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§1 Introduction.

Let Q(t) be a bounded domain in RN (N=2 or 3) with smooth
boundary T (t) for each t€[0,T]l, T be any positive number.

Consider the following Oberbeck-Boussinesq equations in the

noncylindrical domain Q@ = U Q(t)x{t} with lateral boundary
0<t<T ‘ .
r = U T(t)x{t}:
0<t<T

u - vau + (u-vju = - Z% + {1- n(8-d)}g (x,t) € Qq,
(1.1) divu=0 (x,t) € Q,
0,- kAB + (u-v)6 = 0 ' - (x,t) € Q,
(1.2) u(x,t) = a(x,t), | g(x,t) = B(x,t) (x,t) G\F,
(1.3) u(x,0) = u (x), 0(x,0) = 8 (x) x € Q(0),
where (u-v) =.§luj %E.' Unknown functions u=(ul,u2,‘°',uN),
J= J ‘

p and @ are the solenoidal velocity, pressure and
temperature of the fluid which occupies Q respectively; o, 8,
u,, 90 are given data and g 1is the body force field (say

gravity); constants v, p, kK, n, d represent kinematic

viscosity, density ,thermal conductivity, volume expansion



coefficient and some datum point of the temperature of the fluid
respectively, (see Joseph [6]). In what follows, the special
case v = ¢k =1 will be treated for the sake of simplicity.

The purpose of the present paper is to investigate the
existence of local and global solutions and their regularity.
This kind of problem has been studied by several authors.

As for the case where Q 1is a cylindrical domain, QOX[O,T],
Kirchgassner and Kielhofer [7] and Chidaglia [4] constructed
local and global strong solutions in some Sobolev spaes.
Recently, Morimoto [8] discussed the existence of weak solutions
of the equation with the boundary condition for 6 replaced by a
discontinuous Neumann-Dirichlet condition, and Hishida [5]

the eXistence of strong solutions in the prLq space. The
problem in noncylindrical domains was studied by Oeda [9], where
the existence of weak and strong solutions is discussed.

As far as the existence of strong solutions in Lz—framework
is cdncerned, our results ameliorate those above even for the
case where Q 1is cylindrical. Our method of proofs relies on the
theory of perturbation for time-dependent subdifferential
operators based on nonlinear interpolation theory, developed in
Otani [10], which is different from those of papers cited above.

Our main results are stated in the next section and their

proofs are given in § 3.
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§2 Main Results.

In order to formulate our results, we here fix some notations.
We denote by HS(Q) the sobolev space of order s in the Lebesgue
space H(Q) = L2(Q) with norm |-|, and set

€@ ={u=(u", -, M) wect(@), (j=1, .M, div u =0},

H(Q)=(H(@)Y with norm I-1,

H (@)= (8%(@))" with norm g

HE(2)=H"(2)nH_(Q),

HO(Q): the completion of C:(Q) under the H(Q)-norm,

PQ: the orthogonal projection from H(Q) onto HG(Q),

A(Q)= -P~A :Stokes operator with domain D(A())= HZ(Q)nHi(Q),

Q
A*(Q): the fractional power of A(Q) of order u , whose

domain is characterized by Fujita and Morimoto [2] and

Fujiwara [3]. We also use the notations:

s Igl = |GI s

flull_= lull
p Y LP

L.P

: T T -
2 . 2 2 . 2
luly o = max fonu(t)n dt, 1613 o = max Iolﬂ(t)l at,

0<t<T 0<t<T
lull, o = sup lu(t)h, |6], = sup |6(t)],
't 0<t<T 'Y 0<t<T
t t
lully = sup f lu(s)l?ds , [6]g = sup f |8(s)|2ds.
' 1gtsT Yt-1 ‘ 1<t<TY t-1

We assume that Q is smooth and o and B8 can be

extended to Q 1in the following sense:
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(A.Q) There exists a level preserving C®-diffeomorphism ¢

from Q@ onto QOX[O,T] for some bounded domain ‘Qo in RN.

(A.o¢) There exists a vector function u in C!(Q) such that
u €L7(0,T;H(Q(t)))NLS (0, T;HI (Q(t))) ;5 U, ,Au €L2(0,T;H(Q(t))),

divu=01in Q@ and u=a on T

(A.B) There exists a function 6 in C!'(Q) . such that 0 €

LO(0,T;HL(Q(t))), @t,VQ € H(Q) and @ =8 on T

(A.g) g has the potential G € L=(0,T:wl’ ®(Q(t)))
i.e., g = vG. ( When g 1is the gravity, this condition is

always satisfied.)

Let B be a bounded domain in RN such that the closure of Q
is contained in BX[O,T]. We mean by C(I;X(Q(t))) the set of
all functions v on Q such that v(:,t) belongs to X(Q(t))
for all t€l and the zero extension v of v to Bx[0,T] is
an X(B)-valued continuous function on I , where I 1is an
~interval in [0,T] and X(Q) is a function space defined on
Q such as H(Q), HO(Q),etc. Now our main results are stated as

'follows:
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Theorem I (Global existence for N=2) Let (A.o), (A.B) and (A.g)
be satisfied, and let u_- u(-,0) € D(AM(Q(0))) with pe(0,4) and
90— 0(-,0) € H(Q(0)). Then (1.1)-(1.8) has a unique solution

(u,8) satisfying

u - u €C([0,T];H_(Q(t))) n C((0,TI;HI(Q(L))),
(#.u.p,) '%""U. _é__“
t u., t Au € L2(0,T;H(Q(t))).

L

8 - 8 € C([O0,T]1;H(Q(t))),
(#.0)
t?2 @

. t% A0 € H(Q).

Theorem I (Local existence for N=3) Let (A.Q),(A.a) and (A:B)

_ 4 _
be satisfied, and let u - u(-,0) € D(A4(Q(0))) and 90— 6(-,0)

€ H(Q(0)). Then there exists a positive number TO depending on

1 - _ _ -
HA4(Q(O))(uO— u(-,0)) Il and IGO— 8(-,0)}] ( and also on u and 6 )
such that (1.1)-(1.3) has a unique solution (u,8) on [O,TO]

satisfying (#.u.1/4) and (#.6) with T replaced by To'

Theorem I (Global existence for N=3) Let the same assumptions
in Theorem I be satisfied. Then there exists'a (sufficiently

small) positive number r_ depending on |eo|’let|M,T’lAglM,T and

_ 1 _ - -
2 . Z _ )
| | v8| IM,T such that if A (Q(O))(uO u( ’O)“’"ut"M,T’"Au"M,T’

"Vﬁ"M,T’“ﬁ"M,T’"g"w,T < rg, then (1.1)-(1.3) has a unique solution

(u,G) on [0,T] satisfying (#.u.1/4) and (#.9).
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§.3. Proofs of Theorems

3.1 Reduction to Abstract Equations.

In this subsection we are going to show that (1.1)-(1.3)
can be reduced to abstract equations in HG(B) and H(B) as in’

[10]and [11]. To this end, we put

oY (W) = gy(w) + If(W) u € H(B),

N =

o - IB|Vu|2dx ueH! (B),
1 _

v uel_ (B)\H} (B),

Kl(t)={u€Ho(B) |l u =0 a.e. xeBNQ(t) }

t 0 u € K;(t),
11(11) = .
+ © u € HO(B)\Kl(t),

05(0) = @,(8) + IS(8) 0 € H(B),

1

5 IBIVGIQdX GEHé(B),
0,(08)=

+ @ 0€H(B)\H! (B) ,

K, (t)={8€H(B) | 6 = 0 a.e. xeB\Q(t) } .
. 0 6 € K,(t),
12(9) = )
+ o B € H(B)\K,(t).

t t . . .
Then ¢, and ¢, are lower semicontinuous convex functions

and their subdifferentials are characterized as follows:

Sw%(u)={f€Ho(B)l PQ(t)le(t)g A(Q(t))ulQ(t)} with domain
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O}’

BNQ(t) ™

D(8¢E)={ueHo(B)I ulq(t)

eHQ(Q(t))nH;(Q(t)),-uI

hence HS&?(U)H=ﬂA(Q(t))ulq(t)H,-where 85? denotes the minimal
. t |
section of 3¢y.

a¢§(6)={heH(B)| h| - AB| with domain

Q(t)” act)!

D(895)=(0€H(B) | 8]y ) €H?(QIt))NEL(Q(E)), Olg g )=OF
hence 1365 (8)I=1-48]g 1.

Furthermore we put
Af=80} . A3=093 ,
BY(w)=Pg{(u-v)u+(u-v)u+(u-v)u},
BY(u,8)=(u-v)8+(1-v)
Fyi(t)=Pg{-u +Au-(u-v)u-nég},
Fo(u,t)= F?(t)— (u-v)8, Fo(t)= -8,+A8-(u-v)8,
and consider the folldwing abstréct,equations in HO(B) and H(B);

)+ Fi(t)- Pgnbe € Atl,

(o
(3.1) ﬁ (0)= ﬁo—_-' uo— ﬁ(-,O),

| { -8.- BY(4,0)+ Fo(fi,t) e alS,
(3.2) @(O)é @o= éof 6(-,0).

Here it is understood that all the functions defined only on Q(t)
(such as ﬁo,ﬁo,ﬁ,ﬁt,etc) are extended to B by zero. If (3.1)-(3.2)

has a‘solufion (ﬁ,@) satisfying ;



173

Qe c(ro,TI;H_(B)) n C((0,T1:H!(B)),
(3.3) { ¢4 i, 278 gt e L2(0,T;H,(B)),

fi(t)e D(gt) a.e. te[0,T],

0 € C([0,TI;H(B)) n C((0,TI;HL(B)),
(3.4) { t2 b, t2 BS(0,9) € L2(0,T:H(B)),

8(t) € D(89¢S) a.e. telo,T],

A , A - = .
Then it is easy to see that (u,G)—(uIQ(t)+u,@IQ(t)+6) gives a

solution of (1.1)-(1.3) satisfying (#,u,un) and (#,0). So, in the
following, we are going to construct solutions of (3.1)-(3.2)

satisfying (3.3)-(3.4).

3.2 Local Existence.

In what follows, we denote G’@’Go’ao by u,e,uo,eo again. For each

R>0 and S€(0,T] set

={hec([0,S1;H(B)); Ihl ¢ <R }.

KR,S
Then, for sufficiently small S, we can show the following facts
which assure the existence of local solution (u,6) of (3.1) -(3.2)

satisfying (3.3)-(3.4).

(Fact.I) For any GGKR there exists a unique solution u=u9 of (3.1)

S’
with @ replaced by 8 satisfying (3.3).

(Fact.l) There exists a unique solution U=Uu of (3.2) with i
: 0

replaced ug satisfying (3.4). So we can define the operator % by

F: 0 — uy — Uuo
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(Fact.ll) # is a contraction from KR,S into KR,S'

Proof of Fact.I. By (A.a) and (A.8), it is clear that Fl(t)— PBneg €

LQ(O,S;HO(B)). Let us note

C Ivl3 Iwlj < C HVHHVHH1HVWH"VWHH1 N=2,
(3.5) I(v-w)wl? < , ,
: C Iviighvwlghowll < C IvIZ lwl,qIvwll,,; N=3,
H H H
where we used the inequality llull < C lullfully,; for N=2. Therefore,
for any g£>0, there exists a constant 08 such that
" c(nuu+1){suAEuu2+ce(uvuu4+nﬁn§1+nﬁu§2+uﬁu4uﬁu§1)} N=2
(3.8)IIBy(u)ll?< ot _ -
gllAf(u) 12+C_(lvull®+llullg+lull2,) : N=3
g H H
where Af denotes the minimal section of A?. Then the same argument

as in the proof of Theorem 5.1 in [10] assures that there exists a

. . 1
(sufficiently small) number S depending on HA4(Q(O))uOH such that
(3.1) has a unique solution u = ug satisfying (3.3) with T
replaced by S. Furthermore u enjoys the following more minute
estimates:

1. . R .

t2 MiAtu(t) leLz(o,s), tZ MIvu(t)1eLd(0,8) Vael2,»] if N-2,

(3.7)
t*uéfu(t)ueL2(o,s), t*HVu(t)HELE(o,S) Vqe[2,»] if N=3,

where L: = L% and LE(O,S)= Lq(O,S;t_ldt) for q€[2,=).

Proof of Fact H. By much the same verification as for (3.5), we gef
' Cein C HvH“vnHllvnllvanl ' if N=2,
(3.8) 1(v-v)nl3<
_ C Hv"ﬁlanIIanHl if N=3.
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Then, by virtue of (A.a),(A.8) and (3.7), we deduce"

(3.9)  t%2 F,(u,t) € L2(Q) for Vse[ %,11,

(3.10) 1BY(u,0)12 < L1ak612 + c oS(0)-a(t),

Hu(t)H2HVu(t)H2+Hﬁ(t)H§1 (N=2)

with a(t)= { } € L'(0,8).

Ivu () 4+ Iu(t) Iy (N=3)

Since (Bg(u,e),G)L2= O, the same argument as in the proof of
Theorem ¥ in [10] assures that for any BOED(wg), there exist two
strong solutions n,0% £:={6eW'*?(0,S;H(B)); 481y ) €L?(0,8;H(Q(L))))

of the following equations

(3.11) + A%n + BS(u,n) 3 0, n(0)= 6_,

N¢

(3.12)_ 0% + Ate®+ BY(u,08) a.ae(t)pg(u,t), 6%(0)= o,

where 68(t)= 0 for 0<t<g and 58(t)= 1 for t>g.

Then w®= n - 98 satisfies

(3.13) w% + Agw8 + Bg(u,ws) 3 68(t)Fg(u,t), w8(0)=:0,

Multiplying (3.13) by w8 and 'g8= - w§+Bg(u;w8)+68(t)F£(u,t)eAgw8,

we obtain

' t t
(3.14) max |wE(t) ]2+ f IvwE (t) | 2ds < (f IF,(u,s)lds)?2 V¥te[0,S],
Oss<t g 0 o

d

ol wE () +1e8(t)12

(3.15)

< m(16%(6) 105 (¥ () 7+ o5& (£))1+ (IBE(u, W) 1+ 1F, (u, ) ) 168 (0) 1,

- 10 -
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where we used the fact that there exists a constant m such that

: L
(3.16) 15505(0())- (£2,550(0)) gy ! < m{lg2105(0(£))Z+gZ(0(1))]),

for all 0€gZ, g2€8¢g(9(t)) and a.e. t€[0,S], (for a proof see
Lemma 3.6 of [11]). Then ,by (3.10) and (3.15), we get for y€[0,1]

d

t
dttV¢2(w9)+ 1tV 1% 2

(3.17)

< cla(t)+1)t el (wS)+tV IF, (u,t) 12+vtY Lol (wE).

Hence it follows from (3.14),(3.17) with y=1 and Gronwall's

inequality that
t, & t t
te (w7 (t)) < H(t):= C{ f slF,(u,s)1%ds + (f IF5(u,s) lds)?2}.
0 0 ‘

By using (3.9) and Hardy's inequality, we can show that
gTia H(t)eL!(0,S) for p€l0,&]. Consequently we have

S
(3.18) I t M ¢g(w8(t))dt < C (independent of g) Yue[o,2].
0

Thus (3.17) with‘ Y=1-u and (3.18) give

S
(3.19) sup tYob(wE(t))+ f t¥1g8(t)12dt < ¢ vyeld,1].
0<t<S ~ 0 ‘

Since n€¢, (3.14) and (3.19) imply

- s
(3.20) sup {165(t) 1+ tYoS(0%(t))}+ f t¥1e8(t)12dt < ¢ vyeld,11,
0<t<S 0

where g5 = -0%s BS(u,08)+ 58(t)F§(u,t) e ASQE.

Furthermore, in view of (3.19),(3.9) and (3.10), we obtain

._.ll....
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S : ; :
(3.21) f tVIG%(t)Ith < C vyels,11.
0

Then it easily follows from (3.20) and (3{21) that {88(’5)}8>O forms

a precompact set in H(B) for each t€[0,S] and is equicontinuous

in C([0,S];H(B)). Hence, by Ascoli's theorem, we can choose a

g
sequence g, which tends to O as n -» such that @ " converges

to B in C([0,S];H(B)) and the standard argument assures that 0

is a solution of (3.12)0, i.e. (3.12)8 with 58 replaced by 1.

For any BOGH(B), take GEGD(mg) such that 92 - 90 in H(B)

as n o= and let 0" be the solution of (3.12)_ with 6%(0)= 6y.

Then w = Bn— Gm satisfies

(3.22) L AE W o+ Bg(u,w) 3 0, w(0)-= Bg— 92.

By the same verifications for (3.14) and (3.19) with =1, we get

S
(3.23) sup Iw(t)|2 + f Ivw(t) 12dt < 107~ 072,
0<£t«S 0 '

S ,
(3.24) sup tlww(t)|?2 + I tlgo(t)12dt < cxeg— 92!2
0<t<S 0

where g,= - Wt Bg(u,w)eAgw. Then it is easy to show that o™

converges to the unique solution 8 of (3.12)0.

Proof of Fact M. Let 0;€ Ky o (i=1,2), u; be the solutions of

(3.1) with @ = 9i and let wi be the solutions of (3.2) with {i= u, -
Then 68 = 0;- 6,5, U = uy- u, and ¥ = ¥i- ¥» satisfy

t

(3.25) U+ AU + Pp{(u;-v)U +(U-9)us+(u-v)U +(U-v)u} 3 Pgngd, U(0)= 0,

- 12 -



178

(3.26) ¥ .+ ALY +(U-9)¥,+(uy W)Y +(@-V)¥ +(U-)8 = 0, ¥(0)= 0.
In parallel with (3.5), we note

Cllull gliwli 4l ovi< CHuH%HwH%HuHEIHWH€1HVVH

(3.27) If(u-v)v w dx| < { L
B ClullgIwll s Ivvli< Clully IwlZ, IWIZivvI

Then multiplication of (3.25) by U and (3.27) give

(3.28) %EHU(t)H2+ IvU(t)12< ClIU(t)N2a(t) +inl?lgl?2 TIG(t)IQ,

2,

{ 2(HVu2(t)H+Hﬁ(t)HH1)2 +1 N
where a(t) =

'2(HVuQ(t)H+Hﬁ(t)HH1)4 + 1 N=3.
Hence, since a€L!1(0,S) by (3.7), we deduce

o S
(3.29) IU(t)N2 + f IvU(t)2dt < Clnl2lgl? 18] -S.
a),s 0 m,T m,S

Moreover, multiplying (3.25) by g;= —Ut— PB{(u1<v)U +(U-V)us,+

(u-v)U +(U-9)u - ngB} € AfU and using (3.5), we obtain

|Q-n

1 2, 1 2 2 2 2 2
5 JEITUCEII2e Slg, (£)12< CAIVUNZ+In12Hgl2 11812+ R(t)),

o

t

where R(t) = R;(u;)+ R;(u) + Ro(uy)+ Ry(u),
Ry(v)= HVHQHVH31HVUH24 Ry (V)= IVl VI NUNIVUL  if N=2,

Ry(v)= IVIZ{IVUN2, Ry(V)= IVIg IVig2 VU2 if N=3.

Hence, for the case N=3, by virtue of (A.a),(3.7) and Gronwall's

inequality, we easily obtain

(3.80) WIVUNZ o < C 1812 oS

- 18 -

N=2,

N=3.
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As for the case N=2, since, by (3.29),

Ro(v(t)) < HV(t)HﬁIHVU(t)ﬂ2+ CHV(t)Hﬁg't-IGIi £

we deduce from (3.7) that

(3.31) WVUIZ 5%*, oxu< 4 .

2
g £ Clely

S

On the other hand, multiplication of (3.26) by ¥ yields

3 SoI¥(E) 124 199(E) 122 NUNG IV | 1%+ 0Tl 1981 1¥]s,

< $I9P12+ CIUNNVUNCI9Y, 12+19812).
Since |wg,!l,|v8l€L2(0,8), it follows from (3.29),(3.30) and(3.31)
that | | |

P12 o <

1
C 1812 4-s%'*  N=2,
oo,S

C 1812 S N=3.

.S

Thus it is clear that # 1is a contraction for a sufficiently small S.

3.3. Global Existence.

3.3.1. The case N=2.

Multiplying (3.1) by u and (3.2) by 8 and using (3.27), we have
(3.82) % %;uu(t)u2+uvu(t)n25 Cllullivullivull +Hull (IF () I+lngbll),

< Flhvall2+uli2(Cllval2+1)+IF  (t) 12+ In12lgl2 TIGIZ.

1 1 _
(3.33) + %gle(t)|2+lve(t)|2g ClullZ2llvull2 1961 1val+ [Fo(t)l1@]l
< $1v012+ Llvull2+ Cllull2|1v814+1012+|F,(t)|2.

Adding together these inequalities, we easily deduce that there

- 14 -
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exists a number CT depending only on IGOI,HuOH,é,ﬁ, and T but not

on S such that

S
2
(3.34) 181 cellul o fouu(t)u at < Cy,

By mutiplication of (3.1) by tg,(t)= t(- u,- B?(u)+ Fi(t)- PBhGg)e

t

t A?u(t) and estimate (3.6), we obtain

* %{(tHVuH2)+ tlg, %< %Hg1ﬂ2+ Ct(HVuH2+|nlQHgHi,TIBI2+HF1(t)H2)
+ C(Huﬂ+1)t(HVuH4+Hﬁﬂ§1+ﬂﬁﬂﬁg+ﬂﬁﬂ4ﬂﬁﬂé1),

Hence, by (3.34) and Gronwall's inequality, we get

(3.35) sup tllvu(t)l? < CT
0<t<S

Thus these a priori bounds (3.34) and (3.35) together with the above
local existence result assures that u, 8 can be continued globally

to [0,T] as solutions of (3.1) and (3.2).

3.3.2. The case N=3. Put KO= sup (llvall/llull, Ivel/l161), K; =
sup (livall/llulls, 1v81/101g), KO= 1/{1- exp(- Kg/4)} and take [vull

and Hg"m‘T sufficiently small so that

(3.38) |vul? < Kg K%/4,

-3 , t _ 1
Ki“Inl? sup(| 1vB(s)|%ds)?legl, < 1/2.
ot<T" t-1 ’

-2

K2
(3.37) 32 K0 KO

Then, by the éame verification as for (3.32) and (3.33), we obtain

+ %EHuH2+HVuH2$ K, %HVuH%HuH%HVﬁH+(HF1H+In|Hg"m ! 60l

< flval2e $KIOUVaN4Iul2s K2Hul2/16+ 8K_Z(IF 12+ 1n120gl2 1612),

- 15 -
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hence

d_ 2 2 2 -2 2 2 2 2
(3.38) dt"u(t)" + Kouu(t)" /4 < 16KO (HF 1%+ 1In| ngm’Tlel ),

and similarly

(3.39) %;le(t)|2+ K216(t) | %< K3 Hulllivull |v0 ]2+ K;2|F2(t)|2.

Then, from (3.38) and (3.39), we derive

- -2
2 2 2 2 2 2 2
(3.40) Hull2 o+ FIvul? o < hu 0%+ 16 R K ZCIF IZ c+vinlZlgh2 11612 o),

= -3 = -2
2 2 2 2
(3.41) 1012 g< 10,12+ R (KT Hull, (hvully 1190121y o+ K “IFo18 ).

Hence, by virtue of (3.37), we obtain an a priori upper bound for
181, g depending on 16 1,K ,K;,IFzly o but not on T.

Furthermore, by (3.40), we see that Hun and |lvul can be

S M,S
arbitrarily small if HuOH,HFlﬂM T and Inllgl_ T are taken small
enough.. Then the standard argument for Navier-Stokes equation can

prove the statement of Theorem II.
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