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1 Introduction

In this note, we consider the following nonlinear diffusion equation:

Orue = div (a€V|uE|p_1u€) in Q x I,
oo

|u€|p_1ue|8ﬂ - O, u€|t:O = Uo,

where 2 is a bounded domain of RY with smooth boundary 9Q, N > 1, I = (0,T),
0 <p< 400, e >0and up € LPT(Q). Let O = (0,1)Y and J = (0,1). Let
a=a(y,s) € [WHL(R; L (RM))]V*N be an N x N symmetric matrix field satisfying
(O x J)-periodicity and the uniform ellipticity, i.e., there exists A > 0 such that \|¢|? <
a(y,s)¢ - & < |¢)? for all ¢ € RY and a.e. (y,s) € RY x R,. The coeflicient matrix field
ac is given as a. = a(%, %) forz € Qand t € 1.

Homogenization is known as a method of asymptotic analysis for complex structures
and systems. Actually, it is often used to replace heterogeneous materials with a large
number of microstructures, such as composite materials, with an equivalent homoge-
neous material; for instance, it is applied to models of heat conduction in composite
materials. Such models are often described as linear diffusion equations (LDEs), and

then their space-time homogenization oscillating both in space and time has been studied

in various mathematical fields.

* This note is based on joint work with Professor Goro Akagi from Tohoku University. The author
is partially supported by JSPS KAKENHI Grant Numbers JP22K20331 and JP23K12997.
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Space-time homogenization problems for linear diffusion equations were first studied
by Bensoussan, Lions and Papanicolaou in [8] based on a method of asymptotic ex-
pansion, and then various methods have been developed (see, e.g., [14] for two-scale
convergence theory and [5] for unfolding method). Furthermore, homogenization prob-
lems for parabolic equations have been studied not only for linear ones but also for
nonlinear ones. In [15, 18, 24], doubly-nonlinear parabolic equations are treated, and
moreover, as for degenerate p-Laplace parabolic equations, homogenization problems
involving scale parameters (e.g., r > 0 of div[A(%, &, Vu.)]) are discussed in [13, 25].

In this note, the critical case of porous medium types is treated, and in particular, it
is revealed that the difference between degeneracy and singularity of diffusion is deeply

related to the representation of the so-called homogenized matrices.

2 Main results
We first define weak solutions u. = uc(z,t) : Q x I — R of (P:) as follows:

Definition 2.1. A function u. = uc(x,t) : Qx I — R is called a weak solution to (P:),

if the following conditions are all satisfied:

(i) ue € WHA(I; H-Y(Q)) N LPTH(Q x 1), |ucP~tu. € L3(I; HY(Q)) and u(t) — ug
strongly in H=1(Q) as t — 0.
(ii) It holds that

Orua(0) gy + [ 4V (P ) ) - Vo) de = 0
Q
for a.e. t € I and all ¢ € H}(Q).
Remark 2.2. For p # 1, the nonlinear diffusion equation (P:) is called a porous medium

equation (PME) if 1 < p < 400 and a fast diffusion equation (FDE) if 0 < p < 1 (see
[21, 22] for details). The well-posedness for (P-) can be obtained by [1, 2].

Now, our main results read,

Theorem 2.3. Let ¢, — 04 be an arbitrary sequence in (0, +00). In addition, suppose
that ug € L*(Q) for p € (0,1). Let u., be the unique weak solution to (P.,) . Then

there exist a subsequence of (g,,) and functions

we WH(I; H-Y(9Q)) N LPTH(Q x 1) N Cyear(T; L2(9)),
2z € LA(Q x I; LA(J; H.,(O)/R))

per



such that |u[P~1u € L?(I; H}()),
lue, [P e, — [P tu weakly in L*(I; Hg(2)),
Ue, —> U strongly in LP(I; LPT1(Q))
for any p € [1,400) and
ac, V|ue, [P ue,

— Jhom = {a(-, ") (V|u[P~tu+ Vyz)),, weakly in [L2(Q x DY

Here and henceforth, H! (0)/R := {g € H]}

per loc

(RN): g is O-periodic and (g), :=
Jo9(y)dy = 0}, V,, denotes the gradient operator with respect to y and (), s denotes

the mean over L1 x J, that is,

1
9>y,s:/ /Q(yas)dyds for g LY(O x J).
o JO

Moreover, the limit u solves the weak form of the homogenized equation,

<8tu(t)> ¢>H3(Q) + /thom(xvt) ’ VQb(SL’) dz =0 fO?” NS H(} (Q)a
u(,O) = Up m

(Fo)

for a.e. tel.
Furthermore, the homogenized diffusion flux jnom is characterized as follows:

Theorem 2.4. In addition to all the assumptions of Theorem 2.3, suppose that ug > 0
forp =2,

ug € L 7P(Q) if p € (0,1]; logug € Liy,(Q) if p=3;u; ¥ € Lioe(Q) if p € (3,+00).

Let u be a limit of weak solutions (u., ) to (P-,) as a sequence €, — 04 and let u be
a weak solution of the homogenized equation (Py). Then z = z(x,t,y,s) appeared in

Theorem 2.3 is represented as

Mz

z2(x,t,y,8) =) (O, v(x,t))Pr(z,t,y,s),

k=1

where

o Sl i pe(0,2),
uP if p€[2,+00)

and @y, € L>=(2 x I; L*(J; Hl,.(O)/R)) is the corrector characterized as follows:

per
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(i)  Incasep € (0,1] (i.e., FDE and LDE), ®}, = ®y(z,t,y,s) solves the cell problem,

%|u(x,t)|1_p83@k(x,t,y, s) =divy (a(y, s) [VyPr(x,t,y,s) +ex]) in O x J,
Cp(z,t,y,0) = Pr(x,t,y,1) in O

for each (x,t) € Q@ x I. Here {ex} = {[;k]j=1,2,.. N} stands for a canonical basis
of RV,
(ii)  In case p € (1,400) (i.e., PME), ®y, is given by

plu(z, )P Ok (x,t,y,s) if ulz,t) #0,

Pt = {o i u(et) =0,

where Vi, = Wy (x,t,y,s) solves the cell problem,

as\Ijk(xatvyvs) = diVy (a(y,s) [plu(xvt”p_lqujk:(x?tvyaS) + ek]) in O X J,

for each (x,t) € [u# 0] := {(x,t) € Q x I: u(zx,t) # 0}.
Moreover, the homogenized flux jnom(z,t) can be written as
jhom(xv t) - ahom(xa t)V’U(QS’, t)>

where anom 1S the homogenized matrix given by

(1) ahom (T, t)ex = /0 /Da(y, s) [Vy®@r(z,t,y,s) + ex] dyds.

Remark 2.5. The homogenized matrix (1) is described in terms of solutions to cell
problems. For the nonlinear diffusion case p # 1, the cell problem involves the limit
u(x,t) of solutions, which is a function of (z,t). Thus ®; also depends on (z,t), and
hence, so does apom. On the other hand, for the linear diffusion case p =1, @y is inde-
pendent of (x,t). Thus apem is a constant N x N matrix. In particular, it is noteworthy

that the representation of apem depends on p € (0, +00) since it is determined by Py.
As for the qualitative properties of apom, we have

Propositon 2.6 (cf. [2, Proposition 1.8]). Under the same assumptions as in Theorem
2.4, let anom and {Pp}tr=12,.. ~ be defined as in Theorem 2.4. Then the following (i)
and (ii) hold true:
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(i) (Improved uniform ellipticity) It holds that

N 1
AY <1+ / [ @t ) 0 ds) €[*
k=1

N 1
S ahom(l'st)g . 5 S Z <1 +/ ||(I)k(33,t, »S)”%Q(D) dS) |€k|2
k=1 0

for any & = [€klk=12... N~ €ERYN and a.e. (z,t) € Q x I.
(ii) (Symmetry and asymmetry) The homogenized matric apom(z,t) is not symmetric

(respectively, symmetric) when u(z,t) # 0 (respectively, u(x,t) = 0).

As mentioned in [2, 6, 12, 14, 18], the gradient Vv, does not converge to Vv strongly
in [L2(2 x )] in general. Indeed, one can prove that

N
(2) Voo, = Vo= (05,0)VyQp(x,t, £, &) =0 strongly in [L*(Q x 1)}V,

k=1
and hence, due to the oscillation of ®;, the breaking of strong compactness in
L3(I; H}(2)) is obtained. However, to guarantee strong convergence (2), we shall
require regularities:Vo € [L7(Q x I)]Y and V, @, € [LP(Q x I)]V along with 1 +% = 1.
Hence additional assumptions for the coefficient a(y,s) and given data will also be
required. This note provides a corrector result (introduced by [10]) without assumptions

for the smoothness of a(y, s).

Theorem 2.7. Let u be a limit of weak solutions (u., ) to (P:,) as a sequence £, — 04
such that u is a weak solution to (Py) and let @y be the corrector given by Theorem 2.4.

Set

R RV if p € [2,+00), uP if p € [2, +00).

Then it holds that

N
Ve, = Vo =Y Ue, (02,0) Ue, (V, k)

k=1

lim 0,

En—>0+

L2(Qx1I)
where U, is the averaging operator (see Definition 4.4 below).
Remark 2.8. Theorem 2.7 also implies the breaking of strong compactness in

L3(I; H}(Q)) for the pressure v., € L*(I; H3(S2)) since the oscillating corrector terms

do not vanish as ¢, — 0.
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3 Uniform estimates and convergence

In this section, we shall derive uniform estimates for (v.) and (vg/ ) and discuss their

convergence to prove Theorems 2.3 and 2.4.

Lemma 3.1. Let 0 < p < 4+o00. For each ¢ > 0 let u. € L*(I; H}(Q)) be the unique

weak solution of (P.) and set v, = |u.|P~tu.. Then the following (1)—(iv) hold true:

(i) (ve) and (fui/p) are bounded in L*(I; H{(Q)) N L°(I; LPTD/P(Q))  and
L (I; LPTH(R)), respectively.
(ii) (ﬁtv;/p) is bounded in L*(I; H=1(Q)).
(ifi) (v2/P) is bounded in L°°(I; L*(Q)).
(iv) (va/?) is bounded in L>(I; L3P (Q)) N L2(I; HX(R)), provided that p € (0,2) and
ug € L37P(92).
Proof. See [2, Lemma 4.1]. O

As for p > 2, we have the following local uniform estimates:

Lemma 3.2. Under the same assumptions as in Theorem 2.4, for any w € 2, there

exists a constant C,, > 0 such that the following holds true:

(i) In case 2 < p < 3,
T
|19, de < .
0

(ii) In case p =3,
T
sup / [—log v}/P (-, t)] da —I—/ ||V2J§/p(t)||%2(w) dt < C,,
tel [0l P (1) <1]Nw 0
provided that logug € Li. .(Q).
(iii) In case p > 3,

T
sup (/ vB=P/P(. 1) da:) —i—/ ||Vv€1/p(t)||%2(w) dt < C,,
tel \Jw 0

provided that uj ¥ € LL ().

loc
Proof. See [3, Lemma 3.1]. O

By Lemmas 3.1 and 3.2, we have



Propositon 3.3. Under the same assumptions as in Theorem 2.3, there exist a subse-
quence (,,) of (€) and v € L*(I; HL(2)) N L= (1; LP+D/P(Q)) such that

Ve, — v weakly in L*(I; Hy(Q)),

vl l/p strongly in C(I; H (),
Drol/? — VP weakly in L2(I; H()),

Ve, — U strongly in L(1; L#PTD/P(Q)),

vl/P — /P strongly in LP(I; LP*1(2)),
VollP — Vol'? weakly in [L*(I; L2 (w))]Y

for any p € [1,400) and w € €.

Proof. See [2, Lemma 4.3]. O

4 Space-time unfolding method

In this section, we briefly review the space-time unfolding method to characterize
the limit of a., Vv, as e, — 04. The unfolding method was first introduced in [9]
(see [7, 10, 11, 16] for more details), and then its space-time version was developed in
[5, 20]. This method is also known as the intermediate notion between weak convergence
and strong convergence, and weak and strong convergences for unfolded sequences are
equivalent to weak and strong two-scale convergence (see, e.g., [4, 14, 17, 19, 23, 26] for
more details).

Throughout this section, let 1 < ¢ < +00, when no confusion can arise. Moreover, ¢’

denotes the Holder conjugate of ¢, i.e., 1/¢+1/¢' = 1.

Definition 4.1 (cf. [5, Definition 2.1]). For e > 0, define the sets Q. C Q and I. C I
by

Q. = interior( U e(¢ —|—ﬁ)>, 2. ={¢eczZV: (e +0) cQ},
€€

L={tel:(%]+1) <71},

respectively. Here (£ + 1) denotes the cloesd e-cell [0,e]™Y with the origin at £ € eZN
and |-] denotes the floor function (i.e., |-] denotes the integer part of -). Set A. :=
(Q x 1)\ (Q x I.). Fore > 0, the space-time unfolding operator 7z : M(Q x I) —

93
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M(Q x I xOxJ) is defined by

To(w) .ty s) = {w(a[fj +ey,e?| L] + &%) for a.e. (z,t,y,8) € Qe x I. x O x J,

for a.e. (z,t,y,s) € Ac x O x J,

forw € M(QxI). Moreover, the unfolding operator (still denoted by Tz) can be defined
analogously for W € [M(Q2 x DN = M(Q x I;RYN). Here M(A) stands for the set of

Lebesque measurable functions on A C RNT1,
As for the weak compactness of space-time unfolded sequences, we have

Propositon 4.2. For any bounded sequence (w.) in L1(2 x I), there exist a sequence

en — 04 and a function we LY(Q x I x O x J) such that

Te, (we,) = w  weakly in LY(Q x I x O x J).

n

In addition, assume that (w) is bounded in LI(I;Wh9(Q)) and w., — w strongly in
LiU(QxTI) for a limit w € LI(I; WH4(Q)). Then there exist a (not relaveled) subsequence
of (en) and a function wy € L4 x I; LI(J; WLe(O)/R)) such that

per

T (Vwe,) = Vw + Vywy  weakly in [LY(Q x I x O x J)V.
Proof. See [20, Proposition 2.9]. O

Remark 4.3. We note that V,w; vanishes in the sense of weak convergence due to the
periodicity in O of wy; € L3(Q x I; L?(J; H!, . (O)/R)). Thus the weak convergence of

per

the unfolded sequence for the gradient plays a crucial role in characterizing the limit of

the diffusion flux a. V..
We next introduce the space-time averaging operator.

Definition 4.4. Under the same assumption as in Definition 4.1, the space-time aver-
aging operator U.: LI(Q2 x I x O x J) — L1(Q x I) is defined as follows:

1
/ / V(|2] +em e[ L] +e2p, {2} (LD dodp for ace. (r.t) € Qo x I,
U () (x,t) = 70 /U

0 for a.e. (x,t) € A,
for e LY(Q x I xOxJ). Here {-} denotes the fraction part of - (i.e., {-} :=-—1-]).

As for the strong convergence of unfolded sequences, we have

Propositon 4.5. Let (w.) be bounded in LI(2 x I) and let w € LY(Q x I x O x J).

Then the following (1)—(iil) are equivalent:
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(i) Te(we) = w strongly in LY(Q x I x O x J) and lim. o, [f, |we(z,t)|?dzdt = 0.
(il)) we — Ue(w) — 0 strongly in L1(Q x I).

(iil) limeo, [lwellzaaxr) = lwllLa@xr<xox.-

Proof. See [20, Proposition 2.13]. O

5 Sketch of proof for Theorem 2.3

By employing Propositions 3.3 and 4.2, one can prove Theorem 2.3; indeed, there
exist a subsequence and z € L?(Q x I; L2(J; H:_.(O)/R)) such that

per

Te, (Vve,) = Vo + V2 weakly in [L2(Q x I x O x J)N

For any ¢ € C°(Q) and ¢p € C(I), let € > 0 be small enough such that ¢p = 0 on
A.. Then we see by [11, Propositions 1.5 and 1.8] that

[ (oore) v

T

T /
- [ (et w> 08
~ i / / 2, 5) Vi, (1,1) - Vo) (t) dudt
— o [ [ [ / (9. 9)Te, (02, ) (2. 1,9.) - To, (V0) 1, 1.y, 5) dydsds

—/ / a(y,s)(Vv(a?,t)—|—Vyz(a:,t,y,s))> Vo(x)(t)dedt,
o Ja y,s

which completes the proof.

6 Sketch of proof for Theorem 2.4

We only consider the case where 0 < p < 1 for simplicity. We first note that, for any

b e C.(0)/R, there exists a unique solution w € C°.(0)/R to

per per

(3) Ayw(y) =b(y) in O.

Set B := Vyw € [Cp5,(0)/R]Y (ie., div,B(y) = b(y)), U(z,t,y,s) = ¢(x)d(t)b(y)c(s)
and U, (z,t) = gb(x);b(t)b(%)c(e%) for any ¢ € C*(Q), v € C(I), b e C2.(0)/R and

per

c € C%.(J). Let €, > 0 be small enough such that ¥. =0 on A, . Then we observe

per
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that

T
lim / / o/, 8)0(en P, (2, 1)) durdlt

a0y Jy
= m en / / P (2, 8)p(x) D (1)b(E )e( ) dadt

b [ [ s 07 Bt v

—E,}ifg)+/ /W”"”wt 2)Y(t) - B(£)0sc() dedt

1,}5& / / / / (VollP)(@. by, )Tz, () (. £y, 8) - B(y)dsc(s) dydsdadt.

Combining Lemmas 3.1 and 3.2 with Proposition 4.2, we see that there exists z €
L2 (Q x I;L*(J; H!, (O)/R)) such that

loc per

7., (Vol/P) - Vu+V,2  weakly in [L*(w x I x O x J)|Y

n

for any w € 2, and hence,

T 1
/ / / / Z(x,t,y,8)0sV(x,t,y, s) dydsdzdt
Jo JQJo JO

T
= lim / /aenVUEn(x,t)-V(enlllen(m,t))dxdt
Q

En—)0+ 0
T 1
:/ // /a(y,S)(Vv(x,t)+Vyz(m,t,y,s)).qu;(%t’y,S) dydsdzdt.
o JaJo JO
Since one can prove 7 = J|v|*"?/7z as in [2, Lemma 5.4], by setting 2 = L, (9, v) @4

we obtain the cell problem and (1) (see [2] for details).

7 Sketch of proof for Theorem 2.7

We first observe that

N
Ve, — Vv — ZUan(&ck U)uan(qu)k)”LQ(QxI)
k=1

< [|[Vve, —Ue, (Vv) = U, (V Z>HL2(Q><I)

N
+ e, (V0) = V0| o gy HIU (V2) = Y Ue, (00,0) Ue, (Y 01) |
k=1

(Qx1I)

= I + 13" + 13",
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Then we shall estimate the terms I{", I5™ and I5" below.

To prove

(4) Ifm—0 as g, — 04,
we claim that

(5) lim ||vv€n||L2(Q><I) = ||V’U() +V Z”LQ(QXIXDXJ)

en—0

Indeed, noting by [2, Lemma 6.1] that

ve, ()P = vo(t)V/P weakly in LP*1(Q) for all t €T,

we see by the weak form that

T T
lim sup/ / as, Ve, - Vo, dedt < / / ahom (2, 1) Vo - Vo dzdt.
Q 0 Q

€n—>0+

On the other hand, by the J-periodicity of ¢, we have

hmmf/ /as V., - Vv, dxdt

en—0 +

Z/ // /“(y’s)(V'UJrvyz)‘(V’0+Vyz)dydsd;ydt
o JaJo Jo

T
:/ / apom (7, t) Vv - Vo dzdt.
0 Ja

Thus it follows that

T T
(6) lim / / ac, Ve, - Vo, dzdt = / / ahom (2, t) Vv - Vo dxdt.
Q o Ja

En—>0+ 0

Now, let T € RN*N be a unit matrix and let 4 > 0 be such that (a(y, s)—I1)¢-€ > X[¢]?
for all £ € R and some A > 0. Then we infer by the J-periodicity of ®; that

lim inf / / . —7I) V., - Vo, dzdt

€n—)0+

/ // /(a (y,s I) (Vv +Vy2) - (Vo + Vy2) dydsdedt
_ / / thom (2, 1) V0 - Vo dadt
o Ja

T 1
0o JQJo JO
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and hence, (6) ensures that

T
lim sup / / VIV, - Vo, dadt
o Ja

En —>0+

T 1
< / / / / VI (Vv + Vyz) - (Vv + Vyz) dydsdedt,
0 QJo JO

which together with the lower semi continuity yields (5). Thus (4) follows from the
implication (iii) = (ii) of Proposition 4.5.

We next claim that
(7) 5" —0 as e, —04.

This also follows from the implication (iii) = (ii) of Proposition 4.5.
We finally show that

(8) IS -0 as &, = 04.

It suffices to prove that

9) U, ((05,0)Vy @) — U, (g, ) Ue, (V,Pr) — 0 strongly in [L*(Q x I)]".
To this end, we shall use the following fact:

(10) V@) € [L®(Q x I L2(O x J))N

(see [2, Appendix] for the proof). Since 9., v is independent of (y,s) € [0 x J, noting
that, for any (£,¢) € =, x O, = {¢ € NU{0}: e2(¢ + J) C I}, U-, (D, v) can be
regarded as a constant in &, (¢ + 0) x €2 (¢ + J), we derive that

[Ue,, (O, 0)Vy®r) — U, (02, 0) Ue,, (Vy D) ”i%ﬂxl)

>N / / Ue, (Dt — Ue, (95, 0)) V@) |7 dadt
e2(¢+J) Je(e+D)

(€O {EE,

2
< ||qu)k||%°°(QxI;L2(D><J))Hawkv —Usn(aa:kv)|‘L2(QX1)—> 0 as e, = 04.

Here we used the facts (7) and (10) in the last line (see [20] for details). Thus we have
(9). Combining (4), (7) and (8), we obtain

N
[Vve, = Vo= U, (00, v) Ue,, (V,

. <Ii"+I"+I5" -0 ase, — 04,
k=1

>HL2(Q><I)

which completes the proof.
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