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Abstract

There are several knot invariants in the literature that are defined using singular instantons. Such
invariants provide strong tools to study the knot group and give topological applications. For
instance, it gives powerful tools to study the topology of knots in terms of representations of
fundamental groups. In particular, it is shown that any traceless representation of the torus knot
group can be extended to any concordance from the torus knot to another knot. Daemi and
Scaduto proposed a generalization that is related to a version of the Slice-Ribbon conjecture to
torus knots. The results of this paper provide further evidence towards the positive answer to
this question. The method is a generalization of Daemi-Scaduto’s equivariant singular instanton
Floer theory following Echeverria’s earlier work. Moreover, the irreducible singular instanton
homology of torus knots for all but finitely many rational holonomy parameters are determined
as 7 /4-graded abelian groups.
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1 Introduction

1.1 Background

Floer homology is an infinite dimensional analog of Morse homology. In the context of gauge
theory, instanton Floer homology [14], Heegaard Floer homology [37] and monopole Floer
homology [29] have provided strong topological invariants for low-dimensional manifolds. Knot
invariants have been also developed in Floer theories. This list of knot invariants includes knot
Floer homology introduced by Ozsvéth-Szab6 [36] and Rasmussen [40] in Heegaard Floer theory
and Kronheimer-Mrowka [30] in monopole Floer theory. In the field of instanton Floer theory,
invariants of knots constructed by Floer [15] and Braam-Donaldson [1] via framed surgery of
knots. It is conjectured that their instanton knot invariants are related to knot invariants in
Ozsvath-Szab6 [36] and Rasmussen [40] by Kronheimer-Mrowka [30]. Collin-Steer [3] and
Kronheimer-Mrowka [31] developed other type invariants for knots. While knot invariants in
[15] and [1] are related to invariants of 3-manifolds via surgery along knots, knot invariants in
[3] and [31] are related to 3-manifold’s invariants via branched covering.

The advantage of instanton invariants is that it is directly related to fundamental groups of the
knot complement. For example, Kronheimer-Mrowka [32] show that the knot group 71 (5% \ K)
for a non-trivial knot K C S% admits non-abelian representation 71 (S® \ K) — SU(2). This is
a refinement of the result by Papakyriakopoulos [38] which states that K C S is unknot if only
if 71(S3 \ K) is infinitely cyclic. A concordance analog of the result by Kronheimer-Mrowka
[32] was given by Daemi-Scaduto [9] using a version of instanton Floer theory. Daemi-Scaduto
[9] also shows the following statement which is specific to torus knots.

Theorem 1. ([9, Theorem 8] ) Let S : T}, , — K be a given smooth concordance. Then any
traceless SU (2)-representation of w1 (S3 \ T, ) extends over the concordance complement.

Here T}, , denotes the (p, ¢)-torus knot in 53, where p and ¢ are positive coprime integers.
An SU (2)-traceless representation of 71(S% \ K) is a SU(2)-representation of 71(S% \ K)
which sends a homotopy class of meridian px of K to a traceless element in SU(2). The
motivation of this theorem is related to a version of the Slice-Ribbon conjecture. A concordance
S : K — K'is called ribbon concordance if the projection S x [0,1] D S — [0, 1] is a Morse
function without any local maximums. Consider a knot K which is concordant to unknot U. The
Slice-Ribbon conjecture proposed by Fox [16] states that there is a ribbon concordance from U
to K under this assumption. A generalization of the Slice-Ribbon conjecture by Daemi-Scaduto
[9] is

Conjecture 2. Let K be a knot which is concordant to the (p, q)-torus knot T}, ;. Then there is
a ribbon concordance from Tj, ; to K.

A necessary condition to show that a concordance S : K — K’ is ribbon can be stated in
terms of representations of knot groups. For a topological space X, we write R(X, SU(2)) for
the SU (2)-character variety of X (i.e. the space of conjugacy classes of SU (2)-representations
of 71 (X)).

Theorem 3. ([21], [7]) Let S : K — K' be a ribbon concordance between two knots. Then
the inclusion i : S3\ K — 83 x [0, 1] induces a surjection i* : R(S3 x [0,1]\ S, SU(2)) —
R(S3\ K, SU(2)).



Hence Theorem 1 gives a piece of evidence towards Conjecture 2. The traceless condition
on representations of 1 (S \ T).q) arises from the specific type of knot invariants developed in
[8]. In light of Theorem 3 and Conjecture 2, it is natural to ask the following question.

Question 4. Can we drop the traceless condition in Theorem 1?

In this paper, we will affirmatively solve this question. To explain our strategy, let us describe
the technical background of Daemi-Scaduto’s work. It mainly consists of three ingredients,
singular gauge theory, equivariant Floer theory, and the Chern-Simons filtration.

Firstly, let us explain the notion of singular connections. Let K C Y be a knot in a 3-
manifold. Roughly speaking, an SU (2)-singular connection A is an SU (2)-connection defined
over the knot complement with the holonomy condition

) e27ria 0
}qg%HOlu(r)(A) ~ |: 0 e—2mia :| : (1.1)

Here u(r) is a radius r meridian of K C Y and « is a fixed parameter in (0, %) ~ denotes
two matrices are conjugate in SU(2). The parameter « is called the holonomy parameter of
the singular connection A. In particular, a singular flat SU(2)-connection corresponds to an
SU (2)-representation of 71(Y \ K) which sends the meridian p1x of knot K to an element
which is conjugate to the matrix in (1.1). Kronheimer-Mrowka developed a singular version of
Yang-Mills gauge theory in [27, 28, 31]. Such kind of Floer homology theories constructed via
singular connections is called singular instanton homology. Singular gauge theory has different
features compared to non-singular ones. In fact, singular Floer homology cannot define over the
coefficient ring Z for a general holonomy parameter o. To be more precise, singular instanton
Floer homology is defined over Z only for @ = %. This is called the monotonicity condition.
Most of the works in singular instanton homology including [8] and [9] impose the monotonicity
condition. This is the reason that the statement of Theorem 1 includes the traceless condition.

Next, we discuss the equivariant Floer theory. Frgyshov developed the homology cobordism
invariant in [18] and [19] based on the equivariant Floer theory for integral homology 3-spheres,
which was introduced by Donaldson [10]. The equivariant Floer theory introduced by Daemi-
Scaduto [8] produces invariants for a knot K in an integral homology 3-sphere Y, and this can be
regarded as the counterpart of Fgyshov’s work in singular gauge theory. Daemi-Scaduto’s con-
struction uses in a crucial way the U (1)-reducible singular flat connection € which corresponds
to the conjugacy class of representation

m(Y\K)— Hi(Y\ K;Z) — SU(2)

whose image of the meridian ux of K C Y is trace-free. Here 71 (Y \ K) — H1(Y \ K;Z)
is the abelianization. In this situation, the construction which is similar to Floer’s instanton
homology [14] produces a chain complex C, (Y, K) for a knot in an integral homology 3-sphere.
Its homology group I, (Y, K) can be interpreted as a categorification of knot signature for the
case Y = S3. Daemi-Scaduto [8] also introduced chain complexes which have the following
form

C.(Y,K) = C.(Y,K)&® C,1(Y,K) & Z.



Such objects are called S-complex. This can be interpreted as a version of S'-equivariant
Floer theory. Let B(Y, K) be the configuration space of singular connections over (Y, K)
with a holonomy parameter o« = %. Then there is a configuration space B(Y, K)o of framed
connections. The Chern-Simons functional on B(Y, K) lifts to B(Y, K)o in an equivariant way.
An S-complex C.(Y, K) is related to the lifted S!'-equivariant Chern-Simons functional on
B(Y, K)o.

Another feature of Daemi-Scaduto’s construction is the Chern-Simons filtration of S-
complexes. While the usual instanton Floer theory is the analog of Morse theory on the
configuration space, its filtered version can be seen the Morse theory on the universal cover-
ing of the configuration space. The Chern-Simons filtration gives more refined structures on
S-complexes. The counterpart idea in non-singular instanton Floer theory was used by Daemi
[5] and Nozaki-Sato-Taniguchi [35], which provided homology cobordism invariants.

Any of the above versions of singular instanton Floer theories can be extended to arbitrary
holonomy parameters if the integer coeflicient ring is replaced with a Novikov ring A by Echev-
erria’s work [12]. To be more precise, the holonomy parameter should satisfy the technical
condition Ay, K)(e4”a) # 0, where Ay, ) is the Alexander polynomial for K C Y. One of
the flavors of Echeverria’s Floer homology is a categorification of the Levine-Tristram signature
when Y = S3. For a knot K in an integral homology 3-sphere Y, the Levine-Tristram signature
is given by

0a(Y, K) := sign[(1 — ™)V 4 (1 — e 4™o)yT]

where V is a Seifert matrix form of K C Y. For the case Y = 52, we omit Y from the notation.
Our strategy to drop the traceless condition from Theorem 1 is constructing a family of
S-complexes for general holonomy parameters.

1.2 Summary of Results

First of all, we state the main theorem of this paper which gives the positive answer to Question
4.

Theorem 1.1. For a given knot K and a smooth concordance S : T, , — K, any SU(2)-
representation of w1 (S® \ T}, ;) extends to an SU (2)-representation of 71 ((S> x [0,1]) \ S).

The proof of Theorem 1.1 requires the special property that all generators of singular instanton
homology for torus knots have odd gradings. The outline of the proof is as follows. After
extending the condition of [8], we define analogues knot Floer theory of [8] for all « € Z, where
T is a dense subset of [0, 3]. This means that all SU(2)-representations of 1 (53 \ T}, ) with
the holonomy parameter oo € Z extend to the concordance complement. The limiting argument
shows that this extension property is true for all SU (2)-representations of 71 (S3\ T}, ,) with any
holonomy parameter « € [0, %]

As described above, singular instanton knot homology [12] and its equivariant counterparts
are key tools for the proof of Theorem. Let us review the essential properties of these objects



employed in this paper. We consider the Novikov ring AZIT™HTT which is given by

AZ[T—17T]] — {Zpr)\r

reR

pr € Z[TilvT]LVC >0, #{pr # O}T>C < OO} .

Let o be a parameter in (0, %) We introduce the following subring %, of AZITHTT,
o [ZEIDTIN @ h)
ZN[ES &) (a>])

where £, = A\?T?. The geometric aspect of the subring %, is described in Subsection 3.2.

Theorem 1.2. Let .¥ be an algebra over %,. Let K C'Y be an oriented knot in an integral
homology 3-sphere. Choose a holonomy parameter o € Q N (0, ) so that Ay, iy (e emiay £ 0,
Then we can associate a 7./4-graded module I} (Y, K; A y) over /. Moreover, if & is an
integral domain, we can associate a 7./A-graded S-complex (CO(Y, K;Ay),d, ) to a given
triple (Y, K, o) with Ay i (e e =L 0, up to S-chain homotopy equivalence.

The precise definition of S-complex can be seen in Subsection 3.1. We call I&(Y, K; A &)
the irreducible singular instanton knot homology over . with the holonomy parameter .. For
the case Y = S3, we drop Y from these notations. The difference of the construction of our Floer
homology I*(Y, K; A ») and I.(Y, K, o) introduced by [12] is the choice of local coefficient.
The construction of (C(Y, K),d) and (C2(Y, K),d, x) depend on additional data (metric and
perturbation), however, their chain homotopy classes in the sense of S-complex are independent
of such choices.

Remark 1.3. To be more precise, we need to specify the choice of positive integer v € Z
called cone angle to define the invariant I (Y, K, A »). The details are included in Remark 3.9.
As conjectured in [12], we expect that the invariant /* (Y, K, A &) does not depend on the choice
of cone angle v € Z, and hence it is reasonable to drop v from the notation. Similar remarks
are applied to the dependence of invariants GS(Y, K,A ) and h%, (Y, K) which appears later.
In this paper, for a given holonomy parameter o, we always assume that the cone angle v is a
large enough integer.

Remark 1.4. For the coefficient . = %, we consider underlying groups of C2(Y, K; A &)
and C® (Y, K,A ) as Z-modules. Then, if we fix the choice of auxiliary data, there exists a
functional giving the Z x R-bigraded structure on sets of generators of these underlying groups.
Moreover, they have a filtered structure induced from the R-grading. The precise description of
the Z x R-bigrading and the filtered structure are contained in subsection 3.2 and 3.4.

The following statement describes the behavior of S-complex under the connected sum.

Theorem 1.5. Let . be an integral domain over Z.. Let K C Y and K' C Y’ be two
oriented knots in integral homology 3-spheres. Fix a holonomy parameter o« € Q N (0, %)
such that Ay, K)(e“m) AR K/)(e‘“rm) =% 0. Then there is a chain homotopy equivalence of
S-complexes

COYH#Y  K#K';Ap) ~ CUY,K;Ay) @0 CXY' K'; Ay).



The precise definition of a chain homotopy equivalence of S-complex can be seen in Sub-
section 3.1. This is a generalization of the connected sum theorem by Daemi-Scaduto [8]. The
method of the proof of [8, Theorem 6.1 ] cannot be directly adapted to prove Theorem 1.5
since we have to deal with the non-monotonicity situation which arises for general holonomy
parameters.

As described in [8], we can associate an integer-valued invariant which is called the Frgyshov
type invariant to a given S-complex. Our construction of S-complex provides an integer-valued
invariant h%, (Y, K') for a knot in a homology 3-sphere (Y, K'). We call b, (Y, K) the Frpyshov
invariant for (Y, K) over . with the holonomy parameter o« . We drop Y from the notation
when Y = S2. Note that Echeverria [12] also introduced the Frgyshov type invariant denoted by
h(Y, K, ), which is constructed from singular instanton Floer homology with a different local
coefficient system from our setting. The invariant h%, (Y, K) satisfies the following properties.

Theorem 1.6. Let (Y, K) and (Y', K') be two pairs of integral homology 3-spheres and knots.
Assume that oo € Q N (0, 3) satisfies Ay, iy (€7™) # 0 and Apyr gory(47) # 0. Then

WS (YHY' K#K') = he (Y, K) + he (Y, K')
Moreover, if (Y, K) and (Y', K') are homology concordant, then
h% (Y, K) = h% (Y, K').

Let us consider a knot in S3. It is shown that the Frgyshov type invariant in [8] reduces to
knot signature ([9, Theorem 7]). The invariant h<, reduces to the Levine-Tristram signature as
follows.

Theorem 1.7. Let .7 be an integral domain over %, For any knot K C S® and for a holonomy
parameter o € (0, %) N Q with A (e*™@) £ 0, the following equality holds;

W (K) = —5oulK)

For a given knot K C S and integer I, we define a knot [ C S? so that
#1K (l > O)
IK := { U (unknot) (I =0)
#(—K) (1<0)

where — K is the mirror of K with the reverse orientation. More strongly, S-complexes have the
following structure theorem.

Theorem 1.8. Let .7 be an integral domain over %, For a knot K in S® and for a holonomy
parameter o € QN (0, ) with Agc(e1™) £ 0, there is an two-bridge torus knot T 2,1 such
that A, 5, (e*mia) =£ 0, o, (T2,2n+1) = —2 and the relation

CHE;Ay) ~Cl(ITron4+1;Ay)

holds, where | = —%JQ(K).

10



For the proof of Theorem 1.8, it is essential to observe behaviors of morphisms of S-
complexes induced from cobordisms between pairs (Y, K') and (Y’, K’). In [9], techniques in
[25] are used to describe behaviors of morphisms of S-complexes for the case o = %. However,
such techniques do not directly adapt to prove Theorem 1.8 because of the lack of the monotonicity
condition.

Theorem 1.5 and Theorem 1.8 imply the Euler characteristic formula

1
XK, Ay)) = 50a(K), (1.2)
as described in subsection 5.1. Since our grading convention of generators coincides with that
of [12], the above argument also gives an alternative proof of the Euler characteristic formula in
[12, Theorem 17] for the case Y = S5.

Next, we focus on (p, g)-torus knot T}, ;, in 3-sphere. We always assume that p and ¢ are
positive coprime integers. The following is a characteristic property of the torus knot and a key
lemma for the proof of Theorem 1.1. Let R, (Y \ K, SU(2)) be the space of conjugacy classes
of SU (2)-representations of 71 (Y \ K') with the holonomy parameter . Let R (Y \ K, SU(2))
be its irreducible part.

Theorem 1.9. For any o € |0, %] with Ar, (edmiar) £,
. 1
|Ra(S3 \ Tp,q, SU(2))| = —if’a(Tp,q)-

Here | S| for a set S denotes the size of this set. In [23], Herald introduced the signed count of
elements in the character variety R, (S®\ K, SU(2)) for a general knot K with a fixed holonomy
parameter. One first perturbs R (53 \ K, SU(2)) into a discrete set Ry"(S3 \ K, SU(2)) and
then associates a sign to each element of this set. The sum of these signs is Herald’s signed count
of R%(S3\ K, SU(2)), which we denote by #R?* (5% \ K, SU(2)). In general, we have:

RS\ K, SU(2)) = = 50a(K)

See [23, Corollary 0.2 ] and [33] for the case o = %. In the case K = T, 4, the character variety
RE(S3\ T4, SU(2)) is already discrete and one does not make any perturbation. Theorem 1.9
implies that all elements of R, (S3 \ T}, 4, SU(2)) have positive signs.

Theorem 1.9 implies that C (T, 4; A &) is supported only on the odd graded components.
In particular, its homology groups are isomorphic to chain complexes,

LTy Ag) =2 CHTp g Ay)

since all differentials of chain complexes are trivial. This can be interpreted as the counterpart
of the computation of instanton homology of Brieskorn homology 3-spheres in [13].

Theorem 1.7 implies that rankC(T) 4; Ay) = h%(T),4) and by the definition of the
invariant h%, we also have the following statement

11



Theorem 1.10. Let . be an algebra over %o. For o € (0,3) NQ with Ag,  (eY™) 5 0, there
is an isomorphism,

« ~ _U'aT‘7 4 —(J'()(T’7 4
19Ty gs D) 2 7[5 0 g plouna)/

as a 7./A-graded abelian group.

Theorem 1.10 describes the grading of generators of the Floer chain and it is independent of
the choice of local coefficient system. A similar structure theorem holds for singular instanton
knot homology introduced by [12].

Theorem 1.8 implies that S-complexes for knots are determined by the Levine-Tristram
signature without the Z x R-grading structure. On the other hand, the R-grading from the
Chern-Simons filtration can be expected to have stronger information on the knot concordance.
In upcoming work, [6] and relying on the results of the present paper, we will introduce a
generalization of the I'-invariant of [8] for rational holonomy parameters, which can be regarded
as a gauge theoretic refinement of the Levine-Tristram signature. The techniques from this paper
are also used in the future work of Daemi and Scaduto to construct families of hyperbolic knots
that are minimal with respect to the ribbon partial order [21].

1.3 Outline of the paper

In Section 2, we review the background of SU(2)-singular gauge theory for rational holonomy
parameters. We also introduce the generalized definition of negative definite cobordism in this
section. In Section 3, we construct Floer chain groups and S-complex parametrized by holon-
omy parameters « and introduce the Frgyshov type invariant. The argument is almost parallel
to [8] and [9], however, we need a careful choice of local coefficient system if we introduce the
bigraded structure on the Floer chain complex. The proof of Theorem 1.6 is also contained. In
Section 4, we prove the Levine-Tristram signature formula for torus knots (Theorem 1.9). In the
proof of Theorem 1.9, we use the correspondence of singular flat connections and non-singular
flat connections over the branched covering space. We also use the pillowcase picture of the
SU (2)-character variety for the knot complement space. In Section 5, we prove Theorem 1.7,
1.8, and 1.10 in Subsection 5.1, and finally, we give the proof of our main theorem (Theorem
1.1) in Subsection 5.2. The bigraded structure of S-complex plays an important role in the proof
of the main theorem. Appendix consists of the proof of the connected sum theorem (Theorem1.5).

12



2 Backgrouds on singular instantons

In this section, we review singular gauge theory mainly developed by Kronheimer-Mrowka
[31]. We also give a generalization of the setting of singular SU(2)-gauge theory adopted by
Daemi-Scaduto [8, 9].

2.1 The space of singular connections

We review the construction of singular instantons over a closed pair of a 4-manifold and a surface.
Let X be a closed and oriented smooth 4-manifold and S be a closed and oriented embedded
surface in X. Let N be a tubular neighborhood of S in X. We identify IV with a disk bundle over
S and ON with a circle bundle over S. Let 7 be a connection 1-form on a circle bundle ON. This
means that 1) is U(1)-invariant. We fix a decomposition of the SU(2)-bundle £ — X over the
embedded surface S, as E|g = L & L*, where L is a U(1)-bundle over S. This decomposition
extends to /N. We define two topological invariants,

k= CQ(E)[X]

T

k is called the instanton number, and [ is called the monopole number.

Next, we fix a connection Ay over X of the form

b 0
AO’N[O —b}

Here b is a connection over L. This means that A° reduces to a U (1)-connection over S. We give
the polar coordinate (r, #) € D? on each fiber of N. Let 7 be a 1-form obtained by a pulled-back
I-form on N which coincides df on each fiber, and ¢ be a cut-off function supported on V.
We define the singular base connection A* as follows:

Aa:Ao—i-iw[?; 0 ]T],

-«
where « € (0, %) « is called the holonomy parameter. Recall that ) is defined only on NV \ S,
but extends by 0 to X \ .S after cutting off by ¢). A% is a connection over X \ S. Let gg be the
adjoint bundle of E. For a € Q'(X \ S, gg), A* + a is called a singular connection.

Before defining the space of singular connections, we have to introduce functional spaces. We
fix a orbifold metric on X, which can be written in the form

2
g’ = du® + dv? + dr? + —do”

on N, where (u, v) is a local coordinate of S. We say that this orbifold metric has a cone angle
27”. (X, g") has alocal structure U/Z,, near the singular locus S, where U is an open set in R%.
The model connection A® induces an SO(3)-adjoint connection on gr. We define the covariant

13



derivative V 4« on bundle A™ ® g using the adjoint connection of A® and the Levi-Civita
connection with respect to the metric g¥. Let F' — X be an orbifold vector bundle. The Sobolev
space iﬁl 4o (X \ S, F) is defined as the completion of the space of smooth sections of F' — X
by the norm

m
IslE, =Y / 157 e s Pdvol,».
mas = [x\s

If we use orbifold metrics, the "Fredholm package" works. Let d}. : QX \ S,g5) —
Q1 (X \ S,gr) be the linearized anti-self-dual operator defined by the metric g”, and d’. :
QLX\ S, gr) — QX \ S, gr) be the formal adjoint of the covariant derivative for the metric
g”. Consider the elliptic operator D go = —d’o @ d:a acting on the Sobolev space

L2 X\ S A @gp) » I | 4a(X\ S, (A @ A7) @gp). Q2.1

Proposition 2.1. Let o be a rational holonomy parameter of the form a = p/q € (0, %) N Q.
Choose a cone angle 27” of orbifold metric so that 2P < 7. Then the operator D go and its
formal adjoint are Fredholm, and the Fredholm alternative holds.

Let A2 be the adjoint of the singular connection A“ and 7w : U — U/Z, be an orbifold chart
with respect to the orbifold metric g¥. If v € Z~¢ is chosen as in Proposition 2.1, the lift of the
adjoint connection of 7* A% has the asymptotically trivial holonomy along a small linking of the
singular locus. Thus 7* A* extends smoothly over U. This means that A, defines an orbifold
connection. All analytical argument reduces to the orbifold setting. From now on, we always fix
v as in Proposition 2.1 for a given rational holonomy parameter.

Assume that m > 2. The space of singular connections with a holonomy parameter o €
(0, 1) is given by,

A(X,S,0) = {A% +ala € L2, 4o (X \ S, A' ®@ gp)}.

This is an affine space as the non-singular case. Notice that A(X, S, «) is independent of the
choice of the base connection A*. We also introduce the group of gauge transformations,

G(X,8) = {g € Aut(E)| g € L}, 11 4o (X \ S, End(E))}.
There is the smooth action of G(X, S) on A(X, S, ) and we can take the quotient.
B(X,S,a)=A(X,S,a)/G(X,S).

A singular connection with the O-dimensional stabilizer for the action of G(X, S) is called an
irreducible connection. A singular connection is called reducible if it is not irreducible. The
quotient space B(X, S, ) has a smooth Banach manifold structure except for orbits of reducible
connections. The set of gauge equivalence classes of solutions for the anti-self-dual equation

M*(X,S) ={[A] € B(X,S,a)|F{ =0}

is called the moduli space of singular anti-self-dual connections. M (X, S)4 denotes the subset
of M*(X,S) with expected dimension d. For a generic orbifold metric with a fixed cone angle,
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the irreducible part of M (X, .S)q is a smooth manifold of dimension d = ind(d & dj), where
[A] € M*(X,S)q. If M*(X,S)q consists of reducible connections, we modify the dimension
of moduli space so that d = ind(d’ & dj) + dimHY, where Hix is an i-th cohomology group
of the deformation complex. The index of the ASD-operator d & dj is given by

ind(d% @ d}) = 8k + 41 — 3(1 — b" +bT) —2(g(S) — 1),

where ¢(S) is the genus of the surface S. The index formula for the closed pair (X, .S) does not
depend on the holonomy parameter . On the other hand, the energy integral x(A) = || Fa||;2
for an ASD-connection A is given by

k(A) =k +2al — a®S - S.

Throughout this paper, we assume that an integer v > 0 is chosen large enough for a fixed
holonomy parameter o« € Q N (0, %), under the condition 2acv € Z. Such choice of v is related
to the bubbling and compactification of moduli spaces. The details are described in [27, 28].

2.2 The Chern-Simons functional

We discuss singular connections over 3-manifolds. Let Y be an oriented integral homology
3-sphere and K be an oriented knot in Y. Let E be an SU(2)-bundle over Y. This is always
topologically trivial. We fix a reduction of E to a line bundle over K as E|x = L @ L*. We fix
orbifold metric ¢g* along Kas the similar way in subsection 2.1. For a fixed « € Q N (0, %), we
choose v as in Proposition 2.1. We can similarly define the space of singular connections and
gauge transformations.

A(Y,K,a) = {A* +al a € L}, 4o (Y \ K, gE)},
G(Y.K) = {g € Aut(E)| g € L7, 11 4o (Y \ K, End(E))}.
We define the quotient
B(Y,K,a) = A(Y, K,a)/G(Y, K).

We use the notation A, (Y, K, «) if we emphasize that the space of singular connection is defined
by the completion of the Sobolev norm L2, .

We describe the topology of G(Y, K) and B(Y, K, «). There are other two kinds of groups
of gauge transformation,

Ok ={ g€ Aut(L|x)},
G (Y, K) = {g € Aut(E)| g|r = id}.
Then there is the exact sequence,
1 - GX(YV,K) = G(Y,K) = Gr — 1.

There is the map G(Y, K) — Z @& Z given by d(g) = (k,l), where k = deg(g : Y — SU(2))
and [ = deg(g|x : K — U(1)), and this map induces the isomorphism

10 (G(Y,K)) 2 Z & Z.
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Using the homotopy exact sequence induced from the fibration G(V, K) — A(Y,K,«a) —
B(Y, K, «), we also have the isomorphism

m(B(Y,K,a) 27 & L.

We define an L2-inner product on tangent spaces of A(Y, K, a) as follows:

(a,b) = /Y\K —tr(a A *b).

The *-operator is given by the orbifold metric g”. The Chern-Simons functional C'S : A(Y, K, o) —
R is given by the formal gradient

grad(C'S) 4 Fy

= —— %
472
with respect to the above L2-inner product on T A(Y, K, ). This uniquely determines C'S up

to a constant. A € A(Y, K, «) is a critical point of C'S if only if F4 = 0. The critical point set
of CS is a space of flat connections on Y \ K such that their holonomy along the meridian is

conjugate to
eQm’a 0
0 e—27rioz :

Let Crit be the critical point set of the Chern-Simons functional C'S : A(Y, K,a) — R and
Crit* = Crit N A*(Y, K, «). Let €(Y, K, ) and €*(Y, K, «) be images of Crit and Crit* by
the natural projection A(Y, K, o) — B(Y, K, «). Then

C(Y,K,a) =Ru(Y \ K,SU(2)),
(Y, K,a) =R, (Y \ K,SU(2))
by the holonomy correspondence of flat connections and representations of the fundamental

group.
We have to perturb Chern-Simons functional to achieve transversality. This is done by
introducing a cylinder function associated with a perturbation m € P

fﬂ-:.A(KK,OZ) — R,

which we will describe its construction in subsection 2.4. Let Crit, be the critical point set of
CS + fr and Crit} = Crit, N A*(Y, K, ). Their orbits of gauge transformations are denoted
by €. (Y, K, ) and €L (Y, K, ).

We define (perturbed) topological energy £ () of apathy : [0,1] — A(Y, K, «) as

Er(7) = 2{(CS + fr)(v(1)) = (CS + fx)(v(0))}. (22)
We also define (perturbed) Hessian of A € A(Y, K, a) as

Hessa r(a) = xdaa + DVr|a(a),

where V; is a gradient of f,, and DVy|4 is its derivative at A.
For each A € A(Y, K, «), we can regard Hessian as the operator,

Hessa r : IZ?mAa(Y \K,A' ®@gg) — IZ?n_LAa(Y\K,Al R gE).
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Definition 2.2. A € Crit}. is called non-degenerate if Hess A,w’Ker(dg) is invertible.

This means that Hessian is non-degenerate to the vertical direction of the gauge orbit.
For irreducible critical points of unperturbed Chern-Simons functional, there is the following
criterion for the non-degeneracy condition

Proposition 2.3. ([31, Lemma 3.13]) A critical point A € Crit* is non-degenerate if only if the
kernel of the map
H'(Y \ K;adp) — H'(ux; adp)

is zero, where this map is induced by the natural embedding iy — Y \ K andp : 11 (Y \ K) —
SU(2) is the representation corresponding to the flat connection A.

We say that [A] € € is non-degenerate if one of its representatives A € Crit, (and hence
all) are non-degenerate.

The non-degeneracy condition at the reducible critical point is given by a constraint on
the holonomy parameter. Let 6, be a gauge equivalence class of reducible flat connection
corresponding to a conjugacy class of SU (2)-representation of 71 (Y \ K) which factors through
the abelianization H1(Y \ K,Z) and has a holonomy parameter «. Since Y is an integral
homology 3-sphere, such 6, uniquely exists. The following is obtained as a corollary of [31,
Lemma 3.13]

Proposition 2.4. ([12, Lemma 15]) The unique flat reducible 0., is isolated and non-degenerate
if only if Ay, ) (€7%) # 0.

_ Let us fix the definition of the Chern-Simons functional. We fix a reducible flat connection
6, which represents 6, and put the condition C'S(6,) = 0. Then the R-valued functional C'S s
determined up to the choice of a representative of 6. From now on, we fix a representative 6,
for each pair (Y, K).

2.3 The flip symmetry

The flip symmetry is an involution that acts on a family of configuration spaces | ,¢ 9, 1)1q B(Y; K, ).
2

The flip symmetry changes holonomy conditions as o —> % — . The four-dimensional version is
introduced in [27], and the three-dimensional version is similarly defined in [8]. We generalize
the three-dimensional version of the flip symmetry as follows. Let y € H' (Y \ K, Zo) = Zs be
a generator. Since H'(Y \ K, Zs) = Hom(71(Y \ K), Z3), we can regard  as a representation
X : (Y \ K) — Zs. The representation y satisfies x(ux) = —1. This representation forms
a flat line bundle L, over Y \ K with a flat connection corresponding to x. Since L, is a
trivial line bundle and there is an isomorphism E|y g = E|y\ g ® Ly, we regard a connection
A® x on Ely\ g ® Ly as a connection on E|y g. Thus the action of x € HY(Y \ K,Z5) on
UaE(O,%)ﬂQ B(Y, K, «) is defined by

x[A] = [A@x].
This action is called the flip symmetry. The flip symmetry gives the identification

B(Y,K,0) = B(Y,K, ] ~a)
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in particular, it defines the involution on B(Y, K, i)

The flip symmetry can be restricted to the space | ,¢ 9,1)ng Ra (Y \ K, SU(2)). Inthis case,

0.1
0.3

the action of x € H' (Y \ K, Zs) is simply described as X[ | =1[p-x]where p-x : m (Y \K) —
SU(2) is the SU(2)-representation defined as (p - x)(g) := p(g9)x(g) forg € m (Y \ K). If p
satisfies
27rzo¢
p(,LLK) ~ |: 727rzoz :|
then

eQwi(%fa) 0
(0 x)(prc) ~ 0 e 2mi(z—a) |-

2.4 Holonomy perturbations

In this subsection, we review the construction and properties of the perturbation term of the
Chern-Simons functional introduced by Floer [14] and Braam-Donaldson [1], and here we
follow the notation of Kronheimer-Mrowka [31] and Daemi-Scaduto [8].

Letq: S' x D? — Y\ K be a smooth immersion of a solid torus. (s, z) € S x D? denotes
its coordinate regarding S as R/Z and D? as the unit disk in C. Let Gg — Y be the bundle of
group whose sections are gauge transformations of £. This is defined by G = P X g17(2) SU(2)
where P is the corresponding SU (2)-bundle and SU (2) acts as obvious way on P and conjugate
on SU (2)-factor. Hol,(A) : D? — ¢*(GE) is a section of ¢*(Gg) which assigns the holonomy
Hol,(_ .)(A) of connection A € A(Y, K, ) along the loop g(—,2) : S* — Y \ K to each
z € D?. Next, we repeat the above constructions for an r-tuple of smooth immersions of solid
tori.

a=(q, - ,q)

Assume that there is a positive number 17 > 0 such that
qi(s,2) = q;(s, 2) for all (s, 2) € [-n,n] x D% (2.3)
Then there are identifications,
4 (Ge) = ¢;(GE)

over [—n, 7] x D2. ¢*(G%) denotes the fiber product of ¢} (Gg), - - - , ¢;(Gg) over [—n,n] x D2.
Then we can construct a section Holq(A) : D? — ¢*(G%;) which assigns

(HOlql(—,z) (A>7 T 7H01q,-(—,z) (A)) € SU(Q)T

for each z € D2. Next, we choose a smooth function on SU(2)" which is invariant under the
diagonal action of SU(2) on SU(2)" by the adjoint action on each factor. Then this smooth
function induces i : ¢*(Gg) — R.

Definition 2.5. Holy(A) and h are as above. Let 1 be a 2-form on D? such that Jpen=1A
smooth function f : A(Y, K, «) — R of the form

£4) = [ olq(a))n

is called a cylinder function.
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Cylinder functions are determined by the choice of an r-tuples q and a function h. Note that
the construction of cylinder functions is gauge invariant. Let /P be the space of perturbations.
See [31] for the detailed description. For each m € P, we can associate a cylinder function f.
We call f; the holonomy perturbation and C'S + f; the perturbed Chern-Simons functional.

Proposition 2.6. There is a residual subset of the Banach space of perturbations P' C P
such that, for any sufficiently small = € P’, the perturbed Chern-Simons functional C'S + f
has the non-degenerate critical point set Crit). and its image €. in B*(Y,K,«a) is a finite
point set. Moreover, the reducible critical point 8., is unmoved under the perturbation and is
non-degenerate if Ay, i) (e*miay £ Q,

proof. The finiteness property follows from a similar argument in [31, Lemma 3.8]. The non-
degeneracy condition follows from the fact that f, is dense in C'°°(S) for any compact finite
dimensional submanifold S C B*(Y, K,«). See [10, Section 5] for details. The argument in
[8, Subsection 2.4] is adapted to show that, for a suitable choice of an SU(2)-invariant smooth
function h, the unique flat reducible 6,, is unmoved under small perturbations. By Proposition
2.4, the unique flat reducible 6, is still isolated and non-degenerate for such perturbations under
the condition Ay, i) (e*™) # 0. O

2.5 The moduli space over the cylinder

We discuss trajectories for the perturbed gradient flow. Let (Z,5) = R x (Y, K) be a cylinder
equipped with a product metric gy- + dt. We introduce moduli spaces of instantons over the
cylinder. E denotes the pullback of the SU(2)-bundle £ — Y by the projection R x Y — Y.
Consider a connection A on E of the form A = B(t) 4+ Cdt, where B(t) is a t-dependent singular
connection on Y\ K. Let By and 31 be elements in €. Let By and B; be their representatives
in gauge equivariant classes. Consider a singular connection Ay over the cylinder (Z,.S) such
that
Aoly\k)x ey = B1fort >0,

Aol (v\x)yx {1y = Bo for t < 0.

Ay defines a path v : R — B(Y, K, ) by sending ¢ to [B(t)]. z denotes its relative homotopy
class in m (B(Y, K, «); 5o, B1)-
Then we define the space of singular connection indexed by z.

A(Z,8;By,By) = {A|[A— Ay € L2, 4 (Z\ S,A' @ gr)}

m,Ao
We also define the group of gauge transformations,
G.(2,5) = {g € Aut(E)|V% g € L*(Z\ S,End(E)), k=1,--- ,m+ 1}.

The group G.(Z,S) acts on A, (Z, S). Taking the quotient, we get the configuration space
B.(Z,S; 5o, 81). We introduce the moduli space of (perturbed) instantons over the cylinder
associated with the perturbed Chern-Simons functional C'S + f,. This is the moduli space of
solutions of perturbed ASD-equation

MT(Bo, B1) = {[A] € B.(Z, S; Bo, B1)|F + V(A) = 0}.
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Here Vj is a term arising from the perturbation f,. The perturbed version of ASD-complex is
given by

-
Q%Z\ S, or) da, QL Z\ S, or) atDVr, QN (Z\ S, g5).

We consider the Fredholm operator
Dag: L3, 4(Z\ S, A @ g5) = L, 3 4,(Z\ S, (A’ © AY) © gg)

givenby Dy » = —d @ (dj + DV,). We define the relative Z-grading for (o, 81 € CHY, K, )
as follows:

ar, (607 /81) = ind(DA,ﬂ’)v
where z is a path represented by A. Note thatindD 4 , is independent of the choice of perturbation

7 since the term DVj is a compact operator. The following proposition gives the well-defined
mod 4 grading on the critical point set.

Proposition 2.7. ([31, Lemma3.1]) Let z € m1(B(Y, K, o)) be a homotopy class represented
by a path which connects B and g*(B), where 3 = [B] and d(g) = (k,l). For 8 € €* and a
homotopy class z € m (B(Y, K, «); B), we have

gr.(8,8) = 8k +4l.

The mod 4 of Z-grading is independent of the choice of the homotopy class z and hence we
can write

gr(Bo, B1) = gr.(Bo, £1) (mod4).
We also define the absolute Z-grading by

gr.(B,0a) = ind(Darx : L2, — ¢L2, 1),

where ¢ﬂ%1 is a weighted Sobolev space with a weight function ¢ which agree with e !l over
two ends of the cylinder. Here § > 0 is chosen as small enough. Similarly, we can define the
mod 4 grading

gr(B) = gr.(8,0a) (mod4).

The moduli space M7 (5o, 1) is called regular if the operator D 4 . is surjective for all [A] €
MT (B, B1). For a generic choice of perturbation, the moduli space M7 (fo, £1) is a regular and
smooth manifold of dimension gr (o, 51). We explicitly write M7 (o, 51)q4 if the moduli space
MT (B, 1) has dimension d. We also write M7 (5o, 81)a—1 = M7 (S0, 81)q/R. The argument
in [10, Section 5] is adapted to our situation, and we have the following properties:

Proposition 2.8. Let o € (0, 3) be a holonomy parameter with A (e*™) # 0 and w9 € P’
be a small perturbation such that €., = {04} U & consists of finitely many non-degenerate
points. Then there is a small perturbation ™ € P’ such that

(i) fx = fr, in a neighborhood of €,
(11) Q:ﬂ' = Q:ﬂ'oy
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(iii) MT(B1, B2) is regular for all homotopy classes z and critical points 1, Ba.

proof. First, we fix a perturbation 79 € P as in Proposition 2.6. Then, for each homotopy
class z, we can find a perturbation 7, € P which is supported away from critical points and
the corresponding moduli space is regular. This essentially follows from the argument in [10,
Section 5]. Since the subset P, of regular perturbations as above forms open dense subset in P,
we can find a desired perturbation 7 in the countable intersection M, P,. O

From now on, we assume that perturbation = € P is always taken so that it satisfies properties
in Proposition 2.8 and we drop 7 from the notation M7 (51, B2).

2.6 Compactness

Consider a relative homotopy class z € 71 (B(Y, K, «), 81, B2). If 81 = (2 then we assume that
z is a non-trivial homotopy class. Elements in M, (51, B2) are called unparamtrized trajectories.

Definition 2.9. A collection of unparametrized trajectories ([A1],--- ,[A;]) € M., (81, B2) X
cox M 2 (Bi=1, B1) is called an unparametrized broken trajectory from (1 to f. If the composition
of paths z1 o - - - o z; is contained in the homotopy class z, then M (b1, Bi) denotes the space of
unparametrized broken trajectories from [31 to (.

The compactness property of moduli spaces is as follows. See also [31, Proposition 3.22].

Proposition 2.10. Let 31,32 € €, and assume that dimM, (51, f2) < 4. Then the space of
unparametrized broken trajectories M (B1, B2) is compact.

We can assign the energy £, (z) to a homotopy class z. In singular gauge theory for general
holonomy parameters, the counting # |J, M. (61, B2) with gr_(51,52) = 1 can be infinite.
Instead, we use the following finiteness result.

Proposition 2.11. ([31, Proposition 3.23]) For a given constant C' > 0, there are only finitely
many critical points [31, B2 and homotopy classes z € 1 (B; b1, B2) such that the moduli space
M. (B1, B2) is non-empty and Ex(z) < C.

Thus 5
U M.(81,82)0

z

Ex(2)<C

is a finite point set for any C' > 0.
The gluing formula of the index tells us

grz(607 90&) + 1 + grz’(gavﬁl) - grz’oz(ﬂ@vﬂl) (24)

since 6, has a stabilizer S. From this relation, we conclude that any broken trajectories in
M (Bo, B1)q do not factor through 6, if the dimension of M, (SBy, 51)q4 is less than 3.
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2.7 Cobordisms

Let (W, S) be a pair of an oriented 4-manifold and an embedded oriented surface such that
OW =Y U(-Y)and 0S = K U K'. We call (W,S) the cobordism of pairs and write
(W,S): (Y,K) — (Y',K'). Set

(WH,8T) :=Reo x (Y, K) U (W, S) UR>o x (Y, K').

We fix a metric on W+ \ ST with a cone angle 27“ and cylindrical forms on each ends. Let
B € B(Y,K,a) and 8/ € B(Y’', K’) be given connections and we choose a singular SU(2)-
connection Ag on (W, S*) which has a limiting connection 3, 3'(up to gauge transformations)
on each ends of (W*,S%). 2 denotes the homotopy class of A. We define the space of
connections and the group of gauge transformations as follows:

A (W, S;8,8) = {AJA - Ao € Ly _y 4,(WH\ ST, gp @ A},

G-(W, 8) = {g € Aut(E)|Viy,g € L*(W*\ ST, End(E)),i =1---m}.

We also define the quotient
BZ(W S; 8, /8/) = Az(VVa S; B, B/)/QZ(W/, S)

B(W, S; 3, 8’) denotes the union of B (W, S; 3, 3') for all paths. The perturbed ASD equation on
(W, S) has the form FX + Ury,, = 0 where Uy, is a t-dependent perturbation. More concretely
this can be described as the following. (The argument is based on [31].) Let 7, 7y € Py be two
holonomy perturbations on R x (Y, K). The perturbed ASD equation on R<( x (Y, K) has the
following form R R

FX + ¢(t)Vw + ¢0(t)v7ro =0

where 1(t) is a smooth cut-off function such that ¢)(¢t) = 1 if t < —l and ¢)(t) = 0att = 0. ¢y
is a smooth function supported on (—1,0) x Y. We choose 7 € P so that € satisfies properties
in Proposition 2.6 and Proposition 2.8. The perturbation term can be described similarly on
another end. For generic choices of 7y and n, € Py, the irreducible part of the perturbed
ASD-moduli space

M.(W.S;8,8') C B.(W,S; 8. 5)

is a smooth manifold. Consider the ASD-operator
Dy=—dy®df: ¢L2 4, W\ S, g5 @A) = L2, | 4, (W\ S, g5 ® (A°®AT)) (2.5)

where ¢ is a weight function. If one of limiting connection of Aj is irreducible then we choose
¢ = 1 on that end of (W*,S™). If Aj has a reducible limiting connection then we choose
¢ = eIt on that end, where 6 > 0 is small enough. M (W, S; 3, 8")4 denotes the union of the
moduli spaces M, (W, S; 3, ") withindD4 = d.

Definition 2.12. We define the topological energy of A € B(W,S; 3, 5') as

1

A) = —
K(4) 872 W+H\S+

TI"(FA AN FA),
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and the monopole number of A as

where
Q 0
FA|5+—[0 _Q]‘

For the cylinder (W, .S) = [0, 1] x (Y, K) and the trivial perturbation 7 = 0, the topological
energy k is related to energy £ of the Chern-Simons functional as 2x(A) = £(A). Consider
an SU(2) connection B on (Y, K) and a connection A over the cylinder R x (Y, K') which
asymptotic to B at —oo and a fixed reducible flat connection 6,, such that C'S(,) = 0 at occ.
Then CS(B) = x(A) by the construction.

Similarly we define an R-valued function holy : A(Y, K, o) — R as follows;

Definition 2.13. Let A be an SU (2) connection over the cylinder [0, 1] x (Y, K) as above. We
define hol (B) := —v(A).

If z is a path on (¥, S) which is represented by a connection A, then we write x(z) for x(A)
and v(z) for v(A) since these numbers are independent of the choice of A.

Let (X, ) be a pair of a four-manifold and an embedded surface with boundary 0X =Y,
0% = K where K is an oriented knot in an oriented integral homology 3-sphere Y. We assume
that [X] = 0. Let ©, be a singular flat reducible connection with a holonomy parameter o = 2

m

and whose lift to the m-fold cyclic branched covering )?m is the trivial connection. We write
H(X \ ¥;0,) for i-th cohomology of X \ X with the local coefficient system twisted by O,
Let H (X \ ;0,) and H™ (X \ X; ©,) be the space of self-dual and anti-self-dual harmonic
2-forms on X \ ¥ twisted by ©,, respectively.

Lemma 2.14. We define x(X \ 3;04) = >_;(=1)'dimH* (X \ ;0,) and (X \ $;0,) =
dimHT(X \ 2;0,) —dimH (X \ 3;0,).
Then
X(X\ X5 04) = x(X) = x(%),

U(X \ E;Ga) = U(X) +0a(}/7 K)

proof. Consider a rational holonomy parameter of the form o = - € Q. We take a m-fold

branched covering 7 : X,, — X whose branched locus is ¥. The pull-back of singular flat
connection O, extends as the trivial flat connection over )Afm. Let7: fém — )me be a generator
of covering transformations. Then its induced action 7 on the pulled-back bundle C is the
multiplication by e"m". Since the index of the twisted de Rham operator

do, +do, : QX \ T;0,) — Q%X \ 2;0,)
coincides with the index of

d+d": QX C) — Q°(X,,:C)7 (2.6)
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where Q*(X,,; C)7 = {w € O*(X,n; O)|w(r(z)) = 7(w(7))}. The index of (2.6) is given by
X(X) — x(X). This can be seen by taking cell complex C\(X,,) of X,,, in T-equivariant way.
Then there are decompositions of the underlying groups of the chain complex

Co(Xm) = Cu(D) & Cu(Xn \ D),

(X \ Z) = @Cz,

where each C; is isomorphic to a copy of C, (X \ E). Since 7, acts as the identity on C,(X) and
a cyclic way on Cy (X, \ X) = @, C;, all eigenspaces of the action 7, on Col X \ X) are
isomorphic. On the other hand, there is the identity y(X,,) = mx(X) — (m — 1)x(X). Thus
the T-invariant index of the de Rham operator is given by x(X) — x(X).

Similarly, the index of the signature operator twisted by the local coefﬁ01ent O, coincides
with the index of the signature operator over X,,, which is restricted to el -eigenspaces. Such
signature is equal to (X)) + o= (Y, K) by the formula in [41]. O

Proposition 2.15. Let (W,S) : (Y,K) — (Y',K’) be a cobordism of pairs and [A] be an
element of B(W, S;04,0.,). Then the index of the ASD operator D 4 is given by

indDy — 8/<(A)+2(4a—1)1/(A)—g(0(W)+x(W))+x(5)+8a2S~S+aa(Y, K)—oa(Y', K')—1
proof. Let X be a compact four-manifold with 9X =Y and > C Y be a Seifert surface of the
knot K. Pushing ¥ into the interior of X, we obtain a pair (X, ¥) whose boundary is (Y, K).
Moreover [¥] = 0 in Hy(X;Z). Similarly we can construct another pair (X’,3’) such that
0X',0%) = (Y',K").
Set
(W, 8) == (X,%) U,x) (W, S) Upyr ey (X', 5).

(W, 8) is a closed pair of a four-manifold and an embedded surface. Let A; and Ay be
singular flat reducible connections over (X,Y) and (X,Y’) which are extensions of 6, and
0, respectively. Let A be a connection which represents an element of B(W, S;6,,0.,). We
consider the connection A’ = A;#9, A4, Az over (W, S) obtained by the gluing.

Using the gluing formula for the index, we have

indDA/ = indl)A1 =+ indDA + indDA2 + 2

where A’ is a singular connection on the closed pair (W, S) obtained by gluing Ay, Az, and A.
Since A1 is reducible, there is the decomposition A; = 1® B, with respect to the decomposition
of the adjoint bundle R & L®?2, where 1 denotes the trivial connection. The deformation complex
for D 4, decomposes into the following two parts

Q0 4 al(x) 2 atx) 2.7)
and .
Q0(X\ 5 adBy) 2255 Q1(X \ 5 adBy) 2o The 24 QT (X \ 2;adB,). (2.8)
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The index of (2.7) is given by —2(o(X) 4+ x(X)) — 3. On the other hand, the index of (2.8) is
givenby —o (X \X; By) —x(X\Z; By). Using two formulae o(X \3; By) = o(X)+0,(Y, K)
and x(X \ X, By) = x(X) — x(X) in Lemma 2.14, we obtain

indD.s, = —2(0(X) + (X)) ~ oalY, K) + X(5) — 5.

Similarly, we have

indDy, = —%(U(X') +X(X) + 0a(Y', K') + x(¥') - %

since oo (=Y’ K') = —0,(Y’, K'). The index formula for a closed pair in [27] gives
_ _ 3 _ _
indD 5 = 84(A) +2(4a = D(A) = S(@(W) + x()) + x(5) + 8a%S - S+ 2.

Hence we have the desired formula
3
indDy = 8/{(A)+2(4a—1)1/(A)—§(U(W)-i—x(W))+x(S)—|—80x2S-S+0a(Y, K)—o,(Y',K")—1.
O

Remark 2.16. (i) The index formula in Proposition 2.15 recovers [8, Lemma 2.26] when

_1
Oé—4.

(ii) For a cobordism of pairs (W, S) : (Y, K) — (Y', K'), we define the following integers
k(L) = —c1(L)*[W],
(L) = —c1(L)]S].

Then the Chern-Weil formula gives us another expression of index formula in Proposition
2.15 as follows:

indD4, = 8k(L) + 41(L) — g(a(W) (W) + X(S) + 0a(Y, K) — 0u(Y', K') — 1.

Assume that the cobordism of pairs (W, S) satisfies b' (W) = b (W) = 0. Then there exists
a unique singular reducible instanton Ay, corresponding to a decomposition £ = L & L*.
Definition 2.17. We call Ay, minimal if it minimizes indD 4, among all line bundles L.

Our definition of minimal reducible coincides with [9, Subsection 2.3] if « = %.

Let us describe relations between C'S and k, and v and hol i over cobordisms. Consider a
connection A over a cobordism (W, S) : (Y, K) — (Y’, K') whose limiting connections are B

on (Y, K) and B' on (Y’, K’). Then the following statement holds.

Lemma 2.18. Fix a reducible connection Ay, over (W, S). Then there exist k,l € Z such that

k(A) —k(AL) = CS(B)—CS(B')+k+ 2al,
—v(AL) = holg/(B") — holg(B) — 21.
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proof. Recall that R-valued functions C'S and hol are fixed by choosing reducible flat connections
0, and €', over each pairs (Y, K) and (Y, K'). If we choose a reducible connection Ay, so that
it has two reducible limits 8, and €', then we have

k(A)+CS(B') = CS(B)+k(AL,)
V(A) — hOlK/(B/) = —hOlK(B) + V(ALO)

by the construction. If we change Ay, to other homotopy classes of reducible connections, terms
k + 2al and —2[ appear by gauge transformations. O

For a cobordism of pairs (W, S) and a fixed holonomy parameter «, we introduce real values
ko(W, S, ) and vo(W, S, a) as follows.

Definition 2.19.
rko(W, S, ) = min{k(Ar)|Ar, minimal reducible}
v(AL), where Ay is a minimal reducible with kg = k(Az) (o # 1),
VO(W7 S7 a) = . . . . . 1
min{v(Ayp)|Ar is a minimal reducible} (a=73).

Note that the homotopy class of the path z : 6, — 6., represented by a minimal reducible A,
with kg = k(AL) is uniquely determined when « # %. Ifa= i then homotopy classes of paths
represented by minimal reducibles are not unique but finitely exist. In particular, vo(W, S, «) is
well-defined.

Remark 2.20. If the cobordism of pairs (W, .S) has a flat minimal reducible with a holonomy
parameter « then ko (W, S, a) = (W, S, a) = 0.

We write ko = ko(W, S, ) and vy = (W, S, ) for short.

Definition 2.21. Let (W, S) : (Y, K) — (Y', K') be a cobordism of pairs where K and K' are
oriented knots in integral homology 3-spheres Y, Y'. Let . be an integral domain over %Z,,. A
cobordism of pairs (W, S) is called negative definite over .7 if it satisfies the followings

1. B*(W) =bT (W) =0,
2. The index of the minimal reducibles is —1,

3.
na(I/V, S) — Z (_1)01(L)2)\nofﬁ(AL)TV(AL)fz/O

Ap :minimal

is a non-zero element in ..

Remark 2.22. Our definition of the negative definite cobordism coincides with that of [9] when

a= % since instantons have minimal energy if only if they have the minimal index.
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a positive crossing a negative crossing

Figure 1: Crossings of knot

Let (W1,51) : (Y1, K1) — (Y/,K') and (W, S3) : (Y, K') — (Y2, K3) be negative
definite cobordisms. Note that their composition (Wo o W1,S55 0 S1) : (Y1, K1) — (Yo, K») is
also a negative definite cobordism.

A cylinder [0, 1] x (Y, K') and a homology concordance (Y, K) — (Y’, K') are examples
of negative definite cobordisms. The following is also a basic example of negative definite
cobordisms. Let K, be a knot in S® which has at least one positive crossing. Let K_ be a knot
which is obtained by replacing one positive crossing in the knot K by one negative crossing.
See Figure 1.

Since S? is simply connected, K, and K _ are homotopic. Approximating homotopy from
K_ to K, by a smooth map, we get a smoothly immersed surface S C [0,1] x S® such that
SN{0} x S? = Ky and SN {1} x S? = K. Furthermore, we assume that S has a transversal
self-intersection point. Let S’ : K, — K_ be an inverse cobordism of S. S has a positive
self-intersection point in [0, 1] x S3. Blowing up this self-intersection point, we obtain a new
cobordism of pairs

(CP2#([0,1] x S%),8) : (83, K_) — (S®, K.). 2.9)

S is an embedded surface in CP?#([0, 1] x S®) obtained by resolving the self-intersection of S
and it represents a homology class

2¢ € H2(CP?; Z) = H*(CP#([0,1] x §°); Z2),

where e is an element represented by the exceptional curve. Similarly, we obtain a cobordism of
pairs

(CP*#([0,1] x 5°), 5"
Cobordisms of pairs (W, S) : (83, K_) — (83, K,) and (W', ?l) D (S3,Ky) — (S3,K.)
constructed as above are called the cobordism of positive /negative crossing change respectively.

) (S3,K,) — (S3,K). (2.10)

Proposition 2.23. Fix a holonomy parameter o € (0,3) N Q with Ak, (e*™) # 0 and
Ak _(e*™) £ 0. Let . be an integral domain over % We assume that oo(K) = 04(K_).
Then the cobordism of positive and negative crossing change are negative definite over ..

proof. Firstly, we show that (2.9) is a negative definite pair. Put W = (C]P’Q#([O, 1] x S3). Thenit
is clear that TV satisfies condition (1) in Definition 2.21 since H'(W;Z) = Oand H*(W;Z) = Z.
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Let A, be a U(1)-reducible instanton corresponding to an element m € Z = H2(W;Z). Then

A(Am) = —(c1(Lm) +aS)?
(m + 2a)?
where L, be a line bundle such that ¢; (L, )[e] = —m. We also have

v(Am) = 2¢1(L)[S] = —4m.
The index computation yields that

ind(Dy4,,) = 8(m+2a)*+2(4a—1)-(—4m) —320% + 0o(Ky) —oa(K_) — 1
= 8m(m+1)+o,(K_)—oa(Ky)— 1.

Thus m = 0, —1 minimize indD4,, , and this means that Ay and A_; are minimal reducibles.
Since 04 (K1) = 0, (K_) by our assumption, the index for minimal instantons are —1 for the first
case. Thus (W, S) satisfies condition (2) in Definition 2.21. Since &(A,,) = m? + 4am + 4a?,
we have

1— )\4&—1T4 (CY < %)

0P 1 (o> 1),

UQ(W7 g) = {

Since 1 — A*@~17 is invertible when o # % and non-zero when o = i by the assumption,
n®(W, S) is non-zero in .. Hence (W, S) satisfies condition (3) in Definition 2.21 and (W, S)
is a negative definite pair.

It is also obvious that (W, gl) satisfies condition (1) in Definition 2.21. Since S has the
trivial homology class in Hy(W;Z), minimal reducibles are only trivial one with index —1.

Hence n®(W, S ) =10 € .. O

Next, we discuss the transversality of moduli spaces at reducibles. Following [26, 4], we
introduce the perturbation supported on the interior of the cobordism. Let Z be an infinite
countable set of indexes and consider the following data.

* A collection of embedded 4-balls { B; };c7 in W\ ST.
s A collection of submersions ¢; : S x B; — W™\ S+ such that ¢;(1, -) is the identity.

e Forany z € W\ S, the set {¢; »|i € Z,x € B;} is a C''-dense subset in the space of loops
based at z € W\ S.

For each i € Z, consider a self-dual 2-form w; on B; with supp(w;) C B;. These self-dual 2-
forms w; can be regarded as a self-dual 2-forms on W1\ ST. We define V,,,, : A.(W,S;3,8) —
QT (W \ St;5u(2)) as the following way,

Vi; (A) := m(w; ® Holy, (A)),

where 7 : SU(2) — su(2) is a map given by g — g — %tr(g)l. The argument similar to [26]
shows that there are constants kK, ; and differentials of V;,, which satisfy the following inequality:

n
ID"Vaul(an, -+ )z, < Knillwlle [T laillz, -

Ag
i=1
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where Ay is a singular connection which represents the homotopy class z and [ > 3. We choose
a family of positive constants {C; } so that

C; > sup{K, ;|0 <n <i}.

Consider a family of self-dual 2-forms {w;} such that ), 7 Ci||w;||ct converges. For such a
choice of {w;}, Vi, := ;7 Vi, w; defines a smooth map

AW, 8;8,8) = oL2,(WH\ ST AT @ s5u(2))

between Banach manifolds.
We define J := {(i,j) € IxZ|i # j,Bi;j:=B;NBj#0}andgq;: B;j; — W\ ST by
Gijl st = Qi * Qo % Qi * G0

for each (i, j) € J. We choose a family of constants {C; ; }(; j)e s as before. Let w; ; be a self-
dual2-form on B; ;. We introduce a Banach space V which consists of sequences of self-dual
2-forms w = {w; }ier U {wi j}(i j)es With the following weighted /' -norm:

lwlw =Y Cillwillet + > Cijllwillcn
1€T (3,9)eT
For each w € W, we define a perturbation term
Vo(A) =) Vi (A)@uwi+ Y Vi, (A) @wiy
i€l (i.5)ed
which defines a smooth map V,, : A.(W, S; 8,8) — L2, (WT\ ST, AT @ su(2)). We call
Ff 4 Uny (A) + Vi A) = 0

the secondary perturbed ASD-equation over the cobordism of pairs (W, S) : (Y, K) — (Y, K').
M™ @ (W, S; 3, ") denotes the moduli space of solutions for the secondary perturbed ASD-
equation.

Proposition 2.24. Let (W, S) be a cobordism of pairs such that b* (W) = bT (W) = 0. Assume
that the perturbation Ty is chosen so that the perturbed ASD-equation

F{+Ur, (A)=0

cuts out the irreducible part of the moduli space transversely. Let A*Y = 1@ B be the adjoint con-
nection of abelian reducible ASD connection [A] € M (W, S; 04, 0),)24.+1 withind(dg&dL) > 0.
Then for a small generic perturbation w € W, the secondary perturbed ASD-equation cuts out
the irreducible part of the moduli space transversely. Moreover, M™« (W, S; 0, 0., )2q11 is
regular at [A] and has a neighborhood of [A] which is homeomorphic to a cone on =CP<.
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proof. For each connected component M7 "V ** (W, S; 3, 3) of moduli spaces, the argument of
[4, Section 7] is adapted to our case and reducible points are regular for generic perturbations.
Taking countable intersections of these subsets of regular perturbations in W, we can find a
generic perturbation w € WV such that the statement holds. The claim about local structures
around reducibles can be refined using the standard argument. See [11, Proposition 4.3.20], for
example. 0

The essentially same argument is used in [9]. From now on, we assume that perturbations
over the cobordism of pairs (W, S) are chosen so that they satisfy the statement of Proposition
2.24.

2.8 Orientation

We see the orientation of moduli spaces over the cylinder based on [31, 8]. Consider a reference
connection Ay on (W+, S+) as described in subsection 2.7 and the ASD-operator (2.5). If
the weight function ¢ has the form e %" on one end, the functional space d)E?m A, consists of
exponential decaying functions on that end. On the other hand, if the weight function ¢ has the
form €’* on one end, the functional space qSL?n A, allows exponential growth functions. The
index of the operator D 4 depends on these choices of weighted functions. To distinct these two
situations, 0, + denote reducible flat limits 6, with weighted functions eHltl Let 2 be a path
along (W, S) between two critical limits 3, 3" on (Y, K), (Y', K'). The family index of Dy 4y
defines a trivial line bundle det ind(D 4) on each B, (W, S, 8, 5'). Let 0,[W,S; By, 51] be the
two-point set of the orientation of the determinant line bundle det ind(Dy4y). O.[W,S; 3, 5]
is the set of orientation of the moduli space M (W, S; 8, 3). There is a transitive and faithful
Zs-action on O,[W, S; 3, B']. For a composition of cobordisms (W2, S2) o (W7, S1), there is a
pairing

D : 0, [W1,5;8,8) @z, O [Wa,Sa; 8, 8"] = Opors [Wa o Wi, Sz 0 S1; 8, 8"

which is induced from the gluing formula of the index. If we consider the gluing operation along
the reducible connection 6, we choose 3’ = 0, . at the first component and 6, _ at the second
component. Since there is a natural isomorphism between &, (W, S; 8, 5] and 0,/[W, S; 8, '],
we omit z from the above notations. We call an element of O[W, S;0, +,6., _] a homology
orientation of (W,S). For a given knot in integral homology 3-sphere (Y, K), we use the
following notations:

O8] :==0Y xI,K X I;3,0,-]

if 3 is irreducible, and
Ol0,] = OY x I, K X I;00+,04—].

There is an isomorphism

OIW, 3004, 00, ljag) = AP(H (W) & HF (W)

,—

and an element oy € O[W, S; 60, 4,0, ] is called a homology orientation.
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Now, we describe how the orientation of the moduli space M (W, S; 3, 3) is defined. Let
ow € O[W,S;60q+,0q,—] be a given homology orientation for (W, S). We fix elements
og € O[B] and oz € O[3']. Then the orientation oy, s,5 51y € O[W, S; 3, 3'] is fixed so that

P (0 @ ow) = P(ow,s,,6") © 0g')-

The moduli space M., (Bo, B1) is oriented as the following way. First, we fix orientations
0g, € O[fo],08, € A[f1]. Then the orientation of M (fy, 51) is determined as the above way.
Note that there is an R-action on M, (51, 82). Let 75(t,y) = (t — s,y) be the transition on the
cylinder (Y, K') x R. Then the R-action on M (S, 31) is given by the pull-back [A] — [7*A].
Finally, we orient M (81, B2) so that R x M (61, B2) = M(By, B2) is orientation preserving.

The boundary of moduli spaces is oriented so that the outward normal vector sits in the first
place in the tangent space.
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3 S-complexes and Frgyshov type invariants

In this section, we extend the construction of S-complexes C, (Y, K ) for (Y, K) in [8] to general
holonomy parameters. We also introduce Z x R-bigrading of S-complex with rational holonomy
parameters for the specific choice of coefficient and its filtered subcomplex based on [35].

3.1 A Review on S-complexes and Frgyshov invariants

Firstly, we review the S-complex and the Frogyshov type invariant introduced by [8] and [9].
They are defined by using purely algebraic objects.

Definition 3.1. Let R be an integral domain, and C. bea finitely generated and graded free
R-module. The triple (Cy,d, x) is called an S-complex if

1. d: C,—Ciisa degree —1 homomorphism.
2. x: C.—C,isa degree +1 homomorphism.
3. dand X satisfy
« =0, X2 :O,andgx—{—xc?:().
* Ker(x)/Im(x) = Ry, where Ry is a copy of R in Co

If (Cy,d) is a given chain complex with the coefficient ring R, we can form an S-complex
as follows B

N d 0 0 000
d=| v —d é& |,x=|10 0], 3.1
60 0 0 000

where 61 : Cx — R, 02 : R — Ci—yand v : Cx — Ci_o. Since there are conditions on d
and x in (3.1), the components in d and x have to satisfy the following relations

51d == 0, d(SQ == 0, dv —vd — 5251 =0. (32)

Conversely, if the S-complex (5,&:)() is given then there is a decomposition of the form
Cy =C, ® Cy_1 ® R. The reader can find the detail in [8, Section 4.1].

There is also a notion of S-morphism, which is a morphism of S-complexes.

Definition 3.2. Let Lé*, d, X) and (éfm d,x ) be S-complexes. Fix decompositions C, =
Ci®Ci1PRandC' = C.® C._| @ R. Achainmap m : C, — C, is called an S-morphism
if it has the form

m 0 0
m = nwoom Ag 3.3)
Ay 0 7

wheren # 0 € R.
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The condition that m is a chain map is equivalent to the following relations.

md—dm =0

Ad +néy — 6 m =0

d' Ay — 8hn+mdy =0

pd +mv — Agdy —v'm +d'p— §5A1 =0

Definition 3.3. Let m,m’ : @ — C" be two S-morphisms. An S-chain homotopy of m and m/
is a degree 1 map h : Cy, — C.. such that

d'h+hd=m — @', x'h+hx =0.

Two S-complexes C. and 6; are called S-chain homotopy equivariant if there are S-morphisms
m: Cy — CLandm’ : C, — C\ such that mm' and m'm are S-chain homotopic to the identity.

Remark 3.4. Consider S-morphisms m : C;, — C’ and ' : C. — C,. If there are unit
elements ¢ and ¢’ in the coefficient ring R, and two S-chain homotopies

~ | ~ . ~ ~ /-
mm ~ cdg_, mm’ ~ Cldai

then two S-complexes C. and CN’,’F are S-chain homotopy equivalent since both ¢~'m and ¢/~'m
are S-chain homotopic to the composition ¢ =1/~ mm/m.

The Frgyshov type invariant is defined from an S-complex. It assigns an integer h((NZ’*) to
each S-complex C.
Definition 3.5. ( [8, Proposition 4.15])

* h(Cy) > 0 if only if there is an element 3 € C,. such that df$ = 0 and 618 # 0.

o If h(é*) =k > 0 then k is the largest integer such that there exists B € C satisfying the
following properties;

df =0, 610" 71(B) #£ 0,603 =0fori <k —2.
. Ifh(é*) = k < 0 then there are elements ag,--- ,a_p € Rand 8 € C, such that
—k 4
d,@ = Z’UZ(SQ(GZ').
i=0
The followings are basic properties of the Frgyshov type invariant.

Proposition 3.6. ([8, Corollary 4.1 4D _ B
If there is an S-morphism m : Cy, — C', then h(C,) < h(CY).
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For given two S-complexes (Cy, d, x) and (C”, d, '), the product of S-complex (C€, d®, x®)
is defined as follows,

c® = C.odl

& = dol+ead

X¥ = x®@l+exy
where € : C!, — C". is given by e(3') :~(—1)deg(6’) /8’ on elements of homogeneous degree. Let
d®,v® 5% and 65 be components of d¥ with respect to the splitting C® = C® & C¥ | @ R.

Using the decomposition C€ = (C®C"), & (C®C")s_1®C, ®C’, these maps are represented
by follows.

del+exd 0 0 0
0° = —evR14+e®v dl—e®d e®0, —05®1
- €® 0] 0 d 0 ’
el 0 0 d
v®1 0 0 62®1
e | 0 vl 00
0 0 v 0 ’
0 el 0 v

8¢ =10,0,61,61), 65 = [0,0,52,54]".
The Frgyshov type invariant behaves additively for the product of S-complexes as follows.

Proposition 3.7. ([8, Corollary 4.28 ])

hC2) = h(C,) + h(CL).

3.2 Floer homology groups with local coefficients

In this subsection, we construct the summand C', in an S-complex as a Floer chain group with local
coefficients. Let (Y, K') be an oriented knot in an integral homology 3-sphere. We fix a holonomy
parameter « so that Ay, g (e*™i@) £ 0 to isolate the unique flat reducible connection 6,. We
assign an abelian group Ap), for each elements [B] in the configuration space B(Y, K, ) and
an isomorphism A, : A(g;) — A, for each homotopy class 2 € 71 (B(Y, K, o), [Bol, [B1]).
If such assignment is functorial, a Floer chain complex with the local coefficient A is defined as
follows:
cov KA = @D A0l
BeCi(Y,K,a)

(d(Bo), Br) = S cA) e A
#:Bo—P1 [A]e M. (Bo,B1)

The Z/4-grading of C¢(Y, K, A) is defined by mod 4 grading for critical points. Consider a
subring Z,, in the Novikov ring AZITT) which is introduced in Subsection 1.2 .
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Lemma 2.18 enables us to define a local coefficient system A = Ag_ as follows:

Ag. B = R,, - \CS(B)holk (B)

Aggoz = #M(B,B1)oA AT,

)

Note that this definition is independent of choices of representatives of [B] and 6,. We
denote C(Y, K; Ay, ) for a chain complex with the local coefficient system over %,. For any
algebra .# over Z,,, we can extend the above construction to the coefficient .%.

Definition 3.8. Let (Y, K) be an oriented knot in an integral homology 3-sphere and . be

an algebra over %,. Fix a € (0, %) N Q so that A(Y7K)(e47”'°‘) % 0. The homology group
of the 7 /4-graded chain complex (C*(Y,K;Ay),d) is denoted by I&(Y,K; A ). We call
I2(Y, K; A y) the irreducible singular instanton knot homology over the local coefficient .

with the holonomy parameter c.

Let (W, S) : (Y,K) — (Y, K’) be a negative definite cobordism over .. We define an
induced morphism m = my,sy; CH (Y, K; Ay) — C(Y', K'; A v) by

m(B) = Z Z #M,(W,S; B, 5/)0)\'407“(2)7’”(2)*”0,6’_
B'ee*(Y,K,a) z:8—p'

Counting the boundary of one-dimensional moduli space M (W, S; 3, 3')1 for each homotopy
class z, we obtain the relation
dm —md = 0.

We remark that
* For a composition of negative definite cobordism (W, S) := (W, Sp) o (W1, S1), there is
a map ¢ such that
¢ — dd = My 51) © M(Wo,50) ~ TUWS)-

where metrics and perturbation data on (W, S) is given by the composition of that of
(W(), S()) and (Wl, Sl)

* If mgy,s) and m’(W g) are defined by different perturbations and metric data on an interior
domain of (W, S), they are chain homotopic.

« If (W, S) = [0,1] x (Y, K) then myy,g) is chain homotopic to the identity map.
Thus C2(Y, K; A &) is an invariant of (Y, K) up to chain homotopy. We denote I (Y, K; A »)
for its homology group and this is an invariant for (Y, K).

Remark 3.9. The above argument shows that the chain homotopy type of C&(Y, K, A ) is
independent of the choice of orbifold metric with the same cone angle v € Z~ . Hence, more
precisely, the module I¢(Y, K, A &) should be denoted by I¢(Y, K, v, A »). In this paper, we
implicitly assume that the cone angle v is chosen as a large enough number so that gauge theory
on the orbifold setup described in Section 2 works.
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Next, we introduce the filtered construction for the Floer chain complex based on Nozaki-
Sato-Taniguchi [35]. For the filtered construction, we have to introduce the lift of critical points.
Let G(o,0y be a normal subgroup of the gauge group G(Y, K ) which is given by

G0,0) = {9lk(g) = l(g) = 0}.
Consider the quotient of the space of singular connections
B(Y. K, a) := A(Y, K,0)/G(0,0).

The Chern-Simons functional descends on B (Y, K, «) as an R-valued function, and we still
use the same notation. The normal subgroup Gg ) is a connected component of the full gauge
group G(Y, K') which corresponds to (0,0) € Z ® Z = mo(G(Y, K)). Thus there is an action of
70(G(Y, K)) = Z & Z on B(Y, K, o) as a covering transformation, and hence B(Y, K, a) is a
covering space over B(Y, K, «) with a fiber Z @ Z.

Definition 3.10. A lift of [B] € B(Y, K, «) to the covering space E(Y, K, «) is called a lift of
[B], and denoted by | B).

For a fixed lift [E of [B] € B(Y, K, a), the fiber of the projection B(Y, K, a) — B(Y, K, @)
over a point [B] can be described as

L) = {g"([B]) € B(Y, K, a)lg € o(9(Y, K))}.

The fiber £ B) can be seen as the set of lifts of the element [B]. There is another description

of lifts. Let 9 be a lift of reducible flat connections #,. Then a lift B of 8 € € is fixed by
choosing a path z : § — 6, of connections over the cylinder whose endpoint is 9

We again choose the coefficient ring %, and fix a lift E for each critical points § €
(Y, K, ).

Then we modify the local coefficient system Ay, so that

Agpo s =R )\CS(/B)ThOIK( )

with the same map Ay, .. Once we fix an orientation of 3, each summand Ag&/[f] in the
chain complex are generated (over Z) by the elements of the form A*¢/, 5 = \Ft2alp2 5 where
(k,1) € Z @ 7. The action of A*¢!, corresponds to the action of the gauge transformation with
d(g) = (k,1). Such elements can be identified with the set of lifts .Z3 of the critical point /3.
Hence, the chain complex C(Y, K'; Ay, ) can be seen as a Z-module generated by the all lift of
¢, (Y, K, o) under the modification as above.

Once we fix lifts of generators, the chain complex C2 (Y, K; Ay, ) admits Z x R-bigrading
as in [9], that is we can associate a pair of values which is defined as follows:

For a lift B of the critical point 8 € €, we define degZ(,B) = gr, () where z is a path
corresponding to the lift 6 Then we extend deg as

degy (N'€LB) = 8i + 4j + degy (B).
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Next we define degp. For a lift 5 of a critical point 3 € &, we define degR(E) =CS( B ). This
extends to elements of the form A\'¢/ 3 as

degr (N'€L5) = i + 2aj + degg (). (3.4)

In general, an element v € CZ (Y, K, ) has the form v =}, a;v; where ; € e, -Z5. This
is possibly an infinite sum. We define

degg (v) = max{degg(vi)|a; # 0}

for v # 0 and degg (0) = —o0.
In summary, we have the following proposition.

Proposition 3.11. Once we fix lifts of critical points of the Chern-Simons functional, the chain
complex (C2(Y, K, Ag, ), d) admits the Z x R-bigrading.

We write C(Y, K; Ay )72 for the chain complex C%(Y, K; Ay, ) with the Z x R-
bigrading.
Let ¢* C R be a subset defined by ¢* := C'S(Crit*). For R € R\ €*, we define a subset
CHY, K5 Ay, )T = {y € O2 (Y, K Mg, )T degz (7) < R}

This defines a subcomplex of C2(Y, K; Az, )7°%). For two numbers Ry, R; € (R\ €*) U
{£o0} such that Ry < Rj, we define a quotient complex as follows,

CHY, K Ay, )R] i OV K A, )0 /02 (Y K A, ) oo

Definition 3.12. For Ry, Ry € RU {+o00} such that Ry < Ry and Ry, Ry ¢ €* U%€"", we call
CMY,K;Agz,) a Ry, Ri]-filtered chain complex.

Consider a negative definite cobordism (W,S) : (Y,K) — (Y',K’) with 59 = 0. A
cobordism map myy, ) on C¢ (Y, K; Ag, ) induces a map

CY, K; Ag )08 — oY K5 Ag, )71
by the restriction, and hence this induces a map

mga : CHY K Ag )R Co(Y K Ag, o),

As we described before, the covering transformation on B (Y, K, ) is generated by multiplica-
tions of elements A*!and ¢!, We also introduce other generators which fit to the Z x R-bigrading
on CX(Y, K; Ag,). Let us introduce two operators on C(Y, K; Ag, )7,

Zil — ()\17401T74)i1 Uil — ()\ZaT2)i1'

These operators change the Z x R-bigrading as follows,
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Figure 2: Black dots represent lifts of the irreducible flat connection /3 and red dots represent lift
of the reducible flat connection 4,,.

e QOperator Z:

degy(2'5) = degy(P) (35)
degr(Z'B) = degr(B)+ (1 —4a)i. (3.6)
* Operator U:
degZ(U@ = degz(ﬁ:)—i—éli, (3.7)
degp(U'B) = degg(B) + 2ai. (3.8)

See Figure 2 for the case o < i. Since A = ZU?, actions of two operations Z and U (and their
inverses) on lifted critical points generate C% (Y, K; A, )70,

3.3 Maps 61, 52, Al, and AQ

We introduce operators which are defined by counting instantons on a cylinder or a cobordism
with the reducible limit. We remark that the sign convention of counting moduli spaces in this
subsection is the same as that of [8]. Let (Y, K') and (Y, K’) be two knots in integral homology
3-spheres. Let . be an integral domain over %,. In this subsection, we assume that the
holonomy parameter « is chosen so that it Ay, g (e*™*) # 0 and Ay g1y (e*™*) # 0.
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Definition 3.13. We define .7 -linear chain maps 6, : CX(Y,K;Ay) — % and 63 : S —
C(Y, K; Ay) as follows.
For B e €LY, K, o),

Z #M 57 —K z)TV(z)

z:8—04

and

5a(1) := Ej Ej H#M (0, B)oAFETVE) 3,
BECL(Y,K,a) 2:00—f3
gr(p)=2

Since the compactified one dimensional moduli space M (B, 04)1 has oriented boundaries

U U ML, (8,7)0 X M,y (7, 6a)o,

’YG 21,22
gr(y)=1 7107272

it is straightforward to check that d o §; = 0. Similarly, d2 o d = 0 holds.
Next, we define Ay : CHY,K;Ay) — & and Ay : ¥ — CXY',K';Ay) for a
cobordism of pairs (W, S) : (Y, K) — (Y', K').

Definition 3.14.
= ST HML(W, S5 8,6, ) A0 F T,

A1) = Y S THMUW, S04, B )N ATV R0

preg (YK a) 2

Proposition 3.15. Let m = mqyg) : CX(Y,K;Ay) — CHY',K'; Ay) be a cobordism
map induced from the negative definite pair (W, S) : (Y, K) — (Y', K'). Then the following
relations:

(i) Ayod+mné —d0om=0,
(ii) d' o Ag —5§n+m052 =0.
hold, where n = n*(W, S) and ' denotes corresponding maps for the pair (Y', K').

proof. The relation (i) is given by counting the ends of each component of the one-dimensional
moduli space M.(W,S;3,0.)1 as in [8, Proposition 3.10 ]. The boundary components of
M, (W, S; B, 6.,)1 with the induced orientation are given by

(a)
U U Zl B/BIOXMZQ(WSBM a)
precs zlzolz’é32 z
(b)

U U MZI(W’ 5;67/8/)0 X M22(5/79a)07

¢rx 21,22
V'€ T 210z9=2
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(©)
= U Ma(8,0a)0 x Moy (W, S;04,04)0

21,22
21022=2
Note that product orientations of M., (53, 7)o x M., (W, S; 7, 6/, )o and M.+ (3, 04 )ox M (W, S; 0, 0, )o
are opposite to orientations induced as the boundaries of M, (W, S; 3, 0,,)1. The signed counting
of the boundary components of type (a) and type (b) contribute to —A; o d(3) and &} o m(p)
respectively. Since M (W, S;60,,0. )0 consists of minimal reducible elements, the counting of
(c) gives —nd1 (). This proves (i). The relation (ii) can be similarly proved considering the ends
of the one-dimensional moduli space M, (W, S; 0, 5')1. O

3.4 Maps v and p

In this subsection, we introduce maps induced from the cobordism of pairs (W, .S) with an
embedded curve v C S. Our assumptions for the choice of holonomy parameter « and the
coefficient .# are the same as the previous subsection. We remark that the sign convention of
moduli spaces in this subsection is also the same as that of [8]. In particular, if f : M — N be
a smooth map between oriented manifolds then f~!(y) for a regular value y € N is oriented so
that

T,M = N, f'(y) @ Tof ' (y)

is orientation preserving, where N, f~!(y) is a fiber of the normal bundle for f~!(y) and its
orientation is induced from that of N. The mapping degree deg(f) is defined by using this
orientation.

Assume that v : [0,1] — S is a smoothly embedded loop. Fix a regular neighborhood
N, (€) of v in W with radius e > 0 and fix a base point z9 € ON,(€¢). We take a Seifert
framing ¥, C 0N, (€) of «y so that it pass through a base point z. The bundle decomposition
E =L@ L* over S C W extends to N (¢€), and the holonomy of the adjoint connection of
[A] € B(W, S; 8, 8) yields Holz, (A*1) € S*. Put

h'Y

1 _ d
s (A) = l% Holy, (A*9).

The construction above gives a map

Y
g

Note that this map itself depends on the choice of the Seifert framing of + and orientations of K
and S. However, such dependence on auxiliary data can be ignored to define the following map.

:B(W, S, a;8,8) — St (3.9)

Definition 3.16. Let 3 and ' be irreducible critical points of the (perturbed) Chern-Simons func-
tional on (Y, K') and (Y', K') respectively. We define a map p = pw,s) : C&(Y, K;Ay) —
Ce(Y',K';Ay) by

M(ﬁ) = Z Z deg (hgﬁ’ |Mz (I/V»S;ﬂﬂ’h) )\HO*H(Z)TZ/(Z)fl/Q/B/
BeCx(Y,K,a) z:8—3

foreach g € TL(Y, K, ).
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The map u satisfies the following relation.

Proposition 3.17.
dop—pod=0.

proof. Consider the compactified 2-dimensional moduli space M (W, S; 3, 3’)2 which has the
oriented boundary of the following types

— U U MIBB)1 x MW, S5 81,82

B1eCE(Y,K,a) 20z =2
U U MEW,8:8, 80 x M5B )i
BLECE (Y K a) 2’02/ =2

where ¢ = 1 or 2. 'We count the boundary of the 1-dimensional submanifold (hzw,)*l(s) C

M™*(W,S;3,') for a regular value s € S'. Since the closed loop 7 is supported on a compact
subset of S, (hgﬁ,)*l(s) intersects faces of the boundary of M (W, S; 3, ) with i = 1. Thus
we have

#((hhe) M (s) NOMS (W, S;8,8)2) =d o pp— pod=0.

O]

We consider the case when (W, S) = R x (Y, K) and v C Sis acurve R x {yo} where yo
is a fixed base point in K. Taking holonomy along -y, we obtain a map

hﬂlﬂQ : B(K Kva;ﬂl,ﬂ2) — Sl

by the similar way as (3.9), where (3; (i = 1, 2) are irreducible critical points of the Chern-Simons
functional.

The holonomy map /g, g, is modified to extend broken trajectories as in [10]. Such modifi-
cation of hg, g, near the broken trajectories gives the map

Hg,, - M(B1, 82)a — S*
with the following properties.
(i) Hg,p, = hg, 3, on the complement of a small neighborhood of oM+ (51, 52)a-

(i) Hpg,p,([A1],[A2]) = Hg,p,([A1]) - Hp,p,([A2]) on unparametrized broken trajectories
M (B, B2)i—1 x Mt (B, B3)a—; where B is irreducible,

(ili) Hg,p, = 1if dimM (B, B2) = 0.
Definition 3.18. We define the v-map v : CX*(Y,K;Ay) — CH(Y, K; A ) by

v(f1) = Z Z deg (Hﬁ152|Mz(51,52)1> )\—n(z)Tu(z)BQ.

B2ECk z:51— P2
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v-map does not commute with the differential of the chain complex. However, the following
relation holds.

Proposition 3.19.
dv — vd — (52(51 =0.

proof. We consider the 1-dimensional moduli space

M, (1, B2)1 := M,(B1, B2)2 N (Hp, ,) " (5)

for a generic s € S'\ {1}. As the argument in the proof of Proposition 3.16 in [8], the boundary
of M, (p1, B2) consists of unparametrized broken trajectories of the form,

a = ([A1], [A2])

and there are the following cases.
M a € Uyron_, Ma(B1, B3)o X M (Bs, B2)1 where B3 € €5(Y, K, a),
(D a € Usroun_, Mar(B1, B3)1 % Mo (B3, B2)o where B3 € €4 (Y, K. a),

) [A] M, (81, B2) factors through the reducible critical point 6.
For the case (I), the corresponding oriented boundary components of (Hpg,g,) '(s) N

M (B, B2)2 are

(Hag) ' (5) N — U L M. (81, Bs)o x M.n(Bs, B2)1

B3€Ci(Y,K,a) 2/02" =2

- U U MZ'(61753>0 X (Hﬁsﬁb)_l(s) N Mz”<53752)1~

B3€Ci(Y,K,a) z'0z!"=z

since Hg, 3, = 1. This contributes the term —(vd(f31), B2). For case (II), the similar argument
shows that this contributes to the term (dv (1), B2). Case (III) requires gluing theory at reducible.
Let U be an open subset of M (1, f2) which is given by

U = {[A] € M(B1, Bl A = 7 0all 211« (r\16)) < €)-

U, denotes the restriction of U to M, (1, B2). There is the "ungluing’ map

LB, B2) D U 2 (0,00) x| Mr(Br,0a)o x S* X Mar(0a, B3)o-

Zloz!'=z

For T' > 0 large enough, consider a subset U, 7 = ¥~ ({(¢, [A1], 5, [A2]) € U.|t > T}) of U..
Then

(M.(B1,82) NUzp) = (T,00) x| M(Br,0a) x {5} x M.r(0a, Ba).

Zloz!'=z
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Thus corresponding boundaries of one-manifold H 5 162 (s)N M+ (81, B2)2 with induced orien-
tations are given by

_ U le(ﬁl,ga)o X Mz”(GOH/BQ)O

Zloz!'=z
The sign counting of this contributes to the term — (291 (1), B2). Finally, we obtain the relation
((dv —vd — 0201)(B1), B2) = 0. O

Next, we consider a negative definite pair (W, S) : (Y, K) — (Y’, K’) with an embedded
curve 7y : [0,1] — S such thatv(0) = p € K andy(1) = p’ € K'. We identify ~ with its image.
We define

v = (00,0l x {p} Uy U[0,00) x {p'} C S*.
Assume that 8 € € (Y, K,«) and 8’ € €£(Y', K', a). Foreach A € A(W, S; 8, 3'), taking the
holonomy of A2 along the path v and we obtain a map
Wg : BW,S;8,8) — 5
and its modification
Hy s MY (W, 5;8,8)4 — S"
so that Hgﬁ, = 1 on 0-dimensional unparametrized broken trajectories.
Definition 3.20. We define a map pn = py,s,) : C2 (Y, K;Ay) — CHY', K'; Ay ) by
wu(B) = Z Z deg (H,gﬂ”Mz(W,S,B,ﬁ’)l) )\HO—H(Z)TV(Z)—V()B/.

pect (Y K o) z:f—3
Proposition 3.21. Let (W, S) : (Y, K) — (Y', K') be a negative definite pair. m and . denote
its corresponding maps as above. Then

d' i+ pd 4+ Asdy — 55A1 — v'm +mov = 0,

where ' denotes corresponding maps for the pair (Y', K').

proof. Consider a 2-dimensional moduli space M (W, S; 3, 8')2 and its codimension 1 faces.
Firstly, there are two types of the ends of M, (W, S; 3, )2 in which [A] € M(W,S; 8, 5)2
broken at irreducible critical points.

@
M;(ﬂ?lgl)i_l X M:’—’<W7 Sa /8175/)2—i7

(y) )
M;/_(Wv S7 67 ﬁ/)in X M:/_/(Bla B/)lfh

where ¢+ = 1, 2. Since

H,) M s)nlJ U M(8,81)0 x MI,(W, S, 81, 81

B1 z'oz!'=z

= U U M8, 8o x (H,p) " (5) N Mar(W, S5 B, B,

B1 2oz

43



the signed counting of the points in 8((Hgﬁ,)*1(s)) NM*(W,S,3,")2) which are contained
in codimension 1 faces of type (I) with ¢ = 1 contributes to the term —(ud(3), 8'). Next, we
consider the case that type (I) with i = 2. Since

(Hi) ')l U M8 801 x Mo(W, S 81, 8)o

B1 Z'oz!'=z

= U U Hss) " (s) N MLA(B, B x MW, S5 81, 5o,
B1 2'oz!'=z
the signed counting of the points in 8((Hgﬁ,)*1(s) N M*(W,S;3,8)2) which are contained
in codimension 1 faces of type (I) with ¢ = 2 contributes to the term —(muv (), '). Similarly,
a collection of codimension 1 faces of type (II) contributes to the term —(d'u(3),5') if i = 1
and (v'm(B), ') if i = 2. Finally, we consider the ends of M (W, S; 3, 3")2 which break at
reducibles. Such ends are described as in the poof of Proposition 3.19 and contributes to the

term —((Aq201 — 62A1(B), B').
O

Corollary 3.22. (5’3 (Y,K;Ay), d, X) where
CHY.K;Ap) = CHY.K;A0) @ CL4 (VK A0) @ .7,

B d 0 0 0 00
d=| v —d 6 |,x=|1 00
o2 0 0 0 00

forms an S-complex. Moreover, if (W, S) : (Y,K) — (Y',K') is a given negative definite
cobordism and « satisfies Ay, ) (emiay . Ay i1y (e*™i) =£ () then

m 0 0
mws)=| K m A
Al 0 n

defines an S-morphism myy,s) : 5’3(}/, K;Ay) — GS(Y’, K';Ag).

proof. The argument in Subsection 3.3 and Proposition 3.19 show that (53(3/, K;Ay), c?, X)
is an S-complex. For a generic perturbation, moduli spaces over the negative definite pair
(W, S) are regular at reducible points by Proposition 2.24, and hence the counting of reducibles
n = n*(W,S) is well-defined. The argument in Subsection 3.2, Proposition 3.15, and 3.21 show
that m 1y, 5y is an S-morphism. O

The S-complex éf(Y, K; A ) itself depends on the choices of metric and perturbation.
However, the standard argument (see [8, Theorem 3.33]) shows that its S-chain homotopy class
is a topological invariant of pairs (Y, K, p) with Ay, (e*™i@) =£ (0, where K C Y is an oriented
knot in an integer homology 3-sphere and p € K is a base point. The S-chain homotopy type of
S-complex itself depends on the choice of base point, however, there is a canonical isomorphism
between two homology groups of S-complexes which are defined by different choices of base
points.
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Definition 3.23. We call B
UV, K) == h(C2 (Y, K; Ay))

the Frgyshov invariant for (Y, K) over . with a holonomy parameter c.
The S-complex C(Y, K; A ) admits the following connected sum theorem.

Theorem 3.24. Let (Y, K) and (Y', K') be two oriented knots in integral homology spheres and
a be a holonomy parameter such that Ay g (edmiay . Ay gy (eA™i) =£ (. Then

CHY#Y K#K';My) = CX(Y. K; Ap) 05 C2(Y' K Ay),
where >~ denotes an S-chain homotopy equivalence.

The strategy of proof is essentially the same as [8, Section 6 ]. We will give the proof of
Theorem 3.24 in the appendix.
The following corollary gives the proof of Theorem1.6.

Corollary 3.25. Let (Y, K) and (Y', K') be knots in integral homology 3-spheres and « be a
holonomy parameter such that Ay, i (efmiay . Ay, K,)(e‘ma) # 0. Then

he (Y#Y', K#K') = 15 (Y, K) + b (Y, K').

Moreover, if there are two negative definite cobordism (W,S) : (Y,K) — (Y',K') and
(W' S : (Y',K') = (Y,K), then

h%(Y,K) =h%(Y' K').

proof. The first statement follows from Theorem 3.24 and Proposition 3.7. The later half
statement follows from Corollary 3.22 and Proposition 3.6. O

The filtered construction can be applied to S-complex for the coefficient Z,,. A fixed lift §a
of reducible flat connection can be identified with~1 € X%, and X, itself can be identified with
all set of lifts of 0. We extend the R-grading to C¢(Y, K; Ay, ). First, we define

max{r|a, #0} ifd#0

degy (8) =
() {—oo i£5 =0

ford = ¥, apA" € By € ZIT1, T]. Thenfor (8,7, 8) € CH(Y, K; Ay JEC2, (Y, K5 Ay, )&
X, we define -
degR (ﬁa 7> 5) = max{degR(ﬁ)v degR(,Y)v degR(é)}

Obviously, we have the following proposition.

Proposition 3.26. If we fix a lift of each critical point of the Chern-Simons functional, then the
S-complex CX (Y, K; Ay, ) admits the 7 x R-grading.
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Note that the R-grading of S-complex extends to tensor products of S-complexes in a natural
way. N

The filtered S-complex C(Y, K; Ay )Fofil for Ry, Ry € (RU{=o00})\€* with Ry < R;
can be defined as follows. Put C%(Y, K; Ay )78 .= {(B,7,6) € CX(Y, K; Ay, )|degg (8,7, ) <
R} and

C2 (Y, K5 Dgg, 0T o= G (Y, K A, )0 (O (Y K g, )01

for Ry < Ry.

3.5 Cobordism maps for immersed surfaces

Let (W, S) : (Y, K) — (Y, S’) be a cobordism of pairs where S is possibly immersed. Blowing
up all double points of S, we obtain a cobordism of pairs (WW,S) where S is an embedded
surface.

Definition 3.27. We say (W, S) is a negative definite if its blow-up (W, S) is a negative definite.
We define a cobordism map for a negative definite cobordism (W, S) where S is possibly immersed
surface as follows,

(W) = T 5)-
Let us describe the relation between operations on immersed surface cobordisms and induced
S-morphisms.

Proposition 3.28. Let . be an integral domain over the ring %. Assume that (W, S) is a
negative definite pair over . where S is a possibly immersed surface. Let S* be a surface
obtained from S by a positive, negative twist move or a finger move. Then myy, g+ is S-chain
homotopic to My, 5) up to the multiplication of a unit element in ..

The definition of positive (negative) twist move and finger move can be found in [17].

proof. Since the monotonicity condition cannot be assumed in our setting, we have to modify
the argument in [25].

(i) positive twist move. Consider the blow-up at the positive self-intersection point (W, S*) =
(W, S)#(CP?, So) where Sy is an embedded sphere whose homology class is —2¢ € Ho (@2; 7).
Note that R (53 \ S1,5U(2)) = {0} for a € (0,%). Assume that (W, S*) has a metric gr
such that (.93, S1) has a neighborhood which is isometric to [T, T] x (53, S'), where T' > 0 is
large enough. Let A7 be an instanton on {(W, S*), gr} which is contained in the 0-dimensional
moduli space. A, denotes the limiting instanton of Ap with respect to T — oo, and Aj,
As denote its restriction to components obtained by attaching cylindrical ends on (W, .S) and
(CP?, Sy) respectively. Then we have

indDj, +1+indDy, =indDy_ <0.

The last inequality essentially follows from [27, Corollary 8.4] and our assumption. The index
formula for the closed pair (CP?, S5) shows that ind D 4, (E) —1 and we have indD 4y, = —1.
4
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By the perturbation, the instanton Ay on CP? satisfies H} Ay = Hi = 0, and the gluing along
Ra(S3\ SY) = {6,} is unobstructed. The moduli space M (W, S*; 3, B")g is diffeomorphic to

M (W, S; 8,80 x M®(CP?, Sy)o.

Note that there is a diffeomorphism M®(CP? \ D* Sy \ D?;6,)0 = M*(CP?,S,), by the
removable singularity theorem. Since indDj4, = —1, A2 is a minimal reducible. Moreover,
minimal reducibles on (CP?,Sy) define elements in M*(CP?, S;)o. Counting elements in
moduli space M (W, S; 3, 3')o defined by the limiting metric limy_,», g7 contributes the relation

(MG 548, 8') = n*(CP*, Sy)(m w,s)8,8").

Since

1— Mot o <1/4
M= 1 o> 1/4,

na(@7 SQ) - {

((CIP’ Ss) is a unit in .. An S-chain homotopy between m m(W 5 and myy g~y is given by
considering the one parameter family of moduli spaces. In particular, n“ (@2, Ss) has the top
term 1 and hence the statement follows.

(ii) negative twist move. In this case, we change So in the above argument to an embedded
sphere Sy whose homology class is trivial. Thus we obtain 7%(CP?, Sy) = 1.

(iii) finger move. Consider the decomposition (W, S) = (W1, S1) U (W, Sa) where Wy =
D*and Sy = D?UUD?. Let (W, S*) = (W1, S1)U(W3, Sb) be the twice blow-up of (W, S*). In
this case, 15 is a 4-manifold obtained by removing a disk from CP>#CP? and S5 is two disjoint
disks. Note that R, := Ro (S \ (ST U SY), SU(2)) =2 [0, «] for fixed o € (0, &), the interior of
R consists of irreducible flat connections and two endpoints are reducible. Moreover, the end
point map r1 : M (W1,S71; 3,8 )o — Ra has its image in the irreducible part of R,,. See [25,
Lemma 3.2] for details.

We claim that the counting of two moduli spaces M (W7, S1; 3, ") and M (W, S; 3, )¢ can
be identified up to the multiplication by a unit element in .”. Firstly, we define an S-morphism

m(WhSl) as

<m(W1,Sl)6;/B Z#M lesl,ﬁ 5))\50 HZTVZ Voﬁ

and similarly for other components in 7y, 5,). Here x(z2), Ko, v(2), and vy are similarly
defined as in Subsection 2.7. We have to modify the argument in [25] which is related to
the unobstructed gluing along the pair (S3, S U S1). For p € R, which is in the image
of 71, we take its extension A, to (D* D? Ly D?). Consider the double (5%, 5% U S?) =
(D*, D* U D?) Ugs g1y (D*, D? 1 D?). Then indD 4,44, = 2indD,, + 1 by the gluing
formula. Consider the pair of connected sum (5%, S? LI S%) = (54, 82)#(337@)(84, S?%). Then
indDa, 44, = 2indD g, x4 p|( 54,62y + 3 and the left hand side is equal to 1. Hence we have
indD 4, = 0. Thus the relation

indDa, + dimH), = —dimHYy + dimH}y — dimH3
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tells us that H%p = 0 since dimH%p = 0 and dimH}‘p = 1. Here H ; is the cohomology with
the local coefficient system associated with the flat connection p. Thus the Morse-Bott gluing of
instantons over (W7, S1) and (Wa, Sa) is unobstructed. For a metric on (W, S) with a long neck
along the cylinder [0, 1] x (93, S* LU S1), we have the diffeomorphism,

MW, S; 3,80 = M(W1,S1; 8, 8)0 » X MY(D* D? U D?);

where
r: M(Wi,51;8,8)0 = Ra

and
' M*(D*, D* U D?); = Ra

are restriction maps. For simplicity, we consider the case o < i. Since flat connections on

(83,81 11 SY) uniquely extends to (D*, D? LI D?), the induced cobordism map has the form;

m(w,s) = (1 + chz_k> CT(W,5)

k>0

where ¢;, € Zand Z = \'=4*T—*, Thus, mw,s) and myy, s, are differed by the multiplication
of a unit element in .7

Assume that the cobordism of pairs (W, S*) is equipped with a metric such that (W, S*)
has a long neck along (53, S*11.S1). Then the moduli space M (W, S*; 3, B')o decomposes into
a union of fiber products

M(Wla Slaﬁa ﬁ/)d 1 XrgMa(Wé; Sé)d’

with d + d' = 1, where

r: M(Wh, 81,8, 6)d — Ra

ro : M*(W5,85) ¢ — Ra

are restriction maps. Since d’ (E) 1 by the index formula, we have d = 0 and d’ = 1. Thus

4
there is the coefficient ¢ € .# such that ﬁl(v’v, 5% = cmw,s)- Consider the special case of a
finger move which is the composition of one positive twist move and one negative twist move.
In this case, the coefficient ¢ is turned out to be 1 — \**~174 for o < i and \1=%27-4 _ 1 for
a > 1/4 by the argument above. Finally, we conclude that there is a unit element ¢ € . such
that myy, 5+) and cm 1y, gy are S-chain homotopic. O

48



4 Non-degeneracy of the representation variety

Let us describe the outline of this subsection. We will discuss conjugacy classes of representation
p:m(Y\K)— SU(2),

with the condition .
e27rza 0
p(:U’K) ~ |: 0 e~ 2mia :|

In this section, we write [p] for its conjugacy class to distinct elements in Hom(71 (Y \
K),S5U(2)) and R(Y \ K, SU(2)). Firstly, we introduce the method of taking cyclic branched
covering. Considering a knot in an integral homology 3-sphere (Y, K), we can take a cyclic
branched covering Y, (K) over Y branched along K. Let N(K) be a tubular neighborhood of
K CY,andV =Y \ int(N(K)) be its exterior. V denotes r-fold unbranched covering over V
with 71 (V) being a kernel of 711 (Y \ K) — Hy(Y \ K,Z) — Z/rZ. N(K) and V have a torus
boundary, and let b : ON(K) — AV be a gluing map which sends px meridian of K to its lift
1. Then the r-fold cyclic branched covering over Y is defined by

V. (K) = N(K) U, V.

Let 7 : )7} — )7; be a covering transformation. We define an induced action of 711()7}, p) with
a base point p missing the fixed point set of 7-action on Y,.. For this, we fix another base point
q inside the fixed point set and a path connecting p and q. Such a choice of the path defines
(uncanonical) isomorphism between 1 (Y;., p) and 71 (Y}, ¢). Since  induces a natural action on
71(Yy, q), we define an induced action 7, on my Yy, p) via the above isomorphism. The 7-action

induces the action 7* on Hom(m1(Y;, p), SO(3)) by 7*(p) = p o 7w This also defines an action
on R*(Y,,SO(3)) by 7*[p] = [7*(p)]. We define following subset of R*(Y;., SO(3)).

R*7(Y;, SO(3)) = {[p] € R* (Y, SO(3))|7*[p] = o]}
R¥(Y,SU(2)) = {[p] € R*(Y, SU(2))| Ad[p] € R*" (Y, S0(3))}.

Since different choices of base points of fundamental groups induce a canonical isomorphism
on R*(Y;,SO(3)), we may omit the choice of base points and a path between them from the
notation here.

The aim of subsection 4.1 is giving the construction of the lift map

m: || RL(Y\K,SU(@2) =R (Y,,SU(2)
1<i<r—1 "

which sends singular flat connections to non-singular flat connections on a cyclic branched
covering of the knot K C Y. We will see that the lift map II satisfies the following proposition.

Proposition 4.1. Assume that r-fold cyclic branched covering }77“ of a knot K in an integral
homology 3-sphere Y is integral homology 3-sphere. Then the lifting map 11 gives a two-to-one
correspondence

I: || RL(YV\K,SU@2) = R7(Y,,SU(2)).

1<i<r—1
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This is a generalization of the argument in [2].

Let X (K) be the complement of a tubular neighborhood of the knot K C S3. Its boundary
OX(K) is a torus. In Subsection 4.2, we will show that the restriction map r : R*(S? \
Tp.q,5U(2)) = R(0X(T}p4),SU(2)) is a smooth immersion of one-manifold without any
perturbation of flat connections, using the setting of gauge theory by Herald [22] and computations
of group cohomology of 71. In Subsection 4.3, we will give a proof of Theorem 1.9 using the
results in subsection 4.1.

4.1 The construction of the lifting map

We assign the second Stiefel-Whitney class w € H2(Y,Zy) to [p] € R(Y,SO(3)). We can
construct a flat bundle £ = Y x, R? from an SO(3)-representation p and define w([p]) :=
wo(E) € H?(Y,Zs), where wo(E) is the second Stiefel-Whitney class of E. If w(p) = 0 then
SO(3)-bundle E lifts to SU(2)-bundle F'. Let P and @ be the corresponding principal bundle
of F and F' respectively. The natural map p : ) — P is a fiberwise double covering map.
Let ¢, be a connection form on P which corresponds to flat connection p. Then p*6, defines
a flat connection on (). Thus each element of R(Y, SO(3)) lifts to R(Y, SU(2)) if its second
Stiefel-Whitney class vanishes.

Proposition 4.2. Let X be Y orY \ K. Then there is an action of H*(X, Zs) on R(X, SU(2))
and the map Ad : R(X,SU(2)) — R%(X, SO(3)) induces a bijectiton

R(X,SU(2))/H (X, Zs) = R°(X, SO(3)).

Here R°(X, SO(3)) denotes the set of conjugacy classes of SO(3)-representations whose second
Stiefel-Whitney class vanishes.

proof. Letp: m1(X) — SO(3) be arepresentation whose second Stiefel-Whitney class vanishes
and p : m(X) — SU(2) be its SU(2)-lift. Consider another lift o’ : 71(X) — SU(2). Then
there is a map x : 71 (X) — {£1} such that p’(g) = x(g)p(g) for any g € m1(X). We can
directly check that y is a homomorphism and determine an element y € Hom(71(X),Zs) =
HY(X,Zs). Conversely, two SU(2)-representation o1,09 : m(X) — SU(2) such that there
exists x € Hom(m(X),Z9) and satisfying o1(g) = x(g)o2(g) for any g € m1(X) induces
same SO(3)-representation. We define an action of H'(X,Zy) on Hom(7(X), SU(2)) by
o+ x -0, where (x -0)(g9) = x(g)o(g) for g € m1(X). The action of y commutes with the
conjugacy action and descends to R(X, SU(2)). Thus we get the statement. O

Note that the action of H!(Y \ K, Zs) coincides with the flip symmetry. From Proposition
4.2, we get the following corollary.

Corollary 4.3. For an integral homology 3-sphere Y, all elements in R(Y, SO(3)) have a unique
lift in R(Y, SU(2)).

proof. Since H%(Y,Zs) = 0, the second Stiefel-Whitney class of [p] € R(Y, SO(3)) vanishes,
and p lifts to an SU (2)-representation. By Proposition 4.2, this lift is unique since H'(Y, Zy) =
0. O
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If [p] € R(Y \ K, SU(2)) satisfies

627rz'a 0
p(:U’K) ~ |: 0 e—2mia :|
then induced SO(3)-representation satisfies
1 0 0
Adp(pr) ~ | 0 cos(dma) —sin(dma) | . 4.1)

0 sin(4dra) cos(4dma)

Let Ro(Y \ K, S0(3)) be a subset of R(Y \ K, SO(3)) whose elements are represented
by SO(3)-representations of 71 (Y \ K) such that their images of yy are conjugate to the right
hand side of (4.1).

Before proceeding with the argument, we introduce the orbifold fundamental group of Y\ K.
(It appears in [2], [3], for example.)

Definition 4.4. 7} (Y, K;7) := m (Y \ K)/{u') is called the orbifold fundamental group of
Y\ K.

Proposition 4.5. WY(Y, K ;1) admits the following split short exact sequence.
1o m(,) =7 (Y, K1) — Z/r — 1.

proof. Let K C Y, be the branched locus. Since Y, \ K=Y \ K is a regular covering, there
is the exact sequence

1o m\K)—=mY\K)—Z/r—1.

Applying Van-Kampen theorem to the decomposition Y, \intN(K)UN(K), we have m; (Y ) =
(Y \K)/{ 7)- Since (Y, \K) — 7 (Y \ K) maps P to uK,thls induces 1 — m1(Y;) —
(Y, K;r). Since (Y \ K) — Z/r maps i + 1, this induces 7} (Y, K;) — Z/r which
sends pux to a generator of Z/r. The spitting Z/r — 7} (Y, K;r) sends a generator of Z/r to
HE - O

Lemma 4.6. There is a natural one to one correspondence
r—1
R*(x{ (Y, K;7),S0(3)) = | | R (Y\ K, 50(3)).
=1
proof. Letp : m (Y \ K) — SO(3) be a representation with [p] € R* (Y'\K,S0(3)). Thenit
factors through 7}’ (Y, K; 7). Conversely, any representation o : 7} (Y K;r) — SO(3) satisfies
1 0 0

o(ur) ~ | 0 cos(dra) —sin(4dra)
0 sin(4ma) cos(4ma)

where o = o for some 0 < | < 7. Thus o defines a representation of 71 (Y \ K) with the above
condition. 0
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Proposition 4.7. There is a bijection

r—1

| | R% (Y \ K,50(3)) = R*"(Y,, SO(3)).
=1 o7

proof. Since there is the natural one to one correspondence in Lemma 4.6, we only have to
construct N N
R*(ny (Y, K;7),S0(3)) = R*(Y,, SO(3)).

This is induced from 7r1(§7,«) % 7V (Y, K;7) in the short exact sequence in Proposition 4.5.
We claim that if p : 7} (Y, K;7r) — SO(3) is irreducible then p o i is also irreducible. Since
Y, is an integral homology sphere, any reducible SO(3)-representation of 7 (ﬁ) is the trivial
representation. If poi is trivial, then p factors through 7} (Y, K;7) /i(m (Y,)) = Z/r and hence
reducible. This is a contradiction.

We will construct the inverse correspondence of the above. Let o be an SO(3)-representation
of 71(Y,) which represents an element in R*7 (Y,,, SO(3)). Since the conjugacy class of o is

fixed by the induced action of 7, there is a matrix A € SO(3) such that

0 (u) = Ao(u)A™!

for any u € m1(Y;). A is uniquely determined since o is irreducible and has the trivial stabilizer
{1} in SO(3), and A is conjugate to the matrix of the form,

1 0 0
0 cos() —sin(Z) | . 4.2)
COS(Qﬂ-l)

r
Since 7 has order 7, we get the relation

o(u)=A"o(u)A™"

for any u € m1(Y}), and we get A" = 1 using the irreducibility of o. Thus we can assign a
unique order r element A, € SO(3) for each o. Finally, we assign a representation

gl (V,K;r) = m((Y,)xZ/r —  SO(3)
4.3)
(u, t*) = o(u)- Ak

o

to a given representation o, where t € Z/r is a generator. This satisfies & (ux) = A,. The above
construction gives the inverse of R* (7} (Y, K;7),SO(3)) 3 [p] = [poi] € R*"(Y;, SO(3)).
O

We write

r—1
| | R (Y\ K, 50(3)) = R(Y,, SO(3))
=1

for the bijection constructed above.
Now we can describe the definition of II. Let K be a knot in an integral homology 3-sphere
Y, and assume that Y, is also an integral homology 3-sphere.
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Definition 4.8. TT : | ||/ R* (Y \ K,SU(2)) — R*(Yy, SU(2)) is given by the following
compositions. QT
r—1 -
| |R: (Y \K,S5U@) 2% |_| R (Y \ K, 50(3))
=1 2r =1 2r
g T A~ S
I, Rer($:,50(3) 24705 R*7(V., SU(2).
We call I1([p]) a lift of [p].

An SU (2)-representation that factors through Pin(2) subgroups is called a binary dihedral
representation. An .SO(3)-representation that factors through O(2) subgroups is called a dihedral
representation. Note that O(2) is embedded in SO(3) as

A 0

0 detA
where A € O(2). The adjoint representation of a binary dihedral representation is a dihedral
representation. In the proof of Proposition 4.1, which is an important property of the lift I1, we
use the following Lemma.
Lemma 4.9. ([39]) The fixed point set of H (Y \ K, Zs)-action on R(Y \ K, SU(2)) consists
of conjugacy classes of binary dihedral representations.
proof. Let [p] € R(Y \ K,SU(2)) be a fixed point of the action of H'(Y \ K,Zs). We
regard this as a representation p : 71 (Y \ K) — SU(2) such that there exists A € SU(2) and
(x-p)(u) = Ap(u)A~! forany u € 71(Y \ K). Here xy € H'(Y \ K) is a generator. Since
x has order 2, p(u) = A%p(u)A~2. If p is reducible then its image is contained in a circle
in SU(2) and is a binary dihedral representation. Assume that p is irreducible, and there are

] € S0O(3),

two cases A2 = 1 and A2 = —1. We regard SU(2) as the unit sphere in quaternions. Then
Pin(2) = S'UjS. If A2 = 1then A = 41 and —p(u) = p(u) for some u € 71(Y \ K).
This cannot happen in SU(2). If A2 = —1 then we can assume that A = i taking after a

conjugation and then p(u) = +ip(u)i~! for any u € 7 (Y \ K). If p(u) = ip(u)i~! then
p(u) € St = {a+bi}. If p(u) = —ip(u)i~* then p(u) € jS' = {cj + dk}. Thus the image of
p is contained in S* U jS1. g

Lemma 4.10. Let r € 27Z. If p: 7} (Y, K;7) — SO(3) is a dihedral representation, then its
pull-back 7r1(Y ) — SO(3) by the orbifold exact sequence (in Proposition 4.5) is a reducible
representation.

proof. Since p factors through O(2), we have a representation p' : 7y (Y,K ir) — 0(2).
Composing with det : O(2) — Z/2, we have a representation det op 7 (Y,K;r) —

7./2. Since det o p’ factors through the abelianization 7} (Y, K;7r) = m (Y \ K)/(ux") =
Z|pk]/{pk"), we have the following diagram.

(V) — 5 7V (Y, K r) P 0(2) et

\/
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where 71(Y,) - «V (Y, K;r) is the inclusion map in the orbifold exact sequence. By the
construction, Ab coincides with the map 7} (Y, K;7) — Z/r in the orbifold exact sequence.
Thus Ab o i is the trivial representation and hence det o p’ o i is also the trivial representation.
This implies that the image of p’ 0 is contained in SO(2). Thus poi : m1(Y;) — SO(3) factors
through SO(2), and this means that p o 7 is reducible. O

The following proposition gives the proof of Proposition 4.1.

Proposition 4.11. Let K C Y be a knot in an integral homology 3-sphere whose r-fold cyclic
branched covering Y, is also an integral homology 3-sphere. For each [p] € R*7(Y,SU(2)),
IIY([p]) consists of two elements which correspond to each other by the flip symmetry.

proof. Applying Proposition 4.2 to the 3-manifold Y \ K, we have a bijection,
R(Y\ K,SU(2))/H' (Y \ K,Zy) = R(Y \ K, SO(3)). (4.4)

Note that R(Y \ K,S0(3)) = R°(Y \ K,SO(3)) since H*(Y \ K, Zy) = 0. We restrict this
correspondence to elements with holonomy parameter o = % (l=1,---,r—1). Note that

HY (Y \ K,Z3) acts on RA(Y \ K, SU(2)) U Ri__(Y'\ K,SU(2)) since the flip symmetry
2

changes the holonomy parameter as o — % — a, and the bijection (4.4) is restricted to

r—1 r—1
| |R% (Y \K SU@Q) | /H' (Y \ K, Zy) = | |R% (Y \ K,SO(3)). 4.5)
=1 2r =1 2r

Fix [p] € R*"(Y,, SU(2)). The composition

/ ~ -1 ~
L] R (V\K.SO@) %5 R (Y, S0(3)) ~*— R*7(Y;. SU(2)
o<i<r "
is bijective. Thus we have a unique element [p'] € | |,_,., R* (Y \ K, SO(3)) which corre-
2r
sponds to [p]. TI71([p]) is the inverse image of [p'] by the map

r—1 r—1
| | R (Y \ K, SU(2)) 24 R (Y \ K, 50(3)).
= =7

Finally, we prove that Ad~!([p']) consists of two elements. Let [0] € Ad~!([o']) be an element
contained in R* (Y \ K,SU(2)). If r is odd then % # 1 - 217, and thus [p] # x|[p| in
2r
Lo<icr RS (Y \ K, SU(2)) since p and xp have different holonomy parameters, where x is a
2r
generator of H(Y \ K, Zs) = Zs . This means that H' (Y \ K, Zs)-action on Up<;<,R 1 (Y \
2r

K,SU(2)) is free and Ad~!([p]) consists of two elements. If r is even and 2/ # r, then

Ad~!([p]) consists of two elements by the same reason. If 2/ = r then H'(Y \ K, Zs) acts

on R} (Y \ K, SU(2)). The fixed points of H(Y \ K,Zy)-action on R} (Y \ K, SU(2)) are
4 4

binary dihedral representations by Lemma 4.9. We show that II~!([p]) does not contain a binary
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dihedral representation. Let o’ : 1 (Y \ K) — SU(2) be a binary dihedral representation with a
holonomy parameter o = § then Ado’ defines a dihedral representationm} (Y, K;r) — SO(3).

Then the induced representation Ado” o i : 71 (Y;) — SO(3) is reducible by Lemma 4.10 and
its SU(2)-lift is also reducible. This means that IT~!([p]) does not contain any binary dihedral
representation. Thus H'(Y \ K, Zs) acts free on II*([p]) and hence II~*([p]) consists of two
elements which are related by the flip symmetry. O

4.2 Non-degeneracy results

The purpose of this subsection is to associate the non-degeneracy property of critical point set €
of the singular Chern-Simons functional and the transversality of the moduli space of irreducible
flat connections R*(Y \ K, SU(2)). Let us recall the setting of the gauge theory used in [22]
and [23] to deal with the "pillowcase picture" of perturbed flat connections. In this subsection,
Y denotes a (general) oriented closed 3-manifold and K is a knot in Y. Let E be a SU(2)-
bundle over X = Y \ N(K). We fix a Riemannian metric on X. We introduce the space of
SU (2)-connections over X and X = T? as follows:

Ay = L3(X,5u(2) © A1), Aps = L3 (T2 su(2) @ A).

Here we fix a trivialization of the SU (2)-bundle over X and 90X and identify the trivial connection
to zero elements in each functional space. We also introduce spaces of gauge transformations:

Gx ={g € Aut(E)|g € L3}, G2 = {g € Aut(E|r2)|g € LQg}-

The action of gauge transformations on connections and su(2) valued p-forms are given in
obvious ways. Gx and Gp2 have Banach Lie group structures and act smoothly on Ax and
A2 respectively. A connection whose stabilizer of gauge transformations is {£1} is called
irreducible. A% denotes subset of irreducible connections.

We introduce the following spaces of p-forms with boundary conditions:

OP(X,5u(2)) = {w € QP(X, su(2))] * wlox = 0},
OP(X,5u(2)) = {w € QP(X,su(2))| wlox = 0}.

We define the L2-inner product on 2P(X, su(2)) by the formula

(a,b) = —/ tr(a A xb).
X
For each A € Ay, the slice of the action of Gx on Ax is given by
X4 = A+ Kerdiy N L3QL (X, 5u(2)).
For each flat connection A € A, the space of harmonic p-forms are given by

HP(X;adAd) = {we Q(X,su(2))|daw = 0,dw = 0},
HP(X,0X;adA) = {w e Q2(X,su(2))|daw = 0,djw = 0}.
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The holonomy perturbation h defines a compact perturbation term V, : Ax — Q'(X, 5u(2))
and a perturbed flat connection can be defined as a solution of the equation:

xFq4+Vy, =0. (4.6)

R*"(X,SU(2)) denotes gauge equivalence classes of irreducible solutions for (4.6). Con-
sider the restriction map r : R*"(X,SU(2)) — R(T?,SU(2)). For a generic perturbation
h, R*"(X,SU(2)) is a smooth one-manifold. Moreover, the restriction map 7 is a smooth
immersion of R*"(X, SU(2)) to the smooth part of the pillowcase. The detailed argument is
contained in [22]. Put S, := {p € R(T?,SU(2))|trp(ux) = 2cos(2mia)}. This is a vertical
slice in the pillowcase. Note that R (X, SU(2)) = r~1(S,) N R(X,SU(2)) and we define
REMX,SU(2)) 1= r~1(Sa) N R (X, SU(2)). Now we state the following proposition.

Proposition 4.12. Let K C Y be a knot in a closed 3-manifold, and o be an arbitrary holonomy
parameter in (0, ). Assume that [p] € R5(Y \ K, SU(2)) is a non-degenerate critical point.
We also assume that the image of R*(Y \ K, SU(2)) by the restriction map r is contained in
the smooth part of the pillowcase. Then R*(Y \ K, SU(2)) is smooth near [p]. Moreover, the
restriction map r : R*(Y \ K, SU(2)) — R(T?,SU(2)) is an immersion to the smooth part of
the pillowcase at [p).

For the proof of Proposition 4.12, we need a setting of the gauge theory on 3-manifolds with
the boundary described above.

Lemma 4.13. Let By be an abelian SU (2)-flat connection on a torus T?. Then su(2)-valued
harmonic form h € H'(T?;adBy) has the diagonal form

ai 0
h= [ 0 —ai ]
where a € QY (T?).

proof. Since By is an abelian flat connection, it defines a splitting of the SU(2)-bundle E
over T? into E = L @ L* where L is the trivial line bundle. Then the adjoint bundle of F
has a splitting gz = R ® L®2. Let dg, = d @ dc be the covariant derivative induced on
OP(T?, gg) = QP(T? R) @ QP(T?, L®?). Any section w € QP(T?, gg) has the form

| ai b
YT h —ai |7

where a € QP(T?) and b € QP(T?, L®?). The space of harmonic forms HP(T?; adBy) splits
into HP(T?;R) @ HP(T?; L®?) with respect to the decomposition of (QP(T2,gg),dp,). Let
us compute H!(T?; adBy) using H(71(T?); adp) where p is an abelian SU (2)-representation
corresponding to By. Let p and A be canonical generators of m1(7?). Then the space of
1-cocycles consists of the element v : 71 (T2) — su(2) = R3 such that

(1= Ady)v(AN) = (1 = Adya)v(w)-
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since ;1 and A commute. Let F' : R? ® R? — R? be a linear map given by
F(l’l,.’rg) = (1 — Au)xl — (1 — A,\)CEQ

where A, := Ad,,) and Ay := Ad,,). Since A, and A, are SO(3)-linear transformations
acting on R3, they have one dimensional axes of rotation R, and R}, respectively. Let C,, and Cy
be their orthogonal complement spaces. ThenIm(1—A,) = C,andIm(1—-A)) = C, and hence
F is surjective. Thus the space of 1-cocycles is isomorphic to R%. On the other hand, the space of
1-coboundaries is spanned by Im (1 — Ad,(,)) forall g € 71(7"%), and this is 2-dimensional since
p is reducible. Thus H!(T?;adBy) = H'(m(T?);adp) = R2. Thus H'(T?; L®?) vanishes
since H1(T?%R) = HY(T? R) = R?. This means that if w € Q' (72, gg) is a harmonic form
then b = 0. Thus h € H'(T?;adBy) has only diagonal components. O

Since By is a reducible connection with U(1)-stabilizer, H°(T?;adBy) = Kerdp, = R.
We fix a generator g € HO(T?;adBy).

Lemma 4.14. There is a Gr2-invariant neighborhood Np, of By € A2 and Gr2-invariant map
n: Np, — QO(T? 5u(2)) such that

2. [petr(Fp An(B))=0forall B € Np,.

proof. Take a small neighborhood of By in the slice of the action of G2 on A2 as follows.

XBo,e = {Bo + b b e LEQY(T? s5u(2)),dj,b =0, [b] 15 < €}
2 2

where € > 0 is small enough. Firstly, we define Q°(7?, su(2))-valued map 7 on the slice X,
and then extend it to a gauge-invariant neighborhood. For B = By + b € Xp, , define

n(B) = 0.

Then we have,
/ te(Fy Ao) = / (b + b A b) A o)
T2 T2
= / tr(dBObA70)+/ tr(b A b Ap).
T2 T2

Using the Stokes’ theorem and the condition dp,yy = 0,

/ tr(dp,b A yo) = / dtr(b A yp) = 0.
T2 T2

Thus we have

/ te(Fi An(B)) = / (b A b A 0). @7
T2 T2
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Since dp b = 0, we have h € HY(T?;adBy) and w € Q%(T?, su(2)) such that
b=h+ dw. (4.8)
Using (4.7) and (4.8),

[ atFann) = [l dpe) A+ dye) nv
T T
= / tr(h A h A7) + / tr(dp,w A h A o)
T2 T2

+/ tr(h A dp,w A o) + / tr(dp,w A dp,w A70)-
T2 T2

Note that,
/ tr(xdp, xw Ah A7) = / tr(dp, * w A xh A7)
T2 T2

= —/ tr(xw A dp, * h A7) -|—/ tr(xw A xh A dp,70)
T2 T2
= 0.

Here we use the Stokes’ theorem at the second equality. Similarly, we have,

/ tr(h Adp,w Av) = —/ tr(dp, * h A *w A7) —/ tr(xh A xw A dp,v0) = 0,

T2 T2 T2

/ tr(dp,w Adp,wAv) = — / tr(dQB0 kw A *w A Yg) — / tr(dp, *w A xw A dp,v) = 0.
T2 T2 T2

Hence,
/ tx(Fp An(B)) = / te(h A b AA).
T2 T2

Since 9 € H°(T?;adBy) is an element of the Lie algebra of the stabilizer of By, Stab(Bg) =
U(1) and it has the point-wise form

re 0

; } € su(2)
where r € R. Similarly, h € H!(T?;adBy) has the the form
h(z) = [ v ]
by Lemma 4.13. By the point-wise computation of tr(h A h A 7), we obtain
tr(h AR Ao)(z) = tr([ C(L)i _Sw. ] A [ ‘Ef _(L)u_ ] A { 73 _2%, D

— & —ra A at 0
o 0 ra A ai

= 0.
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Thus 7 : Xp,,e — Q0(T?,5u(2)) satisfies [, tr(Fp An(B)) = 0 for all B € Xp, .. Define
Np, := G2 - XB, and we extend 7 to Np, in a gauge-equivariant way (i.e. 7(g*(B)) =
g~ 'n(B)g)- O

Let Ay be a flat irreducible SU (2)-connection on X. We can assume that Ag|p2 is a non-
central flat connection on 72 by the assumption of Proposition 4.12, and we write Ag|p2 = By.
Let Uy, be a gauge invariant neighborhood of Ay in A%. We define 77 : U, — Q°(X, 5u(2))
as a smooth extension of n which satisfies

1(A)lax = n(Alax)-

Here we assume that the extension 7 satisfies d ,77(Ag) € H* (X, 0X;adAp) and this is possible
by the following lemma.

Lemma 4.15. For n € H°(T? adBy) there is an extension 7] on X such that da,n €
HY(X,0X;adAp).

proof. Forn € HO(T?,adBy), we take an arbitrary smooth extension 7 to X. Then
da, 1 € Kerday|or (x su2)) = dayQ2 (X, 5u(2)) @ H'(X,0X;adAo).

Let da,€ be the da,Q0(X, su(2))-component of d 4,7, then da, (7] — £) € H (X,0X;adA)
with (7—¢)|ax = 1. Hence we can choose an extension 7jof nas d 4,7 € H'(X,0X;ad4g). O

We define a map
®: Uy, x L3OV (X,su(2)) x R — L3(X,su(2) ® AY)
by ®(A,(,t) = xF4 + daC + tdan(A). The linearized operator of ® at (Ag,0,0) has the form
D<I>(AO,070)(a, (,t) = *day,a + da,¢ + tda,n(Ao).
CokerD® 4, 0,0) is HY(X,0X;ada,) N (da,7(Ap)) L by the Hodge decomposition.
Lemma 4.16. ®(A,(,t) =0ifonlyif FA =0, =0andt = 0.
proof. Assume that ®(A, (,t) = 0. Then
IFalls = = [ (Fansr)
_ /X 6(Fa AdaC) +t / tr(Fa A daTi(A)).

X

Using the Stokes’ theorem and the Bianchi identity,

/Xtr(FA/\dAO = /thr(FA/\C)—/tr(dAFA/\C)

X

- / tr(Fay, A Clra):
T2
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The last term vanishes by the boundary condition on (. Consider the remained term

/ tr(Fqg Adan(A)). 4.9)
X

Using the Stokes’ theorem and the Bianchi identity, this is equal to

[ s nn(m))
T2

where B = A|r2. By Lemma 4.14, this is equal to zero and we have F4 = 0. Thus 0 = *F4 =
—da(¢ +tn(A)) by our assumption. Since A is an irreducible connection, d4 has the trivial
kernel and ¢ = —t7j(A). Restricting this to the boundary 72, we have the relation tn(B) = 0.
Since 17(B) = 7o is a generator of H°(T?;adBy), we have (B) # 0. Hence t = 0 and ¢ = 0
follow.

Conversely, if we assume that Fiy = 0, ( = 0, and ¢ = 0, then clearly ®(A, {,t) = 0. ]

Lemma 4.16 means that two equations F4 = 0 and ®(A, ¢,t) = 0 have the same zero set
near an irreducible flat connection Ay. Hence ® = 0 defines the space of flat connections near
Ap.

Proof of Proposition 4.12. Natural embeddings 1 — 0X — X induce maps on cohomology
groups with a local coefficient system,

H(X;adp) i'>H1(8X;ad,o) — H'(ug;adp). (4.10)

The non-degeneracy condition on [p] is equivalent to the condition that the composition (4.10)
is injective by Proposition 2.3. This implies that 5 is also injective. Thus the restriction map
R*(X,SU(2)) — R(T? SU(2)) to the pillowcase is an immersion at [p] if we show that
R*(X, SU(2)) has a smooth manifold structure near [p]. Next, we show that R*(X, SU(2)) is a
smooth manifold near [p]. Consider the long exact sequence of cohomology with local coefficient
associated to the pair (X, 0X),

o HY(0X;adp) & HY(X,0X;adp) — HY(X;adp) & H'(9X;adp) — - -

The cokernel of the connecting homomorphism 0 is zero since j is injective. Using the harmonic
representative of the cohomology with local coefficient, the connecting homomorphism 0 is
given by o — da,n(Ap) where Ay is a SU(2)-flat connection corresponding to p. Thus
cokerd = H'(X,0X;ada,) N (da,7(Ag))* = 0. This means that the equation ®(A,¢,t) =0
has a surjective linearization map at (Ag, 0, 0). Thus there is a neighborhood V4, of Ag € ®~1(0)
which has a smooth structure by the implicit function theorem. Since Ay is irreducible, the
quotient singularity by gauge transformations Gy does not occur. Thus R*(X, SU(2)) has a
smooth manifold structure near [p]. O

By Proposition 2.3, the following proposition shows that the singular Chern-Simons func-
tional for (p, ¢)-torus knot has non-degenerate irreducible critical points without perturbations.
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Proposition 4.17. For any [p] € R*(S3\ Tp,.4, SU(2)), the natural map
H'(S*\ T, 4 adp) — H' (ur,,; adp) (4.11)
is injective.

proof. Firstly, we compute H*(S? \ T}, ,;adp) using the group cohomology of 71 (Y \ K).
Since the fundamental group 71(S® \ T}, ,) has a presentation (z,y|a? = y?), 1-cocycles 7 :
m1(S3\ Tp4) — su(2) satisfy the relation

(I+Ap+-+ A )y(@) =T+ Ay + -+ AT H(y)

where A, := Ad,)and 4, := Ad,,). Since A; and A, are SO(3) linear transformation acting
on R3, they have one dimensional axis of rotation R, and IR, respectively. Let C, and C, denote
their orthogonal complement spaces. Then Im(/ — A,) = C, and Im(I — A,) = C,. Note
that p(z) and p(y) are contained in different great circles in SU(2) =2 S? since p is irreducible
SU (2)-representation. Thus p satisfies p(z)? = p(y)? = +1 and hence AL = A} = I. Thus
we have Ker(I + Ay 4 --- + AV ') = C, and Ker(I + Ay + --- + AJ™') = C,. Since p is
irreducible, R, and R, are independent in R3. Consider a linear map L : R3 ®R3 — R? defined
by
L(zi,x0) = I+ Ag+ -+ AL oy — (T + Ay + -+ AT D).

This has rank 2, and the space of 1-cocycles has dimension 4. On the other hand, the space of
1-coboundaries is a subspace of R? spanned by Im(I — Ad,,,) for all g € m1(S? \ T,4), and
this coincides to R? itself. Thus, we have H1(S3\ T}, ,;adp) 2 R?/R3 = R.

Next, we compute H! (p1,,,; adp). In this case, the space of 1-cocycles is isomorphic to R3
since its elements are determined by choosing v(u) € su(2) = R3. The space of 1-coboundaries
is Im(I — Ad,(,)) = C. Thus, we have H'(u; adp) = R3/C = R.

Finally, we prove that the map (4.11) is surjective. If v : 1 (S3 \ T}, 4) — su(2) represents
nonzero element in H* (S \ T}, 4; adp) then v(g) ¢ Im(I — Ad ) forany g € 71 (S \ T}, 4).
Thus y(p) ¢ Im(I — Ad,,)) for the meridian € m1(S® \ Tp,4), and this means that the
image of [7] € H*(S%\ Ty, 4; adp) in H' (7, ,; adp) is a nonzero element. This completes the
proof. O

Consider aknot K in S3. Note that the image of the restriction map 7 : R*(S®\ K, SU(2)) —
R(T?,SU(2)) is contained in the smooth part of the pillowcase. By Proposition 4.17 and 4.12,
we get the following statement.

Corollary 4.18. The natural restriction map R*(S3\ Ty, 4, SU(2)) — R(T?,SU(2)) to the
smooth part of the pillowcase is an immersion of smooth one-manifold.

In fact, it is known that the irreducible representation variety R*(S® \ T4, SU(2)) is a
disjoint union of %(p —1)(q — 1) segments. (See [24].)
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4.3 Levine-Tristram signature and representation variety

The following statement relates the size of the set of singular flat connections over S \ T),q and
the set of flat connections over the cyclic branched covering.

Lemma 4.19. Let p, q,r be relatively coprime positive integers and ¥(p, q,r) be a Brieskorn
homology sphere. Then

r—1

2[R*(S(p,q.7), SU@2)| =) \R;(Sg\Tp,anU@))!-
=1

proof. We apply Proposition 4.1 to the r-fold cyclic branched covering %(p, q,7) of T,,, C S°.
Note that the covering transformation 7 induces the trivial action on R*(X(p, ¢,7), SU(2)) by
[2] and hence there is a two to one correspondence

LR (8*\ T30, SU(2)) = R (2(p.4,7), SU(2)).
l

O]

The non-degeneracy condition at irreducible critical points can be interpreted in the pillow-
case as follows.

Lemma 4.20. Let o € (0,3) be a fixed holonomy parameter. Assume that [p] € R%(S3 \
K, SU(2)) is non-degenerate. Then S,, and the image of R*(S3 \ K, SU(2)) by the restriction
map r: R*(S3\ K,SU(2)) — R(T?, SU(2)) intersect transversely at 7([p)).

proof. Consider the natural map p : R(T?,SU(2)) — R(uxk,SU(2)) induced from the em-
bedding px < T2. Let [0] € R(ux, SU(2)) be an element such that tr(o(u)) = 2cos(2ar).
Then p~!([o]) = Sa C R(T?, SU(2)) by the definition. Note that S,, is contained in the smooth
part of the pillowcase, and [o] is also contained in the smooth part of R(px, SU(2)) since the
quotient singularity by the conjugacy action of SU(2) does not happen when « # 0, % Thus
the kernel of the map

dppor : TionR(T?, SU(2)) = HY(T?;adp) = TiojR(pk, SU(2)) = H' (g adp)

induced on their tangent spaces is 7},)Sq, where [0'] = r([p]). Note that R*(S3\ K, SU(2)) is
smooth near [p| by Proposition 4.12. The composition of the natural maps

T, R(S*\ K, SU(2)) = H'(S*\ K;adp) & HY(T%adp) — H'(ux;adp).  (4.12)

is injective by our non-degeneracy assumption. Thus the image of H'(S® \ K;adp) in
H'(T?;adp) is independent of Ker(H*(T?; adp) — H'(ux;adp)). This means that r(R*(S3\
K,SU(2))) and S,, intersect transversely at 7([p]). O

There is a relation between o, (K ) and R% (S3\ K, SU(2)). We use the following inequality
in the proof of Proposition 4.22.
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Lemma 4.21. Let K be a knot in S3. Assume that R?,(S3 \ K, SU(2)) is non-degenerate. Then
oo (K)| < 2[R4(S°\ K, SU(2))]
for a € [0, 3] with A (e*™) # 0.

proof. By Proposition 4.12, R*(S3 \ K, SU(2)) — R(T? SU(2)) is an immersion to the
smooth part of the pillowcase. By Proposition 4.17 and Lemma 4.20, the immersed image of
R*(S3\ K,SU(2)) intersects transversely to S,,. After taking a small perturbation, the image
of R*"(S3\ K, SU(2)) intersects to S, transversely and the number of intersection points do
not change,

IR*(S3\ K, SU(2)) Nr~Y(Sa)| = |[R*M(S%\ K, SU(2)) N1~ (Sa)l. 4.13)

If Ag(e?™@) # 0 and the perturbation h is chosen so that it satisfies conditions in [23,
Lemma 5.1] then the signed counting #R5" (53 \ K, SU(2))) can be defined and

RS\ K, SU() =~ J0a(K)

holds by [23, Corollary 0.2]. On the other hand, the left hand side of (4.13) is just the size of the
set R (5% \ K, SU(2)) by the definition. Hence the statement is proven. O

Since K = T, , satisfies the assumption of Lemma 4.21, the inequality |04 (T} 4)| <
2|R:(S3\ Tpq, SU(2))| holds for ov € [0, 3] with Ag,  (e™) 3£ 0.

Proposition 4.22. Let p, q, r be positive and relatively coprime integers. The following formula

]' *
_5‘7% (prq) = |R#(53 \ Tpq, SU(2))|

27il

holds for 1 <1 <r — 1 with Ar, (e ) #0.

For the proof, we use the similar argument in the proof of [2, Theorem 3.4].

proof. Consider a 4-ball B* and a torus knot in its boundary Tpg C 5% = 0B*, and take a
Seifert surface S for T), , as S C B* and S N dB* = 9S. The r-fold cyclic branched covering
of B* branched along S is the Milnor fiber

M(p7Q7r> = {(21722723)‘Z11) + zg + Zg = 6} mBG C (Csa

where € > 0 is small enough. Furthermore, M (p, q,r) = X(p, ¢, ) is an r-fold cyclic branched
covering of 9B* = S3, blanched along T, p,q- There is the following formula ( [13, Corollary 2.9
D,

_ig(M(n ;7)) = |R*(Z(p, ¢, ), SU(2))|.

Using signature formula in [41], Lemma 4.19 and decomposition of (M (p,q,r)) into the
equivariant signature o(M (p, ¢, 7); +), we have

! S o (Thy) = i [RY(S%\ Tp g0 SU(2))]-
2
=1

2r 2
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Note that o 1 (T}, 4) < 0since T}, 4 is a positive knot. If we assume that the inequality in Lemma
2r

4.21 is strict for some [, then —%o(M(p,q,7)) < |R*(S(p,q,7))|, and this is a contradiction.
Thus we get the desired formula. O

We complete the proof of Theorem 1.9.

Proof of Theorem 1.9. When ov = O or 3, o, . = 0 and R%,(S3 \ T, 4, SU(2)) is empty. So we
consider the case o € (0, 1) with Az, (™) 3£ 0. Since the image of R*(S% \ T}, 4, SU(2))
in the pillowcase intersects to S, transversely, there is a small ¢ > 0 such that for any o/ €
(a—e,a+e¢), Ap,  (e*™) # 0 and

[R*(S%\ Ty, SU(2)) N 171 (Sa)| = IR*(S° \ Tpq, SU(2)) N~ ()|

holds. Thus |R%(S3\ Tp,q, SU(2))| = |R%,(S3\ T4, SU(2))|. The Levine-Tristram signature
is piecewise constant and jumps at the roots of the Alexander polynomial. Hence o7, , (efmioy =
or, q(e4m"‘/) if € > 0 is small enough. We can find a positive integer r which is coprime to p
and ¢, and a positive integer [ such that o~ € (o — €, + €). Then

1 *
50 £ (L) = R (5°\ Ty SU(2))
by Proposition 4.22. Thus we have

1 *
_§Uoz(Tp,q) = ’Ra(sg \ Tp.q; SU(2))l.
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S Properties of instanton knot invariants and their applications

In this section, we give the proof of Theorem 1.1 which is the main theorem in this paper. The
important consequence of Subsection 5.1 is that the Floer chain C¢ (7, 4; A &) is supported only
on the odd graded part. The key argument is that the Frgyshov invariant of a knot K C S°
for an appropriate choice of coefficient .% reduces to the Levine-Tristram signature. This is a
generalization of the corresponding result in [9] and the argument is parallel. Subsection 5.2 gives
the proof of Theorem 1.1 using this specific property of the Floer chain complex C% (Tpg; A )
and the Frgyshov knot invariant.

5.1 The Froyshov knot invariant and the structure theorem

Let W be a compact, oriented, smooth 4-manifold with b* (W) = b* (W) = 0, whose boundary
OW =Y is an integral homology 3-sphere. Let ' C Y be an oriented knot and S C W be an
embedded, oriented surface with S = K. Throughout this subsection, we assume that .% is an
integral domain over %,. We define

K(A) = n(A) + <a - i) U(A) + a5 - S

and 1
da(W> S) = 4K(Amin) - g(S’) - iaa(Y7 K) -1

for each holonomy parameter o € (0, %) N Q. Here A,in is a minimal reducible and note that
K (Apin) is independent of the choice of minimal reducibles. Moreover d“(W, S) is an integer
by the index theorem. The value of the Frgyshov knot invariant is evaluated by the following
proposition.

Proposition 5.1. Let (W, S) and (Y, K) as above and o € (0, %)ﬂ@ satisfies Ay, i (efmie) £ 0,
Ifd:=d*(W,S) > 0 then there is a cycle c*(W, S) € C5, (Y, K; A ) satisfying

0 (0<j<d)

51Uj(ca(I/V’ S)) = { 'r]a(W S) (] _ d)

proof. We define c*(W, S) € O3, (Y, K; A ») as follows

((W,8),8) = Y. e(Ao v
[AJeM (W.S:B)o

where M (W, S, 3)¢ is a zero dimensional moduli space. Since dc®*(W,S) corresponds to
the counting of the boundary of one-dimensional moduli space M*(W,S; 3’ )f, we have
dc*(W,S) = 0. Let M (W, S, 04)24+1 be the moduli space of instantons A over (W, S) which
are asymptotic to 6, and satisfy kK(A) = K(Amin). If d > 0 then we can perturb the ASD
equation so that each reducible connection in M, (W, S;60,)24+1 has a neighborhood which is
homeomorphic to the cone of CP?. Removing small 2d + 1 balls of each reducible points from
M, (W, S;04)244 1, then we get 2d + 1 manifold M’ whose boundary is LI(-=CP?), where signs

65



+ are determined by the orientation of each reducible points. Cutting down M/, by codimension
two divisors {V; }1<i<q associated to d points in .S, M, N Vi N--- NV is a one manifold with
boundary. Then we have 3", #0(M. N Vi N --- N Vy)) Ao = Tv()=v0 = pe(T, S). On the
other hand, M, N V; N --- NV has ends arising from the sliding end of instantons. Define
¥ e C1(Y, K; Ay) by

ZZ )\Ho K( )TV(A)—VO

z (4]

where [A] run through all elements in # (M, (W, S; 8)2aNViN---NVy) for each z. Then ¢ and
de*(W, S) are homologous. Since 611 = n*(W, S), we have 51vdc°‘(W, S) =n*(W,S). If
Jj <d, M,(W,S;04)2j4+1 does not contain reducible points and we have S107c(W,S) =0. O

Before the proof of Theorem 1.8, we state Lemma 5.2 and Proposition 5.3 related to two-
bridge torus knots.

Lemma 5.2. For any a € (0, %) there is an integer k > 0 such that 0o (T5254+1) = —2 and
AT2,21c+1 (e4ma) # 0.

proof. Consider the case o < i. By [34, Proposition 1], 0o (75 25+1) is given by

0a(To2k+1) = M1 — N

where n; is the number of lattice points {(1,m)|(k + 3)(1 + 4a) < m < 2k + 1} and no is
the number of lattice points {(1,m)[0 <m < (k+ 3)(1+4a)}. Thus oo(Toop+1) = —2

3
8k+4 <a< 8k+4 8+ Bhtd

any root of Ar,,, ., (t). Thus, for any < 1 we can find k > 0 such that o (T2 2+1) = —2
and ATQ’%H(e‘ma) # 0 For the case o > %, it follows that oo (75 25+1) = —2 if only if
% — salcgﬁ <a< % 8k+4 by the flip symmetry. O

if only if Moreover, note that the interval ( ) does not contain

Proposition 5.3. Forany a € QN (0, %) there is an integer k > 0 such that A, ,, ., (edmiay =£
and h%(T272k+1) =1

proof. By Lemma 5.2, we can find an integer £ > 0 such that 04 (T225x4+1) = —2 and
Ay .., (€*™) # 0. Consider a cobordism of pairs (W, Si) obtained by the compositions

(W, Sg) : (S%,U) = (83, Ta3) = -+ — (52, Thop—1) — (S°, To0p+1)

where (S%,T22;-1) — (83, Th2;41) is obtained by the crossing change of the knot. Put
(W, Sk) := (D*, D?) Uga 17y (Wi, Sk). Then it is easy to see that b' (W) = b™ (W) = 0 and
d*(Wy, Si,) = 0 by the similar argument in Proposition 2.23. Applying Proposition 5.1 to the
pair (W, Sk), we obtain a cycle ¢®(Wy, Sy) € C§(T2,2x+1) such that d;¢*(Wy, S) # 0. This
implies that A%, (T3 2r+1) # 0. Since rankCy' (1% 2,41) = 1, we have h%, (Th 2r41) = 1. O

Now, we complete the proof of Theorem 1.8.
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Proof of Theorem 1.8. Consider a knot K C S® and a holonomy parameter oo € QN (0, %) with
Ag(e*™@) #£ 0. Since K C S is homotopic to any knot, it can be deformed into 1T 9n41
by positive and negative crossings changes, where | = —%UQ(K ). This operation defines a
cobordism of pairs ([0, 1] x S3,5) : (S3, K) — (S3,1T2,2,+1) where S is an immersed surface
with normal self-intersection points. Let S : IT52,+1 — K be the inverse cobordism of S.
Since 0 (K) = 04(IT22n+1), two cobordisms S and S’ induce negative definite cobordisms.
Let mg : 63(K; Ay) — 53(lT272n+1; Ay) and mg : 5f(lT272n+1; Ay/) — 53(K; Ay/) be
induced cobordism maps on S-complexes. Since two immersed cobordisms S’ o .S and S o S’
can be deformed into product cobordisms by finitely many finger moves, their induced maps
mgros and mgog are S-chain homotopic to the identity up to the multiplication of unit elements
by Proposition 3.28. By the functoriality of S-morphisms, mg o mg and mg o mg are S-chain
homotopic to identity up to the multiplication of unit elements. The proof is completed by
Remark 3.4. O

The proof of Theorem 1.7 immediately follows from Theorem 1.8.

Proof of Theorem 1.7. Comparing Frgyshov invariants for both sides of

Cf(K; Ay) ~ CS(ZTZQk-i-l; Ay),

we obtain h% (K) = h% (Ts o5+1) where | = —10(K). Since h% (Tb 254+1) = 1 by Proposition
5.3, we obtain the desired formula. O

Remark 5.4. Since S-chain homotopy equivalence of two S-complexes C, ~ 6‘7* implies chain
homotopy equivalence between C, and C,. Assume that 0a(K) < 0. Then Theorem 1.5 and
Theorem 1.8 implies the S-chain homotopy equivalence C¢(K; A ) ~ CY(Toan+1; Ag)®
and hence we have the Euler characteristic formula,

X(CHK; A7) = IX(CP(Ta2ni1; D).

If 0, (K) > Othen there is an S-chain homotopy equivalence 53 (K;Ay) ~ 5’3 (—Taont1; Agp)®
and we have

X(CL(K;Ap)) = =Ix(CL (T2 2nt15 A ).
By Proposition 5.3, we have x (C% (715 2,4+1; A»)) = —1. Onthe otherhand, x (C¢ (=12 2n+1; Av)) =
1 since if we reverse the orientation of 3-manifold, the Z/4-grading of chain complex changes
so that gr_y- () = 3 — gry-(/3), which follows from (2.4). In any case, we have

X(C (K A)) = Sou(K)

Note that this formula for the Euler characteristic is independent of the choice of the coefficient
.

Proof of Theorem 1.10. Consider an arbitrarily knot X C S3. For any holonomy parameter
a € (0,3) NQ with Ag(e?™@) # 0, the Floer chain complex C*(K; A ) is defined and the
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relation h% (K) = —30,(K) holds. By the definition of the Frgyshov knot invariant, we have

lower bounds of Floer homology groups,

K K
rank/{'(K; Ay) > {—Uai )-‘ , rankI$ (K Ay) > {—U"El )J _
for any knot K C S? with 0 (K) < 0. In particular, K = T}, , satisfies this condition. Using

oa(Tp,q)
2

the equality rank/, (T}, 4) = — , we obtain

(T (T,
rankl{ (Tp g Ay) = [—‘7(4“‘1)} , rankI$(Tp 3 Ay) = {_“(LLM)J .

Since I{(T),q4) is supported only on the odd graded part, we obtain the statement. O

5.2 An application to knot concordance

In this subsection, we complete the proof of our main theorem (Theorem 1.1).
The operator Z*! and U*! extend to the S-complex C., in the obvious way. We also
introduce the operator
Wi,j,k = (51UiUij : 6* — 6*
If degr(Z7) > deggr(7), the operator Z does not act on the filtered chain complex ol
and W, ; does not directly induces a map on Ci[foo’R]

—oo,R
Vi

. For this reason, we introduce the map

on the filtered chain complex by the following composition:

5£—007R} (_>5,>|[<—oo,oo} Wi ik éi—oo,oo].

]

We also introduce the operator WZU;”/,;R on the quotient filtered S-complex GLR/’R} by the follow-

ing compositions:
~1 R/ ~[_ W; i ~7_ ~[ R/
CLR ,R] C>|[< 00,00] 2.k C£ 00,00] . CLR ,oo]‘

Here, the last map is a natural quotient map.

Proposition 5.5. Let S : T}, ;, — T}, 4 be a given self-concordance. Then there is a dense subset
Z C (0,1) such that all elements in Ro(S® \ Tpq, SU(2)) extend to elements in Ra((S* x
[0,1]) \ S, SU(2)) for any o € T.

proof. We choose a dense subset Z C (0, 3) such that Theorem 1.10 holds for T}, ,. Since
all irreducible critical points of the Chern-Simons functional of 7}, , are non-degenerate by
Proposition4.17, we can choose a perturbation 7 so that it is supported away from flat connections.
In particular, we can assume that the chain complex C%(T}, ,; A) is generated by R} (5% \
Tp.q,SU(2)). Since the assertion for o = i is proved in [9], we assume that o # %. In particular,
we consider the case a < i for a while. Since the unique flat reducible 6, with the holonomy
parameter « on S3 \ T}, , always extends to concordance complement, it is enough to consider
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degR

degy,

degz; =Odegy =1  degy =3 degy =5 degy =2d —3 degy =2d -1

Figure 3: Elements Bo, cee Bd—l and their Z x R-gradings.

the extension problem for irreducibles. We choose a field . := %, ® Q. By Theorem 1.7 and

1.10, we have .

h (Tpq) = _iaa(prq) =d
where d := rankC¢ (T}, 4; A»). This implies that there is an cycle 8y € CZ (T} q; A») such
that 610%(Bg) = 0 if k < d — 1 and 610971 (Bo) # 0. Put B; := v (By) for 0 < i < d — 1.
The chain complex C¢(T)4; A, ) admits a Z x R-bigrading by fixing lifts py,-- -, pg of

singular flat connections p1, -+ ,pg € RA(S? \ Tp4, SU(2)). In particular, we may assume
that degy (ﬁi) = 1 or 3 by Theorem 1.10. Using properties of elements o, - - - , 84—1, we fix
elements 5o, -+, Bg—1 € CL(Tpq; A ya)[_oof‘x’] by the following way. Firstly, there exists an

cycle B41 such that degZ(Bd_l) = 1 and satisfies

01(Ba1) =Y cxZ*ba

with ¢g # 0 since 01(S4—1) # 0. Next, we assume that an element [37, is chosen. Then Bi_l is
defined as a cycle satisfying R R
v(Bi—1) = Bi
Finally, we obtain cycles Bo, cee Bd_l by induction.
Note that degy () = 2(d — 1) — 2i and 0 < degp(Bi_1) < --- < degg(fo). We fix R > 0
so that it satisfies degg (fo) < R and R ¢ €*. See Figure 3.
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Let —e < 0 be a small negative number such that an interval [—¢, 0) does not contain any
critical value of the Chern-Simons functional C'S. Our aim is to show that the cobordism map
mg on the quotient filtered chain CZ (7}, 4; Ay)[*‘-’R] is an isomorphism.

Since the map mg preserves the Z-grading, it is enough to show that mg is an isomor-
phism on C(Tp.¢; A o) =% and C§(T) 45 A ) 7F. We claim that CF (T}, 4; A») =7 and
C$ (Tp.q; A ) 7¢F are generated by elements of the form

(ZIURH=@=D Bk gy < § < Nops )

or
(22U~ @=0 By, may, < § < o}

over Q. To see this, consider the following linear combination,

oY aZzutig =, (5.1)

0<i<d—1m;<j<n;

where c¢; ; are rational coefficients. Then we consider applying operators WZ-[;‘Z,R] to the equa-
tion (5.1). Firstly, we apply the operator for (i,j,k) = (0,—n4-1,0). Then we obtain
cong 191(Ba—1) = 0 with 6;(B4—1) is non-zero. Since .7 is an integral domain, we have
Cd—1n,_, = 0. Next, we apply the operator W([;;lg] for (¢,7,k) = (0,—ng—1 + 1,0) to the
equation (5.1). Then we obtain c4_1 p,, ,—1 using cq—1,,, , = 0. Inductively, we obtain

cd*l,’ﬂd,l == Cd*lymdfl = O
by applying operators WAl ey wl—efl We repeat similar arguments using opera-

0,—ng—1,0° 0,—mg_1,0"

—eR .
tors {W{ i ]}md72§jgnd72, and obtain

Cd727nd72 == cd*Q’md72 = 0'

Inductively, we conclude that
Ci,ni == Ci,mi =0
for all 0 < ¢ < d — 1. This means that {ZjUi_(d_l)Bi}OSigd_l are linearly independent.
m;<j<n;
Put 5, := mg(p;). Since the induced cobordism map mg on an S-complex satisfies
relations (3.15), elements [y, --- , 84—1 have same properties and the same technique shows

that {ZIU~ ("D 3/ oo;cq_; are linearly independent. Moreover, degg(f3;) = degg (/) by
m; <j<n;

the construction of elements {Bl} We conclude that the map mg is an isomorphism on
C (T3 Az, )T and C§ (T 5 A, ).

Note that the chain complex C% (7}, 4; A ) is generated by those irreducible singular flat
connections. Then the degree one part Cf* (1), 4; A &) [=.E] of the quotient filtered chain complex
is generated by elements of the forms {Z7p1 }im,<j<nis -+ s {Z? p1}my<j<n, Over Q. We order
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these generators by values of the Chern-Simons functional. Then the cobordism map mg can be
represented by the following form

o - 5.2)

0]
Ly,

where diagonal blocks L; are components that correspond to the basis with the same value of the
Chern-Simons functional. Note that components in L; are defined by counting (perturbed) flat
connections over the concordance complement. Since mg is an isomorphism on the degree one
part, the matrix (5.2) is invertible over (Q. Hence each diagonal blocks L; are also invertible. In
particular, they do not contain any zero-column. Since the regular condition on moduli space is
an open condition with respect to choices of perturbation, all flat connections p1, - - - , p; extend to
flat connections over the concordance complement. The similar argument works for p;41, - - - pq
and thus all elements in R, (5% \ T}, 4; A.») extend to the concordance complement.

Finally, we consider the case o > %. In this case, we only change the above argument at the

following point: We apply the operator W([;f;fi]lil on the equation (5.1) at the first time. Then we

obtain ¢q_1,,, , = 0. Next we apply the operator W([)__e;fc]l_l 41,0 and obtain ¢4 4,,_,—1 = 0.
We inductively obtain ¢4_1p, , = -+ = ¢4—1,m,_, = 0. The rest of the argument goes in a
similar way and finally, all coefficients in (5.1) vanish. O

Proof of Theorem 1.1. Let S : T, , — K be a given concordance, then we can construct a
concordance So S : T, n.q — K — T}, 4 by the composition, where S is the opposite concordance
of S. By Proposition 5.5 there exists a dense subset Z C [0, %] such that there is a extension
Ra(93\ Tpg, SU(2)) = Ra((S? x [0,1]) \ S0 S, SU(2)) forany a € I. Let a € [0, 5] be
any holonomy parameter and consider the representation p : (5% \ T, ,) — SU(2) with

e?m’a 0
e

p(:qu,q) ~ |: 0 —2mia

Then we can choose a sequence {«;} C Z such that lim; ,~, «; = « and SU (2) representations
i of 7T1(S3 \ Tp7q) with
2o
e 0
pi (lu‘Tp,q) ~ |: 0 6727{'@’0@ :|

Since p; extends to SU(2) representation ®; : 71((S® x [0,1]) \ S0 S) — SU(2), and we can
choose a convergent subsequence of {®;} which has the limiting representation ®, : 1 ((S% x
[0,1]) \ S0 S) — SU(2). (Since SU(2) is compact, we can choose a convergent subsequence
{®;(z;)}; for each generator z; of 711 ((S3 x [0,1])\ S0 S), and lim; _,~ ®;(x;) defines a limiting
representation ®,.) By restriction, we get a representation 71 ((S® x [0, 1])\ S) — SU(2) which
is the extension of p.

O
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6 Appendix: The connected sum theorem

In this section, we give the proof of the connected sum theorem. The connected sum theorem for
non-singular settings was proved by [20], and the singular setting with o« = i was proved by [8].
We use the similar argument used in [8] to prove our connected sum theorem (Theorem 3.24).
Let us recall the settings which are introduced in Section 6 in [8]. Let (Y, K) and (Y’, K') be
two given knots in integral homology 3-spheres. Fixing base points p € K and p’ € K’, we
take a pair of the connected sum (Y#Y’, K#K') at these base points. We also fix a base point

p# € K#K'. Consider a cobordism
(W,S): (YUY, KUK') = (Y#Y', K#K')

constructed by attaching a pair of 1-handles (D' x D3, D! x D) to the product cobordism
0,1 x (YUY, KUK"). Let

(W', 8" : (Y#Y K#K') - (YUY, K UK')

be a cobordism of opposite direction. We define three oriented piece-wise smooth paths
v,7',7"on S C W. Assume that these paths intersect the boundaries of the cobordism only
at their edge points. The path ~ starts from p € Y and ends at the base point p” € Y#Y".
Similarly, 7/ starts from p’ € Y’ and ends at p#. ~# starts from p € Y and ends at p’ € Y.
Let us define the paths o,¢’, 0% in S’ as mirrors of v,~’, 7% respectively. We use notations
,', 37 (and their indexed versions) for critical points of the perturbed Chern-Simons func-
tional on (Y, K), (Y, K') and (Y#Y", K#K') respectively. 6,6, and 67 denote unique flat
reducibles on (Y, K), (Y, K') and (Y#Y', K#K') respectively. We use the reduced notations
for d-dimensional moduli spaces as follows

M.(B, 8 8%)a = M.(W, S; 8,8, 5%)a
M(B8%;8,8")a := M,(W', 8" 8%, 8,84
We drop z from the notations above if we consider all unions of z. We define maps
HY :B(W,S;8,8,8%) — S*
HY . B(W,S; 8,8, %) — S
as in Subsection 3.4. The moduli space cut down by these maps are defined as follows,
M, +(B,8's 8%)a = {[A] € M=(B, 5 %) 1| H ([A]) = s}

M. (8,85 8%)a = {[A] € M.(8,8; 8%) a1 |H” ([A]) = &'}
My (8,85 8% )a := {[A] € ML(8,8'; 8%)ar1 |HY([A]) = s, HY ([A]) = s'}

where s € S! is a generic point. The orientation of moduli spaces over (W, S) is defined in
iia

the following way. Let oy € O[W,S; 044,06, ,67_] be the canonical homology orientation
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of (W, S), and o3 € O[], o3 € O[B')and ogs € O[B%] be given orientations for generators.
Then og .54 € O[W, S : B, ; /37] is fixed so that the relation

@(OB ® Oﬁ/ ® OW) = (b(0675/§6# ® Oﬁ#)

holds.
The argument of the proof consists of the following steps.

I. A cobordism of pairs (W,S) : (YUY KU K') —» (Y#Y', K#K’) induces an S-
morphism

sy : COY,K) @ CO(Y',K') = CE(Y#Y', K#K').

II. A cobordism of pairs (W', S") : (Y#Y',K#K') — (Y UY’, K U K’) induces an
S-morphism

My sy CHY#Y K#K') — CHY,K) @ C(Y', K').

L. Put C# := C® (Y#Y', K#K'). The composition my,g) © My g/ is S-chain homo-
topic to idz, up to the multiplication of a unit element in ..

IV. The composition m - gy © Myyy,s) is S-chain homotopic to id g

6.1 Step L

We define a map myy,s) as follows. Using the decomposition of the Floer chain group C® =
(CoC)e® (C®C"1 @ Cy & CL, we define four maps:

m = [my,mp,m3,my] : (CRC"), & (CRC)w1®Cr®C) — ct,
= [p1, oy 3, pa] 1 (C®C) & (CRC)ur ® Ch @ Ch — CF,
Al = [Al,lﬂ ALQ, A173, A174] : (C X C/)o D (C & C/)_1 D Co D C(/) — y,
Ny: S — CF.
Each components of the above maps are defined as follows:
(m (B p),8%) = Z #M. s (B, 85 B )" T
(ma(B® ), %) = Z HM. (8, B )~ T)
(ms(B), B7) = Z #M(B,0,,; B7)o A "H TV
(ma(8"), %)

Z#M (0o, 85 B#)oA ATV E)
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Gn(B©8),6%) = 3 #Myyo(8,BFHA T
<M2(6®B/)76#>

Z#M 2 575’;5#)0)\—m(z)Tu(z)
(us(8), %) = Z#M (8,0, BFY AR TVE)
(na(B), %) = Z# 1 (8, B3 B )o AT

Ai(Be g Z# o)A~ TV(E)
Ap(B@f) = Z#M (B, 8507 ) oA~V ()

Ays(B Z H#M.(8,0.; 9#) A rE ()

)’

Ay 4(B Z#M ) AR r(2)

(Aa(1), 57) = S #M, (0, 0 57)oA T

As described in Remark 6.10 and Remark 6.11 in [8], notice that

* Hyg ()N Hpy (s

« #M,(B,8; B%) — # M (B, 8'; %) = # M4 (8, B; BF).

Proposition 6.1. There are the following relations:

(s") N M (B, 31)2 = 0 for distinct regular values s, s’ € S*,

d*om = mod® (6.1)
Fom = Ajod®+6% (6.2)
modd = §F —d¥ oy, (6.3)
dfopu+tpod® = v#om—moz;@—i—cs#oAl—AgocS?. (6.4)

proof. The identity (6.1) decomposes into the following four relations:

dFmi =mi(d®1) +mi(e®@d) —ma(ev @ 1) + ma(e @ v') + mz(e ® 8}) +ma(d; ® 1),

(6.5)
d¥mg = ma(d®1) —ma(e @ d'), (6.6)
d#ms = msz(e ® 85) + mad, 6.7)
d#my = —ma (62 ® 1) + mad. (6.8)
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The identity (6.5) is obtained by counting the boundary of the compactified moduli space
w (8,5 7)1 for each path z. In fact, the oriented boundary of M +, (ﬂ , B 7)1 consists
of the following types of codimension one faces:

Mo (8,8 81 )o x Moo (B, 8%)0, Mo (B, Br)o x Myx u(Br, 8’5 5%)o,

(=1)&®)
(-1)EB (H

iy (9N

Mo (8, B1)ox My o (B, B1; 8% )o, (=1 D+ (Hyg (s)NM.r (B, B1)1) X Man (Br, 85 7)o,
M(B, BY)1)x Mo (B, By; B0, (—1)E P ML (B, 04)0x M (B, 0l; 7)o,

M (,8, ga)O X M (Gcw 6,3 5#)0-

The identities (6.6), (6.7) and (6.8) are obtained by counting the compactified moduli space
MF(B, B 7)1, MF(B,6,; 7)1 and M} (0., B'; B7)1 respectively. Here we list up codimen-
sion one faces of each moduli space:

* Codimension one faces of M} (3, 3'; 57)1:

M (8,83 87 )o x Mon(BF, 5% )0, Mi(B,51) x Mon(B, 85 87)o,

(—1)EONL (B, B1)0 x Mou(B, 815 8%)o.

* Codimension one faces of M} (8, 6.,; B7)1:

M (B,6L; 7)o x szw#,/a#)o, (—1)EP ML (8, 80 x Mou(8, 85 %o,

M_(8, B1) x Mu(Br,0%; B%)o.

* Codimension one faces of M (6, 5'; 57 )1:

M (8, B3 87 Yo x Mo (BF, 5% )0, Mot (B, )0 x Mo (8, B'; 6%)o,

M (B, B))o X Mo (B, B1; 87 )0

The relation (6.2) decomposes into the following four identities:

(5#m1 =

5fﬁm2 =

A(de 1)+ A1(e@d) — Arp(ev®1) + Aa(e@v) + Ay 3(e®6)) + A 4(61 @ 1),
Al’g(d X 1) —

Ars(e@d),

51#7713 = A12(e®8) + Ay zd + 01,
(5#7714 = —A172(52 ® 1) + A174d/ + (51

Each relation is obtained by counting the boundary of compactiﬁed one-dimensional moduli
spaces M_f, (B, 55601, M (B, 8 01)1,MF (6, 83 02)1 and M (8, 04 041 for each path

75



z and the argument is similar to the previous case. Note that M (6,6’ ; 0% )o consists of the
unique reducible connection. The relation (6.3) reduces to

m3dy + mady = 8 — d* A,

and this reduces to the counting of the boundary of M} (6,, 6, : 37); whose codimension one
faces are

M1(8a, B)o x M (B, 0L; B )0, M,(6L, 8')o x Mon(B3,5';6%)o,
M1 (B, 01,507 )0 X Mo (07, 3%)0, Mes(Ba, 0; B7) x Mu (BT, 57).

The relation (6.4) reduces to four identities:

dF i+ (d @ 1) + (e @ d') — pa(ev ® 1) + pa(e @ v') + pz(e @ 61) + pa(d1 © 1)
—ofmy —mi(v@ 1)+ 67 A,

Ay + (d@1) — pale @ d)
= 0¥ my —ma(v ® 1) +my (6, ® 1),

d? iz + pa(e ® 8%) + psd
= U#mg —msgv + 5#A1,3 — A9y,

d* g — p2(62 ® 1) + pad’
= vTmy —my (61 @ 1) — mgv’ + 5§EA173 — Agd].

Each relations are obtained by counting the boundary of M;;ZZ (B, 8" B7)1, M;L’Z (B, 8" 7)1,

M ,(B,04; %), and M,ﬁ(ﬂm B'; 7)1. See also [8, Remark 6.11].
]

6.2 Step Il
m' = [m},mh,ms,mj]" : C¥ - (CoC)a(Cel)18C.aC,
i = [, iy, 1yt CF = (C0C) @ (CRCNw1@Cid Ol
Aot .7
b= [A51, 05, Ay 3,851 S 5 (COC)1 0 (COC) 200 ®Cy,

Each component of the above maps is defined as follows:

(my(8%), 80 8) = S #M.(5%;8,8)x TV
<m/2(,3#), B /B/> = Z #MO',Z(/B#; /le@/)o/\fﬁ(z)Tu(Z)
(m(8%),8) = Y #M.(5%: 8,0,)oA "I T

(my(B),8) = 3 #M(B: 04, B )N O T
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(Wi (B®B), %) = Z#MM (8% 8, B )oA A TV)

(a8 @ B),5%) = Z#Mw (8% B, B oA FO )
(Ws(8),8%) = Z#MM 8%, 8,6/ )oA ATV
(Wa(8), %) = Z#M(,/,Z B#:0,, B )oA I TV)

(A1), B%) = #M.(B%; 04,0, ) oA " T )

Nyi(Bep) = Z#M (8%: 8, B )oA " T()
ho(B@ ) = Z#Mm (0%; 8, 8")ox" AT
53(8) = Z#M (0% 8,0/ )or—"E ()
24(8) = Z#Mz #.00 BoA "R TVE)

Proposition 6.2. There are the following relations:

d®om’ = m od" (6.9)
§2o0m’ = Alod# 467 (6.10)
m'o6¥ = 6% —d®o A, (6.11)
Ao +p od? = v¥om —m' ov? 4+ 680 Al — Aot (6.12)

proof. The proof is similar to that of Proposition 6.1. In this case, we consider the opposite
cobordism (W', S"). O

6.3 Step IIL

Put (W°, 8°) := (W oW’ SoS"). We define compositions of paths p7 := % oo™, p := yoo
and p' := 7' oo’. See Figure 5. We regard the configuration space of connections over (W°, S°)
as the quotient of the space of SO(3)-adjoint connections by determinant-1 gauge group G. Then
there is an exact sequence

G G°— H' (W° L),

where G€ is an SO(3)-gauge transformation and the last map gives the obstruction to lift
an SO(3)-automorphism to SU (2)-automorphism over the 1-skelton. There is an action of
G¢/G = H'(W?,Zsy) = 7 on the configuration space. Especially, there is an involution on the
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Figure 4: The family of metric G°

moduli space M (W?, S°; B7#, B#)d and we denote its quotient by M (W?°, S°; 37#, Bfﬁ)z. We
define

M (W°, 8% 8%, B1)G = {[A] € M.(W*, 8% g%, g1 )5 | HY" ([A]) = 5},

My (W, 5% 8%, BE)5 = {[A] € M.(W*, 5% 8%, BF)5| HP" ([A]) = s, HO([A]) = &'}

The cardinality of these moduli spaces is half of that of the usual ones. Assume that (1V°, S°) is
equipped with a Riemannian metric with a long neck along the cylinder [0, 1] x (YUY’ KUK).
Then we have a good gluing relation

(W0, 8% B%, B7)5 L—ﬂl/M # (W', 8" 8%, 8,8)0 x M(W,S; 8,8 87 )o
ULl MW", 5'38%, 8,80 x Myn(W, 58,5388 o
u5|ﬁ_| (W', 85 8% 00, 8')0 x M(W, ;00,85 87 )o
|_|B|i|Q (W', 8", 8%, B,0a)0 x M(W, S; 8,0%; 57 )0
pec

Let Mo go p#) ¢ — C¥ be an S-morphism whose components m?, u°, A and A§ are
defined by

(m°(5%), 57) Z# (W, 5% g#, gH)E AT ()
<,UO(5#),B#> Z# #pz Wo S B# ﬂl ) m(z)Tz/(z)
AY(B7) = Z# L(W°, 5% p# gH)e ()

AY(1)B* = Z#M (W, S°; B, 0#)e ARV,

Proposition 6.3. myy,5) o M s1) is S-chain homotopic to My oW sos1,p#)-
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=

Figure 5: Paths on (WW°, 5°)

proof. Let G° be the one parameter family of metrics which stretch the cobordism (W?, S°) as
in Figure 4. We modify the definition of the S-chain homotopy in Proposition 6.16 in [8] as the
following way:

(K°(8%), B7) Z#{ e | Mowe, 5% 8%, gH)5 | HY ([4]) = syA— ),

geGe

(L( ﬂ# 61 Z #{[A U Mg(WO, S 6#’ ﬁf)aHp#([A]) =5, HP([A]) = t})\—fi(z)Tl/(z)’

geGe

(M7( ﬁ# Z#{ U Mzg(Woy50;5#79#)8|HP#([A]) _ S})\*}Q(z)TV(z)j
geGe

(Ms(1), %) = " #{[A e | MEwe, 5008, 57)5|HPT ([A]) = spATE V),

geGe

The rest of the argument is similar to [8, Proposition 6.16] and we can check that

K° 0 0
H°=| L° —K° Mg
My 0 0

gives an S-chain homotopy from My goy t0 MW LW SUS)-
O

Proposition 6.4. 1m0y o7 go57,#) is S-chain homotopic to idzy up to the multiplication of a
unit element in ..

proof. As in the proof of [8, Proposition 6.17], we consider the decomposition,
(W°,8°) = (W¢,8°) U (St x D3, 8 x D)

along (S x S2, 81 x 2pt). We arrange the perturbation data on (S* x D3, S! x D) and the
gluing region so that it is supported away from the moduli space of flat connections. Define the
map m™ as Mo o ,#) but using the metric on (W°, S°) which is stretched along the gluing

region (S x S2%,S' x 2pt). We write m*, ™, AT and AJ for corresponding components of
~
m .
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Let y1 be a generator of S? \ 2pt factor and y2 be a generator of S! factor in 71 (St x §2\
S1 x 2pt). The equivalence classes of the critical point set ¢ of the Chern-Simons functional on
(81 x 825! x 2pt) can be identified with

Ra(St x 82\ St x 2pt) = {8 € Hom(7y, SU(2))|trB (1) = 2cos(2ma)}/SU(2)

by the holonomy correspondence. The character variety R, (S! x S2\ S x 2pt) is identified
with S1 as follows. Let 1 be a generator of 7y (S x (52 \ 2pt)) arising from S? \ 2pt factor,
and po be another generator arising from S! factor. Since tr3(y;) = 2cos(2mia), there is an
element gg € SU(2) with ggﬁ(,ul)g/gl = 2™ ¢ §1  Since p; and o commute and o # 0, %,
there is 0(3) € [0, 27) and we have ggﬂ(ug)gﬁ_l = ¢(8) ¢ S1. The correspondence 3 +— (%)
gives a bijection R, (S x §2\ St x 2pt) = St

Let A be a singular flat connection which is the extension of p € € over (S x D3, St x D).
Since all elements in € have U (1)-stabilizer, we have dimH?(S x D3\ S! x D!);adA) = 1.
We also have

dimH'(S' x D?\ S* x D';adA) =1

by the computation of group cohomology of 71 (S! x (D3 \ D')). Thus the critical point set
¢ = Ra (St x (S2\2pt)) is Morse-Bott non-degenerate. Consider the closed pair (S x .S3, S x
SY = (St x D3, S x D) U(s1x 52,51 x2pt) (81 x D3, S' x D). Then the gluing of the index
formula is

2indD 4 + dim€ + dimStab(p) = indD 4, 4-

Since dim¢ = dimStab(p) = 1 and indD s4,4 = 0 by the index formula for a closed pair, we
have indD 4 = —1. This implies that

dimH?(S' x D3\ S x D');adA) =0

and hence the gluing theory is unobstructed at the flat connection. Morse-Bott gluing theory tells
us that moduli space M, (W, S B, ﬁf& )o has the structure of the union of fiber products as
follows.

M(W®, 8% 8%, B )a xe Myu(S' x D?, 8" x DYired (d+d' = 1)

M(W®, 5% 8%, B )1 xe My (S' x D?, 8" x Dyred

The first case is excluded by the index reason.
Consider the restriction map

' My (S' x D? 8" x DYyl — ¢

By the holonomy condition H p#([A]) = 1 on the moduli space M (S* x D3, S! x D'), the
image of 7’ consists of two points 6,6’ € €. Hence, if the metric on (W, S°) has a long neck
along (S' x S2, 52 x 2pt), the moduli space M, (W°, 5% B#, Bf&) is two copy of

M(We, 8% 5%,0,8] )0 x M(S* x D*, 8" x D*;0).
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In particular,
Z# o 2 (W, 5% 5%, BT )oA~ T

:22 Y #M(S' x D?, 5" x DY)

HMn (W, 5% 87,0, 1 ) AT
=2( D enz™ | Y #M(We, 8% B0, BT oA E TV ED
k<0 2!

Since flat connections on (S x S2, 5! x 2pt) uniquely extend to (S! x D3, S' x D), we
have ¢y = 1.

Since 2# M 4 (W?, S°; B, 61 )6 #MP#(WO,SO;B#,,Bf)O , there is a unit element
Ch € & and we have

(m™*(8%), B7) Clz#M We, 8¢ g# 9, BE) A AT,

Replacing M #(W" S B%, 87 )0 to My ,(W°, 8% 8,0, 57 )o. M4 (W?, S B%,0,0% ).
and M #(W" Se: Qa,Q 61 )o in the argument above, we also have

(W (B%). B7) = C1)_ #M,.(We, 8% %0, 87 oA "T"),

(AL(B#)1) = C1 S #ML(WO, 5% 5#,0,08)oA )T,

(AF(1),B87) = O #M(W°,8%0%.0, 8] )or =T,

Replacing the pair (S! x D3, S' x D) with (D? x S2?, D? x 2pt), we obtain the product
cobordism [0, 1] x (Y#Y', K#K'). By stretching the metric on [0, 1] x (Y#Y’, K#K') along
the attaching domain, the moduli space M ([0, 1] x (Y#Y', K#K') 37, ﬁf& )o has the structure
of the union of fiber products

M(W*, 5% g%, 87) x¢ M(D?* x 5%, D? x 2pt)"e?, (6.13)

Let A’ be an extended flat connection on (D? x S?, D? x 2pt) of the flat connection #. Such
A’ uniquely exists. Moreover, it can be checked that the point © is unobstructed as follows.
Consider the following closed pair

(8%, 8%) := (D* x S, D x 2pt) U(g1 52 s1x2pt) (ST x D?,S' x DY)
and the glued reducible flat connection A’#4A on (5%, 5?). Then we have

indD gy, 4 = indD 4 + dimStab(#) + dim€ + indD 4.
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Since b'(X) = b*(X) = 0 and S = S?, the index formula for a closed pair shows that
indD 4r4 4 = —1. Moreover, indD 4 = —1 by the previous argument. Thus we have indD 4, =
-2

Since dimH"(D? x (5% \ 2pt);adA’) = 1 and dimH'(D? x (52 \ 2pt);adA’) = 0 by the
computation of group cohomology, dimH?(D? x (52 \ 2pt); adA’) vanishes.

Now, the fiber product structure (6.13) implies that there is a unit element C € .% and

(mT(8%), 87 ) = Co Y #M.([0,1] x (Y#Y', K#K'); g%, 87 )oA 1),

Similarly, we have

(W (B%),B]) = C2 > #M,.([0,1] x (Y#Y', K#K'); B#, 51 Yo ),

AF(BF) = Co 3 #M([0,1] x (YHY', K#K'); 5%, 6% )A 77,

(AF(1), 8%) = Co > #M.([0,1] x (Y#Y', K#K'); 0%, 57 )or 1),
Finally, there is a unit element ¢ € . and we have

M= Mo 1)x (v 47 K#K)-

The right hand side is S-chain homotopic to the identity since it is induced from the product
cobordism. By the construction, the unit element c has the top term 1, and hence 1y o157 50.57;p%#)
is S-chain homotopic to the identity up to the multiplication of a unit element in ..

6.4 StepIV.
Setp:=cov,p =00y, p:=0"ov,and p' := o o~'. See Figure 6.

D@

¥

Q 9, ( )
[—
0 i D@ : )

Figure 6: Paths on (W1, ST)

Proposition 6.5. myy 51y o mw,s) is S-chain homotopic to My 1ow,s105)-
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proof. Let G! be a one parameter family of metrics stretching (W71, ST) := (W' o W, 5" 0 5)
along (Y#Y', K#£K'). Let my 1 gry be the cobordism map for (W1 ST). We claim that there

is an S-chain homotopy H! such that

d®H' + H'@® = m(W/,S’) o T?L(W’S) — MW 8y

Let us write each components of H' as

K0 0
H' =| L' -K! M
M{ 0 0

where K and L! are 4 x 4 matrices. Before defining each component of these matrices, we
introduce the following notation.

mli(B,8,81,8) = # | J MIW', ST, 8,887, 81)1

geG!

Mo (B 881, BY) = #{[A] € | MIW', 8", 8,881, B1) a1l
geG!
H'([A]) = s1,..., H*([A]) = sq}

where o1, - - - , o are elements in the set of paths {y*, % p, 7/, p, p' }. Then each component
of K1, L1, M{ and M/ are given as follows:

« Components of K’
(Kh(BeB),bep) = Z (8,8 B, BAOTHE)
(K, (B® 8,51 ®B) = Zm (8,8 b1, BN~ DT
(K{3(B),P1® Bl) = Zmiw, ' By, BATRETVE)

<K1[4(,3/)’51®,81> = Zm O“ﬁ b1, 8 ) n(sz/z)

(Kn(Be ),/ op) = Zmy#a# (8,8 B1, BN V()

(Kp(B®p),piepb) = ng#;z(ﬁaﬁ;ﬁuﬁl) AR ()
(K35(B),B1®@B1) = > mly (8,046, )N "ITVE)
(K3u(8), 1@ p1) = imi#;z(ﬁa,ﬁ’; By, ATV E)
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(K (B®B),p) = me# (8,8 Br, 6L )N FE V)
(K(B®B),p1) = Z ml(8, 8 B, 6L )A—FE V)

(K33(8),81) = Z 18,6 B, 0 )N~ FE V()
<K?{4(ﬁ/)>/81> = Zm a,ﬁ b1, 0 ) fi(z)TV z)

(KL(Be )80 = > ml, (8,800, B)A"OTE
(Kb(B@B).81) = > ml(B,8:0,, )P

(KL8).80) = S ml(8,6,:0,, BA T
(Ki4(8),81) = Y _ml(0a, 80, A "HTVE)

* Components of Lt

<L{1(6®6/)751®51> = Zm'y#pz 5 /3 /81761) —k(2) TI/(z)
(L8 00 8 = 35,50 SN T

(L{3(B), 1@ BL) = Z ;{z(ﬂa%;ﬁl,ﬁi)fﬂ(z)’f“(z)

<L{4(B/)7B1®ﬁi> = Zmpz OmB Blaﬁl) TV(Z)

(Ln(B@ ), Ao p) = Zmo#ww B, BN
(LiB@B), /10 0) = Zma#,ﬁ;z B, B'; B, BN AT )
(Li(B),51® B1) = Zma#pzﬁ,é?;,ﬂl,ﬁl) () pv(2)
(Lyu(8), 1@ By) = Zma#pz Oy B's B1, BN~ T
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(L, (B B, B1)
(L, (82 B, B1)
(Li5(8), B1)

(Ls4(8"), 1)

(L3, (B® B, BY)
(L (B® B, 81
(Lis(8), 81)
(Lia(8), B1)

« Components of M{
My (8@ 3
Mis(B8®p)
Mi5(8)

M 4(8)

+ Components of MJ
(M3,(1), 88
(M35(1), 8@ )
(M35(1), B)

(M3,(1).8) =

Zm’y# pz (8, B’ b1, 6, a)A ATV E)

Zm (8,8'; B, Oo) A1)
Zmﬁ’;z i B 0)A”
Zm eavﬁ Blael)

w(2) po(2)

A2 z)

va#pzw O SAETE)

ng;z(ﬁaﬁla aﬁl) TV(Z)

2 mpal6

Zmpz O, B85 00, BN ATV E)

s O SATITE)

me# (8, B 0., a) r(2)pr(2)

Zm (8, B'; ba, a)
Zm (8, 00; 0, 1)\
Zmz aaﬁ ;904,9:1)

Tu(z)
n(z)TV(z)

A~ w(2)

Zm (0a, 043 B, B )N
Zm (0, 003 B, 8)A
Zmz O, 005 8,00 )N

Zm (Bas Ly 0, BYNETVE)

—k(2) Tu(z)

w(2) po(2)
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Then we can check that there are the following identities:

d°K! + K'd® = m/m —m! (6.14)

VKT —d®L! + 6§ M + L1d® — K'® + M16Y = p'm +m'pu + AYA, — ! (6.15)
OPKT 4+ Mid® = Aim + Ay — Al (6.16)

—d®M] — K16§ = m/Ag + AL — Al (6.17)

The identities above are proved by counting oriented boundaries of corresponding moduli
spaces. For example, such moduli spaces for identity (6.14) are given as in Table 1. Other

identities can be proved in similar ways. O
Table 1:
The component of (6.14) \ The corresponding family of moduli space

(1.1 {[A] € Uyeqr ME(WT, ST, 8,8’ Br, B7)o[H ([A]) = s}
(1,2) Ugeqr MZ(W',8%; 8, 8" 1, 81 )o
(1,3) Ugeqr MZ(W', 8% 8,6,,; 81, 81)o
(1,4) Ugeqr MZ(W', S04, 8; B1, B1)o
@1 {[A] € Uyeqr MEOWT, ST 3,85 u, Br)a  HY ([A]) = 5, H" ([A]) = t}
2,2) {[A] € Uyeqr ME(W, ST 8,85 B1, B)1 | HT™ ([A]) = s}
2,3) {[A4] € Ugeqr ME(WT, ST 8,00 B1, B H™ ([A]) = s}
(2.4) {[A] € Uyeqr MEW!, 800, 8 Br, B H ([A]) = s}
G, 1) {[A] € Uyer ME(WT, ST, 8, 8'; B, 0,)1 [H7 ([A]) = s}
3,2) Ugear MEZ(W!, 8% 8, ' 81,04, )o
(3.3) {[A] € Uyeqr MEW, ST 8,04; 1, 01| HP ([A]) =t}
3. 4) Ugear ME(WT, S04, 8’5 B1,04)0
4.1 {[A] € Uyeqr MZ(W!, ST 8, B'; a,ﬁl) [HT([A]) = s}
4,2) Ugeat Mg(Wf St 3,856, 8o
4, 3) Ugeng (W1, S81:8,0.:0., 1o
(4, 4) Ugeqr MZW', S04, 8504, 51, )o

Proposition 6.6. 77y, 5705) is S-chain homotopic to id 5

proof. Consider a family of metric G’ on (W, ST) which stretch the cobordism along (53, S1)
as in Figure7. Let ! be the map defined by a long stretched metric on (W7, ST). The family of
metric G'! gives an S-chain homotopy between myr gry and m!. Let (WC', S c/) be a disjoint
union

(Y x [0,1]\ D*, K x [0,1]\ D*) U (Y’ x [0,1] \ D* K’ x [0,1] \ D?).

m! can also be defined by counting instantons on (WC/, SC/). We will show that m/! is an

isomorphism of S-complex. We obtain a pair of cylinders [0, 1] x (Y UY’, K U K’) by gluing
back two pairs of disks (D* D?) to (W¢,S). Consider the character variety ¢’ with the
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Figure 7: Family of metric G'!

holonomy parameter « on (S2,S1). For 0 < a < %, ¢’ is a one point set which consists of
the unique flat reducible 6,, and the moduli space M (D4, D?: 0« )o also consists of one element
O, which is the unique extension of f,, to D* \ D2, The computation of group cohomology of
71(83\ S') shows that dimH!(S3 \ S';adf,) = 0. Taking the double of (D*, D?), we have
the relation of indices

2indDg,, + 1 = indDe_ 46,

Moreover, indDg_ 40, = —1 by the index formula for the closed pair (S*, S?). Thus we have
indDg, = —1 and H%(D*\ D?;ad®,,) = 0. In particular, the gluing along ¢ is unobstructed.
The Morse-Bott gluing argument shows that

M([0,1] x Y, [0,1] x K;8,81)qg = M([0,1] x Y\ D*[0,1] x K \ D?;3,04,8)a
and similarly for the pair (Y, K’). Thus we have
#M,‘zgoo (Wla 517/87 ﬁ/7 ﬂhﬁi) - #MZ’(WI') 517 B?gaaﬁl)
. #MZ”(Wla SI;/Blv 0047 61)
= #Mz’(Y X [07 1]7K X [07 1]7/8761)
: #MZ”(Y, X [07 1]7K/ X [Oa 1};/8/7/81)'

Thus ﬁm(Wz’ g1y 18 S-chain homotopic to the morphism 70,4 Which is induced from the
product cobordism (Y UY’, K U K’) x [0,1]. The S-morphism myoq is an isomorphism of
S-complex (see [8, Lemma 6.29]), and in fact S-chain homotopic to the identity by the formal
argument. 0

87



References

[1] Peter J Braam and Simon K Donaldson. Floer’s work on instanton homology, knots and
surgery. In The Floer memorial volume, pages 195-256. Springer, 1995.

[2] Olivier Collin and Nikolai Saveliev. A geometric proof of the Fintushel-Stern formula.
Advances in Mathematics, 147(2):304-314, 1999.

[3] Olivier Collin and Brian Steer. Instanton Floer homology for knots via 3-orbifolds. Journal
of Differential Geometry, 51(1):149-202, 1999.

[4] Lucas Culler, Aliakbar Daemi, and Yi Xie. Surgery, polygons and SU(N)-Floer homology.
Journal of Topology, 13(2):576—668, 2020.

[5] Aliakbar Daemi. Chern—Simons functional and the homology cobordism group. Duke
Mathematical Journal, 169(15):2827-2886, 2020.

[6] Aliakbar Daemi, Hayato Imori, Kouki Sato, Christopher Scaduto, and Masaki Taniguchi.
Instantons, special cycles, and knot concordance. arXiv preprint arXiv:2209.05400, 2022.

[7] Aliakbar Daemi, Tye Lidman, David Shea Vela-Vick, and C-M Michael Wong. Ribbon
homology cobordisms. arXiv preprint arXiv:1904.09721, 2019.

[8] Aliakbar Daemi and Christopher Scaduto. Equivariant aspects of singular instanton Floer
homology. arXiv preprint arXiv:1912.08982, 2019.

[9] Aliakbar Daemi and Christopher Scaduto. Chern-Simons functional, singular instantons,
and the four-dimensional clasp number. arXiv preprint arXiv:2007.13160, 2020.

[10] Simon K Donaldson. Floer homology groups in Yang-Mills theory, volume 147. Cambridge
University Press, 2002.

[11] Simon K Donaldson and Peter B Kronheimer. The geometry of four-manifolds. Oxford
Mathematical Monographs. The Clarendon Press, Oxford University Press, New York,
1990.

[12] Mariano Echeverria. A Generalization of the Tristram-Levine Knot Signatures as a Singular
Furuta-Ohta Invariant for Tori. arXiv preprint arXiv:1908.11359, 2019.

[13] Ronald Fintushel and Ronald J Stern. Instanton homology of Seifert fibred homology three
spheres. Proceedings of the London Mathematical Society, 3(1):109-137, 1990.

[14] Andreas Floer. An instanton-invariant for 3-manifolds. Communications in mathematical
physics, 118(2):215-240, 1988.

[15] Andreas Floer. Instanton homology, surgery, and knots. Geometry of low-dimensional
manifolds, 1:97-114, 1990.

[16] Ralph H Fox. Some problems in knot theory. Topology of 3-manifolds and related topics,
1962.

88



[17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

Michael H Freedman and Frank Quinn. Topology of 4-Manifolds (PMS-39), Volume 39.
Princeton University Press, 2014.

Kim A Frgyshov. Equivariant aspects of Yang—Mills Floer theory. Topology, 41(3):525-
552, 2002.

Kim A Frgyshov. An inequality for the h-invariant in instanton Floer theory. Topology,
43(2):407-432, 2004.

Kenji Fukaya. Floer homology of connected sum of homology 3-spheres. Topology,
35(1):89-136, 1996.

C McA Gordon. Ribbon concordance of knots in the 3-sphere. Mathematische Annalen,
257(2):157-170, 1981.

Christopher M Herald. Legendrian cobordism and Chern—Simons theory on 3-manifolds
with boundary. Communications in Analysis and Geometry, 2(3):337-413, 1994.

Christopher M Herald. Flat connections, the Alexander invariant, and Casson’s invariant.
Communications in Analysis and Geometry, 5(1):93-120, 1997.

Eric Paul Klassen. Representations of knot groups in SU(2). Transactions of the American
Mathematical Society, 326(2):795-828, 1991.

Peter B Kronheimer. An obstruction to removing intersection points in immersed surfaces.
Topology, 36(4):931-962, 1997.

Peter B Kronheimer. Four-manifold invariants from higher-rank bundles. Journal of
Differential Geometry, 70(1):59-112, 2005.

Peter B Kronheimer and Tomasz S Mrowka. Gauge theory for embedded surfaces, I.
Topology, 32(4):773-826, 1993.

Peter B Kronheimer and Tomasz S Mrowka. Gauge theory for embedded surfaces, II.
Topology, 34(1):37-97, 1995.

Peter B Kronheimer and Tomasz S Mrowka. Monopoles and three-manifolds. Cambridge,
2007.

Peter B Kronheimer and Tomasz S Mrowka. Knots, sutures, and excision. Journal of
Differential Geometry, 84(2):301-364, 2010.

Peter B Kronheimer and Tomasz S Mrowka. Knot homology groups from instantons.
Journal of Topology, 4(4):835-918, 2011.

Peter B Kronheimer and Tomaz S Mrowka. Dehn surgery, the fundamental group and
SU(2). Mathematical Research Letters, 11(6):741-754, 2004.

Xiao-Song Lin. A knot invariant via representation spaces. Journal of Differential Geom-
etry, 35(2):337-357, 1992.

89



[34] Richard A Litherland. Signatures of iterated torus knots. In Topology of low-dimensional
manifolds, pages 71-84. Springer, 1979.

[35] Yuta Nozaki, Kouki Sato, and Masaki Taniguchi. Filtered instanton Floer homology and
the homology cobordism group. arXiv preprint arXiv:1905.04001, 2019.

[36] Peter Ozsvath and Zoltdn Szabd. Holomorphic disks and knot invariants. Advances in
Mathematics, 186(1):58-116, 2004.

[37] Peter Ozsvith and Zoltdn Szab6. Holomorphic disks and topological invariants for closed
three-manifolds. Annals of Mathematics, pages 1027-1158, 2004.

[38] Christos D Papakyriakopoulos. On Dehn’s lemma and the asphericity of knots. Proceedings
of the National Academy of Sciences of the United States of America, 43(1):169, 1957.

[39] Prayat Poudel and Nikolai Saveliev. Link homology and equivariant gauge theory. Algebraic
& Geometric Topology, 17(5):2635-2685, 2017.

[40] Jacob A Rasmussen. Floer homology and knot complements. Harvard University, 2003.

[41] OlegJ Viro. Branched coverings of manifolds with boundary and link invariants. i. Math-
ematics of the USSR-Izvestiya, 7(6):1239, 1973.

This paper has been accepted to appear in Algebraic & Geometric Topology, published by MSP.

90



	1 Introduction
	1.1 Background
	1.2 Summary of Results
	1.3 Outline of the paper

	2 Backgrouds on singular instantons
	2.1 The space of singular connections
	2.2 The Chern-Simons functional
	2.3 The flip symmetry
	2.4 Holonomy perturbations
	2.5 The moduli space over the cylinder
	2.6 Compactness
	2.7 Cobordisms
	2.8 Orientation

	3 S-complexes and Frøyshov type invariants
	3.1  A Review on S-complexes and Frøyshov invariants
	3.2 Floer homology groups with local coefficients
	3.3 Maps 1, 2, 1, and 2
	3.4 Maps v and 
	3.5  Cobordism maps for immersed surfaces

	4 Non-degeneracy of the representation variety
	4.1  The construction of the lifting map
	4.2  Non-degeneracy results
	4.3 Levine-Tristram signature and representation variety

	5 Properties of instanton knot invariants and their applications
	5.1 The Frøyshov knot invariant and the structure theorem
	5.2 An application to knot concordance

	6 Appendix: The connected sum theorem
	6.1 Step I.
	6.2 Step II.
	6.3 Step III.
	6.4 Step IV.


