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Notes on Finitely Determined Singularities
of Formal Vector Fields
By Fumio Ichikawa (%B U K )
Introduction.

Let X be a germ of 52vector field at 0€ R". We say that X is
k-determined if for any dzvector field germ Y which has the same
k-jet as X at 0& R",ther is a C2local diffeomorphism ¥ :(Rn,O)-—é(Rn,O)
such that Y,Y = X. X is finitely determined if there is a positive
integer k such that X is k-determined. For thé singularities of
vector fields, Sternberg linearization theorem [5] is well-known.
It can be stated as follows:

. ]
Theorem. Let X be a C-vector field on R" of the following form

X = : ai. X,
gt 9

+ o(|x]). Let Al’ AZ’ e "Xn be the eigenvalues

3%y

of the matrix (aij)’ and suppose that for each Ai’ i=1, ... ,n

ml)\l + n12)\2 + ...+ mnhn % /\i

whenever the mj are non-negative integers with Z’t m, 2.

=i
Then there exists a dzlocal diffeomorphism g’:( Rn,O)———9( Rn,O)
—m—. 4
such that ?> S
—_— X = A, . X, =——
. * 2;_
ig=t o T Jd%y

in some neighbourhood of 0 €Rr",

On the other hand, Takens proved the following theorem [10].



Theorem. Let X be a C2vector field on Rl of the form

X(x) = xFx) 2

with F(0) ¥ 0 and k 2 2. Then there exists g_Cforientation

preserving diffeomorphism SP:( Rl,O)———a( Rl,O) such that in some

neighbourhood of 0€ Rl,

$*X = (8§ X+ x2kh1)

B}
3 X

with § = +1 and NERI; § and A are uniquely determined by the

(2k-1)-jet of X at 0 €RT.

Using the notion k-determined, above two theorems assert
respectively l-determined, (2k-1l)-determined under the each conditions.
In this note we study the condition for the formal vector fields

with singularities to be formally finitely determined.

Definitions and statement of the results.

Let K be the field of real numbers R or complex numbers C.

Let }(n) = K[[xl,x ,xn]] be the formal power series algebra

5y v

on n variables over K. ﬂTn denotes the unique maximal ideal of:}(n).

Fbrmal vector field X is a derivation of ’¥(n), i.e. ‘X is a
linear map of i}(n) into itself which satisfies X{(fg) = (Xf)g+f(Xg)
where f,g é:}(n). For two derivations X and Y , [X,Y] denotes
the usual Lie bracket product, i.e. [X,Y] = XY — ¥X. %kfn) is the
Lie algebra given by

[ x-p & a2}

<1 idlzkt 1* T Xy

-
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We obtain a sequence of Lie algebras

X°(n) D X'(n) D ¥°(n) D
and ‘Xk(n) is the ideal of _Xo(n).
Definition. By Jk(n), we mean the quotient Lie algebralxo(n)/‘xk(n)
and by [ ,-]k its Lie bracket. J%(n) is called k-jet space and
the element of Jk(n) is calléd k-jet.

We have a natural projection jk: X(Dhq)——éJk(n).

Let X be a derivation of F(n) and let @ be a K-algebra

automorphism of F(n). We define a derivation P.X of F(n) by
~)
Pux = Fexe¥,

i.e. the diagram 9&X

Fn) Fen)

N

¥ ¥

Fn) X ?(Nfl)

W

commutes. Immediately, we have
Pelx,Y] = [ PuX, P,Y]
Vi PuX = (PP )X

where X,and Y are derivations of f}(n), 3) and Y’ are automorphisms.

Definition. Let X,Yéxcwn). We will say X and Y are equivalent
if there is a K-algebra automorphism ¥ of %(n) such that P ,¥ = X.
Definiﬁion. Let X¢€ XC%nJ. We say X is k-determined if for

any Ye ¥°(n) such that 3% = 3%Y, X and Y are equivalent. We will

say X is finitely determined if X is k-determined for some k.

-3~
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Definition. Let zG.Jk(n). We say 2z 1s wild if for any XﬂfXO(n)

such that ij =z, X 1s not finitely determined.

n
- _ D :
Let z€& J (n) and suppose z = ?;q 3y Xy 3%, Let A]}..., An

denote the eigenvalues of the matrix (aij) counted with their
multiplicities. K{(z) denotes the set of n-tuple of non-negative
integers given by

K(z) ={ K = (Xys e ,o\n>{ Ay Aqt ooe + X A =o}.

n n

Under this notation, we state the several eigenvalue conditions.

Definition. We say 1l-jet 2z satisfies the strong eigenvalue
condition (abbreviated S.E.C.) if K(z) = i(O, e ,O)} .
Definition. We say l-jet =z satisfies the weak eigenvalue

condition (abbreviated W.E.C.) if if there is an n-tuple of non-

negative integers X = ( dl} cee qrg such that
K(z)={1"0( | » =0,1,2, ... }
Definition. We say 1l-jet =z satisfiles the nice eigenvalue

condition (abbreviated N.E.C.) if the following hold

(1) =z satisfies W.E.C.

(2) Xl’ cee Rp denote the reciprocally distinct
elgenvalues of z. For each i =1, ... ,p
) ”\\l N "o
if (31/1+...+ pp;\p_ A
Bj: non-negative integer j = 1, ... ,D

then ., > 0.

In this note, we scketch the outline of the proof of following

theorems [2].

-4\
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" Theorem 1. Let Xegxo(n). ir jlx satisfies S.E.C. , then X is

finitely determined.

Let Xe,Xo(n). We can decompose X as follows:

X = x°

+ Xn, [Xs,Xn] = 0 where X° (resp. Xn) is the semi-simple
(resp. nilpotent) part of X :'}(n)-——él?(n). We define precisely

in § 2. |

Theorem 2. Let XeX°(n). If jlX satisfies N.E.C. but not S.E.C.

then the following statements are equivalent :

(1) X is finitely determined

(2) X’K: H — ¥ 1is non-trivial, i.e. X‘R £ 0
where H = { £ € F(n) [ X°(f) = 0 }

and X" is the semi-simple part of X.

Theorem 3. Let =z € Jl(n). If z does not satisfy W.E.C.

then =z is wild.

St Tangent space of orbjt
G% F) o K-algebra automorphism 2450 % F Group
X33, GoRm P Paa=49c or¥ ¢=(4%,,%,) %5

by, Ghy P=(0t 2. a2, ey Xt ) 09

MTEY =Y ozt
tn 73543 Go normal subgroup Y L. G} % quotient
group C‘\/C{ﬁ L§L§c G(L:R iz E’?Fﬁ N ﬁﬁ&yﬂi LEE%% 0)*%5\%
MY, | |

G’[& (vesp. Jhamy ) o T @ F/ME & automorphish (resp.

devivation) ©H3. Ga Fom)y A 2 A£R T R-Jat T E X

_5‘..
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B, GLE A The) ke v s R(ER (203, Xee TR
(fﬁ(‘GLi L L GaX ﬁ-%ﬁ DEENN
Xe o GlR-orbit & G Xy %5 b T v Glxy &

Ty 2 sub manifeld T B3,
Dofnition  XeXn) Ry TH(X), TU) %

Ta(k) = codimension of GG (0 T

T = 4o, Tr ()
v wRETI, BIAR, BLL ovr Ta(X) < L)< T

Lemma | X, YeXm) Xyyuw eguivalent o %3 >3 3.
Tovx. X4 k-dtt &2 Y1 Redet (REBRBR)

Proposition |2 XEXmy X 13 finitely determined ¥ 93,
= T <o (3 bR

XgeThm Bl Lxp g ER2EET I
Lxp Ny = t*h‘r P (K )+
AL E & Foypd s Fo/mit a2 l8ET %R, wE 7S5, K.
Sk ,prtXﬁQ A G~ cne- pacameter subgroup T % 9.
GE o ¥R w3 R TeGlt « Thw + B ze
Iru A bAI, Tin Xp Yy €7FG) o

~f-
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;g: oo (2P T TRy Xiz:ditit:o (Lp =tTg) e Ky o (L1p 2 Yy)
= X« Y-&]ﬁ
A>2 o ARR T 3.
Regposition b3 Xex0) J8=Xg 233 2ot
Txﬁ G Xy = { X, Yo 1* | Y€ TR }
e T =dim, | Yo € T8 | [, Ve T 0

€2 Normal Form

MTo section TR orw K=C 33,

Xe €T%m) (. Xg (vesp X&) % linear map Xgt Tt
—> F/mE o semi-simple part (resp. nilpotent part) w33,

L€ Xiat X+§+ XJ? , [X%XQ *~o 20 A BE S unigue

Broposition 2. Xa Ye H Foo/mE o deriyation B 3.
(3EPR BS)
Defmiion XEX0). Xp=3% v 33. 12ve
XS:LQ%\_ X{E Xﬂ’-‘zifaﬁ X;: Ciayerse lim.t)
Cdes XS X"E X2 semi-simple part. . milporent part €0}
X=)s+X" [ x"]=c QY Ry (2
(FxXI®= Gux® . (GeX)"= F k7 TS,

_.q -
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W FEKET R o0 2 BANIBLUL FY Ae®muIe
XeX™) 9 Tl X, & Tedan ¥ T 14> T U3 vMRETS,
te XO=ANF TRyt Ty,

& isla,om ik Riasn fReFaE k=23
5REFRITI N LI 2 P},

=X, Xg §= J(;é , T 52 = £

AL Xg =3 T ke 3/mAR — F/m¥ projection,
o3 l‘(_@'g_n_ fE Gaverse lime) v €% 33 ¢ BASH I
X 4§ = A $2 1=.2, .M

o2 G3® =44, $) TEEIIC

(BX= X =M + oty + - * An¥ndy
LK (%" I=0 ERRI AW KK 0 %o e (2ul,

k=X T % <<%\->.~.—,\L- Cup XM ) 3, ()

ABL M =CUi e, ) M-Twple of mon-negative integers [ulz2

SULAD= AT MoAat -+ mdn £33,

()& Xo normal form ¥ =g

WRemark] X @ mormal form & ~EH LRI =L 5 0. (2
(. J’Ji)(: c)kY nrx, Xy r » Mormal j(ror*m F R e “Z‘Q\Lt P

tors i BH%S,
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§3  Proof
eIl oW
Lemmg |1 XY, X Qli-gt‘r Xi  Jordan 7}:%%%—% R7%>T
LI YARE (TR RIB O, X o BABE AL
Y33v. X\, "SECE#ET 2y A3 B R
T={ u=u, ) FEEE RSN | hA>=A,
for some A¢ 4=Lm M(z2%
NAREAS =83 AL W=Mt+Mtm,
R = Tac |M
CH TN Remack %0, R-jet # Xy U AFa Y 0H(,
Xe YR RC normal form 2 £ 5, ﬁPs Y(}’tdegmwenf
A2, X & B-determained.

BE23 2 EE0R o Fk B

B oY It 2 Rk ThAT VY HR0%»FH
T3, 2SANTLTALR,T O T Anda Sy,
T WEC I¥EYA LT3y, FFEEKI2NEA 4, L
2. U A>=<u,A>=0 |ul=lv|=T ueyv Qs
-%2%T THEIELAFBAETSI,

XeXoqmy & V=X yAa35SR ¥3yv. S=o0lLvd

: AT+l
-V . S
A [em |, XV x 8 T =02 2%y




17

=0 AL Xem=3TX 353,
Prop 13 &) Tem (X) >4 £ x3hr ToO=00
Prop 12 &Y. X Lintely determined 30, X HUET
FokrAS 2 R wild &3,

wiR2 0N o E

KeXm) o 1-jt X, W NEC €31 (. SEC. ¥ak3 %
W33, Xio BAMB AL, A MEOR RRPrz R &
1483, TR o » AR RIi0EH o3z
% 3R Lemma ] Y X W hormal form R7A> 203§
vfRg ( 2ru, 8P%.

X = 02 8, Thledt, ™ FAndn Sy,

€0 X=X+ 3,7 GmX™udyt o+ G X0y,

Bl d=@), v dn) FEBE 278 o Kx)={ s | rso. 123
20 By Xo semi- simple part XS=A0 %yt Anngy,
2% 3543, H={feF | FP=oF={Z,2 bnx™ T o
S5k, WERZTRETHES VML 13,

@) Xl H—¥ # non~trivia] <e Xlxp=o0

Q) B EBRL " BAE(Z, ALdi+ Guody t 0 +u oy 0
o2 S @TwmMIAT LY I3 =0
MR AL BRI,

~10~
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B‘gpo;iﬂon&! XeXeny iy hormal form (X%) RA LT DIk
3. Bro Mbal T2 Qemde=c 7s @ X B finitely
de termined T B0,

REMA] A% 0L 3l [N, Tem Acax®x; S l=0 v3F

B @R T EeR NI, A2 TS0 Prpl2
L) X g(mate(y determined 7 u,

KT Yexrom) & ( Xe © Bget Fxess 4,
Lemmad2 X, YeXom Y=o . [fe Yal%o v 33,
SISV Lol (wep Y X= Koy + Digy i JH (Srmse)

Bl= () »xE™HW  EFRor®. Mm=l2,v, Lo RR (2
Oy = lom = > =0lnm =0 B4 0% TEBRT3, 8Ps,
X=X+ zm:_amnxqmil%q*— ‘i”z,,::,_amm 1"“"‘:@%7,”
Sl Qi dewo Y BERTS.

! — ? IR le ‘—___’n
X(Qx‘ C((L\XM-XV%Q + T On X Im%z,h . M.—-—-L\ au_o(c

=|

B._Q = I‘lezé%g L, 1£U(~XM%>’(M T23E3 K 3 vector space
£33, Who,-]wBets Baw Ao linear Mmap EVF R,
D( W, lﬁﬂle%dzﬁ M l(hmli §1 — Lae ( Z;\ a;. DX y f ;%:;)
A€>7 By 4=l @ base XS, AU AL OF SN 37 W e

Lnear Map [)(@,‘ ]384 — | . & Matrix TERRII &

_H\
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[‘“9\\011_ =l 'dW\ChL )
—0 Oz =0,y —Amily
|0 Ang =Oalng >l |

ARAC Er mn) BEATH 8BS B3,
determinant (xxy) = £""M" (L-L)
o2, Lz L+l axr Xw,- 1:Be— BuL & Surjective,
T BedY epwi xvyI=LXu, Y1t heigher order
REE YRR MEo T v v Lemma32 ¥9 3%k YHeBu
Br Al (pp YU X & QLADWI-jet 4 X o % R B
T (BN F] % oTB A 0THI ISR TE I, T
DS M ]=0 &) Cerp YUK =X® R BFT AR
0%, (oap Y X1 =1 (conp Y-hek® (bep YUk X ]
= (exp YN [ X] =0
feoz. (p YU X & normal Sorm 15T 03,
ACRAER. Yt Y By, T c AW
(op V) (Corpmy*ek ]
o QLA %ZoTR A4 0THI®SI N TTI, ML R
L2 AR BueaYH stz T,
P = Lim (up Yo (2rp Yo - o (Lap YY)

~
"~

(inverse Limit) Z 2 R X 13 QLTI R ‘DPOU/nOmm!
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vecter Jield X% Y. TS SR il G P )

¥ 45 o Remack &9 Y2 X e R (2Ll+1)get T #
>Y 33y Yonermal form ¥ X ¢ @C (20L&]t)get 8 F
3. ACRCARKRT KX AU polynemial vector Feld x 3§
SYP T AR T X Vi equivalent H3Rr X 3 (2LKIHD)

~ determined TE 3,
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