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1 Introduction 

In this note, we consider the following nonlinear diffusion equation: 

{
8tUE: = div (a1::Vluc1p-luc) inn x I, 

lu1::lp-lu1::lao = 0, u1::lt=O = uo, 

where n is a bounded domain of ~N with smooth boundary 80, N 2: 1, I = (0, T), 

0 < p < +oo, c > 0 and u0 E LP+1 (0). Let □ = (0, l)N and J = (0, 1). Let 

a= a(y, s) E [W1 ,1 (~+; L=(~N))]NxN be an N x N symmetric matrix field satisfying 

(D x J)-periodicity and the uniform ellipticity, i.e., there exists A > 0 such that Al~l 2 ::; 

a(y, s)~ · ~::; 1~1 2 for all~ E ~N and a.e. (y, s) E ~N x ~+- The coefficient matrix field 

ac is given as ac = a(~, ct2) for XE n and t E J. 

Homogenization is known as a method of asymptotic analysis for complex structures 

and systems. Actually, it is often used to replace heterogeneous materials with a large 

number of microstructures, such as composite materials, with an equivalent homoge­

neous material; for instance, it is applied to models of heat conduction in composite 

materials. Such models are often described as linear diffusion equations (LDEs), and 

then their space-time homogenization oscillating both in space and time has been studied 

in various mathematical fields. 

* This note is based on joint work with Professor Garo Akagi from Tohoku University. The author 

is partially supported by JSPS KAKENHI Grant Numbers JP22K20331 and JP23K12997. 
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Space-time homogenization problems for linear diffusion equations were first studied 

by Bensoussan, Lions and Papanicolaou in [8] based on a method of asymptotic ex­

pansion, and then various methods have been developed (see, e.g., [14] for two-scale 

convergence theory and [5] for unfolding method). Furthermore, homogenization prob­

lems for parabolic equations have been studied not only for linear ones but also for 

nonlinear ones. In [15, 18, 24], doubly-nonlinear parabolic equations are treated, and 

moreover, as for degenerate p-Laplace parabolic equations, homogenization problems 

involving scale parameters (e.g., r > 0 of div[A(f, 1/r, Vue:)]) are discussed in [13, 25]. 

In this note, the critical case of porous medium types is treated, and in particular, it 

is revealed that the difference between degeneracy and singularity of diffusion is deeply 

related to the representation of the so-called homogenized matrices. 

2 Main results 

We first define weak solutions Uc: = uc:(x, t) : 0 x I--+~ of (Pc:) as follows: 

Definition 2.1. A function Uc:= uc:(x, t) : 0 x I--+~ is called a weak solution to (Pc:), 

if the fallowing conditions are all satisfied: 

(i) Uc: E w 1,2 (J; H-1 (0)) n LP+1 (0 XI), luc:lp-lue E L2 (J; HJ(n)) and Uc:(t)--+ uo 

strongly in H-1 (0) as t--+ 0+· 

(ii) It holds that 

(Btuc:(t), ¢) Hl(fl) + f ae v'(luc:lp-luc:)(x, t) · v'cp(x) dx = 0 
0 lr2 

for a.e. t E J and all¢ E HJ(n). 

Remark 2.2. For p -=I- 1, the nonlinear diffusion equation (Pc:) is called a porous medium 

equation (PME) if 1 < p < +oo and a fast diffusion equation (FDE) if 0 < p < 1 (see 

[21, 22] for details). The well-posedness for (Pc:) can be obtained by [1, 2]. 

Now, our main results read, 

Theorem 2.3. Let En--+ 0+ be an arbitrary sequence in (0, +oo). In addition, suppose 

that u 0 E L 2 ( 0) for p E ( 0, 1). Let Uc:n be the unique weak solution to ( Pc:J . Then 

there exist a subsequence of (en) and functions 

u E w1 ,2 (J; H-1 (0)) n LP+1 (n XI) n Cweak(J; L 2 (0)), 

z E L2 (f2 x I; L 2 (J; H~er(D)/~)) 



such that lulP-1u E L 2 (J; HJ(D)), 

lui::nlp-lui::n-+ lulp-lu weakly in L2 (J;HJ(D)), 

Ui:;n-+ u strongly in LP(I; £P+1(D)) 

for any p E [1, +oo) and 

Here and henceforth, Hter(D)/ffi. := {g E H1~c{ffi.N): g is □-periodic and (g)y ·­

f□ g(y) dy = O}, v' y denotes the gradient operator with respect to y and (·)y,s denotes 

the mean over □ x J, that is, 

(g)y,, = fo 1 1□ g(y, s) dyds for g E L 1 (D x .J). 

Moreover, the limit u solves the weak form of the homogenized equation, 

(Po) { 
(8tu(t), </>) HJ(n) + In ]horn (x, t) · v' </>(x) dx = 0 

u(•,0) = Uo inn 

for a.e. t EI. 

for </> E HJ (f2), 

Furthermore, the homogenized diffusion flux ]horn is characterized as follows: 

Theorem 2.4. In addition to all the assumptions of Theorem 2.3, suppose that uo 2: 0 

for p 2: 2, 

uo E L3-P(D) if p E (0, l]; log uo E Lf0 c(f2) if p = 3; u~-p E Lf0 c(D) if p E (3, +oo ). 

Let u be a limit of weak solutions ( ui::J to ( Pi::n) as a sequence En -+ O+ and let u be 

a weak solution of the homogenized equation (Po). Then z = z(x, t, y, s) appeared in 

Theorem 2.3 is represented as 

N 

z(x, t, Y, s) = :2)axk v(x, t))<I>k(x, t, Y, s), 
k=l 

where 
if p E (0, 2), 
if p E [2, +oo) 

and <I>k E L=(n x I; L 2 (J; Hter(D)/ffi.)) is the corrector characterized as follows: 
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(i) In casep E (0, 1] (i.e., FDE and LDE), <I>k = <I>k(x, t,y,s) solves the cell problem, 

{ i lu(x, t) 1
1-PBs<I>k(x, t, y, s) = divy (a(y, s) [Vy<I>k(x, t, y, s) + ek]) ~n □ x J, 

<I>k(x, t, y, 0) - <I>k(x, t, y, 1) m □ 

for each (x, t) ED x I. Here { ek} = {[8Jk]J=l,2, ... ,N} stands for a canonical basis 

of "JRN. 

(ii) In case p E (1, +oo) (i.e., PME), <I>k is given by 

if. ( ) _ {plu(x, t)IP-lwk(x, t, y, s) 
'-l!k x,t,y,s -

0 

where \[I k = \[I k ( x, t, y, s) solves the cell problem, 

if u(x, t) -/- 0, 

if u(x, t) = 0, 

{ aswk(x,t,y,s2 = divy (a(y,s) [plu(x,t)IP- 1Vywk(x,t,y,s) +ek]) 
Wk(x,t,y,0)-Wk(x,t,y,1) 

for each (x, t) E [u-/- 0] := {(x, t) ED x J: u(x, t)-/- 0}. 

Moreover, the homogenized flux Jhom(x, t) can be written as 

Jhom(x, t) = ahom(x, t)Vv(x, t), 

where ahom is the homogenized matrix given by 

(1) a horn (x, t)ek = 1' .l a(y, s) [V y<h(x, t, y, s) + ek] dyds. 

in □ X J, 
in □ 

Remark 2.5. The homogenized matrix (1) is described in terms of solutions to cell 

problems. For the nonlinear diffusion case p -/- 1, the cell problem involves the limit 

u(x, t) of solutions, which is a function of (x, t). Thus <I>k also depends on (x, t), and 

hence, so does a horn. On the other hand, for the linear diffusion case p = 1, <I> k is inde­

pendent of (x, t). Thus ahom is a constant N x N matrix. In particular, it is noteworthy 

that the representation of ahom depends on p E (0, +oo) since it is determined by <I>k. 

As for the qualitative properties of ahom, we have 

Propositon 2.6 ( cf. [2, Proposition 1.8]). Under the same assumptions as in Theorem 

2.4, let ahom and { <I>k}k=l,2, ... ,N be defined as in Theorem 2.4. Then the following (i) 

and (ii) hold true: 



(i) (Improved uniform ellipticity) It holds that 

At, ( 1 + [ 11<1>k(x, t, ·, s)lli,c□J ds) lfal' 

:S ahom(x, t)E, · E, :St (1 + / 1 ll<h(x, t, ·, s)lli2(□) ds) l(kl 2 

k=I lo 
for any E, = [fa]k=l,2, ... ,N E ffi.N and a.e. (x, t) E f2 x I. 

(ii) (Symmetry and asymmetry) The homogenized matrix ahom(x, t) is not symmetric 

(respectively, symmetric) when u(x, t) =/=- 0 (respectively, u(x, t) = 0). 

As mentioned in [2, 6, 12, 14, 18], the gradient v'vcn does not converge to v'v strongly 

in [ L 2 ( f2 x I)] N in general. Indeed, one can prove that 

N 

(2) v'vcn - v'v - I)axk v)v' y<I>k(x, t, C:' cl)-+ 0 strongly in [L2(f2 X J)]N' 
k=l 

and hence, due to the oscillation of <I>k, the breaking of strong compactness m 

L 2 (I; HJ(f2)) is obtained. However, to guarantee strong convergence (2), we shall 

require regularities:v'v E [D'"(f2 x J)]N and v'y<I>k E [LP(f2 x J)]N along with¾+ i = ½­

Hence additional assumptions for the coefficient a(y, s) and given data will also be 

required. This note provides a corrector result (introduced by [10]) without assumptions 

for the smoothness of a(y, s). 

Theorem 2.7. Let u be a limit of weak solutions (ucJ to (PcJ as a sequence En-+ 0+ 

such that u is a weak solution to (Po) and let <I>k be the corrector given by Theorem 2.4. 

Set 

Then it holds that 

lim 
cn--+0+ 

if p E (0, 2), 
if p E [2, +oo), 

N 

if p E (0, 2), 
ifp E [2,+oo). 

v'vcn - v'v - Lucn(Bxkv)Ucn(v'y<I>k) = 0, 
k=l L2(0xJ) 

where Ucn is the averaging operator ( see Definition 4.4 below). 

Remark 2.8. Theorem 2.7 also implies the breaking of strong compactness in 

L2 (I; HJ(f2)) for the pressure vcn E L 2 (J; HJ(f2)) since the oscillating corrector terms 

do not vanish as En -+ 0+. 
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3 Uniform estimates and convergence 

In this section, we shall derive uniform estimates for ( vc) and ( v!1P) and discuss their 

convergence to prove Theorems 2.3 and 2.4. 

Lemma 3.1. Let O < p < +oo. For each E > 0 let uc E L2 (I; HJ(O)) be the unique 

weak solution of (Pc) and set vc = luclp-luc. Then the following (i)-(iv) hold true: 

(i) (vc) and (v! 1P) are bounded in L 2 (I; HJ(O)) n L00 (J; L(P+l)/P(O)) and 

L 00 (J; LP+1 (0)), respectively. 

(ii) (8tv! 1P) is bounded in L2 (I; H-1(0)). 

(iii) (v! 1P) is bounded in L 00 (I; L 2 (0)). 

(iv) (v! 1P) is bounded in L 00 (I; L3-P(O)) n L2 (J; HJ(n)), provided that p E (0, 2) and 

u0 E L 3-P(O). 

Proof. See [2, Lemma 4.1]. □ 

As for p 2: 2, we have the following local uniform estimates: 

Lemma 3.2. Under the same assumptions as in Theorem 2.4, for any w ~ n, there 

exists a constant Cw 2: 0 such that the following holds true: 

(i) In case 2 :Sp < 3, 

(ii) In case p = 3, 

provided that log Uo E Lfoc ( n). 

(iii) In case p > 3, 

provided that ug-p E Lf0 c(O). 

Proof. See [3, Lemma 3.1]. 

By Lemmas 3.1 and 3.2, we have 

□ 



Propositon 3.3. Under the same assumptions as in Theorem 2.3, there exist a subse­

quence (en) of (c) and v E L 2 (J; HJ(f2)) n L 00 (I; £(P+l)/P(f2)) such that 

VEn -+ V 

vl/p-+ vl/p 
En 

v'vl/p -+ v'vl/p En 

for any p E [1, +oo) and w E 0. 

Proof. See [2, Lemma 4.3]. 

weakly in L2 (I; HJ(f2)), 

strongly in C(I; H-1 (0)), 

weakly in L2 (I; H-1 (0)), 

strongly in LP(J; L(P+l)/P(f2)), 

strongly in LP(J; £P+1(0)), 

weakly in [L2(I; L2(w))]N 

4 Space-time unfolding method 

□ 

In this section, we briefly review the space-time unfolding method to characterize 

the limit of aEn v'vEn as en -+ 0+· The unfolding method was first introduced in [9] 

(see [7, 10, 11, 16] for more details), and then its space-time version was developed in 

[5, 20]. This method is also known as the intermediate notion between weak convergence 

and strong convergence, and weak and strong convergences for unfolded sequences are 

equivalent to weak and strong two-scale convergence (see, e.g., [4, 14, 17, 19, 23, 26] for 

more details). 

Throughout this section, let 1 < q < +oo, when no confusion can arise. Moreover, q' 

denotes the Holder conjugate of q, i.e., 1/q + 1/q' = 1. 

Definition 4.1 (cf. [5, Definition 2.1]). For c > 0, define the sets OE c O and iE c I 

by 

OE:= interior( LJ c(~ + □)), BE:={~ E zN: c(~ + D) c O}, 
~EBe: 

iE := {t E J: c2 (lEt2J + 1) ~ T}, 

respectively. Here c(~ + □) denotes the cloesd €-cell [O, c]N with the origin at c~ E cZN 

and l·J denotes the floor function (i.e., l·J denotes the integer part of·). Set AE := 

(0 x I)\ (OE x iE). For c > 0, the space-time unfolding operator ~ : M(O x I) -+ 
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M(O x Ix □ x J) is defined by 

,, ( ) ( t ) = { w (cl~ J + Ey, c2 l et2 J + c2 s) 
le w x, ,y,s 

0 

for a.e. (x,t,y,s) E De X fe X DX J, 

for a.e. (x,t,y,s) E Ac: x □ x J, 

for w E M ( 0 x I). Moreover, the unfolding operator ( still denoted by fc) can be defined 

analogously for WE [M(n x J)]N = M(n x I; IR;_N). Here M(A) stands for the set of 

Lebesgue measurable functions on Ac IR;_N+l. 

As for the weak compactness of space-time unfolded sequences, we have 

Propositon 4.2. For any bounded sequence (we) in Lq(n x I), there exist a sequence 

En--+ O+ and a function w E Lq(O x Ix □ x J) such that 

In addition, assume that (we) is bounded in Lq(I; W1,q(O)) and Wen --+ w strongly in 

Lq (0 x I) for a limit w E Lq (I; wi,q (0)). Then there exist a ( not relaveled) subsequence 

of (En) and a function w1 E Lq(n x I; Lq(J; Wt~J(□)/IR;.)) such that 

lcn ('\JweJ --+ Vw + Vywl weakly in [Lq (n X I X □ X J)]N. 

Proof. See [20, Proposition 2.9]. □ 

Remark 4.3. We note that V yw1 vanishes in the sense of weak convergence due to the 

periodicity in □ of w 1 E L2 (!1 x I; L 2 (J; Hter(D)/IR;.)). Thus the weak convergence of 

the unfolded sequence for the gradient plays a crucial role in characterizing the limit of 

the diffusion flux ae Vve, 

We next introduce the space-time averaging operator. 

Definition 4.4. Under the same assumption as in Definition 4.1, the space-time aver­

aging operator Ue: Lq(n XIX □ X J) --+ Lq(n XI) is defined as follows: 

111 J X 2 t 2 X t A A w(clsJ +ca-,c le2J +c p,{€},{E:2})da-dp for a.e. (x,t) EOE: X Ie, 
Ue(w)(x, t) = o □ 

0 for a.e. (x, t) E Ac:, 

for \[IE Lq(O x Ix □ x J). Here{·} denotes the fraction part of• (i.e., {·} := • - l•J). 

As for the strong convergence of unfolded sequences, we have 

Propositon 4.5. Let (we) be bounded in Lq(O x I) and let w E Lq(n x Ix □ x J). 

Then the following (i)-(iii) are equivalent: 



(i) Te(w6 )---+ w strongly in Lq(fl x Ix D x J) and limc:--+O+ JJA" lwc:(x, t)lq dxdt = 0. 

(ii) w6 - U6 (w)---+ 0 strongly in Lq(fl x I). 

(iii) limc:--+O+ llwc: IILq (n xl) = llw II Lq (nxI x □ x J) • 

Proof. See [20, Proposition 2.13]. □ 

5 Sketch of proof for Theorem 2.3 

By employing Propositions 3.3 and 4.2, one can prove Theorem 2.3; indeed, there 

exist a subsequence and z E L2 (f2 x I; L 2 (J; Hter(D)/JR)) such that 

For any ¢ E C~ (fl) and 't/J E C~ (I), let s > 0 be small enough such that cp't/J = 0 on 

A 6 • Then we see by [11, Propositions 1.5 and 1.8] that 

{T (atv(t) 1IP' ¢) 't/J(t) dt 
lo HJ(n) 

= lim {T \Btvc:Jt) 1IP, ¢) 't/J(t) dt 
En--+O+lo HJ(r2) 

= - lim {T r a (c:x 'C;) Vvc:n (x, t). Vcp(x)'t/J(t) dxdt 
En--+0+ lo ln n n 

= - lim {T { (1 { a(y,s)Ten(Vvc:J(x,t,y,s) ·Ten(Vcp't/J)(x,t,y,s)dydsdxdt 
En--+0+ lo ln lo l□ 

=- fT f(a(y,s)(Vv(x,t)+Vyz(x,t,y,s))) ·'v¢(x)'t/J(t)dxdt, lo ln y,s 

which completes the proof. 

6 Sketch of proof for Theorem 2.4 

We only consider the case where O < p < 1 for simplicity. We first note that, for any 

b E C~r (D) /IR;., there exists a unique solution w E C~r (D) /IR;. to 

(3) llyw(y) = b(y) in □. 

Set B := V yw E [C~r(D)/IR;.]N (i.e., divyB(y) = b(y)), \J!(x, t, y, s) = cp(x)?jJ(t)b(y)c(s) 

and '¥ 6 (x,t) = ¢(x)'t/J(t)b(~)c( 6t2) for any¢ E C~(r!), 't/J E C~(I), b E C~r(D)/IR;. and 

c E c~r ( J). Let en > 0 be small enough such that \J! En = 0 on Acn. Then we observe 
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that 

lim {T f v:~P(x,t)8t(En<Pen(x,t))dxdt 
E:n---+0+lo lo 

= lim En {T f v:IP(x, t)¢(x)8t'l/J(t)b( L )c( {-) dxdt 
E:n ---+0+ 10 10 n E:n E:n 

+ lim {T f v:IP(x, t)¢(x)'ljJ(t)v' · B( L )8sc( {-) dxdt 
E:n---+0+ lo lo n E:n E:n 

= - lim {T f v'v:IP(x, t)¢(x)'ljJ(t). B( L )8sc( {-) dxdt 
E:n ---+0+ 10 10 n E:n E:n 

=- lim {T f f 1 f !sn(v'v:~P)(x,t,y,s)1sn(¢'1/J)(x,t,y,s)·B(y)8sc(s)dydsdxdt. 
E:n---+0+ lo lo lo l□ 

Combining Lemmas 3.1 and 3.2 with Proposition 4.2, we see that there exists z E 

Lf0 c(O x I; L 2 (J; Hter(D)/IR.)) such that 

lsn (v'v:~P) -+ v'v + v' yZ weakly in [L2 (w x J x D x J)]N 

for any w En, and hence, 

iT .l fo 1 .1□ Z(x, t, y, s)8.,W(x, t, y, s) dydsdxdt 

= lim {T r aE:n v'ven(x,t). v'(cn'Yen(x,t))dxdt 
E:n ---+0+ 10 10 

= iT l fo1 f□ a(y, s) (Vv(x, t) + V yz(x, t, y, s)) ·Vy 4' (x, t, y, s) dydsdxdt. 

Since one can prove z = ilvl(l-p)/Pz as in [2, Lemma 5.4], by setting z = I;j;'=1 (8xk v)<I>k, 

we obtain the cell problem and (1) (see [2] for details). 

7 Sketch of proof for Theorem 2.7 

We first observe that 

N 

llv'ven -v'v - LUen(8xkv)Uen(v'y<I>k)IIL2(0xI) 
k=l 

:'.S llv'ven -Uen(v'v)-Uen(v'yz)IIL2(0xI) 
N 

+ IIUen(v'v)-v'vll£2(0xJ)+IIUen(v'yz)- LUen(8xkv)Uen(v'y<I>k)IIL2(0xI) 
k=l 

-• JE:n + JE:n + JE:n 
-. 1 2 3 · 



Then we shall estimate the terms Jfn, 1;n and I? below. 

To prove 

(4) 

we claim that 

(5) 

Indeed, noting by [2, Lemma 6.1] that 

we see by the weak form that 

On the other hand, by the J-periodicity of <I>k, we have 

liminf {T { aen v'ven . v'ven dxdt 
en--+0+ lo ln 

::,: 1T J., 1• 1□ a(y, s)('vv + 'v yz) · ('vv + v' yz) dydsdxdt 

= 1T J., ahom(x, t)'vv · 'vvdxdt. 

Thus it follows that 

(6) 

Now, let II E JR_NxN be a unit matrix and let 'Y > 0 be such that (a(y, s)-1IT)t;,-t;, ~ .\lf.1 2 

for all t;, E JR_N and some .\ > 0. Then we infer by the J-periodicity of <I>k that 

lim inf {T { ( aen - "(IT) v' Ven · v' Ven dxdt 
en--+0+ lo ln 
::,: 1T J., 1• 1□ (a(y, s) - -yIT) ('vv + v' yz) · ('vv + v' yz) dydsdxdt 

= 1T J., llhom(x, t)'vv · 'vv dxdt 

-1T J., 1• 1□ -y[ ('vv + v' yz) · ('vv + v' yz) dydsdxdt, 
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and hence, (6) ensures that 

lim sup {T r I ITV Ven . v' Ven dxdt 
en-+0+ lo ln 

<:: lT l, fo 1 1□ -y[ (Vv + V yz) · ('vv + V yz) dydsdxdt, 

which together with the lower semi continuity yields (5). Thus (4) follows from the 

implication (iii) ⇒ (ii) of Proposition 4.5. 

We next claim that 

(7) 

This also follows from the implication (iii) ⇒ (ii) of Proposition 4.5. 

We finally show that 

(8) 

It suffices to prove that 

To this end, we shall use the following fact: 

(10) 

(see [2, Appendix] for the proof). Since axk v is independent of (y, s) E □ x J, noting 

that, for any (f,, () E Ben X 8en := { ( E NU {0}: c2 (( + J) C I}, Uen (axk v) can be 

regarded as a constant in En ( f, + D) x E; ( ( + J), we derive that 

IIUen ( ( aXk V) v' y<I>k) - Uen ( aXk V) Uen (v' y<I>k) 11~2(0,xJ) 

= L L 1 1 IUen((axkV-Uen(axkv))v'y<I>k)l 2 dxdt 
(E8e: (EBe: e2 ((+J) e((+□) 

:S llv' y<I>k Iii= (OxJ;L2(Dx J)) 11axk V - Uen ( aXk V) 11~2(0,xJ)---+ 0 as En ---+ 0+· 

Here we used the facts (7) and (10) in the last line (see [20] for details). Thus we have 

(9). Combining (4), (7) and (8), we obtain 

N 

IIVven -v'v- LUen(axkv)Uen(v'y<I>k)IIL2(0xI):S J[n +Jin +I?---+ 0 as En---+ 0+, 
k=l 

which completes the proof. 
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