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GALOIS TRACE FORMS OF TYPE An, Dn, En FOR ODD n AND CODES 

RIKU HIGA 

ABSTRACT. Let F/IQI be a Galois extension of odd degree, then F has a self-dual basis over 
IQI. In this note, we construct An, Dn-lattices that can be embedded in F from the basis. 
Furthermore, we report a method for constructing unimodular lattices from these lattices 
and the correspondence with codes. 

1. INTRODUCTION 

For every odd prime number p, Ebeling [3, Ch. 5] constructed a Hilbert modular theta 
function over Q((p+〈；；り byconstructing an even unimodular lattice from the fractional ideal 
of Q((p) generated by (1 -(p)ー(P-3)/2which is a lattice of type Ap-l・

In order to generalize Ebeling's construction to more general even root lattices, especially 
irreducible ones of type An, Dn, En, it is natural to ask which lattices can be realized as ideal 
lattices over number fields. In [9], the following result is obtained. 

Theorem 1.1. Let n be an odd positive integer and F/Q be a Galois extension of degree n. 

Then, there exist no fractional ideals ACF such that (A, Tr IAxA) are of type An, Dn, Eか

This leads us to the following question: 

Question 1.2. Let n be an odd positive integer. 

Can one find a totally real F of degree n and a sub Z-module A of F such that the lattice 

(A, Tr IAxA) is of type An, Dn, En? 

Every Galois extension of odd degree has a self-dual basis (see [4, Theorem 2.1]). Using 
the basis, we gain the following Theorem 1.3. This is the first main result of this note. 

Theorem 1.3. Let n be an odd positive integer and F /Q be a Galois extension of degree n. 

(1) There exists a lattice AC  F of type An such that n + l E Qx2。rof type Dn. 
(2) There exist no Z-modules A C F such that (A, Tr IAxA) are of type An for n + l r:/. Qx2 
or of type E7. 

In addition to the result, we give the following Theorem 1.4. 

Theorem 1.4. Let ACF be a Theorem 1.3 {l)'s lattice, and let C be a A* /A-code of length 
m. If C is self-dual, there exists the unimodular lattice which lies between (A)Ellm and (A *)Ellm. 

The organization of this note is as follows. In §2, we recall some basic definitions. In §3, 
we give a proof of Theorem 1.3. In §4, we give a proof of Theorem 1.4. 

Notation. In this paper, Z, Q侃，(Cdenote the ring of integers, the field of rational numbers, 
the field of real numbers, and the field of complex numbers, respectively. 
A subfield F of (C is called a number field if its degree [F : Q] over Q is finite. 
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2. BASIC DEFINITIONS 

First, we recall some basic definitions. For details, see e.g. [3, Ch. 1]. 

Definition 2.1. Let A be a free Z-module of rank n and〈,〉： AxA→JRbe a bilinear form. 
(1) A pair A=  (A,〈，〉） iscalled a lattice if〈,〉 ispositive-definite and symmetric, that 
is,〈x,x〉>0for every x E A¥ {O} and〈x,y〉=〈y,x〉forevery x, y E A. 
(2) A lattice A is called integral if〈x,y〉EZ for every x,y EA. 
(3) An integral lattice A is called even if〈x,x〉E2Z for every x E A, and odd otherwise. 
(4) A lattice A is called of type An if A has a basis (e1,..., en) such that 

〈e2,e] ＝『-1::：:口]：::i.e., j ~ i, 
o if IJ -i|?'. 2. 

(5) A lattice A is called of type Dn (n ?'. 4) if A has a basis (e1,..., en) such that 

〈et,e] ＝『-1:［悶―-i[1=＝0ii;en汀こ］ナ {n-1, n}） or {0,J} ＝ ｛n -2, n}， 
0 if(IJ-il?'.2and{i,j}ヂ{n-2,n}) or {i,j} = {n-1,n}. 

(6) A lattice A is called of type En (n = 6, 7, 8) 

〈e,,e]〉＝『-1:［悶―-i[1二゚ii;eni]｛:J.ii =I= ｛n-1, n}） or {t,J} ＝ ｛n-3, n}， 
0 if (IJ-il ?'. 2 and {i,j} =/= {n-3,n}) or {i,j} = {n-1,n}. 

(7) For a lattice A of rank n, its dual lattice A* is defined by 

A* := { X E JREBn I〈x,y〉EZforeveryyEA},

where股①n,:,,A露股 andwe extend〈,〉戦-bilinearlyto股①nx股④n.

Note that a lattice A is integral if and only if A C A*. We are interested in integral lattices 
arise as submodules of certain number fields. 

Definition 2.2. Let F be a number field. F is called totally real if every field homomorphism 
F →(C has the image in艮

Lemma 2.3. Suppose that F is a totally real. Then, the bilinear form 

Tr= Trp: F X F→(Ql; (x, y)H TrF/<Q(xy) 
is positive-definite and symmetric. In particular, for every sub Z-module A of F, the pair 
(A, Tr IAxA) is a lattice. 

Let K be a field, and let F be a finite Galois extension of K. Set n = [F: K]. 

Definition 2.4. A basis (e1,..., en) of the K-vector space Fis said to be self-dual if 

Tr(ei, ej)＝幻 (Kroneckerdelta). 

Theorem 2.5. If [L: K] is odd, then L has a self-dual basis over K. 

Proof. This was proved in [4, Theorem 2.1]. 口

Definition 2.6. Let n 2 2 and m 2 1 be an integer. 
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(1) A code C oflength mover Z/nZ (or a Z/nZ-code C oflength m) is a Z/nZ-submodule 
of (Z/nZ)〶m.
(2) The elements of Care called codewords. 
(3) The number of coordinates i in a codeword xis denoted by ni(x) 
(4) The Euclidean weight w知(x)of a codeword x is defined by 

w匝(x):= (12)n1(x) + ・ ・ ・ +厨）叩(x).

(5) The inner product of x = (x1, ・ ・ ・, Xm), y = (Y1, ・ ・ ・, Ym) in (Z/nZ)①mis given by 

m 

x・y:＝こ叩Yi・
i=l 

(6) The dual code of a Z/nZ-code C of length mis defined by 

CJ_:= {x E (Z/nz)Ellm I x ・ y = 0 for every y EC}. 

(7) A Z/nZ-code C is called self-dual if C = CJ_ 

3. CONSTRUCTIONS OF LATTICES OF TYPE An, Dn FROM SELF-DUAL BASIS 

We determine which irreducible even root lattices as Z-module can be embedded in Galois 
extension of odd degree. 
In this section, let F /IQ be a Galois extension of odd degree n, A C F be an integral lattice 
with basis (e1,..., en), and（釘，．．．， En)be a self-dual IQ-basis of F. 
Then 

釘＝ Laij砂
j=l 

and the matrix A=  (a;jh:Si,j:Sn is in GLn(IQ), which means in particular that detA E IQ. 
Thus, 

#(A*/A) <let (Tr(ei ・ e]））国，Jさn

det(A (Tr(si ・叫）l:Si,j<::ntA) 

(detA)2 E Qx2. 

We summarize the information of A*/ A for A is of type An, Dn, En: 

Z/(n + l)Z if A is of type An, 

A*／A ~ ｛：:142ZZ)①2 :［： ： :［悶：り：こ：vdednn['
Z/(9 -n)Z if A is of type En. 

In particular, there exist no Z-modules A C F such that (A, Tr IAxA) are of type An for 
n+ 1 ~ Qx2 or of type E7. 

3.1. Lattices of type Dn. We construct the lattice of type Dn in F. 
Let 

一臼十釘＋1 (1<:::i<:::n-1), 
ei = { ＿Cn-1 -en (i = n)． 

Then (A, Tr IAxA) with basis (e1,..., en) is lattice of type Dn. 
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3.2. Lattices of type An (n + 1 E炉）． Weconstruct the lattice of type An in F. 
Suppose that a is an even positive integer, and n + l = a2 (i.e. n is odd integer). 

Let et = { `□eln冠 n-1+ （a 2)叫［三竺『)~2), 
Then (A, Tr IAxA) with basis (e1,..., en) is lattice of type A冗
By summarizing the results of this section, we have the following Theorem 3.1. 

Theorem 3.1. Let F be a Galois extension over Q of odd degree n. 

(1) There exists a lattice AC F of type An such that n + l E Qx2。rof type Dn, 
(2) There exist no Z-modules A C F such that (A, Tr IAxA) are of type An for n + l t/-Qx2 
or of type E7. 

4. LATTICES FROM CODES 

In this section, we construct the unimodular lattice from the lattice of type An or Dn, 

4.1. Dn and Z/4Z. We consider lattices of type Dn and Z/4Z-codes. 
Suppose that n is an odd integer, F/(Q) is a Galois extension of degree n, and (c1, ・ ・ ・, En) 
is a self-dual (Q)-basis of F. 
We define 

釘＝｛ ：：＋＋eeil+1 (1 :S i :S n -1), (i = n), 

and 

*．
t
 
e
 

1 1 1 1 1 
2ら＋（朽＋1-祈＋2+ ・・・＋ ~Ei-2 -~丘1)

］ （旦—l)l(n -2l)e…) 
Then, 

TrFjQ(e; ・ ej)＝妬 (Kroneckerdelta). 

Let 

A=｛名鯰佑 Ez} 
Hence, 

A*=｛言心 a;E Z} 
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Let 

゜
-1 -1 

゜1 

゜ ゜-1 1 1 
-1 1 -1 

1 A=I -1 1 

-1 -1 

1 

゜゚-1 1 1 -1 

Thus, 

A E SLn(Z), 

and 

-1 

[e1 ・・・ 叫A=［釘 •.. en] ( 1 : ： • -1 1 口］）

Hence (A, Tr IAxA) is the lattice of type Dn, and 

We consider 

p ①m. 

A*/A竺 Z/4Z.

(A*）①m 
¥l) 

（苫atJe;)厨 m

—• (Z/4Z)Ellm 
llJ 

ー（p（言atJ)）1<t<m
For Z/ 4.Z-code C of length m, let 

応＝（PEB門―l(C),

and let 
m 

〈x,y〉＝区Tr(xふ） （for every x =（叩）， y= (y;) E F④m). 
i=l 

Then, (re,〈,〉） isa lattice. 
Let X = (x;)i:,;i:a:;m, y = (y;)i:,;i:a:;m E (A*）〶m, and let x;＝区?=1x;zei, Yi＝区贔y,ler.
Then, 

塁7＝苫i(旦(1V(n-2J)yt(l-J)）匂，
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and 

Tr(x濁）

By 

言圧（苫—1)'(n-2j)Y1(l-j)) 

｝n(苫叩l)（正）―ャ（芦叫l)（芦仏l)＋芦任（芦(-1)'(n-2j)Y1(<-j)) 

い位）位） ＋言圧（尺—nyt(l-J)＋苫(-!)'(n -2j)Y1(1-j)) 
伍（い（立）+>}xtl (（n:／2(-4]）yt(l-2J)―̀/2(2(n+ 1)-4]）yt(l-2J+1)) 
(n-1)/2 (n-1)/2 

L (-4J)Yi(l-2j)―L (2(n + 1) -4j)Yi(l-2j+l) E 4Z, 
j=O j=l 

we get the following Lemma 4.1. 

Lemma 4.1. For every x, y E (A*）①m, 

〈x,y〉EZ⇔ i言位）位） EZ⇔ PE!lm(x)・三(y)= 0. 
Lemma 4.1 shows that 

応＝屁．
Moreover, by 

Tr(X山） ＝in位）位）予圧 ((n芦／2（-4J)xi(l-2J)―(n喜／2（2(n+ 1) -4]）xi(l-2J+1) 

and，： ：叩l（言(-4J)xt(l-2J)―(n旦／2（2(n+ 1)-4J)xt(l-2J+1)）)  
L :i(-4 ・ O)xil叫l
l=l 

＋ど i(-4~ -(2(n+l)-4~)））叫l叫s
1：：：sくl：：：n
l-sE2Z 

+ L 1 n -（l -s) （l -s) ＋ 1 

1：：：sくl：：：n
i (-4~-(2(n+l)-49)）誓s

l-sf/.2Z 

L (s -l)xilXis E 2Z, 
l>s 
l-sE2Z 
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we get the following Lemma 4.2 

Lemma 4.2. For every x E (A*）珈m,

〈x,x〉E2Z⇔ i言位）位） E2Z⇔ WtE（戸（x))E 8Z. 
From Lemma 4.1 and Lemma 4.2, we get the following result. 

Theorem 4.3. Let C be a Z/4Z-code. 

鳳 CcC_j_ ⇔応 cre_j_， 
C=C_j_ ⇔丘＝re_j_，

w屈(x)E 8Z for every x E C ¢c⇒re is even. 

4.2. An and Z/(n + l)Z. We consider lattices of type An and Z/(n + l)Z-codes. 
Suppose that a is an even positive integer, and n + 1 = a2 (i.e. n is odd integer), F /IQ) is a 
Galois extension of degree n, and (E1,・・・ ， 叫 is a self-dual IQ)-basis of F. 
We define 

and 

Then, 

Let 

Hence, 

Let 

Thus, 

ei = 

＊ 
e ・ = t 

出(—(a- 1)らー2En＋立） （1 Si Sn -1), 
l=l 

土 ((a-1)ら如＋戸） （i = n), 

n 

~ (-a(a-1)ら一 2どn＋どz) (1 :Si :Sn -1), 
l=1 

~ (a(a-1)らー 2cn+ tcz) (i = n) 

TrF;IQl(e; ・ ej)＝妬 (Kroneckerdelta). 

A=  {ta;e; I a; E Z}  

A*=｛喜a;e;I a; E Z}  

A=  （-11  11) 
A E SLn(Z), 
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and 
-1 1 

a-l 

1 

[e1 ・・・ en] A= ［釘・•・叫 -1 
1 -1 ----1, 

a-l 

-1 ~ a-l 

Hence (A, Tr IAxA) is the lattice of type An, and 

A*/A竺 Z/(n+ l)Z. 

We consider 

p ①m. (A*）伽m
¥l) 

—• (Z/(n + l)Z)〶m
U! 

（ジ）1Si5m一(p (tatJ)）1<t<m 
For Z/(n + l)Z-code C of length m, let 

re= (p①m戸(C),

and let 
m 

〈x,y〉＝ LTr(x晶） （for every x = (x;), y = (y;) E pEBm). 
i=l 

Then,（「C,〈,〉） isa lattice. 
Let x =（叫1琴 m,Y =（叫1琴 mE (A*）〶m, and let叩＝四＝1叩zei,Yi= LにYilez・
Then, 

Tr(x晶） ＝ Tr （（含り（苫Yilez))
Tr (（昇叩le「)（戸（如一玉苫Y9J)el)） 
言叫l(即-》昇Y9J)

-n [ 1位）位）＋芦ふlYtl
Thus, we get the following Lemma 4.4. 

Lemma 4.4. For every x, y E (A*)Ellm, 

〈x,y〉EZ⇔ n : 1言（立）（立） EZ⇔戸（x)・ PE!lm(y) = 0. 
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Lemma 4.1 shows that 

rcj_ =屁．
Moreover, we have 

〈x,x〉=―n[ 1〗図）（名叫,)＋言苫勾Xtl

n : 1と位）位）―且心:Sn2Xi!Xzs 

Then, we get the following Lemma 4.5. 

Lemma 4.5. For every x E (A*）①m, 
m t n,  t n 

〈x,x〉E2Z⇔ n[  1苫図）位） EZ⇔ w屈(pEllm(x))E 2(n + l)Z 
From Lemma 4.4 and Lemma 4.5, the following result holds. 

Theorem 4.6. Let C be a Z/(n + l)Z-code. 
(1) Cc  C_j_ ← rec re.L， 
(2) C = C_j_ ⇔ re =re.L， 
(3) wtE(PCD叫x))E 2(n + l)Z for every x EC~⇒ 「e is even. 
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