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Abstract. Onset of thermal convection of a fluid in a rectangular parallelepiped
cavity of small aspect ratios is examined both numerically and analytically under the
assumption that its all walls are rigid and of perfect thermal conductance exposed
to a vertically linear temperature field. Critical Rayleigh number R, and the steady
velocity and temperature fields of most unstable modes are computed by a Galerkin
spectral method of high accuracy for aspect ratios A, and A, either or both of which
are small.

We find that if A, is decreased to 0 with A, being kept constant, R. increases
proportionally to A%, the convection rolls of most unstable mode whose axes are
parallel to the shorter side walls become narrower, and their number increases
proportionally to Az %. Moreover, as A, is decreased, we observe the changes of the
symmetry of most unstable mode that occur more frequently for smaller A,. However,
if A, = Ay, = A is decreased to 0, although we again observe the increase in R,
proportional to A~%, we obtain only one narrow convection roll as the velocity field of
most unstable mode for all A.

The expressions of R. and velocity fields in the limit of A, — 0 or A — 0 are
obtained by an asymptotic analysis in which the dependences of R, and the magnitude
and length scale of velocity fields of most unstable modes on A, and A, in the numerical
computations are used. For example, R, is approximated by 7*A,* and 257*4~% in
the limits of A, — 0 and A — 0, respectively. Moreover, analytical expressions of
some components of velocity fields in these limits are derived. Finally, we find that for
small A, or A the agreement between the numerical and analytical results on R, and
velocity field is quite good except for the velocity field in thin wall layers near the top
and bottom walls.
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1. Introduction

Because the onset of thermal convection of a fluid in a closed cavity is an interesting
problem in fluid dynamics and also important in applications, it has been investigated
theoretically, numerically or experimentally in several studies for many years (see, for
example, Gershuni and Zhukhovitskii (1972), Koschmieder (1993), Lappa (2010), and
references therein.). Some of these studies examined the onset of three-dimensional
thermal convection in a rectangular parallelepiped cavity of rigid walls for several values
of aspect ratios A, = L,/d and A, = L, /d, where L, and L, are horizontal lengths of the
cavity, and d is its height. Koschmieder (1966) experimentally investigated this problem
and showed that if both A, and A, are larger than 1 and the difference between them
is not small, the pattern of flows that appears first as the difference in temperatures on
upper and lower walls is increased slowly is a linear arrangement of several convection
rolls of nearly square cross-section whose axes are horizontal and parallel to shorter
side walls. Stork and Miiller (1972) also obtained similar results for A, and A, larger
than 1 in their experiments on the onset of three-dimensional thermal convection in
a rectangular parallelepiped cavity with side walls where an essentially linear vertical
temperature profile is maintained. Moreover, they pointed out that if one of the aspect
ratios is smaller than 1, the widths of observed convection rolls whose axes are parallel
to the shorter side walls are smaller than their height. For example, in the experiments
with A, between 3 and 6, they found that the number of observed convection rolls is
larger than A, if A, is 0.7 or 0.5, although detailed examination of convection rolls for
A, less than 0.5 was not performed. They also observed the tendency that R, increases
rapidly as A, decreases from 1 with A, being kept constant.

Davis (1967) numerically examined the onset of thermal convection in a rectangular
parallelepiped cavity with walls of perfect thermal conductance. If the temperatures on
upper and lower walls are constants, and the temperature on side walls is a linear
function of vertical coordinate connecting these temperatures, the motionless state
(thermal conduction state) of a fluid in the cavity is possible. He examined the critical
Rayleigh number R, of this state and the flow pattern of most unstable mode that
is destabilized at this Rayleigh number for several values of aspect ratios A, and A,.
In this examination, he adopted the assumption of finite roll, in which a horizontal
component of fluid velocity normal to a side wall is 0, and obtained the results that R,
rapidly increases with the decrease in one of A, and A, and that the change of most
unstable modes frequently occurs with their decrease to 0. Moreover, he found that if
both A, and A, are larger than 1 and the difference between them is not small, the
flow patterns of most unstable mode are similar to those observed in the experiments
mentioned above at the onset of thermal convection. When either A, or A, is smaller
than 1, he obtained the flow patterns of most unstable mode composed of a few narrow
convection rolls for which their height is larger than their width, which is consistent
with the experimental observation by Stork and Miiller (1972). Although Davis (1967)
obtained the above remarkable and interesting results, his study is not perfect because
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the assumption of finite roll cannot be satisfied exactly by the solutions to governing
equations of thermal convection, as was pointed out by Davies-Jones (1970).

After the study by Davis (1967), there were several numerical studies aiming at
the determination of R. and/or most unstable modes for many values of aspect ratios
of a three-dimensional rectangular or cubic cavity with rigid walls of perfect thermal
conductance (see, for example, Catton (1970), Gershuni and Zhukhovitskii (1972) and
Kirchartz and Oertel (1988)). The computation of R. and most unstable modes with
high accuracy was carried out by Mizushima and Matsuda (1996, 1997) for cubic and
rectangular parallelepiped cavities. Fukazawa and Funakoshi (2015) systematically
examined R, and the flow patterns of most unstable mode for several values of A,
and A, using a Galerkin spectral method of high accuracy. They found the tendency
that R. increases rapidly as either A, or A, decreases to 0, and decreases slowly as both
A, and A, increase. They examined the flow pattern of most unstable mode in detail
for 1 < A,, A, <6, and showed that the flow pattern is a linear arrangement of several
convection rolls of nearly square cross-section whose axes are horizontal and parallel to
shorter side walls if the difference between A, and A, is not small. They also observed
frequent change of most unstable mode and rapid increase in R. with the decrease in
either A, or A, from 1.

The onset of thermal convection in a three-dimensional rectangular or cubic cavity
for different boundary conditions was also examined numerically in several studies. For
example, Edwards (1988) obtained R, and the flow patterns of most unstable mode for
A, and A, between 1 and 12 under the assumption of adiabatic side walls. Mizushima
and Nakamura (2003) also examined the dependence of R, and the flow patterns on
A, and A, that are 1 or more for the same thermal boundary condition on side walls.
The Bénard-Marangoni instability in a rectangular parallelepiped cavity for A, and A,
between 1 and 9 was examined by Dauby and Lebon (1996) for adiabatic side walls and
a convective cooling condition on the top wall. Gelfgat (1999) examined the R. and
symmetries of most unstable modes for A, and A, larger than 1 for adiabatic side walls
and stress-free and convective cooling conditions on the top wall. Moreover, there are
several numerical studies on the bifurcations of steady solutions of nonlinear governing
equations of thermal convection in three-dimensional cubic or rectangular cavities for
different boundary conditions on the walls (for example, see Puigjaner et al. (2006,
2008), Lappa (2010), and references therein). However, the case of small aspect ratios
was not examined in the above linear stability analysis and bifurcation analysis.

There are also numerical and analytical studies on R. and the flow pattern of
most unstable mode of thermal convection in an infinite channel of rectangular cross-
section. Chana and Daniels (1989) examined this problem for rigid or stress-free
boundary condition on the top and bottom walls under the assumptions of rigid
side walls, no volume flux down the channel, and perfect thermal conductance on
all the walls. For rigid top and bottom walls, they numerically calculated R. and
critical wavenumber k. (non-dimensionalized with d) for several values of aspect ratio
A, = L,/d of cross-section, where L, and d are horizontal and vertical length of the
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cross-section, respectively. They found that R. rapidly increases as A, decreases from
1 and that for sufficiently small A,, k. increases as A, decreases. They also examined
the characteristics of velocity and temperature fields of most unstable mode mainly for
A, > 1. Moreover, they performed an asymptotic analysis in which the asymptotic
forms of R,, k., and velocity and temperature fields of most unstable mode in the limits
of A, — 0 and A, — oo were obtained. Daniels and Ong (1990) also numerically
computed the values of R. and k. with higher accuracy than Chana and Daniels (1989)
for a few A,’s between 1/2 and 4, and compared these values with the above asymptotic
forms of R, and k..

In the preceding numerical studies introduced above, the dependence of R. and
the velocity field of most unstable mode on aspect ratios A, and A, of a rectangular
parallelepiped cavity was not examined in detail when either or both of A, and A, are
smaller than 1. However, the rapid increase in R. and the increase in the number of
convection rolls of most unstable mode and their narrowing with the decrease in either
A, or A, from 1 are interesting behavior. Therefore, in the present study, we first aim
at making this behavior clearer by the detailed examination of R, and the velocity field
of most unstable mode for such A, and A, using a numerical analysis of high accuracy
and an asymptotic analysis. Moreover, since the rapid increase in R, with the decrease
in A, = A, = A from 1 and the formation of one tall vortex roll for small A are also
interesting, we also aim at describing these behaviors quantitatively by using the same
numerical and analytical methods.

After the description of formulation of the considered problem in section 2, section
3 is devoted to the introduction of the numerical method used to examine the linear
stability of the motionless state. The convergence of numerical solutions is shown in
section 4. Numerical results on R, and the velocity field of most unstable mode are
shown in section 5. In section 6, using the dependences of R, and the velocity and
temperature fields of most unstable modes on A, and A, in the numerical computations,
the asymptotic forms of these fields and R, in the limits of A, — 0 and A — 0 are
obtained by an asymptotic analysis, and are compared with the numerical results shown
in section 5. Finally, section 7 is devoted to discussion and conclusions.

2. Formulation

We consider the onset of thermal convection of an incompressible viscous fluid in
a rectangular parallelepiped cavity exposed to a vertically linear temperature field.
Cartesian coordinates (x*,y*, z*) are defined in which z* and y* axes are horizontal
and parallel to the side walls of the cavity, z* axis is vertically upward, and the origin
is at the center of the cavity. Two aspect ratios of the cavity are defined as A, = L, /d
and A, = L,/d, where L,, L, and d respectively denote the length of the cavity in the
x*, y* and z* directions. We assume that external temperature field 77 is expressed as

T5(2") = =f=" + 15, (1)
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where B(> 0) is the gradient of the external temperature, and 7 is the external
temperature at z* = 0. All the walls of cavity are assumed to be rigid and of perfect
thermal conductance.

Under the Boussinesq approximation, non-dimensionalized forms of the equation of
continuity, Navier-Stokes equation and energy equation are written as

V.v=0, (2)

%(%—lﬂwV)v:—Vp—i-AU—{i—f—R(T_TO)}em (3)

(%H;.V)T:AT, (4)
where

VEQ%%—@%—F@%, Azaa—;—l—aa—;vLaa—;,

and velocity v*, temperature 7%, pressure p* of fluid, spatial coordinates (x*,y*, z*),
and the time t* are non-dimensionalized as

*

—_— —_— pR— _/f —_—
r=—, Y= — z:—,t:it,v:

Moreover, e,, e, and e, respectively represent the unit vectors in the z*, y* and 2~
directions, and py is the density of fluid for 7 = Tif. Also v, a and k respectively denote
the kinematic viscosity, the coefficient of thermal expansion, and the thermal diffusivity
of fluid, ¢ is the acceleration due to gravity, and Ty = T /(8d). Two non-dimensional
parameters R and P in equation (3) respectively denote the Rayleigh number and the
Prandtl number defined by

R = agﬂd4’ =Y
RV K

Non-dimensionalized boundary conditions for the velocity and temperature on the
walls of the cavity are expressed as

A, A 1
v=0,T="Tk(2) on x:ﬂ:T, on y:i?y, and on z:ié, (6)

where
Tex(z) = —z + To. (7)

If we define the deviations of velocity, temperature and pressure from those in the
motionless state as

u=v—v, 0=T—-Ts;, q=p—ps, (8)
we obtain the following governing equations:

V.u=0, (9)

1,0

F<§+u.v>u:_vq+Au+RHez, (10)
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0
< +u- V)Q—A9+u e., (11)
ot
where
1 d?
Vs = 07 T, = Tex(z)a Ps = _§R22 - g_z =+ Do, (12)
KV
and py is the pressure at z = 0. Boundary conditions for w and 6 are written as
A, A 1
u=0,0=0 onx::I:T, onyz:l:;y, andonz::lzi, (13)

3. Stability analysis of motionless state

We examine the linear stability of the motionless state on the basis of linearized version
of equations (9)—(11) and boundary condition (13). The variables u, 6 and ¢ in these
equations are assumed to be of the following time dependences:

u=ecla+cec, 0=ec"0+cc., ¢g=eti+cc., (14)

where u, 6 and g are complex-valued functions of x, y and z. Also A is a complex
constant, and c.c. denotes the complex conjugate of preceding terms. Critical Rayleigh
number R, is defined as the value of R for which the motionless state is neutrally stable,
that is, the real part of A\ equals to 0. Sherman and Ostrach (1966) showed that A is
always real for positive R if the linearized version of equations (9)—(11) and boundary
condition (13) are satisfied. Therefore, the value of R. is obtained under the condition
of A=0.

Governing equations for u, f and q of neutrally stable disturbances are expressed

as
V-4 =0, (15)
—V§+ Au + Rbe, =0, (16)
Al+1-e, =0. (17)

Here ﬁ,é and ¢ can be assumed to be real functions. The boundary conditions for
and 0 are written as

R A, A 1
u=0,0=0 onx::i:T, ony::i:7y, andonz::I:E. (18)

We use a Galerkin spectral method to solve numerically equations (15)—(17) under
boundary condition (18). Since this method is the same as the one used in Fukazawa
and Funakoshi (2015), only its main part is described here. We expand @ and 6 as

2L+12M+12N+1 3

Wy, 2) =D D DY A Pl (@9, 2), (19)

=0 m=0 n=0 J=1

2L+12M+12N+1

'T 'Yy 2 Z Z Z bﬂmn)fémn<x Y,z )7 (2())

/=0 m=0 n=0
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where basis functions fgzzn n) (z,y,2) and fgmn)(2,y, 2) are defined by

. fg’)m’n)(g;,y, 2) =V X Fy <A%C:v> Gm<A£yy> Gn(22)e,,
fgz)m,n)(x,y, 2) =V x Gy <Ai:v) Fm(Aiy) Gn(22)ey,
2 2 (21)
fgz)m’n)(x,y, 2) =V x Gy <A—mx> Gm(A—yy) F.(2z2)e,,
\ Jemm) (Y, 2) = Fz(%ﬁ) Fm(A%y) F,.(22).

Therefore, equation (15) is satisfied for any values of expansion coefficients agzzn n)- In

the expression of @ given by equations (19) and (21), we use three (rather than two)
vector potentials so that we can impose decoupled boundary conditions for them on
all the walls of the cavity without a loss of generality. In the above basis functions,
modified Chebyshev polynomials Fy(§) and G¢(§) defined by

Fy(&) = (1= E)Tu(6), Ge(§) = (1= &) T(g), (€=0,1,2,...),

are used, where Ty(§) is the Chebyshev polynomial of the ¢-th order, and & =
2x/A,, 2y/A, or 2z. Therefore, boundary condition (18) is satisfied for any values
of expansion coefficients agz)mm) and b mn). Expansions of w and 0 are truncated at
(=2L+1,m=2M +1 and n = 2N + 1 in the x, y and z directions, respectively.
Here, we introduce functions j’g)ﬂg)(] = 1,2,3) and ]F(i,j,k) for i = 0,1,...,2L +

1, j=0,1,....2M +1and k=0,1,...,2N + 1 defined by

4 ~ 2 ~ 2 ~
V x Z-<A—xx>Gj <A_y )Gk(Qz)ex (for I =1),
. S D N~ D N -
() — N (= =
fnw ) =4 VX G o) B(r)Gui2sde, (o 1=2), ()
. /9 I TN
\ V x Gi<A—xm>Gj <A_y ) k(2z)e, (for I =3),
- - 72 -2 ~
fi,',k (Jf7y, Z) = Fz —ux | Fj - Y Fk(2z)7 (23)
(63:4) (AQC ) J(Ay >
where functions F;(&) and G;(€) are defined as
- Fi(€) . Gi(§) .
E = GZ = 22071727"'7
©=rtm o= 5 )
for &€ = 22/A,, 2y/A, or 2z. To obtain linear algebraic equations for expansion

()
(¢,m,n

(f 0 —Vi+ A+ Rbe.)) =0 (for 1=1,2,3i=0,1,...,2L+1,
j=0,1,....2M +1and k=0,1,...,2N + 1), (24)

coeflicients a ) and b(gm,n), we impose the following conditions:

(Fojn, A0 +a-e)=0 (for i=0,1,...,20 +1,
j=0,1,....2M +1and k=0,1,...,2N + 1), (25)
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where the inner product ((f,g)) of vector-valued functions f(x,y,z) and g(z,y, z) is
defined by

f g / dl’/ 4y dy/l de xr,Y,z g(ZE,y,Z), (26)

and the inner product (f,g) of scalar functions f(z,y, z) and g(x,y, z) is defined by

(f.g) = / dx/ydy/ldzfxy, V9(@, 1, ). (27)

The inner product of f (Z i) and the term of pressure gradient in equation (24) vanishes
for all I ,1,7 and k, because f % j ) satisfies conditions ]N”Ef)]k) = 0 (on the walls) and
A\ f (i = 0 (in the cavity).

Equations (24) and (25) are reduced to a generalized eigenvalue problem expressed
as

Az = \/R.Bz, (28)
where eigenvector & has Ny = 4(2L + 2)(2M + 2)(2N + 2) components, and A and B

are square matrices of dimension N;. The (J — 1)(2L + 2)(2M + 2)(2N + 2) + ((2M +
2)(2N +2) + m(2N +2) +n + 1 -th component of eigenvector & expressed as Z(,,¢m.n)

is given by
()
ag o (J=1,2,3),
L(Jbmm) = { gy (29)

V Rcb(ﬂ,m,n) (J = 4)7

ford =0,1,...,2L+1,m=0,1,...,2M+1andn =0,1,...,2N+1. The components of
matrices A and B in the (/—1)(2L+2)(2M +2)(2N+2)+i(2M +2)(2N+2)+j (2N +2)+
k+1-throw and (J—1)(2L+2)(2M +2)(2N +2)+((2M +2)(2N +2)+m((2N+2)+n+1
-th column, expressed as a(z; k), (Jt,mn) a0d b(1 j k) (1,6,mn) for A and B respectively, are
written as

<<f1jk Affmn>> (for[:172737 J:17273)7
a([,i,j,k),(.],ﬁ,m,n) = <f(i,j,]€)7 Af(e7m7n)> (fOI' I = J o 4)’ (30)
0 (otherwise),

\

( _<<f((113k)’f(€:m:”)ez>> (fOI’ I'= 172a37 ‘]:4)a
O(1,i,5.k).(Jtem.m) = < Fidar £ -ez> (for I=4, J=1,2,3), (31)
(

0

for ¢« = 0,1,....,2L+1, j = 0,1,....2M + 1, k = 0,1,...,2N + 1, and / =
0,1,...,20+1, m=0,1,....,2M+1, n=0,1,...,2N + 1.
There are eight symmetry modes that are defined by the reflections with respect

| otherwise),

to three planes © = 0, y = 0 and z = 0. These modes are expressed as é(sz,sy, s,)
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mode, where s, (or s,,5.) = e [0] means that 6 is an even [odd] function of z (or y, z).
Therefore, for example in é(o, 0, €) mode, 0 is an odd function of  and y, and also an even
function of z. In é(sx, Sy, S») mode, the symmetries of x, y and z components of u are
given by (84, 8y, 5:), (S, 5y, 52) and (S, Sy, S), respectively, where 5, (or 5,, §,) = o [e]
if s, (or sy, s,) =€ [o].

Because of the symmetry of equations (15)—(18), eigenvalue problem (28) is
decomposed into eight eigenvalue problems for N;/8 components of & with the values of
(¢,m,n) in equation (29) corresponding to one of eight symmetry modes in expansions
(19) and (20), called &. Therefore, we examine the stability of the motionless state for
the disturbance of each symmetry mode, similarly to the studies by Edwards (1988) and
by Mizushima and Nakamura (2003). The eigenvalue problem for each symmetry mode
can be written as

Az = \/R.Bz, (32)
where A and B are matrices of dimension N, /8 obtained by keeping only non-zero
components of matrices A and B, respectively. Equation (32) is rewritten as

O = ——1, (33)

where C' = A~1B.
The value of R. for 6(s,,s,,s,) mode, obtained as the maximum eigenvalue of
equation (33), is called Rff”sy’sz) hereinafter. Critical Rayleigh number R, is defined

.. Sa,Sy,S
as the minimum of R£ @898z

s for all s,, s, and s,. The symmetry mode corresponding
to critical Rayleigh number is called the most unstable mode hereinafter. The velocity
and temperature fields of most unstable mode are obtained from the eigenvector & of
equation (33) for this mode associated with the eigenvalue corresponding to critical

Rayleigh number.

4. Convergence of Numerical Solutions

The value of RS for truncation parameters (L, M,N) is expressed as RIEMNT

[L,M,N]

Relative variations of R with the increase in L, M and N by 1 are defined by
( (L.M,N] _ |RLL+1’M’N] _ R[CLM,N]l
€z = R[L’M’N] 7
) _ [REMTEN — REAM
€y ’ ’ = —— , (34)
RIMN

L,M,N+1 L,M,N
LMN] |Re I

L R[CL,M,N] ’

respectively. Using these variables, maximum relative variation of RLL’M’N] at (L, M, N),
6%1’?&]\7], is expressed as
[L7M7N]

Emax = = max (egL’M’N], €:[yL’M’N], E[ZLM’N}). (35)
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In the computation of RS we start with L = M = N = 3 or 4. We then
(L,M,N] [L,M,N]

repeat the procedure that L (or M, N) is increased by 1 if ejjay = = e (or
5%{%&1\7] = SLL’M’N], €LL’M’N]). We observe that e[rﬁ’ég&m tends to decrease to 0 and R

approaches a certain value, with the increase in v/L2? + M2 + N2 under this procedure.
Examples of the dependence of 5%{%&]\7] on /L2 + M? + N2 for the most unstable mode
are shown in figure 1 for (A,, A,) = (0.025,1),(0.1,6) and (0.025,0.025). In this figure,
roughly exponential decrease in 5%1’%?] with the increase in v/ L2 + M2 + N2 is shown.

2 : : : : 0 . . . . —
@ | (b) -6/ © |
— —4 = 2 | =
2 . s |
3 el 5
SE 61 =E W
o S 6 —~ 0l
S 8“; 8 10
o gl = ol
—127
A -10 : : ‘ ‘ T A
5 10 15 20 25 5 10 15 20 25 10 20 30
VL2 + M2 4+ N2 VL2 + M2 4 N2 \/L2+MQ+N2

Figure 1. Examples of the dependence of s%é\;{(’m on VL?+4+ M?+ N2 (a):

(Az, Ay) = (0.025,1). 6(e,o0,e) mode. (b): (Az, Ay) = (0.1,6). (e, e, e) mode. (c):
(Az, Ay) = (0.025,0.025). (e, 0, e) mode.

In most calculations of Rﬁs“’sy’sz), the values of (L, M, N) are increased under the

above procedure until V;/8 reaches about 7000. For A, and A, satisfying 0.1 < A,, A, <
60r0.01 <A, <0.1and0.01 <A, <1, E[Iﬁ’g/)[&m reduces to 1072 or less for the final value
of (L, M, N) called (Ly,, M,,, N,,). Therefore, the values of RUEm MmNl g0 these A, and
A, are regarded as RE=**2) Here it is noted that the values of (L, My, Npy,) strongly
depend on aspect ratios A, and A, and the symmetry of the mode considered, probably
reflecting the difference in the geometrical structures of velocity and temperature fields
in the x,y and z directions. This dependence will be discussed in the next section.
Velocity field of 6(s,,s,,s.) mode denoted by @(****) is determined from

equation (19) by using expansion coefficients ag)m n) obtained from eigenvector @ of

equation (33) for 0(s,, Sy, S») mode associated with the maximum eigenvalue. In order
to examine the convergence of velocity fields with the increase in truncation parameters,

. . . . : L,M,N
a measure of difference in velocity fields for different truncation parameters, 5[u7 ’ },

defined by

max|a =N (@ g, 2) — @l (2, 2)
[L,M,N] _ 2
cu = : (36)
max| @M (z,y, z)‘
T,Y,z
is introduced. Here @=™™ and a4l are the velocity fields for truncation parameters

(L,M,N) and (L, M,N), respectively. Also (L, M,N) are the values of truncation

parameters after three repetitions of the aforementioned procedure from (L, M, N),
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f @ , (b) | (©)
-1 ] =2 1
=t = -l =
= = =
=3 g s
W L [ w
= = S 4
87 g 8
4!
L L L L _5 L L L _6 L L L L L L
5 15 25 5 15 25 5 15 25 35

/L2+M2+N2 \/L2+M2+N2 /L2+M2+N2

Figure 2. Examples of the dependence of E%’M’N] on VL?+4+ M?+ N2 (a):

(Az, Ay) = (0.025,1). 6(e,0,e) mode. (b): (Az, Ay) = (0.1,6). O(e,e,e) mode. (c):
(Az, Ay) = (0.025,0.025). 6(e,0,e) mode.

which implies L + M + N = L+ M + N + 3. 5%’M’N] tends to decrease exponentially

as VL2 + M2 + N2 increases, as illustrated in figure 2 for the most unstable modes
for (A;, A,) = (0.025,1),(0.1,6) and (0.025,0.025). Since the values of 5%m’Mm’Nm] are
10~* or less for any A, and A, satisfying 0.1 < A,, A, <6 or 0.025 < A, < 0.1 and

0.025 < A, < 1, the velocity field allm MmNl £61 these A, and A, is regarded as
A(Sivsyvsz)
U )

5. Numerical Results

In this section, we show the results of numerical examination of R, and the velocity field
of most unstable mode both for A, <1 and 1 <A, <6 and for A, = A4, <1.

5.1. The case of Ay, <1 and1 <A, <6

If A, is decreased from 1 with A, being fixed to a value between 1 and 6, we observe
frequent changes of the symmetry of most unstable mode between é(e, e,e) and é(e, 0,¢€)
modes, as shown in figure 3. The changes occur more frequently for smaller A, or for
larger A,.

As found from Table 1, R, increases rapidly as A, decreases to 0, whereas its
dependence on A, is relatively weak. Figure 4(a) shows the dependence of R.A} for
f(e,0,€) and f(e, e, e) modes on A, for A, = 1. The changes of the symmetry of most
unstable mode occur three times for A, between 0.025 and 0.1, although the change
at the smallest A, is not shown clearly in figure 4(a). The curve of R.AL defined by
min[Rge’o’e)Ai, R,(;e’e’e)Ai] in figure 4(a) tends to a finite non-zero value as A, decreases
to 0. Therefore, R, is expected to be approximately proportional to A;* for sufficiently
small A,. Figure 4(b) shows the dependence of R.A}/m* on A, for fixed A, of 1, 3 or
6. We observe that R.A? tends to m* as A, decreases to 0 irrespective of the value of
A,. Therefore, R, is well approximated by 7*A_* for small A, for any A, of O(1). This
asymptotic behavior of R, will be explained analytically in section 6.
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Pl

Figure 3. Symmetry of 6 of most unstable mode for 0.1 <A, <land1< A, <6.
Solid lines denote the boundaries of the regions of symmetry é(e, e,e) and é(e, 0,€) in
the numerical computations. Broken lines are the boundaries of these regions obtained
in the asymptotic analysis. Numbers in [ ] denote the number N, of convection rolls
of most unstable mode in the numerical computations.

Table 1. R, and the symmetry of most unstable mode for a few typical aspect ratios
with small A,.

A, Ay R, symmetry | (L, My, Ny)
0.5 | 6 9.126607 x 103| f(e,e,e) | (9,12,13)
0.5 | 3 19.652946 x 10%| O(e,e,e) | (9,11,14)
0.5 | 1]1.497133 x 10*| O(e,0,¢) | (9,12,13)
0.1 | 6 |1.320239 x 10| (e, e,e) | (4,19,16)
0.1 | 3 1.327313 x 10| (e, e,e) | (5,14,19)
0.1 | 1]1.398958 x 106| O(e,e,e) | (5,14,19)
0.025| 1 [2.690256 x 10®| O(e,0,¢) | (4,11,23)

The flow pattern of most unstable mode for A, < 1 and A, = O(1) is a linear
arrangement of several narrow convection rolls in the y direction, as illustrated in figure
5. In this figure, examples of the flow patterns of most unstable é(e, e,e) and é(e, 0,¢€)
modes for A, < 1 and A, =1 composed of 4 and 5 narrow convection rolls are shown,
respectively.

As found from figure 4(a), each change of the symmetry of most unstable mode
with the decrease in A, is associated with the increase in the number of convection rolls
by one, which causes the decrease in their width-to-height ratio. The dependence of
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Figure 4. (a): Dependence of R.A% for (e, 0,e) and (e, e, €) modes on A,. Ay, =1.

Numbers

in |

] denote the number N, of convection rolls of these modes.

Dependence of R A% /7% on A, for A, = 1,3 and 6.
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5

Figure 5. Trajectories of fluid particles on the symmetry plane x = 0. A, = 1. (a):
A, =0.038, 0(e, e, e) mode. (b): A, = 0.025, 0(e, 0,€e) mode.
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Figure 6. Dependence of the number NN, of convection rolls of most unstable mode on
A,. Thick and thin horizontal line segments denote the range of A, within which the
mode of N, convection rolls is the most unstable for A, = 1 and 6, respectively. Broken
lines with slope —1/2 denote the value of N, predicted in the asymptotic analysis.
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the number N, of convection rolls of the most unstable mode on A, is shown in figure
6 for A, = 1 and 6. At the end points of horizontal line segments of this figure, the
changes of most unstable mode occur. Because these points are approximately along
broken lines of slope —1/2, especially for very small A,, we can say that N, is roughly
proportional to 1/y/A, if A, is sufficiently small. That is, the horizontal length (or the
width-to-height ratio) of each convection roll of the most unstable mode decreases with
the decrease in A, proportionally to \/A,.

1.0 T T
(b)
0.8}
0.6 o i
w
0.4F
0.2+ |
0
0 0.1 0.2 0.3 04 0.5
z
1.6 T T T T
(©)
+ +
1.2+ R
v | |
0.8} 12
| 0.8
v
04+ 0.4
I J477 048 049 0.5 |
: z
0 0.1 0.2 0.3 0.4 0.5

Figure 7. Superposition of the profiles expressing the z-dependences of normalized
velocity components of most unstable mode at 9 locations of (z,y) where z =
A, /8, Ay/4 or 3A,/8 and y = A, /8,A,/4 or 34,/8. A, = 0.025 and 4, = 1. (a):
Profiles of normalized w. (b): Profiles of normalized u. (c): Profiles of normalized v.
In (b) and (c), magnifications of the profiles in the wall layer are shown in the insets.
[, 4+ and o denote the profiles of normalized u, v and w, respectively, obtained in the
asymptotic analysis.

Typical velocity profiles of the z,y and z components of %, u,v and w, of most
unstable mode observed for A, < 1 and A, = O(1) are shown in figures 7, 8 and 9.
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Figure 7 shows the normalized profiles expressing the z-dependences of these velocity
components at 9 locations of (z,y) for A, = 0.025 and A, = 1. In figure 7(a), 9 profiles
of the w normalized so that w is 1 at z = 0 are shown. Since these profiles are not
distinguishable, the profile of normalized w is almost independent of (x,y).

In figure 7(b), u is normalized so that its value at z = 0.25 is 1. The profiles of
normalized u at 9 locations of (z,y) are almost the same except in thin regions near the
top and bottom walls. We call these regions (about 0.45 < z < 0.5 in figure 7(b)) wall
layers hereinafter. As z increases from 0, all the normalized u increase monotonically
from 0, and approach a local maximum close to 1.4 near the outer edge of the wall layer.
In the wall layer, however, the dependence of the profiles of normalized u on (x,y) is
observed. As z increases from the outer edge of the wall layer, about 0.45 in figure
7(b), each of the normalized u first decreases to about 1.2, then increases to a maximum
between 1.7 and 2.0, and finally rapidly decreases to 0.

Figure 7(c) shows the profiles of v normalized in the same way as u at 9 locations of
(x,y). Similarly to the profiles of normalized u, the profiles of normalized v are almost
independent of (z,y) except in the wall layers. As z increases from 0, all the normalized
v monotonically increase to a value around 1.4 near the outer edge of the wall layer.
However, within the wall layer, the normalized v is weakly dependent on (z,y) and
rapidly decreases to 0 as z approaches 0.5.

For A, < 1 and A, = O(1), because of the rapid variations of u and v in the wall
layers shown in figures 7(b) and (c), large truncation parameter N in the z direction
is required for the computation with high accuracy. It is also found that the width
of the wall layers, which is about 0.05 for A, = 0.025, decreases with the decrease in
A,. Therefore, larger NV,, is necessary in the numerical computations for smaller A, as
illustrated in Table 1.

The z-dependences of normalized u, v and w of most unstable mode at 9 locations
of (y, z) outside the wall layers for A, = 0.025 and A, = 1 are shown in figure 8. Here
u is normalized so that it is 1 at © = A, /4, whereas v and w are normalized so that
they are 1 at z = 0. Because the 9 lines of profiles of each velocity component are not
distinguishable, the profiles of normalized u, v and w are almost independent of y and z
outside the wall layers. Normalized v and w take a maximum at = 0 and monotonically
decrease to 0 as side walls © = £A,/2 are approached, whereas normalized u takes a
maximum near x = +A, /4.

Figure 9 shows the y-dependences of normalized u, v and w of most unstable mode
at 9 locations of (z,z) outside the wall layers for A, = 1. Here the profiles of each
component of velocity are normalized so that their maxima in the region of 0 <y < 0.5
is 1. The 9 lines of profiles of each velocity component are again not distinguishable,
which suggests that the profiles of normalized u,v and w are almost independent of z
and z outside the wall layers. For A, = 0.038, é(e, e, ) mode is most unstable, in which
u and w are even functions of y as shown in figures 9(c) and (a), whereas v is an odd
function of y as shown in figure 9(e). However, for A, = 0.025, 0(e, 0, ¢) mode is most
unstable, which causes the opposite parity of velocity components with respect to y = 0,
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Figure 8. Superposition of the profiles expressing the xz-dependences of normalized u,
v and w of most unstable mode at 9 locations of (y, z) where y = A,/8, 4, /4 or 34,,/8
and z = 1/8,1/4 or 3/8. A, = 0.025 and A, = 1. 0,4 and o denote the profiles of
normalized u, v and w, respectively, obtained in the asymptotic analysis.
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Figure 9. Superposition of the profiles expressing the y-dependences of normalized
velocity components of most unstable mode at 9 locations of (z,z) where z =
Ay /8, Ay /4 or 3A,/8 and z =1/8,1/4 or 3/8. A, =1. (a), (c) and (e): A, = 0.038,
(b), (d) and (f): A, = 0.025. (a) and (b): Profiles of normalized w. (c) and (d):
Profiles of normalized u. (e) and (f): Profiles of normalized v. O, + and o denote the
profiles of normalized u, v and w, respectively, obtained in the asymptotic analysis.
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as found from figures 9(b), (d) and (f). The vertical flows in the flow patterns shown in
figure 5 are weaker near the shorter side walls y = £A4,/2 than those near the central
plane y = 0, as found from figures 9(a) and (b). The same tendency is observed also for
u and v. It is also noted that the profiles of normalized u and w are almost the same,
as found from figures 9(a)—(d).
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Figure 10. Dependences of the ratios of t,, vm, ém, Ugm s Vym and W, 10 Wy, o0
Ag. Ay = 1. Broken lines are the lines of slopes 2, 1 and 1/2.

The ratios of representative magnitudes of u, v, w and 0 or their spatial derivatives of
the most unstable mode for A, < 1 and A, = O(1) are also examined. Figure 10 shows
the dependences of the ratios of u,,, vy, Qm, Ugm, Vym and Wy, to wy, on A, for A, =1,
Where ty,, U, Wy, O, U Vym and Wy, are the values of [ul, |v], [w], |0], |0u/dx], |8v/8y|
and |0w/0z| averaged over the z,y and z in the cavity, respectively. Because u,, is
much smaller than v, and w,,, the assumption of finite roll adopted by Davis (1967)
is a good approximation for A, < 1 and A, = O(1). We also find that w,,/wy,
Uy /Wy, and ém Jw,, decrease with the decrease in A, proportionally to A,, v/A, and
A2 respectively. However, Uy, /W, Vym/Wn and w,,, /w, are almost independent of
A,. These dependences of several ratios on A, will be used in the asymptotic analysis

of section 6.

5.2. The case of A, = Ay, =A< 1

In this subsection, we consider the onset of thermal convection in the cavity of a square
base with A, = A, = A < 1. For these aspect ratios, both é(e, 0,€) and é(o, e, e) modes
are most unstable. Critical Rayleigh number R, increases rapidly as A decreases to 0,
as illustrated in Table 2. Moreover, R, is well approximated by 257 A~% for sufficiently
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Table 2. R, and the symmetry of most unstable mode for a few aspect ratios satisfying
Ay, =A4,=A<1

A R, symmetry | (L, My, Nyy)
0.5 | 4.941374 x 10* | (e, 0,¢) (11,9,15)
0.1 |2.454351 x 107 | (e, 0,¢€) (8,7,25)
0.025 | 6.237110 x 10° | f(e, 0, €) (5,7,37)
1.3

1.2}

R, A%
2574

1.1t

Figure 11. Dependence of R.A*/(257*) on A. Solid line denotes the numerical result.
Broken line is the result of the asymptotic analysis.

small A, as found from the solid line in figure 11. This asymptotic behavior of R, will
be explained analytically in section 6.

The flow pattern of most unstable (e, o, €) [((o, e, ¢)] mode for small A is composed
of only one convection roll whose width-to-height ratio is small, and whose axis is parallel
to the x axis [y axis]. An example of this flow pattern for (e, 0,e) mode is shown in
figure 12 for A = 0.0625. In this figure, the trajectories starting from non-zero x are
not on the planes of constant = but are slightly curved if they are projected onto the
xy plane. The result suggesting the flow pattern of most unstable mode composed
of a narrow convection roll for small A was obtained also by Davis (1967) under the
assumption of finite roll.

Typical profiles of the velocity components of most unstable é(e,o, e) mode for
A < 1 are shown in figure 13. Figure 13(a) shows the z-dependences of normalized u,
v and w at 9 locations of (z,y). Here v and v are normalized so that their values at
z = 0.25 is 1, whereas w is normalized so that it is 1 at z = 0. Since the 9 dotted-
broken lines in this figure are not distinguishable, the profile of normalized w is almost
independent of (z,y).

The 9 profiles of normalized u are almost the same except in thin regions near the
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Figure 12. Trajectories of fluid particles starting from 5 points on the line of y = 0
and z = 0.4 in the velocity field of most unstable 0(e, 0, e) mode. A = 0.0625.

top and bottom walls, as found from figure 13(a). We again call these regions (about
0.43 < z < 0.5 in figure 13(a)) wall layers. With the increase in z from 0, all the
normalized v increases monotonically and approaches a local maximum around 1.4 as
z approaches the outer edge of the wall layer. Within the wall layers, however, the
dependence of the profiles of normalized u on (z,y) is observed. With the increase in
z from the outer edge of the wall layer to 0.5, each of these profiles first decreases to a
local minimum, then takes a maximum at z around 0.49, and finally decreases rapidly
to 0.

Outside the wall layer, the broken curves of normalized v are hidden behind the
solid curves of normalized w in figure 13(a). Therefore, the profiles of normalized v
outside the wall layer are very close to the profiles of normalized u, and are almost
independent of (z,y). However, the normalized v in the wall layer is weakly dependent
on (z,y), as found from the inset of this figure.

Because of the rapid variations of u and v in the wall layers shown in figure 13(a),
large truncation parameter N in the z direction is again required for the computation
of high accuracy for A < 1. It is also found that the width of the wall layers, which is
about 0.07 for A = 0.0625, decreases as A decreases. Therefore, for smaller A, larger
N,, is necessary for the numerical computations with sufficient accuracy, as illustrated
in Table 2.

The z-dependences of u, v and w at 9 locations of (y, z) outside the wall layers are
shown in figure 13(b). Here u is normalized so that it is 1 at x = A/4, whereas v and w
are normalized so that they are 1 at = 0. The profiles of the normalized w are almost
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Figure 13. Superposition of profiles expressing the normalized velocity components
A = 0.0625. (a): z-dependences of
normalized u, v and w at 9 locations of (x,y) where z = A/8 A/4 or 34/8 and
y = A/8,A/4 or 3A/8. A magnification of the profiles in the wall layer is shown in
the inset. (b): ax-dependences of normalized u, v and w at 9 locations of (y, z) where
y=A/8 A/dor3A/8and z =1/8,1/4 or 3/8. A magnification of the profiles is shown
in the inset. (¢): y-dependences of normalized u, v and w at 9 locations of (z, z) where
x=A/8,A/4or3A/8 and z = 1/8,1/4 or 3/8. Symbols + and o denote the profiles of
normalized w and normalized v and v obtained in the asymptotic analysis, respectively.

of most unstable mode at several locations.

independent of y and z. However, three curves of profiles are observed for both the

normalized u and v (three curves of normalized v are shown more clearly in the inset of

figure 13(b)). These curves correspond to the profiles at the locations of three different

y’s because the profiles at the locations of same y are not distinguishable even if z is

different. This observation suggests that the profiles of normalized v and v vary with y

but are independent of z.

Figure 13(c) shows the y-dependences of u,v and w at 9 locations of (z, z) outside
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the wall layers. Here u and w are normalized so that they are 1 at y = A/4, whereas
v is normalized so that it is 1 at y = 0. We first find that the profiles of normalized w
are almost independent of (z, z). However, three curves of normalized u for different x
are observed in figure 13(c) because the profiles for the same z are not distinguishable
even if z is different. Therefore, it is suggested that the normalized u depends on =
but is independent of z. The existence of a reverse flow region near y = A/2 in one of
three curves of normalized u implies a little complicated flow field near the side walls of
y = £A/2. The profiles of normalized v also depend only on x, although it is not easy
to recognize this weak dependence in figure 13(c).

The ratios of um,vm,wm,ém,uxm,vym and w,,,, introduced in section 5.1, of the
most unstable mode are examined also for A < 1. Figure 14 shows the dependences of
the ratios of u,,, vy, ém, Ugm, Vym and Wy, to wy, on A. Because u,, is much smaller than
v and w,,, the assumption of finite roll is a good approximation also for A < 1. We
also find that both w,, /w,, and v,, /w,, decrease with the decrease in A proportionally to
A. However, O, Jw,, decreases with the decrease in A proportionally to A%. The ratios
Uz [ Winy Vym /Wy, and Wy, /w,, are almost independent of A. From the above results,
we can say that although the dependence of v, /w,, on A for A < 1 is different from
its dependence on A, for A, < 1 and A, = O(1), the dependences of other ratios on A
for A <1 are the same as those on A, for A, < 1 and A, = O(1).
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Figure 14. Dependences of the ratios of um,, Vm, Om, Uzm, Vym and W, to w,, on
A. Broken lines are lines of slopes 1 and 2.

6. Asymptotic analysis

From equations (15)—(17), we can obtain the following equations:

ou Ov Jw

%+a—y+ =0, (37)

5 =
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0 0

) ) 00

) ) 00

—Av— —Aw - R.— = 4
5, DY o w Rc@y 0, (40)
Af+w =0, (41)

where u, v and w are the x,y and 2z components of u, respectively. Boundary condition
(18) is rewritten as

R A, A 1
u=v=w=0=0 ona:::I:T, ony::I:Ty, andonz:jzi (42)

6.1. The case of A, < 1

Most of the numerical results for A, < 1 and A, = O(1) shown in section 5.1 can be
explained by using an asymptotic analysis if we adopt a few assumptions based on the
numerical results, as will be shown below. In consideration of the numerical results
shown in figures 4 and 10, we assume that u, v, w,é and R, are expressed as

{u = Ay (lig + Aptiy), v = /Ay (D + Au?y), w = Wy + Apy,

. ) i ) N (43)
0 = A2(0p + A,0,), Re = A-4(Ro + ARy,

for small A,, where functions g, 0o, Wo, 0o, i1, 91, W1 and 0; are independent of A,, and
RO and Rl are constants independent of A,. It is also assumed that these functions
depend on

1 . 1
I Y/ T

and z, because the representative scale of w and 0 in the z direction is expected to

7 (44)

be of O(A,), and because the numerical result shown in figure 10 suggests that their
representative scale in the y direction is of O(v/Ay).
If we substitute equation (43) into equation (41), we obtain

o P

Wy = _WJ (45)
at the leading order of A,, and

0%0,  0°6,

-0 0% 4

YT T T o (46)
at the next order of A,. Moreover, substituting equation (43) into equations (38)—(40),
we obtain

D30

=0 47

oz (47)

0Py |~ 00

0 g O, (9

073 or
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Py = 96,

——+ Ry— =0 49

07205 T ey — (49)
at the leading order, and

030, D30y D

o T ozop ooy (50)

d (%  iy\ s 00y 5 00

b (s + ) gy g = oy
Py 0 (0% Py 5 00y  ~ 06

_ - —_— — = 2
07202 © 05 ( 072 | o ) Ty gy =0 (52)

at the next order. Substitution of equation (43) into equation (37) yields
duy ~ 0vy = Ow
AN
oz ay 0z

at the leading order. From boundary condition (42), we obtain

=0, (53)

~ 1
ﬂj:@j:~j: j:O (j:(),l) on C(~7::|:§, (54)
. : 1
u=0;=w;=0;=0 (j=0,1) on Z:ii (55)
Using equations (45) and (48), the differential equation
My =
gt Moo =0, (56)

for wy is derived. Here, the numerical results shown in figures 7-9 suggest that for small
A,, w can be expressed as a product of a function of Z, a function of § and a function
of z except in the wall layers. Therefore, we assume that w, is expressed as

@ = Xo(#)Yu(§) Zu(2), (57)

except in the wall layers, where X,,,Y,, and Z,, are functions of Z, § and z, respectively.
From the equation obtained by substituting equation (57) into equation (56) and
boundary condition (54), we find that X, should satisfy

I*Xy = o
= Ro Xy,

dzt °

~ . 1

Xy=0 at z==4-.

2

The solution to these equations that gives the smallest Ry is written as

X, = cos(7E), (58)
for which

Wy = COS<7T‘%)?w(g)Zw<Z)7 (59)

RO = 7T4, (60)
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are obtained. Moreover, from equations (48), (54) and (59), the following expression of
0y is derived:
0o = 3 cos(m2) Y, () Zuw(2). (61)
Equation (49) is satisfied by the @y, 0 and Ry obtained above.
The locations of side walls expressed by y = +£A,/2 correspond to § — £oo in
the limit of A, — 0 for fixed A,. However, if the boundary condition for y — oo is
imposed, the dependence of velocity fields and R, on A, cannot be derived. Therefore,

in the following analysis, we use the boundary condition
=0 =w;=0,=0 (j=0,1) on §= %, (62)
where g, = A,/(2y/A;) is assumed to be independent of A,. This assumption means

that we consider the limit of A, — 0 with A, = O(y/A,) instead of A, = O(1).
Using equations (47) and (53) and boundary conditions (54) and (62), we obtain

fip = —%[45;3 — 3% + sin(wf)]}}w(ﬂ)%z(z), (63)
fo=— (@2 - i) = Z Vo) (64)

The following equations are derived from boundary conditions (55) and (62) and
equations (59), (63) and (64):

~ 1
2
dZ. 1
—Y =0 at z=d4- 66
: at 2=+, (66)
Y,=0 at §==%j, (67)

/ V@i =o. (68)

However, because we consider only the velocity field outside the wall layers, taking
account of the z-dependences of u,v and w in the numerical computation shown in
figure 7, we use only equation (65) as the boundary condition for Z, at z = 41/2.

At the next order of A,, from equations (46), (51), (54) and (59)—(61), we obtain

0, = cos(nz)ey (7, 2)

1 cosh(m) N ~ %Y, 5

— 12— —= =2 Y, 2
T { cosh(m/2) xsm(mc)] <R1 v dy® v (69)
~ 2 ~ Rl }N/ Z ~
wy = |7 (g, 2) + 51 wlu cos(m)

1 [ cosh(nz)
dy?

- ?Y, \ 5
9 - 2 w
577 | coshi(n/2) 21 sm(ﬂx)} (Rle + 27 ) Z,s (70)



Onset of Thermal Convection in a Cavity of Small Aspect Ratios 25

where ¢ is a function of j and z. Using equations (52), (59)-(61), (64), (69) and (70),
we obtain the following equation for Y,, and Z,:

dy,, &*Y,, &z, [V -
Zoy + 21— 2, — Zo (7Y, 5)dif = 0. 1
Rld~ T2 L = 967 /gb w(@)dy =0 (71)
By the differentiation of equation (71) with respect to g, the equation
d*Y, d'Y, - - &7
2 2w+ 21—, — 96Y,,——" = 2
R—2 e + 27 T 96 12 0, (72)
is derived. From equation (72), we obtain the following two equations for Yy, and Z,:
,d*Y, d2Y,, ~
2m? D + R —= i kY, =0, (73)
d*Z,
96 T2 K Zy =0, (74)

where k is a constant. Here, in consideration of equation (74) and boundary condition
(65), it is reasonable to expect that Z,, is expressed as

Zy = cos(mz), (75)
because there is always only one convection cell in the vertical direction in the numerical
flow pattern of most unstable mode, as illustrated in figure 5. Substituting equation
(75) into equation (74), we obtain the relation k = —9672, using which equation (73) is
rewritten as

d'y, Ry &*Y,

4t o dp

In the case of §j, — 0o, we can assume that Y, is expressed as

+ 48Y,, = 0. (76)

Y., = cos(ko?), (77)
where kg is a constant. Substitution of equation (77) into equation (76) yields
~ 967>
Ry = 2k2n% + 2
ko

Therefore, R, takes the minimum of
Riso = 16V/372, (78)

when kg is equal to 2 - 3%, However, for finite §,, R; is expected to be larger than Rjoo

because Y, is required to satisfy equations (67) and (68) as well as equation (76). From

equations (68), (71) and (75), we obtain the boundary condition given by
d%wﬁwﬁ
di® | 2r? dj

Odd and even functions satisfying equation (76) are expressed as

=0 at §=+i (79)

Y, = ay sin(pa§) + ag sin(pag), (80)
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and

Y, = b cos(u19) + by cos(pad), (81)

respectively, where

= —\/R1 R2 (1=1,2), (82)

and ai,as,b; and by are constants. Here, u; is larger than us, and they satisfy the
relations

R,
[+ s = o2 (83)
papz = 43, (84)

It is noted that Ry is larger if the difference between py and ps is larger.
Because of boundary condition (67), the following equations should be satisfied:

ay sin(p19p) + ag sin(usgy) = 0, (85)

by cos(19p) + ba cos(pagp) = 0. (86)
Moreover, from boundary condition (79), we obtain

ay g cos(p1Gy) + aspn cos(pafs) = 0, (87)

bipia sin(p1gs) + bopir sin(pags) = 0, (88)

by using equation (83). The condition for the existence of non-zero a; and as satisfying
equations (85) and (87) is written as

o tan(pigy) = po tan(pags), (89)

whereas the condition for the existence of non-zero b; and by satisfying equations (86)
and (88) is written as

p1 cot (@) = pia cot(piaiy)- (90)

If a value of g, is given, p; and ps of odd Y., expressed as equation (80) are obtained
as the solution to equations (84) and (89), whereas ju; and py of even Y, given by
equation (81) are the solution to equations (84) and (90). Here, although there are
infinite number of pairs of uy and ps satisfying equations (84) and (89) or (90), we
choose the pair of smallest difference so that R; determined from equation (83) is the
smallest. For fixed A,, the values of 11, 112 and R, for any A, are numerically obtained
through the above procedure by using g, = A,/(2v/A;). The dependence of Ry on A,
for A, = 1 is shown in figure 15(a). Both for odd and even Y,,, Ry decreases with
the decrease in A,, and tends to Rloo. We also observe a few intersections of the R1
curves for even and odd Y, corresponding to the change of most unstable mode between
0(e, e, e) and 0(e, 0, ) modes. The R, for O(e, e, e) and O(e, 0, ¢) modes in the asymptotic
analysis are obtained by substituting Ry, = 7* and R; for even and odd Y}, into equation
(43). The R, = R.A*/n* based on these R,, shown in figure 15(b) as thin and thick
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Figure 15. (a): Thick and thin broken lines denote the R; for odd and even Y,
respectively. Ri. is expressed by a dotted-broken line. Numbers in [ | denote the
number of convection rolls, N,. I:{ge’o’e) and Rge’e’e) denoted by thick and thin solid
lines are defined by equation (99). A, = 1. (b): Thick and thin broken lines denote
the R. = R.A%/m* computed from equation (101) with the R; for odd and even Y,
respectively, whereas dotted-broken line denotes the R, obtained by using Ry = Risc
in equation (101). R&e’o’e) and Rﬁ”"e) denoted by thick and thin solid lines are defined

by equation (100). A, = 1.

broken lines, decreases to 1 as A, decreases to 0 both for even and odd Y,,, and is well

approximated by the R, computed from Ry = 7* and Ry = Ry expressed by a straight

dotted-broken line for small A, .

The A,’s at the intersections of }?1 curves for odd and even ffw can be obtained in

the asymptotic analysis. That is, if R;’s for odd and even Y,, are the same, the w1 and
1o for odd Y, agree with those for even Y,,. Therefore, these p; and us are required to

satisfy equations (89) and (90) simultaneously. The series of p1 and p9 satisfying these

equations are written as

Ny + )7 Ny
= BT Ty e, (91)
Yo Yv
or
Ny + 3)m Ny — Y
= T BTy s (92)
Yo Yo
When equation (91) is satisfied, we obtain
- - . Ny(Npy + 1
Up = yéé\g;)), where yéé\efl;)) = %ﬂ' (Ny=1,2,...), (93)
Ho_ piv) BN _ 1
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from equations (83) and (84), whereas

NZ-1
Jo = Gy, where i) i’—ﬁ“w (Ny=1,2,...), (95)

(N, =1,2,...), (96)

R, = ]:Zf(\gg), where I;’g](\gbe)) = Ry {1 +

2(Nj - i)}
are obtained from the same equations if equation (92) is satisfied. Both of the above
two expressions of R; can be rewritten as

~ ~ 7'(2
for any N,.

The 3,’s defined by equations (93) or (95), which corresponds to the intersections
of Ry curves for odd and even Y, increase roughly proportionally with N, for large Nj.
The Rl’s at these intersections decrease with the increase in g or N, and tend to Rloo
as g (or ;) — 00, as found from equations (94), (96) and (97). It is also found that the

relation gééﬁi)) < géé\;f))) < gjl()ézgl) holds for any positive integer N,. The values of g, and

R; given by equations (93)—(96) for N, = 1,2 and 3 are shown in Table 3 in ascending
order of g,. The values of A, based on the above g, for A, = 1 are also shown in this
table to compare with the numerical results.

Table 3. Values of §j, and R; given by equations (93)—(96). Values of A, based on this
¥ and numerically computed A, where the most unstable mode changes for A, = 1.

(eo0) A, based | A, where the most|  change of N, of

or |Ny| o Rl on g, for | unstable mode most unstable mode
(0e) A, =1 |changes for A, = 1|with the increase in g,
(0e)| 1]1.0336(455.86| 0.2340 0.2533 12

(eo)| 1 |1.6879|341.89| 0.0877 0.0898 2—=3

(oe)| 2 2.3113|309.98| 0.0468 0.0474 3—4

(eo)| 2 {2.9236(296.31| 0.0292 0.0295 4 =5

(oe)| 3 13.5306(289.14| 0.0201 0.0202 5—6

(e0)| 3 4.1346]284.91| 0.0146 0.0147 6—7

The number of convection rolls, N,, agrees with the number of zeros of the profile
of y-dependence of w in the region of —A4,/2 < y < A, /2, as found from the comparison
of figures 5 and 9(a) and (b). The y-dependence of normalized w is determined by Y, in
the asymptotic analysis. For each ¢, because the ratios of coefficients, as/a; and by /b,
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in equations (80) and (81) are determined from equations (85) and (86) (or equations
(87) and (88)), the profiles of even and odd Y,, are obtained. On the basis of the number

of zeros of these Y,,, we obtain the results that at g, = ;&,SZZ)), the change of most unstable

mode between the even f/w with N, = 2N, and the odd Y,, with N, = 2N, + 1 occurs,
and that at g, = g]éé\gz)), the change between the odd ffw with N, = 2N, — 1 and the even

Y,, with N, = 2N, occurs. Therefore, as g, increases, the N, of most unstable mode
increases by 1 at the above g,’s, as shown in Table 3. This behavior corresponds to the
increase in the N, one by one with the decrease in A, for fixed A,, as shown in figures
3, 4(a) and 15(a). For large Ny, the N, is approximated by 2NV, and both yféé\é’;)) and

gjégz)) are approximated by mN,/(2- 3%). Therefore, we obtain the following approximate

expression of N,:

1

2-314,
™A,

The results of asymptotic analysis obtained in this subsection agree well with the

numerical results for small A, shown in section 5.1. That is, in the asymptotic analysis,
the boundary lines in the (A,, A,) plane across which the most unstable mode changes
are determined from g, = gjégf))) and g, = j&ééﬁbe)) These boundary lines denoted by
broken lines in figure 3 agree well with the numerical boundary lines for small A,
although their difference is not small for A, around 1. Moreover, for A, = 1, quite
good agreement between analytical and numerical A,’s where the most unstable mode
changes is observed for small A,, as found from Table 3. The relation between A, and
N, given by equation (98) is shown in figure 6 by broken lines for A, = 1 and 6. We
find that the dependence of N, on A, in the numerical computation for small A, is
consistent with these lines. It is also found that the one-by-one increase in the N, of
most unstable mode with the decrease in A, for fixed A, in the numerical computations
is perfectly explained by the asymptotic analysis.
The values of R\ and R\ defined by

A4R£675ya€) _ 71.4
X

Ay
obtained in the numerical computation, correspond to the R; in the asymptotic analysis

for even and odd Y, respectively. The dependence of B> and R{*“® on A, for A, =1
is expressed by thick and thin solid lines in figure 15(a), respectively. Although they

Rge,sy,e)

(sy =eoro), (99)

are larger than the Rl for odd and even f/w, their deviation from this Rl decreases as
A, decreases, and they tend to R as A, — 0. The dependence of R and R
defined by

R((:E,Sy,e) = Rée’swe)Ai/ﬂ-Ll (Sy = € Or 0)7 (100)

obtained in the numerical computation, on A, for A, = 1 is expressed by solid lines in
figure 15(b). The dependence of the analytical result of R, defined by

- AR
R.=1+ 41,

(101)

T
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with the R; for even and odd Y,, on A, for A, =1 is shown in figure 15(b) as thin and
thick broken lines, respectively, whereas the dependence of the R, with R, = Rio on
A, is expressed as a dotted-broken line. Both R““® and R are tangent to the line
of the R, with R, = Ry, in the limit of A, — 0, and are well approximated by the R.
with the Ry for even and odd Y/w for small A,.

The numerical profiles of normalized u,v and w of most unstable mode shown in
figures 7-9 also agree well with the profiles obtained in the asymptotic analysis outside
the wall layers. That is, the z-dependence of normalized w shown in figure 7(a) is well
approximated by the analytical profile of Z,, = cos(mz) of equation (75), denoted by
o, except for a slight discrepancy near z = £0.5. The z-dependences of normalized u
and v shown in figures 7(b) and (c) are also close to the analytical profile of v/2sin(7z),
denoted by O and +, derived from equations (63), (64) and (75) except in the wall layers.
The z-dependences of normalized u,v and w outside the wall layers shown in figure 8
are well approximated by the analytical profiles obtained by normalizing the g, vy and
Wy given by equations (63), (64) and (59), expressed by [J, 4+ and o, respectively. The
y-dependences of normalized u and w shown in figures 9(a)—(d) also agree well with the
normalized profiles of Y,, expressing the y-dependence of @y and @, in equations (63)
and (59), denoted by [0 and o, both for é(e, e,e) and é(e,o, e) modes. Moreover, the
y-dependences of normalized v shown in figures 9(e) and (f) are well approximated by
the normalized y-dependences of vy, denoted by +, obtained by substituting even and
odd Y, into equation (64), respectively.

6.2. The case of Ay, = Ay = AK 1

Most of the numerical results for A < 1 shown in section 5.2 also can be explained by
using an asymptotic analysis under a few assumptions based on the numerical results.
That is, in consideration of the results shown in figures 11 and 14, we assume that
u, v, w,é and R, are expressed as

{u = A(ﬁo —|—A2ﬁ1), v = A(@o +A27}1), w = ’LZJ() +A21Z)1,

R X . ) X (102)
6 = A2(90 -+ A291), RC = A_4(R0 + A2R1),

for small A, where functions g, g, W, éo, Uy, U1, Wy and 0, are independent of A, and R,
and R, are constants independent of A. It is also assumed that these functions depend

on
1 1

Zx7 Yy Zya

and z, because the representative horizontal scale of & and 0 is expected to be of O(A).

z

If we substitute equation (102) into equation (41), we obtain

Wy = —Apb, (103)
at the leading order of A, and
< o 0%
Wy = —Ayb, 0 (104)

022
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at the next order of A, where

0? (‘32
Ay = :
=021 9
Substituting equation (102) into equations (39) and (40), we obtain
0« . 00
8@AHwO + Ro 9r 0, (105)
d . . 0,
Agu — = 1
Bl HWo + Ro Bl 0, (106)
at the leading order, and
0 d [ 0%y 90, 96,
_a—AHUO + = a (Ale + a B ) R1 8A R(] aZL‘ = 0, (107)
o+ . 0 (; 0%y 90, 90,
_aAHUO+ ay (Ale -+ 8 D) ) Rl aA Ro ay 0, (108)

at the next order. Substitution of equation (102) into equations (37) and (38) yields

Oty 0ty  Owy

5% " T o (109)
9 A A
% 5 =0, (110)

at the leading order.
From equations (103), (105) and (106), we obtain the following equation for wj:

Here, the numerical results shown in figure 13 suggest that for small A, w can be
expressed as a product of a function of Z, a function of ¢ and a function of z except in
the wall layers. Therefore, we assume that wy is expressed as

Wy = Xw(f)?w@)zw('z% (112)

where Xw,Yw and Z, are functions of Z, 7y and z, respectively. From the equation
obtained by substituting equation (112) into equation (111) and the boundary condition
of wy = 0 on the walls, we find that X, and Y,, should satisfy

d’X . d2Y, .

YR LA 113
dz? “ dij? €2 (113)
. o1 . 1

Xo=0 at i=g, Yo=0 at §==g, (114)

where ¢; and ¢y are constants. Moreover, we obtain the relation

RO = (Cl + 62)2, (115)
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from equations (111)-(113). The even function X,, and odd function Y,, that satisfy
equation (113) and boundary condition (114) and that yield the smallest R, are written
as

X, = cos(ni), Yy, = sin(2rg), (116)
which give ¢; = —7? and ¢y = —472. Therefore, we obtain
Wy = cos(mi) sin(27)) Zw(2), Ry = 257", (117)

Here it is noted that although the solution of different symmetry expressed as wy =
cos(mi) cos(mi)) Zy(2) yields Ry smaller than 2574, this solution is not valid because it
gives non-zero vertical flux through any horizontal section of the cavity. From equations
(103) and (117) and boundary conditions on the walls, we find that 6, is related to iy

as
A 1 .
0y = ﬁwo. (118)
The numerical results shown in figure 13 suggest that u and v for small A can be
expressed as products of a function of z that is common to u and v and functions of z

and g except in the wall layers. Therefore, we assume that iy and 0, are expressed as
I&O = Pu(i'a ZDZh(Z)a @O = Pv(i.vg)zh(z)v (119)

outside the wall layers, where P, and P, are functions of & and gy, and Z, is a function
of z. From equations (109), (110), (117) and (119), we obtain

dZ
Zp=y— 120
h Y dz ( )
A9 573 . . R A9 1073 . N
AL P, = - sin(mz) sin(27y), Ay P, = S cos(m) cos(2my),  (121)

where v is a non-zero constant. If we assume that P, and P, are expressed as products
in which their dependences on & and g are separated, we cannot find their analytic forms
that satisfy equation (121) and boundary conditions on the walls. This result suggests
that neither P, nor P, can be expressed as such products, and is consistent with the
numerical result shown in figure 13.

From equations (103), (104), (107), (108), (117) and (118), we can derive the
following equation for wy:
6212J0

022

From the solvability condition for inhomogeneous equation (122) having the same

(A2, — Ry, = 157° + Ryt (122)

homogeneous terms and the same eigenvalue parameter value, the inhomogeneous term
of this equation should be 0. Therefore, by using equation (117), we obtain the following
equation:

27,

1572 —— Ry Z, =0. (123)

~2
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The even function Z,, that satisfies equation (123) and the boundary condition of Z,, = 0
at z = £1/2 and also gives the smallest R; is written as

Z = cos(mz), (124)
for which
Ry = 157%, (125)

is derived. Therefore, from equations (102), (117) and (125), we obtain
3
R, = 257*A™* (1 + 5A2> : (126)
Function Z,, is expressed as

Zp = —ymsin(nz), (127)

from equations (120) and (124). Therefore, the profile of Z;, that is normalized in the
same way as the numerical profiles of z-dependences of normalized v and v is given by

Z, = V2sin(nz). (128)

It is noted that this Z), approaches v/2 as z tends to 1/2 and does not satisfy the
boundary condition of Z, =0 at z = £1/2.

The above analytical results agree well with the numerical results for A < 1 outside
the wall layers. That is, in figure 11 we find that the numerical value of R A*/(257)
for small A is well approximated by 1 + 3A2/5 obtained from equation (126), denoted
by a broken line. The numerical profiles of the z-dependences of normalized v and v
agree well with the analytical profiles given by equation (128), denoted by o in figure
13(a), except in the wall layer. The numerical profiles of the x-, y- and z-dependences
of normalized w shown in figures 13(b), (c) and (a) are also well approximated by the
analytical profiles of cos(mz/A), sin(2my/A) and cos(wz), respectively, denoted by +,
except in the wall layer. It is noted that in the wall layers the difference between the
numerical and analytical profiles of the z-dependences of normalized v and v is large,
as found from figure 13(a).

7. Discussion and Conclusions

Onset of thermal convection of a fluid in a rectangular parallelepiped cavity of small
aspect ratios is examined both numerically and analytically under the assumption that
its all walls are rigid and of perfect thermal conductance exposed to a vertically linear
temperature field. Critical Rayleigh number R, and the steady velocity and temperature
fields of most unstable mode are computed by a Galerkin spectral method of high
accuracy described in section 3 for aspect ratios A, and A, either or both of which are
small.

In section 5.1, we find that if A, is decreased to 0 with A, being kept constant,
R. increases proportionally to A4, the convection rolls of most unstable mode whose
axes are parallel to the shorter side walls become narrower, and their number increases
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1
>, We also observe more frequent changes of the symmetry of most

proportionally to A,
unstable mode for smaller A,. However, if A, = A, = A is decreased to 0, although we
again observe the increase in R, proportional to A%, we always obtain the flow pattern
of most unstable mode composed of a narrow convection roll, as shown in section 5.2.
The existence of the thin wall layers near the top and bottom walls within which rapid
variations of horizontal velocity components are found is also observed for small A, or
A.

Using the dependences of R. and the magnitude and length scale of the velocity field
of most unstable mode on A, and A, in the numerical computations, the expressions of
R. and velocity fields in the limit of A, — 0 or A — 0 are obtained by an asymptotic
analysis in section 6. For example, R, is approximated by 7m*A_% and 2571A~* in the
limits of A, — 0 and A — 0, respectively. Moreover, second-order expressions of R,
are derived both for A, — 0 and A — 0. The analytical expressions of all components
of velocity fields for A, — 0 and the vertical component of velocity fields for A — 0
are also derived. Moreover, the analytical expressions of boundary lines in the (A,, A,)
plane across which the most unstable mode changes for small A, are derived.

The results of the asymptotic analysis obtained in section 6 agree well with the
numerical results for small A, or A. That is, the numerical values of R, for small A,
or A are well approximated by its analytical expressions. The one-by-one increase in
the number of convection rolls of most unstable mode with the decrease in A, for A,
being kept constant observed in the numerical computations is perfectly explained by
the asymptotic analysis. The numerical boundary lines in the (A,, A,) plane where
the changes of most unstable mode occur for small A, are close to the boundary lines
obtained in the asymptotic analysis. The agreement between the numerical velocity field
for small A, or A and the analytical expressions of velocity field is quite good except in
the wall layers.

In his study under the assumption of finite roll, Davis (1967) pointed out that the
flow patterns of most unstable mode are composed of a few narrow convection rolls
when one of A, and A, is much smaller than 1, In the present study, similar results
are obtained without this assumption by the numerical method of high accuracy, and
the details of flow patterns of most unstable mode for such aspect ratios as well as the
analytical explanation of them are reported.

One of the characteristic properties of velocity fields when A, or A is small is the
rapid variations of horizontal velocity components in the wall layers. The existence of
the wall layers is shown clearly in the present numerical study of high accuracy. The
asymptotic analysis in the present paper yields the velocity profile that cannot satisfy all
the boundary conditions on the top and bottom walls. Therefore, these velocity profiles
are not valid in the wall layers. Within the wall layers, a scaling of variables different
from the one used in the present study would be necessary. The analytical examination
of velocity profiles in the wall layers is left for the future study.

In their studies on the onset of thermal convection in an infinite channel of
rectangular cross-section surrounded by rigid walls of perfect thermal conductance,
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Chana and Daniels (1989) numerically obtained the R, and non-dimensionalized critical
wavenumber k. that determines the width-to-height ratio of the convection rolls of most
unstable mode for several aspect ratio A, of the cross-section. Their results that as A,
decreases to 0, R, rapidly increases and k. also increases (that is, the convection rolls
become narrower) are consistent with the numerical results of the present study for small
A, with A, being kept constant. They also performed an asymptotic analysis in the limit
of A, — 0. In this analysis, they adopted the assumptions that are essentially the same
as equations (43) and (44), and obtained the asymptotic form of R, = AZ*(m*+ A, Rys),
which is the same as the result of the present study for 7, — 0. Moreover, the expressions
of Z- and z-dependences of g, Uy and wy shown in section 6.1 of the present study were
obtained also in their analysis. Therefore, the result of their analysis is consistent with
the analytical result of the present study for g, — oo.

The results of the asymptotic analysis for A, < 1 agree well with the numerical
results of R, and the velocity field of most unstable mode outside the wall layers for small
A,. This agreement suggests that the neglect of the wall layers does not greatly influence
the onset of thermal convection for small A, and that the boundary condition on the
top and bottom walls is insignificant for such A,, which coincides with the assertion of
Chana and Daniels (1989) based on their study for both rigid and stress-free top and
bottom walls.

It is interesting to examine the effect of imperfection that the cavity is tilted slightly
because this effect may cause a remarkable change in the thermal convection of the tall or
thin rectangular parallelepiped cavity examined in the present study. The examination
of this effect is left for the future study.
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