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Abstract

There are several knot invariants in the literature that are defined using singular instantons. Such
invariants provide strong tools to study the knot group and give topological applications. For
instance, it gives powerful tools to study the topology of knots in terms of representations of
fundamental groups. In particular, it is shown that any traceless representation of the torus knot
group can be extended to any concordance from the torus knot to another knot. Daemi and
Scaduto proposed a generalization that is related to a version of the Slice-Ribbon conjecture to
torus knots. The results of this paper provide further evidence towards the positive answer to
this question. The method is a generalization of Daemi-Scaduto’s equivariant singular instanton
Floer theory following Echeverria’s earlier work. Moreover, the irreducible singular instanton
homology of torus knots for all but finitely many rational holonomy parameters are determined
as Z/4-graded abelian groups.
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1 Introduction

1.1 Background

Floer homology is an infinite dimensional analog of Morse homology. In the context of gauge
theory, instanton Floer homology [14], Heegaard Floer homology [37] and monopole Floer
homology [29] have provided strong topological invariants for low-dimensional manifolds. Knot
invariants have been also developed in Floer theories. This list of knot invariants includes knot
Floer homology introduced by Ozsváth-Szabó [36] and Rasmussen [40] in Heegaard Floer theory
and Kronheimer-Mrowka [30] in monopole Floer theory. In the field of instanton Floer theory,
invariants of knots constructed by Floer [15] and Braam-Donaldson [1] via framed surgery of
knots. It is conjectured that their instanton knot invariants are related to knot invariants in
Ozsváth-Szabó [36] and Rasmussen [40] by Kronheimer-Mrowka [30]. Collin-Steer [3] and
Kronheimer-Mrowka [31] developed other type invariants for knots. While knot invariants in
[15] and [1] are related to invariants of 3-manifolds via surgery along knots, knot invariants in
[3] and [31] are related to 3-manifold’s invariants via branched covering.

The advantage of instanton invariants is that it is directly related to fundamental groups of the
knot complement. For example, Kronheimer-Mrowka [32] show that the knot group π1(S3 \K)
for a non-trivial knot K ⊂ S3 admits non-abelian representation π1(S3 \K) → SU(2). This is
a refinement of the result by Papakyriakopoulos [38] which states that K ⊂ S3 is unknot if only
if π1(S3 \K) is infinitely cyclic. A concordance analog of the result by Kronheimer-Mrowka
[32] was given by Daemi-Scaduto [9] using a version of instanton Floer theory. Daemi-Scaduto
[9] also shows the following statement which is specific to torus knots.
Theorem 1. ([9, Theorem 8] ) Let S : Tp,q → K be a given smooth concordance. Then any
traceless SU(2)-representation of π1(S3 \ Tp,q) extends over the concordance complement.

Here Tp,q denotes the (p, q)-torus knot in S3, where p and q are positive coprime integers.
An SU(2)-traceless representation of π1(S3 \ K) is a SU(2)-representation of π1(S3 \ K)
which sends a homotopy class of meridian µK of K to a traceless element in SU(2). The
motivation of this theorem is related to a version of the Slice-Ribbon conjecture. A concordance
S : K → K ′ is called ribbon concordance if the projection S3 × [0, 1] ⊃ S → [0, 1] is a Morse
function without any local maximums. Consider a knotK which is concordant to unknotU . The
Slice-Ribbon conjecture proposed by Fox [16] states that there is a ribbon concordance from U
to K under this assumption. A generalization of the Slice-Ribbon conjecture by Daemi-Scaduto
[9] is
Conjecture 2. Let K be a knot which is concordant to the (p, q)-torus knot Tp,q. Then there is
a ribbon concordance from Tp,q to K.

A necessary condition to show that a concordance S : K → K ′ is ribbon can be stated in
terms of representations of knot groups. For a topological space X , we write R(X,SU(2)) for
the SU(2)-character variety of X (i.e. the space of conjugacy classes of SU(2)-representations
of π1(X)).
Theorem 3. ([21], [7]) Let S : K → K ′ be a ribbon concordance between two knots. Then
the inclusion i : S3 \K → S3 × [0, 1] induces a surjection i∗ : R(S3 × [0, 1] \ S, SU(2)) →
R(S3 \K,SU(2)).
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Hence Theorem 1 gives a piece of evidence towards Conjecture 2. The traceless condition
on representations of π1(S3 \ Tp,q) arises from the specific type of knot invariants developed in
[8]. In light of Theorem 3 and Conjecture 2, it is natural to ask the following question.

Question 4. Can we drop the traceless condition in Theorem 1?

In this paper, we will affirmatively solve this question. To explain our strategy, let us describe
the technical background of Daemi-Scaduto’s work. It mainly consists of three ingredients,
singular gauge theory, equivariant Floer theory, and the Chern-Simons filtration.

Firstly, let us explain the notion of singular connections. Let K ⊂ Y be a knot in a 3-
manifold. Roughly speaking, an SU(2)-singular connection A is an SU(2)-connection defined
over the knot complement with the holonomy condition

lim
r→0

Holµ(r)(A) ∼
[
e2πiα 0
0 e−2πiα

]
. (1.1)

Here µ(r) is a radius r meridian of K ⊂ Y and α is a fixed parameter in (0, 12). ∼ denotes
two matrices are conjugate in SU(2). The parameter α is called the holonomy parameter of
the singular connection A. In particular, a singular flat SU(2)-connection corresponds to an
SU(2)-representation of π1(Y \ K) which sends the meridian µK of knot K to an element
which is conjugate to the matrix in (1.1). Kronheimer-Mrowka developed a singular version of
Yang-Mills gauge theory in [27, 28, 31]. Such kind of Floer homology theories constructed via
singular connections is called singular instanton homology. Singular gauge theory has different
features compared to non-singular ones. In fact, singular Floer homology cannot define over the
coefficient ring Z for a general holonomy parameter α. To be more precise, singular instanton
Floer homology is defined over Z only for α = 1

4 . This is called the monotonicity condition.
Most of the works in singular instanton homology including [8] and [9] impose the monotonicity
condition. This is the reason that the statement of Theorem 1 includes the traceless condition.

Next, we discuss the equivariant Floer theory. Frøyshov developed the homology cobordism
invariant in [18] and [19] based on the equivariant Floer theory for integral homology 3-spheres,
which was introduced by Donaldson [10]. The equivariant Floer theory introduced by Daemi-
Scaduto [8] produces invariants for a knotK in an integral homology 3-sphere Y , and this can be
regarded as the counterpart of Føyshov’s work in singular gauge theory. Daemi-Scaduto’s con-
struction uses in a crucial way the U(1)-reducible singular flat connection θ which corresponds
to the conjugacy class of representation

π1(Y \K) → H1(Y \K;Z) → SU(2)

whose image of the meridian µK of K ⊂ Y is trace-free. Here π1(Y \K) → H1(Y \K;Z)
is the abelianization. In this situation, the construction which is similar to Floer’s instanton
homology [14] produces a chain complex C∗(Y,K) for a knot in an integral homology 3-sphere.
Its homology group I∗(Y,K) can be interpreted as a categorification of knot signature for the
case Y = S3. Daemi-Scaduto [8] also introduced chain complexes which have the following
form

C̃∗(Y,K) := C∗(Y,K)⊕ C∗−1(Y,K)⊕ Z.
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Such objects are called S-complex. This can be interpreted as a version of S1-equivariant
Floer theory. Let B(Y,K) be the configuration space of singular connections over (Y,K)
with a holonomy parameter α = 1

4 . Then there is a configuration space B(Y,K)0 of framed
connections. The Chern-Simons functional on B(Y,K) lifts to B(Y,K)0 in an equivariant way.
An S-complex C̃∗(Y,K) is related to the lifted S1-equivariant Chern-Simons functional on
B(Y,K)0.

Another feature of Daemi-Scaduto’s construction is the Chern-Simons filtration of S-
complexes. While the usual instanton Floer theory is the analog of Morse theory on the
configuration space, its filtered version can be seen the Morse theory on the universal cover-
ing of the configuration space. The Chern-Simons filtration gives more refined structures on
S-complexes. The counterpart idea in non-singular instanton Floer theory was used by Daemi
[5] and Nozaki-Sato-Taniguchi [35], which provided homology cobordism invariants.

Any of the above versions of singular instanton Floer theories can be extended to arbitrary
holonomy parameters if the integer coefficient ring is replaced with a Novikov ring Λ by Echev-
erria’s work [12]. To be more precise, the holonomy parameter should satisfy the technical
condition ∆(Y,K)(e

4πiα) ̸= 0, where ∆(Y,K) is the Alexander polynomial for K ⊂ Y . One of
the flavors of Echeverria’s Floer homology is a categorification of the Levine-Tristram signature
when Y = S3. For a knot K in an integral homology 3-sphere Y , the Levine-Tristram signature
is given by

σα(Y,K) := sign[(1− e4πiα)V + (1− e−4πiα)V T ]

where V is a Seifert matrix form ofK ⊂ Y . For the case Y = S3, we omit Y from the notation.
Our strategy to drop the traceless condition from Theorem 1 is constructing a family of

S-complexes for general holonomy parameters.

1.2 Summary of Results

First of all, we state the main theorem of this paper which gives the positive answer to Question
4.

Theorem 1.1. For a given knot K and a smooth concordance S : Tp,q → K, any SU(2)-
representation of π1(S3 \ Tp,q) extends to an SU(2)-representation of π1((S3 × [0, 1]) \ S).

The proof of Theorem 1.1 requires the special property that all generators of singular instanton
homology for torus knots have odd gradings. The outline of the proof is as follows. After
extending the condition of [8], we define analogues knot Floer theory of [8] for all α ∈ I, where
I is a dense subset of [0, 12 ]. This means that all SU(2)-representations of π1(S3 \ Tp,q) with
the holonomy parameter α ∈ I extend to the concordance complement. The limiting argument
shows that this extension property is true for all SU(2)-representations of π1(S3 \Tp,q) with any
holonomy parameter α ∈ [0, 12 ].

As described above, singular instanton knot homology [12] and its equivariant counterparts
are key tools for the proof of Theorem. Let us review the essential properties of these objects
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employed in this paper. We consider the Novikov ring ΛZ[T−1,T ]] which is given by

ΛZ[T−1,T ]] :=

{∑
r∈R

prλ
r

∣∣∣∣∣ pr ∈ Z[T−1, T ]],∀C > 0,#{pr ̸= 0}r>C <∞

}
.

Let α be a parameter in (0, 12). We introduce the following subring Rα of ΛZ[T−1,T ]].

Rα :=

{
Z[ξ±1

α ][[λ−1, λ] (α ≤ 1
4)

Z[λ±1][[ξ−1
α , ξα] (α > 1

4)

where ξα = λ2αT 2. The geometric aspect of the subring Rα is described in Subsection 3.2.

Theorem 1.2. Let S be an algebra over Rα. Let K ⊂ Y be an oriented knot in an integral
homology 3-sphere. Choose a holonomy parameter α ∈ Q ∩ (0, 12) so that ∆(Y,K)(e

4πiα) ̸= 0.
Then we can associate a Z/4-graded module Iα∗ (Y,K; ∆S ) over S . Moreover, if S is an
integral domain, we can associate a Z/4-graded S-complex (C̃α∗ (Y,K; ∆S ), d̃, χ) to a given
triple (Y,K, α) with ∆(Y,K)(e

4πiα) ̸= 0, up to S-chain homotopy equivalence.

The precise definition of S-complex can be seen in Subsection 3.1. We call Iα∗ (Y,K; ∆S )
the irreducible singular instanton knot homology over S with the holonomy parameter α. For
the case Y = S3, we drop Y from these notations. The difference of the construction of our Floer
homology Iα∗ (Y,K; ∆S ) and I∗(Y,K, α) introduced by [12] is the choice of local coefficient.
The construction of (Cα∗ (Y,K), d) and (C̃α∗ (Y,K), d̃, χ) depend on additional data (metric and
perturbation), however, their chain homotopy classes in the sense of S-complex are independent
of such choices.

Remark 1.3. To be more precise, we need to specify the choice of positive integer ν ∈ Z>0

called cone angle to define the invariant Iα∗ (Y,K,∆S ). The details are included in Remark 3.9.
As conjectured in [12], we expect that the invariant Iα(Y,K,∆S ) does not depend on the choice
of cone angle ν ∈ Z>0, and hence it is reasonable to drop ν from the notation. Similar remarks
are applied to the dependence of invariants C̃α∗ (Y,K,∆S ) and hαS (Y,K) which appears later.
In this paper, for a given holonomy parameter α, we always assume that the cone angle ν is a
large enough integer.

Remark 1.4. For the coefficient S = Rα, we consider underlying groups of Cα∗ (Y,K; ∆S )
and C̃α(Y,K,∆S ) as Z-modules. Then, if we fix the choice of auxiliary data, there exists a
functional giving the Z×R-bigraded structure on sets of generators of these underlying groups.
Moreover, they have a filtered structure induced from the R-grading. The precise description of
the Z× R-bigrading and the filtered structure are contained in subsection 3.2 and 3.4.

The following statement describes the behavior of S-complex under the connected sum.

Theorem 1.5. Let S be an integral domain over Rα. Let K ⊂ Y and K ′ ⊂ Y ′ be two
oriented knots in integral homology 3-spheres. Fix a holonomy parameter α ∈ Q ∩ (0, 12)
such that ∆(Y,K)(e

4πiα) ·∆(Y ′,K′)(e
4πiα) ̸= 0. Then there is a chain homotopy equivalence of

S-complexes

C̃α∗ (Y#Y ′,K#K ′; ∆S ) ≃ C̃α∗ (Y,K; ∆S )⊗S C̃α∗ (Y
′,K ′; ∆S ).
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The precise definition of a chain homotopy equivalence of S-complex can be seen in Sub-
section 3.1. This is a generalization of the connected sum theorem by Daemi-Scaduto [8]. The
method of the proof of [8, Theorem 6.1 ] cannot be directly adapted to prove Theorem 1.5
since we have to deal with the non-monotonicity situation which arises for general holonomy
parameters.

As described in [8], we can associate an integer-valued invariant which is called the Frøyshov
type invariant to a given S-complex. Our construction of S-complex provides an integer-valued
invariant hαS (Y,K) for a knot in a homology 3-sphere (Y,K). We call hαS (Y,K) the Frøyshov
invariant for (Y,K) over S with the holonomy parameter α . We drop Y from the notation
when Y = S3. Note that Echeverria [12] also introduced the Frøyshov type invariant denoted by
h(Y,K, α), which is constructed from singular instanton Floer homology with a different local
coefficient system from our setting. The invariant hαS (Y,K) satisfies the following properties.

Theorem 1.6. Let (Y,K) and (Y ′,K ′) be two pairs of integral homology 3-spheres and knots.
Assume that α ∈ Q ∩ (0, 12) satisfies ∆(Y,K)(e

4πiα) ̸= 0 and ∆(Y ′,K′)(e
4πiα) ̸= 0. Then

hαS (Y#Y ′,K#K ′) = hαS (Y,K) + hαS (Y ′,K ′)

Moreover, if (Y,K) and (Y ′,K ′) are homology concordant, then

hαS (Y,K) = hαS (Y ′,K ′).

Let us consider a knot in S3. It is shown that the Frøyshov type invariant in [8] reduces to
knot signature ([9, Theorem 7]). The invariant hαS reduces to the Levine-Tristram signature as
follows.

Theorem 1.7. Let S be an integral domain over Rα. For any knotK ⊂ S3 and for a holonomy
parameter α ∈ (0, 12) ∩Q with ∆K(e4πiα) ̸= 0, the following equality holds;

hαS (K) = −1

2
σα(K).

For a given knot K ⊂ S3 and integer l, we define a knot lK ⊂ S3 so that

lK :=


#lK (l > 0)

U (unknot) (l = 0)

#−l(−K) (l < 0)

where −K is the mirror ofK with the reverse orientation. More strongly, S-complexes have the
following structure theorem.

Theorem 1.8. Let S be an integral domain over Rα. For a knot K in S3 and for a holonomy
parameter α ∈ Q ∩ (0, 12) with ∆K(e4πiα) ̸= 0, there is an two-bridge torus knot T2,2n+1 such
that ∆T2,2n+1(e

4πiα) ̸= 0, σα(T2,2n+1) = −2 and the relation

C̃α∗ (K; ∆S ) ≃ C̃α∗ (lT2,2n+1; ∆S )

holds, where l = −1
2σα(K).
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For the proof of Theorem 1.8, it is essential to observe behaviors of morphisms of S-
complexes induced from cobordisms between pairs (Y,K) and (Y ′,K ′). In [9], techniques in
[25] are used to describe behaviors of morphisms of S-complexes for the case α = 1

4 . However,
such techniques do not directly adapt to prove Theorem 1.8 because of the lack of the monotonicity
condition.

Theorem 1.5 and Theorem 1.8 imply the Euler characteristic formula

χ(Iα(K,∆S )) =
1

2
σα(K), (1.2)

as described in subsection 5.1. Since our grading convention of generators coincides with that
of [12], the above argument also gives an alternative proof of the Euler characteristic formula in
[12, Theorem 17] for the case Y = S3.

Next, we focus on (p, q)-torus knot Tp,q in 3-sphere. We always assume that p and q are
positive coprime integers. The following is a characteristic property of the torus knot and a key
lemma for the proof of Theorem 1.1. Let Rα(Y \K,SU(2)) be the space of conjugacy classes
of SU(2)-representations of π1(Y \K) with the holonomy parameter α. Let R∗

α(Y \K,SU(2))
be its irreducible part.

Theorem 1.9. For any α ∈ [0, 12 ] with ∆Tp,q(e
4πiα) ̸= 0,

|R∗
α(S

3 \ Tp,q, SU(2))| = −1

2
σα(Tp,q).

Here |S| for a set S denotes the size of this set. In [23], Herald introduced the signed count of
elements in the character variety R∗

α(S
3 \K,SU(2)) for a general knotK with a fixed holonomy

parameter. One first perturbs R∗
α(S

3 \K,SU(2)) into a discrete set R∗,h
α (S3 \K,SU(2)) and

then associates a sign to each element of this set. The sum of these signs is Herald’s signed count
of R∗

α(S
3 \K,SU(2)), which we denote by #R∗

α(S
3 \K,SU(2)). In general, we have:

#R∗
α(S

3 \K,SU(2)) = −1

2
σα(K)

See [23, Corollary 0.2 ] and [33] for the case α = 1
4 . In the case K = Tp,q, the character variety

R∗
α(S

3 \ Tp,q, SU(2)) is already discrete and one does not make any perturbation. Theorem 1.9
implies that all elements of R∗

α(S
3 \ Tp,q, SU(2)) have positive signs.

Theorem 1.9 implies that Cα∗ (Tp,q; ∆S ) is supported only on the odd graded components.
In particular, its homology groups are isomorphic to chain complexes,

Iα∗ (Tp,q; ∆S ) ∼= Cα∗ (Tp,q; ∆S )

since all differentials of chain complexes are trivial. This can be interpreted as the counterpart
of the computation of instanton homology of Brieskorn homology 3-spheres in [13].

Theorem 1.7 implies that rankCα∗ (Tp,q; ∆S ) = hαS (Tp,q) and by the definition of the
invariant hαS we also have the following statement
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Theorem 1.10. Let S be an algebra over Rα. For α ∈ (0, 12)∩Q with ∆Tp,q(e
4πiα) ̸= 0, there

is an isomorphism,

Iα∗ (Tp,q; ∆S ) ∼= S
⌈−σα(Tp,q)/4⌉
(1) ⊕ S

⌊−σα(Tp,q)/4⌋
(3)

as a Z/4-graded abelian group.

Theorem 1.10 describes the grading of generators of the Floer chain and it is independent of
the choice of local coefficient system. A similar structure theorem holds for singular instanton
knot homology introduced by [12].

Theorem 1.8 implies that S-complexes for knots are determined by the Levine-Tristram
signature without the Z × R-grading structure. On the other hand, the R-grading from the
Chern-Simons filtration can be expected to have stronger information on the knot concordance.
In upcoming work, [6] and relying on the results of the present paper, we will introduce a
generalization of the Γ-invariant of [8] for rational holonomy parameters, which can be regarded
as a gauge theoretic refinement of the Levine-Tristram signature. The techniques from this paper
are also used in the future work of Daemi and Scaduto to construct families of hyperbolic knots
that are minimal with respect to the ribbon partial order [21].

1.3 Outline of the paper

In Section 2, we review the background of SU(2)-singular gauge theory for rational holonomy
parameters. We also introduce the generalized definition of negative definite cobordism in this
section. In Section 3, we construct Floer chain groups and S-complex parametrized by holon-
omy parameters α and introduce the Frøyshov type invariant. The argument is almost parallel
to [8] and [9], however, we need a careful choice of local coefficient system if we introduce the
bigraded structure on the Floer chain complex. The proof of Theorem 1.6 is also contained. In
Section 4, we prove the Levine-Tristram signature formula for torus knots (Theorem 1.9). In the
proof of Theorem 1.9, we use the correspondence of singular flat connections and non-singular
flat connections over the branched covering space. We also use the pillowcase picture of the
SU(2)-character variety for the knot complement space. In Section 5, we prove Theorem 1.7,
1.8, and 1.10 in Subsection 5.1, and finally, we give the proof of our main theorem (Theorem
1.1) in Subsection 5.2. The bigraded structure of S-complex plays an important role in the proof
of the main theorem. Appendix consists of the proof of the connected sum theorem (Theorem1.5).
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2 Backgrouds on singular instantons

In this section, we review singular gauge theory mainly developed by Kronheimer-Mrowka
[31]. We also give a generalization of the setting of singular SU(2)-gauge theory adopted by
Daemi-Scaduto [8, 9].

2.1 The space of singular connections

We review the construction of singular instantons over a closed pair of a 4-manifold and a surface.
Let X be a closed and oriented smooth 4-manifold and S be a closed and oriented embedded
surface inX . LetN be a tubular neighborhood of S inX . We identifyN with a disk bundle over
S and ∂N with a circle bundle over S. Let η be a connection 1-form on a circle bundle ∂N . This
means that η is U(1)-invariant. We fix a decomposition of the SU(2)-bundle E → X over the
embedded surface S, as E|S = L⊕ L∗, where L is a U(1)-bundle over S. This decomposition
extends to N . We define two topological invariants,

k = c2(E)[X]

l = −c1(L)[S]

k is called the instanton number, and l is called the monopole number.

Next, we fix a connection A0 over X of the form

A0|N =

[
b 0
0 −b

]
Here b is a connection over L. This means thatA0 reduces to a U(1)-connection over S. We give
the polar coordinate (r, θ) ∈ D2 on each fiber ofN . Let η be a 1-form obtained by a pulled-back
1-form on ∂N which coincides dθ on each fiber, and ψ be a cut-off function supported on N .
We define the singular base connection Aα as follows:

Aα = A0 + iψ

[
α 0
0 −α

]
η,

where α ∈ (0, 12). α is called the holonomy parameter. Recall that η is defined only on N \ S,
but extends by 0 to X \ S after cutting off by ψ. Aα is a connection over X \ S. Let gE be the
adjoint bundle of E. For a ∈ Ω1(X \ S, gE), Aα + a is called a singular connection.
Before defining the space of singular connections, we have to introduce functional spaces. We
fix a orbifold metric on X , which can be written in the form

gν = du2 + dv2 + dr2 +
r2

ν2
dθ2

on N , where (u, v) is a local coordinate of S. We say that this orbifold metric has a cone angle
2π
ν . (X, gν) has a local structure U/Zν near the singular locus S, where U is an open set in R4.

The model connection Aα induces an SO(3)-adjoint connection on gE . We define the covariant
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derivative ∇̌Aα on bundle Λm ⊗ gE using the adjoint connection of Aα and the Levi-Civita
connection with respect to the metric gν . Let F → X be an orbifold vector bundle. The Sobolev
space Ľpm,Aα(X \ S, F ) is defined as the completion of the space of smooth sections of F → X
by the norm

∥s∥p
Ľp
m,Aα

=
m∑
i=0

∫
X\S

|∇̌Aαs|pdvolgν .

If we use orbifold metrics, the "Fredholm package" works. Let d+Aα : Ω1(X \ S, gE) →
Ω+(X \ S, gE) be the linearized anti-self-dual operator defined by the metric gν , and d∗Aα :
Ω1(X \ S, gE) → Ω0(X \ S, gE) be the formal adjoint of the covariant derivative for the metric
gν . Consider the elliptic operator DAα = −d∗Aα ⊕ d+Aα acting on the Sobolev space

Ľpm,Aα(X \ S,Λ1 ⊗ gE) → Ľpm−1,Aα(X \ S, (Λ0 ⊕ Λ+)⊗ gE). (2.1)

Proposition 2.1. Let α be a rational holonomy parameter of the form α = p/q ∈ (0, 12) ∩ Q.
Choose a cone angle 2π

ν of orbifold metric so that 2νp
q ∈ Z. Then the operator DAα and its

formal adjoint are Fredholm, and the Fredholm alternative holds.

LetAαad be the adjoint of the singular connectionAα and π : U → U/Zν be an orbifold chart
with respect to the orbifold metric gν . If ν ∈ Z>0 is chosen as in Proposition 2.1, the lift of the
adjoint connection of π∗Aα has the asymptotically trivial holonomy along a small linking of the
singular locus. Thus π∗Aα extends smoothly over U . This means that Aαad defines an orbifold
connection. All analytical argument reduces to the orbifold setting. From now on, we always fix
ν as in Proposition 2.1 for a given rational holonomy parameter.

Assume that m > 2. The space of singular connections with a holonomy parameter α ∈
(0, 12) is given by,

A(X,S, α) = {Aα + a|a ∈ Ľ2
m,Aα(X \ S,Λ1 ⊗ gE)}.

This is an affine space as the non-singular case. Notice that A(X,S, α) is independent of the
choice of the base connection Aα. We also introduce the group of gauge transformations,

G(X,S) = {g ∈ Aut(E)| g ∈ Ľ2
m+1,Aα(X \ S,End(E))}.

There is the smooth action of G(X,S) on A(X,S, α) and we can take the quotient.

B(X,S, α) = A(X,S, α)/G(X,S).

A singular connection with the 0-dimensional stabilizer for the action of G(X,S) is called an
irreducible connection. A singular connection is called reducible if it is not irreducible. The
quotient space B(X,S, α) has a smooth Banach manifold structure except for orbits of reducible
connections. The set of gauge equivalence classes of solutions for the anti-self-dual equation

Mα(X,S) = {[A] ∈ B(X,S, α)|F+
A = 0}

is called the moduli space of singular anti-self-dual connections. Mα(X,S)d denotes the subset
of Mα(X,S) with expected dimension d. For a generic orbifold metric with a fixed cone angle,
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the irreducible part ofMα(X,S)d is a smooth manifold of dimension d = ind(d∗A⊕d+A), where
[A] ∈ Mα(X,S)d. If Mα(X,S)d consists of reducible connections, we modify the dimension
of moduli space so that d = ind(d∗A ⊕ d+A) + dimH0

A, where H i
A is an i-th cohomology group

of the deformation complex. The index of the ASD-operator d∗A ⊕ d+A is given by

ind(d∗A ⊕ d+A) = 8k + 4l − 3(1− b1 + b+)− 2(g(S)− 1),

where g(S) is the genus of the surface S. The index formula for the closed pair (X,S) does not
depend on the holonomy parameter α. On the other hand, the energy integral κ(A) = ∥FA∥Ľ2

for an ASD-connection A is given by

κ(A) = k + 2αl − α2S · S.

Throughout this paper, we assume that an integer ν > 0 is chosen large enough for a fixed
holonomy parameter α ∈ Q ∩ (0, 12), under the condition 2αν ∈ Z. Such choice of ν is related
to the bubbling and compactification of moduli spaces. The details are described in [27, 28].

2.2 The Chern-Simons functional

We discuss singular connections over 3-manifolds. Let Y be an oriented integral homology
3-sphere and K be an oriented knot in Y . Let E be an SU(2)-bundle over Y . This is always
topologically trivial. We fix a reduction of E to a line bundle over K as E|K = L⊕ L∗. We fix
orbifold metric gν along Kas the similar way in subsection 2.1. For a fixed α ∈ Q ∩ (0, 12), we
choose ν as in Proposition 2.1. We can similarly define the space of singular connections and
gauge transformations.

A(Y,K, α) = {Aα + a| a ∈ Ľ2
m,Aα(Y \K, gE)},

G(Y,K) = {g ∈ Aut(E)| g ∈ Ľ2
m+1,Aα(Y \K,End(E))}.

We define the quotient

B(Y,K, α) = A(Y,K, α)/G(Y,K).

We use the notationAm(Y,K, α) if we emphasize that the space of singular connection is defined
by the completion of the Sobolev norm Ľ2

m.
We describe the topology of G(Y,K) and B(Y,K, α). There are other two kinds of groups

of gauge transformation,
GK = { g ∈ Aut(L|K)},

GK(Y,K) = {g ∈ Aut(E)| g|K = id}.

Then there is the exact sequence,

1 → GK(Y,K) → G(Y,K) → GK → 1.

There is the map G(Y,K) → Z ⊕ Z given by d(g) = (k, l), where k = deg(g : Y → SU(2))
and l = deg(g|K : K → U(1)), and this map induces the isomorphism

π0(G(Y,K)) ∼= Z⊕ Z.
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Using the homotopy exact sequence induced from the fibration G(Y,K) → A(Y,K, α) →
B(Y,K, α), we also have the isomorphism

π1(B(Y,K, α)) ∼= Z⊕ Z.

We define an L2-inner product on tangent spaces of A(Y,K, α) as follows:

⟨a, b⟩ =
∫
Y \K

−tr(a ∧ ∗b).

The∗-operator is given by the orbifold metric gν . The Chern-Simons functionalCS : A(Y,K, α) →
R is given by the formal gradient

grad(CS)A =
1

4π2
∗ FA

with respect to the above L2-inner product on TA(Y,K, α). This uniquely determines CS up
to a constant. A ∈ A(Y,K, α) is a critical point of CS if only if FA = 0. The critical point set
of CS is a space of flat connections on Y \K such that their holonomy along the meridian is
conjugate to [

e2πiα 0
0 e−2πiα

]
.

Let Crit be the critical point set of the Chern-Simons functional CS : A(Y,K, α) → R and
Crit∗ = Crit ∩ A∗(Y,K, α). Let C(Y,K, α) and C∗(Y,K, α) be images of Crit and Crit∗ by
the natural projection A(Y,K, α) → B(Y,K, α). Then

C(Y,K, α) = Rα(Y \K,SU(2)),

C∗(Y,K, α) = R∗
α(Y \K,SU(2))

by the holonomy correspondence of flat connections and representations of the fundamental
group.

We have to perturb Chern-Simons functional to achieve transversality. This is done by
introducing a cylinder function associated with a perturbation π ∈ P

fπ : A(Y,K, α) → R,

which we will describe its construction in subsection 2.4. Let Critπ be the critical point set of
CS + fπ and Crit∗π = Critπ ∩ A∗(Y,K, α). Their orbits of gauge transformations are denoted
by Cπ(Y,K, α) and C∗

π(Y,K, α).
We define (perturbed) topological energy Eπ(γ) of a path γ : [0, 1] → A(Y,K, α) as

Eπ(γ) = 2{(CS + fπ)(γ(1))− (CS + fπ)(γ(0))}. (2.2)
We also define (perturbed) Hessian of A ∈ A(Y,K, α) as

HessA,π(a) = ∗dAa+DVπ|A(a),

where Vπ is a gradient of fπ, and DVπ|A is its derivative at A.
For each A ∈ A(Y,K, α), we can regard Hessian as the operator,

HessA,π : Ľ2
m,Aα(Y \K,Λ1 ⊗ gE) → Ľ2

m−1,Aα(Y \K,Λ1 ⊗ gE).
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Definition 2.2. A ∈ Crit∗π is called non-degenerate if HessA,π|Ker(d∗A) is invertible.

This means that Hessian is non-degenerate to the vertical direction of the gauge orbit.
For irreducible critical points of unperturbed Chern-Simons functional, there is the following
criterion for the non-degeneracy condition

Proposition 2.3. ( [31, Lemma 3.13]) A critical point A ∈ Crit∗ is non-degenerate if only if the
kernel of the map

H1(Y \K; adρ) → H1(µK ; adρ)

is zero, where this map is induced by the natural embedding µK ↪→ Y \K and ρ : π1(Y \K) →
SU(2) is the representation corresponding to the flat connection A.

We say that [A] ∈ Cπ is non-degenerate if one of its representatives A ∈ Critπ (and hence
all) are non-degenerate.

The non-degeneracy condition at the reducible critical point is given by a constraint on
the holonomy parameter. Let θα be a gauge equivalence class of reducible flat connection
corresponding to a conjugacy class of SU(2)-representation of π1(Y \K) which factors through
the abelianization H1(Y \ K,Z) and has a holonomy parameter α. Since Y is an integral
homology 3-sphere, such θα uniquely exists. The following is obtained as a corollary of [31,
Lemma 3.13]

Proposition 2.4. ([12, Lemma 15]) The unique flat reducible θα is isolated and non-degenerate
if only if ∆(Y,K)(e

4πiα) ̸= 0.

Let us fix the definition of the Chern-Simons functional. We fix a reducible flat connection
θ̃α which represents θα and put the condition CS(θ̃α) = 0. Then the R-valued functional CS is
determined up to the choice of a representative of θα. From now on, we fix a representative θ̃α
for each pair (Y,K).

2.3 The flip symmetry

The flip symmetry is an involution that acts on a family of configuration spaces
⋃
α∈(0, 1

2
)∩Q B(Y,K, α).

The flip symmetry changes holonomy conditions as α 7→ 1
2 −α. The four-dimensional version is

introduced in [27], and the three-dimensional version is similarly defined in [8]. We generalize
the three-dimensional version of the flip symmetry as follows. Let χ ∈ H1(Y \K,Z2) ∼= Z2 be
a generator. SinceH1(Y \K,Z2) = Hom(π1(Y \K),Z2), we can regard χ as a representation
χ : π(Y \K) → Z2. The representation χ satisfies χ(µK) = −1. This representation forms
a flat line bundle Lχ over Y \ K with a flat connection corresponding to χ. Since Lχ is a
trivial line bundle and there is an isomorphism E|Y \K ∼= E|Y \K ⊗ Lχ, we regard a connection
A ⊗ χ on E|Y \K ⊗ Lχ as a connection on E|Y \K . Thus the action of χ ∈ H1(Y \K,Z2) on⋃
α∈(0, 1

2
)∩Q B(Y,K, α) is defined by

χ[A] = [A⊗ χ].

This action is called the flip symmetry. The flip symmetry gives the identification

B(Y,K, α) ∼= B(Y,K, 1
2
− α),
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in particular, it defines the involution on B(Y,K, 14).
The flip symmetry can be restricted to the space

⋃
α∈(0, 1

2
)∩QRα(Y \K,SU(2)). In this case,

the action of χ ∈ H1(Y \K,Z2) is simply described as χ[ρ] = [ρ ·χ] where ρ ·χ : π1(Y \K) →
SU(2) is the SU(2)-representation defined as (ρ · χ)(g) := ρ(g)χ(g) for g ∈ π1(Y \K). If ρ
satisfies

ρ(µK) ∼
[
e2πiα 0
0 e−2πiα

]
then

(ρ · χ)(µK) ∼

[
e2πi(

1
2
−α) 0

0 e−2πi( 1
2
−α)

]
.

2.4 Holonomy perturbations

In this subsection, we review the construction and properties of the perturbation term of the
Chern-Simons functional introduced by Floer [14] and Braam-Donaldson [1], and here we
follow the notation of Kronheimer-Mrowka [31] and Daemi-Scaduto [8].

Let q : S1×D2 → Y \K be a smooth immersion of a solid torus. (s, z) ∈ S1×D2 denotes
its coordinate regarding S1 as R/Z and D2 as the unit disk in C. Let GE → Y be the bundle of
group whose sections are gauge transformations ofE. This is defined byGE = P ×SU(2)SU(2)
where P is the corresponding SU(2)-bundle and SU(2) acts as obvious way on P and conjugate
on SU(2)-factor. Holq(A) : D2 → q∗(GE) is a section of q∗(GE) which assigns the holonomy
Holq(−,z)(A) of connection A ∈ A(Y,K, α) along the loop q(−, z) : S1 → Y \ K to each
z ∈ D2. Next, we repeat the above constructions for an r-tuple of smooth immersions of solid
tori.

q = (q1, · · · , qr).
Assume that there is a positive number η > 0 such that

qi(s, z) = qj(s, z) for all (s, z) ∈ [−η, η]×D2. (2.3)

Then there are identifications,
q∗i (GE)

∼= q∗j (GE)

over [−η, η]×D2. q∗(GrE) denotes the fiber product of q∗1(GE), · · · , q∗r (GE) over [−η, η]×D2.
Then we can construct a section Holq(A) : D

2 → q∗(GrE) which assigns

(Holq1(−,z)(A), · · · ,Holqr(−,z)(A)) ∈ SU(2)r

for each z ∈ D2. Next, we choose a smooth function on SU(2)r which is invariant under the
diagonal action of SU(2) on SU(2)r by the adjoint action on each factor. Then this smooth
function induces h : q∗(GE) → R.

Definition 2.5. Holq(A) and h are as above. Let µ be a 2-form on D2 such that
∫
D2 µ = 1. A

smooth function f : A(Y,K, α) → R of the form

f(A) =

∫
D2

h(Holq(A))µ

is called a cylinder function.
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Cylinder functions are determined by the choice of an r-tuples q and a function h. Note that
the construction of cylinder functions is gauge invariant. Let P be the space of perturbations.
See [31] for the detailed description. For each π ∈ P , we can associate a cylinder function fπ.
We call fπ the holonomy perturbation and CS + fπ the perturbed Chern-Simons functional.

Proposition 2.6. There is a residual subset of the Banach space of perturbations P ′ ⊂ P
such that, for any sufficiently small π ∈ P ′, the perturbed Chern-Simons functional CS + fπ
has the non-degenerate critical point set Crit∗π and its image C∗

π in B∗(Y,K, α) is a finite
point set. Moreover, the reducible critical point θα is unmoved under the perturbation and is
non-degenerate if ∆(Y,K)(e

4πiα) ̸= 0.

proof. The finiteness property follows from a similar argument in [31, Lemma 3.8]. The non-
degeneracy condition follows from the fact that fπ is dense in C∞(S) for any compact finite
dimensional submanifold S ⊂ B∗(Y,K, α). See [10, Section 5] for details. The argument in
[8, Subsection 2.4] is adapted to show that, for a suitable choice of an SU(2)-invariant smooth
function h, the unique flat reducible θα is unmoved under small perturbations. By Proposition
2.4, the unique flat reducible θα is still isolated and non-degenerate for such perturbations under
the condition ∆(Y,K)(e

4πiα) ̸= 0.

2.5 The moduli space over the cylinder

We discuss trajectories for the perturbed gradient flow. Let (Z, S) = R × (Y,K) be a cylinder
equipped with a product metric gνY + dt. We introduce moduli spaces of instantons over the
cylinder. E denotes the pullback of the SU(2)-bundle E → Y by the projection R × Y → Y .
Consider a connectionA onE of the formA = B(t)+Cdt, whereB(t) is a t-dependent singular
connection on Y \K. Let β0 and β1 be elements in C∗

π. Let B0 and B1 be their representatives
in gauge equivariant classes. Consider a singular connection A0 over the cylinder (Z, S) such
that

A0|(Y \K)×{t} = B1 for t≫ 0,

A0|(Y \K)×{t} = B0 for t≪ 0.

A0 defines a path γ : R → B(Y,K, α) by sending t to [B(t)]. z denotes its relative homotopy
class in π1(B(Y,K, α);β0, β1).

Then we define the space of singular connection indexed by z.

Az(Z, S;B0, B1) = {A|A−A0 ∈ Ľ2
m,A0

(Z \ S,Λ1 ⊗ gE)}

We also define the group of gauge transformations,

Gz(Z, S) = {g ∈ Aut(E)|∇k
A0
g ∈ Ľ2(Z \ S,End(E)), k = 1, · · · ,m+ 1}.

The group Gz(Z, S) acts on Az(Z, S). Taking the quotient, we get the configuration space
Bz(Z, S;β0, β1). We introduce the moduli space of (perturbed) instantons over the cylinder
associated with the perturbed Chern-Simons functional CS + fπ. This is the moduli space of
solutions of perturbed ASD-equation

Mπ
z (β0, β1) = {[A] ∈ Bz(Z, S;β0, β1)|F+

A + V̂π(A) = 0}.
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Here V̂π is a term arising from the perturbation fπ. The perturbed version of ASD-complex is
given by

Ω0(Z \ S, gE)
dA−→ Ω1(Z \ S, gE)

d+A+DV̂π−−−−−→ Ω+(Z \ S, gE).

We consider the Fredholm operator

DA,π : Ľ2
m,A0

(Z \ S,Λ1 ⊗ gE) → Ľ2
m−1,A0

(Z \ S, (Λ0 ⊕ Λ+)⊗ gE)

given byDA,π = −d∗A⊕(d+A+DV̂π). We define the relativeZ-grading for β0, β1 ∈ C∗
π(Y,K, α)

as follows:
grz(β0, β1) = ind(DA,π),

where z is a path represented byA. Note that indDA,π is independent of the choice of perturbation
π since the term DV̂π is a compact operator. The following proposition gives the well-defined
mod 4 grading on the critical point set.

Proposition 2.7. ( [31, Lemma3.1]) Let z ∈ π1(B(Y,K, α)) be a homotopy class represented
by a path which connects B and g∗(B), where β = [B] and d(g) = (k, l). For β ∈ C∗ and a
homotopy class z ∈ π1(B(Y,K, α);β), we have

grz(β, β) = 8k + 4l.

The mod 4 of Z-grading is independent of the choice of the homotopy class z and hence we
can write

gr(β0, β1) ≡ grz(β0, β1) (mod4).

We also define the absolute Z-grading by

grz(β, θα) = ind(DA,π : ϕĽ2
m → ϕĽ2

m−1),

where ϕĽ2
m is a weighted Sobolev space with a weight function ϕ which agree with e−δ|t| over

two ends of the cylinder. Here δ > 0 is chosen as small enough. Similarly, we can define the
mod 4 grading

gr(β) ≡ grz(β, θα) (mod4).

The moduli space Mπ
z (β0, β1) is called regular if the operator DA,π is surjective for all [A] ∈

Mπ
z (β0, β1). For a generic choice of perturbation, the moduli spaceMπ

z (β0, β1) is a regular and
smooth manifold of dimension grz(β0, β1). We explicitly writeMπ

z (β0, β1)d if the moduli space
Mπ
z (β0, β1) has dimension d. We also write M̆π

z (β0, β1)d−1 =Mπ
z (β0, β1)d/R. The argument

in [10, Section 5] is adapted to our situation, and we have the following properties:

Proposition 2.8. Let α ∈ (0, 12) be a holonomy parameter with ∆K(e4πiα) ̸= 0 and π0 ∈ P ′

be a small perturbation such that Cπ0 = {θα} ⊔ C∗
π0 consists of finitely many non-degenerate

points. Then there is a small perturbation π ∈ P ′ such that

(i) fπ = fπ0 in a neighborhood of Cπ0 ,

(ii) Cπ = Cπ0 ,
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(iii) Mπ
z (β1, β2) is regular for all homotopy classes z and critical points β1, β2.

proof. First, we fix a perturbation π0 ∈ P as in Proposition 2.6. Then, for each homotopy
class z, we can find a perturbation πz ∈ P which is supported away from critical points and
the corresponding moduli space is regular. This essentially follows from the argument in [10,
Section 5]. Since the subset Pz of regular perturbations as above forms open dense subset in P ,
we can find a desired perturbation π in the countable intersection ∩zPz .

From now on, we assume that perturbation π ∈ P is always taken so that it satisfies properties
in Proposition 2.8 and we drop π from the notation Mπ

z (β1, β2).

2.6 Compactness

Consider a relative homotopy class z ∈ π1(B(Y,K, α), β1, β2). If β1 = β2 then we assume that
z is a non-trivial homotopy class. Elements in M̆z(β1, β2) are called unparamtrized trajectories.

Definition 2.9. A collection of unparametrized trajectories ([A1], · · · , [Al]) ∈ M̆z1(β1, β2) ×
· · ·×M̆zl(βl−1, βl) is called an unparametrized broken trajectory fromβ1 toβl. If the composition
of paths z1 ◦ · · · ◦ zl is contained in the homotopy class z, then M̆+

z (β1, βl) denotes the space of
unparametrized broken trajectories from β1 to βl.

The compactness property of moduli spaces is as follows. See also [31, Proposition 3.22].

Proposition 2.10. Let β1, β2 ∈ Cπ and assume that dimMz(β1, β2) < 4. Then the space of
unparametrized broken trajectories M̆+

z (β1, β2) is compact.

We can assign the energy Eπ(z) to a homotopy class z. In singular gauge theory for general
holonomy parameters, the counting #

⋃
z M̆z(β1, β2) with grz(β1, β2) = 1 can be infinite.

Instead, we use the following finiteness result.

Proposition 2.11. ([31, Proposition 3.23]) For a given constant C > 0, there are only finitely
many critical points β1, β2 and homotopy classes z ∈ π1(B;β1, β2) such that the moduli space
Mz(β1, β2) is non-empty and Eπ(z) < C.

Thus ⋃
z

Eπ(z)<C

M̆z(β1, β2)0

is a finite point set for any C > 0.
The gluing formula of the index tells us

grz(β0, θα) + 1 + grz′(θα, β1) = grz′◦z(β0, β1) (2.4)

since θα has a stabilizer S1. From this relation, we conclude that any broken trajectories in
M+
z (β0, β1)d do not factor through θα if the dimension of Mz(β0, β1)d is less than 3.
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2.7 Cobordisms

Let (W,S) be a pair of an oriented 4-manifold and an embedded oriented surface such that
∂W = Y ′ ⊔ (−Y ) and ∂S = K ⊔ K ′. We call (W,S) the cobordism of pairs and write
(W,S) : (Y,K) → (Y ′,K ′). Set

(W+, S+) := R≤0 × (Y,K) ∪ (W,S) ∪ R≥0 × (Y ′,K ′).

We fix a metric on W+ \ S+ with a cone angle 2π
ν and cylindrical forms on each ends. Let

β ∈ B(Y,K, α) and β′ ∈ B(Y ′,K ′) be given connections and we choose a singular SU(2)-
connectionA0 on (W+, S+) which has a limiting connection β, β′(up to gauge transformations)
on each ends of (W+, S+). z denotes the homotopy class of A. We define the space of
connections and the group of gauge transformations as follows:

Az(W,S;β, β
′) := {A|A−A0 ∈ Ľ2

m−1,A0
(W+ \ S+, gE ⊗ Λ1)},

Gz(W,S) := {g ∈ Aut(E)|∇i
A0
g ∈ Ľ2(W+ \ S+; End(E)), i = 1 · · ·m}.

We also define the quotient

Bz(W,S;β, β′) := Az(W,S;β, β
′)/Gz(W,S).

B(W,S;β, β′) denotes the union ofBz(W,S;β, β′) for all paths. The perturbed ASD equation on
(W,S) has the form F+

A +UπW = 0 where UπW is a t-dependent perturbation. More concretely
this can be described as the following. (The argument is based on [31].) Let π, π0 ∈ PY be two
holonomy perturbations on R× (Y,K). The perturbed ASD equation on R≤0 × (Y,K) has the
following form

F+
A + ψ(t)V̂π + ψ0(t)V̂π0 = 0

where ψ(t) is a smooth cut-off function such that ψ(t) = 1 if t < −1 and ψ(t) = 0 at t = 0. ψ0

is a smooth function supported on (−1, 0)×Y . We choose π ∈ P so that Cπ satisfies properties
in Proposition 2.6 and Proposition 2.8. The perturbation term can be described similarly on
another end. For generic choices of π0 and π′0 ∈ PY ′ , the irreducible part of the perturbed
ASD-moduli space

Mz(W,S;β, β
′) ⊂ Bz(W,S;β, β′)

is a smooth manifold. Consider the ASD-operator

DA = −d∗A ⊕ d+A : ϕĽ2
m,A0

(W \ S, gE ⊗ Λ1) → ϕĽ2
m−1,A0

(W \ S, gE ⊗ (Λ0 ⊕ Λ+)) (2.5)

where ϕ is a weight function. If one of limiting connection of A0 is irreducible then we choose
ϕ ≡ 1 on that end of (W+, S+). If A0 has a reducible limiting connection then we choose
ϕ = e−δ|t| on that end, where δ > 0 is small enough. M(W,S;β, β′)d denotes the union of the
moduli spaces Mz(W,S;β, β

′) with indDA = d.

Definition 2.12. We define the topological energy of A ∈ B(W,S;β, β′) as

κ(A) :=
1

8π2

∫
W+\S+

Tr(FA ∧ FA),
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and the monopole number of A as

ν(A) :=
i

π

∫
S+

Ω− 2αS · S.

where
FA|S+ =

[
Ω 0
0 −Ω

]
.

For the cylinder (W,S) = [0, 1]× (Y,K) and the trivial perturbation π = 0, the topological
energy κ is related to energy E of the Chern-Simons functional as 2κ(A) = E(A). Consider
an SU(2) connection B on (Y,K) and a connection A over the cylinder R × (Y,K) which
asymptotic to B at −∞ and a fixed reducible flat connection θ̃α such that CS(θ̃α) = 0 at ∞.
Then CS(B) = κ(A) by the construction.

Similarly we define an R-valued function holK : A(Y,K, α) → R as follows;

Definition 2.13. Let A be an SU(2) connection over the cylinder [0, 1]× (Y,K) as above. We
define holK(B) := −ν(A).

If z is a path on (W,S) which is represented by a connection A, then we write κ(z) for κ(A)
and ν(z) for ν(A) since these numbers are independent of the choice of A.

Let (X,Σ) be a pair of a four-manifold and an embedded surface with boundary ∂X = Y ,
∂Σ = K where K is an oriented knot in an oriented integral homology 3-sphere Y . We assume
that [Σ] = 0. Let Θα be a singular flat reducible connection with a holonomy parameter α = n

m

and whose lift to the m-fold cyclic branched covering X̃m is the trivial connection. We write
H i(X \ Σ;Θα) for i-th cohomology of X \ Σ with the local coefficient system twisted by Θα.
Let H+(X \ Σ;Θα) and H−(X \ Σ;Θα) be the space of self-dual and anti-self-dual harmonic
2-forms on X \ Σ twisted by Θα respectively.

Lemma 2.14. We define χ(X \ Σ;Θα) =
∑

i(−1)idimH i(X \ Σ;Θα) and σ(X \ Σ;Θα) =
dimH+(X \ Σ;Θα)− dimH−(X \ Σ;Θα).

Then
χ(X \ Σ;Θα) = χ(X)− χ(Σ),

σ(X \ Σ;Θα) = σ(X) + σα(Y,K).

proof. Consider a rational holonomy parameter of the form α = n
m ∈ Q. We take a m-fold

branched covering π : X̃m → X whose branched locus is Σ. The pull-back of singular flat
connection Θα extends as the trivial flat connection over X̃m. Let τ : X̃m → X̃m be a generator
of covering transformations. Then its induced action τ̃ on the pulled-back bundle C is the
multiplication by e

4πin
m . Since the index of the twisted de Rham operator

dΘα + d∗Θα
: Ωeven(X \ Σ;Θα) → Ωodd(X \ Σ;Θα)

coincides with the index of

d+ d∗ : Ωeven(X̃m;C)τ̃ → Ωodd(X̃m;C)τ̃ (2.6)

23



where Ω∗(X̃m;C)τ̃ = {ω ∈ Ω∗(X̃m;C)|ω(τ(x)) = τ̃(ω(x))}. The index of (2.6) is given by
χ(X) − χ(Σ). This can be seen by taking cell complex C∗(X̃m) of X̃m in τ -equivariant way.
Then there are decompositions of the underlying groups of the chain complex

C∗(X̃m) = C∗(Σ)⊕ C∗(X̃m \ Σ),

C∗(X̃m \ Σ) =
n⊕
i=1

Ci,

where each Ci is isomorphic to a copy of C∗(X \Σ). Since τ∗ acts as the identity on C∗(Σ) and
a cyclic way on C∗(X̃m \ Σ) =

⊕n
i=1Ci, all eigenspaces of the action τ∗ on C∗(X̃m \ Σ) are

isomorphic. On the other hand, there is the identity χ(X̃m) = mχ(X) − (m − 1)χ(Σ). Thus
the τ -invariant index of the de Rham operator is given by χ(X)− χ(Σ).

Similarly, the index of the signature operator twisted by the local coefficient Θα coincides
with the index of the signature operator over X̃m which is restricted to e

4πin
m -eigenspaces. Such

signature is equal to σ(X) + σ n
m
(Y,K) by the formula in [41].

Proposition 2.15. Let (W,S) : (Y,K) → (Y ′,K ′) be a cobordism of pairs and [A] be an
element of B(W,S; θα, θ′α). Then the index of the ASD operator DA is given by

indDA = 8κ(A)+2(4α−1)ν(A)−3

2
(σ(W )+χ(W ))+χ(S)+8α2S·S+σα(Y,K)−σα(Y ′,K ′)−1.

proof. Let X be a compact four-manifold with ∂X = Y and Σ ⊂ Y be a Seifert surface of the
knot K. Pushing Σ into the interior of X , we obtain a pair (X,Σ) whose boundary is (Y,K).
Moreover [Σ] = 0 in H2(X;Z). Similarly we can construct another pair (X ′,Σ′) such that
(∂X ′, ∂Σ′) = (Y ′,K ′).

Set
(W̄ , S̄) := (X,Σ) ∪(Y,K) (W,S) ∪(Y ′,K′) (X

′,Σ′).

(W̄ , S̄) is a closed pair of a four-manifold and an embedded surface. Let A1 and A2 be
singular flat reducible connections over (X,Σ) and (X,Σ′) which are extensions of θα and
θ′α respectively. Let A be a connection which represents an element of B(W,S; θα, θ′α). We
consider the connection A′ = A1#θαA#θ′αA2 over (W̄ , S̄) obtained by the gluing.

Using the gluing formula for the index, we have

indDA′ = indDA1 + indDA + indDA2 + 2

where A′ is a singular connection on the closed pair (W̄ , S̄) obtained by gluing A1, A2, and A.
SinceA1 is reducible, there is the decompositionA1 = 1⊕Bα with respect to the decomposition
of the adjoint bundle R⊕L⊗2, where 1 denotes the trivial connection. The deformation complex
for DA1 decomposes into the following two parts

Ω0(X)
d−→ Ω1(X)

d+−−→ Ω+(X) (2.7)

and

Ω0(X \ Σ; adBα)
dBα−−→ Ω1(X \ Σ; adBα)

d+Bα−−→ Ω+(X \ Σ; adBα). (2.8)
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The index of (2.7) is given by −1
2(σ(X) + χ(X))− 1

2 . On the other hand, the index of (2.8) is
given by−σ(X\Σ;Bα)−χ(X\Σ;Bα). Using two formulae σ(X\Σ;Bα) = σ(X)+σα(Y,K)
and χ(X \ Σ, Bα) = χ(X)− χ(Σ) in Lemma 2.14, we obtain

indDA1 = −3

2
(σ(X) + χ(X))− σα(Y,K) + χ(Σ)− 1

2
.

Similarly, we have

indDA2 = −3

2
(σ(X ′) + χ(X ′)) + σα(Y

′,K ′) + χ(Σ′)− 1

2

since σα(−Y ′,K ′) = −σα(Y ′,K ′). The index formula for a closed pair in [27] gives

indDĀ = 8κ(Ā) + 2(4α− 1)ν(Ā)− 3

2
(σ(W̄ ) + χ(W̄ )) + χ(S̄) + 8α2S · S + 2.

Hence we have the desired formula

indDA = 8κ(A)+2(4α−1)ν(A)−3

2
(σ(W )+χ(W ))+χ(S)+8α2S·S+σα(Y,K)−σα(Y ′,K ′)−1.

Remark 2.16. (i) The index formula in Proposition 2.15 recovers [8, Lemma 2.26] when
α = 1

4 .

(ii) For a cobordism of pairs (W,S) : (Y,K) → (Y ′,K ′), we define the following integers

k(L) = −c1(L)2[W ],

l(L) = −c1(L)[S].

Then the Chern-Weil formula gives us another expression of index formula in Proposition
2.15 as follows:

indDAL
= 8k(L) + 4l(L)− 3

2
(σ(W ) + χ(W )) + χ(S) + σα(Y,K)− σα(Y

′,K ′)− 1.

Assume that the cobordism of pairs (W,S) satisfies b1(W ) = b+(W ) = 0. Then there exists
a unique singular reducible instanton AL corresponding to a decomposition E = L⊕ L∗.

Definition 2.17. We call AL minimal if it minimizes indDAL
among all line bundles L.

Our definition of minimal reducible coincides with [9, Subsection 2.3] if α = 1
4 .

Let us describe relations between CS and κ, and ν and holK over cobordisms. Consider a
connection A over a cobordism (W,S) : (Y,K) → (Y ′,K ′) whose limiting connections are B
on (Y,K) and B′ on (Y ′,K ′). Then the following statement holds.

Lemma 2.18. Fix a reducible connection AL over (W,S). Then there exist k, l ∈ Z such that

κ(A)− κ(AL) = CS(B)− CS(B′) + k + 2αl,

ν(A)− ν(AL) = holK′(B′)− holK(B)− 2l.
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proof. Recall thatR-valued functionsCS andhol are fixed by choosing reducible flat connections
θ̃α and θ̃′α over each pairs (Y,K) and (Y ′,K ′). If we choose a reducible connectionAL0 so that
it has two reducible limits θ̃α and θ̃′α, then we have

κ(A) + CS(B′) = CS(B) + κ(AL0)

ν(A)− holK′(B′) = −holK(B) + ν(AL0)

by the construction. If we change AL to other homotopy classes of reducible connections, terms
k + 2αl and −2l appear by gauge transformations.

For a cobordism of pairs (W,S) and a fixed holonomy parameter α, we introduce real values
κ0(W,S, α) and ν0(W,S, α) as follows.

Definition 2.19.

κ0(W,S, α) := min{κ(AL)|AL minimal reducible}

ν0(W,S, α) :=

{
ν(AL), where AL is a minimal reducible with κ0 = κ(AL) (α ̸= 1

4),

min{ν(AL)|AL is a minimal reducible} (α = 1
4).

Note that the homotopy class of the path z : θα → θ′α represented by a minimal reducibleAL
with κ0 = κ(AL) is uniquely determined when α ̸= 1

4 . If α = 1
4 then homotopy classes of paths

represented by minimal reducibles are not unique but finitely exist. In particular, ν0(W,S, α) is
well-defined.

Remark 2.20. If the cobordism of pairs (W,S) has a flat minimal reducible with a holonomy
parameter α then κ0(W,S, α) = ν0(W,S, α) = 0.

We write κ0 = κ0(W,S, α) and ν0 = ν0(W,S, α) for short.

Definition 2.21. Let (W,S) : (Y,K) → (Y ′,K ′) be a cobordism of pairs where K and K ′ are
oriented knots in integral homology 3-spheres Y , Y ′. Let S be an integral domain over Rα. A
cobordism of pairs (W,S) is called negative definite over S if it satisfies the followings

1. b1(W ) = b+(W ) = 0,

2. The index of the minimal reducibles is −1,

3.
ηα(W,S) :=

∑
AL:minimal

(−1)c1(L)
2
λκ0−κ(AL)T ν(AL)−ν0

is a non-zero element in S .

Remark 2.22. Our definition of the negative definite cobordism coincides with that of [9] when
α = 1

4 since instantons have minimal energy if only if they have the minimal index.
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a positive crossing a negative crossing

Figure 1: Crossings of knot

Let (W1, S1) : (Y1,K1) → (Y ′,K ′) and (W2, S2) : (Y ′,K ′) → (Y2,K2) be negative
definite cobordisms. Note that their composition (W2 ◦W1, S2 ◦ S1) : (Y1,K1) → (Y2,K2) is
also a negative definite cobordism.

A cylinder [0, 1] × (Y,K) and a homology concordance (Y,K) → (Y ′,K ′) are examples
of negative definite cobordisms. The following is also a basic example of negative definite
cobordisms. Let K+ be a knot in S3 which has at least one positive crossing. Let K− be a knot
which is obtained by replacing one positive crossing in the knot K+ by one negative crossing.
See Figure 1.

Since S3 is simply connected, K+ and K− are homotopic. Approximating homotopy from
K− to K+ by a smooth map, we get a smoothly immersed surface S ⊂ [0, 1] × S3 such that
S ∩{0}×S3 = K+ and S ∩{1}×S3 = K+. Furthermore, we assume that S has a transversal
self-intersection point. Let S′ : K+ → K− be an inverse cobordism of S. S has a positive
self-intersection point in [0, 1] × S3. Blowing up this self-intersection point, we obtain a new
cobordism of pairs

(CP2#([0, 1]× S3), S) : (S3,K−) → (S3,K+). (2.9)

S is an embedded surface in CP2#([0, 1]× S3) obtained by resolving the self-intersection of S
and it represents a homology class

2e ∈ H2(CP2;Z) ∼= H2(CP2#([0, 1]× S3);Z),

where e is an element represented by the exceptional curve. Similarly, we obtain a cobordism of
pairs

(CP2#([0, 1]× S3), S
′
) : (S3,K+) → (S3,K−). (2.10)

Cobordisms of pairs (W,S) : (S3,K−) → (S3,K+) and (W ′, S
′
) : (S3,K+) → (S3,K−)

constructed as above are called the cobordism of positive /negative crossing change respectively.

Proposition 2.23. Fix a holonomy parameter α ∈ (0, 12) ∩ Q with ∆K+(e
4πiα) ̸= 0 and

∆K−(e
4πiα) ̸= 0. Let S be an integral domain over Rα. We assume that σα(K+) = σα(K−).

Then the cobordism of positive and negative crossing change are negative definite over S .

proof. Firstly, we show that (2.9) is a negative definite pair. PutW = CP2#([0, 1]×S3). Then it
is clear thatW satisfies condition (1) in Definition 2.21 sinceH1(W ;Z) = 0 andH2(W ;Z) = Z.
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Let Am be a U(1)-reducible instanton corresponding to an element m ∈ Z = H2(W ;Z). Then

κ̄(Am) = −(c1(Lm) + αS)2

= (m+ 2α)2

where Lm be a line bundle such that c1(Lm)[e] = −m. We also have

ν(Am) = 2c1(Lm)[S] = −4m.

The index computation yields that

ind(DAm) = 8(m+ 2α)2 + 2(4α− 1) · (−4m)− 32α2 + σα(K+)− σα(K−)− 1

= 8m(m+ 1) + σα(K−)− σα(K+)− 1.

Thus m = 0,−1 minimize indDAm , and this means that A0 and A−1 are minimal reducibles.
Since σα(K+) = σα(K−) by our assumption, the index for minimal instantons are−1 for the first
case. Thus (W,S) satisfies condition (2) in Definition 2.21. Since κ̄(Am) = m2 +4αm+4α2,
we have

ηα(W,S) =

{
1− λ4α−1T 4 (α ≤ 1

4)

λ1−4αT−4 − 1 (α > 1
4).

Since 1 − λ4α−1T 4 is invertible when α ̸= 1
4 and non-zero when α = 1

4 by the assumption,
ηα(W,S) is non-zero in S . Hence (W,S) satisfies condition (3) in Definition 2.21 and (W,S)
is a negative definite pair.

It is also obvious that (W,S′
) satisfies condition (1) in Definition 2.21. Since S′ has the

trivial homology class in H2(W ;Z), minimal reducibles are only trivial one with index −1.
Hence ηα(W,S′

) = 1 ̸= 0 ∈ S .

Next, we discuss the transversality of moduli spaces at reducibles. Following [26, 4], we
introduce the perturbation supported on the interior of the cobordism. Let I be an infinite
countable set of indexes and consider the following data.

• A collection of embedded 4-balls {Bi}i∈I in W+ \ S+.

• A collection of submersions qi : S1 ×Bi →W+ \ S+ such that qi(1, ·) is the identity.

• For any x ∈W \S, the set {qi,x|i ∈ I, x ∈ Bi} is a C1-dense subset in the space of loops
based at x ∈W \ S.

For each i ∈ I, consider a self-dual 2-form ωi onBi with supp(ωi) ⊂ Bi. These self-dual 2-
formsωi can be regarded as a self-dual 2-forms onW+\S+. We define Vωi : Az(W,S;β, β

′) →
Ω+(W+ \ S+; su(2)) as the following way,

Vωi(A) := π(ωi ⊗Holqi(A)),

where π : SU(2) → su(2) is a map given by g 7→ g − 1
2tr(g)1. The argument similar to [26]

shows that there are constantsKn,i and differentials of Vωi which satisfy the following inequality:

∥DnVωi |(a1, · · · , an)∥Ľ2
m,A0

≤ Kn,i∥ω∥Cl

n∏
i=1

∥ai∥Ľ2
m,A0

,
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where A0 is a singular connection which represents the homotopy class z and l ≥ 3. We choose
a family of positive constants {Ci} so that

Ci ≥ sup{Kn,i|0 ≤ n ≤ i}.

Consider a family of self-dual 2-forms {ωi} such that
∑

i∈I Ci∥ωi∥Cl converges. For such a
choice of {ωi}, Vω :=

∑
i∈I Vωiωi defines a smooth map

Az(W,S;β, β
′) → ϕĽ2

m(W
+ \ S+,Λ+ ⊗ su(2))

between Banach manifolds.
We define J := {(i, j) ∈ I ×I|i ̸= j, Bi,j := Bi∩Bj ̸= ∅} and qi,j : Bi,j →W+ \S+ by

qi,j |{x}×S1 := qi,x ∗ qj,x ∗ q−1
i,x ∗ q−1

j,x

for each (i, j) ∈ J . We choose a family of constants {Ci,j}(i,j)∈J as before. Let ωi,j be a self-
dual2-form on Bi,j . We introduce a Banach space W which consists of sequences of self-dual
2-forms ω = {ωi}i∈I ∪ {ωi,j}(i,j)∈J with the following weighted l1-norm:

∥ω∥W :=
∑
i∈I

Ci∥ωi∥Cl +
∑

(i,j)∈J

Ci,j∥ωi,j∥Cl

For each ω ∈ W , we define a perturbation term

Vω(A) :=
∑
i∈I

Vωi(A)⊗ ωi +
∑

(i,j)∈J

Vωi,j (A)⊗ ωi,j

which defines a smooth map Vω : Az(W,S;β, β
′) → Ľ2

m,ϵ(W
+ \ S+,Λ+ ⊗ su(2)). We call

F+
A + UπW (A) + Vω(A) = 0

the secondary perturbed ASD-equation over the cobordism of pairs (W,S) : (Y,K) → (Y ′,K ′).
MπW ,ω(W,S;β, β′) denotes the moduli space of solutions for the secondary perturbed ASD-
equation.

Proposition 2.24. Let (W,S) be a cobordism of pairs such that b1(W ) = b+(W ) = 0. Assume
that the perturbation πW is chosen so that the perturbed ASD-equation

F+
A + UπW (A) = 0

cuts out the irreducible part of the moduli space transversely. LetAad = 1⊕B be the adjoint con-
nection of abelian reducible ASD connection [A] ∈M(W,S; θα, θ

′
α)2d+1 with ind(d∗B⊕d

+
B) ≥ 0.

Then for a small generic perturbation ω ∈ W , the secondary perturbed ASD-equation cuts out
the irreducible part of the moduli space transversely. Moreover, MπW,ω(W,S; θα, θ

′
α)2d+1 is

regular at [A] and has a neighborhood of [A] which is homeomorphic to a cone on ±CPd.
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proof. For each connected component MπW ,ω
z (W,S;β, β′) of moduli spaces, the argument of

[4, Section 7] is adapted to our case and reducible points are regular for generic perturbations.
Taking countable intersections of these subsets of regular perturbations in W , we can find a
generic perturbation ω ∈ W such that the statement holds. The claim about local structures
around reducibles can be refined using the standard argument. See [11, Proposition 4.3.20], for
example.

The essentially same argument is used in [9]. From now on, we assume that perturbations
over the cobordism of pairs (W,S) are chosen so that they satisfy the statement of Proposition
2.24.

2.8 Orientation

We see the orientation of moduli spaces over the cylinder based on [31, 8]. Consider a reference
connection A0 on (W+, S+) as described in subsection 2.7 and the ASD-operator (2.5). If
the weight function ϕ has the form e−δ|t| on one end, the functional space ϕĽ2

m,A0
consists of

exponential decaying functions on that end. On the other hand, if the weight function ϕ has the
form eδ|t| on one end, the functional space ϕĽ2

m,A0
allows exponential growth functions. The

index of the operator DA depends on these choices of weighted functions. To distinct these two
situations, θα,± denote reducible flat limits θα with weighted functions e±δ|t|. Let z be a path
along (W,S) between two critical limits β, β′ on (Y,K), (Y ′,K ′). The family index of D{A}
defines a trivial line bundle det ind(DA) on each Bz(W,S, β, β′). Let Oz[W,S;β0, β1] be the
two-point set of the orientation of the determinant line bundle det ind(D{A}). Oz[W,S;β, β

′]
is the set of orientation of the moduli space Mα

z (W,S;β, β
′). There is a transitive and faithful

Z2-action on Oz[W,S;β, β
′]. For a composition of cobordisms (W2, S2) ◦ (W1, S1), there is a

pairing

Φ : Oz1 [W1, S1;β, β
′]⊗Z2 Oz2 [W2, S2;β

′, β′′] → Oz2◦z1 [W2 ◦W1, S2 ◦ S1;β, β′′]

which is induced from the gluing formula of the index. If we consider the gluing operation along
the reducible connection θα, we choose β′ = θα,+ at the first component and θα,− at the second
component. Since there is a natural isomorphism between Oz[W,S;β, β

′] and Oz′ [W,S;β, β
′],

we omit z from the above notations. We call an element of O[W,S; θα +, θ
′
α −] a homology

orientation of (W,S). For a given knot in integral homology 3-sphere (Y,K), we use the
following notations:

O[β] := O[Y × I,K × I;β, θα−]

if β is irreducible, and
O[θα] := O[Y × I,K × I; θα+, θα−].

There is an isomorphism

O[W,S; θα,+, θα,−]|[A0]
∼= Λtop(H1(W )⊕H+(W ))

and an element oW ∈ O[W,S; θα,+, θα,−] is called a homology orientation.
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Now, we describe how the orientation of the moduli space M(W,S;β, β′) is defined. Let
oW ∈ O[W,S; θα,+, θα,−] be a given homology orientation for (W,S). We fix elements
oβ ∈ O[β] and oβ′ ∈ O[β′]. Then the orientation o(W,S;β,β′) ∈ O[W,S;β, β′] is fixed so that

Φ(oβ ⊗ oW ) = Φ(o(W,S;β,β′) ⊗ oβ′).

The moduli space M̆z(β0, β1) is oriented as the following way. First, we fix orientations
oβ0 ∈ O[β0], oβ1 ∈ Λ[β1]. Then the orientation of M(β0, β1) is determined as the above way.
Note that there is an R-action on Mz(β1, β2). Let τs(t, y) = (t − s, y) be the transition on the
cylinder (Y,K) × R. Then the R-action on M(β0, β1) is given by the pull-back [A] 7→ [τ∗A].
Finally, we orient M̆(β1, β2) so that R× M̆(β1, β2) =M(β1, β2) is orientation preserving.

The boundary of moduli spaces is oriented so that the outward normal vector sits in the first
place in the tangent space.
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3 S-complexes and Frøyshov type invariants

In this section, we extend the construction of S-complexes C̃∗(Y,K) for (Y,K) in [8] to general
holonomy parameters. We also introduce Z×R-bigrading of S-complex with rational holonomy
parameters for the specific choice of coefficient and its filtered subcomplex based on [35].

3.1 A Review on S-complexes and Frøyshov invariants

Firstly, we review the S-complex and the Froøyshov type invariant introduced by [8] and [9].
They are defined by using purely algebraic objects.

Definition 3.1. Let R be an integral domain, and C̃∗ be a finitely generated and graded free
R-module. The triple (C̃∗, d̃, χ) is called an S-complex if

1. d̃ : C̃∗ → C̃∗ is a degree −1 homomorphism.

2. χ : C̃∗ → C̃∗ is a degree +1 homomorphism.

3. d̃ and χ satisfy

• d̃2 = 0, χ2 = 0, and d̃χ+ χd̃ = 0.
• Ker(χ)/Im(χ) ∼= R(0), where R(0) is a copy of R in C̃0

If (C∗, d) is a given chain complex with the coefficient ring R, we can form an S-complex
as follows

C̃∗ = C∗ ⊕ C∗−1 ⊕R,

d̃ =

 d 0 0
v −d δ2
δ1 0 0

 , χ =

 0 0 0
1 0 0
0 0 0

 , (3.1)

where δ1 : C∗ → R , δ2 : R → C∗−1 and v : C∗ → C∗−2. Since there are conditions on d̃
and χ in (3.1), the components in d̃ and χ have to satisfy the following relations

δ1d = 0, dδ2 = 0, dv − vd− δ2δ1 = 0. (3.2)

Conversely, if the S-complex (C̃, d̃, χ) is given then there is a decomposition of the form
C̃∗ = C∗ ⊕ C∗−1 ⊕R. The reader can find the detail in [8, Section 4.1].

There is also a notion of S-morphism, which is a morphism of S-complexes.

Definition 3.2. Let (C̃∗, d̃, χ) and (C̃ ′
∗, d̃

′, χ′) be S-complexes. Fix decompositions C̃∗ =
C∗⊕C∗−1⊕R and C̃ ′ = C ′

∗⊕C ′
∗−1⊕R. A chain map m̃ : C̃∗ → C̃ ′

∗ is called an S-morphism
if it has the form

m̃ =

 m 0 0
µ m ∆2

∆1 0 η

 (3.3)

where η ̸= 0 ∈ R.
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The condition that m̃ is a chain map is equivalent to the following relations.

md− dm = 0

∆1d+ ηδ1 − δ′1m = 0

d′∆2 − δ′2η +mδ2 = 0

µd+mv −∆2δ1 − v′m+ d′µ− δ′2∆1 = 0

Definition 3.3. Let m̃, m̃′ : C̃∗ → C̃ ′
∗ be two S-morphisms. An S-chain homotopy of m̃ and m̃′

is a degree 1 map h̃ : C̃∗ → C̃ ′
∗ such that

d̃′h̃+ h̃d̃ = m̃− m̃′, χ′h̃+ h̃χ = 0.

Two S-complexes C̃∗ and C̃ ′
∗ are called S-chain homotopy equivariant if there are S-morphisms

m̃ : C̃∗ → C̃ ′
∗ and m̃′ : C̃ ′

∗ → C̃∗ such that m̃m̃′ and m̃′m̃ are S-chain homotopic to the identity.

Remark 3.4. Consider S-morphisms m̃ : C̃∗ → C̃ ′
∗ and m̃′ : C̃ ′

∗ → C̃∗. If there are unit
elements c and c′ in the coefficient ring R, and two S-chain homotopies

m̃′m̃ ∼ cid
C̃∗
, m̃m̃′ ∼ c′id

C̃′
∗

then two S-complexes C̃∗ and C̃ ′
∗ are S-chain homotopy equivalent since both c−1m̃ and c′−1m̃

are S-chain homotopic to the composition c−1c′−1m̃m̃′m̃.

The Frøyshov type invariant is defined from an S-complex. It assigns an integer h(C̃∗) to
each S-complex C̃∗.

Definition 3.5. ( [8, Proposition 4.15])

• h(C̃∗) > 0 if only if there is an element β ∈ C∗ such that dβ = 0 and δ1β ̸= 0.

• If h(C̃∗) = k > 0 then k is the largest integer such that there exists β ∈ C∗ satisfying the
following properties;

dβ = 0, δ1v
k−1(β) ̸= 0, δ1v

iβ = 0 for i ≤ k − 2.

• If h(C̃∗) = k ≤ 0 then there are elements a0, · · · , a−k ∈ R and β ∈ C∗ such that

dβ =
−k∑
i=0

viδ2(ai).

The followings are basic properties of the Frøyshov type invariant.

Proposition 3.6. ([8, Corollary 4.14 ])
If there is an S-morphism m̃ : C̃∗ → C̃ ′

∗ then h(C̃∗) ≤ h(C̃ ′
∗).
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For given twoS-complexes (C̃∗, d̃, χ) and (C̃ ′
∗, d̃

′, χ′), the product ofS-complex (C̃⊗
∗ , d̃

⊗, χ⊗)
is defined as follows,

C̃⊗
∗ = C̃∗ ⊗ C̃ ′

∗

d̃⊗ = d̃⊗ 1 + ϵ⊗ d̃′

χ⊗ = χ⊗ 1 + ϵ⊗ χ′

where ϵ : C̃ ′
∗ → C̃ ′

∗ is given by ϵ(β′) = (−1)deg(β
′)β′ on elements of homogeneous degree. Let

d⊗, v⊗, δ⊗1 and δ⊗2 be components of d̃⊗ with respect to the splitting C̃⊗ = C⊗
∗ ⊕ C⊗

∗−1 ⊕ R.
Using the decompositionC⊗

∗ = (C⊗C ′)∗⊕(C⊗C ′)∗−1⊕C∗⊕C ′, these maps are represented
by follows.

d⊗ =


d⊗ 1 + ϵ⊗ d′ 0 0 0

−ϵv ⊗ 1 + ϵ⊗ v′ d⊗ 1− ϵ⊗ d′ ϵ⊗ δ′2 −δ′2 ⊗ 1
ϵ⊗ δ′1 0 d 0
δ′1 ⊗ 1 0 0 d′

 ,

v⊗ =


v ⊗ 1 0 0 δ2 ⊗ 1
0 v ⊗ 1 0 0
0 0 v 0
0 δ1 ⊗ 1 0 v′

 ,
δ⊗1 = [0, 0, δ1, δ

′
1], δ

⊗
2 = [0, 0, δ2, δ

′
2]
T.

The Frøyshov type invariant behaves additively for the product of S-complexes as follows.

Proposition 3.7. ( [8, Corollary 4.28 ])

h(C̃⊗
∗ ) = h(C̃∗) + h(C̃ ′

∗).

3.2 Floer homology groups with local coefficients

In this subsection, we construct the summandC∗ in anS-complex as a Floer chain group with local
coefficients. Let (Y,K) be an oriented knot in an integral homology 3-sphere. We fix a holonomy
parameter α so that ∆(Y,K)(e

4πiα) ̸= 0 to isolate the unique flat reducible connection θα. We
assign an abelian group ∆[B], for each elements [B] in the configuration space B(Y,K, α) and
an isomorphism ∆z : ∆[B0] → ∆[B1] for each homotopy class z ∈ π1(B(Y,K, α), [B0], [B1]).
If such assignment is functorial, a Floer chain complex with the local coefficient ∆ is defined as
follows:

Cα∗ (Y,K,∆) =
⊕

β∈C∗
π(Y,K,α)

∆βO[β],

⟨d(β0), β1⟩ =
∑

z:β0→β1

∑
[Ă]∈M̆z(β0,β1)

ϵ([Ă])⊗∆z.

The Z/4-grading of Cα∗ (Y,K,∆) is defined by mod 4 grading for critical points. Consider a
subring Rα in the Novikov ring ΛZ[T−1,T ]] which is introduced in Subsection 1.2 .
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Lemma 2.18 enables us to define a local coefficient system ∆ = ∆Rα as follows:

∆Rα,[B] := Rα · λCS(B)T holK(B),

∆Rα,z := #M̆z(β, β1)0λ
−κ(z)T ν(z).

Note that this definition is independent of choices of representatives of [B] and θα. We
denote Cα∗ (Y,K; ∆Rα) for a chain complex with the local coefficient system over Rα. For any
algebra S over Rα, we can extend the above construction to the coefficient S .

Definition 3.8. Let (Y,K) be an oriented knot in an integral homology 3-sphere and S be
an algebra over Rα. Fix α ∈ (0, 12) ∩ Q so that ∆(Y,K)(e

4πiα) ̸= 0. The homology group
of the Z/4-graded chain complex (Cα∗ (Y,K; ∆S ), d) is denoted by Iα∗ (Y,K; ∆S ). We call
Iα∗ (Y,K; ∆S ) the irreducible singular instanton knot homology over the local coefficient S
with the holonomy parameter α.

Let (W,S) : (Y,K) → (Y ′,K ′) be a negative definite cobordism over S . We define an
induced morphism m = m(W,S);C

α
∗ (Y,K; ∆S ) → Cα∗ (Y

′,K ′; ∆S ) by

m(β) =
∑

β′∈C∗(Y,K,α)

∑
z:β→β′

#Mz(W,S;β, β
′)0λ

κ0−κ(z)T ν(z)−ν0β′.

Counting the boundary of one-dimensional moduli space M+
z (W,S;β, β′)1 for each homotopy

class z, we obtain the relation
dm−md′ = 0.

We remark that

• For a composition of negative definite cobordism (W,S) := (W0, S0) ◦ (W1, S1), there is
a map ϕ such that

dϕ− ϕd = m(W1,S1) ◦m(W0,S0) −m(W,S).

where metrics and perturbation data on (W,S) is given by the composition of that of
(W0, S0) and (W1, S1).

• Ifm(W,S) andm′
(W,S) are defined by different perturbations and metric data on an interior

domain of (W,S), they are chain homotopic.

• If (W,S) = [0, 1]× (Y,K) then m(W,S) is chain homotopic to the identity map.

Thus Cα∗ (Y,K; ∆S ) is an invariant of (Y,K) up to chain homotopy. We denote Iα∗ (Y,K; ∆S )
for its homology group and this is an invariant for (Y,K).

Remark 3.9. The above argument shows that the chain homotopy type of Cα∗ (Y,K,∆S ) is
independent of the choice of orbifold metric with the same cone angle ν ∈ Z>0. Hence, more
precisely, the module Iα∗ (Y,K,∆S ) should be denoted by Iα∗ (Y,K, ν,∆S ). In this paper, we
implicitly assume that the cone angle ν is chosen as a large enough number so that gauge theory
on the orbifold setup described in Section 2 works.
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Next, we introduce the filtered construction for the Floer chain complex based on Nozaki-
Sato-Taniguchi [35]. For the filtered construction, we have to introduce the lift of critical points.
Let G(0,0) be a normal subgroup of the gauge group G(Y,K) which is given by

G(0,0) := {g|k(g) = l(g) = 0}.

Consider the quotient of the space of singular connections

B̃(Y,K, α) := A(Y,K, α)/G(0,0).

The Chern-Simons functional descends on B̃(Y,K, α) as an R-valued function, and we still
use the same notation. The normal subgroup G(0,0) is a connected component of the full gauge
group G(Y,K) which corresponds to (0, 0) ∈ Z⊕Z ∼= π0(G(Y,K)). Thus there is an action of
π0(G(Y,K)) ∼= Z ⊕ Z on B̃(Y,K, α) as a covering transformation, and hence B̃(Y,K, α) is a
covering space over B(Y,K, α) with a fiber Z⊕ Z.

Definition 3.10. A lift of [B] ∈ B(Y,K, α) to the covering space B̃(Y,K, α) is called a lift of
[B], and denoted by [̃B].

For a fixed lift [̃B] of [B] ∈ B(Y,K, α), the fiber of the projection B̃(Y,K, α) → B(Y,K, α)
over a point [B] can be described as

L[B] := {g∗([̃B]) ∈ B̃(Y,K, α)|g ∈ π0(G(Y,K))}.

The fiber L[B] can be seen as the set of lifts of the element [B]. There is another description
of lifts. Let θ̃α be a lift of reducible flat connections θα. Then a lift β̃ of β ∈ C∗

π is fixed by
choosing a path z : β → θα of connections over the cylinder whose endpoint is θ̃α.

We again choose the coefficient ring Rα and fix a lift β̃ for each critical points β ∈
Cπ(Y,K, α).

Then we modify the local coefficient system ∆Rα so that

∆Rα,β = Rα · λCS(β̃)T holK(β̃).

with the same map ∆Rα,z . Once we fix an orientation of β, each summand ∆βO[β] in the
chain complex are generated (over Z) by the elements of the form λkξlαβ̃ = λk+2αlT 2lβ̃ where
(k, l) ∈ Z ⊕ Z. The action of λkξlα corresponds to the action of the gauge transformation with
d(g) = (k, l). Such elements can be identified with the set of lifts Lβ of the critical point β.
Hence, the chain complex Cα∗ (Y,K; ∆Rα) can be seen as a Z-module generated by the all lift of
Cπ(Y,K, α) under the modification as above.

Once we fix lifts of generators, the chain complex Cα∗ (Y,K; ∆Rα) admits Z× R-bigrading
as in [9], that is we can associate a pair of values which is defined as follows:

For a lift β̃ of the critical point β ∈ Cπ, we define degZ(β̃) := grz(β) where z is a path
corresponding to the lift β̃. Then we extend degZ as

degZ(λ
iξjαβ̃) = 8i+ 4j + degZ(β̃).
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Next we define degR. For a lift β̃ of a critical point β ∈ Cπ, we define degR(β̃) := CS(β̃). This
extends to elements of the form λiξjαβ̃ as

degR(λ
iξjαβ̃) = i+ 2αj + degR(β̃). (3.4)

In general, an element γ ∈ Cα∗ (Y,K, α) has the form γ =
∑

i aiγi where γi ∈
⋃
β∈Cπ

Lβ . This
is possibly an infinite sum. We define

degR(γ) = max{degR(γi)|ai ̸= 0}

for γ ̸= 0 and degR(0) = −∞.
In summary, we have the following proposition.

Proposition 3.11. Once we fix lifts of critical points of the Chern-Simons functional, the chain
complex (Cα∗ (Y,K,∆Rα), d) admits the Z× R-bigrading.

We write Cα∗ (Y,K; ∆Rα)
[−∞,∞] for the chain complex Cα∗ (Y,K; ∆Rα) with the Z × R-

bigrading.
Let C ∗ ⊂ R be a subset defined by C ∗ := CS(Crit∗). For R ∈ R \ C ∗, we define a subset

Cα∗ (Y,K; ∆Rα)
[−∞,R] := {γ ∈ Cα∗ (Y,K; ∆Rα)

[−∞,∞]|degR(γ) < R}.

This defines a subcomplex of Cα∗ (Y,K; ∆Rα)
[−∞,∞]. For two numbers R0, R1 ∈ (R \ C ∗) ∪

{±∞} such that R0 ≤ R1, we define a quotient complex as follows,

Cα∗ (Y,K; ∆Rα)
[R0,R1] := Cα∗ (Y,K; ∆Rα)

[−∞,R1]/Cα∗ (Y,K; ∆Rα)
[−∞,R0]

Definition 3.12. For R0, R1 ∈ R ∪ {±∞} such that R0 ≤ R1 and R0, R1 /∈ C ∗ ∪ C ′∗, we call
Cα∗ (Y,K; ∆Rα) a [R0, R1]-filtered chain complex.

Consider a negative definite cobordism (W,S) : (Y,K) → (Y ′,K ′) with κ0 = 0. A
cobordism map m(W,S) on Cα∗ (Y,K; ∆Rα) induces a map

Cα∗ (Y,K; ∆Rα)
[−∞,R] → Cα∗ (Y

′,K ′; ∆Rα)
[−∞,R]

by the restriction, and hence this induces a map

m
[R0,R1]
(W,S) : Cα∗ (Y,K; ∆Rα)

[R0,R1] → Cα∗ (Y
′,K ′; ∆Rα)

[R0,R1].

As we described before, the covering transformation on B̃(Y,K, α) is generated by multiplica-
tions of elementsλ±1and ξ±1

α . We also introduce other generators which fit to theZ×R-bigrading
on Cα∗ (Y,K; ∆Rα). Let us introduce two operators on Cα∗ (Y,K; ∆Rα)

[−∞,∞],

Z±1 := (λ1−4αT−4)±1, U±1 := (λ2αT 2)±1.

These operators change the Z× R-bigrading as follows,
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Figure 2: Black dots represent lifts of the irreducible flat connection β and red dots represent lift
of the reducible flat connection θα.

• Operator Z:

degZ(Z
iβ̃) = degZ(β̃) (3.5)

degR(Z
iβ̃) = degR(β̃) + (1− 4α)i. (3.6)

• Operator U :

degZ(U
iβ̃) = degZ(β̃) + 4i, (3.7)

degR(U
iβ̃) = degR(β̃) + 2αi. (3.8)

See Figure 2 for the case α < 1
4 . Since λ = ZU2, actions of two operations Z and U (and their

inverses) on lifted critical points generate Cα∗ (Y,K; ∆Rα)
[−∞,∞].

3.3 Maps δ1, δ2, ∆1, and ∆2

We introduce operators which are defined by counting instantons on a cylinder or a cobordism
with the reducible limit. We remark that the sign convention of counting moduli spaces in this
subsection is the same as that of [8]. Let (Y,K) and (Y ′,K ′) be two knots in integral homology
3-spheres. Let S be an integral domain over Rα. In this subsection, we assume that the
holonomy parameter α is chosen so that it ∆(Y,K)(e

4πiα) ̸= 0 and ∆(Y ′,K′)(e
4πiα) ̸= 0.
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Definition 3.13. We define S -linear chain maps δ1 : Cα∗ (Y,K; ∆S ) → S and δ2 : S →
Cα−2(Y,K; ∆S ) as follows.

For β ∈ C∗
π(Y,K, α),

δ1(β) :=
∑

z:β→θα

#M̆z(β, θα)0λ
−κ(z)T ν(z),

and
δ2(1) :=

∑
β∈C∗

π(Y,K,α)
gr(β)≡2

∑
z:θα→β

#M̆z(θα, β)0λ
−κ(z)T ν(z)β.

Since the compactified one dimensional moduli space M̆+
z (β, θα)1 has oriented boundaries⋃

γ∈C∗
π

gr(γ)≡1

⋃
z1,z2

z1◦z2=z

M̆z1(β, γ)0 × M̆z2(γ, θα)0,

it is straightforward to check that d ◦ δ1 = 0. Similarly, δ2 ◦ d = 0 holds.
Next, we define ∆1 : Cα∗ (Y,K; ∆S ) → S and ∆2 : S → Cα∗ (Y

′,K ′; ∆S ) for a
cobordism of pairs (W,S) : (Y,K) → (Y ′,K ′).

Definition 3.14.
∆1(β) :=

∑
z

#Mz(W,S;β, θ
′
α)0λ

κ0−κ(z)T ν(z)−ν0 ,

∆2(1) :=
∑

β′∈C∗
π(Y

′,K′,α)

∑
z

#Mz(W,S; θα, β
′)0λ

κ0−κ(z)T ν(z)−ν0β′.

Proposition 3.15. Let m = m(W,S) : Cα∗ (Y,K; ∆S ) → Cα∗ (Y
′,K ′; ∆S ) be a cobordism

map induced from the negative definite pair (W,S) : (Y,K) → (Y ′,K ′). Then the following
relations:

(i) ∆1 ◦ d+ ηδ1 − δ′1 ◦m = 0,

(ii) d′ ◦∆2 − δ′2η +m ◦ δ2 = 0.

hold, where η = ηα(W,S) and ′ denotes corresponding maps for the pair (Y ′,K ′).

proof. The relation (i) is given by counting the ends of each component of the one-dimensional
moduli space Mz(W,S;β, θ

′
α)1 as in [8, Proposition 3.10 ]. The boundary components of

Mz(W,S;β, θ
′
α)1 with the induced orientation are given by

(a)
−
⋃

β1∈C∗
π

⋃
z1,z2

z1◦z2=z

M̆z1(β, β1)0 ×Mz2(W,S;β1, θ
′
α)0,

(b) ⋃
γ′∈C′∗

π

⋃
z1,z2

z1◦z2=z

Mz1(W,S;β, β
′)0 × M̆z2(β

′, θα)0,
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(c)
−

⋃
z1,z2

z1◦z2=z

M̆z1(β, θα)0 ×Mz2(W,S; θα, θ
′
α)0

Note that product orientations of M̆z1(β, γ)0×Mz2(W,S; γ, θ
′
α)0 and M̆z′(β, θα)0×M(W,S; θα, θ

′
α)0

are opposite to orientations induced as the boundaries ofMz(W,S;β, θα)1. The signed counting
of the boundary components of type (a) and type (b) contribute to −∆1 ◦ d(β) and δ′1 ◦m(β)
respectively. Since M(W,S; θα, θ

′
α)0 consists of minimal reducible elements, the counting of

(c) gives −ηδ1(β). This proves (i). The relation (ii) can be similarly proved considering the ends
of the one-dimensional moduli space Mz(W,S; θα, β

′)1.

3.4 Maps v and µ

In this subsection, we introduce maps induced from the cobordism of pairs (W,S) with an
embedded curve γ ⊂ S. Our assumptions for the choice of holonomy parameter α and the
coefficient S are the same as the previous subsection. We remark that the sign convention of
moduli spaces in this subsection is also the same as that of [8]. In particular, if f : M → N be
a smooth map between oriented manifolds then f−1(y) for a regular value y ∈ N is oriented so
that

TxM = Nxf
−1(y)⊕ Txf

−1(y)

is orientation preserving, where Nxf
−1(y) is a fiber of the normal bundle for f−1(y) and its

orientation is induced from that of N . The mapping degree deg(f) is defined by using this
orientation.

Assume that γ : [0, 1] → S is a smoothly embedded loop. Fix a regular neighborhood
Nγ(ϵ) of γ in W with radius ϵ > 0 and fix a base point x0 ∈ ∂Nγ(ϵ). We take a Seifert
framing γ̃ϵ ⊂ ∂Nγ(ϵ) of γ so that it pass through a base point x0. The bundle decomposition
E = L ⊕ L∗ over S ⊂ W extends to Nγ(ϵ), and the holonomy of the adjoint connection of
[A] ∈ B(W,S;β, β′) yields Holγ̃ϵ(Aad) ∈ S1. Put

hγββ′(A) := lim
ϵ→0

Holγ̃ϵ(A
ad).

The construction above gives a map

hγββ′ : B(W,S, α;β, β′) → S1. (3.9)

Note that this map itself depends on the choice of the Seifert framing of γ and orientations of K
and S. However, such dependence on auxiliary data can be ignored to define the following map.

Definition 3.16. Let β and β′ be irreducible critical points of the (perturbed) Chern-Simons func-
tional on (Y,K) and (Y ′,K ′) respectively. We define a map µ = µ(W,S,γ) : C

α
∗ (Y,K; ∆S ) →

Cα∗ (Y
′,K ′; ∆S ) by

µ(β) =
∑

β′∈C∗
π(Y,K,α)

∑
z:β→β′

deg
(
hγββ′ |Mz(W,S;β,β′)1

)
λκ0−κ(z)T ν(z)−ν0β′

for each β ∈ C∗
π(Y,K, α).
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The map µ satisfies the following relation.

Proposition 3.17.
d′ ◦ µ− µ ◦ d = 0.

proof. Consider the compactified 2-dimensional moduli space M+
z (W,S;β, β′)2 which has the

oriented boundary of the following types

−
⋃

β1∈C∗
π(Y,K,α)

⋃
z′◦z′′=z

M̆+
z′ (β, β1)i−1 ×M+

z′′(W,S;β1, β
′)2−i

⋃
β′
1∈C∗

π(Y
′,K′,α)

⋃
z′◦z′′=z

M+
z′ (W,S;β, β

′
1)2−i × M̆+

z′′(β
′
1, β

′)i−1

where i = 1 or 2. We count the boundary of the 1-dimensional submanifold (hγββ′)−1(s) ⊂
M+(W,S;β, β′) for a regular value s ∈ S1. Since the closed loop γ is supported on a compact
subset of S, (hγββ′)−1(s) intersects faces of the boundary of M+

z (W,S;β, β′) with i = 1. Thus
we have

#((hγββ′)
−1(s) ∩ ∂M+

z (W,S;β, β′)2) = d′ ◦ µ− µ ◦ d = 0.

We consider the case when (W,S) = R× (Y,K) and γ ⊂ S is a curve R× {y0} where y0
is a fixed base point in K. Taking holonomy along γ, we obtain a map

hβ1β2 : B(Y,K, α;β1, β2) → S1

by the similar way as (3.9), where βi (i = 1, 2) are irreducible critical points of the Chern-Simons
functional.

The holonomy map hβ1β2 is modified to extend broken trajectories as in [10]. Such modifi-
cation of hβ1β2 near the broken trajectories gives the map

Hβ1β2 : M̆(β1, β2)d → S1

with the following properties.

(i) Hβ1β2 = hβ1β2 on the complement of a small neighborhood of ∂M̆+(β1, β2)d.

(ii) Hβ1β3([A1], [A2]) = Hβ1β2([A1]) · Hβ2β3([A2]) on unparametrized broken trajectories
M̆+(β1, β2)i−1 × M̆+(β2, β3)d−i where β2 is irreducible,

(iii) Hβ1β2 = 1 if dimM̆(β1, β2) = 0.

Definition 3.18. We define the v-map v : Cα∗ (Y,K; ∆S ) → Cα∗ (Y,K; ∆S ) by

v(β1) =
∑
β2∈C∗

π

∑
z:β1→β2

deg
(
Hβ1β2 |M̆z(β1,β2)1

)
λ−κ(z)T ν(z)β2.
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v-map does not commute with the differential of the chain complex. However, the following
relation holds.

Proposition 3.19.
dv − vd− δ2δ1 = 0.

proof. We consider the 1-dimensional moduli space

M̆γ,z(β1, β2)1 := M̆z(β1, β2)2 ∩ (Hβ1β2)
−1(s)

for a generic s ∈ S1 \ {1}. As the argument in the proof of Proposition 3.16 in [8], the boundary
of M̆z(β1, β2) consists of unparametrized broken trajectories of the form,

a = ([A1], [A2])

and there are the following cases.
(I) a ∈

⋃
z′◦z′′=z M̆z′(β1, β3)0 × M̆z′′(β3, β2)1 where β3 ∈ C∗

π(Y,K, α),

(II) a ∈
⋃
z′◦z′′=z M̆z′(β1, β3)1 × M̆z′′(β3, β2)0 where β3 ∈ C∗

π(Y,K, α),

(III) [A] ∈ M̆z(β1, β2) factors through the reducible critical point θα.
For the case (I), the corresponding oriented boundary components of (Hβ1β2)

−1(s) ∩
M̆+
z (β1, β2)2 are

(Hβ1β2)
−1(s) ∩ −

 ⋃
β3∈C∗

π(Y,K,α)

⋃
z′◦z′′=z

M̆z′(β1, β3)0 × M̆z′′(β3, β2)1


= −

⋃
β3∈C∗

π(Y,K,α)

⋃
z′◦z′′=z

M̆z′(β1, β3)0 × (Hβ3β2)
−1(s) ∩ M̆z′′(β3, β2)1.

since Hβ1β3 = 1. This contributes the term −⟨vd(β1), β2⟩. For case (II), the similar argument
shows that this contributes to the term ⟨dv(β1), β2⟩. Case (III) requires gluing theory at reducible.
Let U be an open subset of M̆(β1, β2) which is given by

U = {[A] ∈ M̆(β1, β2)|∥A− π∗θα∥L2
1((−1,1)×(Y \K)) < ϵ}.

Uz denotes the restriction of U to Mz(β1, β2). There is the ’ungluing’ map

M̆z(β1, β2) ⊃ Uz
ψ−→ (0,∞)×

⋃
z′◦z′′=z

M̆z′(β1, θα)0 × S1 × M̆z′′(θα, β3)0.

For T > 0 large enough, consider a subset Uz,T = ψ−1({(t, [A1], s, [A2]) ∈ Uz|t > T}) of Uz .
Then

ψ(Mz(β1, β2) ∩ Uz,T ) = (T,∞)×
⋃

z′◦z′′=z
M̆z′(β1, θα)× {s} × M̆z′′(θα, β2).

42



Thus corresponding boundaries of one-manifold H−1
β1β2

(s) ∩ M̆+(β1, β2)2 with induced orien-
tations are given by

−
⋃

z′◦z′′=z
M̆z′(β1, θα)0 × M̆z′′(θα, β2)0

The sign counting of this contributes to the term −⟨δ2δ1(β1), β2⟩. Finally, we obtain the relation
⟨(dv − vd− δ2δ1)(β1), β2⟩ = 0.

Next, we consider a negative definite pair (W,S) : (Y,K) → (Y ′,K ′) with an embedded
curve γ : [0, 1] → S such that γ(0) = p ∈ K and γ(1) = p′ ∈ K ′. We identify γ with its image.
We define

γ+ = (−∞, 0]× {p} ∪ γ ∪ [0,∞)× {p′} ⊂ S+.

Assume that β ∈ C∗
π(Y,K, α) and β′ ∈ C∗

π(Y
′,K ′, α). For eachA ∈ A(W,S;β, β′), taking the

holonomy of Aad along the path γ+ and we obtain a map

hγββ′ : B(W,S;β, β′) → S1

and its modification
Hγ
ββ′ :M

+(W,S;β, β′)d → S1

so that Hγ
ββ′ = 1 on 0-dimensional unparametrized broken trajectories.

Definition 3.20. We define a map µ = µ(W,S,γ) : C
α
∗ (Y,K; ∆S ) → Cα∗ (Y

′,K ′; ∆S ) by

µ(β) =
∑

β′∈C∗
π(Y

′,K′,α)

∑
z:β→β′

deg
(
Hγ
ββ′ |Mz(W,S,β,β′)1

)
λκ0−κ(z)T ν(z)−ν0β′.

Proposition 3.21. Let (W,S) : (Y,K) → (Y ′,K ′) be a negative definite pair. m and µ denote
its corresponding maps as above. Then

d′µ+ µd+∆2δ1 − δ′2∆1 − v′m+mv = 0,

where ′ denotes corresponding maps for the pair (Y ′,K ′).

proof. Consider a 2-dimensional moduli space M+
z (W,S;β, β′)2 and its codimension 1 faces.

Firstly, there are two types of the ends of Mz(W,S;β, β
′)2 in which [A] ∈ M(W,S;β, β′)2

broken at irreducible critical points.
(I)

M̆+
z′ (β, β1)i−1 ×M+

z′′(W,S, β1, β
′)2−i,

(II)
M+
z′ (W,S, β, β

′)2−i × M̆+
z′′(β1, β

′)1−i,

where i = 1, 2. Since

(Hγ
ββ′)

−1(s) ∩
⋃
β1

⋃
z′◦z′′=z

M̆z(β, β1)0 ×M+
z′′(W,S, β1, β

′)1

=
⋃
β1

⋃
z′◦z′′

M̆z′(β, β1)0 × (Hγ
β1β′)

−1(s) ∩Mz′′(W,S;β1, β
′)1,
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the signed counting of the points in ∂((Hγ
ββ′)−1(s)) ∩M+(W,S, β, β′)2) which are contained

in codimension 1 faces of type (I) with i = 1 contributes to the term −⟨µd(β), β′⟩. Next, we
consider the case that type (I) with i = 2. Since

(Hγ
ββ′)

−1(s) ∩
⋃
β1

⋃
z′◦z′′=z

M̆z′(β, β1)1 ×Mz(W,S : β1, β
′)0

=
⋃
β1

⋃
z′◦z′′=z

(Hββ1)
−1(s) ∩ M̆z′(β, β1)1 ×M(W,S;β1, β

′)0,

the signed counting of the points in ∂((Hγ
ββ′)−1(s) ∩M+(W,S;β, β′)2) which are contained

in codimension 1 faces of type (I) with i = 2 contributes to the term −⟨mv(β), β′⟩. Similarly,
a collection of codimension 1 faces of type (II) contributes to the term −⟨d′µ(β), β′⟩ if i = 1
and ⟨v′m(β), β′⟩ if i = 2. Finally, we consider the ends of Mz(W,S;β, β

′)2 which break at
reducibles. Such ends are described as in the poof of Proposition 3.19 and contributes to the
term −⟨(∆2δ1 − δ2∆1(β), β

′⟩.

Corollary 3.22. (C̃α∗ (Y,K; ∆S ), d̃, χ) where

C̃α∗ (Y,K; ∆S ) = Cα∗ (Y,K; ∆S )⊕ Cα∗−1(Y,K; ∆S )⊕ S ,

d̃ =

 d 0 0
v −d δ1
δ2 0 0

 , χ =

 0 0 0
1 0 0
0 0 0


forms an S-complex. Moreover, if (W,S) : (Y,K) → (Y ′,K ′) is a given negative definite
cobordism and α satisfies ∆(Y,K)(e

4πiα) ·∆(Y ′,K′)(e
4πiα) ̸= 0 then

m̃(W,S) =

 m 0 0
µ m ∆2

∆1 0 η


defines an S-morphism m̃(W,S) : C̃

α
∗ (Y,K; ∆S ) → C̃α∗ (Y

′,K ′; ∆S ).

proof. The argument in Subsection 3.3 and Proposition 3.19 show that (C̃α∗ (Y,K; ∆S ), d̃, χ)
is an S-complex. For a generic perturbation, moduli spaces over the negative definite pair
(W,S) are regular at reducible points by Proposition 2.24, and hence the counting of reducibles
η = ηα(W,S) is well-defined. The argument in Subsection 3.2, Proposition 3.15, and 3.21 show
that m̃(W,S) is an S-morphism.

The S-complex C̃α∗ (Y,K; ∆S ) itself depends on the choices of metric and perturbation.
However, the standard argument (see [8, Theorem 3.33]) shows that its S-chain homotopy class
is a topological invariant of pairs (Y,K, p)with∆(Y,K)(e

4πiα) ̸= 0, whereK ⊂ Y is an oriented
knot in an integer homology 3-sphere and p ∈ K is a base point. The S-chain homotopy type of
S-complex itself depends on the choice of base point, however, there is a canonical isomorphism
between two homology groups of S-complexes which are defined by different choices of base
points.
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Definition 3.23. We call
hαS (Y,K) := h(C̃α∗ (Y,K; ∆S ))

the Frøyshov invariant for (Y,K) over S with a holonomy parameter α.

The S-complex C̃α∗ (Y,K; ∆S ) admits the following connected sum theorem.

Theorem 3.24. Let (Y,K) and (Y ′,K ′) be two oriented knots in integral homology spheres and
α be a holonomy parameter such that ∆(Y,K)(e

4πiα) ·∆(Y ′,K′)(e
4πiα) ̸= 0. Then

C̃α∗ (Y#Y ′,K#K ′; ∆S ) ≃ C̃α∗ (Y,K; ∆S )⊗S C̃α∗ (Y
′,K ′; ∆S ),

where ≃ denotes an S-chain homotopy equivalence.

The strategy of proof is essentially the same as [8, Section 6 ]. We will give the proof of
Theorem 3.24 in the appendix.

The following corollary gives the proof of Theorem1.6.

Corollary 3.25. Let (Y,K) and (Y ′,K ′) be knots in integral homology 3-spheres and α be a
holonomy parameter such that ∆(Y,K)(e

4πiα) ·∆(Y ′,K′)(e
4πiα) ̸= 0. Then

hαS (Y#Y ′,K#K ′) = hαS (Y,K) + hαS (Y ′,K ′).

Moreover, if there are two negative definite cobordism (W,S) : (Y,K) → (Y ′,K ′) and
(W ′, S′) : (Y ′,K ′) → (Y,K), then

hαS (Y,K) = hαS (Y ′,K ′).

proof. The first statement follows from Theorem 3.24 and Proposition 3.7. The later half
statement follows from Corollary 3.22 and Proposition 3.6.

The filtered construction can be applied to S-complex for the coefficient Rα. A fixed lift θ̃α
of reducible flat connection can be identified with 1 ∈ Rα, and Rα itself can be identified with
all set of lifts of θα. We extend the R-grading to C̃α∗ (Y,K; ∆Rα). First, we define

degR(δ) =

{
max{r|ar ̸= 0} if δ ̸= 0

−∞ if δ = 0

for δ =
∑

r arλ
r ∈ Rα, ar ∈ Z[T−1, T ]] . Then for (β, γ, δ) ∈ Cα∗ (Y,K; ∆Rα)⊕Cα∗−1(Y,K; ∆Rα)⊕

Rα, we define
d̃egR(β, γ, δ) := max{degR(β), degR(γ), degR(δ)}.

Obviously, we have the following proposition.

Proposition 3.26. If we fix a lift of each critical point of the Chern-Simons functional, then the
S-complex C̃α∗ (Y,K; ∆Rα) admits the Z× R-grading.
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Note that the R-grading of S-complex extends to tensor products of S-complexes in a natural
way.

The filteredS-complex C̃α∗ (Y,K; ∆Rα)
[R0,R1] forR0, R1 ∈ (R∪{±∞})\C ∗ withR0 < R1

can be defined as follows. Put C̃α∗ (Y,K; ∆Rα)
[−∞,R] := {(β, γ, δ) ∈ C̃α∗ (Y,K; ∆Rα)|d̃egR(β, γ, δ) <

R} and

C̃α∗ (Y,K; ∆Rα)
[R0,R1] := C̃α∗ (Y,K; ∆Rα)

[−∞,R1]/C̃α∗ (Y,K; ∆Rα)
[−∞,R0]

for R0 < R1.

3.5 Cobordism maps for immersed surfaces

Let (W,S) : (Y,K) → (Y ′, S′) be a cobordism of pairs where S is possibly immersed. Blowing
up all double points of S, we obtain a cobordism of pairs (W̄ , S̄) where S̄ is an embedded
surface.

Definition 3.27. We say (W,S) is a negative definite if its blow-up (W̄ , S̄) is a negative definite.
We define a cobordism map for a negative definite cobordism (W,S)whereS is possibly immersed
surface as follows,

m̃(W,S) := m̃(W̄ ,S̄).

Let us describe the relation between operations on immersed surface cobordisms and induced
S-morphisms.

Proposition 3.28. Let S be an integral domain over the ring Rα. Assume that (W,S) is a
negative definite pair over S where S is a possibly immersed surface. Let S∗ be a surface
obtained from S by a positive, negative twist move or a finger move. Then m̃(W,S∗) is S-chain
homotopic to m̃(W,S) up to the multiplication of a unit element in S .

The definition of positive (negative) twist move and finger move can be found in [17].

proof. Since the monotonicity condition cannot be assumed in our setting, we have to modify
the argument in [25].

(i) positive twist move. Consider the blow-up at the positive self-intersection point (W̄ , S̄∗) =

(W,S)#(CP2, S2)whereS2 is an embedded sphere whose homology class is−2e ∈ H2(CP
2
;Z).

Note that Rα(S
3 \ S1, SU(2)) = {θα} for α ∈ (0, 12). Assume that (W,S∗) has a metric gT

such that (S3, S1) has a neighborhood which is isometric to [−T, T ]× (S3, S1), where T > 0 is
large enough. Let AT be an instanton on {(W,S∗), gT } which is contained in the 0-dimensional
moduli space. A∞ denotes the limiting instanton of AT with respect to T → ∞, and A1,
A2 denote its restriction to components obtained by attaching cylindrical ends on (W,S) and
(CP2, S2) respectively. Then we have

indDA1 + 1 + indDA2 = indDA∞ ≤ 0.

The last inequality essentially follows from [27, Corollary 8.4] and our assumption. The index
formula for the closed pair (CP2, S2) shows that indDA2 ≡

(4)
−1 and we have indDA2 = −1.
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By the perturbation, the instanton A2 on CP2 satisfies H1
A2

= H2
A2

= 0, and the gluing along
Rα(S

3 \ S1) = {θα} is unobstructed. The moduli space M(W,S∗;β, β′)0 is diffeomorphic to

M(W,S;β, β′)0 ×Mα(CP2, S2)0.

Note that there is a diffeomorphism Mα(CP2 \ D4, S2 \ D2; θα)0 ∼= Mα(CP2, S2)0 by the
removable singularity theorem. Since indDA2 = −1, A2 is a minimal reducible. Moreover,
minimal reducibles on (CP2, S2) define elements in Mα(CP2, S2)0. Counting elements in
moduli spaceM(W,S;β, β′)0 defined by the limiting metric limT→∞ gT contributes the relation

⟨m̃∞
(W̄ ,S̄∗)β, β

′⟩ = ηα(CP2
, S2)⟨m̃(W,S)β, β

′⟩.

Since

ηα(CP2, S2) =

{
1− λ4α−1T 4, α ≤ 1/4

λ1−4αT−4 − 1, α > 1/4,

ηα(CP2
, S2) is a unit in S . An S-chain homotopy between m̃∞

(W̄ ,S̄∗)
and m̃(W̄ ,S̄∗) is given by

considering the one parameter family of moduli spaces. In particular, ηα(CP2
, S2) has the top

term 1 and hence the statement follows.
(ii) negative twist move. In this case, we change S2 in the above argument to an embedded

sphere S0 whose homology class is trivial. Thus we obtain ηα(CP2, S0) = 1.
(iii) finger move. Consider the decomposition (W,S) = (W1, S1) ∪ (W2, S2) where W2 =

D4 and S2 = D2⊔D2. Let (W̄ , S̄∗) = (W1, S1)∪(W ′
2, S

′
2) be the twice blow-up of (W,S∗). In

this case,W2 is a 4-manifold obtained by removing a disk from CP2#CP2 and S2 is two disjoint
disks. Note that Rα := Rα(S

3 \ (S1 ⊔S1), SU(2)) ∼= [0, π] for fixed α ∈ (0, 12), the interior of
Rα consists of irreducible flat connections and two endpoints are reducible. Moreover, the end
point map r1 : M(W1, S1;β, β

′)0 → Rα has its image in the irreducible part of Rα. See [25,
Lemma 3.2] for details.

We claim that the counting of two moduli spacesM(W1, S1;β, β
′)0 andM(W,S;β, β′)0 can

be identified up to the multiplication by a unit element in S . Firstly, we define an S-morphism
m̃(W1,S1) as

⟨m(W1,S1)β, β
′⟩ =

∑
z

#Mz(W1, S1;β, β
′)λκ0−κ(z)T ν(z)−ν0β′

and similarly for other components in m̃(W1,S1). Here κ(z), κ0, ν(z), and ν0 are similarly
defined as in Subsection 2.7. We have to modify the argument in [25] which is related to
the unobstructed gluing along the pair (S3, S1 ⊔ S1). For ρ ∈ Rα which is in the image
of r1, we take its extension Aρ to (D4, D2 ⊔ D2). Consider the double (S4, S2 ⊔ S2) =
(D4, D2 ⊔ D2) ∪(S3,S1) (D

4, D2 ⊔ D2). Then indDAρ#Aρ = 2indDAρ + 1 by the gluing
formula. Consider the pair of connected sum (S4, S2 ⊔ S2) = (S4, S2)#(S3,∅)(S

4, S2). Then
indDAρ#Aρ = 2indDAρ#Aρ |(S4,S2) + 3 and the left hand side is equal to 1. Hence we have
indDAρ = 0. Thus the relation

indDAρ + dimH1
ρ = −dimH0

Aρ
+ dimH1

Aρ
− dimH2

Aρ
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tells us that H2
Aρ

= 0 since dimH0
Aρ

= 0 and dimH1
Aρ

= 1. Here H1
ρ is the cohomology with

the local coefficient system associated with the flat connection ρ. Thus the Morse-Bott gluing of
instantons over (W1, S1) and (W2, S2) is unobstructed. For a metric on (W,S) with a long neck
along the cylinder [0, 1]× (S3, S1 ⊔ S1), we have the diffeomorphism,

M(W,S;β, β′)0 ∼=M(W1, S1;β, β
′)0 r ×r′ M

α(D4, D2 ⊔D2)1

where
r :M(W1, S1;β, β

′)0 → Rα

and
r′ :Mα(D4, D2 ⊔D2)1 → Rα

are restriction maps. For simplicity, we consider the case α ≤ 1
4 . Since flat connections on

(S3, S1 ⊔ S1) uniquely extends to (D4, D2 ⊔D2), the induced cobordism map has the form;

m̃(W,S) =

(
1 +

∑
k>0

ckZ
−k

)
· m̃(W1,S1)

where ck ∈ Z andZ = λ1−4αT−4. Thus, m̃(W,S) and m̃(W1,S1) are differed by the multiplication
of a unit element in S .

Assume that the cobordism of pairs (W̄ , S̄∗) is equipped with a metric such that (W̄ , S̄∗)
has a long neck along (S3, S1⊔S1). Then the moduli spaceM(W̄ , S̄∗;β, β′)0 decomposes into
a union of fiber products

M(W1, S1, β, β
′)d r1×r2M

α(W ′
2;S

′
2)d′

with d+ d′ = 1, where
r1 :M(W1, S1, β, β

′)d → Rα

r2 :M
α(W ′

2, S
′
2)d′ → Rα

are restriction maps. Since d′ ≡
(4)

1 by the index formula, we have d = 0 and d′ = 1. Thus

there is the coefficient c ∈ S such that m̃(W̄ ,S̄∗) = cm̃(W,S). Consider the special case of a
finger move which is the composition of one positive twist move and one negative twist move.
In this case, the coefficient c is turned out to be 1− λ4α−1T 4 for α ≤ 1

4 and λ1−4αT−4 − 1 for
α > 1/4 by the argument above. Finally, we conclude that there is a unit element c ∈ S such
that m̃(W,S∗) and cm̃(W,S) are S-chain homotopic.
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4 Non-degeneracy of the representation variety

Let us describe the outline of this subsection. We will discuss conjugacy classes of representation

ρ : π1(Y \K) → SU(2),

with the condition
ρ(µK) ∼

[
e2πiα 0
0 e−2πiα

]
.

In this section, we write [ρ] for its conjugacy class to distinct elements in Hom(π1(Y \
K), SU(2)) and R(Y \K,SU(2)). Firstly, we introduce the method of taking cyclic branched
covering. Considering a knot in an integral homology 3-sphere (Y,K), we can take a cyclic
branched covering Ỹr(K) over Y branched along K. Let N(K) be a tubular neighborhood of
K ⊂ Y , and V = Y \ int(N(K)) be its exterior. Ṽ denotes r-fold unbranched covering over V
with π1(Ṽ ) being a kernel of π1(Y \K) → H1(Y \K,Z) → Z/rZ. N(K) and Ṽ have a torus
boundary, and let h : ∂N(K) → ∂Ṽ be a gluing map which sends µK meridian of K to its lift
µ̃K . Then the r-fold cyclic branched covering over Y is defined by

Ỹr(K) = N(K) ∪h Ṽ .

Let τ : Ỹr → Ỹr be a covering transformation. We define an induced action of π1(Ỹr, p) with
a base point p missing the fixed point set of τ -action on Ỹr. For this, we fix another base point
q inside the fixed point set and a path connecting p and q. Such a choice of the path defines
(uncanonical) isomorphism between π1(Ỹr, p) and π1(Ỹr, q). Since τ induces a natural action on
π1(Ỹr, q), we define an induced action τ∗ on π1(Ỹr, p) via the above isomorphism. The τ -action
induces the action τ∗ on Hom(π1(Ỹr, p), SO(3)) by τ∗(ρ) = ρ ◦ τ∗. This also defines an action
on R∗(Ỹr, SO(3)) by τ∗[ρ] = [τ∗(ρ)]. We define following subset of R∗(Ỹr, SO(3)).

R∗,τ (Ỹr, SO(3)) = {[ρ] ∈ R∗(Ỹr, SO(3))|τ∗[ρ] = [ρ]}

R∗,τ (Ỹ , SU(2)) = {[ρ] ∈ R∗(Ỹ , SU(2))| Ad[ρ] ∈ R∗,τ (Ỹ , SO(3))}.

Since different choices of base points of fundamental groups induce a canonical isomorphism
on R∗(Ỹr, SO(3)), we may omit the choice of base points and a path between them from the
notation here.

The aim of subsection 4.1 is giving the construction of the lift map

Π :
⊔

1≤l≤r−1

R∗
l
2r

(Y \K,SU(2)) → R∗,τ (Ỹr, SU(2))

which sends singular flat connections to non-singular flat connections on a cyclic branched
covering of the knot K ⊂ Y . We will see that the lift map Π satisfies the following proposition.

Proposition 4.1. Assume that r-fold cyclic branched covering Ỹr of a knot K in an integral
homology 3-sphere Y is integral homology 3-sphere. Then the lifting map Π gives a two-to-one
correspondence

Π :
⊔

1≤l≤r−1

R∗
l
2r

(Y \K,SU(2)) → R∗,τ (Ỹr, SU(2)).
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This is a generalization of the argument in [2].
Let X(K) be the complement of a tubular neighborhood of the knot K ⊂ S3. Its boundary

∂X(K) is a torus. In Subsection 4.2, we will show that the restriction map r : R∗(S3 \
Tp,q, SU(2)) → R(∂X(Tp,q), SU(2)) is a smooth immersion of one-manifold without any
perturbation of flat connections, using the setting of gauge theory by Herald [22] and computations
of group cohomology of π1. In Subsection 4.3, we will give a proof of Theorem 1.9 using the
results in subsection 4.1.

4.1 The construction of the lifting map

We assign the second Stiefel-Whitney class w ∈ H2(Y,Z2) to [ρ] ∈ R(Y, SO(3)). We can
construct a flat bundle E = Ỹ ×ρ R3 from an SO(3)-representation ρ and define w([ρ]) :=
w2(E) ∈ H2(Y,Z2), where w2(E) is the second Stiefel-Whitney class of E. If w(ρ) = 0 then
SO(3)-bundle E lifts to SU(2)-bundle F . Let P and Q be the corresponding principal bundle
of E and F respectively. The natural map p : Q → P is a fiberwise double covering map.
Let θρ be a connection form on P which corresponds to flat connection ρ. Then p∗θρ defines
a flat connection on Q. Thus each element of R(Y, SO(3)) lifts to R(Y, SU(2)) if its second
Stiefel-Whitney class vanishes.

Proposition 4.2. LetX be Y or Y \K. Then there is an action ofH1(X,Z2) on R(X,SU(2))
and the map Ad : R(X,SU(2)) → R0(X,SO(3)) induces a bĳectiton

R(X,SU(2))/H1(X,Z2) ∼= R0(X,SO(3)).

HereR0(X,SO(3)) denotes the set of conjugacy classes ofSO(3)-representations whose second
Stiefel-Whitney class vanishes.

proof. Let ρ : π1(X) → SO(3) be a representation whose second Stiefel-Whitney class vanishes
and ρ̃ : π1(X) → SU(2) be its SU(2)-lift. Consider another lift ρ̃′ : π1(X) → SU(2). Then
there is a map χ : π1(X) → {±1} such that ρ̃′(g) = χ(g)ρ̃(g) for any g ∈ π1(X). We can
directly check that χ is a homomorphism and determine an element χ ∈ Hom(π1(X),Z2) =
H1(X,Z2). Conversely, two SU(2)-representation σ1, σ2 : π(X) → SU(2) such that there
exists χ ∈ Hom(π1(X),Z2) and satisfying σ1(g) = χ(g)σ2(g) for any g ∈ π1(X) induces
same SO(3)-representation. We define an action of H1(X,Z2) on Hom(π1(X), SU(2)) by
σ 7→ χ · σ, where (χ · σ)(g) = χ(g)σ(g) for g ∈ π1(X). The action of χ commutes with the
conjugacy action and descends to R(X,SU(2)). Thus we get the statement.

Note that the action of H1(Y \K,Z2) coincides with the flip symmetry. From Proposition
4.2, we get the following corollary.

Corollary 4.3. For an integral homology 3-sphere Y , all elements inR(Y, SO(3)) have a unique
lift in R(Y, SU(2)).

proof. Since H2(Y,Z2) = 0, the second Stiefel-Whitney class of [ρ] ∈ R(Y, SO(3)) vanishes,
and ρ lifts to an SU(2)-representation. By Proposition 4.2, this lift is unique sinceH1(Y,Z2) =
0.
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If [ρ] ∈ R(Y \K,SU(2)) satisfies

ρ(µK) ∼
[
e2πiα 0
0 e−2πiα

]
then induced SO(3)-representation satisfies

Adρ(µK) ∼

 1 0 0
0 cos(4πα) −sin(4πα)
0 sin(4πα) cos(4πα)

 . (4.1)

Let Rα(Y \ K,SO(3)) be a subset of R(Y \ K,SO(3)) whose elements are represented
by SO(3)-representations of π1(Y \K) such that their images of µK are conjugate to the right
hand side of (4.1).

Before proceeding with the argument, we introduce the orbifold fundamental group of Y \K.
(It appears in [2], [3], for example.)

Definition 4.4. πV1 (Y,K; r) := π1(Y \K)/⟨µrK⟩ is called the orbifold fundamental group of
Y \K.

Proposition 4.5. πV1 (Y,K; r) admits the following split short exact sequence.

1 → π1(Ỹr) → πV1 (Y,K; r) → Z/r → 1.

proof. Let K̃ ⊂ Ỹr be the branched locus. Since Ỹr \ K̃ → Y \K is a regular covering, there
is the exact sequence

1 → π1(Ỹr \ K̃) → π1(Y \K) → Z/r → 1.

Applying Van-Kampen theorem to the decomposition Ỹr \ intN(K̃)∪N(K̃), we have π1(Ỹr) =
π1(Ỹr \K̃)/⟨µ

K̃
⟩. Since π1(Ỹr \K̃) → π1(Y \K) maps µ

K̃
to µrK , this induces 1 → π1(Ỹr) →

πV1 (Y,K; r). Since π1(Y \K) → Z/r maps µrK 7→ 1, this induces πV1 (Y,K; r) → Z/r which
sends µK to a generator of Z/r. The spitting Z/r → πV1 (Y,K; r) sends a generator of Z/r to
µK .

Lemma 4.6. There is a natural one to one correspondence

R∗(πV1 (Y,K; r), SO(3)) ∼=
r−1⊔
l=1

R∗
l
2r

(Y \K,SO(3)).

proof. Let ρ : π1(Y \K) → SO(3) be a representation with [ρ] ∈ R∗
l
2r

(Y \K,SO(3)). Then it

factors through πV1 (Y,K; r). Conversely, any representation σ : πV1 (Y,K; r) → SO(3) satisfies

σ(µK) ∼

 1 0 0
0 cos(4πα) −sin(4πα)
0 sin(4πα) cos(4πα)


where α = l

2r for some 0 < l < r. Thus σ defines a representation of π1(Y \K) with the above
condition.
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Proposition 4.7. There is a bĳection
r−1⊔
l=1

R∗
l
2r

(Y \K,SO(3)) ∼= R∗,τ (Ỹr, SO(3)).

proof. Since there is the natural one to one correspondence in Lemma 4.6, we only have to
construct

R∗(πV1 (Y,K; r), SO(3))
∼=−→ R∗,τ (Ỹr, SO(3)).

This is induced from π1(Ỹr)
i−→ πV1 (Y,K; r) in the short exact sequence in Proposition 4.5.

We claim that if ρ : πV1 (Y,K; r) → SO(3) is irreducible then ρ ◦ i is also irreducible. Since
Ỹr is an integral homology sphere, any reducible SO(3)-representation of π1(Ỹr) is the trivial
representation. If ρ◦ i is trivial, then ρ factors through πV1 (Y,K; r)/i(π1(Ỹr)) ∼= Z/r and hence
reducible. This is a contradiction.

We will construct the inverse correspondence of the above. Let σ be an SO(3)-representation
of π1(Ỹr) which represents an element in R∗,τ (Ỹr, SO(3)). Since the conjugacy class of σ is
fixed by the induced action of τ , there is a matrix A ∈ SO(3) such that

τ∗σ(u) = Aσ(u)A−1

for any u ∈ π1(Ỹr). A is uniquely determined since σ is irreducible and has the trivial stabilizer
{1} in SO(3), and A is conjugate to the matrix of the form, 1 0 0

0 cos(2πlr ) −sin(2πlr )

0 sin(2πlr ) cos(2πlr )

 . (4.2)

Since τ has order r, we get the relation

σ(u) = Arσ(u)A−r

for any u ∈ π1(Ỹr), and we get Ar = 1 using the irreducibility of σ. Thus we can assign a
unique order r element Aσ ∈ SO(3) for each σ. Finally, we assign a representation

σ̄ : πV1 (Y,K; r) ∼= π1(Ỹr)⋊ Z/r → SO(3)

(u, tk) 7→ σ(u) ·Akσ
(4.3)

to a given representation σ, where t ∈ Z/r is a generator. This satisfies σ̄(µK) = Aσ. The above
construction gives the inverse of R∗(πV1 (Y,K; r), SO(3)) ∋ [ρ] 7→ [ρ ◦ i] ∈ R∗,τ (Ỹr, SO(3)).

We write

Π′ :
r−1⊔
l=1

R∗
l
2r

(Y \K,SO(3))
∼=−→ R∗,τ (Ỹr, SO(3))

for the bĳection constructed above.
Now we can describe the definition of Π. Let K be a knot in an integral homology 3-sphere

Y , and assume that Ỹr is also an integral homology 3-sphere.
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Definition 4.8. Π :
⊔r−1
l=1 R∗

l
2r

(Y \ K,SU(2)) → R∗,τ (Ỹr, SU(2)) is given by the following
compositions.

r−1⊔
l=1

R∗
l
2r

(Y \K,SU(2))
Ad−−→

r−1⊔
l=1

R∗
l
2r

(Y \K,SO(3))

Π′
−→ R∗,τ (Ỹr, SO(3))

Ad−1

−−−→ R∗,τ (Ỹr, SU(2)).

We call Π([ρ]) a lift of [ρ].
An SU(2)-representation that factors through Pin(2) subgroups is called a binary dihedral

representation. AnSO(3)-representation that factors throughO(2) subgroups is called a dihedral
representation. Note that O(2) is embedded in SO(3) as[

A 0
0 detA

]
∈ SO(3),

where A ∈ O(2). The adjoint representation of a binary dihedral representation is a dihedral
representation. In the proof of Proposition 4.1, which is an important property of the lift Π, we
use the following Lemma.
Lemma 4.9. ([39]) The fixed point set of H1(Y \K,Z2)-action on R(Y \K,SU(2)) consists
of conjugacy classes of binary dihedral representations.
proof. Let [ρ] ∈ R(Y \ K,SU(2)) be a fixed point of the action of H1(Y \ K,Z2). We
regard this as a representation ρ : π1(Y \K) → SU(2) such that there exists A ∈ SU(2) and
(χ · ρ)(u) = Aρ(u)A−1 for any u ∈ π1(Y \K). Here χ ∈ H1(Y \K) is a generator. Since
χ has order 2, ρ(u) = A2ρ(u)A−2. If ρ is reducible then its image is contained in a circle
in SU(2) and is a binary dihedral representation. Assume that ρ is irreducible, and there are
two cases A2 = 1 and A2 = −1. We regard SU(2) as the unit sphere in quaternions. Then
Pin(2) = S1 ∪ jS1. If A2 = 1 then A = ±1 and −ρ(u) = ρ(u) for some u ∈ π1(Y \ K).
This cannot happen in SU(2). If A2 = −1 then we can assume that A = i taking after a
conjugation and then ρ(u) = ±iρ(u)i−1 for any u ∈ π1(Y \ K). If ρ(u) = iρ(u)i−1 then
ρ(u) ∈ S1 = {a+ bi}. If ρ(u) = −iρ(u)i−1 then ρ(u) ∈ jS1 = {cj + dk}. Thus the image of
ρ is contained in S1 ∪ jS1.

Lemma 4.10. Let r ∈ 2Z. If ρ : πV1 (Y,K; r) → SO(3) is a dihedral representation, then its
pull-back π1(Ỹr) → SO(3) by the orbifold exact sequence (in Proposition 4.5) is a reducible
representation.
proof. Since ρ factors through O(2), we have a representation ρ′ : πV1 (Y,K; r) → O(2).
Composing with det : O(2) → Z/2, we have a representation det ◦ ρ′ : πV1 (Y,K; r) →
Z/2. Since det ◦ ρ′ factors through the abelianization πV1 (Y,K; r) = π1(Y \K)/⟨µKr⟩

Ab−−→
Z[µK ]/⟨µKr⟩, we have the following diagram.

π1(Ỹr)
i // πV1 (Y,K; r)

ρ′ //

Ab

%%

O(2)
det // Z/2

Z/r

<<
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where π1(Ỹr)
i−→ πV1 (Y,K; r) is the inclusion map in the orbifold exact sequence. By the

construction, Ab coincides with the map πV1 (Y,K; r) → Z/r in the orbifold exact sequence.
Thus Ab ◦ i is the trivial representation and hence det ◦ ρ′ ◦ i is also the trivial representation.
This implies that the image of ρ′ ◦ i is contained in SO(2). Thus ρ ◦ i : π1(Ỹr) → SO(3) factors
through SO(2), and this means that ρ ◦ i is reducible.

The following proposition gives the proof of Proposition 4.1.

Proposition 4.11. Let K ⊂ Y be a knot in an integral homology 3-sphere whose r-fold cyclic
branched covering Ỹr is also an integral homology 3-sphere. For each [ρ] ∈ R∗,τ (Ỹ , SU(2)),
Π−1([ρ]) consists of two elements which correspond to each other by the flip symmetry.

proof. Applying Proposition 4.2 to the 3-manifold Y \K, we have a bĳection,

R(Y \K,SU(2))/H1(Y \K,Z2) ∼= R(Y \K,SO(3)). (4.4)

Note that R(Y \K,SO(3)) = R0(Y \K,SO(3)) since H2(Y \K,Z2) = 0. We restrict this
correspondence to elements with holonomy parameter α = l

2r (l = 1, · · · , r − 1). Note that
H1(Y \ K,Z2) acts on R∗

α(Y \ K,SU(2)) ∪ R∗
1
2
−α(Y \ K,SU(2)) since the flip symmetry

changes the holonomy parameter as α 7→ 1
2 − α, and the bĳection (4.4) is restricted to[

r−1⊔
l=1

R∗
l
2r

(Y \K,SU(2))

]
/H1(Y \K,Z2) ∼=

r−1⊔
l=1

R∗
l
2r

(Y \K,SO(3)). (4.5)

Fix [ρ] ∈ R∗,τ (Ỹr, SU(2)). The composition⊔
0<l<r

R∗
l
2r

(Y \K,SO(3))
Π′
−→ R∗,τ (Ỹr, SO(3))

Ad−1

−−−→ R∗,τ (Ỹr, SU(2))

is bĳective. Thus we have a unique element [ρ′] ∈
⊔

0<l<rR∗
l
2r

(Y \ K,SO(3)) which corre-

sponds to [ρ]. Π−1([ρ]) is the inverse image of [ρ′] by the map

r−1⊔
l=1

R∗
l
2r

(Y \K,SU(2))
Ad−−→

r−1⊔
l=1

R∗
l
2r

(Y \K,SO(3)).

Finally, we prove that Ad−1([ρ′]) consists of two elements. Let [σ] ∈ Ad−1([ρ′]) be an element
contained in R∗

l
2r

(Y \ K,SU(2)). If r is odd then l
2r ̸= 1

2 − l
2r , and thus [ρ] ̸= χ[ρ] in⊔

0<l<rR∗
l
2r

(Y \K,SU(2)) since ρ and χρ have different holonomy parameters, where χ is a

generator of H1(Y \K,Z2) ∼= Z2 . This means that H1(Y \K,Z2)-action on ∪0<l<rR l
2r
(Y \

K,SU(2)) is free and Ad−1([ρ]) consists of two elements. If r is even and 2l ̸= r, then
Ad−1([ρ]) consists of two elements by the same reason. If 2l = r then H1(Y \ K,Z2) acts
on R∗

1
4

(Y \K,SU(2)). The fixed points of H1(Y \K,Z2)-action on R∗
1
4

(Y \K,SU(2)) are
binary dihedral representations by Lemma 4.9. We show that Π−1([ρ]) does not contain a binary
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dihedral representation. Let σ′ : π1(Y \K) → SU(2) be a binary dihedral representation with a
holonomy parameter α = 1

4 then Adσ′ defines a dihedral representationπV1 (Y,K; r) → SO(3).
Then the induced representation Adσ′ ◦ i : π1(Ỹr) → SO(3) is reducible by Lemma 4.10 and
its SU(2)-lift is also reducible. This means that Π−1([ρ]) does not contain any binary dihedral
representation. Thus H1(Y \K,Z2) acts free on Π−1([ρ]) and hence Π−1([ρ]) consists of two
elements which are related by the flip symmetry.

4.2 Non-degeneracy results

The purpose of this subsection is to associate the non-degeneracy property of critical point set C
of the singular Chern-Simons functional and the transversality of the moduli space of irreducible
flat connections R∗(Y \K,SU(2)). Let us recall the setting of the gauge theory used in [22]
and [23] to deal with the "pillowcase picture" of perturbed flat connections. In this subsection,
Y denotes a (general) oriented closed 3-manifold and K is a knot in Y . Let E be a SU(2)-
bundle over X = Y \ N(K). We fix a Riemannian metric on X . We introduce the space of
SU(2)-connections over X and ∂X = T 2 as follows:

AX = L2
2(X, su(2)⊗ Λ1), AT 2 = L2

3
2

(T 2, su(2)⊗ Λ1).

Here we fix a trivialization of theSU(2)-bundle overX and∂X and identify the trivial connection
to zero elements in each functional space. We also introduce spaces of gauge transformations:

GX = {g ∈ Aut(E)|g ∈ L2
3}, GT 2 = {g ∈ Aut(E|T 2)|g ∈ L2

5
2

}.

The action of gauge transformations on connections and su(2) valued p-forms are given in
obvious ways. GX and GT 2 have Banach Lie group structures and act smoothly on AX and
AT 2 respectively. A connection whose stabilizer of gauge transformations is {±1} is called
irreducible. A∗

X denotes subset of irreducible connections.
We introduce the following spaces of p-forms with boundary conditions:

Ωpν(X, su(2)) = {ω ∈ Ωp(X, su(2))| ∗ ω|∂X = 0},

Ωpτ (X, su(2)) = {ω ∈ Ωp(X, su(2))| ω|∂X = 0}.

We define the L2-inner product on Ωp(X, su(2)) by the formula

⟨a, b⟩ = −
∫
X
tr(a ∧ ∗b).

For each A ∈ AX , the slice of the action of GX on AX is given by

XA = A+Kerd∗A ∩ L2
2Ω

1
ν(X, su(2)).

For each flat connection A ∈ A, the space of harmonic p-forms are given by

Hp(X; adA) = {ω ∈ Ωpν(X, su(2))|dAω = 0, d∗Aω = 0},
Hp(X, ∂X; adA) = {ω ∈ Ωpτ (X, su(2))|dAω = 0, d∗Aω = 0}.
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The holonomy perturbation h defines a compact perturbation term Vh : AX → Ω1(X, su(2))
and a perturbed flat connection can be defined as a solution of the equation:

∗FA + Vh = 0. (4.6)

R∗,h(X,SU(2)) denotes gauge equivalence classes of irreducible solutions for (4.6). Con-
sider the restriction map r : R∗,h(X,SU(2)) → R(T 2, SU(2)). For a generic perturbation
h, R∗,h(X,SU(2)) is a smooth one-manifold. Moreover, the restriction map r is a smooth
immersion of R∗,h(X,SU(2)) to the smooth part of the pillowcase. The detailed argument is
contained in [22]. Put Sα := {ρ ∈ R(T 2, SU(2))|trρ(µK) = 2cos(2πiα)}. This is a vertical
slice in the pillowcase. Note that Rα(X,SU(2)) = r−1(Sα) ∩ R(X,SU(2)) and we define
R∗,h
α (X,SU(2)) := r−1(Sα) ∩R∗,h(X,SU(2)). Now we state the following proposition.

Proposition 4.12. LetK ⊂ Y be a knot in a closed 3-manifold, and α be an arbitrary holonomy
parameter in (0, 12). Assume that [ρ] ∈ R∗

α(Y \K,SU(2)) is a non-degenerate critical point.
We also assume that the image of R∗(Y \ K,SU(2)) by the restriction map r is contained in
the smooth part of the pillowcase. Then R∗(Y \K,SU(2)) is smooth near [ρ]. Moreover, the
restriction map r : R∗(Y \K,SU(2)) → R(T 2, SU(2)) is an immersion to the smooth part of
the pillowcase at [ρ].

For the proof of Proposition 4.12, we need a setting of the gauge theory on 3-manifolds with
the boundary described above.

Lemma 4.13. Let B0 be an abelian SU(2)-flat connection on a torus T 2. Then su(2)-valued
harmonic form h ∈ H1(T 2; adB0) has the diagonal form

h =

[
ai 0
0 −ai

]
where a ∈ Ω1(T 2).

proof. Since B0 is an abelian flat connection, it defines a splitting of the SU(2)-bundle E
over T 2 into E = L ⊕ L∗ where L is the trivial line bundle. Then the adjoint bundle of E
has a splitting gE = R ⊕ L⊗2. Let dB0 = d ⊕ dC be the covariant derivative induced on
Ωp(T 2, gE) = Ωp(T 2,R)⊕ Ωp(T 2, L⊗2). Any section ω ∈ Ωp(T 2, gE) has the form

ω =

[
ai b
−b̄ −ai

]
,

where a ∈ Ωp(T 2) and b ∈ Ωp(T 2, L⊗2). The space of harmonic forms Hp(T 2; adB0) splits
into Hp(T 2;R) ⊕ Hp(T 2;L⊗2) with respect to the decomposition of (Ωp(T 2, gE), dB0). Let
us compute H1(T 2; adB0) using H1(π1(T

2); adρ) where ρ is an abelian SU(2)-representation
corresponding to B0. Let µ and λ be canonical generators of π1(T 2). Then the space of
1-cocycles consists of the element γ : π1(T

2) → su(2) ∼= R3 such that

(1−Adρ(µ))γ(λ) = (1−Adρ(λ))γ(µ).
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since µ and λ commute. Let F : R3 ⊕ R3 → R2 be a linear map given by

F (x1, x2) = (1−Aµ)x1 − (1−Aλ)x2

where Aµ := Adρ(µ) and Aλ := Adρ(λ). Since Aµ and Aλ are SO(3)-linear transformations
acting on R3, they have one dimensional axes of rotation Rµ and Rλ respectively. Let Cµ and Cλ
be their orthogonal complement spaces. Then Im(1−Aµ) = Cµ and Im(1−Aλ) = Cλ and hence
F is surjective. Thus the space of 1-cocycles is isomorphic toR4. On the other hand, the space of
1-coboundaries is spanned by Im(1−Adρ(g)) for all g ∈ π1(T

2), and this is 2-dimensional since
ρ is reducible. Thus H1(T 2; adB0) ∼= H1(π1(T

2); adρ) ∼= R2. Thus H1(T 2;L⊗2) vanishes
since H1(T 2;R) ∼= H1(T 2;R) ∼= R2. This means that if ω ∈ Ω1(T 2, gE) is a harmonic form
then b = 0. Thus h ∈ H1(T 2; adB0) has only diagonal components.

Since B0 is a reducible connection with U(1)-stabilizer, H0(T 2; adB0) = KerdB0
∼= R.

We fix a generator γ0 ∈ H0(T 2; adB0).

Lemma 4.14. There is a GT 2-invariant neighborhoodNB0 ofB0 ∈ AT 2 and GT 2-invariant map
η : NB0 → Ω0(T 2, su(2)) such that

1. η(B0) = γ0,

2.
∫
T 2 tr(FB ∧ η(B)) = 0 for all B ∈ NB0 .

proof. Take a small neighborhood of B0 in the slice of the action of GT 2 on AT 2 as follows.

XB0,ϵ = {B0 + b| b ∈ L2
3
2

Ω1(T 2, su(2)), d∗B0
b = 0, ∥b∥L2

3
2

< ϵ}

where ϵ > 0 is small enough. Firstly, we define Ω0(T 2, su(2))-valued map η on the slice XB0,ϵ

and then extend it to a gauge-invariant neighborhood. For B = B0 + b ∈ XB0,ϵ, define

η(B) := γ0.

Then we have, ∫
T 2

tr(FB ∧ γ0) =

∫
T 2

tr((dB0b+ b ∧ b) ∧ γ0)

=

∫
T 2

tr(dB0b ∧ γ0) +
∫
T 2

tr(b ∧ b ∧ γ0).

Using the Stokes’ theorem and the condition dB0γ0 = 0,∫
T 2

tr(dB0b ∧ γ0) =
∫
T 2

dtr(b ∧ γ0) = 0.

Thus we have ∫
T 2

tr(FB ∧ η(B)) =

∫
T 2

tr(b ∧ b ∧ γ0). (4.7)
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Since d∗B0
b = 0, we have h ∈ H1(T 2; adB0) and ω ∈ Ω2(T 2, su(2)) such that

b = h+ d∗B0
ω. (4.8)

Using (4.7) and (4.8),∫
T 2

tr(FB ∧ η(B)) =

∫
T 2

tr
[
(h+ d∗B0

ω) ∧ (h+ d∗B0
ω) ∧ γ0

]
=

∫
T 2

tr(h ∧ h ∧ γ0) +
∫
T 2

tr(d∗B0
ω ∧ h ∧ γ0)

+

∫
T 2

tr(h ∧ d∗B0
ω ∧ γ0) +

∫
T 2

tr(d∗B0
ω ∧ d∗B0

ω ∧ γ0).

Note that,∫
T 2

tr(∗dB0 ∗ ω ∧ h ∧ γ0) =

∫
T 2

tr(dB0 ∗ ω ∧ ∗h ∧ γ0)

= −
∫
T 2

tr(∗ω ∧ dB0 ∗ h ∧ γ0) +
∫
T 2

tr(∗ω ∧ ∗h ∧ dB0γ0)

= 0.

Here we use the Stokes’ theorem at the second equality. Similarly, we have,∫
T 2

tr(h ∧ d∗B0
ω ∧ γ0) = −

∫
T 2

tr(dB0 ∗ h ∧ ∗ω ∧ γ0)−
∫
T 2

tr(∗h ∧ ∗ω ∧ dB0γ0) = 0,

∫
T 2

tr(d∗B0
ω ∧ d∗B0

ω ∧ γ0) = −
∫
T 2

tr(d2B0
∗ ω ∧ ∗ω ∧ γ0)−

∫
T 2

tr(dB0 ∗ ω ∧ ∗ω ∧ dB0γ0) = 0.

Hence, ∫
T 2

tr(FB ∧ η(B)) =

∫
T 2

tr(h ∧ h ∧ γ0).

Since γ0 ∈ H0(T 2; adB0) is an element of the Lie algebra of the stabilizer of B0, Stab(B0) =
U(1) and it has the point-wise form

γ0(x) =

[
ri 0
0 −ri

]
∈ su(2)

where r ∈ R. Similarly, h ∈ H1(T 2; adB0) has the the form

h(x) =

[
ai 0
0 −ai

]
by Lemma 4.13. By the point-wise computation of tr(h ∧ h ∧ γ0), we obtain

tr(h ∧ h ∧ γ0)(x) = tr

([
ai 0
0 −ai

]
∧
[
ai 0
0 −ai

]
∧
[
ri 0
0 −ri

])
= tr

[
−ra ∧ ai 0

0 ra ∧ ai

]
= 0.
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Thus η : XB0,ϵ → Ω0(T 2, su(2)) satisfies
∫
T 2 tr(FB ∧ η(B)) = 0 for all B ∈ XB0,ϵ. Define

NB0 := GT 2 · XB0,ϵ and we extend η to NB0 in a gauge-equivariant way (i.e. η(g∗(B)) =
g−1η(B)g).

Let A0 be a flat irreducible SU(2)-connection on X . We can assume that A0|T 2 is a non-
central flat connection on T 2 by the assumption of Proposition 4.12, and we write A0|T 2 = B0.
Let UA0 be a gauge invariant neighborhood of A0 in A∗

X . We define η̃ : UA0 → Ω0(X, su(2))
as a smooth extension of η which satisfies

η̃(A)|∂X = η(A|∂X).

Here we assume that the extension η̃ satisfies dA0 η̃(A0) ∈ H1(X, ∂X; adA0) and this is possible
by the following lemma.

Lemma 4.15. For η ∈ H0(T 2; adB0) there is an extension η̃ on X such that dA0 η̃ ∈
H1(X, ∂X; adA0).

proof. For η ∈ H0(T 2, adB0), we take an arbitrary smooth extension η̃ to X . Then

dA0 η̃ ∈ KerdA0 |Ω1
τ (X,su(2))

= dA0Ω
0
τ (X, su(2))⊕H1(X, ∂X; adA0).

Let dA0 ξ̃ be the dA0Ω
0
τ (X, su(2))-component of dA0 η̃, then dA0(η̃ − ξ̃) ∈ H1(X, ∂X; adA0)

with (η̃−ξ̃)|∂X = η. Hence we can choose an extension η̃ of η as dA0 η̃ ∈ H1(X, ∂X; adA0).

We define a map

Φ : UA0 × L2
2Ω

0
τ (X, su(2))× R → L2

1(X, su(2)⊗ Λ1)

by Φ(A, ζ, t) = ∗FA + dAζ + tdAη̃(A). The linearized operator of Φ at (A0, 0, 0) has the form

DΦ(A0,0,0)(a, ζ, t) = ∗dA0a+ dA0ζ + tdA0 η̃(A0).

CokerDΦ(A0,0,0) is H1(X, ∂X; adA0) ∩ (dA0 η̃(A0))
⊥ by the Hodge decomposition.

Lemma 4.16. Φ(A, ζ, t) = 0 if only if FA = 0, ζ = 0 and t = 0.

proof. Assume that Φ(A, ζ, t) = 0. Then

∥FA∥2L2 = −
∫
X
tr(FA ∧ ∗FA)

=

∫
X
tr(FA ∧ dAζ) + t

∫
X
tr(FA ∧ dAη̃(A)).

Using the Stokes’ theorem and the Bianchi identity,∫
X
tr(FA ∧ dAζ) =

∫
X
dtr(FA ∧ ζ)−

∫
X
tr(dAFA ∧ ζ)

=

∫
T 2

tr(FA|T2
∧ ζ|T 2).
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The last term vanishes by the boundary condition on ζ. Consider the remained term∫
X
tr(FA ∧ dAη̃(A)). (4.9)

Using the Stokes’ theorem and the Bianchi identity, this is equal to∫
T 2

tr(FB ∧ η(B))

where B = A|T 2 . By Lemma 4.14, this is equal to zero and we have FA = 0. Thus 0 = ∗FA =
−dA(ζ + tη̃(A)) by our assumption. Since A is an irreducible connection, dA has the trivial
kernel and ζ = −tη̃(A). Restricting this to the boundary T 2, we have the relation tη(B) = 0.
Since η(B) = γ0 is a generator of H0(T 2; adB0), we have η(B) ̸= 0. Hence t = 0 and ζ = 0
follow.

Conversely, if we assume that FA = 0, ζ = 0, and t = 0, then clearly Φ(A, ζ, t) = 0.

Lemma 4.16 means that two equations FA = 0 and Φ(A, ζ, t) = 0 have the same zero set
near an irreducible flat connection A0. Hence Φ = 0 defines the space of flat connections near
A0.

Proof of Proposition 4.12. Natural embeddings µK ↪→ ∂X ↪→ X induce maps on cohomology
groups with a local coefficient system,

H1(X; adρ)
j−→ H1(∂X; adρ) → H1(µK ; adρ). (4.10)

The non-degeneracy condition on [ρ] is equivalent to the condition that the composition (4.10)
is injective by Proposition 2.3. This implies that j is also injective. Thus the restriction map
R∗(X,SU(2)) → R(T 2, SU(2)) to the pillowcase is an immersion at [ρ] if we show that
R∗(X,SU(2)) has a smooth manifold structure near [ρ]. Next, we show that R∗(X,SU(2)) is a
smooth manifold near [ρ]. Consider the long exact sequence of cohomology with local coefficient
associated to the pair (X, ∂X),

· · · → H0(∂X; adρ)
∂−→ H1(X, ∂X; adρ) → H1(X; adρ)

j−→ H1(∂X; adρ) → · · ·

The cokernel of the connecting homomorphism ∂ is zero since j is injective. Using the harmonic
representative of the cohomology with local coefficient, the connecting homomorphism ∂ is
given by γ0 7→ dA0 η̃(A0) where A0 is a SU(2)-flat connection corresponding to ρ. Thus
coker∂ = H1(X, ∂X; adA0) ∩ (dA0 η̃(A0))

⊥ = 0. This means that the equation Φ(A, ζ, t) = 0
has a surjective linearization map at (A0, 0, 0). Thus there is a neighborhoodVA0 ofA0 ∈ Φ−1(0)
which has a smooth structure by the implicit function theorem. Since A0 is irreducible, the
quotient singularity by gauge transformations GX does not occur. Thus R∗(X,SU(2)) has a
smooth manifold structure near [ρ].

By Proposition 2.3, the following proposition shows that the singular Chern-Simons func-
tional for (p, q)-torus knot has non-degenerate irreducible critical points without perturbations.
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Proposition 4.17. For any [ρ] ∈ R∗(S3 \ Tp,q, SU(2)), the natural map

H1(S3 \ Tp,q; adρ) → H1(µTp,q ; adρ) (4.11)

is injective.

proof. Firstly, we compute H1(S3 \ Tp,q; adρ) using the group cohomology of π1(Y \ K).
Since the fundamental group π1(S3 \ Tp,q) has a presentation ⟨x, y|xp = yq⟩, 1-cocycles γ :
π1(S

3 \ Tp,q) → su(2) satisfy the relation

(I +Ax + · · ·+Ap−1
x )γ(x) = (I +Ay + · · ·+Aq−1

y )γ(y)

whereAx := Adρ(x) andAy := Adρ(y). SinceAx andAy areSO(3) linear transformation acting
on R3, they have one dimensional axis of rotation Rx and Ry respectively. Let Cx and Cy denote
their orthogonal complement spaces. Then Im(I − Ax) = Cx and Im(I − Ay) = Cy. Note
that ρ(x) and ρ(y) are contained in different great circles in SU(2) ∼= S3 since ρ is irreducible
SU(2)-representation. Thus ρ satisfies ρ(x)p = ρ(y)q = ±1 and hence Apx = Aqy = I . Thus
we have Ker(I + Ax + · · · + Ap−1

x ) = Cx and Ker(I + Ay + · · · + Aq−1
y ) = Cy. Since ρ is

irreducible, Rx and Ry are independent in R3. Consider a linear map L : R3⊕R3 → R3 defined
by

L(x1, x2) = (I +Ax + · · ·+Ap−1
x )x1 − (I +Ay + · · ·+Aq−1

y )x2.

This has rank 2, and the space of 1-cocycles has dimension 4. On the other hand, the space of
1-coboundaries is a subspace of R3 spanned by Im(I − Adρ(g)) for all g ∈ π1(S

3 \ Tp,q), and
this coincides to R3 itself. Thus, we have H1(S3 \ Tp,q; adρ) ∼= R4/R3 ∼= R.

Next, we compute H1(µTp,q ; adρ). In this case, the space of 1-cocycles is isomorphic to R3

since its elements are determined by choosing γ(µ) ∈ su(2) ∼= R3. The space of 1-coboundaries
is Im(I −Adρ(µ)) ∼= C. Thus, we have H1(µ; adρ) ∼= R3/C ∼= R.

Finally, we prove that the map (4.11) is surjective. If γ : π1(S
3 \ Tp,q) → su(2) represents

nonzero element in H1(S3 \ Tp,q; adρ) then γ(g) /∈ Im(I −Adρ(g)) for any g ∈ π1(S
3 \ Tp,q).

Thus γ(µ) /∈ Im(I − Adρ(µ)) for the meridian µ ∈ π1(S
3 \ Tp,q), and this means that the

image of [γ] ∈ H1(S3 \ Tp,q; adρ) in H1(µTp,q ; adρ) is a nonzero element. This completes the
proof.

Consider a knotK inS3. Note that the image of the restriction map r : R∗(S3\K,SU(2)) →
R(T 2, SU(2)) is contained in the smooth part of the pillowcase. By Proposition 4.17 and 4.12,
we get the following statement.

Corollary 4.18. The natural restriction map R∗(S3 \ Tp,q, SU(2)) → R(T 2, SU(2)) to the
smooth part of the pillowcase is an immersion of smooth one-manifold.

In fact, it is known that the irreducible representation variety R∗(S3 \ Tp,q, SU(2)) is a
disjoint union of 1

2(p− 1)(q − 1) segments. (See [24].)
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4.3 Levine-Tristram signature and representation variety

The following statement relates the size of the set of singular flat connections over S3 \ Tp,q and
the set of flat connections over the cyclic branched covering.

Lemma 4.19. Let p, q, r be relatively coprime positive integers and Σ(p, q, r) be a Brieskorn
homology sphere. Then

2|R∗(Σ(p, q, r), SU(2))| =
r−1∑
l=1

|R∗
l
2r

(S3 \ Tp,q, SU(2))|.

proof. We apply Proposition 4.1 to the r-fold cyclic branched covering Σ(p, q, r) of Tp,q ⊂ S3.
Note that the covering transformation τ induces the trivial action on R∗(Σ(p, q, r), SU(2)) by
[2] and hence there is a two to one correspondence⊔

l

R∗
l
2r

(S3 \ Tp,q, SU(2))
∼=−→ R∗(Σ(p, q, r), SU(2)).

The non-degeneracy condition at irreducible critical points can be interpreted in the pillow-
case as follows.

Lemma 4.20. Let α ∈ (0, 12) be a fixed holonomy parameter. Assume that [ρ] ∈ R∗
α(S

3 \
K,SU(2)) is non-degenerate. Then Sα and the image of R∗(S3 \K,SU(2)) by the restriction
map r : R∗(S3 \K,SU(2)) → R(T 2, SU(2)) intersect transversely at r([ρ]).

proof. Consider the natural map p : R(T 2, SU(2)) → R(µK , SU(2)) induced from the em-
bedding µK ↪→ T 2. Let [σ] ∈ R(µK , SU(2)) be an element such that tr(σ(µK)) = 2cos(2απ).
Then p−1([σ]) = Sα ⊂ R(T 2, SU(2)) by the definition. Note that Sα is contained in the smooth
part of the pillowcase, and [σ] is also contained in the smooth part of R(µK , SU(2)) since the
quotient singularity by the conjugacy action of SU(2) does not happen when α ̸= 0, 12 . Thus
the kernel of the map

dp[σ′] : T[σ′]R(T 2, SU(2)) = H1(T 2; adρ) → T[σ]R(µK , SU(2)) = H1(µK ; adρ)

induced on their tangent spaces is T[σ]Sα, where [σ′] = r([ρ]). Note that R∗(S3 \K,SU(2)) is
smooth near [ρ] by Proposition 4.12. The composition of the natural maps

T[ρ]R(S3 \K,SU(2)) = H1(S3 \K; adρ)
j−→ H1(T 2; adρ) → H1(µK ; adρ). (4.12)

is injective by our non-degeneracy assumption. Thus the image of H1(S3 \ K; adρ) in
H1(T 2; adρ) is independent ofKer(H1(T 2; adρ) → H1(µK ; adρ)). This means that r(R∗(S3\
K,SU(2))) and Sα intersect transversely at r([ρ]).

There is a relation between σα(K) and R∗
α(S

3 \K,SU(2)). We use the following inequality
in the proof of Proposition 4.22.
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Lemma 4.21. LetK be a knot in S3. Assume that R∗
α(S

3 \K,SU(2)) is non-degenerate. Then

|σα(K)| ≤ 2|R∗
α(S

3 \K,SU(2))|

for α ∈ [0, 12 ] with ∆K(e4πiα) ̸= 0.

proof. By Proposition 4.12, R∗(S3 \ K,SU(2)) → R(T 2, SU(2)) is an immersion to the
smooth part of the pillowcase. By Proposition 4.17 and Lemma 4.20, the immersed image of
R∗(S3 \K,SU(2)) intersects transversely to Sα. After taking a small perturbation, the image
of R∗,h(S3 \K,SU(2)) intersects to Sα transversely and the number of intersection points do
not change,

|R∗(S3 \K,SU(2)) ∩ r−1(Sα)| = |R∗,h(S3 \K,SU(2)) ∩ r−1(Sα)|. (4.13)

If ∆K(e4πiα) ̸= 0 and the perturbation h is chosen so that it satisfies conditions in [23,
Lemma 5.1] then the signed counting #R∗,h

α (S3 \K,SU(2))) can be defined and

#R∗,h
α (S3 \K,SU(2))) = −1

2
σα(K)

holds by [23, Corollary 0.2]. On the other hand, the left hand side of (4.13) is just the size of the
set R∗

α(S
3 \K,SU(2)) by the definition. Hence the statement is proven.

Since K = Tp,q satisfies the assumption of Lemma 4.21, the inequality |σα(Tp,q)| ≤
2|R∗

α(S
3 \ Tp,q, SU(2))| holds for α ∈ [0, 12 ] with ∆Tp,q(e

4πiα) ̸= 0.

Proposition 4.22. Let p, q, r be positive and relatively coprime integers. The following formula

−1

2
σ l

2r
(Tp,q) = |R∗

l
2r

(S3 \ Tp,q, SU(2))|

holds for 1 ≤ l ≤ r − 1 with ∆Tp,q(e
2πil
r ) ̸= 0.

For the proof, we use the similar argument in the proof of [2, Theorem 3.4].

proof. Consider a 4-ball B4 and a torus knot in its boundary Tp,q ⊂ S3 = ∂B4, and take a
Seifert surface S for Tp,q as S ⊂ B4 and S ∩ ∂B4 = ∂S. The r-fold cyclic branched covering
of B4 branched along S is the Milnor fiber

M(p, q, r) = {(z1, z2, z3)|zp1 + zq2 + zr3 = ϵ} ∩B6 ⊂ C3,

where ϵ > 0 is small enough. Furthermore, ∂M(p, q, r) = Σ(p, q, r) is an r-fold cyclic branched
covering of ∂B4 = S3, blanched along Tp,q. There is the following formula ( [13, Corollary 2.9
]),

−1

4
σ(M(p, q, r)) = |R∗(Σ(p, q, r), SU(2))|.

Using signature formula in [41], Lemma 4.19 and decomposition of σ(M(p, q, r)) into the
equivariant signature σ(M(p, q, r); ir ), we have

−1

2

r−1∑
l=1

σ l
2r
(Tp,q) =

r−1∑
l=1

|R∗
l
2r

(S3 \ Tp,q, SU(2))|.
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Note that σ l
2r
(Tp,q) ≤ 0 since Tp,q is a positive knot. If we assume that the inequality in Lemma

4.21 is strict for some l, then −1
4σ(M(p, q, r)) < |R∗(Σ(p, q, r))|, and this is a contradiction.

Thus we get the desired formula.

We complete the proof of Theorem 1.9.

Proof of Theorem 1.9. When α = 0 or 1
2 , σTp,q = 0 and R∗

α(S
3 \ Tp,q, SU(2)) is empty. So we

consider the case α ∈ (0, 12) with ∆Tp,q(e
4πiα) ̸= 0. Since the image of R∗(S3 \ Tp,q, SU(2))

in the pillowcase intersects to Sα transversely, there is a small ϵ > 0 such that for any α′ ∈
(α− ϵ, α+ ϵ), ∆Tp,q(e

4πiα) ̸= 0 and

|R∗(S3 \ Tp,q, SU(2)) ∩ r−1(Sα)| = |R∗(S3 \ Tp,q, SU(2)) ∩ r−1(Sα′)|

holds. Thus |R∗
α(S

3 \Tp,q, SU(2))| = |R∗
α′(S3 \Tp,q, SU(2))|. The Levine-Tristram signature

is piecewise constant and jumps at the roots of the Alexander polynomial. Hence σTp,q(e4πiα) =
σTp,q(e

4πiα′
) if ϵ > 0 is small enough. We can find a positive integer r which is coprime to p

and q, and a positive integer l such that l
2r ∈ (α− ϵ, α+ ϵ). Then

−1

2
σ l

2r
(Tp,q) = |R∗

l
2r

(S3 \ Tp,q, SU(2))|

by Proposition 4.22. Thus we have

−1

2
σα(Tp,q) = |R∗

α(S
3 \ Tp,q, SU(2))|.
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5 Properties of instanton knot invariants and their applications

In this section, we give the proof of Theorem 1.1 which is the main theorem in this paper. The
important consequence of Subsection 5.1 is that the Floer chain Cα∗ (Tp,q; ∆S ) is supported only
on the odd graded part. The key argument is that the Frøyshov invariant of a knot K ⊂ S3

for an appropriate choice of coefficient S reduces to the Levine-Tristram signature. This is a
generalization of the corresponding result in [9] and the argument is parallel. Subsection 5.2 gives
the proof of Theorem 1.1 using this specific property of the Floer chain complex C̃α∗ (Tp,q; ∆S )
and the Frøyshov knot invariant.

5.1 The Frøyshov knot invariant and the structure theorem

Let W be a compact, oriented, smooth 4-manifold with b1(W ) = b+(W ) = 0, whose boundary
∂W = Y is an integral homology 3-sphere. Let K ⊂ Y be an oriented knot and S ⊂ W be an
embedded, oriented surface with ∂S = K. Throughout this subsection, we assume that S is an
integral domain over Rα. We define

K(A) := κ(A) +

(
α− 1

4

)
ν(A) + α2S · S

and
dα(W,S) := 4K(Amin)− g(S)− 1

2
σα(Y,K)− 1

for each holonomy parameter α ∈ (0, 12) ∩ Q. Here Amin is a minimal reducible and note that
K(Amin) is independent of the choice of minimal reducibles. Moreover dα(W,S) is an integer
by the index theorem. The value of the Frøyshov knot invariant is evaluated by the following
proposition.

Proposition 5.1. Let (W,S) and (Y,K) as above andα ∈ (0, 12)∩Q satisfies∆(Y,K)(e
4πiα) ̸= 0.

If d := dα(W,S) ≥ 0 then there is a cycle cα(W,S) ∈ Cα2d+1(Y,K; ∆S ) satisfying

δ1v
j(cα(W,S)) =

{
0 (0 ≤ j < d)

ηα(W,S) (j = d)
.

proof. We define cα(W,S) ∈ Cα2d+1(Y,K; ∆S ) as follows

⟨cα(W,S), β⟩ =
∑

[A]∈M(W,S;β)0

ϵ(A)λκ0−κ(A)T ν(A)−ν0 ,

where M(W,S, β)0 is a zero dimensional moduli space. Since dcα(W,S) corresponds to
the counting of the boundary of one-dimensional moduli space Mα(W,S;β′)+1 , we have
dcα(W,S) = 0. Let M(W,S, θα)2d+1 be the moduli space of instantons A over (W,S) which
are asymptotic to θα and satisfy κ(A) = κ(Amin). If d ≥ 0 then we can perturb the ASD
equation so that each reducible connection in Mz(W,S; θα)2d+1 has a neighborhood which is
homeomorphic to the cone of CPd. Removing small 2d+ 1 balls of each reducible points from
Mz(W,S; θα)2d+1, then we get 2d+ 1 manifold M ′

z whose boundary is ⊔(±CPd), where signs
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± are determined by the orientation of each reducible points. Cutting down M ′
z by codimension

two divisors {Vi}1≤i≤d associated to d points in S, M ′
z ∩ V1 ∩ · · · ∩ Vd is a one manifold with

boundary. Then we have
∑

z#∂(M
′
z ∩ V1 ∩ · · · ∩ Vd))λκ0−κ(z)T ν(z)−ν0 = ηα(W,S). On the

other hand, M ′
z ∩ V1 ∩ · · · ∩ Vd has ends arising from the sliding end of instantons. Define

ψ ∈ C1(Y,K; ∆S ) by

⟨β, ψ⟩ =
∑
z

∑
[A]

ϵ([A])λκ0−κ(A)T ν(A)−ν0

where [A] run through all elements in #(Mz(W,S;β)2d∩V1∩ · · ·∩Vd) for each z. Then ψ and
vdcα(W,S) are homologous. Since δ1ψ = ηα(W,S), we have δ1vdcα(W,S) = ηα(W,S). If
j < d,Mz(W,S; θα)2j+1 does not contain reducible points and we have δ1vjcα(W,S) = 0.

Before the proof of Theorem 1.8, we state Lemma 5.2 and Proposition 5.3 related to two-
bridge torus knots.

Lemma 5.2. For any α ∈ (0, 12), there is an integer k > 0 such that σα(T2,2k+1) = −2 and
∆T2,2k+1

(e4πiα) ̸= 0.

proof. Consider the case α ≤ 1
4 . By [34, Proposition 1], σα(T2,2k+1) is given by

σα(T2,2k+1) = n1 − n2

where n1 is the number of lattice points {(1,m)|(k + 1
2)(1 + 4α) < m < 2k + 1} and n2 is

the number of lattice points {(1,m)|0 < m < (k + 1
2)(1 + 4α)}. Thus σα(T2,2k+1) = −2

if only if 1
8k+4 < α < 3

8k+4 . Moreover, note that the interval
(

1
8k+4 ,

3
8k+4

)
does not contain

any root of ∆T2,2k+1
(t). Thus, for any α ≤ 1

4 , we can find k > 0 such that σα(T2,2k+1) = −2

and ∆T2,2k+1
(e4πiα) ̸= 0. For the case α > 1

4 , it follows that σα(T2,2k+1) = −2 if only if
1
2 − 3

8k+4 < α < 1
2 − 1

8k+4 by the flip symmetry.

Proposition 5.3. For anyα ∈ Q∩(0, 12), there is an integer k > 0 such that∆T2,2k+1
(e4πiα) ̸= 0

and hαS (T2,2k+1) = 1.

proof. By Lemma 5.2, we can find an integer k > 0 such that σα(T2,2k+1) = −2 and
∆T2,2k+1

(e4πiα) ̸= 0. Consider a cobordism of pairs (Wk, Sk) obtained by the compositions

(Wk, Sk) : (S
3, U) → (S3, T2,3) → · · · → (S3, T2,2k−1) → (S3, T2,2k+1)

where (S3, T2,2i−1) → (S3, T2,2i+1) is obtained by the crossing change of the knot. Put
(Wk, Sk) := (D4, D2)∪(S3,U) (Wk, Sk). Then it is easy to see that b1(Wk) = b+(Wk) = 0 and
dα(Wk, Sk) = 0 by the similar argument in Proposition 2.23. Applying Proposition 5.1 to the
pair (Wk, Sk), we obtain a cycle cα(Wk, Sk) ∈ Cα1 (T2,2k+1) such that δ1cα(Wk, Sk) ̸= 0. This
implies that hαS (T2,2k+1) ̸= 0. Since rankCα∗ (T2,2n+1) = 1, we have hαS (T2,2k+1) = 1.

Now, we complete the proof of Theorem 1.8.
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Proof of Theorem 1.8. Consider a knotK ⊂ S3 and a holonomy parameter α ∈ Q∩ (0, 12) with
∆K(e4πiα) ̸= 0. Since K ⊂ S3 is homotopic to any knot, it can be deformed into lT2,2n+1

by positive and negative crossings changes, where l = −1
2σα(K). This operation defines a

cobordism of pairs ([0, 1]× S3, S) : (S3,K) → (S3, lT2,2n+1) where S is an immersed surface
with normal self-intersection points. Let S′ : lT2,2n+1 → K be the inverse cobordism of S.
Since σα(K) = σα(lT2,2n+1), two cobordisms S and S′ induce negative definite cobordisms.
Let m̃S : C̃α∗ (K; ∆S ) → C̃α∗ (lT2,2n+1; ∆S ) and m̃S′ : C̃α∗ (lT2,2n+1; ∆S ) → C̃α∗ (K; ∆S ) be
induced cobordism maps on S-complexes. Since two immersed cobordisms S′ ◦ S and S ◦ S′

can be deformed into product cobordisms by finitely many finger moves, their induced maps
m̃S′◦S and m̃S◦S′ are S-chain homotopic to the identity up to the multiplication of unit elements
by Proposition 3.28. By the functoriality of S-morphisms, m̃S′ ◦ m̃S and m̃S ◦ m̃S are S-chain
homotopic to identity up to the multiplication of unit elements. The proof is completed by
Remark 3.4.

The proof of Theorem 1.7 immediately follows from Theorem 1.8.

Proof of Theorem 1.7. Comparing Frøyshov invariants for both sides of

C̃α∗ (K; ∆S ) ≃ Cα∗ (lT2,2k+1; ∆S ),

we obtain hαS (K) = lhαS (T2,2k+1) where l = −1
2σ(K). Since hαS (T2,2k+1) = 1 by Proposition

5.3, we obtain the desired formula.

Remark 5.4. Since S-chain homotopy equivalence of two S-complexes C̃∗ ≃ C̃ ′∗ implies chain
homotopy equivalence between C∗ and C ′

∗. Assume that σα(K) ≤ 0. Then Theorem 1.5 and
Theorem 1.8 implies the S-chain homotopy equivalence C̃α∗ (K; ∆S ) ≃ C̃α∗ (T2,2n+1; ∆S )⊗l

and hence we have the Euler characteristic formula,

χ(Cα∗ (K; ∆S )) = lχ(Cα∗ (T2,2n+1; ∆S )).

Ifσα(K) > 0 then there is anS-chain homotopy equivalence C̃α∗ (K; ∆S ) ≃ C̃α∗ (−T2,2n+1; ∆S )⊗−l

and we have
χ(Cα∗ (K; ∆S )) = −lχ(Cα∗ (−T2,2n+1; ∆S )).

By Proposition 5.3, we haveχ(Cα∗ (T2,2n+1; ∆S )) = −1. On the other hand,χ(Cα∗ (−T2,2n+1; ∆S )) =
1 since if we reverse the orientation of 3-manifold, the Z/4-grading of chain complex changes
so that gr−Y (β) ≡ 3− grY (β), which follows from (2.4). In any case, we have

χ(Cα∗ (K; ∆S )) =
1

2
σα(K).

Note that this formula for the Euler characteristic is independent of the choice of the coefficient
S .

Proof of Theorem 1.10. Consider an arbitrarily knot K ⊂ S3. For any holonomy parameter
α ∈ (0, 12) ∩ Q with ∆K(e4πiα) ̸= 0, the Floer chain complex Cα∗ (K; ∆S ) is defined and the
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relation hαS (K) = −1
2σα(K) holds. By the definition of the Frøyshov knot invariant, we have

lower bounds of Floer homology groups,

rankIα1 (K; ∆S ) ≥
⌈
−σα(K)

4

⌉
, rankIα3 (K; ∆S ) ≥

⌊
−σα(K)

4

⌋
.

for any knot K ⊂ S3 with σα(K) ≤ 0. In particular, K = Tp,q satisfies this condition. Using
the equality rankI∗(Tp,q) = −σα(Tp,q)

2 , we obtain

rankIα1 (Tp,q; ∆S ) =

⌈
−σα(Tp,q)

4

⌉
, rankIα3 (Tp,q; ∆S ) =

⌊
−σα(Tp,q)

4

⌋
.

Since Iα∗ (Tp,q) is supported only on the odd graded part, we obtain the statement.

5.2 An application to knot concordance

In this subsection, we complete the proof of our main theorem (Theorem 1.1).
The operator Z±1 and U±1 extend to the S-complex C̃∗ in the obvious way. We also

introduce the operator
Wi,j,k := δ1v

iUkZj : C̃∗ → C̃∗.

If degR(Zγ) > degR(γ), the operator Z does not act on the filtered chain complex C [−∞,R]
∗

and Wi,j does not directly induces a map on C̃ [−∞,R]
∗ . For this reason, we introduce the map

V [−∞,R]
i,j,k on the filtered chain complex by the following composition:

C̃
[−∞,R]
∗ ↪→ C̃

[−∞,∞]
∗

Wi,j,k−−−−→ C̃
[−∞,∞]
∗ .

We also introduce the operator W [R′,R]
i,j,k on the quotient filtered S-complex C̃ [R′,R]

∗ by the follow-
ing compositions:

C̃
[R′,R]
∗ ↪→ C̃

[−∞,∞]
∗

Wi,j,k−−−−→ C̃
[−∞,∞]
∗ ↠ C̃

[R′,∞]
∗ .

Here, the last map is a natural quotient map.

Proposition 5.5. Let S : Tp,q → Tp,q be a given self-concordance. Then there is a dense subset
I ⊂ (0, 12) such that all elements in Rα(S

3 \ Tp,q, SU(2)) extend to elements in Rα((S
3 ×

[0, 1]) \ S, SU(2)) for any α ∈ I.

proof. We choose a dense subset I ⊂ (0, 12) such that Theorem 1.10 holds for Tp,q. Since
all irreducible critical points of the Chern-Simons functional of Tp,q are non-degenerate by
Proposition 4.17, we can choose a perturbationπ so that it is supported away from flat connections.
In particular, we can assume that the chain complex Cα∗ (Tp,q; ∆S ) is generated by R∗

α(S
3 \

Tp,q, SU(2)). Since the assertion forα = 1
4 is proved in [9], we assume thatα ̸= 1

4 . In particular,
we consider the case α < 1

4 for a while. Since the unique flat reducible θα with the holonomy
parameter α on S3 \ Tp,q always extends to concordance complement, it is enough to consider
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Figure 3: Elements β̂0, · · · , β̂d−1 and their Z× R-gradings.

the extension problem for irreducibles. We choose a field S := Rα ⊗Q. By Theorem 1.7 and
1.10 , we have

hαS (Tp,q) = −1

2
σα(Tp,q) = d

where d := rankCα∗ (Tp,q; ∆S ). This implies that there is an cycle β0 ∈ Cα∗ (Tp,q; ∆S ) such
that δ1vk(β0) = 0 if k < d − 1 and δ1vd−1(β0) ̸= 0. Put βi := vi(β0) for 0 ≤ i ≤ d − 1.
The chain complex Cα∗ (Tp,q; ∆Sα) admits a Z × R-bigrading by fixing lifts ρ̃1, · · · , ρ̃d of
singular flat connections ρ1, · · · , ρd ∈ R∗

α(S
3 \ Tp,q, SU(2)). In particular, we may assume

that degZ(ρ̃i) = 1 or 3 by Theorem 1.10. Using properties of elements β0, · · · , βd−1, we fix
elements β̂0, · · · , β̂d−1 ∈ Cα∗ (Tp,q; ∆Sα)

[−∞,∞] by the following way. Firstly, there exists an
cycle β̂d−1 such that degZ(β̂d−1) = 1 and satisfies

δ1(β̂d−1) =
∑
k≤0

ckZ
kθ̃α

with c0 ̸= 0 since δ1(βd−1) ̸= 0. Next, we assume that an element β̂i is chosen. Then β̂i−1 is
defined as a cycle satisfying

v(β̂i−1) = β̂i.

Finally, we obtain cycles β̂0, · · · , β̂d−1 by induction.
Note that degZ(β̂i) = 2(d− 1)− 2i and 0 ≤ degR(β̂i−1) ≤ · · · ≤ degR(β̂0). We fix R > 0

so that it satisfies degR(β̂0) < R and R /∈ C ∗. See Figure 3.
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Let −ϵ < 0 be a small negative number such that an interval [−ϵ, 0) does not contain any
critical value of the Chern-Simons functional CS. Our aim is to show that the cobordism map
mS on the quotient filtered chain C̃α∗ (Tp,q; ∆S )[−ϵ,R] is an isomorphism.

Since the map m̃S preserves the Z-grading, it is enough to show that m̃S is an isomor-
phism on Cα1 (Tp,q; ∆S )[−ϵ,R] and Cα3 (Tp,q; ∆S )[−ϵ,R]. We claim that Cα1 (Tp,q; ∆S )[−ϵ,R] and
Cα3 (Tp,q; ∆S )[−ϵ,R] are generated by elements of the form

{ZjU2k+1−(d−1)β̂2k+1|k,m2k+1 ≤ j ≤ n2k+1}

or
{ZjU2k−(d−1)β̂2k|k,m2k ≤ j ≤ n2k}

over Q. To see this, consider the following linear combination,∑
0≤i≤d−1

∑
mj≤j≤ni

ci,jZ
jU i−(d−1)β̂i = 0, (5.1)

where ci,j are rational coefficients. Then we consider applying operators W [−ϵ,R]
i,j,k to the equa-

tion (5.1). Firstly, we apply the operator for (i, j, k) = (0,−nd−1, 0). Then we obtain
c0,nd−1

δ1(β̂d−1) = 0 with δ1(β̂d−1) is non-zero. Since S is an integral domain, we have
cd−1,nd−1

= 0. Next, we apply the operator W [−ϵ,R]
(i,j,k) for (i, j, k) = (0,−nd−1 + 1, 0) to the

equation (5.1). Then we obtain cd−1,nd−1−1 using cd−1,nd−1
= 0. Inductively, we obtain

cd−1,nd−1
= · · · = cd−1,md−1

= 0

by applying operators W [−ϵ,R]
0,−nd−1,0

, · · · ,W [−ϵ,R]
0,−md−1,0

. We repeat similar arguments using opera-
tors {W [−ϵ,R]

1,j,1 }md−2≤j≤nd−2
, and obtain

cd−2,nd−2
= · · · = cd−2,md−2

= 0.

Inductively, we conclude that
ci,ni = · · · = ci,mi = 0

for all 0 ≤ i ≤ d− 1. This means that {ZjU i−(d−1)β̂i}0≤i≤d−1
mi≤j≤ni

are linearly independent.

Put β̂′i := mS(β̂i). Since the induced cobordism map m̃S on an S-complex satisfies
relations (3.15), elements β̂0, · · · , β̂d−1 have same properties and the same technique shows
that {ZjU i−(d−1)β̂′i}0≤i≤d−1

mi≤j≤ni

are linearly independent. Moreover, degR(β̂i) = degR(β̂
′
i) by

the construction of elements {β̂i}. We conclude that the map mS is an isomorphism on
Cα1 (Tp,q; ∆Sα)

[−ϵ,R] and Cα3 (Tp,q; ∆Sα)
[−ϵ,R].

Note that the chain complex Cα∗ (Tp,q; ∆S ) is generated by those irreducible singular flat
connections. Then the degree one partCα1 (Tp,q; ∆S )[−ϵ,R] of the quotient filtered chain complex
is generated by elements of the forms {Zj ρ̃1}m1≤j≤n1 , · · · , {Zj ρ̃l}ml≤j≤nl

over Q. We order
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these generators by values of the Chern-Simons functional. Then the cobordism mapmS can be
represented by the following form

L1 O · · ·
L2 O · · ·

. . . O · · ·
. . . O

Lk

 (5.2)

where diagonal blocks Li are components that correspond to the basis with the same value of the
Chern-Simons functional. Note that components in Li are defined by counting (perturbed) flat
connections over the concordance complement. Since mS is an isomorphism on the degree one
part, the matrix (5.2) is invertible over Q. Hence each diagonal blocks Li are also invertible. In
particular, they do not contain any zero-column. Since the regular condition on moduli space is
an open condition with respect to choices of perturbation, all flat connections ρ1, · · · , ρl extend to
flat connections over the concordance complement. The similar argument works for ρl+1, · · · ρd
and thus all elements in R∗

α(S
3 \ Tp,q; ∆S ) extend to the concordance complement.

Finally, we consider the case α > 1
4 . In this case, we only change the above argument at the

following point: We apply the operator W [−ϵ,R]
0,−md−1

on the equation (5.1) at the first time. Then we
obtain cd−1,md−1

= 0. Next we apply the operator W [−ϵ,R]
0,−md−1+1,0 and obtain cd−1,md−1−1 = 0.

We inductively obtain cd−1,nd−1
= · · · = cd−1,md−1

= 0. The rest of the argument goes in a
similar way and finally, all coefficients in (5.1) vanish.

Proof of Theorem 1.1. Let S : Tp,q → K be a given concordance, then we can construct a
concordance S̄ ◦S : Tp,q → K → Tp,q by the composition, where S̄ is the opposite concordance
of S. By Proposition 5.5 there exists a dense subset I ⊂ [0, 12 ] such that there is a extension
Rα(S

3 \ Tp,q, SU(2)) → Rα((S
3 × [0, 1]) \ S̄ ◦ S, SU(2)) for any α ∈ I. Let α ∈ [0, 12 ] be

any holonomy parameter and consider the representation ρ : π1(S
3 \ Tp,q) → SU(2) with

ρ(µTp,q) ∼
[
e2πiα 0
0 e−2πiα

]
.

Then we can choose a sequence {αi} ⊂ I such that limi→∞ αi = α and SU(2) representations
ρi of π1(S3 \ Tp,q) with

ρi(µTp,q) ∼
[
e2πiαi 0
0 e−2πiαi

]
.

Since ρi extends to SU(2) representation Φi : π1((S
3 × [0, 1]) \ S̄ ◦ S) → SU(2), and we can

choose a convergent subsequence of {Φi} which has the limiting representation Φ∞ : π1((S
3 ×

[0, 1]) \ S̄ ◦ S) → SU(2). (Since SU(2) is compact, we can choose a convergent subsequence
{Φi(xj)}i for each generator xj of π1((S3×[0, 1])\S̄◦S), and limi→∞Φi(xj) defines a limiting
representationΦ∞.) By restriction, we get a representation π1((S3×[0, 1])\S) → SU(2)which
is the extension of ρ.
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6 Appendix: The connected sum theorem

In this section, we give the proof of the connected sum theorem. The connected sum theorem for
non-singular settings was proved by [20], and the singular setting with α = 1

4 was proved by [8].
We use the similar argument used in [8] to prove our connected sum theorem (Theorem 3.24).
Let us recall the settings which are introduced in Section 6 in [8]. Let (Y,K) and (Y ′,K ′) be
two given knots in integral homology 3-spheres. Fixing base points p ∈ K and p′ ∈ K ′, we
take a pair of the connected sum (Y#Y ′,K#K ′) at these base points. We also fix a base point
p# ∈ K#K ′. Consider a cobordism

(W,S) : (Y ⊔ Y ′,K ⊔K ′) → (Y#Y ′,K#K ′)

constructed by attaching a pair of 1-handles (D1 × D3, D1 × D1) to the product cobordism
[0, 1]× (Y ⊔ Y ′,K ⊔K ′). Let

(W ′, S′) : (Y#Y ′,K#K ′) → (Y ⊔ Y ′,K ⊔K ′)

be a cobordism of opposite direction. We define three oriented piece-wise smooth paths
γ, γ′, γ#on S ⊂ W . Assume that these paths intersect the boundaries of the cobordism only
at their edge points. The path γ starts from p ∈ Y and ends at the base point p# ∈ Y#Y ′.
Similarly, γ′ starts from p′ ∈ Y ′ and ends at p#. γ# starts from p ∈ Y and ends at p′ ∈ Y ′.
Let us define the paths σ, σ′, σ# in S′ as mirrors of γ, γ′, γ# respectively. We use notations
β, β′, β# (and their indexed versions) for critical points of the perturbed Chern-Simons func-
tional on (Y,K), (Y ′,K ′) and (Y#Y ′,K#K ′) respectively. θα, θ′α and θ#α denote unique flat
reducibles on (Y,K), (Y ′,K ′) and (Y#Y ′,K#K ′) respectively. We use the reduced notations
for d-dimensional moduli spaces as follows

Mz(β, β
′;β#)d :=Mz(W,S;β, β

′, β#)d

Mz(β
#;β, β′)d :=Mz(W

′, S′;β#, β, β′)d

We drop z from the notations above if we consider all unions of z. We define maps

Hγ : B(W,S;β, β′, β#) → S1

Hγ′ : B(W,S;β, β′, β#) → S1

as in Subsection 3.4. The moduli space cut down by these maps are defined as follows,

Mγ,z(β, β
′;β#)d := {[A] ∈Mz(β, β

′;β#)d+1|Hγ([A]) = s}

Mγ′,z(β, β
′;β#)d := {[A] ∈Mz(β, β

′;β#)d+1|Hγ′([A]) = s′}

Mγγ′,z(β, β
′;β#)d := {[A] ∈Mz(β, β

′;β#)d+1|Hγ([A]) = s,Hγ′([A]) = s′}

where s ∈ S1 is a generic point. The orientation of moduli spaces over (W,S) is defined in
the following way. Let oW ∈ O[W,S; θα+, θ

′
α+, θ

#
α−] be the canonical homology orientation
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of (W,S), and oβ ∈ O[β], oβ′ ∈ O[β′]and oβ# ∈ O[β#] be given orientations for generators.
Then oβ,β′:β# ∈ O[W,S : β, β′;β#] is fixed so that the relation

Φ(oβ ⊗ oβ′ ⊗ oW ) = Φ(oβ,β′;β# ⊗ oβ#)

holds.
The argument of the proof consists of the following steps.

I. A cobordism of pairs (W,S) : (Y ⊔ Y ′,K ⊔ K ′) → (Y#Y ′,K#K ′) induces an S-
morphism

m̃(W,S) : C̃
α
∗ (Y,K)⊗ C̃α∗ (Y

′,K ′) → C̃α∗ (Y#Y ′,K#K ′).

II. A cobordism of pairs (W ′, S′) : (Y#Y ′,K#K ′) → (Y ⊔ Y ′,K ⊔ K ′) induces an
S-morphism

m̃(W ′,S′) : C̃
α
∗ (Y#Y ′,K#K ′) → C̃α∗ (Y,K)⊗ C̃α∗ (Y

′,K ′).

III. Put C̃# := C̃α∗ (Y#Y ′,K#K ′). The composition m̃(W,S) ◦ m̃(W ′,S′) is S-chain homo-
topic to id

C̃# up to the multiplication of a unit element in S .

IV. The composition m̃(W ′,S′) ◦ m̃(W,S) is S-chain homotopic to id
C̃⊗ .

6.1 Step I.

We define a map m̃(W,S) as follows. Using the decomposition of the Floer chain group C⊗ =
(C ⊗ C ′)∗ ⊕ (C ⊗ C ′)∗−1 ⊕ C∗ ⊕ C ′

∗, we define four maps:

m = [m1,m2,m3,m4] : (C ⊗ C ′)∗ ⊕ (C ⊗ C ′)∗−1 ⊕ C∗ ⊕ C ′
∗ → C#

∗ ,

µ = [µ1, µ2, µ3, µ4] : (C ⊗ C ′)∗ ⊕ (C ⊗ C ′)∗−1 ⊕ C∗ ⊕ C ′
∗ → C#

∗ ,

∆1 = [∆1,1,∆1,2,∆1,3,∆1,4] : (C ⊗ C ′)0 ⊕ (C ⊗ C ′)−1 ⊕ C0 ⊕ C ′
0 → S ,

∆2 : S → C#
−1.

Each components of the above maps are defined as follows:

⟨m1(β ⊗ β′), β#⟩ =
∑
z

#Mγ#,z(β, β
′;β#)0λ

−κ(z)T ν(z)

⟨m2(β ⊗ β′), β#⟩ =
∑
z

#Mz(β, β
′;β#)0λ

−κ(z)T ν(z)

⟨m3(β), β
#⟩ =

∑
z

#Mz(β, θ
′
α;β

#)0λ
−κ(z)T ν(z)

⟨m4(β
′), β#⟩ =

∑
z

#Mz(θα, β
′;β#)0λ

−κ(z)T ν(z)
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⟨µ1(β ⊗ β′), β#⟩ =
∑
z

#Mγγ′,z(β, β
′;β#)0λ

−κ(z)T ν(z)

⟨µ2(β ⊗ β′), β#⟩ =
∑
z

#Mγ,z(β, β
′;β#)0λ

−κ(z)T ν(z)

⟨µ3(β), β#⟩ =
∑
z

#Mγ,z(β, θ
′
α;β

#)0λ
−κ(z)T ν(z)

⟨µ4(β′), β#⟩ =
∑
z

#Mγ′,z(θα, β
′;β#)0λ

−κ(z)T ν(z)

∆1,1(β ⊗ β′) =
∑
z

#Mγ#,z(β, β
′; θ#α )0λ

−κ(z)T ν(z)

∆1,2(β ⊗ β′) =
∑
z

#Mz(β, β
′; θ#α )0λ

−κ(z)T ν(z)

∆1,3(β) =
∑
z

#Mz(β, θ
′
α; θ

#
α )0λ

−κ(z)T ν(z)

∆1,4(β
′) =

∑
z

#Mz(θ
′
α, β

′; θ#α )0λ
−κ(z)T ν(z)

⟨∆2(1), β
#⟩ =

∑
z

#Mz(θα, θ
′
α;β

#)0λ
−κ(z)T ν(z)

As described in Remark 6.10 and Remark 6.11 in [8], notice that

• H−1
ββ1

(s) ∩H−1
ββ′(s′) ∩M(β, β1)2 = ∅ for distinct regular values s, s′ ∈ S1,

• #Mγ(β, β
′;β#)−#Mγ′(β, β

′;β#) = #Mγ#(β, β
′;β#).

Proposition 6.1. There are the following relations:

d# ◦m = m ◦ d⊗ (6.1)
δ#1 ◦m = ∆1 ◦ d⊗ + δ⊗1 (6.2)
m ◦ δ⊗2 = δ#2 − d# ◦∆2, (6.3)

d# ◦ µ+ µ ◦ d⊗ = v# ◦m−m ◦ v⊗ + δ#2 ◦∆1 −∆2 ◦ δ⊗1 . (6.4)

proof. The identity (6.1) decomposes into the following four relations:

d#m1 = m1(d⊗ 1) +m1(ϵ⊗ d′)−m2(ϵv ⊗ 1) +m3(ϵ⊗ v′) +m3(ϵ⊗ δ′1) +m4(δ1 ⊗ 1),
(6.5)

d#m2 = m2(d⊗ 1)−m2(ϵ⊗ d′), (6.6)
d#m3 = m3(ϵ⊗ δ′2) +m3d, (6.7)
d#m4 = −m2(δ2 ⊗ 1) +m4d

′. (6.8)
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The identity (6.5) is obtained by counting the boundary of the compactified moduli space
M+
γ#,z

(β, β′;β#)1 for each path z. In fact, the oriented boundary ofM+
γ#,z

(β, β′;β#)1 consists
of the following types of codimension one faces:

Mγ#,z′(β, β
′;β#1 )0 × M̆z′′(β

#
1 , β

#)0, M̆z′(β, β1)0 ×Mγ#,z′′(β1, β
′;β#)0,

(−1)gr(β)M̆z′(β
′, β′1)0×Mγ,z′′(β, β

′
1;β

#)0, (−1)gr(β)+1(H−1
ββ1

(s)∩Mz′(β, β1)1)×Mz′′(β1, β
′;β#)0,

(−1)gr(β)(H−1
β′β′

1
(s)∩Mz′(β

′, β′1)1)×Mz′′(β, β
′
1;β

#)0, (−1)gr(β)M̆z′(β
′, θ′α)0×Mz′′(β, θ

′
α;β

#)0,

M̆z′(β, θα)0 ×Mz′′(θα, β
′;β#)0.

The identities (6.6), (6.7) and (6.8) are obtained by counting the compactified moduli space
M+
z (β, β′;β#)1,M+

z (β, θ′α;β
#)1 andM+

z (θα, β
′;β#)1 respectively. Here we list up codimen-

sion one faces of each moduli space:

• Codimension one faces of ∂M+
z (β, β′;β#)1:

Mz′(β, β
′;β#1 )0 × M̆z′′(β

#
1 , β

#)0, M̆z′(β, β1)×Mz′′(β1, β
′;β#)0,

(−1)gr(β)M̆z′(β
′, β′1)0 ×Mz′′(β, β

′
1;β

#)0.

• Codimension one faces of ∂M+
z (β, θ′α;β

#)1:

Mz′(β, θ
′
α;β

#
1 )0 × M̆z′′(β

#
1 , β

#)0, (−1)gr(β)M̆z′(θ
′
α, β

′)0 ×Mz′′(β, β
′;β#)0,

M̆z′(β, β1)×Mz′′(β1, θ
′
α;β

#)0.

• Codimension one faces of ∂M+
z (θα, β

′;β#)1:

Mz′(θα, β
′;β#1 )0 × M̆z′′(β

#
1 , β

#)0, M̆z′(θα, β)0 ×Mz′′(β, β
′;β#)0,

M̆z′(β
′, β′1)0 ×Mz′′(θα, β

′
1;β

#)0.

The relation (6.2) decomposes into the following four identities:

δ#1 m1 = ∆1,1(d⊗ 1) + ∆1,1(ϵ⊗ d′)−∆1,2(ϵv ⊗ 1) + ∆1,2(ϵ⊗ v′) + ∆1,3(ϵ⊗ δ′1) + ∆1,4(δ1 ⊗ 1),

δ#1 m2 = ∆1,2(d⊗ 1)−∆1,2(ϵ⊗ d′),

δ#1 m3 = ∆1,2(ϵ⊗ δ′2) + ∆1,3d+ δ1,

δ#1 m4 = −∆1,2(δ2 ⊗ 1) + ∆1,4d
′ + δ′1.

Each relation is obtained by counting the boundary of compactified one-dimensional moduli
spacesM+

γ#,z
(β, β′; θ#α )1,M+

z (β, β′; θ#α )1,M+
z (θα, β

′; θ#α )1 andM+
z (β, θ′α; θ

#
α )1 for each path
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z and the argument is similar to the previous case. Note that M(θα, θ
′
α; θ

#
α )0 consists of the

unique reducible connection. The relation (6.3) reduces to

m3δ2 +m4δ
′
2 = δ#2 − d#∆2,

and this reduces to the counting of the boundary of M+
z (θα, θ

′
α : β#)1 whose codimension one

faces are
M̆z′(θα, β)0 ×Mz′′(β, θ

′
α;β

#)0, M̆z(θ
′
α, β

′)0 ×Mz′′(β, β
′; θ#α )0,

M̆z′(θα, θ
′
α; θ

#
α )0 × M̆z′′(θ

#
α , β

#)0, Mz′(θα, θ
′
α;β

#
1 )× M̆z′′(β

#
1 , β

#).

The relation (6.4) reduces to four identities:

d#µ1 + µ1(d⊗ 1) + µ1(ϵ⊗ d′)− µ2(ϵv ⊗ 1) + µ2(ϵ⊗ v′) + µ3(ϵ⊗ δ′1) + µ4(δ1 ⊗ 1)

= v#m1 −m1(v ⊗ 1) + δ#2 ∆1,1,

d#µ2 + (d⊗ 1)− µ2(ϵ⊗ d′)

= v#m2 −m2(v ⊗ 1) +m4(δ1 ⊗ 1),

d#µ3 + µ2(ϵ⊗ δ′2) + µ3d

= v#m3 −m3v + δ#2 ∆1,3 −∆2δ1,

d#µ4 − µ2(δ2 ⊗ 1) + µ4d
′

= v#m4 −m1(δ1 ⊗ 1)−m4v
′ + δ#2 ∆1,3 −∆2δ

′
1.

Each relations are obtained by counting the boundary of M+
γγ′,z(β, β

′;β#)1, M+
γ,z(β, β

′;β#)1,
M+
γ,z(β, θ

′
α;β

#)1 and M+
γ′(θα, β

′;β#)1. See also [8, Remark 6.11].

6.2 Step II.

m′ = [m′
1,m

′
2,m

′
3,m

′
4]
T : C#

∗ → (C ⊗ C ′)∗ ⊕ (C ⊗ C ′)∗−1 ⊕ C∗ ⊕ C ′
∗,

µ′ = [µ′1, µ
′
2, µ

′
3, µ

′
4]
T : C#

∗ → (C ⊗ C ′)∗ ⊕ (C ⊗ C ′)∗−1 ⊕ C∗ ⊕ C ′
∗,

∆′
1 : C

#
1 → S .

∆′
2 = [∆′

2,1,∆
′
2,2,∆

′
2,3,∆

′
2,4]

T : S → (C ⊗ C ′)−1 ⊕ (C ⊗ C ′)−2 ⊕ C−1 ⊕ C ′
−1,

Each component of the above maps is defined as follows:

⟨m′
1(β

#), β ⊗ β′⟩ =
∑
z

#Mz(β
#;β, β′)0λ

−κ(z)T ν(z)

⟨m′
2(β

#), β ⊗ β′⟩ =
∑
z

#Mσ,z(β
#;β, β′)0λ

−κ(z)T ν(z)

⟨m′
3(β

#), β⟩ =
∑
z

#Mz(β
#;β, θ′α)0λ

−κ(z)T ν(z)

⟨m′
4(β

#), β′⟩ =
∑
z

#Mz(β
#; θα, β

′)0λ
−κ(z)T ν(z)
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⟨µ′1(β ⊗ β′), β#⟩ =
∑
z

#Mσ,z(β
#;β, β′)0λ

−κ(z)T ν(z)

⟨µ′2(β ⊗ β′), β#⟩ =
∑
z

#Mσσ′,z(β
#;β, β′)0λ

−κ(z)T ν(z)

⟨µ′3(β), β#⟩ =
∑
z

#Mσ,z(β
#;β, θ′α)0λ

−κ(z)T ν(z)

⟨µ′4(β′), β#⟩ =
∑
z

#Mσ′,z(β
#; θα, β

′)0λ
−κ(z)T ν(z)

⟨∆′
1(1), β

#⟩ =
∑
z

#Mz(β
#; θα, θ

′
α)0λ

−κ(z)T ν(z)

∆′
2,1(β ⊗ β′) =

∑
z

#Mz(β
#;β, β′)0λ

−κ(z)T ν(z)

∆′
2,2(β ⊗ β′) =

∑
z

#Mσ,z(θ
#
α ;β, β

′)0λ
−κ(z)T ν(z)

∆′
2,3(β) =

∑
z

#Mz(θ
#
α ;β, θ

′
α)0λ

−κ(z)T ν(z)

∆′
2,4(β

′) =
∑
z

#Mz(θ
#
α ; θ

′
α, β

′)0λ
−κ(z)T ν(z)

Proposition 6.2. There are the following relations:

d⊗ ◦m′ = m′ ◦ d# (6.9)
δ⊗1 ◦m′ = ∆′

1 ◦ d# + δ#1 (6.10)
m′ ◦ δ#2 = δ⊗2 − d⊗ ◦∆′

2, (6.11)
d⊗ ◦ µ′ + µ′ ◦ d# = v⊗ ◦m′ −m′ ◦ v# + δ⊗2 ◦∆′

1 −∆′
2 ◦ δ

#
1 . (6.12)

proof. The proof is similar to that of Proposition 6.1. In this case, we consider the opposite
cobordism (W ′, S′).

6.3 Step III.

Put (W o, So) := (W ◦W ′, S ◦S′). We define compositions of paths ρ# := γ# ◦σ#, ρ := γ ◦σ
and ρ′ := γ′ ◦σ′. See Figure 5. We regard the configuration space of connections over (W o, So)
as the quotient of the space of SO(3)-adjoint connections by determinant-1 gauge group G. Then
there is an exact sequence

G ↪→ Ge ↠ H1(W o;Z2),

where Ge is an SO(3)-gauge transformation and the last map gives the obstruction to lift
an SO(3)-automorphism to SU(2)-automorphism over the 1-skelton. There is an action of
Ge/G ∼= H1(W o,Z2) ∼= Z2 on the configuration space. Especially, there is an involution on the
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Figure 4: The family of metric Go

moduli space M(W o, So;β#, β#1 )d and we denote its quotient by M(W o, So;β#, β#1 )ed. We
define

Mρ#;z(W
o, So;β#, β#1 )e0 := {[A] ∈Mz(W

o, So;β#, β#1 )e1|Hρ#([A]) = s},

Mρ#ρ;z(W
o, So;β#, β#1 )e0 := {[A] ∈Mz(W

o, So;β#, β#1 )e2|Hρ#([A]) = s,Hρ([A]) = s′}.

The cardinality of these moduli spaces is half of that of the usual ones. Assume that (W o, So) is
equipped with a Riemannian metric with a long neck along the cylinder [0, 1]×(Y ⊔Y ′,K⊔K ′).
Then we have a good gluing relation

Mρ#(W
o, So;β#, β#1 )e0 =

⊔
β,β′

Mσ#(W ′, S′;β#, β, β′)0 ×M(W,S;β, β′;β#1 )0

⊔
⊔
β,β′

M(W ′, S′;β#, β, β′)0 ×Mγ#(W,S;β, β
′;β#1 )0

⊔
⊔

β′∈C′∗

M(W ′, S′;β#, θα, β
′)0 ×M(W,S; θα, β

′;β#1 )0

⊔
⊔
β∈C∗

M(W ′, S′;β#, β, θα)0 ×M(W,S;β, θ′α;β
#
1 )0

Let m̃(W o,So,ρ#) : C̃#
∗ → C̃#

∗ be an S-morphism whose components mo, µo,∆o
1 and ∆o

2 are
defined by

⟨mo(β#), β#1 ⟩ =
∑
z

#Mρ#,z(W
o, So;β#, β#1 )e0λ

−κ(z)T ν(z)

⟨µo(β#), β#1 ⟩ =
∑
z

#Mρ#ρ,z(W
o, So;β#, β#1 )e0λ

−κ(z)T ν(z)

∆o
1(β

#) =
∑
z

#Mρ#,z(W
o, So;β#, θ#α )

e
0λ

−κ(z)T ν(z)

∆o
2(1)β

# =
∑
z

#Mρ#,z(W
o, So;β#, θ#α )

e
0λ

−κ(z)T ν(z).

Proposition 6.3. m̃(W,S) ◦ m̃(W ′,S′) is S-chain homotopic to m̃(W◦W ′,S◦S′;ρ#).
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Figure 5: Paths on (W o, So)

proof. Let Go be the one parameter family of metrics which stretch the cobordism (W o, So) as
in Figure 4. We modify the definition of the S-chain homotopy in Proposition 6.16 in [8] as the
following way:

⟨Ko(β#), β#1 ⟩ =
∑
z

#{[A] ∈
⋃
g∈Go

Mg
z (W

o, So;β#, β#1 )e0|Hρ#([A]) = s}λ−κ(z)T ν(z),

⟨Lo(β#), β#1 ⟩ =
∑
z

#{[A] ∈
⋃
g∈Go

Mg
z (W

o, So;β#, β#1 )e0|Hρ#([A]) = s,Hρ([A]) = t}λ−κ(z)T ν(z),

⟨Mo
1 (β

#), 1⟩ =
∑
z

#{[A] ∈
⋃
g∈Go

Mg
z (W

o, So;β#, θ#)e0|Hρ#([A]) = s}λ−κ(z)T ν(z),

⟨Mo
2 (1), β

#⟩ =
∑
z

#{[A] ∈
⋃
g∈Go

Mg
z (W

o, So; θ#α , β
#)e0|Hρ#([A]) = s}λ−κ(z)T ν(z).

The rest of the argument is similar to [8, Proposition 6.16] and we can check that

Ho =

 Ko 0 0
Lo −Ko Mo

2

Mo
1 0 0


gives an S-chain homotopy from m̃(W o,So) to m̃(W⊔W ′,S⊔S′).

Proposition 6.4. m̃(W◦W ′,S◦S′;ρ#) is S-chain homotopic to id
C̃# up to the multiplication of a

unit element in S .

proof. As in the proof of [8, Proposition 6.17], we consider the decomposition,

(W o, So) = (W c, Sc) ∪ (S1 ×D3, S1 ×D1)

along (S1 × S2, S1 × 2pt). We arrange the perturbation data on (S1 ×D3, S1 ×D1) and the
gluing region so that it is supported away from the moduli space of flat connections. Define the
map m̃+ as m̃(W o,So,ρ#) but using the metric on (W o, So) which is stretched along the gluing
region (S1 × S2, S1 × 2pt). We write m+, µ+,∆+

1 and ∆+
2 for corresponding components of

m̃+.
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Let µ1 be a generator of S2 \ 2pt factor and µ2 be a generator of S1 factor in π1(S1 × S2 \
S1× 2pt). The equivalence classes of the critical point set C of the Chern-Simons functional on
(S1 × S2, S1 × 2pt) can be identified with

Rα(S
1 × S2 \ S1 × 2pt) = {β ∈ Hom(π1, SU(2))|trβ(µ1) = 2cos(2πα)}/SU(2)

by the holonomy correspondence. The character variety Rα(S
1 × S2 \ S1 × 2pt) is identified

with S1 as follows. Let µ1 be a generator of π1(S1 × (S2 \ 2pt)) arising from S2 \ 2pt factor,
and µ2 be another generator arising from S1 factor. Since trβ(µ1) = 2cos(2πiα), there is an
element gβ ∈ SU(2) with gββ(µ1)g−1

β = e2πiα ∈ S1 . Since µ1 and µ2 commute and α ̸= 0, 12 ,
there is θ(β) ∈ [0, 2π) and we have gββ(µ2)g−1

β = eiθ(β) ∈ S1. The correspondence β 7→ eiθ(β)

gives a bĳection Rα(S
1 × S2 \ S1 × 2pt) ∼= S1.

LetA be a singular flat connection which is the extension of ρ ∈ C over (S1×D3, S1×D1).
Since all elements in C have U(1)-stabilizer, we have dimH0(S1 ×D3 \ S1 ×D1); adA) = 1.
We also have

dimH1(S1 ×D3 \ S1 ×D1; adA) = 1

by the computation of group cohomology of π1(S1 × (D3 \ D1)). Thus the critical point set
C = Rα(S

1×(S2\2pt)) is Morse-Bott non-degenerate. Consider the closed pair (S1×S3, S1×
S1) = (S1 ×D3, S1 ×D1)∪(S1×S2,S1×2pt) (S

1 ×D3, S1 ×D1). Then the gluing of the index
formula is

2indDA + dimC+ dimStab(ρ) = indDA#ρA.

Since dimC = dimStab(ρ) = 1 and indDA#ρA = 0 by the index formula for a closed pair, we
have indDA = −1. This implies that

dimH2(S1 ×D3 \ S1 ×D1); adA) = 0

and hence the gluing theory is unobstructed at the flat connection. Morse-Bott gluing theory tells
us that moduli space Mρ#(W

o, So;β#, β#1 )0 has the structure of the union of fiber products as
follows.

M(W c, Sc;β#, β#1 )d ×C Mρ#(S
1 ×D3, S1 ×D1)irredd′ (d+ d′ = 1)

M(W c, Sc;β#, β#1 )1 ×C Mρ#(S
1 ×D3, S1 ×D1)red

The first case is excluded by the index reason.
Consider the restriction map

r′ :Mρ#(S
1 ×D3, S1 ×D1)red → C.

By the holonomy condition Hρ#([A]) = 1 on the moduli space M(S1 × D3, S1 × D1), the
image of r′ consists of two points θ, θ′ ∈ C. Hence, if the metric on (W o, So) has a long neck
along (S1 × S2, S2 × 2pt), the moduli space Mρ#(W

o, So;β#, β#1 ) is two copy of

M(W c, Sc;β#, θ, β#1 )0 ×M(S1 ×D3, S1 ×D1; θ)red.
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In particular, ∑
z

#Mρ#,z(W
o, So;β#, β#1 )0λ

−κ(z)T ν(z)

= 2
∑
z

∑
z′◦z′′=z

#Mz′(S
1 ×D3, S1 ×D1; θ)redλ−κ(z

′)T ν(z
′)

·#Mz′′(W
c, Sc;β#, θ, β#1 )0λ

−κ(z′′)T ν(z
′′)

= 2

∑
k≤0

ckZ
k

 ·
∑
z′′

#Mz′′(W
c, Sc;β#, θ, β#1 )0λ

−κ(z′′)T ν(z
′′)

Since flat connections on (S1 × S2, S1 × 2pt) uniquely extend to (S1 ×D3, S1 ×D1), we
have c0 = 1.

Since 2#Mρ#(W
o, So;β#, β#1 )e0 = #Mρ#(W

o, So;β#, β#1 )0 , there is a unit element
C1 ∈ S and we have

⟨m+(β#), β#1 ⟩ = C1

∑
z

#Mz(W
c, Sc;β#, θ, β#1 )0λ

−κ(z)T ν(z).

Replacing Mρ#(W
o, So;β#, β#1 )0 to Mρ#ρ(W

o, So;β#, θ, β#1 )0, Mρ#(W
o, So;β#, θ, θ#α )0,

and Mρ#(W
o, So; θ#α , θ, β

#
1 )0 in the argument above, we also have

⟨µ+(β#), β#1 ⟩ = C1

∑
z

#Mρ,z(W
c, Sc;β#, θ, β#1 )0λ

−κ(z)T ν(z),

⟨∆+
1 (β

#), 1⟩ = C1

∑
z

#Mz(W
o, So;β#, θ, θ#α )0λ

−κ(z)T ν(z),

⟨∆+
2 (1), β

#
1 ⟩ = C1

∑
z

#Mz(W
o, So; θ#α , θ, β

#
1 )0λ

−κ(z)T ν(z).

Replacing the pair (S1 × D3, S1 × D1) with (D2 × S2, D2 × 2pt), we obtain the product
cobordism [0, 1]× (Y#Y ′,K#K ′). By stretching the metric on [0, 1]× (Y#Y ′,K#K ′) along
the attaching domain, the moduli space M([0, 1]× (Y#Y ′,K#K ′)β#, β#1 )0 has the structure
of the union of fiber products

M(W c, Sc;β#, β#1 )×C M(D2 × S2, D2 × 2pt)red. (6.13)

Let A′ be an extended flat connection on (D2 × S2, D2 × 2pt) of the flat connection θ. Such
A′ uniquely exists. Moreover, it can be checked that the point Θ is unobstructed as follows.
Consider the following closed pair

(S4, S2) := (D2 × S2, D2 × 2pt) ∪(S1×S2,S1×2pt) (S
1 ×D3, S1 ×D1)

and the glued reducible flat connection A′#θA on (S4, S2). Then we have

indDA′#θA = indDA′ + dimStab(θ) + dimC+ indDA.
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Since b1(X) = b+(X) = 0 and S ∼= S2, the index formula for a closed pair shows that
indDA′#A = −1. Moreover, indDA = −1 by the previous argument. Thus we have indDA′ =
−2.

Since dimH0(D2 × (S2 \ 2pt); adA′) = 1 and dimH1(D2 × (S2 \ 2pt); adA′) = 0 by the
computation of group cohomology, dimH2(D2 × (S2 \ 2pt); adA′) vanishes.

Now, the fiber product structure (6.13) implies that there is a unit element C2 ∈ S and

⟨m+(β#), β#1 ⟩ = C2

∑
z

#Mz([0, 1]× (Y#Y ′,K#K ′);β#, β#1 )0λ
−κ(z)T ν(z).

Similarly, we have

⟨µ+(β#), β#1 ⟩ = C2

∑
z

#Mρ,z([0, 1]× (Y#Y ′,K#K ′);β#, β#1 )0λ
−κ(z)T ν(z),

∆+
1 (β

#) = C2

∑
z

#Mz([0, 1]× (Y#Y ′,K#K ′);β#, θ#α )0λ
−κ(z)T ν(z),

⟨∆+
2 (1), β

#⟩ = C2

∑
z

#Mz([0, 1]× (Y#Y ′,K#K ′); θ#α , β
#
1 )0λ

−κ(z)T ν(z).

Finally, there is a unit element c ∈ S and we have

m̃+ = cm̃[0,1]×(Y#Y ′,K#K′).

The right hand side is S-chain homotopic to the identity since it is induced from the product
cobordism. By the construction, the unit element c has the top term 1, and hence m̃(W◦W ′,S◦S′;ρ#)

is S-chain homotopic to the identity up to the multiplication of a unit element in S .

6.4 Step IV.

Set ρ̄ := σ ◦ γ, ρ̄′ := σ′ ◦ γ′, ρ̃ := σ′ ◦ γ , and ρ̃′ := σ ◦ γ′. See Figure 6.

Figure 6: Paths on (W I , SI)

Proposition 6.5. m̃(W ′,S′) ◦ m̃(W,S) is S-chain homotopic to m̃(W ′◦W,S′◦S).
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proof. Let GI be a one parameter family of metrics stretching (W I , SI) := (W ′ ◦W,S′ ◦ S)
along (Y#Y ′,K#K ′). Let m̃(W I ,SI) be the cobordism map for (W I , SI). We claim that there
is an S-chain homotopy HI such that

d̃⊗HI +HI d̃⊗ = m̃(W ′,S′) ◦ m̃(W,S) − m̃(W I ,SI).

Let us write each components of HI as

HI =

 KI 0 0
LI −KI M I

2

M I
1 0 0


where KIand LI are 4× 4 matrices. Before defining each component of these matrices, we

introduce the following notation.

mI
z(β, β

′, β1, β
′
1) := #

⋃
g∈GI

Mg
z (W

I , SI , β, β′;β′1, β
′
1)−1,

mI
◦1,··· ,◦d;z(β, β

′, β1, β
′
1) := #{[A] ∈

⋃
g∈GI

Mg
z (W

I , SI , β, β′;β′1, β
′
1)d−1|

H◦1([A]) = s1, . . . ,H
◦d([A]) = sd}

where ◦1, · · · , ◦d are elements in the set of paths {γ#, σ#, ρ̄, ρ̄′, ρ̃, ρ̃′}. Then each component
of KI , LI ,M I

1 and M I
2 are given as follows:

• Components of KI

⟨KI
11(β ⊗ β′), β1 ⊗ β′1⟩ =

∑
z

mI
γ#;z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨KI
12(β ⊗ β′), β1 ⊗ β′1⟩ =

∑
z

mI
z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨KI
13(β), β1 ⊗ β′1⟩ =

∑
z

mI
z(β, θ

′
α;β1, β

′
1)λ

−κ(z)T ν(z)

⟨KI
14(β

′), β1 ⊗ β′1⟩ =
∑
z

mI
z(θα, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨KI
21(β ⊗ β′), β1 ⊗ β′1⟩ =

∑
z

mI
γ#,σ#;z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨KI
22(β ⊗ β′), β1 ⊗ β′1⟩ =

∑
z

mI
σ#;z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨KI
23(β), β1 ⊗ β′1⟩ =

∑
z

mI
σ#;z(β, θ

′
α;β1, β

′
1)λ

−κ(z)T ν(z)

⟨KI
24(β

′), β1 ⊗ β′1⟩ =
∑
z

mI
σ#;z(θα, β

′;β1, β
′
1)λ

−κ(z)T ν(z)
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⟨KI
31(β ⊗ β′), β1⟩ =

∑
z

mI
γ#;z(β, β

′;β1, θ
′
α)λ

−κ(z)T ν(z)

⟨KI
32(β ⊗ β′), β1⟩ =

∑
z

mI
z(β, β

′;β1, θ
′
α)λ

−κ(z)T ν(z)

⟨KI
33(β), β1⟩ =

∑
z

mI
z(β, θ

′
α;β1, θ

′
α)λ

−κ(z)T ν(z)

⟨KI
34(β

′), β1⟩ =
∑
z

mI
z(θα, β

′;β1, θ
′
α)λ

−κ(z)T ν(z)

⟨KI
41(β ⊗ β′), β′1⟩ =

∑
z

mI
γ#;z(β, β

′; θα, β
′
1)λ

−κ(z)T ν(z)

⟨KI
42(β ⊗ β′), β′1⟩ =

∑
z

mI
z(β, β

′; θ′α, β
′
1)λ

−κ(z)T ν(z)

⟨KI
43(β), β

′
1⟩ =

∑
z

mI
z(β, θ

′
α; θ

′
α, β

′
1)λ

−κ(z)T ν(z)

⟨KI
44(β

′), β′1⟩ =
∑
z

mI
z(θα, β

′; θ′α, β1)λ
−κ(z)T ν(z)

• Components of LI

⟨LI11(β ⊗ β′), β1 ⊗ β′1⟩ =
∑
z

mI
γ#,ρ̄;z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨LI12(β ⊗ β′), β1 ⊗ β′1⟩ =
∑
z

mI
ρ̄;z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨LI13(β), β1 ⊗ β′1⟩ =
∑
z

mI
ρ̄;z(β, θ

′
α;β1, β

′
1)

−κ(z)
λ T ν(z)

⟨LI14(β′), β1 ⊗ β′1⟩ =
∑
z

mI
ρ̄′;z(θα, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨LI21(β ⊗ β′), β1 ⊗ β′1⟩ =
∑
z

mI
σ#,ρ̄;z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨LI22(β ⊗ β′), β1 ⊗ β′1⟩ =
∑
z

mI
σ#,ρ̄;z(β, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

⟨LI23(β), β1 ⊗ β′1⟩ =
∑
z

mI
σ#,ρ̄;z(β, θ

′
α;β1, β

′
1)λ

−κ(z)T ν(z)

⟨LI24(β′), β1 ⊗ β′1⟩ =
∑
z

mI
σ#,ρ̄′;z(θα, β

′;β1, β
′
1)λ

−κ(z)T ν(z)

84



⟨LI31(β ⊗ β′), β1⟩ =
∑
z

mI
γ#,ρ̄;z(β, β

′;β1, θ
′
α)λ

−κ(z)T ν(z)

⟨LI32(β ⊗ β′), β1⟩ =
∑
z

mI
ρ̄;z(β, β

′;β1, θ
′
α)λ

−κ(z)T ν(z)

⟨LI33(β), β1⟩ =
∑
z

mI
ρ̄′;z(β, θ

′
α;β1, θ

′
α)λ

−κ(z)T ν(z)

⟨LI34(β′), β1⟩ =
∑
z

mI
ρ̃′;z(θα, β

′;β1, θ
′
α)λ

−κ(z)T ν(z)

⟨LI41(β ⊗ β′), β′1⟩ =
∑
z

mI
γ#,ρ̄′;z(β, β

′; θα, β
′
1)λ

−κ(z)T ν(z)

⟨LI42(β ⊗ β′), β′1⟩ =
∑
z

mI
ρ̃;z(β, β

′; θ′α, β
′
1)λ

−κ(z)T ν(z)

⟨LI43(β), β′1⟩ =
∑
z

mI
ρ̃;z(β, θ

′
α; θ

′
α, β

′
1)λ

−κ(z)T ν(z)

⟨LI44(β′), β′1⟩ =
∑
z

mI
ρ̄′;z(θα, β

′; θ′α, β1)λ
−κ(z)T ν(z)

• Components of M I
1

M I
1,1(β ⊗ β′) =

∑
z

mI
γ#;z(β, β

′; θα, θ
′
α)λ

−κ(z)T ν(z)

M I
1,2(β ⊗ β′) =

∑
z

mI
z(β, β

′; θα, θ
′
α)λ

−κ(z)T ν(z)

M I
1,3(β) =

∑
z

mI
z(β, θ

′
α; θα, θ

′
α)λ

−κ(z)T ν(z)

M I
1,4(β

′) =
∑
z

mI
z(θα, β

′; θα, θ
′
α)λ

−κ(z)T ν(z)

• Components of M I
2

⟨M I
2,1(1), β ⊗ β′⟩ =

∑
z

mI
z(θα, θ

′
α;β, β

′)λ−κ(z)T ν(z)

⟨M I
2,2(1), β ⊗ β′⟩ =

∑
z

mI
σ#;z(θα, θ

′
α;β, β

′)λ−κ(z)T ν(z)

⟨M I
2,3(1), β⟩ =

∑
z

mI
z(θα, θ

′
α;β, θ

′
α)λ

−κ(z)T ν(z)

⟨M I
2,4(1), β

′⟩ =
∑
z

mI
z(θα, θ

′
α; θα, β

′)λ−κ(z)T ν(z)
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Then we can check that there are the following identities:

d⊗KI +KId⊗ = m′m−mI (6.14)
v⊗KI − d⊗LI + δ⊗2 M

I
1 + LId⊗ −KIv⊗ +M I

2 δ
⊗
1 = µ′m+m′µ+∆′

2∆1 − µI (6.15)
δ⊗1 K

I +M I
1 d

⊗ = ∆′
1m+∆1 −∆I

1 (6.16)
−d⊗M I

2 −KIδ⊗2 = m′∆2 +∆′
2 −∆I

2 (6.17)

The identities above are proved by counting oriented boundaries of corresponding moduli
spaces. For example, such moduli spaces for identity (6.14) are given as in Table 1. Other
identities can be proved in similar ways.

Table 1:
The component of (6.14) The corresponding family of moduli space

(1, 1) {[A] ∈
⋃
g∈GI M

g
z (W I , SI ;β, β′;β1, β

′
1)0|Hγ#([A]) = s}

(1, 2)
⋃
g∈GI M

g
z (W I , SI ;β, β′;β1, β

′
1)0

(1, 3)
⋃
g∈GI M

g
z (W I , SI ;β, θ′α;β1, β

′
1)0

(1, 4)
⋃
g∈GI M

g
z (W I , SI ; θα, β

′;β1, β
′
1)0

(2, 1) {[A] ∈
⋃
g∈GI M

g
z (W I , SI ;β, β′;β1, β

′
1)2|Hγ#([A]) = s,Hσ#

([A]) = t}
(2, 2) {[A] ∈

⋃
g∈GI M

g
z (W I , SI ;β, β′;β1, β

′
1)1|Hσ#

([A]) = s}
(2, 3) {[A] ∈

⋃
g∈GI M

g
z (W I , SI ;β, θ′α;β1, β

′
1)1|Hσ#

([A]) = s}
(2, 4) {[A] ∈

⋃
g∈GI M

g
z (W I , SI ; θα, β

′;β1, β
′
1)1|Hσ#

([A]) = s}
(3, 1) {[A] ∈

⋃
g∈GI M

g
z (W I , SI ;β, β′;β1, θ

′
α)1|Hγ#([A]) = s}

(3, 2)
⋃
g∈GI M

g
z (W I , SI ;β, β′;β1, θ

′
α)0

(3, 3) {[A] ∈
⋃
g∈GI M

g
z (W I , SI ;β, θ′α;β1, θ

′
α)1|H ρ̄′([A]) = t}

(3, 4)
⋃
g∈GI M

g
z (W I , SI ; θα, β

′;β1, θ
′
α)0

(4, 1) {[A] ∈
⋃
g∈GI M

g
z (W I , SI ;β, β′; θα, β

′
1)1|Hγ#([A]) = s}

(4, 2)
⋃
g∈GI M

g
z (W I , SI ;β, β′; θ′α, β

′
1)0

(4, 3)
⋃
g∈GI M

g
z (W I , SI ;β, θ′α; θ

′
α, β

′
1)0

(4, 4)
⋃
g∈GI M

g
z (W I , SI ; θα, β

′; θ′α, β1, )0

Proposition 6.6. m̃(W ′◦W,S′◦S) is S-chain homotopic to id
C̃⊗ .

proof. Consider a family of metricG′I on (W I , SI) which stretch the cobordism along (S3, S1)
as in Figure7. Let m̃I be the map defined by a long stretched metric on (W I , SI). The family of
metric G′I gives an S-chain homotopy between m̃(W I ,SI) and m̃I . Let (W c′ , Sc

′
) be a disjoint

union
(Y × [0, 1] \D4,K × [0, 1] \D2) ⊔ (Y ′ × [0, 1] \D4,K ′ × [0, 1] \D2).

m̃I can also be defined by counting instantons on (W c′ , Sc
′
). We will show that m̃I is an

isomorphism of S-complex. We obtain a pair of cylinders [0, 1]× (Y ⊔ Y ′,K ⊔K ′) by gluing
back two pairs of disks (D4, D2) to (W c′ , Sc

′
). Consider the character variety C′ with the
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Figure 7: Family of metric G′I

holonomy parameter α on (S3, S1). For 0 < α < 1
2 , C′ is a one point set which consists of

the unique flat reducible θα and the moduli space M(D4, D2; θα)0 also consists of one element
Θα which is the unique extension of θα to D4 \D2. The computation of group cohomology of
π1(S

3 \ S1) shows that dimH1(S3 \ S1; adθα) = 0. Taking the double of (D4, D2), we have
the relation of indices

2indDΘα + 1 = indDΘα#Θα.

Moreover, indDΘα#Θα = −1 by the index formula for the closed pair (S4, S2). Thus we have
indDΘα = −1 and H2(D4 \D2; adΘα) = 0. In particular, the gluing along C′ is unobstructed.
The Morse-Bott gluing argument shows that

M([0, 1]× Y, [0, 1]×K;β, β1)d =M([0, 1]× Y \D4, [0, 1]×K \D2;β, θα, β
′)d

and similarly for the pair (Y ′,K ′). Thus we have

#Mg∞
z (W I , SI , β, β′;β1, β

′
1) = #Mz′(W

I , SI ;β, θα, β1)

·#Mz′′(W
I , SI ;β′, θα, β

′
1)

= #Mz′(Y × [0, 1],K × [0, 1];β, β1)

·#Mz′′(Y
′ × [0, 1],K ′ × [0, 1];β′, β′1).

Thus m̃(W I ,SI) is S-chain homotopic to the morphism m̃prod which is induced from the
product cobordism (Y ⊔ Y ′,K ⊔ K ′) × [0, 1]. The S-morphism m̃prod is an isomorphism of
S-complex (see [8, Lemma 6.29]), and in fact S-chain homotopic to the identity by the formal
argument.
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