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Quasi-periodic solutions of the

Sine-Gordon equation and the massive Thirring model
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In this note we consider quasi-periodic solutions of
the sine-Gordon equation
U, — Uiy + sinu =0 (0.1)

and the field equation of the massive Thirring model

- iu, - iu_ + 2v + 2|vl2u = 0
t X
_ 2 (0.2)
- iv, + iv_ + 2u + 2Jul|“v = 0.
Quasi-periodic solutions of the sine-Gordon equation
1)

were given by Kozel-Kotlyarov in terms of the Riemann theta
functions. We obtained a similar result for the massive
Thirring modelz).

In sections 1 and 2, we descrive the result of Kozel-
Kotlyarov in a modified form. First we derive a systém of
solvable differential equations which generates a family of
solutions of the sine-Gordon equation. This system is derived
from the linear operators which were given by Ablowitz-Kaup-

3) 4) for the

Newell-Segur and Zakharov-Takhatzhian-Faddeev
sine-Gordon equation. Next that system is integrated by

employing the theory of abelian integrals on a hyperelliptic
curve, which gives an explicit formula for the solution in-

terms of the Riemann theta functions,
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In section 3, we briefly summarize our result for the
massive Thirring model. In this case the corresponding system
of the differential equations are derived from the linear

5)

operators given by Mikhairov™’.

§1. Sine-Gordon equation ( 1 )
Let ¢l and ¢2 be solutions of the following equations

2193 + u'¢y + Lo, = 0

2i¢é'+ o, = u'é, = 0

219, + ;"lexp(iu)¢2 =0

21, + T Texp(-iw)¢, = 0

- where ¢' = 2¢/8E&, ¢ = €o/8n, E =t + x, n =t -xandg

is a parameter. These linear equations are essentially the

same as those which were given by Ablowitz-Kaup~-Newell-Segur

and Zakharov-Takhtadzhian-Faddeev for the sine-Gordon equation.

Then functions f = ¢l¢2' g = ¢i, h = ¢§ satisfy the following

equations
£ = 27tg( g+ h)
g' = le + l?;f » w = u'
h' = igf - iwh
. -1 -1 (1.1)
f = (2z) Tiexp(-iu)g + (2z) Tiexp(iu)h
g = Q_liexp(iu)f
h = ¢ liexp(-iu)f

We consider the system (1.1) in which u and w are
regarded as arbitrary functions. We require that the above

system have solutions of the forms

_ N 29-1 _T N 2 TN 2 )
£ 25m1f5E T T 9 ) mggyt e R = syt (A2
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where N  is any natural number. This requirement determines
coefficients  u .and w, as will be shown below. Putting (1.2)

in (l.l), we have the following relations for coefficients:

-1
£l =2 7i . + h. j =1,""", N
3 10gyy *hy ) Iz
' = iwg, + if, j=0,""", N f_=0
93 93 . T 0
h! = if. - iwh. . .o
j s I j=0,""", N
. _ -1 (1.3)
fj = 2 iexp(-—iu)gj + 2 iexp(iu)hj i=1,""", N
gj = :1.exp(3.u)fj+l j = 0, , N fN+l =0
hj = 1exp(—1u)fj+l j =0, , N
Iy + hN =0
exp(—iu)g0 + exp(iu)h0 =0
Further we see that the following relations hold:
In = —hN = constant,
gOhO = constant.
Therefore coefficients u and w are expressed as
u = -ilog(-hytg )12,
-1 (1.4)
w = -9y fy.

Substituting these relations (1.4) into (1.3), we get the

following system of differential equations

£ = 2'11(,gj_l +hy 1) j=1,""", N
gé = -ingj + ifj j=10,""", N-1
?3 = ifj + ihoj j=20,""", N-1 (1.5)
fj = 2'11(-g0h0)'1/2( qohj - gjho ) j=1,""", N
éj - i(’qoho)-1/2‘3‘0f3'+1 j=07"", N1
ﬁj - —i(-gOhO)‘l/zhij+l i =0,""", N-1
where we put g = -hg = -1 without loss of generality.

Accordingly the existence of polynomial solutions of (1.2)
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is equivalent to the solvability of the system (1.5). Kozel-
Kotlyarov derived the system of this type as the deformation
equations of the monodromy matrix of the linear operators.

Reversing arguments, we begin our discussion with the
system (1.5). First we can show that the system (1.5) is
completely integrable. Therefore for any initial condition
{ fj(0,0), (3=1,""", N) gj(0,0), hj(0,0) (3j=0,""", N-1)}
there existsdunique solution { fj(g,n), gj(g,n), hj(g,n)}.

Define polynomials £, g, h by (1.2) and coefficients
u, w by (l.4) with solutions fj} 94 hj' Then polynomials
£, g, h are solutions of (1.1). Using the system (1.5), we
know that goho is a constant and the function u defined
by (1.4) is a solution of the sine-Gordon equation. Further
by (1.1), we see that

P(e) = £ -gh =3 Hip.c?]

is a polynomial with constant coefficients.

(1.6)

Let *z, (g,m) (3 =1,""7, N) be the roots of the equation

g = 0. Then the polynomial g 1is expressed as
N 2 2
=i - i), 1.7
g szl( z £5 ) 2 (1.7)
The solution u is expressed in terms of ;j as
s _4yN -1/2 N 2
u = ~ilog((-1)"pg T 2 ). (1.8)
Next we derive differential equations for C?- By (1.7), we
have :
v N 2., 2 2 '
gt = = Doy (5 [LINPCEE (1.9)
= N
where TT oy = Ty x5
“Putting ¢ = Cj in the equation

g' = iwg + icf,
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we have by (1.9),
2., 2 2, _ .
(M yed - e = ieyeey).
Since f(c:j)2 = P(Ej) by (1.6), we have
L, 2 1/2
1(ch(Cj))

2 +.
(X)) ! =% . (1.10)
30T 2 2

Similarly we have

N-1, 2 2 1/2
-1 . .P(z.
Y 1] 5 (530 (25 (25))
(t5) =- T (2 - 4 . (1.11)
k#3773 k
§2. Sine-Gordon equation ( 2 )
In this section we use notations ;2 = A, g? = uj
P(A)::Z%igpjxj = ijiT(A - Aj). For simplicity we assume that

the initial condition for the system (l.5) is given so that
the eg@tions P()) = 0 and Z:jgogj(o,o)xj = 0 have simple
roots and Aj # 0.

ILet S Dbe the Riemann surface of the hyperelliptic
curve uz = AP(X). The genus of S 1is N. We realize this
surface S as a double covering of the Riemann sphere in a
standard way and take a canonical homology basis uj, Bj. For
the theory of Riemann surfaces we refer to ref. 6) and

references in it. We denote a basis of the abelian integrals

of the first kind by

_ < N-1
i 2=0%52
normalized by

1/2

® 2o () T 2an, i=1,""", N
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gB wk = Tjk i, k =1, + N

cand T = (Tjk). Let T be the lattice of CN generated

by the columns of the period matrix ( I T ), where I

N’
denotes the identity matrix of degree N.

N

We regard the differential equations (1.10) and (1.11)
as that on S. The locations of uj(0,0) are determined so
that the relations

N k T - 1/2
2 iy (0,015 (0,0) = (uy(0,0)2 (u5(0,0))
hold. We rewrite differential equations for uj:

. 1/2
1(ujP(uj))

llk#j(uj _Uk)
N, 1/2
1) Ty (P gD

j _
TW%#j(“j M)

By similar calculations as in ref. 6), we have

W, (&,1n)
k — . . -1/2
( E kEl S wj ) = ( 1cj N—lE - ip, 1/ cj on #F
u 14 r
0
y (0,0) v
N .
+ z:k=l ) wj ) mod. I' (2.1)
0

where is a fixed point on S.

Mo
Introducing the Riemann theta function
©(u) = 2;- N exp(2wimtu + ﬂimTtm)
mez

“ee N
u = (ul, ,uN)eC , W= (ml,

we can express symmetric functions of “j in terms of © by



a standard method. As a result we have

0(w(0) + ¢(&,n))

N Joau (i - TN
Z%=11°9“j(5'”) = 2log W) + ¢(€,n))'+-25=1 gajlogkwj

+27im, ‘ meZ (2.2)

where

W = (g 0,7 ), s ) = g“ pe s

w .
Ho J
$(E,m) = (6, (E,m), """, 0 (E,n)) |

1/2 _-ly N
°3,0" 277) km1T5k
+ 270 - N 0,000

Combining (2.2) and (1.8), we have the following formula

¢‘J(gln) = _icj,N—lg + lpo

for the solution of the sine-Gordon equation

(£,n) 2ilo O(W(0)+¢(£'n))+ C + 2
u(g, = - . ™,
n T O (w(w)*¢ (£,1))

- s N s _1yN _-1/2
C = -1 j=1§;jl°gij ilog(-1) Py .

§3. The massive Thirring model

For the field equation of the massive Thirring model,
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+

we can give a formula of the solution in terms of the Riemann

theta functions by a similar method as in sections 1 and 2.
Here we descrive our result briefly. " For detail, we refer
to ref. 2).

We can show that the following system of differential
equations is completely integrable

£] = -if&thgj + if&lgNhj 5=1,""",N-1

g} = —2_lif§2gNhﬁ%f 2if§lngj_i - 2igy ; 3 =1,777N

h} = 2‘lif;]2gNhNhj - zifghngg, )+ 2ihg ) 3= 1,0N
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: 1 -1

fj = —1f0 hlgj+l + 1f0 glhj+l j =1, ,N-1 (3.1)

T =L -2 o1 _ o . .o

gj = 2.1_f0 glhlgj + 21f0~glfj 21gj+l j =1, (N

S =Y. -2 S | . . .o

hj = 2 1f0 glhlhj 21fO hlfj + 21hj+l j =1, /N
where 'fo and fN are constants and N is any natural number.

This system is derived from the following linear equations
- 2 - 2 =
igy + |v| ¢, + 2icv¥g, - ¢ ¢9; =0
. 2 . 2
igy - |v|%¢, + 2igve; + 279, =0
Lo 2 . o=1 -2 _
i, + |u] ¢, + 2iz Tu*¢, - ¢ ¢, =0
Caa 2 . -1 -2 _
l¢2 Iul ¢2 + 21; u¢l + g ¢2 =0
which were given by Mikhairov for the massive Thirring model.

Then functions a, b, ¢, d defined by

_ -1.-1 _ ,-1.-1
a = -2 fN hN’ b =2 fN In
_ _,-l_-1 _ o,=1l_-1
c = 2 £o hyv d =2 £ 91

with solutions satisfy the following differential equations

(3.2)

d' = 2iabd + 2ib
~-c' = 2iabc + 2ia

. (3.3)
b = 2icdb + 2id
-a = 2icda + 2ic.

Define polynomials f, g, h in ¢ by

_ S N 23 _ VN 23-1 - N 23-1
f /_jzoij r 9 L]=lg]§ ’ h Zj=lhjc .
The polynomial ‘

2N 27

j=0P3°

is a polynomial with constant coefficients.

P(z) = £2 -gh =

If we choose the initial condition { fj(0,0) (§ =1,°°°,N-1),
gj(0,0), hj(0,0) (j = 1,""°,N)} so that the relations
f* = £., g* = -h, ©(3.4)

J J J J
hold, we have
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a = b¥*, c = 4d*.
Therefore‘by (3.3), we have

' 21!v|2u + 2iv

-u =
Ny . 2 .
-v = 2i|u|“v + 2iu
. -1_-1 -1_-1 . . .
with u = -2 "f.7h v=-=2"f "h that is, a pair of functions

01, N "N’
u, v 1is a solution of the field equation of the massive

Thirring model.
The system (3.1) is rewritten in terms of the roots

ﬁ;j(i,n) (j =1,""",N-1) of the equation h = 0 and constants

pj’ fO’ fN ( under the condition (3.4)). The result is the
following:
- N-1_2
(2/38) (log(gghy))= 4Im>_] 1§
N-1_2

4(—1) f Im

(e/ Bn)(log(gNhN)) 3= lc (3.5)

o A \ £ TN-1_-2
(8/8€) (log(ghy)) = 4(-1) fN foImTTj=l :
(3/8n)(log(g;hy)) = 4Im . §=1%5
-1,.-2 N- l 2 L2
~ —_ - — —-—
9/ 3¢&)(log hy) = -2 lfN InPy 212:] ~1%j if " Poyo
NN _ - _ N-1 -1, N 1.2
(3/8n)(log hy) = 2 1f0 glhl 2i(-1) 0 NTFJ 1 5 e
N _ -1l..-2 i1y N- -2 2
(8/8E)(log hy) = 27 "if gNhN 2i(-1) le T'J 1%
n - =9 _ N- _
(3/09n) (log h)) = 27 if7%g hy 21§ , 1f0 Py -
The roots u. = ;§ satisfy the follow1ng.d1fferent1al equations
| 2ip () 172
- j
utl =
J -
fNTfk#j(uj Hy)
N-1.. 1/2
poox
3 ) .
foﬂk#j(“j uy)

Introducing the Riemann surface of the hyperelliptic

curve u2 = ngp AJ, we can integrate the above differential
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equations. Corresponding to (2.1), we have

(2 o1 s wy ) E (2if ey g o8 = 2ifTey on +
Yo
0,0)
+§;k=l s wj ).
Ho

Further we can express symmetric functions of u. in terms

of the Riemann theta functions by using the above relation.

A formula for the solution of (0.2) is obtained by the following
procedure. The right hand side of (3.5) are expressed in

" terms of theta functions. Integrating those relations, we

have formulas for log(gNhN) and log(glhl) in terms of theta
functions and initial conditions gN(O,O), hN(O,O), gl(0,0),

_ hl(0,0). Substituting these expressions into (3.6) and
integrating the resulted relations, we have formulas for hN‘
and- hl' By (3.2), we have an expression for the solution

of (0.2).
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