case when Hi, Ha, ..., H, are mutually independent.

Definition 1.1.43. Let p; € S(H;) for 1 < i < n be the states of n-quantum
systems.
(i) The state p1 @ p2 ® ... ® pp, € S(H1 @ Ha @ ... ® H,,) is called a product
state of the composite quantum system.
(ii) A state p is separable if it is a convex combination of product state of
Hi@Ha ® ... ® Hy. Otherwise, it is called entangled state. A composite
system that has an entangled state is called an entangled system.

In the following, we deal with the case of a bipartite quantum system. The state
of such a quantum system is called bipartite state. Before proceeding, we give two
operations on the bipartite system H 4 ® Hp, partial trace and partial transpose.

Definition 1.1.44. Let p be the joint state of the bipartite system H 4 ® Hg and
a ® b denote an arbitrary element of H 4 ® Hp. Partial trace is defined as follows:
(i) The partial trace over systems H 4 and Hp is defined by the following
maps respectively.
Tra : B(Ha ® Hg) — B(Hg) given by a ® b — Tr(a)b and extend it
linearly.
Trg : B(Ha ® Hg) — B(H4) given by a ® b — Tr(b)a and extend it
linearly.
Operators p4 = Trz(p??) and ps = Tr4(p*?) are called reduced density
operators of systems H 4 and Hp.
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(ii) The partial transpose over systems H 4 and Hp is defined as follows:
Ta:B(Ha) @ B(Hg) — B(Ha) @ B(Hg) defined by a ® b — o' @ b and
extend it linearly.

Ip:B(HA) @ B(Hs) = B(Ha) ® B(Hp) defined by a ® b — a @ b* and
extend it linearly.

States which remain positive under partial transpose of H 4(resp. Hg) are called
positive partial transpose or PPT, in short.

For simplicity, we shall write p'4 and p'Z to denote I'4(p) and T'z(p) for

p € B(H ) ®@ B(Hg) respectively.
Let S,, denote the set of density matrices on C". A density matrix p € S,xpm 18
called separable if it can be written as a convex hull of product density matrices,
that is,
P= Npy@pg; ph €Snpp €Sm, i =0, Ni=1
3 3
The set of all separable density matrices on C"*®C™ is denoted by SEP(n, m). The
elements of S, xm\ SEP(n, m) are called entangled.

Several criteria for separability of quantum states have been given. First cri-
terion of separability is given by A. Peres [27] which shows that positive partial
transpose (PPT) is a necessary condition for separability.

First operational characterization for separability of mixed states was given by
[33], which is given by the following theorem:

Theorem 1.1.45. [33, Theorem 2| Let p act on a Hilbert space Ha ® Hg. Then
p 1s separable iff for any positive map A : B(Hg) — B(H.), the operator (I @ A)p
s positive.

Note that (I ® A)p is positive for every completely positive linear map A,
irrespective of the separability of the state p. Thus, completely positive maps do
not feel inseparability. Hence, positive and not completely positive maps lead to
entanglement detectors.

PPT criterion is only a necessary condition for separability but not sufficient, which
assures the existence of PPT entangled states, PPTES. However, it is sufficient in
some cases and we formulate it in the following theorem.

Proposition 1.1.46. [33, Theorem 3] A state p acting on C> @ C? or C?> @ C3 is
separable if and only if its partial transposition is a positive operator.

The first example of PPT entangled state for n = m = 3 was given by Choi
[32].

Note that whether a state is entangled or not, depends upon the tensor decom-
position of Hilbert space H4 ® Hp. Ha [47] gave an example of a state, which is
separable in M5(C) ® M3(C) but entangled in M3(C) @ M5(C).

From the notation given in dual cone relation, we see that the set of all separa-
ble states coincides with the cone V; if we ignore the normalization condition. Then
we can apply the duality between the quantum states in V; and the convex cone
of all positive linear maps in B(M,(C), M,,(C)) that is P;. which gives another
separability criterion. We have:

A state p € M,,(C) ® M,,(C) is separable iff (p, $) > 0 for any positive linear map
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¢ € B(M,(C), M,,(C)). This criterion can be restated as:

Theorem 1.1.47. A state p € M, (C) ® M,,(C) is entangled if and only if there
exists a positive map ¢ € (B(M,(C), M,,(C)) such that (p,p) # 0. In this case, we
say that ¢ is an entanglement witness and p is detected by ¢.

1.2. Graphical calculus. The following table gives the graphical representa-
tion of Bra and Ket vectors, linear maps in B(#) and in bipartite tensor product
B(H1 ® Ha). More detail about the graphical calculus can be found in [48, 49].

Vectors/Operators Graphical representation
v) € C"
(v] € ()" «
T € B(H) H—/ T [—H

AB € M,(C)

)y eCroCn
(e eCny
Hi—] —
T e B(H1®H2) T
Ho— —Ho

A®BEB(H1®H2)

At € M,(C) \(A——;

1, € M,(C)

FIGURE 1.4. Graphical representations of vectors and operators

In graphical calculus, transpose is represented by bending wires. Clearly,

(1.16) (lv)" = (9|
(1.17) () =|
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Graphically, Equations (1.16) and (1.17) can be represented by the following

diagram:

FIGURE 1.5. (|v))! = (v]

P - b

FIGURE 1.6. ((v|)! = |v)

Figure 1.7 gives the graphical representation of partial transpose of a state
p € B(H1 ® Hs) on first subsystem. p' represents the partial transpose of p with
respect to first subsystem.

Hq

1

Ho

FIGURE 1.7. Partial transpose of p

Graphical representation of Operators. In the following, we give the
graphical representation of Bell state and Swap operator. These graphical com-
putations present a convenient method to construct any number of entanglement
witness.

Bell state. Let H be a finite dimensional Hilbert space. Let {eq,ea, ...,e,} be
its orthonormal basis and e;; = |e;)(e;| be the matrix units for 1 <4, j < n. Then

Ho Ho— —Ho2

. z-%}[l
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unnormalized bell state can be represented as:

Bell = Z eij  e;;

ij=1

= Z les) (ej] @ les) (e

= Z (lei) @ ea))({e;] @ (e;])

Following is the graphical representation of Bell state:

FIGURE 1.8. Bell State

Swap Operator. Let H and K be two finite dimensional Hilbert spaces with
dimensions n and m respectively. Let {e1,ea,...,e,} and {f1, fo,..., fm} be or-
thonormal basis of H and K respectively. Then we define the swap operator as:

0 HIK—->KeH
given by
TRQY—> YR
forall rt @y € H® K. It can also be written as:

(1.18) D (F5) @ lea)) ({esl @ (f51)
(2]

Figure 1.9 represents a construction of swap operator based on the formula
given in Equation (1.18). Finally, we obtain the graphical representation of swap
operator in Figure 1.10. This construction of swap operator is obtained from [49,
Page 6].
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FI1GURE 1.9. Construction of Swap Operator
= ><

FiGURE 1.10. Swap Operator

Some Graphical computations. In this section, we will demonstrate how
graphical calculus can be used to detect positivity and completely positivity of lin-
ear maps.

Example 1.2.1. We consider the transpose map 6, on M,,(C) given by A — A’
Clearly, this map is positive. We will perform a graphical computation and show
that this map is not completely positive.

Co, = Z eij ® On(eij)
4,7

= (in ® 0,)()_ €ij ® €ij)
i

= (in ® 6,,) Bell

Figure 1.11 gives the graphical representation of Cy,. It is evident from the
graph that partial transpose of Bell state is swap operator, which is not positive.
Hence, Cp,, is not positive. Therefore, 6,, is not completely positive.
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(N e

FiGURE 1.11. Partial Transpose of Bell state

1.3. Representation theory of finite groups. In this section, we present
some basic definitions and theorems in representation theory which we need to
understand an ingredient of Schur-Weyl duality. Throughout this text, we will deal
with representations of finite groups over finite-dimensional vector spaces over C.
Let GL(V) denote the space of all invertible linear transformations T': V. — V.
More detail on representation theory of symmetric groups can be found in [50].

Definition 1.3.1. Let G be a finite group and V be a finite-dimensional vector
space over C. Representation (o, V) of G is a group homomorphism

o:G— GL(V)
such that
(i) o(g192) = a(g1)a(g1) for every g1, 92 € G.

(i) o(le) = Iv.
(iii) o(g~1) = o(g)~! for every g € G.

The vector space V is called the representation space and its dimension is the
dimension of the representation.
The pair (o,V) is called a representation of G on V. If we consider V' to be an
n-dimensional vector space then representation of V' is simply the group homomor-
phism p: G — GL(n,C).

Definition 1.3.2. A subspace W of V is called invariant under o if o(g)(w) € W
for every w € W and g € G, that is, o(g)|w C W.

Definition 1.3.3. Let W be an invariant subspace under o. Set p(g) = o(g)|w-
Then p is called the sub-representation of o.

Every representation (o, V) of G is always invariant under the zero subspace
and the whole space V. They are called trivial invariant subspaces.

Definition 1.3.4. A representation is called reducible if it has a non-trivial invari-
ant subspace. Otherwise, it is called irreducible.

Suppose that V is endowed with a Hermitian scalar product (-,-)y. A repre-
sentation (o, V) of G is unitary if o(g) is a unitary operator for all g € G, that is,
(o(g)v1,0(g)v2)v = (v1,v2)y for every vy, vy € V.

Examples of representations.
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(i)

(i)

(1.19)
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(Trivial representation:) Let G be a group and V be a vector space over
a field C. Define 0 : G — GL(V) such that

o(g) =1y forevery ge€G

In this case, every subspace of V' is invariant under o.

Let X be a finite set and L(X) denote the set of all complex valued func-
tions on X. Then L(X) is a vector space where the operation of addition
and scalar multiplication is point-wise, that is,

(f+9)(@) = f(z) +g(z)

(cf)(x) = c(f)z
for every f,g € L(X),z € X and c € C.
Suppose G acts on a finite set X. We define a representation A of G on
L(X),

A:G— GL(L(X))
as
9= Mg)

and [A(g)f](xz) = f(g '), where (g~ 'z) is the action of G on X.
Clearly X is a representation on L(X).
Define a scalar product (-,-)z(x) on L(X) given by

(f.9)Lx) = Y f(@)g(x).

rzeX

A is a unitary representation with respect to above scalar product.
(Regular representation:) Let G be a group acting on itself by left trans-
lation, given by the following:

GxG = G

(9,a) — ga
The representation defined by this action is called left reqular representa-
tion.

(The alternating representation:) Let S,, denote the group of all permu-
tations of degree n. Define

m:S5,—C

1 if o 1iseven,
m(0) = . .
-1 if o 1isodd

Definition 1.3.5. Let V and W be two finite dimensional vector spaces. We write
Hom(V, W) to denote the space of all linear maps from V to W.

Let (0,V) and (p, W) be two representations of G. Then, T' € Hom(V, W) is called
intertwining operator if it satisfies:

To(g) = p(g)T forallg € G.

We denote by Homg (V, W) or by Homg (o, p), the vector space of all linear maps
that intertwine o and p.
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Definition 1.3.6. Two representations (o, V') and (p, W) are said to be equivalent
if there exists a T' € Homg(V, W) which is bijective. If this is the case, we say
that 7" is an isomorphism and we write o ~ p and V' = W. If not, we write o ~ p.
Moreover, If ¢ and p are unitary representations and 7" is a unitary operator, then
we say o and p are unitarily equivalent to each other.

In the following, we enquire about the structure of Homg(o, p), given that o
and p are irreducible representations on V; and V5 respectively.

Lemma 1.3.7. (Schur’s Lemma) Let (o,V) and (p, W) be two irreducible repre-
sentations of G.

(i) If T € Homg(o, p) then either T =0 or T is an isomorphism.
(ii) Homg(a, 0') = (CIV

Corollary 1.3.8. If 0 and p are two irreducible representations of G then

. 1 if o~p,
dlmHomg(U,p):{O z; UOOZ

Construction of new representations from given representations.

The adjoint representation. To study the adjoint representation, we will
first give the statement of Riesz Representation theorem.

Theorem 1.3.9. Let ¢ be a bounded linear functional on a Hilbert space H, then
there is a unique vector y € H such that

o(x) = (y,x) for all x € H

Let V be a finite dimensional vector space over C. Let V' be the algebraic dual
of V, that is,

V' ={f:V = C| fis linear}.

In addition, assume that V' is endow with a scalar product (-, )y .
Define an anti-linear map ¥ : V — V' given by

y'_>¢y

where ¢, (z) = (z,y)v.

By the Riesz Representation, it can be easily shown that the map ¥ is an bijective.
We can identify V' with the help of .

The dual scalar product on V' is defined by (ba, Oy)v = (Y, 2)v .

Let {v1,vs,...,v,} be an orthonormal basis for V. Then {v;,vs,...,v,} be the
corresponding dual basis of V.

Let (0,V) be a representation of G. Then its adjoint representation (J/,V’) is
defined as

/

[0 (9)f)(z) = flo(g™")a]

for every f € V/7g eGandxeV.
Note that o is irreducible iff ¢ is irreducible.
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Direct sum of two representations. Let V; and V5 be two n-dimensional
vector spaces over C and (o1, V1) and (o2, V2) be two representations of G. Their
direct sum is the representation (o, V) where V =V} @ V5 such that o(g)(vy,v2) =

o1(g)(v1) + o2(g) (v2)-
If 51 and B are bases of Vi and V5 respectively. Then, o(g) can also be realised as
a matrix with respect to the basis of V3 @ V5 and is given by,

o= [0 ]

Tensor product of representations. Let G; and G5 be two finite groups.
Let (01, V1) and (o2, V2) be representations of Gy and Gz respectively. The outer
tensor product of o1 and oy be the representation o1 Kl os of G; X Gg on Vi ® V,
defined by

(o1 M o2](91,92) = 01(91) ® 02(92)
for all g1 € G1 and g € Gs.
If G1 = G5 = G, we define a representation o1 ® o2 of G on Vi ® V5 by
[01 ® 02](9) = 01(9) ® 02(g)

for all g € G. This is called the internal tensor product of o; and o5.

Decomposition of a representation.

Theorem 1.3.10. Let (0,V) be a finite dimensional representation of a finite group
G. Then it can be decomposed into a direct sum of irreducible representations, that
18,

V:@Vj

Where V; is irreducible for every 1 < j < m. Moreover, If o is unitary the above
decomposition can be chosen to be orthogonal.

m

—

Multiplicities and isotypic components. Let (o, V') be a finite dimensional
representation of a finite group G. Then it can be decomposed as a direct sum of
irreducible representations. That is,

m
V=V,
j=1

Let J be the set of inequivalent irreducible representations. Then for every rep-
resentation p € J, let m, be the number of invariant subspaces such that their
corresponding representations are equivalent to each other. Then V' can be written

as:
vV =m,w,

peJ

So there exist operators I, 1,1,2, ..., 15 m, € Homg(W,, V), necessarily linearly
independent such that

mp
m,W, = @ I, iWy
j=1
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and
mp
V= @ @ oW
peJ j=1
Hence, any v € V' can be written as:

Mp
v= E ,E Vp,g for w,; €Iy W,
peJ j=1

Define
E,;: V=V
such that
V= Up j

Clearly, E, ; is the orthogonal projection of V onto I, ;W,.
m

Note that Iy =3 ;> 2. Ep j

We will prove that, E, ; € Homg(o, o).

Let v € V. then v can be written in the following form:

mp
v = E ,§ Upy for w5 € 1,;W,
ped j=1

Then o(g)v can be represented as follows:

o(g)v = Z Zo(g)vm
peJ j=1
Therefore,
Epyjcr(g)(v) = U(g)”/m
=0(9)E,,;(v)

Hence, E, ; € Homg(o,0)

Definition 1.3.11. The positive integer m,, is called the multiplicity of p in o and
the invariant subspace m,W,, is called the p-isotypic component of p in o.

Representation theory of finite dimensional x-algebras. Throughout
the text, we will assume that V is a finite dimensional vector space over C and A
is a subalgebra of End(V') where End(V') denotes the algebra of all linear operators
T :V — V. We start the theory with some definitions and theorems.

Definition 1.3.12. Let A C End(V') be a subalgebra and W C V be a subspace.
An element w € W is cyclic if Aw:={Tw:T € A} =W.

The subspace W is A-invariant if Tw € W for all T € A and w € W.

An A-invariant subspace W is trivial if W = V or W = {0}. An A-invariant
nontrivial subspace W is called irreducible if it does not have any non-trivial A-
invariant subspace, that is, A-invariant subspace are {0} and W only.

The next lemma gives an orthogonal decomposition of a finite dimensional
unitary space V' into irreducible A-invariant subspaces of V'
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Lemma 1.3.13. Let A C End(V) be a x-algebra of operators on V. Then there
exists an orthogonal decomposition

V=W,
jeJ
where J is a finite set of indices such that for every j € J, W; is A-invariant and
wrreducible.

Next we will state Burnside’s theorem. We start with a lemma which we need
to prove the theorem.

Lemma 1.3.14. Let A be a subalgebra of End(V) and W C V be an invariant
subspace. Suppose that AW # {0}. Then W is irreducible if and only if every
nontrivial vector in W is cyclic.

The next theorem is a crucial theorem which characterizes the irreducible rep-
resentations of non-trivial subalgebras of End(V').

Theorem 1.3.15 (Burnside’s theorem). Let A be a subalgebra of End(V) and
A #£ {0}. Then the space V is irreducible if and only if A = End(V).

Schur’s Lemma. In this section, we will present Schur’s lemma in the context
of representation theory of finite dimesnional x-algebras. We will start with defining
representations on finite dimensional *-algebras and some of the concepts which are
already defined in the context of finite groups.

Definition 1.3.16. Let V and U be two finite-dimensional complex vector spaces
and A be a subalgebra of End(V'). A representation p of A on U is a linear map

p: A— End(U)

such that
p(TS) = p(T)p(S) VT,5 € A

We can also say that a representation of A on U is an algebra homomorphism.
If A is unital, we also require p(1y) = 1. We denote the representation of A on
U by (p,U) or simply by U.
The representation p is trivial if p(T") = 0 for every T € A.

Definition 1.3.17. Let (p,U) be a representation of A.

(i) We define the kernel of p as the subspace Ker(p) = {T € A: p(T) = 0}.
Ker(p) is a subalgebra of A.
(ii) We say that p is faithful if Ker(p) = {0}.
(iii) A subspace W of U is called A-invariant if p(T)w € W for all w € W
and T € A.

Definition 1.3.18. A non-trivial representation (p, U) of A is called irreducible if
U does not have any nontrivial A-invariant subspace, that is, if {0} and U are the
only A-invariant subspaces of U.

Note 1.3.19. A subspace W C U is A-invariant if and only if it is p(A)-invariant.
Therefore, W does not have a nontrivial A-invariant subspace if and only if W does
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not have a p(A)-invariant subspace.

Following proposition is a consequence of Note 1.3.19 and Burnside’s theorem
1.3.15.

Proposition 1.3.20. Let A be a subalgebra of End(V') and (p,U) be a representa-
tion of A. Then p is irreducible if and only if p(A) = End(U).

Now we define the intertwining operator for representations of algebra A.
Definition 1.3.21. Let (p,U) and (o, W) be two representations of an algebra A.
An intertwining operator T : U — W is a linear map such that

Tp(A) =0(A)T
for all A € A. We denote by Hom 4(p, o) or Hom 4 (U, W), the space of all operators

that intertwine p and o.

Definition 1.3.22. Two representations (p,U) and (o, W) of A are called equiva-
lent if there exist a bijective operator T' € Hom4(p, o) .

Now we give Schur’s lemma for representations of an algebra A.
Theorem 1.3.23. [Schur’s Lemma] Let A be a subalgebra of End(V), (p,U) and
(o, W) be two irreducible representations of A.
(i) If T € Homu(p,0), then either T =0 or T is an isomorphism.
(i) Homa(p,p) = Cly.
Next, we define the x-representation of a x-subalgebra A of End(V).
Definition 1.3.24. Let A C End(V) be a *-subalgebra. A x-representation of A

on a unitary space W is a representation (o, W) of A which satisfy
o(A") = (a(A))"
for all A € A.

From now on, we will assume that A is a x-subalgebra of End(V'). Next, we
study about the commutant of a x-algebra A and the double commutant theorem.
We start with the definition of commutant. We also define the isotypic component
of a representation of a x-algebra. Much of the theory about isotypic component is
similar to what we have already studied in Section 1.3.

Definition 1.3.25. Let A C End(V) be a finite-dimensional x-algebra. The com-
mutant of A is the x-algebra A given by
A ={Se€End(V):ST=TS foral T e A}.
Now we study about the isotypic decomposition of a representation of a *-
algebra A. The proofs of most of the propositions and theorems are same as for
the representation theory of groups defined in Section 1.3.

Let (0,V) be a representation of a *-algebra 4. By Lemma 1.3.13, V can be
decomposed as

(1.20) V=pw,
(1.21) = @ maWy
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Where Equation (1.21) can be written by grouping all irreducible o-invariant
subspaces of V. A is a set of all pairwise inequivalent representations of A on W)
and my is the multiplicity of Wy in V.

Therefore, for every A € A, there exist injective operators Iy 1,1 2,...;0am, €
Hom 4(Wy, V'), necessarily linearly independent such that

m
m)\W)\ = @I)\7jW,\
j=1
m

V=P

AEA j=1

As in Section 1.3, we define the orthogonal projection Ey ; of V onto myWy. It
can be easily seen that E) ; € A'.

Definition 1.3.26. The positive integer m) is called the multiplicity of A for A.
The invariant subspace m)W) is called the A-isotypic component of X for A. V =
Drcn MWy is called the A-isotypic decompodition of V.

The double commutant theorem. We first recall the double commutant
theorem. Our aim is to prove a theorem which is the main ingredients of the classi-
cal Schur-Weyl-duality. For more detail on Schur-Weyl-duality Theorem, the reader
is referred to [50, Theorem 8.2.10].

Theorem 1.3.27. Let A C End(V) be a *-algebra of operators on a finite dimen-
stonal unitary space V. Then

A// — (A/)/ — A
that is the double commutant of A is same as A.

Let V be a finite-dimensional vector space over C. In the following text, we
identify End(V®*) with End(V)®*. We define two representations o and p, of
S;, and GL(V) respectively on V®*. We give a characterization of the commutant
Endg, (V®F) of V®F with respect to o, in terms of the representation py of GL(V).

Definition 1.3.28. Let G be a group. We define an associative algebra A[G],
called the group algebra of G

A[G] :={f : G = C| Supp(f) is finite}

A[G] is a vector space with respect to the point-wise addition and scalar multi-
plication. Moreover, the set of Dirac functions {d, : g € G} constitute an orthonor-
mal basis for this vector space.

An element g € G can be identified as d, € A[G]. Thus, f € A[G] can be written
as

I= Z f(9)dg,
geG
where only finite number of coefficients are non-zero. Multiplication of two elements
in this vector space is given by their convolution. Multiplication operation is asso-
ciative by the associativity of group multiplication. The element . corresponding
to the identity e of group G becomes the identity element of this algebra.
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Note 1.3.29. Every representation p of G on V can be extended uniquely to a
representation of A[G] on V, defined as follows:

p: A[G] = End(V)
given by f > o f(9)p(9)-

Definition 1.3.30. Let k£ be a natural number. We define two representations py
and o, of GL(V) and symmetric group Sy on V& respectively.

(i)
pr : GL(V) — GL(V®F)
given by
pr(9) (V1 @ V2 ® ... @ Ug) = gv1 ® gua @ ... ® guy,
(i)
Ok : Sk — GL(V®k)
given by
op(M) (V] U ® ... Qug) = Ur=1(1) @ VUp—1(2) & ... @ Up—1(p)

We give the duality between S, and GL(V'), which is the main ingredient in
the characterization of (a, b)-unitarily equivariant maps (See Chapter 3).

Theorem 1.3.31. [50, Theorem 8.2.8] We have,
Ends, (VE") = px(A[GL(V))])
where A[GL(V)] is the group algebra of GL(V).
In the above theorem, pi(A[GL(V)]) = {32 cq f(9)pr(g) for f € A[GL(V)]}.

The above theorem can also be stated as follows: the commutant of o (A[Sk]) in
End(V®*) coincides with pi(A[GL(V)]). Since,

T € 01 (A[Sk]) < Tok(f) = or(f)T for every f € A[Sk].
In above equation, oy, is the representation of group algebra A[Si]. We have
Y f@Tow(m) = Y f(m)ow(m)T
TESK TeSy

It is possible only when T' € Endg, (V®*). By Theorem 1.3.31 [50, Theorem 8.2.8],
T € pr(A[GL(V)]). We refer to [50, Theorem 8.2.8] for instance for a presentation
of this Theorem.






CHAPTER 2

Equivariant maps: Definitions and Examples

Introduction

In [1] Bhat studied a family of linear maps which respects unitary conju-

gation. He gave a characterization of this class of linear maps. The study of
equivariant maps began with an example of (1,1)-unitarily equivariant maps in
B(M,(C), M,2(C)). These maps satisfy an algebraic property which helps to de-
tect their k-positivity.
Theorem 2.1.3 gives a necessary and sufficient condition for an equivariant map
to be k-positive. We give a parametric family of (1, 1)-unitarily equivariant linear
maps in B(M,,(C), M,,2(C)) and show that this family of linear maps act as entan-
glement witness which shows the significance of studying this class of linear maps.
Part of this chapter is taken from our paper [41], which is a joint work with Prof.
Collins and Prof. Osaka.

The main new results of this chapter

e A criterion to detect k-positivity of equivariant linear maps (Theorem 2.1.3).
e New examples of entanglement witness (Section 2.2).

2.1. Definition and k-positivity criterion. We start with a definition of
V(U)-equivariant maps.

Definition 2.1.1. A self-adjoint linear map ® : M,,(C) — M,,(C) is called V(U)-
equivariant, if for every unitary matrix U € M, (C) there exists V = V(U) € M,,(C)
such that

(2.1) PUXU*)=VX)V* ¥V X e M, (C);

k-positivity criterion. Establishing k-positivity of a linear map is a difficult
task, even on low dimensional matrix algebras. We study a criterion which is
a necessary and sufficient condition for an equivariant map to be k-positive. In
this regard, we expect that such maps may play an important role in quantum
information theory.
We first state the criterion for kK = 1 and later generalize it for any k € N.

1-positivity.

Proposition 2.1.2. Let ® : M, (C) — M,,(C) be a V(U)-equivariant map. Then
the following are equivalent.

(i) @ is positive.

(ii) ®(e11) > 0, where e11 is a matriz unit in M, (C).

29
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PROOF. (1) = (2): Since ® is positive, therefore ®(e;;) > 0.
(2) = (1):
It is enough to prove that ®(p) € M,,(C)* for any rank-one projection p € M, (C).
We will use the fact that two hermitian matrices are unitarily equivalent if and only
if they have the same eigenvalues (counting the multiplicity). Hence, p and e;; are
unitarily equivalent.
Therefore, there exists a unitary matrix U € M,,(C) such that p = Ue;U*.

(b(p) = (I)(UellU*)
=V®(e11)V* (by equivariance property of ®).

Given that ®(ey1) > 0 which implies V®(eq1)V* > 0.
Therefore, ®(p) > 0 and P is positive. O

k-positivity.
Theorem 2.1.3. Let k < min{n,m} and ® : M,(C) — M, (C) be a V(U)-
equivariant linear map. Then the following are equivalent.
(i) ® is k-positive .
(ii) The block matriz [®(e;;)]¥ ;_, is positive, where (e;;) are matriz units in
M, (C).

ProoF. (1) = (2):
Let ® be k-positive. Then the map

is positive. Since the matrix [e;;]F j—1 is positive, where (e;;) are matrix units in
M,,(C). Hence,
(ix ® ®)[es;]F j1 = [®(eij)]} =1
is positive.
(2) = (1)
We prove that the map i, ® ® is positive. It is enough to prove that (i ® ®)p is
positive for any rank-one projection p € My (C) ® M, (C). We prove it in two steps:

(1) p=lz){a| for |z) € C*@C™, |||2)|| = 1.
Consider the Schmidt decomposition of |z), we get

k

(2.2) o) = (U V*)(D_ele) ® le),

i=1

where ¢;’s are positive real numbers with Z?zl cz=1

In expression (2.2), U € My(C) and V' € M, (C) are unitaries arising from
singular value decomposition of the matrix C' € My, ,,(C), where C is the
coefficient matrix of |), when written in the canonical basis of (C* ® C™).

k
(2.3) p= o)l = (U V(Y ccje; ®ey) (U V*)"

i,j=1
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In expression (2.3), first component e;; of tensor product are matrix units
in M(C) and second component are matrix units in M, (C).

p=UV XUV
where X = Zf,j:l cicjei; ® eyj. It can be easily seen that if ® satisfy the
equivariance property on M, (C), then (i ®@®) also satisfy the equivariance
property on M (C)® M,,(C), if unitaries are coming from Uy(C) @ U, (C),
where Uy(C) denotes the set of all unitaries in My(C) for any natural
number d. By equivariance property of (i ® ®), there exist matrices V;
and V4 in M (C) and M,,(C) respectively such that

(i ® P)p = (ir ® V) (U V)X (U V*)"]
= (V1@ Va)(ix @ ®)X (V1 ® Va)*.
In fact V73 = U.

In this step, we prove that (i ® ®)p is positive if the block matrix
[®(ei;)]F =, is positive. Let the block matrix [®(es;)]};—; be positive.
First, we prove that (i ® ®)X is positive. Indeed,

k
(ik (9 ‘I))X = (ik ® (I))( Z CiCj€i; & ez-j>
i,j=1
= [®(cicjei))]} =1
= [eic;®(eif)]F -1
= [Cicj}?,j:l o [(I)(eij)]ﬁj:r
The last term being the Schur product of two positive matrices is positive.
Hence, (i ® ®)X is positive.
By expressions (2.5) and (2.9), (ix ® ®)p is positive if the block matrix
[@(ei;)]¥ ;_, is positive.
Therefore, we conclude that ® is k-positive.
O

2.2. New examples of equivariant maps. In this section, we define a para-
metric family of (1, 1)-unitarily equivariant linear maps ®4 g, and study the prop-
erties of positivity, completely positivity. Moreover, the values of parameters «
and S for which the family of maps ®, g, is (k — 1)-positive and not k-positive
for natural numbers n > 3 and 2 < k < n can easily be deduced from Theorem 2.1.3.

Definition 2.2.1. Let o and 8 be two real numbers and n > 3. Then the family
of maps is defined as follows:

(2.10)

Qo pn: Mn(C) — M, (C) ® M, (C)
A — A1, +1,® A+ Tr(A)(al,z + 8Bell).
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Properties of linear map &, 3,
Positivity.

Proposition 2.2.2. The linear map ®o 5., (n > 3) is positive if and only if it is
copositive if and only if one of the following conditions holds.

(i) a€[0,00) if B> 0.

. - n A/ N - n— .

(ii) a € { @+np)+ 22'82 X 2)'8+4,oo if B <0.

Proor. First, assume that ®, g, is positive. By a calculation, It is easy to

n(n— n— —(2+np)+4/n2B2—4(n—-2)5+4
see that (A — a)"(™ =2 (X — (1 4 «))2(»— D ()\ - <a - 5 ))
(/\_ (a_ (2+n,@)w/n22624(n2)5+4)

which is positive. It is possible only when
(i) @ =0,
(i) o> —(2+nB)+ n22ﬁ274(n72)ﬁ+4-

We observe that above two conditions hold if and only if

a>0 it >0,
o > GOy AR e g <,

For the sufficient part, we apply Proposition 2.1.2. We will show that ®, g, has
the equivariance property.

Let U € M,(C) be a unitary matrix and X € M,(C) be any matrix. Then we
have,

Qo pn(UXU*) = (UX'U'@1,)+ (1, @ UXU*) + Tr(X)(al,2 + B Bell).
Choose V = (U®U) and use the fact that Bell commutes with (U ® U). We have,

is the characteristic polynomial of ®, g (e11),

VO, pn(X)V =UU)(X'®@1,+1,®X + Tr(X)(al,2 + BBell)) (U @ U)*
=UeU)(X'21,)(U'aU)+UeU)1,®X)(U'eU)*+
Tr(X)(U @ U)(alye + BBell)(U' @ U*)
=UX'U'"®1,)+ (1, @ UXU*) + Tr(X)(al,: + 5 Bell)
=&, 5, (UXU™).
Next, we need to show that the matrix ®, g ,(e11) is positive. It is clear from the
reasoning given in the proof of necessary part, where values of parameters satisfy

conditions (1) and (2) of the statement. Hence, ®, g, is positive. O

Graphically, the region where ®, g3 is positive is shown in Figure 2.1. The
shaded region with blue colour represents the values of parameters « and 8 where
®, g3 is positive.

Remark 2.2.3. Let o be the swap operator on (C" ® C™) as defined in Section 1.2.
We have

Dy gnoby=AdooPygnp
Therefore, @ gn 00, (A) = 0Py g.n(A)o. We obtain that the linear map ®, g, is
k-positive if and only if it is k-copositive.
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A
e 4

o 3 — _(2+35)+\2/952_m
2.1
| 3
4 ;2 2 4
_9o
—4

FIGURE 2.1. Region of Positivity

Note 2.2.4. From now on, we focus on the case of n = 3. The family of maps
D, 5,3 is denoted as Pla, J].

Completely Positivity.

Proposition 2.2.5. The map ®la, ] is completely positive if and only if it is
completely copositive if and only if one of the following conditions holds.

(i) o€ {_(3+3ﬁ)+\/29ﬁ2—105+177oo> if B < —0.2.
(ii) a € {(3+3ﬁ)+\/29ﬁ210ﬁ+17’oo> N[l,00) if B > —0.2.

PRrROOF. To prove the above statement, we work on the eigenvalues of the Choi
matrix Cgp[q, g of ®[a, B]. By a calculation, the characteristic polynomial of Cg[q, g

3
is given as: (A—(—1+a))3(A—(1+a))2(A—a)8 <>\— <a+(3+36)+ 925 mﬂH?))
3
(/\ - <a+ (3+3ﬁ)f\/92ﬁ27106+17 '

To prove the necessary part, assume that ®[«, 8] is completely positive. Hence, all

the eigenvalues of the Choi matrix Cg[,,g) are positive. That is,
(i) a>1,

.. —(3+38)+4/982—-106+17
(i) a > 5 .

. . . - /982 — .
It is evident that if 5 < —0.2, then o > (3+36)+ 2952 105 +17 > 1. Hence, it is
enough to take,

(i) a€ {(HMH V296210B+17,oo> when g < —0.2.
(i) a € [(3+3B)+ ”2%210’8“7,00) N [1,00) when g > —0.2.

For the sufficient part, let ®[«, 5] satisfy conditions (1) and (2) of above Proposition.
From the above reasoning, it can be easily seen that the Choi matrix of ®[«, ] is
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positive. Hence, ®[a, (] is completely positive.
By Remark 2.2.3, we have

Copapjon, = (s ® 0)Caa (L3 ® )

o is the swap operator defined on (C3 ® C?). Therefore, the Choi matrix of ®[c, 3]
is positive iff the Choi matrix of ®[«, 8] o 65 is positive.
Hence, ®[a, ] is completely positive if and only if it is completely copositive if and
only if ®[a, (] satisfy conditions (i) and (ii) of the statement.

a

Note 2.2.6. In Proposition 2.2.5, we see that ®[a, ] (In fact, @, 5.,) is completely
positive if and only if it is completely copositive. This is not always the case for a
linear map satisfying the equivariance property. For example, consider the trans-
pose map on finite-dimensional matrix algebras. Clearly, it satisfies equivariance
property (Take V = U). It is completely copositive and not completely positive.

Hence, this property is not necessarily true for any map satisfying equivariance

property.

Remark 2.2.7. Graphically, the portion where ®[«, ] is positive and completely
positive can be represented in Figure 2.2. The dotted region in red colour describes
the values of parameters o and 8 for which the family of maps ®[«, §] is completely
positive.

o= —(2+38)+1/982—45+4
- 2
= (843pB)++/982-108+17

a = 3

—4
FIGURE 2.2. Region of Completely Positivity

Propositions 2.2.2 and 2.2.5 give two different sets of values of parameters
for which the family of maps ®[«, §] is positive and completely positive. The next
theorem gives the values of parameters a and S for which the map ®[«, 3] is positive
and not completely positive.

Positive and not completely positive.

Theorem 2.2.8. The linear map Pa, B] is positive and not completely positive if
and only if one of the following conditions holds.
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(i) e 7(2+3ﬁ)+\2/962—46+4, —(3438)+ 29ﬁ2105+17> if6< 02

(i) a € {(”””VQ A 1) if —0.2< B <0.

(iii) @ €[0,1) if B> 0.

PROOF. It is clear from Propositions 2.2.2 and 2.2.5. (I
Remark 2.2.9. Figure 2.3 represents the portion where the family of linear maps
®[a, ] is positive, completely positive and not completely positive. The starred

region in green colour gives the values of parameters o and § for which the family
of linear maps ®[a, f] is positive and not completely positive.

o = —(24+38)+/98%2—45+4
- 2
—(3438)++/982-108+17
o = 3

—4
FIGURE 2.3. Region of Positivity and not Completely positivity

2-positivity. Choi [39] gave the first example of a linear map defined on
M3(C), which is 2-positive and not completely positive. We show that there exist
values of parameters « and (8 for which the family of maps ®[a, 8] is 2-positive and
not completely positive.

Theorem 2.2.10. The linear map ®la, 5] is 2-positive if and only if § € R and
a € [1,00) N [=S5,00), where Sg is the smallest root of the polynomial A3 + (—2 —
38)A% + (=2 + 4B8)\ + 28.

PRrROOF. Let ®[a, ] be 2-positive. By the definition of 2-positive linear maps,
(i2 ® ®[a, A]) is positive. Hence, (iy ® ®[av, B])[es]7 j—; > 0 where (e;;) are matrix
units in M5(C).
By a calculation, the characteristic polynomial of [®[a, 8](e;;)]7 =, is
A=C24+a)A—(-1+a)A—1+a) " A=—a)} (A—a)®+(—2-38)(A—a)? +
(—24+48)(A — a) +28)%
Therefore, we have the required bound on the values of parameters o and f.
To prove the sufficient part, we use Proposition 2.1.3. It is clear from the proof of
Proposition 2.2.2 that ®[«, 5] has the equivariance property. Given the conditions
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on the values of parameters a and f3, it follows that the matrix [®[a, 8](e;;)]7 =, is
positive. Hence, the proof is completed.

Theorem 2.2.11. The linear map ®[«, 8] is 2-positive and not completely positive
if and only if 8 < —0.2 and

—(24+308)+ V952 —48+4 —(3+36) + /952 — 108 + 17
2 ’ 2
N[1, 00) N [—Ss,00),
where Sg is the smallest oot of the polynomial A3 + (=2 —3B)A? 4 (—2+4B8) A +20.

PROOF. It is clear from Theorems 2.2.8 and 2.2.10 that the conditions for «
and (8 are sufficient for ®[c, 8] to be 2-positive and not completely positive. We
need to consider those values of parameters o and § for which the map ®[«, ] is
2-positive and not completely positive. If we consider 8 > —0.2, then by Theorem
2.2.8, @ < 1 which destroys the 2-positivity of linear maps ®[a, 3].

— / 2__ _ 2__
Hence, 8 < —0.2 and « € (2+36)+ 295 4ﬂ+4, (3+38)+ V296 10ﬁ+17>.

Therefore, we conclude that

o€ {*“WVZ LA ‘<3+35>+V2952‘1°5“7> N [1,00) N [=Sp,00) if

B<-0.2. 0

Remark 2.2.12. The conditions of being (k — 1)-positive and not k-positive can
easily be generalized for any natural numbers n > 3 and 2 < k < n. From Proposi-
tion 2.1.3, it boils down to calculate the eigenvalues of block matrix [®[c, (] (eij)]ﬁjzl
for k-positivity. Here, (e;;) are matrix units in M, (C).

Conclusion. In this chapter, we studied a necessary and sufficient condition
for a V(U)-equivariant map to be k-positive. Positive and not completely positive
maps are important to detect entangled states in quantum information theory.
Since the class of positive maps is far from being understood, and there is no
simple technique available to check the positivity of a linear map. Therefore, their
construction is not easy. On the other hand, It is rather easy to conclude about
completely positivity, because of Choi’s theorem [8]. We deduce in Theorem 2.1.3,
that the k-positivity of an equivariant linear map depends upon the positivity of
k-block submatrix of the Choi matrix, that is, detecting about the k-positivity of
an equivariant linear map is as easy as it’s completely positivity.

We presented a family of (1,1)-unitarily equivariant maps and showed that this
family can act as entanglement witness.

This chapter serves two purposes: it gives a criterion to detect k-positivity of
equivariant maps. Secondly, It answers the question why one should be interseted
in the study of equivariant maps and shows the worth of studying this class of
equivariant maps to solve open problems in quantum information theory.

This provides enough evidence to dig further about the class of V(U )-equivariant
maps, which makes the foundation of the next chapter. Where we define certain
subclasses of equivariant linear maps and study about their characterization.



CHAPTER 3

Characterization of Equivariant maps

Introduction

In this chapter, we define a subclass of V (U)-equivariant maps, called unitarily
equivariant maps. We further study a subclass of unitarily-equivariant maps, which
are (a, b)-unitarily equivariant maps in B(M,,(C), M,,(C)®*® M,,(C)®?) for a,b € N
and unitary U € M, (C).

This chapter deals with the characterization of these two subclasses of V(U)-
equivariant linear maps. Theorem 3.1.4 gives a correspondence between equivariant
maps and their Choi matrices. We prove in Theorem 3.2.1 that every unitarily equi-
variant map comes from a unitary representation U — V(U). Consequently, we
prove in Corollary 3.2.3 that every unitarily equivariant map can be realized as a
(a,b)-unitarily equivariant map for some a,b € N. Theorem 3.3.1 gives the char-
acterization of all (a,b)-unitarily equivariant maps and we study their graphical
representation.

Group representation theory (More precisely, The Schur-Weyl duality Theorem)
plays an important role in the characterization of (a, b)-unitarily equivariant maps.
Part of this chapter is taken from our paper [51], which is a joint work with Prof.
Collins and Ivan Bardet.

The main results of this chapter

e Characterization of unitarily equivariant maps in terms of unitary repre-
sentations (Theorem 3.2.1).

o Characterization of (a,b)-unitarily equivariant maps (Theorem 3.3.1).

e A correspondence between above two classes (Corollary 3.2.3).

Introduction to equivariant maps

In the following, we define two sub-classes of V(U)-equivariant maps (Defini-
tion 2.1.1)

Definition 3.0.1. Let n, N > 2 be two natural numbers. A self-adjoint linear map
®: M,(C) = Mpy(C) is called:

(1) wnitarily equivariant, if for every unitary matrix U € M,,(C) there exists
a unitary V = V(U) € My (C) such that

(3.1) SUXU*) =V (U)®(X)V(U)* VX € My,(C);

(ii) (a,b)-unitarily equivariant, if there are a,b natural numbers such that
N = n®* and My(C) = M, (C)®* ® M,,(C)®°, and such that for every
unitary U € M, (C),

37
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(3.2)
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PUXU") = (T @U) &(X) (T " @ U®)* VX € M,(C)

Thus, (a,b)-unitarily equivariant maps are a subfamily of unitary equivariant
maps, that is itself a subclass of equivariant maps. To our knowledge, we do not
know of any equivariant map which is not a unitary equivariant map. All the
examples, which have been studied so far are unitary equivariant or more precisely,
(a, b)-unitarily equivariant.

3.1.

First examples and properties of equivariant maps. Incidentally,

some well-known examples of k-positive but not completely positive linear maps are
actually examples of unitarily equivariant maps, even though this was not explicitly
stated when they were introduced. We recall these examples and give an alternative
proof of their k-positivity, based on Theorem 2.1.3.

(i)

(i)

(iii)

Every x-homomorphism or *-anti-homomorphism on a finite-dimensional
matrix algebras is equivariant. Such maps are always completely positive
or co-completely positive.

Choi [39, Theorem 1] gave the first example of a linear map on M, (C)
which is (n — 1)-positive but not n-positive, given by

O: M,(C) — M,(C)
A = {(n—1)Tr(A)}L, — A.

The above map is unitarily equivariant (take V(U) = U). We apply
Theorem 2.1.3 to prove that ® is (n — 1)-positive. The eigenvalues of
[@(eij)]zj;ll are 0 with multiplicity 1 and (n —1) with multiplicities n(n —
1) — 1, which are positive. Hence, ® is (n — 1)-positive.

Tomiyama [10, Theorem 2] gave an example of a parametric family of
linear maps and studied the conditions of its k-positivity. The map is

defined by:

v: M,(C) — M, (C)
A ATr(A)L, + (1-NA.

This map is k-positive for any 1 < &k < n if and only if 0 < A < 1+
nkl_l. We give an alternative proof based on Theorem 2.1.3. Indeed, ¥
is unitarily equivariant (take V(U) = U) and to find the conditions of k-

positivity on ¥, we only need to find the values of A such that [¥(e;;)]F ;—,

is positive. It can be easily seen that % and % + (1 — Ak are two distinct

eigenvalues of [\If(eij)]f’jzl with different multiplicities. Therefore, the

map VU is k-positive if and only if A > 0 and A <1+ 7nk171,

Example 3.1.1. Bhat characterized in [1] all (0, 1)-equivariant maps
on B(H) for some Hilbert space H, not necessarily finite-dimensional.
More precisely, he proved that a linear map ® acting on B(H) satisfies
SUXU*) =UP(X)U™ for all X € B(H) iff there exist «, 5 € C such that

O(X) = aX + BTr[X]1y.

Direclty from this, we get that any (1,0)-equivariant map ¥ on B(H)
is of the form ¥(X) = ab,(X) + S Tr[X]1s, where ,, is the transpose
map. Indeed, we can check that 6, o ¥ is (0,1)-equivariant and apply
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Bhat’s result. We shall similarly characterize all (a, b)-unitarily equivari-
ant maps in Theorem 3.3.1, thus generalizing these two case, when H is
finite-dimensional.

Properties of equivariant linear maps. In this section, we study some basic
properties of equivariant linear maps, which will help us to give a characterization
of these maps.

Lemma 3.1.2. Leta,b e N. Then,

(i) The set of all (a,b)-unitarily equivariant maps is a vector space.
(ii) The set of all unitarily equivariant maps is not a vector space. Neither is
the set of equivariant maps.

PROOF. It is an easy calculation to show that the set of all (a, b)-unitarily equi-
variant maps is closed under addition and scalar multiplication. Hence, this set is
a vector space.

We give an example of two unitarily equivariant maps such that their sum is not
even equivariant, which is enough to conclude that both sets are not vector spaces.

Let @1, Py : My(C) — M5(C) be given by &1 =iy and $y = 0. It is straight-
forward that both maps are unitarily equivariant. We prove that the map (®1 + ®-)
is not equivariant, that is, there exists a unitary U € M3(C) such that there is no
V € M5(C) with

(®1 4 o) (UXU*) = V(®) + B2)(X)V* V X € My(C).

Let
1 1
U=|v2 V2|,
V2 V2
Where 12 = —1. Take X = e, where ey is a matrix unit in M,(C). We prove
that there is no V' € M3(C) such that,
(33) ((I)l =+ (1)2)(U611U*) = V(‘I)l + @2)(611)‘/* .

(@1 + By)(UennU*) = [(1) ﬂ .

Therefore, rank((®1 + ®2)(Ue11U*)) = 2.
Since, rank(®; + ®5)(e11) = 1. Therefore there exists no V € M5(C) such that,

(34) (‘I)l + (I)Q)(UenU*) = V(‘bl + @2)(611)‘/* .
U

Example 3.1.3. To conclude this section, we give an example of a completely
positive linear map on Ms(C) which is not equivariant. Consider the linear map

D MQ((C) — MQ((C)
A = A— AL+ Tr(A)1,
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The map @ is completely positive, but it is not equivariant. Let

1

1
U= \_/? {5] and X = —te11 + Lego
V2

V2

Where (2 = —1. Then

BUXU*) = {_02 (ﬂ and  B(X) = {8 8}

Therefore, there exists no V'€ M3(C) such that ®(UXU*) = VO(X)V* for unitary
U and X = ej2 + es1. Hence, ® is not equivariant.

First, we give the characterization of equivariant maps in terms of their Choi
matrices. It will be helpful to characterize certain subclasses of equivariant maps.

Theorem 3.1.4. Let ® : M, (C) - Mn(C) be a linear map. Then the following
two assertions are equivalent:
(i) ® is an equivariant map.
(ii) For every unitary matriz U in M, (C), there exists a matriz V € My (C)
such that [Ce,U @ V] = 0.

PrOOF. To prove (i) == (ii), we use the fact that (U ® U) commutes with
Bell for every unitary matrix U € M,,(C). We have the following

Cop = (in ® ®)(Bell)
= (i, @ )T RU)(D_ eij ®ei)(U D U)*
,J
(35) = Zﬁeijﬁ* ® (I)(U(:’ijU*)
i,J
Since ® is equivariant, for every unitary U € M,,(C) there exists V € My (C) such
that @ satisfies Equation (3.1). From Equation (3.5), Cp becomes,

Co=Y UeyjU @V&(ey)V*
,J
=UV)Ce(UaV)*.

Hence, Cgp commutes with (U @ V).
We now prove the converse implication (ii) = (i).

We have,
(3.6) S(UXU*) = Tra, (c) [((UXU*)t ® nm)ap]
Since Cgp commutes with (U ® V). Equation (3.6) becomes,
(3.7) PUXU") =Try, o (UX'U) @ 1n)(U @ V)Co(U@V)*
(3.8) = Try, () {(UXtUtU @ V)Cs(U @ V)*]
(3.9) = Trur, () {Z(UXt ®@ Ve @ ®(ei;)(U ® V)*}

i,J
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Let X = (ag;) € M, (C). Then equation (3.9) becomes

SUXU") =Try, (o) [Z(lekekleijUt) ® V(I)(eij)v*}
,J
= Trus, () [Z(lekekjéilUt) ® V‘I’(@ij)V*}
]
= Z Tr(Ul’ikeijt)v(I)(eij)V*

ijk

= Z xijVQ’(eij)V
(2]
=Vo(X)v*
Hence, the proof is complete.

O

3.2. Characterization of unitarily equivariant maps. It is still an open
question whether the map U +— V(U) in Equation (3.1) must be a unitary repre-
sentation. This would be a crucial step in the understanding of equivariant maps,
as it shall allow using group representation theory to study them. However, we
can answer this question by the affirmative whenever the algebra generated by the
image of the map is the whole algebra. More precisely, for any x-preserving map
® € B(M,(C), Mn(C)), we denote by A[I(P)] the C*-algebra generated by the

image of ®: it is the norm-closure of the x-subalgebra generated by (@), where
Cx

I(®) denotes the image of P.

Theorem 3.2.1. Let ® : M, (C) — My(C) be a unitarily equivariant linear map.
Let A[S(®)] = Mn(C) and the map U — V(U) in Equation (3.1) is continuous.
Then there exists a unitary representation U +—> f/(U) of the special unitary group
Su,, on CN such that for all X € M, (C) and U € SU,,

(3.10) UXU*) =V(U)®X)V(U)*
Proor. Let Uy, Us € U,, be two unitaries. We have:
(U1 XUT) = V(U1)2(X)V(Uy
(U2 XUy) = V(U2)2(X)V (U )
(3.11) Q(U1UX (UhU2)") = V(U1U2)2(X)V (UrUs)" .

(
Then, considering that ®(U1U2 X (U1Us3)*) = ®(Uy (U2 X Us)U7) and using Equation
(3.11), it becomes

V(U1U2) @(X) V(U1U2)* = V(Ur)V(Uz) ©(X) V(U2)"V (Ur)" .
— V(U)*V(U1)* V(U Us) € 3(®) =Cly
We have,
V(Ua)*V (Uy)*V (U Uz) = AUy, Uz) 1y for some A(Uy,Us) € C.
(3.12) V(U1Us) = AUy, U2)V (U1)V (Us)
In other words, there exists 6(Uy, Us) € R such that
(3.13) V(UN)V (Us) = VeV (U, Uy)
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Equation (3.13) looks very similar to that of a representation, up to the phase.
Actually, under the mild assumption that V and the phase e*?(V1:U2) is a smooth
function of Uy, Us, we can prove that V' can undergo a phase modification that will
turn it into a representation of SU,,. First of all, without loss of generality, we may
assume that 6(I,,I,) = 0, at the possible expense of replacing V' by e0nIn)y/
Then, looking in a vicinity of the identity, taking the determinant, we get that

det V(Uy) det V(Us) = e™0W1U2) det V(UL Us),
in other words
e0ULU2) — (det V(Uy) det V (Uy)/ det V(UL Uz)) Y™,

where the m-th root is obtained with the prinicipal branch of the logarithm, which
is well defined in a neighbourhood of 0.
So, we may rewrite Equation (3.13) as

V(U (Us) = (det V(Uy) det V (Uy)/ det V (UL U2)) Y™V (ULUs),
or equivalently,
V(U1) det V(U) ™Y™YV (Uy) det V(U) ~Y™ = V(ULUy) (det V(UL Up)) ~ Y™
Therefore, setting
V(U1) = V(Ur)det V(U) Y™,
we see that, in a neighbourhood of 0,

V(U)V(Uy) = V(U Uy).
It is known that a finite dimensional representation of a Lie group is in one to one
correspondance with that of its Lie algebra, and therefore that it suffices to define
it on a neighbourhood of identity, in the simply connected case. So, this proves
that V extends on SU,, to a representation of SU,,. [l

Remark 3.2.2. In Theorem 3.2.1, we proved that for a unitarily equivariant map
D, there exists a unitary representation U — V(U) of SU, of CN such that it
satisfies Equation (3.10). However, this unitary representation of SU, does not
affect our main results. Indeed, for a given unitary U € U,, we can have an el-
ement of u € SU,, and a phase factor e*® € U(1) such that U = ue*®. Here 2 = —1.

The next corollary builds a bridge between unitarily equivariant maps and (a,b)-
unitarily equivariant maps. It justifies the computation of the latter in the next
section.

Corollary 3.2.3. Let & € B(M,(C), Mn(C)) be a unitarily equivariant map.
Assume that the map U — V(U) is an irreducible representation of the unitary
group. Then there exist a,b natural numbers, a partial isometric map W : CV —
(C™M)®e® (C™)®° and an (a, b)-unitarily equivariant map U on M, (C) such that for
all X € M, (C),

(3.14) Wo(X)W* = U(X).

PRrOOF. This is a direct consequence of the representation theory of the unitary
group. Indeed, for all irreducible representations, there exist a,b natural integers
such that this irreducible representation appears in the unitary representation (see
[62] for instance)

UsT2 U,
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It means that there exists a partial isometry W from CV to (C")®? ® (C")®® such
that for all U € U,

WVU)W* = P\U @ U®" Py,
where P) is the orthogonal projection on some irreducible supspace of

(C™)®e @ (C™)®? invariant by (U®a ®@ U®®) for all U € U,,. We can then define the
map ¥ : X — W ®(X) W* and it can be readily checked that ¥ is an (a, b)-unitarily
equivariant map. [

3.3. Characterization of (a, b)-unitarily equivariant maps. We now deal
with the question of characterizing (a,b)-unitarily equivariant maps. More explic-
itly, let a,b € N and n > 2. Then, what are all the linear maps

& : M, (C) = M,(C)®* © M, (C)="

such that for every unitary U € M,(C), ® satisfy Equation (3.2). By Lemma
3.1.2(1) the set of all (a,b)-unitarily equivariant maps is a vector space. Charac-
terizing this vector space is then equivalent to exhibiting one of its basis. In order
to do that, we need some basic results from group representation theory and more
precisely the Schur-Weyl duality Theorem [50, Theorem 8.2.10]. More detail can be
found in [50, Chapters 7,8].

Theorem 3.3.1. Let a,b € N and ® : M, (C) — M, (C)®* @ M, (C)®*. Then the
following assertions are equivalent.
(i) @ is (a,b)-unitarily equivariant.
(i) [C@,U@)GH ®@U®) =0 for all U € U,,, where Cg is the Choi matriz of ®.
(iii) There exists f : Sgy+1 — C such that
(3.15) Co= Y f(m) (077 @) [opsa(m)]

TESK4+1

where k = a+ b and 6, is the transpose map on M, (C).

PRrROOF. The equivalence of (i) and (i4) is clear from Theorem 3.1.4.
Assume that Cp commutes with (T @ U®?) for all U € Uy, that is,

—®a+1

(3.16) (T Tt

® U® Oy (U @ U = Cy
Remark that the transpose map 6,, € B(M,(C)) is (1,0)-unitarily equivariant, so
that for all U € U,, and all C € M, (C)®a+b+1
(3.17)
(9;(?(1-‘-1 ® Z'S?b)((U@a_H ® U®b) C (U®a+l ® U@b)*) — U®k+1 [(ef?a-&-l ® Z%b)o] U*®k+1 )
where k = a + b. Applying Equations (3.16) and (3.17), we get:

(9®a+1 ® i®b)[0q>] _ U®k+1 (9®a+1 ® i®b)[0¢] U*®k+1 )

Consequently, (94+! @ i®%)[Cs] € pp(U,). By Theorem 1.3.31, we obtain that
(0291 @ i®%)[Cp) € ok 11(Sk+1), which implies (iii).

(iii) = (ii) is straightforward using the converse part of Theorem 1.3.31 and the
previous computation. [
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If n < k — 1 then the representation oy of Sk is not faithful, but this is not
the case here as n > a +b. Therefore, by point (iii) in Theorem 3.3.1, the set of
all (a,b)-unitarily equivariant maps is isomorphic as a vector space to the space
0k+1(Sk+1). Therefore we get the straightforward corollary:

Corollary 3.3.2. Let n > a+b. Then the dimension of the vector space of (a,b)-
unitarily equivariant maps is (k+1)!, where k = a+0b. A basis for this vector space
is given by the maps {®, : m € Sky1}, with the corresponding Choi matrices:

(3.18) Co, = (07" @i7")[opsr (7)),
where the matriz opy1(7) acts on vectors (v1 @ -+ @ Vgy1) as
(3.19) Tot1 () (V1 @ @ V1) = Vp-1(1) @+ @ V=1 (k1) -

3.4. Graphical representation of the Choi matrix of (a,b)-unitarily

equivariant maps. In this section we study the graphical representation of (a,b)-
unitarily equivariant maps for any a,b € N. This gives a visual and very convenient
method to compute them. We illustrate this with the (1,1)-unitarily equivariant
maps studied in Chapter 2 (Definition 2.2.1).
Let Wy, denote the vector space of all (a,b)-unitarily equivariant maps. Recall
from Section 3.3 that the maps Cop, = (02T ®i%°)(0y41(7)) form a basis of Wy,
with ™ running through the permutation group Sk41, where o41(m) is the unitary
representation of the permutation group defined in FEquation (3.19). Based on the
graphical representations given in Table 1.4, we give the graphical representations
of the Cy_. We first consider the case of a =1 and b =1 and make some observa-
tions. We discuss the general case in Theorem 3.4.1.

We compute the graphical representation of the Choi matrices Cp, with m € Ss,
by first computing the one of o3(w). We start with the representation of o5(123) as
an example. This map is defined as follows:

03(123) : (cmH®s - (Cm)®s
V1 ®U2Q@VU3 = U3 QU Qv

Its graphical representation is given on the left in Figure 3.1. By Equation (3.18),
Cp 10y = (057 ®in)03(123). Using the graphical representation of the transpose
map, we obtain that Cy,,, is represented by the right figure in Figure 3.1.

02%Qin (-)
D

FIGURE 3.1. Graphical representation of o5(123) (on the left) and
Ca,,s (on the right)

We take the following convention in order to represent the operators oji1(m):
input on the left are represented by black (full) dots while output on the right are
represented by white (empty) dots. The graphical representation of the operator
ok+1(m) then corresponds to tracing a wire from the ith (black) dot on the left to



INTRODUCTION TO EQUIVARIANT MAPS 45
—{7l
77 =
—ul—

FIGURE 3.2. Graph of Cg,,,, . Each black dot is connected to a
white dot in a one-to-one way, according to the permutation (123).

the 7=1(i) (white) dot on the right. Using graphical computation, it can be directly
checked that oj1(7) and UL commute for all unitary operator U € U, .

Then, applying the transpose map to the first a + 1 tensors corresponds graphically
to interchange the black and the white dot at the first a4+ 1 rows (starting from the

highest). Again, it can be directly check from a graphical computation that Cg(r)

and (U®a+1 ® U®P) commute. This is illustrated in the case of the permutation

(123) in Figure 3.2.

We can obtain similarly the graphical representations of the Choi matrices Cyp .
corresponding to all m € S3. There are 3! = 6 different possibilities to trace a wire
between black and white dots in a one-to-one way. FEach of them corresponds to a
different permutation w € Ss. This is illustrated in Figure 3.3.

w 1 (23) (12) (13) (123) | (132)
O 6O

B D e p
R L b plL g el el

FIGURE 3.3. Graphical representations of the Cy_ for each 7 € S3

Figure 3.8 gives the basis elements of the vector space Wi 1. Theorem 3.4.1
generalizes this fact to any (a,b)-unitarily equivariant map. We omit the proof, as
it follows exactly the same idea as the example above.

Theorem 3.4.1. The graphical representation of the Choi matrices of the basis
elements Co(r) of the vector space Wy is given by the following rule. Being a
matriz on (C™)®F+1 its graphical representative has k + 1 input (on the left) and
k+1 output (on the right). The first a+1 inputs are symbolized by black (full) dots,
the remaining b by white (empty) dots. In the same way, the first a+ 1 outputs are
symbolized by white (empty) dots, the remaining b by black (full) dots. Then each
element of this basis corresponds to possible wiring between a black and white dot,
in a one-to-one way.
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Theorem 3.4.1 gives a graphical representation of the Chot matrices of the basis
elements of Wep,, which completes the characterization of the vector space Wy of
all (a,b)-unitarily equivariant maps. As an illustration, we study the graphical rep-
resentation of the Choi matriz of the family of linear maps ®,, g 3 studied in defined
in Definition 2.2.1. It is given as follows:

R LT

FIGURE 3.4. Graphical representation of Cg

a,B.n

Remark that it corresponds to taking linear combinations of the graphical rep-
resentations of the permutations (12), (13), (1) and (23) respectively and from left
to right.

Conclusion. In this chapter, we studied two sub-classes of V (U)-equivariant
linear maps, which are unitarily equivariant maps and (a, b)-unitarily equivariant
maps. We tried to understand the map U +— V(U) in Equation (3.1) and we
deduced that if it becomes a unitary representation, then every unitarily equivariant
map is “a corner” of (a, b)-unitarily equivariant map for some a,b € N. Finally, we
give a characterization of (a, b)-unitarily equivariant maps and study their graphical
representation.

This characterization may help to solve the question of decomposability of equi-
variant linear maps and it has many applications in quantum information theory
since decomposable maps can be used to detect PPT entangled states. In the next
chapter, we consider equivariant linear maps to entanglement detection.



CHAPTER 4

Further examples of equivariant maps and their
applications

Introduction

This chapter deals with the applications of equivariant maps to detect entangle-
ment. We prove that any entangled density matrix can be detected by a unitarily
equivariant map with the image on infinite-dimensional Hilbert space. We con-
jecture that this latter requirement is not necessary and the image can be taken
finite-dimensional. We give an example of (2,0)-unitarily equivariant map and
analyze its properties.

The main new results of this chapter

e Applications of equivariant maps to detect entanglement (Theorem 4.1.1).
e An example of (2,0)-unitarily equivariant map (Section 4.4).

4.1. Application to entanglement detection. The main result of this sec-
tion is the following.

Theorem 4.1.1. Let ¢ : M,(C) — M,(C) be a positive - but not completely
positive - map. Then there exists a unitarily equivariant map ® : M, (C) — B(H)
for some Hilbert space H such that:

(4.1) Sm(®) C Sm(9).

where
Sm(w) = {p € S(mxn) ; (im ®¢)(P) 2 O}

It means that all entangled density matrices that are detected by ¢ are also detected
by the unitarily equivariant map .

We formulated the previous theorem in terms of the set S, (¢). As a corollary
we obtain the weaker statement:

Corollary 4.1.2. Any entangled density matriz p € Simxn) can be detected thanks
to a unitarily-equivariant positive map ® : M,, — B(H) for some Hilbert space H.

The fact that the Hilbert space H is infinite dimensional is a huge drawback in
practice. To our knowledge, it is not clear if this can be improved. We shall however
discuss in Section 4.3 applications of this conjecture, based on Theorem 3.2.1 and
Corollary 3.2.3.

47
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4.2. Proof of Theorem 4.1.1.

PROOF. Let p € S(;xn)\SEP(m,n) be an entangled density matrix and let
¢ € B(M,,(C), M, (C)) be a positive map such that (i,, ® ¢)(p) is not positive semi-
definite, as provided by the Horodecki Theorem [53]. Define H = Lo(U,,, C™), that

is,
H{wU)Ueun;ercn wetn, [ |wU||2u<dU><+oo}
U,

where the integration is with respect to the Haar measure on U,,. We can define a
map ® € B(M,,(C),B(H)) as

X € Mo(C) = ®(X) = ($(UXU")) ey, -

Thus for all X € M, (C) and all (Yv)veu, € H, ®(X)Wv)veu, = (QUXU*)Wu)veu, -
Define the following unitary representation of i/, on H:

VW (VW) e’ (Wow)veu,) -

Then we check that the map @ is unitarily equivariant with respect to U — V (U).
Indeed, for all W € U,,, X € M,,(C) and all ¥ € H,

VW) e(WXW*) V(W) = V(W) (WXW?) (Yuw)veu,
=VW) (o(UW X (UW)*)Yuw)veu,
— B(X).

We now show that ® “detects” p, that is, (i,, ® ®)(p) is not positive semi-definite.
Indeed, this is true as by continuity there exist a vector ¢ € C™ ® C™ and a small
neighbourhood U of I,, in U, such that for all U € U, (¢, (iy @ ¢)(I;, @ U p I, ®
U*))p) < 0. Then defining the vector 1) € C™ @ H as:

Yyu=¢ YUEU, Yy =0 elsewhere ,

we get that (¥, (im ® ®)(p)) < 0 which shows that (i, ® ®)(p) is not positive
semi-definite. 0

Remark 4.2.1. In the previous proof, the construction of the Hilbert space H and
the representation m does not depend on ¢. So is also the case for the unitary
representation U — V(U): it means that its decomposition into irreducible repre-
sentations does not depend on ¢, as we should expect!

4.3. Discussion on (a,b)-unitarily equivariant maps. We discuss in this
section the applications to entanglement detection of the following conjecture:

Conjecture 4.3.1. For any entangled density matriz p on (C™ ® C"™), there exists
a unitarily equivariant and a positive map ® € B(M,,(C), Mn(C)) for some natural
integer N such that the map U — V(U) in Equation (3.1) can be assumed to be
an irreducible unitary representation, and such that (i, ® ®)(p) is not positive
semi-definite.

Remark 4.3.2. Assume that Conjecture 4.3.1 is true.

e [t allows to reduce the problem of entanglement detection to the case of
(a,b)-unitarily equivariant positive maps.

e We have entirely characterized the (a,b)-unitarily equivariant maps in Sec-
tion 8.3. As they are equivariant, it is a simple computation to know
which of them are positive. Partial results in this direction were obtained
in Chapter 2, in the case a =b=1.
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To conclude, the conjecture implies that the study of entanglement detection
can be entirely reduced to the study of (a, b)-unitarily equivariant maps studied in
Section 3.3 and Section 3.4. This would give a new and explicit way to detect if a
density matrix is entangled or not.

4.4. An example of (2,0)-unitarily equivariant map. From Theorem 4.1.1,
it becomes clear that the study of entanglement detectors (positive and not com-
pletely positive maps) can be completed by studying equivariant maps or more
precisely, (a,b)-unitarily equivariant maps. Therefore, it becomes important to
have an abundance of examples of equivariant linear maps. In Chapter 2, we stud-
ied a family of (1, 1)-unitarily equivariant maps. In this section, we present a family
of (2,0)-unitarily equivariant maps.

Definition 4.4.1.
U, : M,(C) — M, (C) ® M,(C)
A e [o]p(A'®1,) + (A" ®1,)[o]s + Tr(A)(Lne — [0]s) -

Here o denotes the swap operator in B(C™ ® C™) and S is a canonical basis of
(C™ e C™).

(4.2)

Lemma 4.4.2. The linear map V,, is (2,0)-unitarily equivariant.
ProOOF. Let U € M, (C) be an arbitrary unitary matrix. Consider,
U (UXU*) = [o]s(UXU*) @ 1,) + (UXU*) @ 1,,)[0]p + Te(UXU*) (1,2 — [0])
= [0]p(UX'U' @ 1,) + (UX'U' @ 1,)[0]5 + Te(X) (12 — [0]p)
Chose V = (U @ U) and an easy calculation shows that :
U@)U(X)TU) =UaU)(ols(X" @1n) + (X' @ Ln)lo]s + (Lnz — [0]5) Tr(X)))
UeU)"
=[o)p(UX'U' @ 1,) + (UX'U'®1,)[0]s + (L2 — [0])Tr(X)
Hence, ¥,,(UXU*) = (U ® U)V,,(X)(U @ U)* for every unitary U € M,(C) . O

Theorem 4.4.3. The linear map V,, is positive and not completely positive.

PROOF. We supply two proofs of this theorem. The first proof is based on the
calculation and the second proof is more abstract.

First proof.

(i) To prove the positivity of ¥,,, we will use Proposition 2.1.2. ¥, (e1;) is
given by the following matrix.

- n -
2e11 + Ei:2 €ii 0p 0p 0p R 0p
n
On, sz;% €ii  —e€32 —€42 ... —€p3
K2
n
0 —e23 Z’;é €ii  —€43 ... —€n3
3
n
0, —€24 —e34 Y i=1€ii -.. —€ng4
i#4

n—1
On —€2n —€3n —€4n e Z €ii
i=1
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Above matrix is positive since all its minors are positive. For any

n € N, ¥, (e11) can be seen as a block diagonal matrix by interchanging
two rows and the corresponding columns. Hence, ¥,, is a positive.

(ii) We show that ¥,, is not completely positive. We consider the Choi matrix
of ¥,,,C'y, and show that the Choi matrix is not positive definite.

For notational convenience, consider U, (e;;) = A;; + By; + Cj.
where A;; = [o]s(ef; ® 1), Bij = (ef; @ 1)[o]s and Cy; = (1,2 —

[o]5) Tr(ei)-
For 1 <i,7 <n, Aj;j, B;; and C;; are given by following matrices.

On On On €51 On On On
0n Oy On €2 0, O, On
On On On €53 On On On
Ay = i
On On On €jn—1 On On On
(NS On  €n O O, 0,
R —— ~ Y—
i—1 i n-—1
[0, 0, O, 0, 0, 0, 0,1
: }J—l
BZJ — el’L 621 63z DRI DR ... ... PR enl }j
n—7

0 1% .
Cij:{g27 1fzfj7
kk> lll’fjfk

and Cpy is given by the following matrix

Cn -
Z Ett —€2] —€31 ce —€n,1
t=2 "

—€1,2 Z%ié Ctt —€32 to —€n,2
p— n
Chk = —€1,3 —€23 Zﬁ;é e —€n,3
n—1
L—€1,n —€2n —€3n e =1 €ttd
n\%iy) — op - .
Ak + By +Crp, ifi=j=k

We show the existence of a vector z € (C")®3 such that (Cy, z, ) ;é 0.
For any n € N, z is given by:
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0
n® — (n? + 1) times
0
-2 } one time
0
: n? — (n+1) times
T = 0
1 } one time
0
(n — 2) times
0
1 } one time
| 0 | } one time
A simple calculation shows that Cy (z) = —x. Therefore, vector z is
the eigenvector of the matrix C'y, corresponding to eigenvalue —1.
Therefore,

(Cy,x,x) = (—x,2)
£0.

Therefore, ¥,, is not completely positive.
|

Second proof. We now give a more abstract proof of positivity and com-
pletely positivity of the map ¥,. It has already been proved that linear map ¥,
is (2,0)-unitarily equivariant (Lemma 4.4.2). All we need to prove is U, (e11) is
positive. Consider,

Uylenn) = Y (e @eji)(enn @ 1n) + Y (e11 ® 1n)(ei; @ e5i) + (L2 — [0]5)
i,j=1 ,5=1

Dea@en+ Y ey ®ej+ (L2 —[o]p)
i J

er1 ®ery + (L2 — Z eij ® ej;)

%
4,71

We claim that the operator e;1 ® e11 + (1,2 — Y i € ® ej;) is positive. By a
o

0]
calculation, the smallest eigenvalue of (e11®e11—) 45 €;;®ej;) is —1. Therefore,
i,j#1
all the eigenvalues of (1,2 +e11 ®e11 — . 4,; €i; e ;) are positive. Hence, ¥,,(e11)
1,571
is positive.
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We now prove that the linear map W, is not completely positive. We will show
that its Choi matrix is not positive. The Choi matrix of ¥, is given by,

O\Itn = (]ln ® \I/n)( Z €ij @ eij)

ij=1

= e © Valey)
i

= Z eij @ ek @ eji + Z €ij ®ej e+ Z eij @ Tr(ei;)(Ln2 — [0]p)

i,5.k 04,0 ij
= Z €ij Q eg; @ ej + Z €ij © €51 @ ey + Z eii ® (L2 — [o]g)
.5,k 1,5, @

We will prove that —1 is a negative eigenvalue and the corresponding eigenvec-
tor is x = _2671—2 Qep-1Q€p_1t+ep-1Q0€p2Q€p-1+€p1Q€n1R€n_2.

By a simple calculation,
Cy,(r)=—2e,1@ep1®en2+ep 2@ 1@€p1+€r1 @€ 2®en_1
—2ep_1®Q@ep_2@€n_1+ep_1Q€n_1Q€p_2+€r2Qe€n_1Qen_1
= —€ep_1Q€ep_1RQ€p_92—€_ 1@ 2@€r_1+2€,_2R¢€,_1Q€r_1
=—(—2e, 2Re€ep_1®€p1+en1Qep2@€n_1+€-1R€p_1R€pn_2)
=—x
Hence, Cy,, is not positive, proving that ¥,, is not completely positive.

Theorem 4.4.4. The map ¥,,(n = 2,3) is completely copositive.

PROOF. (n = 2): By a calculation, the characteristic polynomial of the Choi
matrix of (Uy06y) is A*(A —1)2(\ — 3)2.
(n = 3) : By a calculation, the characteristic polynomial of the Choi matrix of
(U3003) is A\ —2)6(\ — 4)3.
Therefore maps (W5 0 02) and (V3 o 03) is completely positive. Hence, Uy and U3
are completely copositive.
(I

Conclusion. In this chapter, we applied unitarily equivariant maps to the
study of entanglement detection. We conjectured that any entangled density matrix
can be detected by a unitarily equivariant positive map where the map U — V(U)
comes from a unitary representation of the unitary group. Using representation
theory, we showed that it implies that the (a, b)-unitarily equivariant positive maps
are enough to detect all entangled density matrices. In order to support our con-
jecture, we proved it when the image of the equivariant map is infinite dimensional.
The problem of detecting entanglement is an NP-hard problem [2]. Positive and
not completely positive maps help to detect entanglement. Therefore, it is of signif-
icant interest to have families of positive linear maps. However, the (2,0)-unitarily
equivariant map presented in this chapter turns out to be completely copositive
(for n = 2,3) and hence decomposable.



CHAPTER 5

Conclusion and further directions

Introduction

In this chapter, we give a necessary condition of decomposability of (a,b)-
unitarily equivariant maps (Lemma 5.0.1). We also provide a region of decompos-
ability of the family of linear maps ®, g3 studied in chapter 2 (Proposition 5.0.3).
We conclude this chapter by summarizing the problem of 2-positivity and decom-
posability.

The main new results of this chapter

e Decomposability of (a, b)-unitarily equivariant linear maps (Lemma 5.0.1).
e Decomposability of @, g3 (Proposition 5.0.3).

A necessary condition of decomposability of equivariant linear maps

We give a lemma which shows that for an equivariant decomposable map its
two components (that is two CP maps in its decomposition) can be chosen as
equivariant.

Lemma 5.0.1. Let ® be an (a,b)-unitarily equivariant map. Assume that ® is

positive and decomposable. Then there exist two completely positive maps V1, Wy :

M, (C) — M, (C)**? such that ¥, and V5 06, are (a,b)-unitarily equivariant and
=", +Uy00,.

PROOF. If ® is positive and decomposable, there exist two completely positive

maps ¥y, Uy : M, (C) = M, (C)®** such that ® = ¥; + ¥, 0 6,,. We shall work

at the level of their Choi matrices: we thus have Cy = Cy, + Cy,00, - It is a direct

computation to check that Cy,op, = (0 ® ipa+s)Ciy,.

Define £ to be the conditional expectation on the commutant of the representation

U T oue, 1tis given by the explicit formula:

E(X) = / T Ut x P o USY) U, VX € M, (C)®3,
U

where the integration is with respect to the Haar measure on U,. Define ¥, and
W5 to be the two maps from M,,(C) to M, (C)®**" with respective Choi matrices

Cy. = E(Cay), 0@2:/ UeT @U®C,, (Ua T @ U dU.
U

Cg, and Cyg, are the image of positive semi-definite matrices by conditional expec-

tations, therefore they are positive semi-definite. It shows that @1 and W, are com-
pletely positive. Furthermore, by Theorem 3.1.4 we have that ¥ is (a, b)-unitarily
equivariant and a simple computation shows that (6, ®@ia+0)Cg, =& (C\ifzoen)v o)
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that the same theorem implies that ¥y o 6,, is also (a, b)-unitarily equivariant.

By Theorem 3.1.4, Cy commutes with (U®a+1 ®@U®?) for all U € U,, and therefore

E(Cp) = Cp. We therefore get
Cop =E(Cy,) + E(Cuyo,)
= C‘ill + & ((Qn ® inz)Cq,Q)
= C\'I',l + (0, ® in2)c\i}2
= Cg, +Ciop, -
It shows that & = \ill + \ifg o 6, which concludes the proof. O
Decomposability of ®[«, 3]. In this section, we give sufficient conditions of
decomposability of (1, 1)-unitarily equivariant linear maps (studied in Chapter 2).
We recall the definition:
Definition 5.0.2. Let a and § be two real numbers and n > 3. Then the family
of maps,
q)a,,B,n : Mn((c) — Mn(C) & Mn((C)

A = A'@1,+1,® A+ Tr(A)(al,2 + BBell).
Proposition 5.0.3. The linear map ®qo 53 is decomposable if a, 5> 0 or f < 0
—(6+38) + /982 — 283 + 36

5 .
PRrROOF. Define ®4[e, 8] : M3(C) — M3(C) @ M3(C) given by

Tr(A)
2

(5.1)

and o >

A At @13+ (alg + B Bell).

And

®ofa, B] : M3(C) — M3(C) ® M5(C) given by

Tr(A
Since,
Co,[a,8l08; = (13 @ 0)Coya,5/(13 ® 0)

where o is the swap operator on (C* @ C?).
Therefore, ®1[a, ] is completely copositive if and only if ®sfa, 5] is completely
positive. The characteristic polynomial of Cg,[4,g) is given by,

a2 6+38+ 952 — 288 +36)\\° 6+38— 1952 —283+36\\"
(-5) (- (o 2 ) (e ) )

Therefore, @[, ] is completely copositive if and only if ®sfa, 5] is completely
positive if and only if the following conditions hold.
(i) a >0,

.. —(6+38)++/932—285+36
(i) a> 5 .

Observe that

Do p3 = 1], Bl + Pafa, B].
Hence, we conclude that ®, s 3 is decomposable if above two conditions hold.
O



FURTHER DISCUSSION OF THE NECESSARY CONDITION OF DECOMPOSABILITY AND THE PROBLEM OF 2-POSITIVITY

Graphical representation of the region of decomposability. Figure (5.1)
gives values of parameters o and 3 such that the family of linear maps ®, g3 is
decomposable. The region of decomposability is shown by red vertical lines. It is
evident from the Figure 5.1,

a>0 if >0,
a> —(2+nﬁ)+\/n22,32—4("—2),3+4 it 8<0.

For above values of parameters a and 3, ®, 3,3 is completely positive and hence
decomposable. The region with vertical lines in red colour gives the values of those
parameters.

The remaining portion is where ®,, g 3 is decomposable and not completely positive,
which is shown by black stars.

i o = —(2438)+y/982 —4p+4
- 2
—(6438)++/982—285+36
o= 5
_ —(3438)++4/982—-108+17
o= 5

a=1
3o o e o
hdkdichihibdbdbdich ok 2
—4 -2 2 4
-2+
—4 1L

FIGURE 5.1. Region of decomposability

Further discussion of the necessary condition of decomposability and
the problem of 2-positivity

We expect that the shaded region in Figure 5.1 is the only region of decompos-
ability, that is, the condition given in Proposition 5.0.3 is necessary as well. In the
following, we explain about the problem of 2-positivity and we analyse the difficulty
in solving the problem.

Problem of 2-positivity. This question was raised in [34, Page 72] by Terhal.
She showed the existence of indecomposable maps in B(M,,(C), M,,(C)) which are
not CP. It is natural to ask about the existence of a k-positive map in B(M,,(C), M, (C))
and 1 < k < m An but not decomposable. Obtaining an answer to this question
may lead to getting a better understanding of the structure of positive linear maps.
Some results are obtained for the case of M3(C). Yu Yang, Denny H. Leung, Wai-
Shing Tang [25] proved that every 2-positive linear map from Mj3(C) to M3(C) is
decomposable.

We hope to find a region where the map ®, g 3 is 2-positive and indecomposable.
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An attempt to solve the problem of 2-positivity and indecompos-
ability: We believe that there exists an (a,b)-unitarily equivariant map which is
2-positive and not decomposable. By using the graphical representation of (a,b)-
unitarily equivariant maps (Section 3.4), the general form of a (1, 1)-unitarily equi-
variant map ® (which is obtained by using Figure 3.3) is given as follows:

@(A) :al(At & ]13) + CLQ(]lg & A) + CB’I‘I‘(A)]IQ + a4Tr(A) Bell
(5.2) + as Bell(A" ® 13) + ag (A" ® 13) Bell

for {a1, az2,as,a4,as,a6} C R.
In Equation (5.2), ® consists of 6 parameters. Therefore, it becomes difficult
to analyse .

As a suitable candidate, we may consider the family of parametric maps ®, 53
defined in Chapter 2. We have already proved that this family is an entanglement
witness. By Theorem 2.2.10, we have the region of 2-positivity of this family of
maps. To find the region of indecomposability of this family of maps, We may use
Lemma 5.0.1. We need to obtain two (1, 1)-unitarily equivariant CP maps ®; and
®, such that @, g3 = ®1 +Py0603. This condition of ®; and P, helps to reduce the
number of parameters they have. We hope to get a nice form of ®; and @5, which
further reduces the complexity in obtaining the conditions of completely positivity.
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