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On the order of strongly starlikeness
and order of starlikeness of a certain
convex functions

Mamoru Nunokawa, Toshio Hayami and Shigeyoshi Owa

o0
Let A denote the set of functions f(z) = z + Y a,2" which are analytic in D =

n=
:|z] < 1}. Let f(2) € A and suppose that for 0 < a<land0< g < 1,

in D,

()

1+Re(i”@) >a

) oD,

arg (f—flﬂ)' < -721,’1’ in D,

f(z)
arg (1 + ZJ{ZS) ) < gg in D,
arg (Eﬁg—) - a) < gﬂ in D,
arg(1+z—f’%§~)—a)j<g,3 in D.

Then if f(z) satisfies the above conditions (1), (2), (3), (4), (5) and (6), we call f(2) starlike
of order o, convex of order a, strongly starlike of order 3, strongly convex of order 3, strongly
starlike of order 3 and starlike of order a, and strongly convex of order 3 and convex of order
a respectively and let us denote the class of functions which satisfy the conditions (1), (2),

®3)

, (4), (5) and (6) by S*(a), C(a), S8*(3), SC(3), S*(a, 5) and C(a, 3) respectively.

Marx [2] and Strohhacker [5] showed that

f(z) €C(0) implies f(z) € S* (%)
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and MacGregor [1] and Wilken and Feng [6] obtained more general result that
f(z) € C(a) implies f(2) € §*(3(a))

where 0 £ a < 1 and

1-2«a 1

2221 — 22a—1] if a# 92

(M Bla) = . .
2log 2 if o= 2

Mocanu [3] showed that
f(2) € SC(y) implies f(2) € S§*(3)

where 148

Ty 3 3 (l—ﬁ) 2
tan — = tan — +
2 2 (1_'3)COS7_72§ 1+73

and 0 < 3<1.

On the other hand, Nunokawa [4] obtained that
f(z) € SC(a(3)) implies f(z) € 587(3)

where ]
2 Ba(B)sin 5(1 - B)
a(3) = 3+ —tan™! -
T p(;3) + 34q(/3) cos 5(1 - B)
p(3) =1+3)F, qF)=0-3%
and 0< 3< 1.

In this paper, we need the following lemma due to Nunokawa [4].
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Lemma 1 Let P(z) be analytic in D, P(0) = 1, P(z) # 0 in D and suppose that there

ezists a point zp € D such that
larg(P(2))| < ga for |2 < |z
and T
jarg(P(z0))] = 25
where 0 < §. Then we have

2P (%) _ ;
Plao) ~ F0




where . .
k= 3 ( ;) when arg(P(z)) = —d
and ) .
k< - ~3 ( 5) when arg(P(z)) = —-2-6
where

P(zo)% =ia and 0<a.

Theorem 1 Let f(2) € A and suppose that Z;ES) # 3(a) in D and
arg (1 + zJ{’ZS) - a), < g’y inD

where 0 S o < 1 and 0 < v < 1. Then we have

s (f-20)| <

where 3(a) is defined by (7), 0 < 6 < 1,

6—
‘S+1+a0 1 )

2 .
7= 2t - ) (3 s

and ag is the positive root of the equation

(1-3(a)z’(z® - 1) = a){(1-4) - (1+4)z?}.

Proof.  Let us put

p(z )—zf'(z) p(0)=1 and p(z)# 3a) in D.

fz)°

Then it follows that

) ()
e PO

If there exists a point z; € D such that
7
larg(P(2))| = larg(p(2) ~ 3(e))| < 56

for |z| < |2| and i
larg(P(20))| = |arg(p(20) — S(e))| = 56
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where P(z) = g(l—z%-:_i’%;i) and P(0) = 1, then from Lemma 1, we have

2P (20)  2p(20) .
Pla) o) — Ha) — O

For the case arg(P(z)) = arg(p(z) — 3(a)) = gc)', it follows that

(8) arg (1+-z—°-f‘%{;l—a)

) (14 2O L S
= a.rg{(p(zo) B(a)) (1+p(20)_,3(a) 2(z0) * plz0) - ﬂ(a))}

= 7r—6+a.rg{1+( ik + S(a)—q }

2 Y+ (L - A@)a)? ' (- 3a))ia)?
> G { (Ba)+ (1 i&;(a))aé)e T —ﬂéﬁ)}a‘:e*%‘ }
- G {e_'%ﬁ (‘“’i"” R (?f Hana (13—(-ax3<a>)a6) }
e {6 *3 (ﬁ(a)ii( ?f—a;zr»af - ;31<a>>aﬁ) }

since we have 0 < 3(a) —a £ -;— and Lemma 1. Let us put

v

' B 2(z+z71) _ z4+ 71
©) 0 = T (=A@ 1= A@) + A
for 0 < z. Then it follows that
o (z) = - [(1- A(@))(@® — 1) + Bla)z= {(1+ 0)z® — (1 - )}] .

22 (1 - 3(a) + B(a)z )"
Putting ag be the positive root of the equation ¢'(z) =0 or
2’ (z® — 1) = 3(a) {(1 - §) — (1 + 8)z?},

then ¢(z) takes its minimum value at £ = ag. Therefore, from (8) and (9), we have

20f"(20) izs 1 1 ié(ao+a51)
e (” “flz) “) ” arg{e +2((1—ﬁ(a))aﬁ+ﬂ(a)+(1—ﬂ(a))aﬁ)}
5(ao+(101)

1
2 arg ((1 — B(a))ad +i o)+ (1 - /3(0))0'0>

6+1+ag 1

= tan"!4(1 - B(a)) (ﬂ( Y+ (1 - /3(01))‘13) ‘




This contradicts hypothesis of Theorem 1.

For the case arg(P(z)) = arg(p(z) — B(a)) = ——gc)', applying the same method as the
above and Lemma 1, we have

20f"(20) —tan=15(1 _ ag*! +ag”!
ore (” (o) ‘“) < ~tano(1 = 3(a)) (3(a)+(l—-3(a))a8)'

This is also a contradiction and therefore it completes the proof of Theorem 1. d

Remark Theorem 1 shows that
f(2) € SC(a,y) implies f(z) € $§*(3(a),d)

where

2. . adt! +af? )
= —tan" /(1 - S« (
Ik e Ve e sy
but Theorem 1 is not a sharp result and so, the authors expect that Theorem 1 will be
improved by someone in future.
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