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Recent advances of analytic method
in the theory of numbers
By Tikao Tatuzawa

In this lecture, I shall state two analytic methods
induced by Gallagher [ 2 ] and Fogels [ | ] and extend these
so as to be able to apply in case of algebraic number fields.
By virtue of these tools we shall have a prospect of natural
extension of density theorem concerning the number N(o’,T) of
zeros f =§ +i8 in the rectangle

TvLp =1, —fTén’sT
of all Hecke’s zeta-functions § (s,Z ) with same moduli ay .
Hirano i1s now working out this problem applying the,extended
Ingham’s method [§ , Chapt. 9]. ' ’

Let k be an algebraic number field of degree n over the
rational number field. Let k have r real conjugates kw)(lg
¢sr ) and r, palrs of complex conjugates k™ ,k‘".‘*t)»(rﬁ-lém
§!q+rz), namely n=r, +2r, . A formal product

o ' M= gD i (05 g=)
is called a divisor of k, where wiL 1is an integral ideal and
23 is arinfinite prime spot. Let A(# ) be the group of all
ideals prime to wu in k and S(#U) be the group of all principal
ideals (VY ) generated by ¥ satisfying the multiplicative
congruence o ~ '
Y= 1 Qﬁ)

namely
(‘) - e
b

vek, v=d4 md M and v vV >0

A class of the factor group A(ﬁi)/s(ﬁi)'is called a ray class
mod #L . We denote by.h(ﬁi) the number:of classes of this
factor group. Let 4 be the different and d be the discrimi-
nant of k, so that NJ ={dl. Let R be the regulator of k, h -
be the number of absolute ideal classes of k and w be the

number of roots of unity in k [4 ].

bl

Throughout the paper, ¢ or ¢ with suffix will be used to
denote a positive constant depending only on k, and c(¥) will
be used when ¢ depends further on several parameters ¥, AL B
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or A=0(B), where B i1s positive, means that there exists c
satisfying : PR i
JA|S B
in the region under consideration.

" In the first’ place, we shall estimate the number T(t) of
integral ideals in a ray class C mod Al whose norms. don’ ¢t
exceed t. The detallseof this subject will be stated another
paper. We shall therefore'dnly point out the main results.

Theorem 1. Let C be a ray class mod sl . Take ¢ suffi-
ciently large, and suppose that

t=2ceNor.
Then : - *

o Ly 2" IRIR
zt = m (1— T

T = N st, neC {(N gln‘x_( Nﬁ) Vit W

|

-
"'Ofﬁ(m);lrm(" g)Nm t' 3.

Theorem 2. If 0K y< x, then -
. s

l
=1 < = (y+ Nm™ x' T+ N )
LN S xry, el ’f-f’”’— g

Secondly, we shall introduce a new elegant real analytic
method due to Gallagher
Theorem 3. If Z [am|<<>o s then
=]

T .
vt 1> ar :j | =_. a 2 _dz
J:rl“;.au% it =< L-r ). zsnszt“' =

where « = 6T. ’
Proof. Write o ‘
: Loy m
a“__c.( T ). ‘
S(-t)-— Z_ O, M = ;c(v)e. ,

where V runs over 5 '
: 3 ,
o by 2 ar- WD S

> afm ‘J.TL‘ >

Therefore,

Put \ ,
Fsxy=3" or 0,

~according as lxlé-l-z-E or not, and write

| = <o )
$o0) = ey Fy(x— v ) = = T )

Accordingly,
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[55) 00
j ety dt ?'F;S I&Z“wll dt
oo “w |Ep-tls3E
| C P dz
Tat ) SRt T @
for p=1 and 2, where | _lé
S =5F and T= &

Assume that the right side of Theorem 3 is finite, since
the result is trivially true otherwise. Hence, f(x) belongs
to I’ because of (2). We have also

_jw YAt S 1 z%ézt =
from (1), where the coefficient of la,| of the left side turns
out to be
sz j = <<‘EE§ byt =
It follows therefore from the assumption of the theorem that
f(x) belongs to L.

By these properties,

® awixt w>2w__1
N . [ &
-f—(?c)=& e Stydat = Zc(v) 5 e T Fs(t~ v) 4t
- 0O
= Zc(v)&mzv A S G)
LRk
belongs to i [3 ] and
oo o
S s de = [ 1Feortdg
— ©o — Do '
This implies from (l) and (3) that
>y
% 2 4y — S STXY AmTEX 2
Xz_oall% g €Ol ~g |Zc<>e. s | 94X
(__)S |Zc(~/)€,1mxyi’d
In view of (1) and (2) it follows therefore
N z Is T 2 d=z
© w2 1 = < d:(.—..-—z- = ==
J lnaz'q'yn- l d,ts— ﬁ' j l Iv_x'sg ‘ S _Il‘tinsz; Z.
—T — o
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Now we shall apply Theorem 3 to the sum of the form
SCK, T) = = Al Z(a) N(): T
where 6L runs over all integral ideals of k, £ 1is a character
mod M. and A(6L) is a function defined over all integral

ideals in k. Put
o = T A(e) X (),

a=m
and make use of Theorem 1, we have
] T T Sa » ot o2
= f IS Y Pl = = | 1= a1 at
X med W, “r X madme -1 7 .
«

= A 2 dz
|Z§Nﬂ§zt' @ (e] =, “

satisfying zg Novs zt into

T -2 =
2T .
s 2 bt L med %

Divide integral ideals &
several classes in such a way that each pair of integral
ideals in a class & 1is never congruent mod WL with each

other and that the number M of classes is less than

| [}
! == %
0 {‘k(i{,) (zt—zZ+Z " ANn™ + Nm.)j,_‘
in view of Theorem 2. Accordingly,
= =  A@xay|’

A mod 7L zsNas zt

= = M = | Z= A"
L moedw &_ ne &

L '—‘.,;’ bR
z't—z+z'_'”' Nwy — + NW)% %%'E&\A(@l(n)]

1
< K(»”i)(
2+L‘_% N"?L"-‘- Nwm ) = WYCAY
<(=2- zsNos 2t 4y

Substituting (4) for this result, we get

T 2
= _ ISCx, t) 4T
X wed i, T , .
< (" mr—z+ 2 Nt NWVL o Ay gy
T j_, p- zs Nasz?
T
t {

¢ = (A (Na+ N " Nw T+ NnT )
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which was the result obtained by Hirano in his master disser-
tation.

~Theorem 4. »IfLZlA(MKm, then R

' T , o -k

= ~5 | = A N " 17 4t < Z (Na+Na ™ Nt T+ NnT)A@]
A wmod M v . . et

Thirdly we shall in't’r-o'duf:e a new Lindeldf principle due

to Fogels. _ .
,Theo’rr'em,'sf.' L.et fj (s) (1< j<m) be regular in the region
D ) : '
°‘<a~<0—‘ L, =% <t<o,
satisfying the conditions s |
P P c, rt]
F‘(A)g ,f.(53| + - +|fm(é)l §. C, e

and be continuous-over the closure of D, p being some positive
integer. If the conditions :

' F(e) A(lt\-\- 2% g COti ) o .o_'=-'5<.‘_
F(A) = B iy 2) L,-ac‘cj(lt(-}-»z') M e =0
are fulfilled, then there exists c(o, %) such that |
Fliys olo A%’:‘:%B{::%:

e, =0 crv ay : e
Ciel 1}“ ot 4 G HﬁgC(HHﬂ) ¥,
uniféffnly"in‘ 0;50 56, , where a, b, ¢ are given positive numbers
and A, B, C)l are parameters not depending on t.
Proof. We know that
' e z"’ (
PGy = [ It e {HO,ml
uniformly in o‘s.&sa‘, {[tl=21. Hence

@-_..a“
\ P(".— 2;03—?)\ \ (Hi+ 2)‘— “ T e "‘7”2)\‘ )
v Ac«:avcr)

and
gy =4 o ’q:r"'—d”

™ 2— H=4 g =
\ ( 2( i \'—:(l‘H-\-Z) T {’-ro((t\-l-?.\ (‘)

-4
+ Tzl
r ( ‘ 2 (0,~6)

2



in the region 6} 826 =<6;

Take ¢, such that 1—s6,<6 and define
C(a+0y)

d
403 C(s+03) = j Z
2
the contour lying on the right half plane’ ez.0. '?hen

tyClaven) = bg Cltiez) {1 O(tqcoufﬁ”

Now we define o~ —4 s —065

ﬁ.('&)_’: A o3 —05 .B 0 —0y

_e—tr N\ 4o _s-4 N\t
T (ﬂ 2(6% -crs { (2 2(05—6;) K { “‘3 ¢ (e F;)}C
_ oy —A .
m(1+ ,far 5y Fi+ s 26,6

Obviously G(s) is regular in 6;x0%6, and there ex1sts c,

satisfying
[G(s)|= c,
in the region stated above. By (5) and (6)_,

[§co31 = A (it1+ 23" Loy’ CCtI+2) {1 +0(L-3C(RH'2))}

on a"=cr; and

= B (iti+ z)l’ &r{ CCrufi) )H *'Ok(%c’(mu) )}

on v=0;. Further, from the assumption of the theorem,

Féé) cftl
——— S. l» &=
lewy = @€ tor o= o=
= C. :t,o'v- = 67 MCL G- = G;
For any ¢>0,
: F(s
le ¥4 )
L X5

is subharmonic in o <o<6; ahdﬁis continuous on s 68 6,
Applying the usual Lindeldf principle to this function and
letting €20, We get the desired result. ’

L

From now on let X be a primitive character mod m, "M
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being m,f:) .-’fg’as before. We can find g (1 Jj<s= =N(a)) 1n(m.3)

which satisfy the following conditions:

L= y - .
SJ = | mod Jo U=c¢s9g),
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'}
each pair of fJ- is never congruent mod ¥ , moreover, if ¢ €

(m3)"', then
$=3; mod
for some -Pé . The set of these fJ is called a complete
residue system mod ¥ 1n (m3)".
Let $+0 and ge(mﬁ) . Put
awi SB%)
>

GG, )= = Agye

where g runs over a complete residue system mod r'?i, satisfying

Further we define 2t SCP)
G(Ly= Z?C(fmﬁ)e VL P

»
¢ Dbeing over a complete res1due system mod " in Qnﬁ“) Take
7=%(%) such that .
1=1 medm, =3 med g0 asisy,
then we have .
GG, 1) = X(4(3)3 mT) GX)
and _ “ 4>
X))y = (ag13 7y ... (agn3
If we deflne the normalized Gauss sum by
1LY = i) &Cxy / N
then we have the following relation[ 7]
I I(X) =
Let T(s,/) and 'fk(s) be functions defined by
= A Na—% ana = No&*
for v >1, the summation being over all non-zero integral

ideals in k. Define, for 0“71 zta,

—'Z_:’Z s 2 dz - dZysy
(s, X)) = JJ € p= -!I: ZP Zy v,
where r+1=r, "'I‘z, and
1 a=sp= 1)

0 (q+ri=p=m)

which turns out to be

3 -t %
2~"iér<dzl> T’('é{) f’(é).
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Further define
V2 Py

P, 1y= jmil) A (8, £Y5 (8,2 )

and
AMXY = T" 1d| Nw
Similarly we define ~ sva
—= = " LE"P Yz --d=z
= P Z, v+ |
I’(A,?L,b)=f"J e = ;I, Zp * 2‘:..‘2,“
"Z, >0, 7z z Nb' ‘
and A

AL £ -4
Yoo ) =L AT Z AbOT (6, 2, b Nb

We know that ?(s,z,) is an integral function which satisfies

the formula

*.t*z_n*zk_g— Eet) . v 3
P, )=~ oy A('_“+{/<4,x)+,1(x> G-, L) )
where E@y = ?1 ~{’ T’V\i=0', Z {)-r-i,n,o.‘,‘)q.ﬁ,
¢ WWLM' ‘

The functional equation
Pes, £y= T 2U—-4, L)
follows from (7) immediately [ 7 J.
The formula (7) can be trénsformed in the following

form:
H+h_v; hE L ~d
P, xy=— 2 Trhrb E(’C)__,.S’,'El&(tld.l ™ Nwe ™)
' w [ (1~ &) idr .

R
)

3 L2

= G Ty N e TN S

ff (Ale) N(t)* + I@ ) X(o) N(t) 2 YNa ™ e )
rREC

s — 4% at -

Ny =| ARNFEN vt (%)

& t} t, e Tret 2
with the abbreviations N(t)=t,--- t,_ and S(t)=t,+ - - -+t .

The formula (8) is nothing but the Siegel formula in case
B(Z)=1 [61.
If we take o7 such that

l—6, =07 =63 = 6,
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for given e £ 6, , then it follows from (8) that

Y Rh ()

Bes, 2y + Tt - < oz
« ~ Wi AO—8)
and EX) | o — |
(6—1) S(s, YK c(az).ec'f' Nwy = @)
for e so<o; .
Let 0< &< 1. Obviously , |
| g S eit, NS 5+ B <<-‘_X_ . (o)
Put f 6. g .
f(s, 1y = Iv(x)A(X"’é“"z';("‘")(Z("_%‘) }%fl’_{ﬁj ZEQ_—A)}
Then the functional equation can be expressed as
S(s, XY= 1(s, XD S(1—4, 1), ; Qi)

With the aids of (10) and (11), we get

£, L4 )
§(-—X+,L7§\,_7Cl)v<\’g(o-.,a;)l\lm" %ltl(2+,)"']1+0<m 5 2

for o <oes0; , Itl=1,since.

4=~
F(8, 1)< o, 03y Nm 2 G Ir)% §|+o(,t, }

Hence, from Theorem 5, we have

S, 1y < Nt Ce 28 T by NGt 2

for 0O §_é~s 1, provided E(X)=0. 1In ,»appljyir\lg the theorem

we use (9) and (10), (12), putting v

Log Nom (1811 2)

More precisely we shall get the following result.
Theorem 6. In case E(x )= O, we have

R

C(‘*")?Nm(l‘tl-r 2) f tq—a N'm.(lt{-q—z) o | -cfs.o"

58, 1) < { Nm (it1+ 2" }T g Nw (It1+2) os 65

| LrgNn(lil+?) LN
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In case E(A )=1, we can also obtain similar results by

using

S8 (i—4)

—_—— {1 (8)
(8+05)Q— 6+ 0 F

in place of Y, (s), 6, being determined satisfying

(1]
(2]

3]
[4]

(5]
[6]

[71]

20y S = 0o x 63

In particular, we have |

T (Lwit, 1) NwCtt1+2)"§F by N City+ 2) |
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