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Abstract

This dissertation studies comparative statics analysis on risk taking behavior,
time preference, and value of information. A trait of our approach is that we derive
a comparative statics conclusion so that it can be applied to non-expected utility
models, which gains growing interest in response to experimental evidence showing
deviation from the expected utility framework. We address a question of when re-
sult for expected utility maximizers is extended analogously for non-expected utility
maximizers; that is, whether or not a result under expected utility theory is robust to
model specification. Motivated by it, we provide conditions for such robust conclusion
in each chapter summarized as follows:

Chapter 1 reviews the standard qualitative approach to the comparative statics.
we exploit ordinal properties of utility functions and dispense with assumptions such
as differentiability to derive conditions for monotone behavior in expected utility
models. As a benchmark result, we identify the class of expected utility where a
monotone decision occurs to any shift in the sense of monotone likelihood ratio order.

Chapter 2 develops a comparison method of risk aversion for non-expected utility
models under exogenous risks. We derive sufficient conditions for the comparison of
certainty equivalents to be preserved with random initial wealth. By introducing the
notion of Bayesian updating on objectively evaluated events, preservation results for
expected utility maximizers are extended for non-expected utility models. As appli-
cations, a sufficient condition for the preservation of increasing certainty equivalent
is also provided.

Chapter 3 investigates time preference and flexibility. We formulate the notion
of impatience for random discounting models where there is uncertainty on discount

factor and the decision maker has to commit his future consumption. By monotone



comparative statics approach, we show that the degree of impatience corresponds to
the monotone likelihood ratio order on distributions of discount factor.

Chapter 4 examines the value of information for the maximin expected utility
models. We formulate a decision problem of a decision maker exhibiting dynamic
consistency and characterize comparison of experiments which is formulated so as to
accommodate ambiguity on probability distributions. As a main result, we character-
ize how information is lost by replacing another information structure with Markov

matrices.
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1 Monotone comparative statics

1.1 Single crossng condition and monotonicy of optimal set

In this chapter, we review results on the monotonicity of an optimal solution with respect
to the so called single crossing condition. To motivate our argument, recall the standard
comparative static analysis based on differentiability, i.e., the sign of the derivative of the

first order condition. For an optimal solution z* satifying the first order condition
Ug(z",00) =0

of an objective funtion U(z,«) on X C R paratmetrized by a in AR, its change with
respect to « is, by the implicit function thorem,

dr*  Upa(z*, )

do  Uplz*,a)

Thus, the optimal solution is increasing in the parameter if and only if the right hand side
of the above equation is positive. However, this argument requires the differentiability of
U which is assumed only by a technical reason. In fact, for monotonicity of the optimal

solution, we can replace the condition of the sign of derivative above by the following one:

Definition 1 (Increasing differences) A function f: X x A — R has increasing differ-

ences if for any 2" > x' and " > o/
f(x”v O/l) - f($,7 O//) Z f(x”v O/) o f(x/a a/)'

Note that this condition is not robust to monotone transformation, i.e., ¢ o f does not
necessarilly have increasing differences for monotone transformation ¢ even if f has. By a
fact that a utility representation is essentially the same with its monotone transformation,
it is plausible to introduce an ordinal version of increasing diffferences. To consider this
question, let z* be the optimal solution when the parameter takes a value o' and z** such

that o” > o/, respectively. By the definition of optimality, we always have

fl@®d) = f(a™, d).
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To guarantee that if z* > 2**, then z* is also an optimal solution under o”, we need
f(z*, ") > f(z**,a”) (actually equality holds by definition of z**). By this consideration,

we reach the following ordinal formulation of increasing differences.

Definition 2 (Single crossing condition) A function f: X x A — R is single crossing

if for any " > 2’ and " > o/
f@"d) =2 (>)f(@, o) = f(a",a") = (>) (2, &)
From discussion so far, we have the following result:

Theorem 1 Suppose a function f: X x A — R satisfies the single crossing condition and
let

¥ € argmax U(x,a’) and 2™ € argmax U (z,a").
If x* > o™, then o*(x**) is also an optimal for U(-,a")(U(-, &)).

This result excludes the situation where an optimal choice decreases while the parameter

« increases.

1.2 Supermodularity and monotone comparative statics

The result we stated above has no implication to multivarate settings. Then, a natural
question arising next is to obtain a condition for monotonicity aplicable to n-dimentional
Euclidean spaces. Milgrom and Shannon [6] use the lattice theory to order the solution
sets in such a way and call the approach they introduce monotone comparative statics. In
this section, we review their approach and a result.

One novelty of Milgrom and Shannon’s approach is that they consider the models where
the domain of the objective function is closed in two operations, meet and join, to order

abstract partially ordered sets. Such sets are called lattice:

Definition 3 (Meet, join, and lattice) Let x and y be elements of a partially ordered



set X. The meet x Ay of x and y in a partially ordered set X is
sup{z: z < z,y}
The join x V y of x and y s
inf{z:z>uxy}
If these uniquely exist, X is called a lattice. If a subset X' C X is also a lattice, it is called

a sublattice.

By these operations, we can order subsets of a lattice by the following way.

Definition 4 (Strong set order) For two partially ordered sets X andY X >, Y if for
anyx € X andy ey
rVyeXandrzNyeyY

we call this order >4 strong set order.

Note that X and Y themselves are not necessarilly lattices.
For a function on a lattice, we can formulate an analogue of increasing differences by

using meet and join.

Definition 5 (Supermodularity) A function f: X — R is supermodular if

flxvy) + fleAy) > flz)+ f(y)

When f is a function on the product of a set of choice variables X and a parameter set
O, we say f supermodular if it is so as a function on X x © and supermodular in X if it is
so by fixing #. In this sense, the supermodularity is used like increasing differences while
we do not need specify which coordinate X; of X = X x--- X, is used as a parameter set.
Analogous to increasing differences, the supermodularity has an ordinal version as fol-

lows:

Definition 6 (Quasisupermodularity) A function f : X — R is quasisupermodular if
for any x and y

fx) > f(xANy) = flzVy) > f(y)
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Note that a monotone transformation of a quasisupermodular function is also quasisu-
permodular.

A fundamental result by Milgrom and Shannon is that single crossing condition and
quasisupermodularity in choice varable yield monotone optimal behavior in the sense of

strong set order:

Theorem 2 (Milgrom and Shannon) Suppose U : X x © — R is supermodular in X

and single crossing. For any o” > o' and a sublattice A C X

1 > /
arg max U(z,a") >4 arg max U(z,a).

1.3 Monotone comparative statics for expected utility

If the utility function is expected utility, a condition monotonicity of optimal solution can
be obtained as a condition for the von Neumann-Morgenstern function and a condition for
probability law. This problem is treated by Athey [2]. The key condition is the supermod-

ularity of logarithm:

Definition 7 (Log-supermodular) Let X be a lattice. f: X — R is log-supermodular
if for any x and y

flavy) flzny) > flx)f(y)

Let 0 C R and {f(-,0)}pco be a set of Radon-Nykodim derivative with respect to some
probability law, we call it is ordered by monotone likelihood ratio (Henceforth, MLR) order
if the inequality above holds.

A useful property of this condition is log-supermodularity is preserved by integration. This

is proved in Ahlswede and Daykin [1].

Lemma 1 Let fi, fo, f3, and f; be nonnegative functions on a lattice X . If

file Vy)fa(x Ny) = f3(z) fay),



then,

/fldl//deVZ/fng/f4(y)dV

where v is a probability law on X. Since log-supermodularity implies single crossing and

quasisupermodular, this result directly yields the following conclusion:

Theorem 3 (Athey) Let f : S x © — R be a log-supermodular function. Then, for
0" > ¢’

arg max/u(x, s)f(s,0") > arg max/u(:v,s)f(s,@') for all log-supermodular w.

zeX reX

1.4 A variation of Athey’s result

In this section, we derive an analogous result to Athey’s one stated as follows:

Proposition 1 Let u be a log-supermodular function. Then, for 8" > ¢’

argmax/u(x,s)f(s,@") >, argmax/u(:c,s)f(s,&’) for all log-supermodular f.

rzeX zeX

The difference between this result and Athey’s result is the role of utility and that
of probability density. Athey’s result identifies the environment under which all log-
supermodular utilities behave monotonically with respect to parameters. To the contrary,
our result identifies the class of utility behaving monotonically under all environments or-
dered by log-supermodular. Thus, the result meets a demand from an analyst who try to
classify preferences but the preference is estimated only through its behavior.

In the rest of this section, we shall prove a generalization of this proposition and obtain
the proposition above as a corollary.

To derive such generalization, one candidate for characterization is single crossing and
quasisupermodular von Neumann-Morgenstern function as in Milgrom and Shannon’s re-

sult. However, it is impossible as seen in the following example:



Example 1 (Quasisupermodular is not preserved by MLR) Define u on {0,1}? x
{0,1} so that

u(1,0;0) — u(0,0;0) =1
uw(1,0;1) —u(0,0;1) =€
u(1,1;0) — u(0,1;0) = —e
u(1,1;1) —u(0,1;1) = —1

Then, u is quasi-supermodular in {0,1}* and single crossing. However, For point masses

0o and &; we have 6; MLR-dominates dy and

/u(l,O;s)éo—/u(0,0;s)éoz 1—€e>0

and
/u(l,O; )0y — /u(0,0; s)op=€e—1<0

Thus, the MLR ordering does not gurantee the preservation of quasi-supermodular.

While the example above shows quasi-supermodularity is not preserved by the MLR
ordered family, supermodularity is preserved no matther what the distribution is.
On the other hand, the single crossing condition is preserved under integration with

MLR ordered density, i.e.,

Lemma 2 u is single crossing and f s log-supermodular. Then,
U(z,0) = /u(x,s)f(s,@)

18 single crossing.

Proof See Karlin and Rubin [4].

Proposition 2 (i) implies (ii) :

1. u is single crossing in s and supermodular in a



2. Monotone comparative statics holds for all probabiblity density functionsp: S x 0 —

R, that are log-supermodular

Proof By lemma.

The condition of the MLR ordering can not be weaken to first order stochastic domi-

nance as checked by the following example:

Example 2 (Investment problem) Take any real numbers 5 > s, and ¢ € (0,1/2).
Define u : {0,1} x R — R by

—e ifs<s
u(l,s) =< —1 ifs<s<3s
0

2¢ ifs<s

An interpretation is that the decision maker chooses “invest” (1) or “not invest” (0) and
receive the return depending on state s. States are divided into three parts: “bad” s <'s
“very bad” s € [s, §) and “good” s > 5. Since if choosing “invest” at s is better than “not
invest”, so does for all s” > s, u is single crossing. But [ u(s)dPy(s) is not single crossing
under the following probability laws: Take a,b,c,d so that a < s < b < 5§ < ¢ < d and
define Py by 1/26, + 1/26. and P, by 1/26, + 1/264 !. Note that P, >rosp Py because

a < b<c<d. Since

—e ifs<s
u(l,s) —u(0,s) =< —1 ifs<s<3
2¢ ifs<s

we have [u(1,s) —u(0,s)dPy >0 and [u(1,s) —u(0,s)dP; < 0. Thus, as in the example
above, the single crossing property is not preserved through the first order stochastic dom-
inance. Although the single crossing property implies that if “not invest” is better than

“Invest” at s so does for all s < s, it does not put any condition how it is. Then, the

15, is the point mass at a



preservation of the single crossing property can not be guranteed under risks like Py and

P.

1.5 Log-supermodularity and supermoduelarity

Note that generally, when a function is increasing, the log-supermodularity implies the su-
permodularity while the converse is not necessarily true. To see this, consider the following

function f(z1,29) = 21 + 22 where the domain of f is R, . Verify that

1

F(3 1+ F(1,5) < F01,1) + £(0.0)

while

1

FG DI 5) > F1L1)F0,0),

The reason the log-supermodularity implies the supermodularity is that the supermodu-
larity is preserved by an incresing convex transformation given in Topkis [1978]. To see
this, let f be a function from lattice X into R and 7" : R — R an increasing convex

transformation. Then, for any x and y in X

T(f(x) +T(f(y) —T(f(xVy) —T(f(xAy))
={T(f(x)) =T(f(xVy)+ flxNy) = f(y)}
+{T(fxVy) + flxny) = f(y) =T(f(xVy) =T(f(xAy) +T(f(y)}

Note that the first brace is nonpositive since T is increasing and f is supermodular and
that the second brace is nonpositive since 1" is convex and f is supermodular. Thus the
whole expression above is nonpositive.

If a positive function is log-supermodular, the log transformation is well-defined and
it is supermodular. The exponential transformation is increasing and convex. Hence,
the log-supermodularity implies the supermodularity in case functions are positive. Thus

proposition 2 is a generalization of proposition 1.
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1.6 Applications to portfolio problems

In this section, we will apply results derived in the previous section to portfolio problems.
There are two applications. The first one is a saving problem and the second one is a

portfolio choice problem.
Application 1: Consider the following portfolio problem as an application.

max u(w — a) + (5/u(a —¢)p(e, 0)de

a€l0,w]
A risk averse decision maker u with discount factor 0 € (0,1) has initail wealth w. He
chooses saving a for the future where there will be negative shocks € € [0,€]. Densities
p(+,0) of these distributions are parametrized by 6 in © where © is a poset. In this setting,
we will verify that the optimal solution set will increase in response to increasing in w,
and € as in the usual case that u is twice differentiable.
Assume that distributions are MLR-ordered. Since the decision maker is risk averse, u

is a concave function. Pick any a > o’ in [0, w]| and any € > ¢’. Then, for some A € [0, 1]

u(a —€) +u(a’ —€)
=uMa—€)+ (1 =A)(d =€) +uAd —€)+ (1= A)(a—¢))
> Mu(a—€)+ (1= Nu(a" —€) + Au(a’ —€) + (1 — Nu(a’ —€)

=u(a—€) +u(ad —e)

To derive the first inequality, the concavity of u is used. Then, u is has increasng
differences in (a,€). The supermodularity of u in a is obvious since this is a one-variate
function. To sum up, we have the monotone comparative statics conclusion of this portfolio
problem by Proposition 2: As 6 increases, the optimal solution set will increase. Note that
we did not assume the differentiability of u and that u is not necessarily nonnegative as
required in Athey’s result. An interpretation is that since the decision maker is risk averse,

his savings will increase when negative shocks are serious and the wealth in hand is large

11



so that his consumption will be smoothed. A large € is a signal that the distribution of

negative shocks will be worse, and thus it makes the decision maker save more.

Application 2: Consider the following utility maximization problem.

max /u(z + af(s))p(s,0)ds

ae{0,1}

where there is s such that f(s') < f(5) < f(s") for all & < § < s and f(5) = 0. An
interpretation of this model is that the decision maker chooses whether to buy or not an
asset which will pay f(s) which is affected by the characteristics s of the firm. While the
relation between the characteristic and the payoff is not necesarily monotonic, the range
of the characteristic is separated into the negative range and the positive range by the
zero-payoff range. We will verify that if there is uncertainty about characteristic of the
firm, the MLR shift of the distribution makes the decision maker take more risk.

von Neumann-Morgenstern function u is supermodular since v is a one-variate function
and single crossing in («, s) since u(z + f(s')) < u(z + f(5)) < u(z + f(s”)). Note that
u does not need to have increasing diffeneces since f may be a non-monotonic function.
The objective function is an integration of supermodular in « and single crossing in («, s).

Then, if > ¢, then we have that the decision maker takes a risk under €', so does under

6.
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2 Comparison of Risk Taking Behavior with Random
Initial Wealth

2.1 Introduction

Portfolio choice between a risky asset and a safe asset is determined by preferences on risk
and uncertainty and these preferences are characterized by their certainty equivalent. As
shown in the classical study by Pratt [11], under the expected utility theory, comparison
among investors’ certainty equivalent can be examined by comparison through absolute
risk aversion, risk premium, concave transformation, and so on. However, if we introduce
an exogenous risk to the initial wealth to analyze the more realistic situation, these com-
parison may be reversed as seen in an example by Kihlstrom, Romer, and Williams [6].
Motivated to obtain a robust conclusion to such perturbations, Nachman [10] and Pratt [12]
derive sufficient conditions for preservation of comparison of certainty equivalent. Roughly
speaking, their results are summarized as follows: If we find the third agent with increasing
certainty equivalent between these of two agents, then the comparison of these two agents
is preserved under random initial wealth.

Since their results are obtained for expected utility maximizers, recent development of
decision theory motivates the extension to models not necessarily expected utility models.
For example, if investors are not confident on their probability distribution, their portfolio
choice depends not only on risk but also ambiguity of probability distributions. In such sit-
uation, their utility functions deviate from the expected utility framework. One celebrated
formulation describing this is Gilboa and Schmeidler[3] among others.

Our main results is an extension of preservation of comparative statics on portfolio
choice for expected utility to that for non-expected utility so as to accommodate multiple
probabilities such as ambiguity models where a decision maker evaluates risky assets by
multiple probability measures and does not behave as if he has the unique probability which
makes him as the expected utility maximizer.

In ambiguity models, potential probability measures are in most cases interpreted as

14



subjective probability measures because ambiguity emerges only when there is no objec-
tively plausible probability and some likelihood to occur some event may be disagreed
among agents. However, there can be a situation where certain events are objectively
evaluated, that is, there can be a collection of events which all potential probabilities are
equivalent if restricted on them. To illustrate it, consider the classical experiment known as
Ellsberg’s experiment in which subjects draw balls from an urn containing 90 balls whose
composition is: 30 red balls and 60 black or yellow balls. A speculation on the share of black
balls in 60 balls may differ in subjects and may be multiple as suggested by the experiment.
However, it seems to be natural to put probability 1/3 to red balls and to consider drawing
red as an objectively evaluated event. Thus, natural description of Ellsberg’s experiment
assumes that potential probabilities are equivalent on {{red}{black,yellow}}, that is, they
must assign 1/3 to {red} and 2/3 to {black,yellow}. Motivated by this observation, we
classify events into subjective and objective evaluated events and derive their consequences

to portfolio choice.

2.2 Preliminaries
2.2.1 Utility

Let P; be a set of of probability measures on a measurable space (S1,S;) and let P, be
a probability measure on a measurable space (S3,S,). The state space is the product
measurable space S := 5] X S;, endowed with the product g-algebra § := & ® Sy and
the set P of probability measures on it. Each probability measure P € P is defined as a
product probability measure P, x P, for some P, € P;.

A decision maker chooses whether to have a risky alternative z or not. The risky
alternative is a random variable with a finite range and defined on a probability space S.
The decision maker thinks its realization obeys some probability measure in P but may not
be confident on which probability measure is true. Since the multiplicity of probabilities is
due to Py, S; is interpreted as the set of events whose probability is evaluated subjectively.

On the other hand, S, is interpreted as the set of events whose probability is evaluated
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objectively. Accordingly, a random variable Z is subjective if for each value x
{se S:&=ux}=25] x5, for some S} € S;

and a random variable Z is objective if for each value x
{s€ S:&=u}=25 x5, for some S € Ss.

A random variable may be both subjective and objective. However, in this case it must
be a constant function.

As another remark, since an inverse image of a subjective (objevtive) random variable is
a union of cylinder set of the form S| x Sy (S1 X S%), we implicitly assume that a subjective

random variable and an objective random variable are automatically independent.

Assumption 1 (Non-atomicity of Sy) For any positive real number p € (0,1) there is

a measurable set Sy C Sy such that
Py(S3) = p.

Utility function U; of agent ¢ assigns a random variable with a finite range on S a real

number. We assume:

Assumption 2 (Monotonicity for random variables) For any risky alternatives & and

g, if & > 9, then Uy(2) > Ui(9).
Furthermore, we also assume :

Assumption 3 (Differentiability) For each constant c
i Ui(c+¢€) — Ui(c)

e—0 €

ex1sts.
Example 3 (Expected utility) Let P = {P} and define utility function as:
Ui() = / wi(#())dP(s).
In this case, Assumption 3 is differentiablity of the von-Neumann Morgenstern function u.
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Example 4 (Maximin expected utility)

Ui(#) = min / wi(#())dP(s)

PeP

In this case, Assumption 3 is differentiablity of the von-Neumann Morgenstern function u.

Example 5 (Utility with interim decision making) Let P = {P} and define utility

function as:

Ui(z) = /maxui(cl, ey Cn)dP(s)

q-c<x
where ¢ € R%}, and ¢ € R’. An interpretation is that the decision maker chooses his
consumption in the budget constraint generated by monetary prize by the random variable

2. In this case, Assumption 3 is differentiablity of the (interim) value function.

2.3 Comparison of certainty equivalents

Comparison of attitude toward uncertainty can be defined in various ways. Our definition

is given with certainty equivalent:

Definition 8 (Comparison of certainty equivalents) Consider decision makers U; (i=1,2).

For a random variable & and initial wealth w define the constant C;(Z,w) as
Ui(Z +w) = U;(Cy(2,w) + w)
U, s ready to pay more than Uy to take a risk at w if
Ci(z,w) < Co(Z,w)
If the inequality holds for all w, we say Uy is ready to pay more than Uy to take a risk.

An interpretation of C;(Z,w) is monetary value of the risky asset & for agent ¢ with initial
wealth w. Note that the certainty equivalent is affected by ambiguity. Thus, certainty
equivalent is not determined only by attitudes toward risks but also by attitudes toward
uncertainty.

An equivalent condition of comparison is defined in terms of a behavioral condition:

17



Definition 9 (Comparative risk taking behavior) U, takes more risks than Uy if for

any risky alternative & and a constant w,
Uy(2 +w) — Up(w) > (>)0

implies

This condition means that if agent 1 takes a risk, then so does agent 2. Note that this
comparison of attitude toward risks is also affected by attitude toward uncertainty as in
certainty equivalent and is equivalent to the previous criterion formulated with certainty
equivalent.

The key property for our main result is monotonicity of certainty equivalent:

Definition 10 (Increasing certainty equivalent) Decision maker U; has increasing cer-

tainty equivalent if for any random variable & C;(Z,w) is increasing in w.

This can be formulated with a behavioral condition such that the agent tends to take risks

more often as he becomes wealthy.

2.4 Preservation of comparative certainty equivalent

Since even if no action is taken, we must incur exogenous risk in reality, it is plausible to
change the problem to choice between taking an exogenous risk or taking an additional risk
to the exogenous risk. The comparison of attitude toward uncertainty in such situations is

formulated as follows:

Definition 11 (Comparison of certainty equivalent under random initial wealth)
U, is ready to pay more than Uy under random initial wealth if for any subjective random

variable T and any objective random variable w

Cl(i7w> < CZ(jaUA})

18



where C;(&,w) is a constant such that

As in the previous section, certainty equivalent measures a risky asset z by amount of
money C;. The difference is that an risky alternative is a subjective random variable and

initial wealth is an objective random variable. Equivalently,

Definition 12 (Comparison of risk taking behavior) U, takes more risks than Uy un-
der random initial wealth if for any subjective random variable T and any objective random

variable w

Uy (2 + ) — Uy () > (>)0.

then
Us(Z 4+ ) — Uy(w) > (>)0,

These two definitions for comparison are equivalent as in the case where wealth is constant.

One reason we assume independence of Z and w is that without this condition, the
preservation result is quite demanding to utility functions. In the expected utility model,
Ross [14] shows that for accommodating any dependence of risky alternative and random
initial wealth von Neumann-Morgenstern function u; with smaller certainty equivalent than
uy must satisfy u; = aus + g for some positive constant a and decreasing concave function
g. Thus, to put relatively mild assumption to utility functions, we assume independence
induced by the subjective-objective classification.

The preservation of comparison of certainty equivalent does not hold in full generality
even if utility function is expected utility. Actually, Kihlstrom, Romer, and Williams [6]

gives the following example:

Example 6 (Kihlstrom-Romer-Williams) Define the von Neumann-Morgenstern func-

tions on (0, 1) of expected utility as

up(z) = — T
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Absolute risk aversion of these function is

(n —1)am2
1 —ant

(1)

which is larger when n = 2 than when n = 11. Thus, u;; takes more risks than us. Under

random initial wealth w they become

(n —1)E[x" 2 + 0]
1— B[z 4 0]

(2)

For n = 2,11 set w = 0.01 or 0.99 equally likely and « = 0. Then, (1) is larger when n = 2
but (2) is larger when n = 11. This implies that certainty equivalent of uy; is larger when

initial wealth is constant but that of usy is larger under random initial wealth.

One observation of the example above is that both utility functions do not exhibit
decreasing absolute risk aversion, i.e, increasing certainty equivalent. Nachman [10] and
Pratt [12] derive a sufficient condition for that comparison is preserved under random initial
wealth. This preservation result uses the condition that for each random variable z there

is an increasing function ¢ such that

Ci(z,w) < g(w) < Cy(z,w).

This condition is interpreted as follows: there is a third agent such that he is more risk
averse than agnet 1, less risk averse than agent 2, and has increasing certainty equivalent,

in our notation:

Theorem 4 (Preservation of comparison of risk taking behavior for expected utility)

Let P ={P} and U; (i = 1,2,3) be expected utilities:

Ui(z) = /ui(i(s))dP(s).

Suppose that Uy is ready to pay more than Uy to take a risk. If decision maker Us is ready
to pay more than Uy to take a risk, less than Us, and its certainty equivalent is increasing,

then Uy is ready to pay more than Uy to take a risk under random initial wealth.

Note that if either decision maker 1 or 2 has increasing certainty equivalent, then the

existence of a third agent is immediate, i.e. one of them can be used as this.
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2.5 Preservation of comparative certainty equivalent in non-expected

utility models

2.5.1 Counter example to the third agent condition in non-expected utility

models

By the result in the previous section, we reviewed a characterization of the robust compar-
ative statics for expected utility models. In this section, we shall seek a preservation result
of comparative certainty equivalent analogue in the non-expected utility model. We first

verify that the existence of a third agent is not sufficient as shown in the following example.

Example 7 (Mean-variance preference) Let P = {P} and ¢; nonnegative increasing
function with ¢;(0) = 0. Let
Ui(t) = B — ¢:(V2)

where E' and V' are the expectation and variance respectively with respect to P. Assume

that
01 > P

and
p1(a) — ¢1(b) < po(a) — ¢a(b)

for some a > b > 0. Since for any w
Ui(@ +w) = Us(w) = B2 — ¢;(VZ) + ¢;(0) = EZ — ¢;(V2),

U, takes more risks than U; and certainty equivalent of these two agents is independent of
wealth (then, trivially exhibits increasing certainty equivalent). However, under random

initial wealth w
Ui(% + ) — Ui(0) = Bz — ¢;(VE + V) + ¢ (V)

Then, U; takes risk but Us does not for  and w such that Vz + Vw = a and Vw = b.
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As seen in the example, the preservation result is impossible to obtain in full generality even
if there is a third agent between two compared decision makers. Then, in the subsequent
subsection, we shall introduce a condition which makes non-expected utilities partially

similar to the expected utilities.

2.5.2 Bayesian updating on objectively evaluated events

As seen in the mean-variance model in the previous subsection, nonlinearity of probability
seems to be a major obstacle for the preservation of comparison. Then, we introduce the
notions to make the model closer to the one linear in probability.

The next condition is a consistency condition making the utility a little closer to the

expected utility.

Assumption 4 (Bayesian updating on objectively evaluated events) LetZ be a sub-
jective random variable and y be an objective random variable whose range is {y1, ..., Ym}

where all yps are different. Then, we have

Us(@ +9) = Y P(ER)U(E + y)
k=1

m

where

Ey:={s€S:g=uyr} =51 X {s2 € Sy :4(s1,52) = 42}

This condition means that the agent is able to make a thought experiment with Bayesian
updating. Consider a situation where the decision maker knows that he is in some event F.
At this event, he evaluates the restriction of Z to E but, since F is an objective event, the
probability distribution of # should not be affected by this information. Thus, summing
these interim utility with weight P(E}), he evalautes his ex ante payoff as this weighted

sum above.
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2.6 Main result

In this section, we shall prove the main result of this chaper. The way to prove the result
is analogous to the usual expected utility preservation proof with slight difference such as

conditional utility may not have an expected utility functional form.

Theorem 5 Suppose that decision maker Uy is ready to pay more than Uy to take a risk.
If there is an agent Us such that it is ready to pay more than Uy to take a risk and less
than Us, and has increasing certainty equivalent, then Us is ready to pay more than Uy to

take a risk under initial random wealth.

Proof Take any subjective random variable £ and w any objective random variable. Sup-

pose that g(w) is third agent’s certainty equivalent:
g(w) = C3(z,w).
Lemma 3 Cy(%,w) < Ci(g(0),w) and Co(g(w),w) < Cy(&,w).
Proof Let {wy,...,w,} be the range of w with wy # w, for all k£ # [ and
Er = {s: 0 = wy}.
we have

Uy (Cy(z,w) + ) = Uy (& + W)

= ; Po(E) U (3 + wy)

= Xk: P(Ep)Ur(C1(2, wg) + wy)

< ; P(Ex)Ur(g(we) + wi) = Ur(g(d) + )
= Ui(Ci(g(w), ) + )

Thus, by monotonicity, C;(z,w) < Cy(g(w),w). Co(g(w),w) < Cy(&,w) can be verified in

the similar argument.
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Lemma 4

Ol(g(w)’ ID) < 02(g(w)7 QZ))

Proof Take any w,w’, and w” so that w’ < w < w”. Let E be an objectively evaluated
event. By strict monotonicity for constants and continuity implied by differentiability, we

can construct the following risky asset:
w' ifsekr
w if s € B¢
such that
pUL(w") + (1 = p)Ur(w') = Ur(w)
where p = P(E) for all P € P. Then,

_ Ui(w) = Uy (w')
P= Uiy — O ()

Since
p(Uz(w") = Us(w)) + (1 — p)(Uz(w') — Uz(w)) > 0,
we have

Ul(w) — U1<w/)

) N
Ur(w") — Uy (w') (Us(w') — Us(w)) > 0.

(Ua(w") = Us(w)) +

By rearranging, we have

Ui (w) — Ur(w)
UQ(’U)) — UQ(’LU/)

<

By the Cauchy mean value theorem, there are @' € [w',w] and w” € [w,w”] such that

Ui(w") _ Ui(@") _ Ui(w") = Ui(w) _ Ui(w) = Ui(w') _ Ui(@') _ Ui(w')
Us(w") = Us(@")  Us(w”) = Us(w) = Uz(w) = Up(w')  Us(u') — Us(w')

which implies that
Ua(w) — Us(w') _ Ur(w) — Ur(w')

Us(w”) = U(w")
UQ(U)H) — UQ(U)) > Ul(w”) — U1<’IU)
Us(w') = Uj(w)
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Then, we have

U(g(w) +w) = Ui(Ci(g(w), @) +w) _ Us(g(w) +w) = Us(Ch(g(@), 0) + w)
Ur(b+ Clg(w), w)) - Us(b+ Cg(w), w))
(

where b := inf{w : g(w) > Ci(g(w),w)}. By taking expectation by P(FE}), the left hand

side is zero. Hence, Cy(g(w), w) > Cy(g(w), w).
By Lemma 3 and 4, we have

2.7 Other interpretations and related results
2.7.1 Preservation of decreasing certainty equivalent

We can interprete two different agents as the same person with different situations. For
example, an agent has initial wealth w and this agent with initial wealth w’ may be inter-
preted as different agents and can be compared by the analysis in the previous section. As

a corollary of the main result, we have the following result.

Corollary 1 Let U be an agent with increasing certainty equivalent. Then, it has increas-

ing certainty equivalent under random initial wealth.

Proof For w; < wy let

Then, one of U; can be the third agent between U; and Us. Then, apply the theorem.

References

[1] Ellsberg, Daniel. "Risk, ambiguity, and the Savage axioms.” The quarterly journal of
economics (1961): 643-669.

[2] Epstein, Larry G., and Jiankang Zhang. ”Subjective probabilities on subjectively un-
ambiguous events.” Econometrica 69.2 (2001): 265-306.

25



3]

[10]

[11]

[12]

[13]

Gilboa, I and Schmeidler, D. “Maxmin expected utility with non-unique prior.” Jour-

nal of Mathematical Economics 18, 1989: 141-153.
Gollier, Christian. The economics of risk and time. MIT press, 2004.

Gollier, Christian, and John W. Pratt. ”"Risk vulnerability and the tempering effect
of background risk.” Econometrica: Journal of the Econometric Society (1996): 1109-
1123.

Kihlstrom, Richard E., David Romer, and Steve Williams. ” Risk aversion with random

initial wealth.” Econometrica: Journal of the Econometric Society (1981): 911-920.

Klibanoff, Peter, Massimo Marinacci, and Sujoy Mukerji. ” A smooth model of decision

making under ambiguity.” Econometrica 73.6 (2005): 1849-1892.

Klibanoff, Peter, Massimo Marinacci, and Sujoy Mukerji. ”Definitions of ambiguous

events and the smooth ambiguity model.” Economic Theory 48.2-3 (2011): 399-424.

Machina, Mark J., and David Schmeidler. ” A more robust definition of subjective

probability.” Econometrica: Journal of the Econometric Society (1992): 745-780.

Nachman, David C. ”Preservation of gmore risk averseh under expectations.” Journal

of Economic Theory 28.2 (1982): 361-368.

Pratt, John W. ”"Risk aversion in the small and in the large.” Econometrica: Journal

of the Econometric Society (1964): 122-136.

Pratt, John W. ” Aversion to one risk in the presence of others.” Journal of Risk and

Uncertainty 1.4 (1988): 395-413.

Quiggin, John. ”Background risk in generalized expected utility theory.” Economic

Theory 22.3 (2003): 607-611.

26



[14] Ross, Stephen A. ”Some stronger measures of risk aversion in the small and the large
with applications.” Econometrica: Journal of the Econometric Society (1981): 621-

638.

[15] Yaari, Menahem E. ”Some remarks on measures of risk aversion and on their uses.”

Journal of Economic theory 1.3 (1969): 315-329.

[16] Zhang, Jiankang. ”Subjective ambiguity, expected utility and Choquet expected util-
ity.” Economic Theory 20.1 (2002): 159-181.

27



3 Impatience and commitment!

3.1 Introduction

In this chapter, we investigate comparative statics analysis for time trade-off and flexibility.

To motivate our discussion, recall a basic model with time trade-off of the following form

Z atu(ey).

While this model is ubiqutous in ecnomic analysis, it has the assumption behind the formu-
lation that the decision maker understands what he actually consume in the future. That
is, he knows how he discount the future and there is no uncertainty about time preference.
However, there are situations where the timing of choice and that of actual consumption
are different. This difference may generate problems from the descriptive view point if his
preference or mood changes as time goes on. For example, if there is uncertainty about
how he discount the future, a problem such as whether a security yielding the fixed payoff
should be hold is not a simple problem because the decision maker should compare states
where the security is desirable for him and states where it is not.

To describe such situations, Higashi, Hyogo, and Takeoka [12] axiomatize preference un-
der such subjective uncertainty and derive utitilty representation called random discounting
model. In the subsequent sections, we consider the following model based on their study:

UM) = zajrclé%( : agu(cy).

An interpretation is that the decision maker commit a menu M which he can choose in

the future and choose an actual consumption ¢ from the menu after the discount factor is

revealed.

'This chapter is based on an early draft of a joint work ”Comparative Impatience under Random
Discounting” with Y. Higashi, K. Hyogo, and N. Takeoka, the final draft of which has been published as
Higashi, Hyogo, Takeoka, and Tanaka [14] where the n-peirod model of this chapter is revised to be a

simple two-period model.
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We will characterize comparison of time preference for this class of preference in the

subsequent discussions.

3.2 Comparative impatience

In this section, we introduce concepts used in the later discussion.

To formulate impatience, we first define order for menus which impatient decision maker
tends to prefer. Such menus are defined as menus containing consumption streams which
weights more on the present than the future. We define such consumption streams by the

following way:

Definition 13 (Comparison of consumption sterams) For two consumption steams

candd c>cif

1. there are s and t

/ /
cs > ¢, and ¢, > ¢

2. for anyt > s

> ()= > (>)a.

Geometrically, this condition means that ¢’ crosses ¢ from below at most once as a
function of periods.

To define order for menus, we introduce the following auxiliary condition.

Definition 14 A chain C is divided by A and B for anya € ANC andb € BNC ifbr>a,
then
be Aanda € B.

This means that on the chain C', A weights more on the present consumption than B.
Note that the role of A and that of B are not symmetric, i.e., “divided by A and B” and

“by B and A” are different conditions.
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We can define the relation of “weighting-more-on-the-present” as we can take such
chain sufficiently large so that an alternative not contained in the chain is irrelevant for the

desirability of the menu.

Definition 15 M > M’ if there is a chain C divided by M and M' such that for any
c€ M(c e M) if c(c) is not in C, then it is dominated in M(M')2.

To see tha meaning of this condition more concretely, let
E(M) :={z: There is no w € M such that w > z}.

Since E(M) means the set of all efficient elements of M, an element in E(M) must be in
C'. Since this argument is also true for E(M"), E(M)U E(M’) is totally ordered and E(M)
is higher than E(M’) with respect to .

Based on this order, we can define comparative impatience as the following way:

Definition 16 (Comparison of impatience) =i is more impatience than 7o if for any
M > M
M i‘/g (>2)M, = M ?\:1 (Fl)M,

Note that this condition is a single crossing condition and thus has the direct implication
to the utility maximization problem.

In components of random discounting model v and p, time preference should corre-
sponds to . Then, we charactese comparative impatience by the condition that for prob-

ability laws p; whose support is MLR-ordered, p; MLR-dominates .

Definition 17 (MLR ordered discount factors) For two discount facoters (o) and
(Br) o >prg B if for any s <t

O‘tﬁs Z asﬁt'

We denote this relation by o >npr B and if {a, 5,7, ...} satisfies that each pair is ordered

by >nLr, it is a MLR-ordered chain.

2¢ is dominated in M if there is z € M such that z > ¢
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Definition 18 (MLR ordered probability laws) For two probability laws py and ps

H1 >nrr pe if for any o >y B

pa () pa(B) = pa(B)p2(c)

3.3 Main result

To prove the main result, we assume the following two conditions.

Assumption 5 (Totally oredered support) The support o(uy)Uo(pe) of pn and pg is
a MLR-ordered chain.

Assumption 6 (Finite support) For each i there is N; such that |o(u;)| = N;.

Under these assumptions, we shall show the following result:

Theorem 6 For two preferences with random discounting representation the following two

conditions are equivalent:
1. 7o is more impatient than 7,

2. puy MLR dominates .

3.4 Fundamental lemma

In this section, we prove the following result used in the proof of the main theorem:

Lemma 5 for any preferences 77, and -z having representations max.c. apu(cy) and maxee. fru(cy)

respectively, the following conditions are equivalent.
1. 7 is more impatient than 7.

2. o >prr B
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Proof (2) = (1): Let M and M’ be menus with M > M’ and suppose M =, (ZZo) M.
Take

c* € arg gel?\%zt:ﬁtu(ct) and ¢ € arg rcréé}écgt:atu(ct).
By definition of >, ¢** > ¢* or ¢** > ¢*. For the first case, ¢** must be in M’ and ¢* € M
and thus, M’ 7=, M and M -z M’. For the second case, let ¢ := inf{t : ¢ < ¢;*}. Then,

we have

>§—i Z a(u(c)) —u(e™)) + %Z a(u(c;) —u(c™))
_i—; Z ar(u(cy) —ul(c™))

yielding the conclusion.

(1) = (2): Suppose that for some s < t, o35 < asf;. Let ¢ and ¢ be sequences of

consumptions defined as
( (

01 ifr<s —01 if 7 <s
ap+e ifr=s —ap—¢ ifr=s
u(cy) == 0 ifs<t<t and u(c):= 0 ifs<rt<t
—ay 7=t g ifr=t
\ —0y ifrT >t | 09 ifr>t

where §; > 0, d > 0, and € > 0 are specified later. It is easy to see that ¢ > . Then, we

have

Z ar(u(e;) —u(d)) =6 Z ar + as(ay + €) — apas — da Z o

T8 T>1
— (—51 Z ar — as(a +€) + apas + 9y Z a7>
TS T>1
=2 <6lzaT+asa— 5QZaT>
T8 T>t
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and

> Brluler) —u(c))) =61 Y Br + Bular +6) = Broas — 62 Y _ s

=201 ) B + 2By — Brovy) + 2B, — 20, Y B
—9 <61 > B-+ Bie— s Z@) +2(ofBs — asB).

Since 1,09, and € can be arbitrarily small, we have {c} >, {¢'} and {¢'} =5 {c}, which

contradicts the assumption that 77z is more impatient than 2

3.5 Proof of sufficiency

Suppose p! >k 12 and let M > M’. By the fundamental lemma, for any k
V(M,o") = V(M o™ > (>)0 = V(M, ") — V(M',a*) > (>)0,

where V(M,«) := maX.em ZtT:1 awu(c). Let k := inf{k|V(M,a*) — V(M o*) < 0}.
Since if such k& does not exist, the conclusion is immediate, we may concentrate on the case

where such k exists.

Suppose M =1 M’. Thus,

UX(M) — UX(M') = ZV (M, a¥)P (k) = Y V(M ok (k)
k
> ) Mlgakiul(a’“)(v(% o) =V(M',a"))
kul(a’“)ﬂ)'u @
. M2(04k> Lo o) — ' oF
- iary (@) (V(Maf) = V(' ab))

Vv
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which implies M 7o M’. For the case M =1 M’ an analoguous argument yields M o M’.

3.6 Proof of necessity

3.6.1 Definitions

n k

Definition 19 A sequence (vF)?_, of vectors v

a®)n_. of vectors o € RT if for each k
k=1

€ RT is consistent with a sequence of

o vf > af ot foralll # k.

This definition means that v* is the unique maximizer of a* - v among v!, ..., v".

Definition 20 A sequence (v¥)?_, of vectors v¥ € RT satisfies a single crossing condition

if for any k and l withl >k andt > s

In other words, for three sets defined by
Ty = {t] o} — of =0},
T = {t|v — v} <0},
T, = {t|v. —ovF > 0},

the single crossing condition requires 7_ < Ty < T, for each [ > k 3. For ease of notation,

we use the same notation > for vectors as in the consumption stream, v' > v* for example.

Definition 21 A sequence of (v*)?_, of vectors v* € RT satisfies an upward weak single
crossing condition if for any k and | with | > k and t > s

l

vl —vF > 0=l —ovf >0.

The upward weak single crossing condition requires T < Ty U Ty for each | > k. As
its name suggests, the upward weak single crossing condition is weaker than the single
crossing condition. However, as verified later, some translation makes an upward weak

single crossing sequence into a single crossing one.
SA<Bmeansa<bforallaec Aandbe B.
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3.6.2 Proof
Seeking a contradiction, suppose there are o/ >, r o, j > i, such that
pH(a?)p(al) < pt(a)p?(a?). (3)
First consider the following optimization problem: For each k,
max o u st ul| < 1.

By the first order condition, as the unique candidate for the solution, we have

1
k k
= a”.

Since this satisfies the transversality condition lim; . [Ja|/(1 — 3., (u¥)?) = 0 for all k,
u” is actually the unique optimal solution for k. We shall construct two menus M and M’

based on {u*} such that M =! M’ M’ =2 M, and M > M’, which is a contradiction.
Lemma 6 (u*)}?_, is an upward weak single crossing sequence consistent with (a*)?_;.

Proof Since for each k and [ with [ > k we have

o o if ¢ < T(k)

it T(k)<t<T()
0 it T() <t

Since for s < t < T(k) af and o! are both nonzero, the MLR condition

directly yields the conclusion because if u! > ¥, it implies u! > uf and if u! > o, it

implies ul > uf. For t > T(k) u! is nonnegative and u} is zero. Consistency follows from

the definition of (u*)7_,.
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Lemma 7 There is a number 6 > 0 such that for any 6, € (0,9) and &, € (0,6), (a*)p_,

is an upward weak single crossing sequence consistent with (a®)?_, where 4* are defined by

u” if k#1,j
W= wi St ifk =i
w + Gl ifk =3

where e' 1= (1,0,0,...).

Proof We shall first verify uj > --- > u}. To prove this, it is sufficient to show that

ub > uft for all k. If not, we must have for some k

of ™t ot
of okt =

Since (ak) is ordered in >, g, this condition implies uf“ > uf for all ¢. Then, we have

o - uFtl > ok . u* which violates consistency. Then, ul > --- > u¥, and thus, we can take

§ > 0 so that 4} > -+ > 4% and (@) is an upward single crossing sequence consistent with

().

Lemma 8 There is a positive vector € such that for any positive vector e withe < g, (ﬁk)zzl

satisfies single crossing condition and is consistent with (a*)?_, where a* are defined by
aF =" + ke
Proof By (3), n > 2. Then, we can define h by

. A A~ L/
er if aF —aF for some k # K’
ht =
1 otherwise

where ¢} is taken so that

inf{|af — a¥||aF # a1 < kK <n}.

n 1
0<5t<n—1

Define ¢ by

g:=¢e%h
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k

where €2 is a positive number. Since @* are consistent, we may take £ sufficiently small so

that for any k # &k’

of - (0F — ) > (k- K)o - &l
Take any positive vector ¢ < &. Since
|(k —K)a-&[ = [(k — K)o -],

k

@* are consistent. Suppose that for [ > k£ and s

—ak >0

l
s

>

l

By definition of &, this implies @ — @* > 0. Recalling that (4*) is an upward weak single

crossing sequence, we have 4! — @ > 0 for all t > s, and thus, we have

ﬁi—ﬁt +(l—kf)€t>0
which is equivalent to @} — aF > 0.

Lemma 9 There is a positive vector 4 such that for any positive vector v < 7, (a¥)r_,
satisfies
K>k = a" > " (4)

k> kK = a" >aF

where @* is defined by
W4y ik <i
=4 u ifi<k<y
@+ ifk >
Moreover,

(@, ..., @, o, A" and (O, @A, A

are consistent with (a*)7_,.
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Proof By (3), n > 2. Then, we can define g by

1 e A N
v, ifa,—ay #0

1 otherwise

where 7} is taken so that
0 <7 < inf{jaf —af ||af # a5, 1 <k K <n}.

Define 4 by

7 ="

k are consistent, we may take v? sufficiently small

where 72 is a positive number. Since @
so that for any k # &k’

of - (@F =y > (k= K- 9.

Take any positive vector v < 4. We have for any [ > k

(

~

—dF ey ifl> > k>

<)

—

=3
|

>
ol

—y ifj>1>i>k (5)

>
|
>

k otherwise

and

—
N

ifj>1l>i>k

>
|

>
|

>
|
IS4
Il
<
|
j<
o
+
o0

ifl1>5>i>k (6)

>
|
>

k otherwise

\
For any k' > k, by (5) and the definition of 5, single crossing property of (@*) implies
4* > @¥. For any k > k', by (6) and the definition of 7, single crossing property of (")

also implies @* > a*. By the definition of 4, we have
bt =) > (k= Ko = [(k = K)a o]
o - (u” -1 a-y| > -y

Thus, (a',...,a" o ... a") and (a',..., /7', @?, ... a") are consistent.
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Take sequences of consumption streams ¢*, k =1,--- i, j,--- ,n,and ¥, k=1,--- | n

such that (u(é*))L, = @* and (u(¢kF))L, = @*. Define menus M and M’ by

M:={e,--. @rufe',--- ey, M = {c,--. " u{d,. e

Then,

uw(E(M)) = {@17... ,gi’ﬁm’... 7{/1}7 u(BE(M')) = {ﬁl’... 7&j_1’ﬂj7... L")

W(B(M)\ M') = u(BE(M))\ u(M’) = {
W(E(M')\ M) = uw(B(M')) \ u(M) = {i,...,a"}
w(B(M') E(M)) = u(E(M')) N u(E(M))

By these equations, we have:
Lemma 10 M > M'.
Proof Take a chain C' divided by M and M’ as
C={c',.. . @&t . . & hd . &)

Finally, we shall verify M ! M’ and M’ =% M for some §, ¢, and . By the later part

of Lemma 9, we have

U1<M Z(glg\if(zat Ct),U1<C¥k>:Zak'akul(@k)"i‘z@k'&k,ul(@k

k<i k>i

—Za (u* + ke +y)u' (o)

k<i

—I—Za (W + ke)p' (o) + o' - (uf +is + v + d1et) p' (o)
k>i

—Za ")+ aidip (o) + R(e, ),
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where

Za (ke +7) p —i—Za a®).

k<i k>1

Similarly,

U1<M/) _ Z@k'&kﬂl(@k) +Zak-aku1(ak

k<j k>j
=> o (uF + ke)p' (o)
k<j

+ Y af (U ke + )t (0F) + o7 - (W + je + o+ Baet) pt ()
k>j

= Do (@) + ajdu (o)) + R(e, ),
k

where

:Zak-(ks) ~|—Zoz (ke + ) p* ().

k<j k>j

Then,

UNM) = U M) =Y oF - ufp!(0F) + aidip' (o) + R(e, )

(Z a ) + aldopt (o) + R'(e, 7))
= ajout(a') — afde' (of) + R(e,7) — R'(e,7),
and similarly,
UX(M) = U*(M') = aibi1* (o) — aqdopi®(0?) + R(e, ) — R/(e,7).
Recall assumption (3), we have p!(a’) # 0 and p?(a?) # 0. Since

R(g,v) = 0 and R'(g,7) = 0

as sup, £; and sup, y; approach to zero, we can choose € and + sufficiently small so that (7)

is positive and (8) is negative. Indeed, for all sufficiently small € and ~, if p'(a?) = 0, (7)
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is positive, and if p?(a?) = 0, (8) is negative. If u'(a’) # 0 and p?(a’) # 0, we can find
small §; and d satisfying ' . ‘ .

ol P(h) _ 81 _ of i)

ay () 0y aq pt(er)

adpt(ah)
N

le, letting 6; = A2 4 L and 4, =
For example, letting 6; = ==— + 17 and 02 =

such ¢ and « yields M =! M’ and M’ =2 M.

for some large N’ > N > 0 and

3.7 Application to Goldman model

In this section, we apply the result in the previous section to a liquidity constraint model

introduced by Goldman [10].

3.7.1 Model

There are three periods t = 0,1, 2.

At period 0, the decision maker chooses his money M and bond B yielding 1 per unit.
Since the price of the bond is p, the constraint is M + pB = W.

At period 1, he chooses consumption stream (¢, ¢z) from the budget set generated by
the decision at period 0. If consumption at the first period satifies ¢; < M, M — ¢y can be
carried to period 2. If consumption at the first period exceeds money ¢; > M, the decision
maker must sell bonds to compensate ¢; — M with the proportional transaction cost (1 —t).

Then, in this case, the consumption stream satisfies

cp =M+ ptB;

CQZB—Bl

where B; is the amout of bonds sold at period 1. Thus, the budget set generated by
choosing M at period 0 is

Cl—f—CQSM—f-BifClSM

D(M) =< (c1,¢2) 0 i +ptea < M +ptBife; > M

B:WfM
p
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Then, the decision maker maximizes the following utility function under uncertainty about
his discount factor:

U(M) = max u(cr) + au(cz) (o)

Note that since the decision consists of two stages, it may be complicated to obtain the

solution explicitly.

3.7.2 Monotone money demand

Proposition 3 Let puy MLR-dominates po. Then,

Ui(M) >, Uy (M
arg max (M) > arg max 2(M)

Specification of the random discounting model by Goldman’s model can not make the
condition for monotone comparative statics a weaker condition like first order stochastic

dominance order. This is implied by the following result.

1—0o

Proposition 4 For CRRA von Neumann-Morgenstern function u(c) = S— where o # 1

le
t U(M) = ; (Cg})%)u(cl) + u(cg)) )

If the ratio M*/B* of optimal moeny over bond is not 1. then, there is v FOSD-dominates
w and its ratio M**/ B** is larger than M*/B*.

Proof See [14].
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4 Deficiency in the Maximin Expected Utility Models

4.1 Introduction

It is known as Blackwell’s theorem that a signal is better than another signal if the later is
reproduced by garbling the former. This result enable the comparison of information struc-
tures for expected utility models and is applied in various economic situations. However,
recent developments of non-expected utility models raises the quesition whether Blackwell’s
theorem is valid in these models. Among a line of research investigating this question, Celen
[3] considers it in the maximin expected utility model whose foundation is given by Gilboa
and Schmeidler [5] and derives an analogue of Blackwell’s theorem by assuming that the
probability of a signal value conditional on a state is uniquely determined. However, since
a maximin expected utility model may not be consistent with the Bayes’ rule, this assump-
tion is too stringent in the setting where the decision is made with probability of signal
conditional on state. For instance, Heyen and Wiesenfarth[7] gives an example showing
Celen’s definition of value of information is not formulated as a dynamically consistent
way, that is, an ex-ante optimal strategy may not be constructed by backward induction.

In this chapter, we formulate the optimization problem so as to be dynamically con-
sistent. Thus, the decision maker does not turn over his ex ante plan of actions after he
receives a signal. Our main result is an extension of the Blackwell theorem for maximin
expected utility by more general criterion by Le Cam|8] where he defines the notion called
deficiency so as to compare information structures not necessarily comparable in the sense
of Blackwell.

To motivate our result, consider the following Ellsberg-like problem: There is an urn

containing three small urns, A,B, and C containing balls as follows:

A : 10 red balls and 20 balls with green or blue color
B : 10 green balls and 20 balls with red or blue color

C' : 10 blue balls and 20 balls with red or blue color
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and the decision maker chooses whether he draws a ball or not. The payoff of the draw
is $ 100 if a red ball is drawn while $ —20 if a ball with the other colors is drawn after
one of the small urns is chosen at random. For example, if the decision maker evaluates

probability of color of a chosen ball as follows:

Pa= {(%,p%—p) pe [Oé]}
Pp = {(g—pé,p> pe [OE]}
Pcz{(p,%é—p) :pG[Oag]}

where the subscript on a set P. of probability distributions represents the small urn a chosen

ball is picked from. Then, in the ex ante stage, the set P of probability distributions is:
1 1 1
P = §PA + ?PB + g’Pc

For example, probability of small urn A conditional on red ball is

Ol

s T 5pB + 300
where %pg is the probability of red ball from small urn B and %pc is from C. Since pg and
pc can take values from 0 to %, probability of urn A conditional on red ball is not uniquely
determined. Note that this situation cannot be described by Celen’s argument.

In this setting, thinking of A, B, and C as values of a signal and color of balls as states,
knowing the small urn a ball is taken from seems to be valuable for the decision maker
because he can take a strategy such as “draw” if the small urn turns out to be A and “not
draw” otherwise.

The organization of this chapter is as follows: The next section formulates the model
and introduce deficiency due to Le Cam [8]. The third section states the main theorem
and proves this. The last section applies the main result to the motivating example above

and discuss other applications.
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4.2 Preliminaries

Let Q :={1,2,...,m} be aset of states and S := {1,2,...,n} aset of signals where generic
elements of these are w € 2 and s € 9, respectively. A is a finite set of actions and a strategy
is a function from S to the simplex A(A) of A. Then, we denote by f(s,a) the probability
for action a € A chosen by strategy f if signal s € S received. The decision maker has
a state-dependent utility u : A x Q — R and has a set P of probability distributions P
on €2 x S which we call information structure. An interpretation is that the realization
of states and signals obeys some probability distribution, but there is ambiguity on which

probability distribution is true. We assume that P is closed, convex, and for each s € S

P x {s}) = Q(Q x {s}) (9)

for any P and @ in P. This assumption requires that the marginal distribution of signals
is not ambiguous . Since €2 and S are finite, we can identify a probability distribution P

on 2 x S as an |[Q| x |S| matrix whose ws element P, is defined by

= P({w} x {s})

For simplicity of notation, for probability distribution P on € x S let

fg ::253}157

wef

POJS

PLB:::jﬁ_a

and for a set P of probability distributions let

PUJS
Prost 1= < ) PeP
}% SES,wES)

Then, the utility maximization problem we consider is:

min P, max min E P 5 f(a, s)u(a,w).
PEP f( ) w‘seppost
ses a€A
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Note that by the assumption (9) we posed,

IIlll’lE P max min gP E a, s)u(a,w
PeP ° f(S w|seppost W‘S f )

acA
—gP max m%)n ng|sEfa3 (a,w)
WSG
seSs l POSt acA
= max‘ P, m%)n E PW|SE f(a,s)u(a,w)
S| S 0s
feA(A) scS w|s P t aeA
= max min P a, s)u(a,w
FEA(A)IS| PEP s f (0, s)u(a, )

w,S,a

Thus, an ex-ante optimal strategy f* € A(X)!¥ can be constructed from interim optimal
strategies f*(s, a), and vice versa. Hence, in our formulation, dynamic inconsistency cannot

occur.

For an 1y xny matrix X, denote || X ||1 == 321 cicn, 1<jan, [Xis] and [ X oo 1= SUPi iy 1<j<, [ X351

For two nq X ny matrices X and Y denote X -Y = Zlgigm,1§jgn2 Xi;Yi;. Let M be the set

of all Markov matrices which are nonnegative matrices M & RISXIS with Zs,e s My =1

for each s € S. For two sets of probability measures P and Q let 6(P, Q) be the smallest
number € satisfying the following condition: For each P € P there are ) € Q and M € M

such that

IPM = Qs <e.

In other words,

(P,Q) = supQ nf MHPM—Qﬂl.

peEP

Under information structure PM, signal s is interpreted as signal s’ with probability M.
Then, M is a randomization device garbling information structure P. § measures how close
each P approaches to Q with the randomization device M. However, note that ¢ is not a

metric since it is not symmetric.
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Example 8 Consider the following two matrices:

1 1
p—| 2 1
1
0 3

1
o— (7"
1 1
4 2

P is an information structure such that the first signal reveals the true state 1 but the
second one is uninformative. On the other hand, @) is an information structure such that
the first signal tells nothing about the true state but the second one reveals the true state 2.
With this interpretation, they can not be comparable with respect to Blackwell’s criterion,
ie. 0({P},{Q}) # 0. By computation, we actually have 6({P},{Q}) = 2. To verify this,

consider the following minimization problem:

1 1 1 1 1 1 1 1 1
i PM — =|=-M — My — = —M — M. — My — = —Myy — =
M}g/}i&w” Qlh 5 11—1‘4 21 4“1"2 12+4 22 +‘4 21 4"1—‘4 2= 5
s.t. M11 + M12 = 1,
My + My = 1.
BYUSiDg Mlgzl—MH and M22:1—M21,Wehave
1 1 1 1 1 1 1
—M —(Msy; — 1 —(1—-M —(1 — M- — My — = — M|
'2 11+4( 21 )'+‘2( 11)+4( 21)-1—‘4 21 4'+‘4 21

For the sum of the first two terms, we have

1 1 1 1
‘§M11 + — (Mg — 1)‘ + ’—(1 — M) + 1(1 — My)

4 2
1 1 1 1 1 1
Z‘§M11+ZM21—Z+§(1—M11)+ZL(1—M21) = 5 (10)

and My, = My, = 1 yields this lower bound. Since 0 < My, < 1, for the sum of the last

two terms, we have

_1 (11)

4

1 1 1
4 4 4

— My — —‘ + ‘—le

Thus, by (10) and (11), the value of the minimization problem is 2.
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Definition 22 (Deficiency for multiple priors) Let P and Q be sets of probabilities
on ) x S. P is e-deficient relative to Q if for any von Neumann-Morgenstern function u

on A x Q)

2,0 s, o 1un | > Quie 2 (e ulan)

ses a€A

ST i, 5 X e )+ ol
seS weN a€A

The notion of deficiency is introduced by Le Cam [8]. Deficiency measures how much
information is lost by replacing Q by P. It generalizes comparison of informativeness by
Blackwell in the sense that O-deficiency is sufficiency. Le Cam’s celebrated results are the
equivalence between utility criterion as above and the approximation by Markov matrices?.

In literature on informativeness, the prior is defined to be unique, that is, marginals
P, =), P, and Q, = ), Qs must be same when comparison is possible. For multiple
priors, if P is e-deficient relative to Q, then the marginals must satisfy {(>_, P.s) : P €
Pt C {(>2, Qus) : @ € Q}, but the converse is not necessarily true. However, since concepts
such as deficiency or informativeness are motivated by the question “Which information
structure is finer than the other”, it is natural to assume that the set of marginals are
same. Then, while the result in the next section can be derived without assuming this, it

is normatively plausible to assume the equivalence of the sets of marginals.

4.3 Main result

In this section, we shall show the following result:

Theorem 7 For any two sets of information structures P and Q the following two state-

ments are equivalent: For any e > 0

I(P,Q)<e

4While we assume that 5,2, and X are finite to avoid technical difficulty, his argument does not assume

finiteness of these sets.
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2. P is e-deficient relative to Q

Proof (1= 2) Take any P € P. Suppose that there is Q) € Q and a Markov matrix M
with [|[PM — Ql|y < e. Let

U = (u(a,w))seawen

and let
F:=(f(s,a))sesaca
Then,
PFU: Z Pwst(S,CL)U(CL,w)-
weN,ses a
Thus,

€[[Ulloe = [[PM = Q[l1[[U]|o
> (Q - PM)-FU
=Q-FU—-PM-FU
:Q»FU—}WA[UWIZQ~FU—H?XP.FU
where the second inequality is due to the Holder inequality and the last inequality is due

to M TF is also a strategy.
(2 = 1) Suppose that there is P € P such that for any Markov matrix M and any

Qe
IPM — Q|1 > ¢

In other words,
(Q—p./\/l) NeB =g
where M is the set of all Markov matrices and

By ={z ¢ RIUXIST Z |Tws| < 1}

Since Q — pM and B; are nonempty convex sets, by the hyperplane separating theorem,

there exists a matrix X € RI2*ISI guch that
(@Q—PM) - X >eb- X

o1



for any matrix p € P, any Markov matrix M, and any matrix b € B;. Let @s’ be an index
such that
| Xps| = sup | Xu,s|
w,s’

and take b € B; so that

sign of X, 5 ifw=0,5 =5
bws’ =

0 otherwise

Then, we have
Q- X—PM-X >¢|X|s forall @e Q and Markov matrices M.

Define a set of actions A and a von-Neumann Morgenstern function u so that

Under the information structure Q,
f(a,s) = s for each s
is a feasible strategy which gives the following payoft:

Q-X forany Q € Q.

On the other hand, under the information structure P, a strategy is to choose a probability
distribution on S for each signal s in S, which is equivalent to choose an S x S Markov

matrix. Namely, the feasible payoff is of the form:
PM - X  for some Markov matrix M.

Hence, we have

min wst(s,w) > ma P,sf(s,a)u(a,w) + [|U||
Y S Quo) > s, 3 Peuf(n0hulens) + 101

w,

which implies that condition 2 cannot hold.
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4.4 Discussion
4.4.1 Three Ellsberg urns

As mentioned in the introduction, the main result obtained above has implication to the

three Ellsberg urns decison problem.

Example 9 Let Q = {R,G, B} and S = {A, B,C}. A risk neutral decision maker is asked
whether to pick a ball from an urn or not. The urn consists of three small urns A, B, and
C' and he cannot check which small urn the ball is picked from. The set of actions consists

of a; (draw) or ag (not draw). If he chooses a;, he gets payoff;

( ) 100 fw=R
u(ar,w) :=
—20 otherwise

and if ag,

u(ag,w) := 0 for all w.

Suppose he suspects that small urn A does not contain a green ball or not contain a blue

ball and evaluates the other two small urns symmetrically, namely.

Pa = {(%,pé—p) pE [0%]}
Ps : {(%—p,%,p) p€ [Oé]}
{(p,%%—p) p€ [Oé]}

1 1 1
P:=Pa+5Ps + 5P

Pc :

and

Then, when without knowing the small urn,

) 1 8 100 — 160
win Pou(ar,w) = §u(a1,R) + §u(a1,B) =g

w

< 0,

glelg P,u(ag,w) = 0.

w
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Thus, he chooses ag and his payoff is 0. Next, suppose that he knows the small urn which

he will pick a ball from. If the small urn is A

min P,u(ay,w) = 20,
PePy "

min P,u(ap,w) = 0.

PePy
w

If the small urn is B or C', he evaluate the probability of red ball is zero. Then, it is optimal
to choose ag , and thus, the interim value function is:
20 ifs=A

feA({a1,a0}) PEPs 0 otherwise .

max min » P, Zf(s,a)u(a,w) =
Hence, knowing the small urn form which the ball comes from is valuable for the decision

malker.

4.4.2 Application: CEU model

Since the Choquet expected utility (CEU) model with convex capacity has MEU represen-

tation, our result has implication to the CEU model.

2QXS

Let v be a capacity on satisfying

v XUY)+v(XNY)>v(X)+rY)
for any subsets X and Y of Q x S. We assume

v(Qx 8)=> v(Qx{s}

seS

Define the core C'(v) of capacity v as

Cv) ={PeAQxS): Y P.>vX) VXCQx5}

(w,s)eX

By using these notations, we have the following representation result:

:/st;f(s,a)u<a,w)dl/zplégn Z Pwst s, a)u(a,w)

wEQsES

= P, mln Pw|s Z f(s,a)u(a,w)

PeC(v

o4



where C(v,) == {P € A(Q) : 3 P, > U0V The CEU utitility with convexity can

weX T W = p(Ox{s})

be expressed by the MEU model. Then, the result derived above is also applicable to this

class of utility functions.

Corollary 2 Let v and p be capacities. Then, the following two conditions are equivalent:

1. 8(C (), C(w)) < e.
2.
maX/ Zf(s,a)u(a,w)dl/ +€||U||oo > max/ Zf(s,a)u(a,w)d,u.
FoJaxs FoJaxs
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