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Vector bundles on an

abelian variety

Ak M a.ag g

Let k be an algebraically closed field of character-

istic p2>0 , and let X be an abelian variety over k .

We have been able to answer the following questions,

when dim(X) =1 and p # 0 , posed by R.Hartshorne:

(1) 1s E(p) indecomposable, when E is an indecomposable
vector bundle on X ?

(II) Is the Frobenius map F* : Hl(X,E)—~—+Hl(X,E(p))
injective?

We can also partly answer the following question posed by

D.Mumford:

(III) Classify, or at least say anything about, vector

bundles on an abelian variety X , when dim(X) # 1.

Let us summarize our results first.

not
When the Hasse invariant of X iﬁAzero, the answers
te (I) and (II) are both affirmative. When the Hasse
invariant of X 1is zero and E is an indecomposable

vector bundle on X of rank r and of degree dA, then
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E(p)

is indecomposable, if either (r, d) =1 or (r, d)
# 1 with r/(r, d4) divisible by p . Otherwise E(p)
decomposes into a direct sum of min‘{(r, a) , p} indecom-

posable components. As for (II), the Frobenius map F*
is not injective (and in fact the zero map), if and only
if r<p , d =0 and E has a non-zero section (i.e. in
Atiyah's notation E = Er,O with r<p ).

Questions (I) and (II) themselves may not look inter-
estiné. However, R.Hartshorne recently proved the follow-
ing: A vector bundle E on an elliptic curve X 1is ample,
if and only if every quotient bundle of E has positive
degree. He uses Atiyah's "multiplicative structure" when

p =20 ,‘and our answer to (II) when p # 0 .

When dim(X) = 1 , Atiyah classified all the indecom-
posable vector bundles on X . He also gave the "multi-
pPlicative structure" in case p = 0 . His construction of

indecomposable vector bundles is essentially by successive
extensions of line bundles. To answer (I) and (II), however,
it is very hard to keep track of these extensions after we

pull them back by the Frobenius map.

We give an entirely different way, inspired by

Schwarzenberger's results,of constructing indecomposable
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vector bundles, which is very easy to handle and which gives
us a clearer picture especially in characteristic p # 0 .
This construction can also be generalized to higher dimen-

sion, and thus partly answers the question (III).

Before going further, let us review Atiyah's results.
Let Ex(r,d) be the set of isomorphism élasses of indecom-
posable vector bundles of rank r and of degree d on
an elliptic curve X .
(i) If we fix one E in gx(r,d), then every other vector

bundle is of the form E ® L with L in PicQ(X) = gx(l,O).
1 v
Ar'. ﬁ@r

Moreover, E @ L = E @L2 if and only if L; ¥ L,” where
r' = r/(r, 4d)
(ii) In Ex(r,O) there is a unique element Er 0 such

14

0
that H (X,E_ o) # 0 .

14

(iii) Let h'(E) be the dimension of H(X,E) . Then for

E in Ex(r,d), we have

nE) =a and hl(E) = 0 when d>0

h%(E) = 0 and hl(E) =|a| when d<o0

n%(E) = h'(E) =0 when d =0 and E # E_,

. ’
n®@E) =hl(E) =1 when E=E .
r,0

(iv) Suppose p =0 . For E in Ex(r,d) with (r, 4) = 1,
End0 (E) = k . 1In fact such E is "stable" .
(v) Suppose p =0 . For E in Ex(r,d) with (r, 4) = 1,

E®Eh,0 is in gx(rh,dh).
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(vi) When p =0 , E_ o is isomorphic to the (r-1)-st
4

symmetric power Sr—l(E2 0)

14
(vii) When k 1is the field of complex numbers, a vector
bundle has a holomorphic integrable connection if and only

if it is a direct sum of those in Ex(r,O) for various r.

For (i), (iv) and (v) , the key is his Lemma 7 to the

effect that for E in Ex(r,d) with (r, 4) 1 and p X r,

EEQO (E) =@®L

where L runs over all the line bundles on X with I°F =

What we do now is to generalize these results to
arbitrary characteristic and dimension if possible. The
first key result is the following. PFor a line bundle L
on an abelian variety Y , we denote by A(L) : y—yt
= the dual abelian variety, thé homomorphism which sends
a peint y in Y to Ty*L<® L"l , where Ty: Y—Y is

the translation.

Theorem

Let {f: Y—>X be an isogeny of g-dimensional abelian
varieties over k , and let L be a line bundle on Y

such that the restriction of /\(L) to the (scheme-theoretic)

kernel of § is an isomorphism. Then End, (Pl ) =k .
—X
Especially $*L is an indecomposable vector bundle on X .
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Corollary

Let ¢ : f-—ﬁx bé ah isogeny of degree r Dbetween elliptic
curves, and let L Dbe a line bundle bf degree d on Y
With (r, d) =1 ; ’Then »@*L ‘is in Ex(r,d) .A'For E

in Ex(r,d) , wg have EndO

(E) =k .
B S

In view of Atiyah's classification, we thus get all
the stable vector bundles on an elliptic curve in this way.
We next generalize Atiyah's key Lemma 7 mentioned above.

We denote by P the normalized Poincaré line bundle on

t

the product abelian variety X x X~ , that is, the universal

family of line bundles algebraically equivalent to zero

parametrized by Xt

and gl{o}x xt = Oyt .

, and so normalized that E*X’x{0}¥'9X

Proposition

Let % : Y—>X be an isogeny of abelian varieties over k
with (scheme-theoretic) ker(?P)~= G . Let 'L be a line

bundle on Y such that /A(L) induces an isomorphism on G .

Then . Endo (%)*L) = pl*(E‘X x G) , where ’E is the total
—X

inverse image by the dual isogeny <ft : Xt——>Yt of the

subgroup scheme N\ (L) (G) of vt . Especialiy if both '(?

and CPt are separable, End, (CE*L) =@ L' , 'where L' runs
—X

over all the line bundles L' on X such that
cP*L' Yo oL@, L1
a QY

for some closed point a in ker((P) =G .
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Corollary
Let X be an elliptic curvexover ‘kx .of characteristic
exponent p . Let E be an element of gx(rtd), with
(r, d) = 1. Suppose r =r'q, with (r', p) =1 and q
a power of p . . Then

EEQOX(E) =@ (L Q® Eq,O) . .1f Hasse(X) # 0

where L runs over all the line bundles on X with

¥r = 0, (there are r'2q of those).

Endo (B) =® (LXK E 2 ) if Hasse(X) = 0

— % g,07 '
where L runs over all the line bundles on X _ with
Qr' o~
NG

To deduce this corollary from the proposition, we
need:
Lemma
Let S .be the h-th order neighborhood of the origin of
. _ h _
X, i.e. S;— SPGC(QX,Oéyx,O)"-lThen pl*(g X x 8) = Eh,O

where P is the normalized Poincaré line bundle on X x X

Moreover EndO'(Eh'O) is isomorphic to the truncated
0y ; ‘
polynomial ring k[tl/(th) _

Although we do not mention the exact form here, this
lemma has an obvious generalization to higher dimension.

This lemma is interesting, since it says that we get a
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non-simple vector bundle Eh o @s the direct image of a
I’

line bundle P|{X x S§ wvia the covering Py ¢ X x §—>X ,

whose top space is not reduced.

When k 1is the field of complex numbers, Morikawa
recently characterized those simple vector bundles on a
complex torus X which we get as in our theorem as
follows:

Let %l be the universal covering space of X , that is,
a g-dimensional vector space over k . Let [7 be thé
fundamental group, i.e. a lattice in §/. Thén a vector
bundle E of rank r on X corresponds to a cohomélogy
class of a l-cocycle (a factor of automorphy or a matric
multiplier) hi(x, z) in H;r([7' GL?(E)) , where H is
the ring of all holomorphic functions on fit, and h(X , 2z)
”

in GLr(g) for o in and 2z 1in X satisfies

h(x + 8, 2z) = h(ﬁ, z +ol )eh(X, z) .

Then E 1is of the form in our theorem, if and only
if the corresponding l-cocycle is cohomologous to one of
the form |

h(d, z) = exp(B(X, z)):C(X)
where B(o{, z) is a bilinear form, k-linear in 2z , C(&()
is a constant matrix in GLr(k) , and the linear envelope
of C() with « running over [’ is the full matrix

ring Mr(k) .
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We can re-interpret Morikawa's result as follows:
There exists an isogeny ¥ : Y—X and a line bundle L

on Y such that /(L) induces an isomorphism on ker (¥)

and that E = @,L , if and only if the canonical inclusion
QX~——9EndO (E) induces an isomorphism
X
HY (X,0,) ———%—5 0" (X,End, (E))
—X

for i =0 and 1

It is well known that Hl(X,EndD (E)) measures the
—X

infinitesimal deformation of E on X, that is, it is
isomorphic to the tangent space at E of the moduli of
vector bundles on X . Our characterization above says
that the vector bundle of the form &,L moves essentially
in a g-dimensional family. We can actually construct such
a family by moving L in its universal algebraic family.
In fact to answer our question (I) , we construct a

universal family of indecomposable vector bundles of

rank r and of degree d on an elliptic curve. Then we
do as in our lemma to construct all the elements in

E (rh,dh) with (r, d) =1 .

We believe there are lots of other simple vector
bundles on a higher dimensional abelian variety, although
we have not been able to produce them yet. Possibly we
need direct image of line bundles by a finite ramified
coﬁerings. But then we no longer have abelian varieties

above.



