Deformation of N' =4 SYM

with space-time dependent couplings

Jaewang Choi
YITP, Kyoto University

January 5, 2018



Abstract

We study deformation of NV = 4 supersymmetric Yang-Mills theory so that couplings and masses
depend on space-time. Since N' = 4 super Yang-Mills theory is the world-volume action of D3-
branes, our deformation is corresponding to turning on non-trivial supergravity fields where a
stack of D3-brane is placed. We obtain the conditions of the space-time dependent deformation
while preserving part of the supersymmetry. And we find the some kind of solutions to sat-
isfy these conditions by imposing some specific global symmetries; /.SO(1,1) x SO(3) x SO(3),
ISO(1,1)xSO(2)x SO(4), SO(3), and 1.SO(2) x SO(6). Especially, the solutions of ISO(1,1) x
SO(3) x SO(3) case includes Janus configuration found by Gaiotto and Witten as well as the
world-volume theory of D3-branes embedded in F-theory (a background with 7-branes in type IIB
string theory) by limiting the parameters so that the symmetry is enhanced. We also found the
general solution of the supersymmetry conditions for the cases with 7SO(1,1) x SO(2) x SO(4)
symmetry. The cases with time dependent couplings and/or masses are also considered. To
make these solutions have interpretations in string theory, we write down the non-Abelian world-
volume action of D3-branes in general supergravity background. And we compare the parameters
of deformed Yang-Mills theory and supergravity fields. As examples, we study the world-volume
action of D3-branes in [p, q] 5-branes background and D3-branes background. For each cases,
we compare their actions with the ones obtained for 1.SO(1,2) x SO(3) x SO(3) case, which is
Janus configuration, and 150(1,1) x SO(2) x SO(4) case.
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Chapter 1
Introduction

D-branes shed light on many aspects of string theory. Especially, D-brane roles a mediator of
closed string theory and gauge theory. Now we know that these two theories are closely related to
each other, e.g., N' = 4 super Yang-Mills theory (SYM), which is the world-volume theory of D3-
branes, and Type IIB supergravity on AdSs x S°, which is near horizon limit of D3-branes. They
are dual to each other, so we can study one by using another. Therefore it is worthy to study
some unusal types of gauge theory, which are expected to exist from string theory viewpoint,

and their relations with 10 dimension supergravity theory.

Quantum field theories (QFT) with broken Poincare symmetry is the one of the examples.
Since D-branes break Poincare symmetry as well as supersymmetry partially, we can face with
many such cases that world-volume theories on D-branes lose super-Poincare symmetry partially
when another D-branes are inserted. This is the motivation of our works. We will focus on 4d
supersymmetric gauge theory with broken Poincare symmetry, which is expected to D3-branes

world-volume theory when the background is non-trivial BPS state.

Space-time dependent coupling sounds something unfamiliar, however, in string theory per-
spective, it appears naturally. For example, in the world-volume gauge theory of D3-branes,
gauge coupling and theta parameter in gauge theory are related to the value of dilaton field ¢
and R-R O-form field Cy respectively. Since D7-branes or more generally [p,q] 7-branes gives
complex gauge coupling 7 non-trivial monodromies around them, 7 must not be constant when
the D3-branes are intersected with [p, q] 7-branes. Regarding 7 as the modulus of a torus, we
can think of uplifting the 10-dimensional space-time with 7-branes to an elliptic fibered 12-
dimensional space-time, which is called F-theory [3]. Another interesting example of varying
coupling is the so-called Janus configuration, in which the coupling depends on one of the spatial

coordinate [4] [5].



We deform N = 4 SYM to have space-time dependence for gauge couplings. And we find the
conditions to preserve some part of the supersymmetry under the deformation. It is a natural
extension of the works to find curved space-times preserving SUSY, for which systematic methods
using, e.g., topological twist [6] or supergravity [7] have been developed. We are of course not the
first ones to consider this class of theories. Supersymmetric Janus configurations were studied in
[8, @, 10, 111, 12, 13, 14, 15]. Their generalization to the configurations with couplings depending
on more than one directions were also investigated in [16, 17]. SUSY configurations in N' = 4
SYM with varying couplings have been studied for example in [I8] 19} 20} 211, 22} 23], 24] (see also
[25], 26], 27] for earlier works). Time dependent couplings have also been considered for example
in [28, 29, 30, 31, 32, 33, [34].

Our method is quite rudimentary. we deform N' =4 SYM by adding all possible renormaliz-
able and gauge invariant operators with space-dependent coupling parameters, and let metric as
well as gauge couplings be functions of space-time. And we can find the conditions to preserve
SUSY by variation of this deformed action under SUSY transformation, which is generalized as

adding new relevant parameters and setting SUSY parameters to have space-time dependence.

We investigate some specific cases, which are imposed special space-time symmetry as well as
R-symmetry. For example, we can impose the theory to keep 1.SO(1, 1) as space-time symmetry
of 4 dimension, which implies the couplings have 2 spatial direction dependence, and to keep
SO(3) x SO(3) as R-symmetry. We can study the cases with other symmetries, e.g., ISO(1,1) x
SO(2) x SO(4) and 1S0O(2) x SO(6).

We expect that our deformed action has string theory interpretation as the world-volume
theory on probe D3-branes in non-trivial BPS background. In other words, our analysis of the
field theory is corresponding to surveying BPS solutions of supergravity by means of D3-branes.
For example, the SUSY condition for the deformed N = 4 SYM should be related to the conditions
to preserve SUSY with the D3-branes, which is Killing spinor equations of supergravity theory.
We will see that in special cases we studied we can reproduce the supergravity BPS solutions as

solutions of SUSY preserving conditions in field theory.

Since in non-Abelian case the world-volume action of D-branes include additional coupling
terms with background fields, it is quite non-trivial non-Abelian D3 brane world-volume action in
general backgrounds. The formulation for bosonic and fermionic action of non-Abelian D-brane
is known, [37], [39]. We will follow these by considering the background that all possible type

[1B supergravity fields are turned on.

Also we studied the situations of specic BPS backgrounds, e.g., (p,q) 5 branes, [p, q| 7 branes

and D3 branes background. And we compare the actions of these cases with the ones we have



obtained by imposing 1.SO(1,2) x SO(3) x SO(3), ISO(1,1) x SO(6), and 1SO(1,2) x SO(2) x
SO(4) symmetry in the field theory analysis.

Because it is commonly faced situation when inserting probe branes in BPS backgrounds, we
hope that this results of our research will be helpful and fruitful for those who wants to study

supersymmetric QFT as string theory frame.

The organization of the paper is as follows. In Section [2| we determine conventions about
type IIB supergravity. And we also give reviews about supersymmetric Janus solutions and
non-Abelian world-volume theory of D-branes in curved background with fluxes. In Section
we show the conditions to preserve SUSY are derived. The details for the calculation are
summarized in Appendix [D]l It turns out that one of the SUSY conditions become simple under
a certain symmetry. Appendix [E] provides an explanation for this fact. In Sections [4] and 5], we
demonstrate how our formalism works by examining some explicit examples. We will analyze
the case with 7SO(1,1) x SO(3) x SO(3) symmetry in detail in Section [4f We show in Section
that the SUSY conditions reduce to two simple equations and . As shown
in Section and Section large classes of solutions of these equations are found. An
F-theory configuration and the supersymmetric Janus configuration reviewed in [2[ are obtained
as special solutions. The case with 150(1,1) x SO(2) x SO(4) symmetry is studied in Section
in which the general solution for this case is found. Some examples with time dependence
are discussed in Section [5.2] In Section [0}, we present the explicit form of non-Abelian D3-branes
action in general supergravity upon leading order expansion. The detail calculations to obtain
the effective action of D3-branes is given in Appendix [F} And then we establish a map between
the background fields and the deformation parameters of the theory in Section [3 In Section
we apply the results of the previous section to study two cases: backgrounds of (p,q) 5-branes
and backgrounds of D3-branes. And we compare results of these two cases with the results of
the field theory with corresponding symmetry, and .1} In Section [§ we conclude the paper

with various discussions on the present work and further applications.

This ph.D thesis is based on the paper, [I] and [2]. T am grateful to my collaborators of this

work, José J. Ferndndez-Melgarejo and Shigeki Sugimoto.



Chapter 2

Reviews and Conventions

2.1 Type I1IB Supergravity

In this section, we give brief review of D-branes, and denote the convention of our paper for the

afterward. In string theory, there are two types of string, closed strings and open strings.

In this paper, because our attention focus on D3-branes, we will deal with Type IIB super-

gravity. The bosonic action of Type IIB supergravity is /]

1 1 1 ~ 1, ~
StB BYER dlol‘\/—g{ezd) (R + 4(9#@258“(? — —|H3|2> - = (’F1|2 + ‘F3|2 + —|F5’2> }
Ko 2 2 2
1 1
+—2/ <O4+—Bg/\02) A Fy A Hj (2.1.1)
4K7, 2
where

Hy=dB,, F,=dC,y, F,=F,+HsACyn_s. (2.1.2)

The square of n-form, |w,|?, is defined as,

1
|wn|2 = Eer“anNr"NnngNl s gM"N" . (213)
k1o is related by 10 dimensional Newton constant by
2k3, = 167Gy = (2m)"15g2. (2.1.4)

gs is a string coupling constant. Be careful about that we have used the convention which the

dilaton field ¢ become zero at the infinite.

*We have followed the convention of [37].



In addition, we have to impose the self-duality condition
Fy = xF . (2.1.5)
The Hodge star * is defined by

1
*(dl’Ml VANCIEIRIVAN dan) = mGMIWMlOQMn+1Nn+1 cee ngONlOd.TNn+1 A A diCNw s (216)

where ¢M1Mo jg the 10-dimensional epsilon tensor (Levi-Civita symbol) with 9 = 1/,/=g.

It is useful to define F, with n > 5 by magnetic dual of F
F, = (—1)2"+ D+ Fro (2.1.7)
The equations of motion and the Bianchi identities for the RR fields are written as
dF, + HyANF, , =0, (n=1,3,5,7,9), (2.1.8)
where F_; = 0. This allows us to introduce C,_; satisfying 1} forn=1,3,57,9.

It is useful to note that type IIB supergravity action has global SL(2,Z) symmetry. For

convenience, we introduce

1
1 1 R s 2C
T=g,(Co+ie?), M=_— ‘7l B=|". ", H=aB (2.1.9)
Im7 |Re7r |7| 92 By
Using Einstein frame,
TR gaNE = ghimre, (2.1.10)
we can re-write with the redefined ones,
1 1 ~
S = 2/~§ Az — {RE HLNOMHMNO Ztr (6MM8“M_1) — Z|F5|2}

1 1 ) )
+—2/ Ci+=BasNCsy | A (EUH(I) A H(])) .
8K71p 2
(2.1.11)

This form of type IIB action shows that this action holds SL(2,Z) symmetryﬂ And transforma-
tion rules of SL(2,Z) are,

N 1
A= ¢ €SL(2,Z), B AB, (¥, Ci+ 5B2 A Cy, rp)  invariant,
—C
Mo (AT MA o 7 T8 (2.1.12)
ct+d

fActually SL(2, R) is a symmetry of this action, but because in order to satisfy Dirac quantization with respect
to R-R fields or NS-NS fields, the elements of this group also should be quantized, resulting in SL(2,Z).
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The SUSY transformation rules for gravitino ¢, and dilatino A\ are

Oy = DMe+ﬁ(H3)MNOFNO®036+QFMe (2.1.13)
oA = (TNOy¢)e + %&(Hg)NoprNOP ® o3 € + TV O ye, (2.1.14)

where
Q= % (F)mTM @ ioy — £ (F3)mnolMNO @ 01 + 551 (F5) mnvopel MNOPQ @ o) (2.1.15)
[0e = —¢, Ty, = —ahy,, TUON = 4\ (2.1.16)

Here, the 01,109, 03 are generators of SL(2, R) which act on R-symmetry index. We denote 10

dimensional gamma matrix as I'y;, a chirality gamma matrix as 09 = 0129 and use indices
M,N,--- for local flat indices, which can mapped from curved one by veilbeins, e%. In order to

consider bosonic classical backgrounds, we can think the situation that vy, A, d1ps, X vanish.

By setting (2.1.13) and (2.1.14)) to be zero, we can get so-called Killing spinor equations.

D,-branes (p =1,3,5,7) can be found as solitonic BPS solutions in supergravity, which break
Poincare symmetry to ISO(1,p) x SO(9 — p) and preserve 16 SUSYH The solution is given as,

ds? = Hp(r)_%nabda:“dxb + Hp(r)%éijdxida:j, e® = H(r)B-p/4

p Y

Coi1 = (Hy(r)™ = 1)da® Adz' A+~ ANdxP, Cpppyy = constant, Hz =0, (2.1.17)

where a,b and i, j denote parallel and perpendicular directions to D-branes respectively, and

r = +/z'x; is radial direction on from D-branes. H,(r) is defined as
Tp r 7 - 5-pp( ! — P
Hyr)=1+ (=) o " =LPgn2vm) T (=), (2.1.18)
r

One can check this solution satisfying Killing spinor equations as well as equations of motion of

supergravity. This solution implies that D-branes are sources of R-R fields, |,

g8—p *Fp0 = 2mn.

Therefore, n should be integer to satisfy Dirac quantization conditions.

For p = 3,7 case, there are modifications to this form of solutions. For D3-branes case, in

order to impose Fj to be self-dual, F; should be

Fy = dHs(r) ™ Ada® A dat A da? A da® 4+ «(dHs(r) ™ A da® A dat A da® A da?) . (2.1.19)

fIn this paper, we do not deal with non-extremal D-branes which can be found from non-supersymmetric

solutions of equations of motion in the supergravity.



For a stack of n D7-branes case, because Hr(r) is a harmonic function with respect to the

transverse directions of D7-branes, which satisfies

gsn
O, Hq(r) = -2 2.1.20
7(r) ot ( )
so naively we can mend H;(r) as
gsm
H;(r) = constant — o log r. (2.1.21)
T

However, H;(r) can be negative at large r, resulting e® or space direction metric to be negative.

So, more re-consideration is needed.

2.2 [p,q] 7-brane and (p,q) 5-brane solution

In order to focus on D7 branes solution, let’s turn off By, C; and Cy and write type I1IB super-

gravity in Einstein frame, (2.1.11)),
1 10
S:—z/d x\/—g{R—

2K70

1 8Z78Z7_—} ’ (221)

2 (Im7)?

where (z, Z) is complex coordinate on the transverse plane to D7-branes. The equation of motions

are
0.0.7 — 29T _ (2.2.2)
T—T
Rty — ~gunR = —— (OMTONT + ONTOMT — gunOpTOT) (2.2.3)
MN 29MN = 4(Imr )2 MTONT NTOMT — guMNOPTO T e
A solution of (2.2.2) and ([2.2.3)) is
7(2,2) = 7(2), g.z = Im7(2) |F(2)]? (2.2.4)

where Im7(2) > 0 and g, is metric component of Einstein frame,
ds® = nepda®da’ + 2g.z(z, 2)dzdz. (2.2.5)
Since SL(2,Z) transformation of 7(z) is the same form of modular transformation of complex
structure moduli of torus, so we will think the elliptic fibration whose fiber has modular parameter

7(z) and (z, z) plane as base space. Given the singularities and their monodromies of 7(z), we

can determine its form. Let’s consider elliptic fibration,

v’ =2+ f(2)r + g(2). (2.2.6)

10



f(z) and g(z) are polynomials of z. Using modular invariant Jacobi j-function[]

(02(7)° 4 03(1)® 4 0o (7)%)?

j(r) = ESE , (2.2.8)
complex structure moduli 7 is obtained by
: o (12f(2))°
J(r(z)) = TGP 12790 (2.2.9)

The singularities can be found if the determinant A = 4f(2)® + 27g(z)? = 0. For D7-branes
located at (z1,- -, zy) case, (2.2.9)) can be written nearby z;,

4-12°f(z)
] ~N—_— 2.2.10
() ~ Ry (2210
Since that

§(1) ~ 23exp(—2miT) (2.2.11)

when Im 7 — oo in (2.2.8]), we can find asymptotic behavior of 7 as,

1

7(z) ~ contant + 57 log(z — zi) . (2.2.12)

This gives the monodromies around z; such that 7 — 7 4+ 1 by real part and also agreement

with(2.1.21) by imaginary part. This is exactly the properties what we expect for D7-branes.

For simple example, we focus on single D7-brane. Choose

20— )z - ), (o £ o) (22.13)

f(2) = (z —a)(z — @), g(2) = 33

then j-function become

(z — )
(14 8%z — (a1 + B*ag)

We can find this case is corresponding to a D7-brane whose 7 has singularity at z = (o +
B%as) /(1 + 3?), and asymptotic value at infinity 7(c0) = j71(123/(1 + ?)).

j(r) =12° (2.2.14)

*6 function and Dedekind n-function are,

O2(7) = 204" ﬁ(l _ e2m‘n'r) 10_0[ (1+ eQ‘n’imT )= ﬁ p2minT ﬁ (1+ 627‘:‘7;(771—%)7-)2,
n=1 m=1 =1 m=1
)= ﬁ et ﬁ (1—e2mim=20m)2 p(r) =e ﬁ e?mnT) (2.2.7)
n=1 m=1 ne1

11



Next, let’s look for the F'(z) in g,z, (2.2.4)). F(z), which is element of Einstein frame metric,
should be invariant under SL(2,Z) transformation and globally well defined. Under SL(2,Z)

transformation,
(1) — wver +dn(r), (2.2.15)

where w?* = 1. So Im7|n(7)|* is invariant under SL(2,Z) transformation. Therefore, we can put
F(z) to be the form,

F(z) = n(1(2))*F(2), (2.2.16)
where F(z) does not depend on 7(z) explicitly. Nearby singular point, z;, the asymptotic value
of n(7(2)),

n(7(z)) ~ constant (z — 21)2*14 (2.2.17)

In order to the metric to be globally well defined, F (z) should be have the form up to constant
factor,

N

Fz)=]](z - =)= (2.2.18)

=1

As a result, using some constant ¢, the metric component g, should be

N
2
9.2 = clmrln(r) | T] (= = =)~ (2:2.19)
=1

This metric has property that the defect angle when rotating (z — z;) — (2 — z;)e*™ is Z. So,

when the sum of defect angle is 47, which corresponds to 24 7-branes, the space become compact.

We have mainly think about D7-brane, however there are other 7-branes which has singulari-
ties and SL(2,Z) monodromies. [p, q] 7-branes, which is basically the 7-brane which (p,q) string
can end, can be obtained by SL(2,Z) transformation of the one of a D7-brane. The SL(2,Z)
transformation matrix A in that transform from a fundamental string to (p,q) string is,
since charge (p,q) can be counted by the flux of magnetic dual field of B,

p b
A — 7 2.2.20
[p,4] [q d] ( )

where pd — bq = 1. Therefore, the monodromy for [p, ¢|] 7-brane, which can be obtained from one

of a D7-brane, is

(2.2.21)

1 -1), ;4
M[M] = A[pvq] 0 1 A[p,q} - q2 1—pg

1+ pg —p2]

12



(p,q) 5-branes solutions, which mean the bound state of p NS5-branes and q D5-branes,
can be obtained from SL(2,Z) transformation of a D5-brane solution, given by (2.1.17). The
SL(2,Z) transformation to make (p, q) 5 branes is given by replacing (a, c) to (p, —¢) in (2.1.12).
For a D5 brane solution, axion-dilaton can be written as

T =g, (xo + ih(r)?). (2.2.22)
Xo is constant and h(r) is
VPgs
h(r)=1+ /Zi = (2.2.23)

where p = p?g;' + (¢ + pxo)?gs and 7 is the radius of transverse direction from a D5-brane.
NS-NS field, B is zero, and R-R 3-form flux is

Fy = 2g,l%e; , (2.2.24)

where €3 is volume form of unit sphere surrounding a D5-brane.
SL(2,7Z) transformed ones are,

/ a7 — b 4 1 24t / /
T = =———c———— ({1 +e™),  (Fs H;) = (¢f3,pF 2.2.25
—pT + d D 2]7(]?)(0 _ d)< ) ( 3 3) (q 3D 3) ( )

where primed parameters are transformed one, qgd — pb = 1.|f| Also 1 is define by

=

_H
gs(xo — d/p)’

and o imply the values of Re 7 and Im 7 at infinity respectively, it is better to

tany = (2.2.26)

Because g¢;!

express transformed ones,

U N Ags
Az p 0 p o p(A2 4 p?)

where A = pxo — dgs. Then we can write down ([2.2.25]) and ([2.2.26)) without explicit dependace
of d,

(2.2.27)

1
/ q 14 24 ph(r)?
F=-dir P (14e) tangp= 0t (2.2.28
p 2p(q+px6)gé( ) (¢ +px0)9, )
String frame metric become,
Psoping = €7 sy = ——L—[da? + (—P— tan)?(dz,)?]. 2.2.29
Sstring = € 2 d S ngsmw[ 35||+(87er2 an)*(dz )] ( )

t For any integer p and ¢, we can alway find the integer d and b such that qd — pb = 1, according to Bézouts
identity.

13



2.3 Supersymmetric Janus configuration

In this section we review of the paper, [14]. Let’s consider the system that a stack of N D3-branes

and NSH-brane are intersected.

\0123456789
D3 o o o o (2.3.1)

NS5|0 o o 0O 0 O

This configuration preserves 8 supersymmetry, also isometry symmetry as 150(1,2) x SO(3) x
SO(3). In this case, because of existence of an NS5-brane, the dilaton and axion, which couple
with worldvolume action of D3 branes as a role of complexified gauge coupling 7, become x* space
dependent. So, for writing down the worldvolume action of D3 branes in this configuration, it is
necessary to investigate the deformation of N' =4 SYM theory to have gauge coupling position

dependent as well as to preserve supersymmetry.

The steps to get this condition is quite simple[] First, we deform the N' = 4 SYM action
with possible gauge invariant operators preserving isometry group, 1.SO(1,2) x SO(3) x SO(3),

with less than dimension 4,

1 1 — —
SG’W = /d4$—2 tr ( — §F[JFIJ + Z‘I’FID]\I’ — W (O{Fmg + 6F456 + ")/F789> \J
(&

— et (Aua,,AA - EAMAVAA) — Zetbe 4 [ Ay, A — S AY[Ag, Ay] — = A AT — prAP),
3 3 3 2 2
where the metric is flat one, ds? = n;;dz!dz’. The first two terms are original ' = 4 Lagrangian,
and the others are deformed ones. We have used 10 dimensional A' = 1 gauge multiplet expression
to represent 4d N = 4 gauge multiplet, A% is nothing but scalars, and ¥ is Weyl-Majorana
fermion with a chirality, [0 = —W, which can be decomposed 4 complex Weyl fermions in

456 and p,q,r = 277,

4d. Also we have used the notation of indices, I,J = 2% a,b,c = x
Then let the coefficients of these operators as well as gauge coupling have 23 dependent. We

also make the SUSY parameters also to have 2® dependent, and generalize the form of SUSY

transformation,
0. Ar = iel' ¥ (2.3.2)
1 1
56\11 = §FIJF[J€ + 5 (FaAa(81F456 + 82F789) + FpAp(t1F456 + t2r789))€~ (233)

With this modification, one can find the condition that the deformed action should be invariant

under the generalized SUSY transformation, 6.Sgw = 0.

* The method with usage of 3d superfields is also discussed in [14]. The final result is the same justly.

14



The result of this calculation can be expressed by using an undetermined function of 3,

(@),

0  Ami ,
T=oo + g =a+47De” " (ImT > 0),
e20’ 2¢/ 2¢)’
gnz " “ Vv p cosp’ v K sint)’
2 2
5= 20 Y 2yl sing, f = —20 cost, 1y = —2¢/ Y
0s Y sin )
r =2 tan ) 4+ 2(¢')?, 7= —2(¢) cot ) + 2(¢')>. (2.3.4)
The position dependence of SUSY parameter, €, can be determined by
(Sin 1/}F3456 -+ cos ¢F37gg)6 = €. (235)

We can decompose € = eg ® €5, where €g is a constant 8 dimensional spinor whose representation
belongs to the double cover of W = SO(1,2) x SO(3) x SO(3), and €, is spinor of SL(2, R) outer
automorphism which characterize the space varying embedding W to SO(1,9). The generators

of outer automorphism SL(2, R) are

0 1 01 1 0
By=T = , B1 =T'3456 = , By =T'3789 = ) 2.3.6
0 456789 [_1 0 1 3456 [1 0 2 3789 [O B 1] ( )
Under this representation, the explicit form of € in (2.3.5)) is
2
e |V (2.3.7)
sin /2

In order to match the parameters in the field theory with the ones in the brane configuration,
we compare the SUSY preserving conditions for (2.3.1). For type IIB theory, 2 kinds of SUSY
parameter, €; and €, exist with same chirality. D3-branes solution breaks half of SUSY by|f|

€9 = Lo123€1. (2.3.8)
Also a (p, q) 5-brane, instead of a NS5-brane in , breaks half of SUSY by
€1 = —Do12456(sinte; + costey), (2.3.9)
where t = arg(pr + ¢). These two conditions gives

€1 = (—T'a456 cost + D'zzgg sint)ey, (2.3.10)

fOne can derive these equations by the integrability conditions on the Killing spinor equations.
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which is related to (2.3.5) when ¢t = 7 + 1. Therefore, we can derive the equations for ),

pImTt 47 D sin 29
" a+q/p+4anDcos2y’

tan(g ) = (2.3.11)

Actually this equation do not constraint ¢, but only gives a = —q/p — 47 D. So, we get

r=-1 _4rD(1 - ), (2.3.12)
p

where Dsin 2t < 0. This is exactly same form with the solution of (p,¢) 5 brane, (2.2.25)). For
(p,q) = (1,0), an NS5-brane case, the theta parameter as well as gauge coupling is allowed to
have position dependence. However for a D5-brane case, (p,q) = (0, 1), we can think a — 47D is
fixed and a and 47D go infinity as —% goes infinity. This shows that for a D5 brane case, theta

parameter is not allowed to have position dependence while the gauge couplings is allowed to.

This solution can be applied to more general cases as far as the isometry symmetry is same.
For example, D3 branes ends on an NS5-brane or the different number of D3 branes end on an
NS5 brane from the left side and the right side. Only difference is we should require suitable
boundary conditions on the defect, intersecting surface with an NS5-brane. Other numerous
cases can be analyzed by this work.

Inspired by this work, we will generalize the it to the supersymmetric gauge theory with all

4d space-time dependent couplings.

2.4 Dp-branes in curved backgrounds

In this subsection, we review the non-Abelian worldvolume action of D-branes. We will consider
the worldvolume action in the curved space and when all R-R and NS-NS fluxes are non-zero.
For the bosonic part we are going to follow the prescription given in [37]. For the fermionic sector
we will follow [40].

2.4.1 Bosonic part

In this subsection, we review the bosonic part of the effective action on Dp-branes embedded in
a curved background with fluxes following [37].

The 10-dimensional space-time coordinates are denoted as x! (I = 0,1,---,9). We choose
the static gauge in which z* (u = 0,1,2,3) are identified as the coordinates on the Dp-brane

world-volume and z* (i = 4,---,9) parametrize the transverse directions. The bosonic sector
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of the effective theory contains a U(N) gauge field A, (u = 0,---,p), (9 — p) scalar fields @
(t =p+1,---,9), which belong to the adjoint representation of the gauge group U(N). The
reference position of the Dp-brane is chosen to be z* = 0 and small deviations from it is described

by the values of the scalar fields.

For constructing non-Abelian world-volume action of Dp-branes, we can start from the D9-
brane theory and use T-duality to this action. T-duality on a direction, y, essentially exchange
Dirichlet boundary condition and Neumann boundary condition of open strings on y direction.
Naturally, a D,-brane, which is hypersurface restricted by Dirichlet boundary condition of open
strings, is transformed to to a D,;;- or D,_;-brane according to whether the D,-brane is extend
to y direction or not. T-duality transform type ITA supergravity with radius R of y direction
to the type IIB theory with radius /R of y direction, or vice versa. T-duality transformation
rules for NS-NS sector fields are,

5 1 . Gy 9oy — By By 5 B
Gyy = —» G = G — HyrY i y, Guy = ﬂ’
vy yy yy
5 2¢ - B —qg,,B -
€ gu g v g
e*=—, B, =B, S p =2 (2.4.1)
Gyy Gyy Gyy

where the metric gy, n is written in string frame, and the letters with tilde mean the T-dualized

ones. Also T-duality on R-R fields transform

~ Gyp(Crnt) o
(Co) oy = (Cpz1) oy — (0 — 1) yle 1) pevly
Iyy

(én)p---upa = (Cn+1),u---upcry + n<Cn71)[uv--upBa]y + 77,(77, -1

)

) (Crn—1) vy BlolyJoly '
yy

The world-volume action of D,-brane contains either the scalar field corresponding to the T-

(2.4.2)

dual direction or the gauge field component of T-dual direction. For each case, T-duality makes

transformation as

oY — A, or A, — PV. (2.4.3)

The position of Dp-branes have relation with the scalar fields as z* = A\®’, where
A =272 (2.4.4)

So, when the D,-brane extended in y direction transform the D,_;-brane located at y = 0 by
T-duality, the y dependance on a field can be interpreted via a Taylor expansion with respect to
®Y, such as e.g.,

o — A" i i

pla ABY) =) OO 0y, 0, 0(a" )] - (2.4.5)

n=0
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We use the hat “~” on the background fields to indicate Taylor expansion about scalar fields.

Because D9-brane theory does not contain scalar fields at all, the generalization to non-
Abelian D9-brane is straight forward, replacing to non-Abelian gauge fields and taking trace

over gauge group. DBI action for non-Abelian D9-branes is,

SpPt = —Ty / d"z tr {e‘¢\/— det(g,, + By, + /\FW)} : (2.4.6)
Here, F' is the gauge field strength living on the brane,
1
F=dA+iANA= éFWd:v“ Adz” | (2.4.7)

and Ty = (2m)%1;1% ! is tension of D9-branes.

We can utilize T-duality to D9-brane world-volume action to make D,-brane one. For con-

venience, we will use Ej; as

Ery =915+ Bry . (2.4.8)

Applying T-duality, (2.4.1) ~ (2.4.5)), regarding z#= direction, det(E;; + AF};) transform to

det _5:1/@; ?M)\E;iq)z Eju + %Zuf@:;éf?;])\l)uqn (2.4.9)
= det (P [EW +Eu(Q 7" — 5)%‘@@] + AF,, ) det(EY) det(Q?) , (2.4.10)
where E¥ is inverse of Ejj, and Q°; is
Q' =6, +iN@, PN Ey, . (2.4.11)
Also we have used the pull-back, “P” | as
P[E,,) = E,, + AE,;D,® + AE;, D, ® + X\*E;;D,®' D, %’ . (2.4.12)

which is as different as changing partial derivative to covariant one from the Abelian one. det(Eij )

factor can be absorbed by T-dual transformation of e~ as

. ¢
el = —— (2.4.13)
det(FE4)

which reduce to the form of (2.4.1)) when i = j = y.
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In addition, because we have to trace over gauge indices. Ordering of fields under gauge
trace become non-trivial, and we should impose symmetric trace, “Str”, which average over all
orderings of F,,, D,®", [®', ®/] and ®* in the Taylor expansion, (2.4.5). Then, we can conclude

non-Abelian DBI action for D, branes,

311311)31 = — Tp/dp+1l' Str {e‘g\/— det (P [E,w + Em’(Qfl — 5)”@]@} + )\Fm/) det(Qij)} ;
(2.4.14)

—p—1_ -1

where T), is tension of D, brane, T, = (2mr) Pl S

Next, let’s consider Chern-Simons action part. Again, because the world-volume theory of
D9-branes do not contain scalar fields at all, we can make D,, brane Chern-Simons action using

T-duality of zP*1? Here we simply present non-Abelian generalization of the Chern-Simons

SS§ = ,up/Str {P [ei’\w‘l’ (Z Cp A e]§2>] A eAF} . (2.4.15)

15 in (2.4.15)) denotes the interior product by a vector (®%), e.g.,

1
2(n —2)!

action,

1916Cy, = — [, DI)(Cr)ijugopin T A -+ A dat™ (2.4.16)
fp is defined by p, = £T),, where the sign +(or -) appearing in p,, which is proportional to the
R-R charge of the Dp-brane, corresponds to the case of Dp-branes (or Dp-branes). Note that this
interior product vanish when gauge group is Abelian, which reduce (2.4.15)) to Abelian one.

Let’s verify this Chern-Simons action reflects T-duality well. From a D, o,,-brane, let’s

consider T-duality on y direction included in extended direction, z™*2™

= u. For simplicity, we
will restrict the metric to be g,, = By, = 0. This condition makes T-duality transformation of

NS-NS field, (2.4.1), become trivial, so that we exclude B field in this discussion. The general
form of each term in (2.4.15)) is

(iA)' P[(1010) Cryai] Foe - Fy e, - (2.4.17)

ai--an

We will consider the cases that y index appear in the part involving R-R fields first and then

consider the case y appear in the part involving field strength. For the case that y appears in

the indices of C),19;, T-duality makes this term to
(i))’

~——P'[(1414)'Cry21)]

[ Fb101 T Fbmcm7 (2.4.18)

a1+ Gn-1
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where the primed pull-back denotes that it does not include the pull-back of y involving D,®’,
and the symbol 15 denotes the interior product except for ®¥. It is also possible that y comes
from pull-back of R-R fields, contracted with D,®* which do not vanish in non-Abelian case. In

this case, T-duality results to

(Z')\)l+1
!

Replacing [ to [ + 1 in (2.4.18]) and using the identity relation for a n-form field,

2

P'[(1514) (tav15) Crsais1)] Foier Fyper: (2.4.19)

al-Qp—

(i)\)l+1
(+1)

QA
(Zq;l.:p)l—H — ﬁ(%%)”l +2

now we can check that T-duality make (2.4.15]) same form except pull-back, P’. This can be fixed
by considering the case that y index appear in the field strength side. For this case, T-duality
transform (2.4.17) to

(2)\;' ’ (Zélé)l(hpyli)), (2.4.20)

m(z)\)lP’ [(Z@Z@)lCnJrQlJrl} Fb1cl st Fbm_lcm_lDbmq)y' (2421)

ar--any

And this contribution makes the pull-back P’ to be complete P in ([2.4.18]) if we replace to
(n+2,m — 1) instead of (n,m). Therefore, we have verified the Chern-Simons action, (2.4.17)),

of a Dy-brane transform to the one of a D,_;-brane with same form.

Considering T-duality, we conclude that the bosonic part of non-Abelian world-volume action

of Dp-branes is
Sp = Spy' + Sty (2.4.22)

where SDDEI and SSS are given by (2.4.14)) and ([2.4.15) respectively.

2.4.2 Fermionic part

In this subsection, we write down the fermionic part (quadratic terms with respect to the fermion
fields) of the effective action on a Dp-brane embedded in any supergravity background following

[40]. Here, we consider the cases with a single Dp-brane in type IIB string theory.

The action, after fixing the k-symmetry, is given by

. T _
S]fse;ml _ EP /dp+1xe¢ /_ det(MW){iw [(MA)WFMV(VH) _ A(l)] v

— i TpL [(M)™T, W, — AP)] ¢} . (2.4.23)
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where 1 is the fermion field (dimensional reduction of the 10-dimensional Majorana-Weyl spinor

field), I, =T fefﬁuxl is the pull-back of the 10-dimensional gamma matrices, M), is defined as
My, = Plgu, + Bu] + AFu (2.4.24)

where the field strength is the Abelian one. And other quantities are defined as follows.

The covariant derivative V7 is the pull-back of the 10-dimensional covariant derivative

including the H-flux:

1 5z 1
v = o+ ZWIJKFjK Ly 2|HIJKFJK : (2.4.25)

where wI K i5 the spin connection and Hj;k is the field strength of the Kalb-Ramond 2-form
field.

W,. AM and A@ are defiend as

o
— 1 J 1~ JKL L~ JKLMN
W, = 8 —FT7 + 3'F kT — o FycanT r,, (2.4.26)
1 1
AW = 3 <F18[¢+ 2—3|HUKF”K) , (2.4.27)
1 1 =
A(Q) = — §€¢ (—F]FI + 5. 3'F]JKFIJK> s (2428)

where F7, F T 7K and F 17y are the field strength of the R-R fields defined as

B = Fda' =dC,, Fy= %ﬁIJdeI Adz? Ada™ = dCy + CyHs |

Fy = éﬁUKLde Adz? A dx® A da® A dz™ = dCy+ Hy A Cs . (2.4.29)
(See section [2.1f for our conventions.)

Finally, f‘g; is defined by

o = (-1 o)

Tt e Froe g (2.4.30)

V=9 Z 1)?
V= det(M,,) = 21
where \/—g = y/—det P[g,,] ,

Fuw = By + AF, (2.4.31)
and

1
0
]._‘](:)})7 = mEHl “p+1]._“u‘1...‘u‘p+l (2432)

with the Levi-Civita symbol e*t " #r+1 with "7 = 1/,/=g.
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Chapter 3

Space-time dependent deformation of
N =4 SYM with preserving SUSY

3.1 Notations and Ansatz

In this paper, we will deform N = 4 supersymmetric Yang-Mills (SYM) theory to have space-time
dependence on gauge coupling gyy and theta parameter 6. Because NV =4 SYM in 4 dimension
can be obtained by dimensional reduction of 10 dimensional N'= 1 SYM, we use 10 dimensional
notations for N =4 SYM action,
Sy = / d*zy/—g tr {QL (—lg”’g“’Fqu, + ﬁrfquf) + 0 -
FoMm 2 327
We will use 3 types letter for the indices as I,J--- = 0,1,---,9, p,v,--- = 0,1,2,3 and
A B,--- = 4,---,9. We can think that the gauge field A, and 6 adjoint scalar fields A4

are combined into a 10-dimensional gauge field Ay, though it depends only on the 4-dimensional

e’“’””FWFpU} . (3.1.1)

space-time. Also covariant derivatives are defined as,

F., = 0,A —0,A,+ilA, A, (3.1.2)
Fua = —Fu,=0,Aa+i[A,, A =D,A,, (3.1.3)
Fap = i[A4, Ag|, (3.1.4)
D,V = 9,V +i[A,, V] + iwﬁrﬁﬁqf , DAV =i[Aa, V] . (3.1.5)
The 10-dimensional metric g;; is assumed to be of the form
ds? = gryda’da’ = g, (xP)datdx” + 5 apdr?da® (3.1.6)

* Our notation is similar to (but, not exactly the same as) that used in [14].
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and g'7 is its inversem The indices are lowered or raised by this metric and its inverse. €*#? is the
4-dimensional epsilon tensor with €2 = 1/\/=g, where \/—g = \/— det(gr;) = \/— det(g,u ).

The fermion field ¥ is written as a 10-dimensional negative chirality Majorana-Weyl spinor,
which is equivalent to 4 Weyl spinor fields in 4-dimensional space-time. It is a real 32 component

spinor satisfying
oy = —y | (3.1.7)

where D10 = 1011 ... 19 i5 the 10-dimensional chirality operator Here, the gamma matrices r!
(f =0,1,---,9) are 10-dimensional gamma matrices which are realized as 32 x 32 real matrices
satisfying {I, T/} = 2!/, where (n//) = diag(—1,+1,---,+1) is the Minkowski metric (see
Appendix [Bf for our notations and useful formulas for the gamma matrices). The hatted indices
(_f - -) are those for the local Lorentz frame which can be converted to the curved indices
(I,J,--+) by contracting them with vielbeins e} as 'l = e%Ff . The Dirac conjugate ¥ is defined
by U = UIT’. Gamma matrices with more than one indices are anti-symmetrized products of

the gamma matrices defined as

1
Pkt — plipfe. .l — = " sgn(o) e o L Tty (3.1.8)
n

’ UES’n

w,”? in the covariant derivative D), in (3.1.5) is the spin connection:

1 v ! N ~
Whip = 560 (Ouevp = (Ougur)es ) — (0 <> p) - (3.1.9)

In our notation, D, denotes the covariant derivative including gauge field A,, spin connection

s

w,”? and Levi-Civita connection I'? , depending on the field it acts.

p s
When the metric is flat and the couplings (gym and ) are constant, the action (3.1.1)) is
invariant under the supersymmetry (SUSY) transformation with 16 independent SUSY parame-

ters.ﬁ If the metric and/or the couplings are not constant, SUSY is in general completely broken.
In order to maintain a part of SUSY, we should add additional terms to the action (3.1.1)) and

fOne may introduce a non-trivial internal part of the metric g4p(x*). However, for our purpose, we can set it
to be gap(z#) = dap without loss of generality. This is because g4 p in the action (3.1.10) can always be replaced
with 045 by redefinition of the scalar fields and the couplings a, d’’4, mAZ and M. The off-diagonal components

gua are set to be zero for simplicity.
¥ This should not be confused with I''0 = I''T°.
$In this paper we will not consider the special conformal supersymmetry.

23



the SUSY transformation also should be modified accordingly. The action that we consider is

1 !/ ! —_
S = / d'z L = / d'z —gatr{ -3 g g’ FryFpp + iU D0 + 2 P F L Fpy

mAB

2

—d"AF A — A Ap — z@M\If} . (3.1.10)

where a, ¢, d'74, mAP are real parameters and M is a real 32 x 32 matrix that may depend on

the space-time coordinates z*. a and c are related to gyy and 6 in (3.1.1]) by

1 2l
0= —, c=T2 (3.1.11)
JoMm 8T
We also use the complex coupling defined by
0 4mi
T= ——|—2LZ = 4ma(c+1) . (3.1.12)
2T g9y

We impose the following conditions for the parameters d’/4 and mA2, which can be done

without loss of generalitym

dl7A = —qltA | qrAB — _grBA - gABC — gIABCT g AB _  BA (3.1.13)

s s m =m

The second condition in (3.1.13)) can be imposed because a term with d“45) tr(F,4Ap) can be

converted to a mass term for A4 via integration by parts.

Note that W MW is non-vanishing only when TOM is an anti-symmetric matrix that commutes
with 1, We can easily show that only the linear combinations of the anti-symmetric product

of 3 gamma matrices are allowed. So, the most general form of such matrix is

FIJK

M =myx 7 (3.1.14)

J

where m!7/% is a real rank three totally anti-symmetric tensor.

The action (3.1.10|) is constructed by adding operators of dimensionm less than 4 into the
leading order action (3.1.1)). Although it is not the most general one it is general enough to

¥ Square and round brackets on indices indicate anti-symmetrization and symmetrization of the indices, re-
spectively. For example,

d[ABC] = %(dABC +dBCA + dCAB _ dBAC _ dCBA _ dACB) ,
d(ABC) = l(dABC +dBCA +dCAB +dBAC -‘rdCBA +dACB) ]

3!

I'Our analysis in this paper is classical and the anomalous dimensions are not taken into account.
** For example, an operator like tr(A4ApAc)) is not included.
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cancel the SUSY variations of the leading order action, as we will see in Section [3.2and Appendix
DL

The ansatz for the SUSY transformation is

S A = i€l v,
1
6V = §(F1JF”—|—AABA)6, (3.1.15)

_ 1 _
5T = 5z(—FUr”+AABA),

where B4 are real 32 x 32 matrices acting on the spinor indices that commute with the chirality
operator 19 and B = —T%(BATTY. The SUSY parameter € is a 10-dimensional negative

chirality Majorana-Weyl spinor. B4 and e may also depend on the space-time coordinates.

3.2 SUSY conditions

The goal of this section is to determine the conditions under which the action (3.1.10)) is invariant
with respect to the SUSY transformations for a non-zero €. The approach that we
follow in this work is straight. We firstly calculate the variation of the deformed action
with respect to the deformed transformations . Then, by imposing the vanishing of the
variation, we obtain several constraints on the deformation parameters and the SUSY parameter

e[f] Here, we provide the outline of the derivation and leave the details to Appendix [D]
Applying the SUSY variation (3.1.16)) to the action (3.1.10)), we get

5= f ool (55 - ) o (5 - )

+5j(8—£ 9 ( oL ))} — /=g D, (3.2.1)

or "\ 0(0,7)

The current J# in the covariant total derivative term is,

oL oL
Jh= = § A+ ——— 5
= 20 M T B,
= iae <F,J (gr”ru —Tir 4 CEWUF,,) — 2d"AT Ay — AAFAF“) 0. (3.2.2)

* A similar analysis with a more elegant approach using supergravity & la Festuccia-Seiberg [7] has been given

n [21]. However, a detailed comparison of the results still remains.

25



In order to be supersymmetric, we should impose some conditions this variation, , to be
zero up to boundary terms. More detail calculations about the conditions and total derivative
are written on the Appendix Imposing some conditions, the first three terms in {---} of
(3.2.1)) can be written as total derivatives,

vV—gtrD, (z’%( — KT Fype + aFAF”AA) ¢) : (3.2.3)
Therefore, the Noether current for the supersymmetry, as a covariant version, is

TH = JF 4 e <FJKF“FJK — aFAF“AA>¢. (3.2.4)

When the space-time manifold M has boundary, the conditions to preserve supersymmetry
should be imposed not only proper Dirichlet or Neumann boundary condition of the fields, but

also

/ d*z\/—g D, J" = / d*z\/]y| TP, =0, (3.2.5)
M

oM

where 7, is unit normal vector to the boundary, and « is determinant of induced metric on
boundary.ﬂ However, from here we will only focus on the case when the boundary of space-time

manifold are not exist.

Up to the boundary terms, the conditions to be (3.2.1)) zero can be written as :
D,eTHr = ¢ (E“F” — T 9,0 + (a1, (ac) MK + 3dVEN Dy — T JTJ) o (3.2.7)
— 1
D, (B )" =¢ (—Za_IF[D#(a a4y — mABT, — B (M + 51"y log a>) : (3.2.8)

In this expression, d’*7 and m’4 can be non-zero only if I =4 ~ 9, and ¢//5” can be non-zero

only for I, J, K, L = 0 ~ 3. Conditions (3.2.7) and (3.2.8) correspond to cancellation of terms

with dimension % and g operators, respectively. Following [14], we call them first order and

second order equations, respectively.

fNote that one can obtain supersymmetry charge by just choosing OM is space-like surface, e.g., t = 0. Then

supercharge Q. for a specific supersymmetry e,

Q. =/ Bag TP, (3.2.6)
=0

where g is determinant of metric of spatial direction at ¢ = 0.
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Further algebra shows that the first order equation (3.2.7) is equivalent to the following
conditions (see Appendix for the derivation):

0=c¢ee" "K' Tg (P, = 0167 | (3.2.9)
0=¢ (%e”KFUK — %F“@M loga — (%ewK — 3m#JK) /K M) , (3.2.10)
eB'=¢ (FPA + (—%AJK + 12mAJK) PJK) , (3.2.11)
9,€=¢A, (3.2.12)

where F'is a real 32 x 32 matrix acting on the spinor indices (see (D.2.20) or (D.2.22))), and

1 1 J
PI/J/IJ = EFI’J/PIJ + ZF[[/F[Ide] s (3213)
K = a7, (ac) MK 4 31K ogml K (3.2.14)
1 1 Pk
Ay = = (FPM + (—Zem +12m, 4 — wum) FJK) . (3.2.15)

P, J,I 7 is a projection, as it satisfies
PIJI/J/PI/J/KL — PIJKL . (3,2,16)
In addition, for an arbitrary G!, we have

GI'tp, M =Gt PGl g = Gl (3.2.17)

Note that EA, F and A, always appear in the combination EFA, €F and €A, respectively,
and hence we only need to determine them up to additions of matrices that vanish when € is
multiplied from the left. In particular, the SUSY transformation (3.1.16)) is determined once the

right hand side of (3.2.11]) is fixed.
The equation (3.2.12)) can be solved when the integrability condition

eFu =0, (3.2.18)

with F,, = 0,4, — 0, A, + [A,, A is satisfied. Then, (3.2.12)) can be formally solved as

€(x) =€ Pexp (/ d:c“.Au) : (3.2.19)

where € is a constant spinor, “P exp” denotes the path ordered exponential (the ordering is taken
from left to right) and ¢ is a fixed position. The integrability condition ([3.2.18]) guarantees that
(13.2.19)) is well-defined in a neighborhood of xy.
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(3.2.9) has a trivial solution e!/% = 0. In fact, in all the examples we consider in the following
sections, one can show that e//K = 0 is the only solution of (3.2.9) that is compatible with the
imposed symmetry. When e!/% = 0, (3.2.10)) is simplified as

1
0=¢ (ir#aﬂ log a — 3my, kM5 + M) . (3.2.20)
By definition, e//% = 0 is equivalent to
0 = a'd,(ac) €™ +24m"" (3.2.21)
0 = d"Vpgm!4. (3.2.22)

Using (3.1.13)), the latter is written as

v = —2amt AP = —12miP L dAPY = —8mAPC (3.2.23)
(3.2.21]) can have a solution if and only if

8,(v/=gam”*) =0 (3.2.24)

is satisfied.

In summary, we have reduced the conditions for the SUSY invariance of the action (3.1.10))
to the equations (3.2.7) and (3.2.8), where the former can be split into the equations ([3.2.9)-
(3.2.12)). In the following section, we are going to elaborate on solutions that preserve different

symmetries.
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Chapter 4

Example: 150(1,1) x SO(3) x SO(3)

In the later part, we will apply our equations to preserve SUSY, obtained from the previous
section, for specific cases. First, we consider 1SO(1,1) x SO(3) x SO(3) symmetry. Here,
ISO(1,1) is the Poincaré group acting on z%!, and the first and second SO(3) act as rotation

of 2%5% and ™% in the 10-dimensional notation, respectively. Although our analysis is purely
field theoretical, our motivation come from string theory. Consider a D3-D5-D7 system in the

following table:

01 2 3 4 5 6 7 8 9
D3

©oer (4.0.1)
D5|o o o 0O 0 O
D710 o O O 0O O O O

This configuration is 1/8 BPS configuration, which preserves part of the supersymmetry, as well
as the ISO(1,1) x SO(3) x SO(3) symmetry. If we regard the D5 and D7-branes as a supergravity
background and the D3-brane as a probe embedded in it, the low energy effective theory on the
D3-brane is expected the one which deformed from the N' = 4 SYM that the couplings are
depend on space-time. We may replace the D5-brane and D7-branes with (p,q) 5-brane and

[p, q] T-branes, respectively, to have more complicated configurations preserving SUSY.

Being absent of [p, q] 7-branes, the case with D3-branes in the (p,q) 5-brane backgrounds
corresponds to the supersymmetric Janus configuration considered in [14]. Also being absent of
(p,q) 5-brane, D3-branes in the [p,q| 7-brane backgrounds can be generalized to D3-branes in
F-theory configurations, which was recently analyzed in [20, 22] 23] (see also [25, 27]). So, the
case with this symmetry will combinate this two configurations by appearing as special cases in

our example as we discuss separately in Sections and respectively.
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4.1 Ansatz and SUSY conditions

We decompose the 10 dimensional coordinates in four sectors: «, 8 = 0,1; 4,7 = 2,3; a,b,c =
4,5,6; p,q,r = 7,8,9. The metric and the couplings are assumed to depend only on z¢ and
preserve the 1.SO(1,1) x SO(3) x SO(3) symmetry acting on {z*} x {2} x {2P}. The metric
(3.1.6) is of the form

ds? = (" )nasdr®dr® + gi;(x")da'da? 4 Supda®da® + 5,pdaPda? . (4.1.1)

Using the general coordinate transformation and Weyl transformationf]with appropriate rescaling

of the fields, we can assume e(z’) = 1 and g;;(z%) = e®@)6;; without loss of generality.

M can be written as a general form to respect this symmetry,

M = 6(mOIiF01i+m456F456+m789F789)

= o'TY + BI*%6 4 AT (4.1.2)
The non-zero components of d’/4 and m4? are
de = ge“bc , AP = W epar , m® =% mPl =767 (4.1.3)
We also define
q; = 0;loga . (4.1.4)

The non-trivial components of e//¥ defined in (3.2.14]) are
M =a10j(ac) €' —da' e = (v+4B)e™, T = (w+ 4y)e™ . (4.1.5)

In this case, one can show that the condition (3.2.9)) implies e!/% = 0 (see Appendix [E.1)) and

hence

a'dj(ac) €’ =4a', v=—4B, w=—4y. (4.1.6)
The integrability condition (3.2.24)) for the first equation of (4.1.6) is
9" 0 (ac;) =0 . (4.1.7)

The non-zero components of the spin connection are

" a1

*See appendix
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and A, defined in (3.2.15) is

Ag=—= (FTo+40,T") | A = —i (FTy — 40, T%)

o] =

Ai=— (FT+ 40,0 = ¢ /0;01%) .
The condition (3.2.12) with ¢ = 0,1 implies
0 = &(F + 40,71

Using this the equation, A; in (3.2.12)) with 4 =i = 2,3 can be replaced with

. 1 An
Ai = Eij (—OszOl + Za]q)) F23 s

and (3.2.20), (3.2.11)) and (3.2.12)) become
O — E(FZQZ _4aiF01i +26F456+27F789) ’
8" = €(—4a,I"" +28e™T,) |
8" = (4, +29eT,,) |

. 1 A
aﬁ = EEi] (—OéjF01 + Z@(ID) F23 .

The integrability condition (3.2.18]) for (4.1.15)) is

0 =eg" (40p,T"" — 6,0;®) .
The second order equation ([3.2.8)) for this case is

. e 1.
Dl<€B )FZ = E(-TFQ—B (M—{—ﬁrqu)) 5

Di(eB")I" = € <—m’ -B (M + %w)) .

Using (4.1.13)—(4.1.15)), one can show that (4.1.17) and (4.1.18)) are equivalent to

0 = r+7+g"qq; +2970iq; — 46 + %)

0 = E(T o ?_‘_ 48iﬁri456 _ 48i’7].—‘i789 + 8ai1'\01i (BF456 o ,y]_—\789) ) ]

(4.1.9)

(4.1.10)

(4.1.17)

(4.1.18)

(4.1.19)

(4.1.20)

Therefore, equations that we have to solve are (4.1.7)), (4.1.12), (4.1.16) and (4.1.20). Once we
find a, o, B, v, ® and r—7 satisfying these equations, the other parameters can be easily obtained
by (4.1.6), (4.1.13), (4.1.14) and ([£.1.19). It can be easily checked that these SUSY conditions
reduce to those given in [14] when the symmetry is enhanced to 1SO(1,2) x SO(3) x SO(3).
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4.2 Solutions of the SUSY conditions

In this section we are going to elaborate on a prescription for the SUSY parameter ¢ which
simplifies the study of solutions. In addition, we give two examples of solutions, where the latter

is a generalization of the former.

4.2.1 More on SUSY conditions

Let us first try to solve . Decomposing € as
€E=¢€; +e_, (4.2.1)
with €.T% = +€,, (4.1.16) can be written as
0 =€, ¢" (40ka; — 00;®) — _g" (40karj + 0,O;®) . (4.2.2)

If g*70,0;® = 0 and g"dya; = 0, both €, and €_ can be non-zero. However, if ¢*9,0,® # 0, it

has a non-trivial solution only if
9"0,(0;® F4a;) =0, & =0 (4.2.3)

are satisfied. Therefore, when ® is not a harmonic function, the unbroken SUSY is inevitably
chiral in 2-dimensions. In the following, we impose (4.2.3)), though we do not assume ¢*9,0;® #
0. The general solution for the case with ¢g"9,0;® = 0 can be easily obtained by taking a linear

combination of a solution with € =€, and that with € =€_.

(4.2.3) can be solved (at least locally) if and only if there exists a function ¢ satisfying

1 )
:i:Oéj — Zajq) = EjlaigD:t . (424)
Then, the solution of (4.1.15)) is
€= Eie@iréé = (cos o1 + I sin <pi> : (4.2.5)

where €] is a constant spinor satisfying
AT =g, &1t =¢g . (4.2.6)

The second condition in (4.2.6)) follows from the chirality condition (3.1.7)).

This €% belongs to the 8-dimensional Majorana-Weyl representation of the SO(8) subgroup
of the 10-dimensional Lorentz group. Since the operators acting on € in (4.1.12)) and (4.1.20)
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commute with SO(3) x SO(3) generators ['** and T, it is convenient to decompose it to two
(2,2) representations of the SO(3) x SO(3) as

4

&= (0] + fi(Lv]), (4.2.7)

v=1

where v = 1,2,3,4 is an index labeling the 4-dimensional representation ((2,2) representation)
of SO(3) x SO(3), and f2 and f! (v =1,2,3,4) are real parameters. The set {(0;v|,{1;v| |v =
1,2,3,4} is the basis of the spinors satisfying . They can be constructed explicitly as
follows. Let us define

C) = %(P? +T%%) Oy = %(F3 FI™) | (4.2.8)
which satisfy
{C,.Cl} =64, {C,.C.}=0, (s,;t=1,2). (4.2.9)
Let (0;v | be a spinor satisfying
(0;v]Cl=0, (s=1,2) (4.2.10)
and (1;v | is defined as
(Liv|=(0;v|CiCy . (4.2.11)

Since all the operators acting on €. in (4.1.12)) and (4.1.20)) do not mix the spaces with different

index v, we can assume
&L= {0 v+ fi (L0 (4.2.12)

with fixed v. (The general solution is just a linear combination of this type.) Note that 3 =

(Cy + CH(Cy + ¢ and
(0:v]|T® =(Lv|, (1;0|T®=—(0v] . (4.2.13)
Then, can be written as
& = (0]t (4.2.14)

where n = /(f9)2 + (f})? and € = arctan(f}/f?). As a consequence, the number of remaining
SUSY is 4 in general, corresponding to the choice of v = 1,2,3,4. This agrees with what we
expect from the brane configuration (4.0.1]). If the phase £ can be chosen freely without changing
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the action, the number of SUSY is enhanced to 8. As mentioned above, if ® satisfies the Laplace
equation ¢¥9,0;® = 0 and both €, and €_ are allowed, the number of SUSY is doubled. We will

see some examples with the SUSY enhancement later.

Since ¢ can be absorbed by the shift of ¢, in (4.2.5)), we set £ = 0 in the following. Then,
using (4.2.4), (4.2.5) and (4.2.14)), one can show that the SUSY condition (4.1.12)) is equivalent

to

B = e a2 ((92 <e%¢a_1/2 cos(2g0i)> + 03 (e%q)a_l/2 sin(2g0i)>> , (4.2.15)
v = Fe *a'/? ( Oy <e2 a 2 sin(2gpi)> + 05 <e%¢a_1/2 cos(290i)>> . (4.2.16)

and (4.1.20) is equivalent to

0y (e4* (=B oos(2ps) £ ysin(2p2))) + s (4 (Fy cos(2ps) — Bsin(2p))) =
(4 2.17)
0a (e%q)(j:'y cos(2py) + ﬁsin(2gpi))> + 03 ( 2% (—B cos(2¢+) £ vsin(2¢4) ) = (4.2.18)

It is convenient to write these equations using a complex coordinate z = \/Li(mz +ix3):

Biiv = V3e®all, (eéqﬂr’i?&@ia*l/Q) , (4.2.19)

1
Z(T —ﬁép

V20, (e%‘“’g“’i (8+ iv))
= 20, <e_%q’+i2%a1/282 <e%q’+i2%a_1/2>> : (4.2.20)

where we have used (4.2.19) in the last step. 8, v and (r — ) are determined by (4.2.19)) and the
real part of (4.2.20)). The imaginary part of (4.2.20]) gives a non-trivial constraint:

Im [az <e_%¢+i2”ia1/282 (e%qﬂri?%a—l/z)ﬂ =0. (4.2.21)

This equation can be solved if there exists a real function f(z,Z) satisfying

o.f — 6—%<I>+i2<pia1/Qaz (€%q>+i2<pia—1/2>
_ e <2252¢i +1p (@ 10ga)) , (4.2.22)
This is equivalent to
e—i2<pi+%(<1>—loga)agef — 0, (ei&pi—i-%(@—loga)) of (4.2.23)
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The complex conjugate of this equation is
0= <e—i2<pi+%(<1>—10ga)> of — 6i2¢i+%(‘b—1oga)azef '
The sum of these two equations gives
O (e—i2¢i+é(¢—loga)ef) -0, <€i2wi+é(<1>—loga)ef> 7
which is equivalent to
Im |:az (ei2wi+%(¢floga)+f>:| —-0.
This equation can be solved if there exists a real function g(z,%) satisfying

1 lip_ _
612<pi+2(<1> log a) —e f&zg ]

Inserting this into (4.2.23]), we obtain

(4.2.24)

(4.2.25)

(4.2.26)

(4.2.27)

(4.2.28)

If we are able to find real functions g and f satisfying this relation, ¢4 and (® — loga) are

obtained by (4.2.27). (4.2.19) and (4.2.20) are

BEiy = V2e *a'?0.(e ! 0:9) = V2e Pa e 0.90:f
r—7 = 8¢ %0,0-f .

Note that can also be written as
Re[0.(e % 0zg)] =0 .
This equation can be solved if there exists a real function h(z,z) satisfying
e*2f6’zg =1i0,h ,
which implies

0,90:h + 0:g0,h =0 .

(4.2.29)
(4.2.30)

(4.2.31)

(4.2.32)

(4.2.33)

It shows that the gradient of g and h are orthogonal to each other. Conversely, if we are able to

find real functions g and h satisfying (4.2.33)), f is obtained as

o 0:h 0zh
e =1—=—
0.9 0zg
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(4.2.27) can also be written as

eiest®-losa — i po g . (4.2.35)

In addition to these equations, we should also solve (4.1.7). Using (4.2.4), (4.1.7) can be

written as
970;(a0;®) + 4€%0,a0pp+ = 0 , (4.2.36)
which is equivalent to
Re [0-(a 0, (® + 4ips))] =0 . (4.2.37)
This equation can be solved if there exists a real function k(z,Z) satisfying
a0, (P —loga+ dips) + 0,a = ad, (P + dipy) =10,k . (4.2.38)

From the first equation of (4.1.6) and (4.2.4]), we see that this k is proportional to the theta

parameter as

7

k= - F— 4.2.39
Fac=Fg ( )
up to an additive constant.
Using (4.2.27)), (4.2.38]) becomes
2a0,(—f +log 0z9) + 0.a = 0,k , (4.2.40)
which can also be written as
0.(a0zh05g) = 10:h0zg0.k . (4.2.41)

In summary, the SUSY conditions are now reduced to a problem of finding real functions

h, g, a and k satisfying (4.2.33) and (4.2.41]). Then, the real function f is obtained by (4.2.34)

and other parameters are determined by (4.2.27)) (or (4.2.35))), (4.2.29), (4.2.30) and (4.2.39).
Although we have not been able to find the general solution of the SUSY conditions (4.2.33)) and

(4.2.41]), a lot of non-trivial solutions have been found. In the following subsections, we show

some of the explicit solutions.
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4.2.2 Solution 1
First, we introduce new coordinates (y',y?) defined as
v =13 +1(2), v =i(lz) —-1(2)), (4.2.42)

where [(z) € C is a holomorphic function of z = \%(ZBQ +42%) and [(Z) is its complex conjugate.
They are related to the original coordinates (22, 2®) by a conformal transformation on the 2-
dimensional plane. Note that our ansatz explained in Section [4.1]is compatible with the conformal

transformation[] and hence our results in the previous subsection are valid in the coordinates

(y',5?) as well. In fact, it is easy to see that the equations (4.2.33) and (4.2.41)) are invariant

under the conformal transformation. Once one finds a solution, one can generate new solutions
by the conformal transformations. In order to emphasize this point, we write down the solutions
that work for any choice of the holomorphic function [(z), rather than using this degrees of

freedom to simplify the equations.

Since the condition (4.2.33)) is equivalent to the statement that the gradient of g and h are

orthogonal to each other, it is clear that it can be solved when g and h are of the form:
g(z,z) = Gl(yl) ) h(Z,Z) = H2<y2) ’ (4243)

where (G; and H, are real functions. The subscripts of these functions suggest which of the

coordinates (y! or y?) they depend on. Inserting these into (4.2.41)), we obtain
0.(aH,GY) = iHyG 0.k (4.2.44)

where the prime denotes the derivative, e.g., G| = 9, G1(y").
One can check that the following ansatz gives a solution of (4.2.44)):

L(y*, v?)

= G OOH D) k(2,2) = Ki(y') + Ka(y?) (4.2.45)

where K, and K, are real functions satisfying
GllK{ =K1, HéKé = Ko, (4246)
with real constants «; (i = 1,2) and A is a real function defined as

L(y", y%) = kaGh(y") — s Ha(y?) - (4.2.47)

* Because we set g;;(z') = e‘b("ci)éij, general coordinate transformation of (22, 2%) is not compatible with our
ansatz. The conformal transformation on the (22, z3)-plane keeps this form invariant.

37



Then, using (4.1.19)), (4.2.29)), (4.2.30), (4.2.35) and (4.2.39)), we obtain the rest of parameters:
G Hy

® = log (LO.10:) | (4.2.49)
1 -
p+ = Slmllogd:l] , (4.2.50)
, 1 .
Btiv= Nols ((log G1)" — i(log H3)") (4.2.51)
r—7= 7 (05 G’ — (log F3)") (42.52)
4 2
r+7 == ((log G1)" + (log H3)") + —5 (k3G + wTHY) . (4.2.53)

4.2.3 Solution 2

Let us generalize the solutions in the previous subsection by considering the following ansatz:
9(2,2) = Gi(y') + Go(y*) . h(2,7) = Hi(y') + Ha(y?) (4.2.54)

where, G; and H; (i = 1,2) are real functions. Then, (4.2.33) can be solved when these functions
satisfy

GllH{ = —Cp , GIQHé =C , (4255)
where ¢ is a real constant. Note that (4.2.34]) implies
H/
e = ?’2 : (4.2.56)
1
which makes sense when H,G' > 0.
Then, (4.2.41) can be written as
€70,A=0.B , (4.2.57)
where we have defined
, W + 2¢qi
e’ = # , (4.2.58)
2
W = G,H,+ G,H, =G\ H,— (;—OH , (4.2.59)
1412
2
c
V o= \/W?244¢ = G H, + =2— | 4.2.60
+ CO 1419 + GllHé ( )
A = aW +2¢k , (4.2.61)
B = 4V . (4.2.62)
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Some useful identities are

2
G Hj = co cot <%) . W =2coto, V=2 (4.2.63)

sin o

Note that in the Taylor expansion of (4.2.57)) with respect to ¢y, the leading term is trivially
satisfied and the O(cg) term reproduces (4.2.44)).

Here, we try to solve (4.2.57)) using the following ansatz:
Aly',y®) = Au(y') + As(v?) , Bly',y°) = Bi(y') + Ba(y?) (4.2.64)

where A; and B; are real functions. Inserting this ansatz into (4.2.57]), we obtain

)
Co

G Hy(A] — B)) — e (Al 4+ By) = —2c¢4;, (4.2.65)
1112
2
G!HY(A, — Bl — %(Ag Y B = 204 . (4.2.66)
1112
These equations can be solved when
2 2
A+ B, = 2kG,, A, — B, = % , Ay+B,= -2k H,, A,— Bl= 2’?2 . (4.2.67)
1 2
where r; (i = 1,2) are real constants. Then, we obtain
A = KQGl — KllHQ + Co(Kl —+ KQ) + ap , (4268)
B = HgGl - /{1H2 - Co(Kl -+ Kg) + bo s (4269)

where K; = K;(y%) (i = 1,2) are real functions satisfying (4.2.46)), and ag and b, are real constants.
(We can set ag = by = 0 by absorbing them in the constant parts of Gy, Hy and K, but we will

keep them for convenience.)

Then, by the definition of A and B, we get

B B
o= = 2—60311&0 : (4.2.70)
1 |14 1
=—|(A-B—)=—(A-B : 4.2.71
k S ( V) 200( cos o) (4.2.71)

39



Other parameters are obtained by using (4.1.19)), (4.2.29), (4.2.30), (4.2.35)) and (4.2.39):

1 A
c= :|:2—C0 (W—VE) ::I:(cota— Bsina) , (4.2.72)
® = log (BO.l0:1) | (4.2.73)
1 -
oy = % + 5Imllog &:1] | (4.2.74)
e 3t
+iy = log G") —i(log H))') , 4.2.75
~ 4 2 1\/
r—T=g ((log G})" — (log H3)") (4.2.76)
4 W I \/! I\ / ) ) /
r4+r= BV ((log G})" + (log Hy)") + o (k3GT + KTHY + (K + KY))
24 2 !/ 1\/
+ E—O ((log G1)')* + ((log H)')?)

V2
deg (W
<— — 1) /ﬁJQG,l/ — I{lHé,) — B_;) (V =+ 1) (Ki/ —+ Kél)

4 2
= g eoso ((log G))" + (log Hy)") + —= (k3G? + kIHZ + (K2 + Kf))

B (
+ %SmZ o ((log G1)")* + ((log H3)")?)

8 o 8cy .
~ 52 sin? <2> (koG — k1 HY) — B—g sin <2> (KY 4+ KJ) . (4.2.77)

One can check that this solution reduces to the one given in the previous subsection in the ¢y — 0,

o — 0 limit.

4.3 F-theory configuration: 1SO(1,1) x SO(6)

As an explicit example of the solutions obtained in Section [4.2.2] let us consider
Gi=vy', Hy=v", Ki=ry', Ky=roy?. (4.3.1)
In this case, gives
a=roy' —k1y?, k= ryt + Koy? (4.3.2)
and hence

a+ ik = 2(ke + ik1)l(2) (4.3.3)
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is a holomorphic function of z. This implies that the complex coupling 7  i(a %+ ik) defined in
(3.1.12)) is holomorphic or anti-holomorphic depending on the chirality of the unbroken SUSY.
Another immediate consequence is that the combination ® — loga o Re(logd.l) is a harmonic

function satisfying the Laplace equation in 2-dimensions:

0.0:(® —loga) =0 . (4.3.4)

Actually, in this case, (4.2.48))-(4.2.53) imply =~ = 0 and r = 7, and the symmetry SO(3) x
SO(3) is enhanced to SO(6).

Though this solution is a special solution, the properties (4.3.3)) and (4.3.4) hold for general
solutions with 7.S0O(1,1) x SO(6) symmetry. In fact, it is not difficult to find the general solutions
for the cases with ISO(1,1) x SO(6) symmetry. If we impose § = v = 0, implies
g = constant or f = constant. However, in order to have non-singular solution of (4.2.27)), g
cannot be a constant. Then, f has to be a constant and implies that ¢ is a harmonic

function satisfying 0,0-g = 0. Then, (4.2.27)) and (4.2.40) imply that

® —loga — dipy (4.3.5)

and a + ¢k are holomorphic functions. Therefore the general solution can be written as

a=12)+1(z), k=il(z)—1(2)), | (4.3.6)
@ =log(I(z) +1(2)) +m(2) + m(2) , ¢z = —%(m(z) —m(2)) (4.3.7)

with holomorphic functions I(z) and m(z).

Note that all the parameters in the Lagrangian are invariant under a constant shift of the
imaginary part of m(z), but ¢4 is shifted. This shift induces a shift of £ in through
and hence we can choose any value for ¢ without changing the action. Therefore, as
explained below , the number of preserved SUSY is enhanced to 8. And this solution
agrees with . Further analysis when the singularities and monodromies of 7 is given is the

same with the one in review 2.2

4.4 Gaiotto-Witten solution: I50(1,2) x SO(3) x SO(3)

The supersymmetric Janus configuration found by Gaiotto-Witten in [I4] can be obtained as
a special solution of the solutions obtained in Section [4.2.3] It is a solution with ISO(1,2) x

SO(3) x SO(3) symmetry and all the deformation parameters depend only on one coordinate x®.
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To see this, let us consider the case with x; = 0, K; =0 (i = 1,2) and H, = y*. In this case,
® is a harmonic function and, as discussed in Section 4.2.1, we may have solutions with both €,
and €_ being non-zero. To obtain such solutions, we should make sure that the parameters in
the Lagrangian are consistent with the SUSY conditions for both €, and €_ simultaneously. To

this end, we choose

1
co = :I:E , 0==12¢ (4.4.1)

for the solution in (4.2.73)~(4.2.77). Then, we have the relation cot ) = DG (y') and

bo D

a = Tsin(Qw) , (4.4.2)
_ _ %
c = cot(2¢) bysin(20) (4.4.3)
® = log (bg0.l0:l) | (4.4.4)
or = i% + %Im[log o=l (4.4.5)
e T
Bty = \/2_170(10g cot ), (4.4.6)
r—r = bi(log cot )", (4.4.7)
0
r+7r = bi cos(2¢)(log cot ¥)" + bE sin?(2¢)((log cot )")? . (4.4.8)
0 0

This agrees with the supersymmetric Janus solution, (2.3.4) and (2.3.5) in when I(z) =

—iz/ V2 and by = 2. In this configuration, 8 supersymmetries are preserved.
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Chapter 5

Other examples

5.1 1S50(1,1) x SO(2) x SO(4)

Similar to the case with ISO(1,1) x SO(3) x SO(3) symmetry considered in the previous section,
we expect to have SUSY preserving configurations with 750(1,1) x SO(2) x SO(4) symmetry,
as it can be realized in a D3-D3(-D7) system in the following table:

\0123456789

D3|lo o o o

(5.1.1)
D3|o o 0O O
D70 o O 0 0O 0O 0O O

In this case, we regard the D3-brane extended along x°~® directions as a probe embedded in
the supergravity background corresponding to the other D3 and D7-branes. The 4 dimensional

gauge theory with varying couplings is realized on the world-volume of the probe D3-brane.

5.1.1 Ansatz for deformation

First, we set the metric and other deformation parameters consistent with the global symmetry.
The ansatz for the metric (3.1.6)) is the same as that used in Section [4.1}

d82 = ﬁagdl'adl"g -+ e‘p(xi)(%jdxidxj + 5abdxad$b + 5pqupdxq ) (512)

where the indices are o, 5 = 0,1; 7,7 = 2,3; a,b = 4,5 and p,q = 6,7,8,9. The non-trivial
components of the spin connection are given in (4.1.8). Parameters M, d’/4 and m“? consistent
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with the symmetry are of the form

M =6 (mo """ + mssI') = uI'T" 4 I'T* (5.1.3)
di% = —q" = i | o = 5 mPe = TP (5.1.4)
where € is the epsilon tensor satisfying e*® = —e®* = 1. Here, o, 3;, v*, r and 7 are functions

of z*.

5.1.2 Solutions of the SUSY conditions

First, let us apply the above ansatz to the first order equations ({3.2.9)—(3.2.12). It is easy to
show that all the components of e/’ vanish. The components of e//% that are allowed by the

symmetry are

e = a'9;(ac)e’ — 4, (5.1.5)
e = 48"+ ' (5.1.6)

The equation (3.2.9) for (I, .J) = (6,7) implies
0= EeI/JIK/FK/FI/J/ = 6%(60“'F01i + 6145Fi45) . (517)

From this equation, together with (3.2.9)) for (1, .J) = (4,6), we obtain

€M =™l =0 . (5.1.8)

Because I'*® does not have a real eigenvalue, we conclude that ¢ = ¢° = 0 to have non-zero €.

Therefore, we obtain

-2 =v", a'9;(ac)e’ =4a’ . (5.1.9)
In this case, (3.2.20)) gives
0="¢ (g — 4a;,I°") | (5.1.10)

where ¢; = 0;loga. When we decompose € as € = €, + e_ with e, ' = +e, , becomes
0 =2y (q —4a;)[" + & (q; + 4a;)I" . (5.1.11)
This is satisfied if and only if
¢ = *4a; and €x =0, (5.1.12)
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or
g =a;=0. (5.1.13)

Note that the second equation of implies that the complex coupling satisﬁes
0.7 =4mai(da, +q.) , 01 =4mai(—4daz + ¢) . (5.1.14)

From this we find that the complex coupling 7 is holomorphic or anti-holomorphic when ¢; = 4q;
or q; = —4q;, respectively. This is the same situation as that observed in section [4.3| For the
case with (5.1.13]), the gauge coupling and theta parameter are constant.

From (3.2.15)), we obtain the components

Ay = —i (FTo +4a,T") | A = —i (FTy — 4o, T%)
A = —i <FPZ~ +4a, T + 48,185 — e/ajcbrﬁé) . (5.1.15)
We find that is also valid in this case. Then, implies
eB" = —4e(a,T™ — I | eB’ = —4eq, P | (5.1.16)

and (3.2.12) with =14 = 2,3 can be written as

1 A A
DE=¢ (—Zajcbrfi + T, — 5,?45) : (5.1.17)

The integrability condition (3.2.18)) for (5.1.17) is equivalent to

1 .. . . 54
O=c¢ <—Zg”823]<1> + g”(‘?ioszOI + ezjaiﬁjf2345) . (5118)

In order to solve this equation, we decompose € into the eigenspaces of I'°! and ['2345 gg
E=¢l +e +e +e, (5.1.19)
where € (s = £, t = £) satisfy
T =8, eI =sg, eriv—¢g. (5.1.20)
(5.1.18) implies that € can be non-zero only if

1 .. . .
0= —Zg”&aj@ + tgwaiaj + s€” iﬂj (5121)

*The notation for complex coordinates is given in Appendix
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is satisfied. This equation can be solved when there exists a function ¢ satisfying
1 % 7 s
—18]@ + tOéj + 86]- ﬁl = Ej 1Pt - (5122)

Then, the solution of ((5.1.17) is given by

& = hsenil™ (5.1.23)

Y

where €2 is a constant spinor satisfying the conditions in ([5.1.20)).

Then we distinguish the following four cases:

e (Cl): aj # 0 and €79,8; # 0.
(5.1.12) and ([5.1.21)) imply that only one combination of the signs (¢, s) can have non-zero

=S
€ -

e (C2): aj # 0 and €79,8; = 0.
(5.1.12)) implies that only one sign for ¢ is allowed, but both € and €, can be non-zero. In

this case and imply
970,0;(® —loga) =0, (5.1.24)
and there exist functions ¢ and oy satisfying
—}lﬁj((I) —loga) = ¢'0ip1 , B =02 - (5.1.25)

Then, pj = p1 + sy, satisfies (5.1.22)).

e (C3): aj =0 and €79,8; # 0.
(5.1.21)) implies that only one sign for s is allowed, but both €, and € can be non-zero.

e (C4): aj =0 and €79,8; = 0.
All the sixteen components of € can be non-zero. (5.1.21) implies ¢¥9;0;® = 0.

Next, let us consider the second order equation ([3.2.8]). In this case, it can be written as
. . A —a 1.
D;(eB )" = € (—2(D,~vZ + ¢v')e®Ty, — T — B (M + 5F’q,~)> , (5.1.26)
— ) 1.
D;(EBI" = € (—?‘ra -B <M + 51”(]1-)) : (5.1.27)
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Inserting (5.1.16)) into these equations and using ((5.1.17)), we obtain

1 .. g g s
0 = € <7" + §gw%qj' + g”@iqj — 89”62'6]' + 482-5]-6”F2345) , (5128)
_ 1 i i

where we have used the relation in (5.1.9)),

0

€ (g + 4o, T (5.1.30)

that is valid for both cases (5.1.12) and ([5.1.13)). Then, from ((5.1.28)) we obtain

r= —59”%%’ — g70,q; + 89" B, 3; — 4s0; ;" (5.1.31)

where we have used ([5.1.20]) in order to have non-zero €.

In summary, we can construct a generic solution of the SUSY conditions by the following
steps. First, pick a holomorphic (or anti-holomorphic) function 7(z) such that Im 7 > 0. Then, a
and c are obtained from and q; is given by . Next, choose arbitrary real functions
® and ;. Then, f3; is determined by (5.1.22)). If one wants to find a solution with €79;3; = 0,
(the case (C2) above), @ is determined by solving (5.1.24). More explicitly, the solutions of
(5.1.24)) are obtained by choosing a holomorphic function /(z) and setting

®=loga+1+1. (5.1.32)
1 in (5.1.25)) is given by
o1 = i(l 7). (5.1.33)

Other parameters v, r and 7 are obtained by solving equations ([5.1.9)), (5.1.31) and (5.1.29),
respectively.

The number of unbroken SUSY is 4 for the generic case (C1), 8 for the cases (C2) and (C3),
and 16 for (C4). The case (C4) is a trivial solution that is related to the undeformed N = 4
SYM by a coordinate transformation and a field redefinition. In fact, because ® is harmonic, it
can be eliminated by a conformal transformation on the z-plane. f; is a pure gauge configuration
and it can be eliminated by a local SO(6) rotation (see Appendix [C.2)). One can guess that the
cases (C1), (C2) and (C3) correspond to the D3-D3-D7, D3-D7, D3-D3 systems, respectively [2].

47



5.2 Time dependent solutions

5.2.1 I50(3)

Let us consider the cases in which the couplings depend on time. First, as a trial, let us as-
sume that spatial translational and rotational symmetry ISO(3) are preserved. It turns out
that the time dependent solutions of the SUSY conditions with this symmetry can always be
mapped to a system with a constant gauge coupling and theta parameter by general coordinate

transformations and field redefinitions[f

Note that the metric (3.1.6)) can be chosen to be flat. This is because the general form of
metric preserving [SO(3) symmetry (flat FLRW metric) can be written as

ds* = eq)(”)(—dn2 + (5ijd:cidxj) + dapdaidz? (5.2.1)

where 7,7 = 1,2,3 and 7 is the conformal time defined by dn = e~®/2dt, and the overall factor
e? in the 4-dimensional metric can be eliminated by the Weyl transformationlﬂ (G — € 29)

without loss of generality.

Then, it is particularly easy to show that the gauge coupling cannot depend on time to
preserve SUSY. To see this, note that (3.2.10)) may be written as

1 1
E(a() log (Z) =€ (%GIJKF]JKFD — (geuJK — GmMJK) FMJKFO — QMF()) . (522)
Because I';;x'g is an anti-symmetric matrix for all I, J, K = 0,...,9, the right hand side of this

equation is € times a real anti-symmetric matrix. However, since a real anti-symmetric matrix
cannot have a real non-zero eigenvalue, the only possibility is that both left and right hand sides

are zero:

1 1
da=0, ¢ (%«EIJKFIJK — (gewK - 6mMK) ek QM) =0. (5.2.3)

Therefore, the gauge coupling has to be time independent.

As explained in Appendix [E.2] all the components of e//X vanish for the cases with 7.S0(3)

symmetry. Because non-trivial components of m!/K are mA8¢, m®B and m'?, the second
equation of (5.2.3]) becomes
E(—12m') = emyp I BT | (5.2.4)

*We have not been able to exclude the possibility that mass parameters have non-trivial time dependence,

despite the gauge coupling and theta parameter are constant.

TSee Appendix
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which means that m!?® is proportional to the eigenvalue of mpcIBCT123. However, since

FABCF123

MABC is a real anti-symmetric matrix, the eigenvalue cannot take a non-zero real value.

The only possibility is
m'» =0, emapc 4P =0. (5.2.5)

Then, (3.2.21) implies dy(ac) = 0 and, as a consequence, the theta parameter (3.1.11)) is also a

constant.
Furthermore, (3.2.12)) with 4 = 1,2,3 and (3.2.15]) implies 0 = €A4; o< €F'T’; and we have
O0€ = €Ay = —3€moapl? . (5.2.6)

We can set moap = 0 by the local SO(6) transformationﬂ and then the SUSY parameter € is also

constant.

5.2.2 1SO(2) x SO(6)

To get a solution with time dependent gauge coupling, we consider the cases that the couplings
can depend on z° and z'. We impose the ISO(2) symmetry that acts on 2?2 directions and

SO(6)r symmetry to simplify the analysis. The ansatz for the metric is
ds® = e(b(xa)nagdxadxﬁ + 5ijdxidxj + dapdr?da? (5.2.7)

where o, = 0,1; 4,7 = 2,3 and A, B = 4,5,---,9. The non-trivial components of the spin
connection are

0@ Op®
Wopi = — 55 Wil =~ 5 - (5.2.8)

Because of the ISO(2) x SO(6) symmetry, all the components of d’/% are zero and the form of

M consistent with the symmetry is
M = 6mgp3l** = [ (5.2.9)

Then, e (u=0,---,3 and A =4,---,9) are all zero and we can use the argument given in
Appendix to conclude that all the components of e//% are zero. In addition, (3.2.21) and

(13.2.24]) imply
a 'Op(ac) = —4ay , a'0i(ac) = —4ayp , gaﬂaa(aag) =0, (5.2.10)

fSee Appendix
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and (|3.2.20]) becomes

0 = (g™ — 40, I'*%%) | (5.2.11)
where ¢, = 0, loga. (5.2.11]) is equivalent to
0="2¢s ((go£q1) — 4o £ oq)[*) , (5.2.12)

where € is decomposed as € = €, +¢_ with €.1'°! = £€.. Since I'*® does not have a real eigenvalue,

this equation implies
G=Fqn, a=Fa and e =0, (5.2.13)
or a trivial solution

G =ta =0 (5.2.14)

In the following we focus on the case ((5.2.13)). (5.2.13)) and (5.2.10)) imply

(80 + 81)61 =0 s (80 + 81)(QC) =0 y ((90 + 81)04a =0 s (5215)

and the solution can be written as

ke (@)
=Fa; =hl(z7), ac=ke(zT), a=+—"-, (5.2.16)
F i AR (a¥)

or
a,=0, ¢=0 and a=ax(zT), (5.2.17)

where h, k+ and az are arbitrary real functions of 27 = 2°Fz" and prime denotes the derivativel

From (3.2.15)), A, is given by

1

A, = Z(FF0+4040F23—|—61 P01> , (5.2.18)
1

A = Z(FF1+4041F23+60<1>F01> , (5.2.19)
1 .

A = Z( i+ eda, I7%) (5.2.20)

For p = i, the condition (3.2.12)) is 0 = 0;¢ = €A; and implies

EF = —42q, [ =0, (5.2.21)

§ The solution (5.2.17) was discussed in [16].
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where we have used ([5.2.13)). Then, from (3.2.11)) and (3.2.12)) we obtain, respectively,
eB =0, (5.2.22)

and

1 i 1 i
OpE = —¢ (a0F23 + Z&(I)F“) , Oe= —¢ (a1F23 + Za&ﬁ”) : (5.2.23)

The integrability condition (3.2.18) for ([5.2.23)) is

1 A
0=¢ ((81on — 9oy )T + Znaﬁaaaﬂ@r‘)l) , (5.2.24)
which implies
81040 — 80041 =0 3 gaﬁﬁaagfb =0. (5225)

The solutions (5.2.16|) and ([5.2.17)) satisfy the first equation of (5.2.25) and the general solution

of the second equation is
O=f(z")+f(27), (5.2.26)
where fy are arbitrary real functions of *. Then, the equations can be integrated as
£y =& eTalfef)-hel® (5.2.27)

where €] is a constant spinor satisfying e [0l = e, Using the above results, the second order
equation (3.2.8) becomes simply

0=em”PTy . (5.2.28)

Multiplying this equation by macI'“, we find mp = 0.
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Chapter 6
D3-branes in curved backgrounds

In this section, we study the case of D3-branes in curved backgrounds and try to relate the

couplings in the action (3.1.10)) with the supergravity fields in (2.4.22)) and (2.4.23)). To this end,
we expand the D3-brane effective action with respect to A and keep only the terms that suvive

in the [, — 0 limit, assuming that the background fields are of O(\?). We have used chirality

condition for Weyl-Majonara fermion,
oy — 4+, (6.1)

which is different from the previous section, (3.1.7). We assume, for simplicity, that (u,4) com-
ponents of the metric g,; vanish everywhere, and all the components of the Kalb-Ramond 2-form
fields and all the R-R fields, except the R-R 0-form Cj, vanish at 2 =0 (i = 4,5, - - - ,9):

gm:0> B,

=0, C,

bico =0, (n#0). (6.2)

z'=0

Similar analyses have been done in the context of flux compactification[]] in which Poincare
symmetry in 4-dimensional space-time is assume. The effective action of D3-branes in a back-
ground corresponding to 7-branes (F-theory) intersecting with them was analyzed in [26], [25],

[27]. We generalize such analyses to the cases with relatively mild asuumptions (6.2)).
Here, we simply state the results first, and explain the detail calculations in the appendix.

Here, we simply state the results and leave the details to the appendix . Neglecting the O(\)

* It is generically possible to choose a gauge such that Ba|,i—g = 0 and Cp|zi—9 = 0 (n # 0) (at least locally)
provided the components H,,,, and F},,, vanish at 2* = 0. Obviously, the reason for considering a non-vanishing

Cy is that we want to capture the theta parameter 6 in the SYM action (3.1.10]).
f See, e.g., [39].
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terms in the action (2.4.22)) and (2.4.23]), we obtain:

T )\2 —¢ C
SB‘:’,)SOH = 32 /d4x\/—_gtr { — %g“”gPUFHPFya + ZOGWPJFWFPU

— e %g"g;D, 9" D, + %gii’gjj’ @7, 7)[®", &) — 2V (D)

Vi i iTRJ T i j
+ (G, Fu, T g(Gf)z‘jk‘P (@7, "] F (x4 F5)";;® Duqﬂ} ; (6.3)
fermi T‘B)\2 4 —¢ e ranll = ok — 1 i
Spy = 5 d*zv/=ge ?tr i (V" D,V + UDhi[®F, U]) — il ( My — Zwﬂ%ﬁ'r ve
(6.4)

where the upper (lower) signs correspond to the case of D3- (D3-) branes, D, denotes the 4

dimensional covariant derivative defined in |D and 1' and w ;5 1s the (i, E,j) component
of the spin connection given by

1
Wi = i(efﬁue,ﬁ — e?@uek;) . (6.5)

The quantity My in (6.4)) is given by

e? (1 . 1 - ~ iy
Me=%Fg (5(*4F1)wpr””p — (GE)iu ™ + 3 (Gl — (*4F5)WF“’J) ’ (6.6)
where the field strengths are given by
Gs = Fy+ (Co+ie ®)Hy = Fy+ie ®Hy (6.7)
(GP)," = Re((x4Gs)," +iGM™) = (x4F3)," F e O H,M™ (6.8)
(G}:E)ljk = Re((*6G3>ijk + ZG”k> = (*6ﬁ3)ijk + e_d)Hijk s (69)
and
- 1 -
(%4 F1)upo = e, 00.Co (*4F5)“ij = ge”p”“prUij . (6.10)
The potential V(@) in (6.3) has two contributions:
V((I)Z) = )\72<VDBI<(I)Z‘) + Vcs(q)l)) s (611)
where
A DBIi/\2DBIij
. a2 o
Veg(®) = 5ol + ?mgs(b’dﬂ : (6.13)
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with
1 _
PP = =0+ 59" Digu = Oilog (V=g 7). (6.14)

1 v ! v'v ! v
myot = oPPPP — 0,00 + 3 (g“ 0;0; vy — 9" 09w 9" 09 — 9" g HMVIHJW)

1 DN
- 1/—g@—¢)8iaj (V —ge€ ¢) + §Hiu Hjp (6.15)
v = — (ual5)i (6.16)
CS — 1 5 1 I\ pv . .
and
Yy — L~ uvpo
(*4F5)i == aFlwpaie . (618)

All the supergravity fields and their derivatives in the action and are evaluated
at ' = 0. The first term in Vpp; can be discarded in the field theory analysis, because
it doesn’t depend on ®'. If we require * = 0 and A, = 0 to be a solution of the equations of
motion, the linear term in has to vanish:

0=e %P £ (6.19)

which is the condition that the force due to NS-NS and R-R fields cancel each other. In this
case, we can safely take the [, — 0 limit.

Since the metric used in the action (3.1.10)) is assumed to be of the form (3.1.6]), we introduce

a new metric

g,uu = €2wg,ul/ s gAB = 5AB ) g,uA =0 ) (62())

where p,v = 0,...,3; A,B = 4,...,9 and w is a real function. Here, we put a facotr € in
the 4-dimensional metric, because it is often convenient to make a Weyl transformationff] In

addition, we redefine the scalar fields as

At = e el (6.21)
where e is the vielbein for the transverse space et with the identification A =i = 4.....9. so
K3 p 1 ) b

that the kinetic term can be written as in (3.1.10) with the metric ((6.20)).

#We have wrote down the useful formula for Weyl transformation in Appendix
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Then, discarding the total derivative terms, the bosonic part of the D3 brane action (6.3

becomes
Ty )\? —9 C
Sp" = 32 /d4x\/—_§ tr { — %glngLFIKFJL + ZOEWPOFWFPU + 673W(G§)AWAAFW

F (G apc AN AP, A% + (F(aF)uan + 2¢ Ywyan ) §7AD, AP

— mpAtAP — 26_4wV((I)i)} : (6.22)

where €7 is the Levi-Civita symbol with €123 = 1/,/=7, supergravity fields with indices 4, B, C

are defined as (GE)apc = (GR)ijreyegel, ete., and map is defined as

~ 1 7y / 1 = _b-uv 2w =~ /
map = 5(6 G B, waE, — \/T_gay (V=ge °g" E,up) e (*4F5)“AA,EMAB) + (A <+ B)
(6.23)
with
—w w1 1 i
Eoap = e “ea0,(e”ey) = 50ug” ciaejp + 0,wdap + wyas - (6.24)

The fermionic part (6.4 is rewritten as

L Ty\? = A =~ R /1 R R
Slermi _ 32 /d4:c —ge¢tr{i(\I/FHDH\II+\IIFAZ'[AA,\p])_Z'\I; <Mi_1quBWAB) \I,}

(6.25)

where we have defined

—~

My =e M,y
€¢ eQw Tuvp w R TApy e R TABC 5 TuAB
= F g | 5 Cal )™ = e (GL)aw ™ + == (Gapcl™™ = (+aF5)uasl :
(6.26)
and

TH=e“I*, TA=ell', U=e 0. (6.27)

Here, I! (I =0,1,...,9) are the gamma matrices satisfying
{T7. 17} = 25" . (6.28)
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Now, we can readily find the correspondence between the couplings and the supergravity

fields. By comparing the action (3.1.10) with (6.22)) and ((6.25]), assuming (6.19)), we obtain

Tu)\?
a= 32 e, c==4eCy, A" = Fe TG (6.29)
1 br. T ABC et R

dyap = 5 <:F€ (%4 F5) pan + QW,uAB> , d ==+ (GY)age (6.30)
62w+¢ eerd) R

Myvp = :FT(*4F1)MVP ) MuvA = iT(Gi)Auu ; (631>
e? ~ 1 et -

MyuAB = iﬂ(*4F5)uAB ~ gWwAB ;  MaBC =F o, (GZ)apc (6.32)

and

map = 2iap + e BB £ ) (653

Note that the first equation of (6.31]) can be written as
e2w+¢ €¢ ~
Teuupoauco = :Fﬂe”yp(,@MC’o . (634)

Then, the relations ((6.29)-(6.33]) imply (3.2.21)) and ([3.2.23)), which is equivalent to the condition
el7K = () that solves one of the SUSY condition (3.2.7)) as discussed in the previous section.

Myvp = F

In the following section we are going to check these identifications by explicitly inserting some
particular backgrounds in the effective action for D3-branes and comparing with the supersym-

metric deformations of the SYM theory in the formalism of section [3.2]
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Chapter 7

Comparison with specific examples

We apply our results to find the non-Abelian action of D3-branes with specific backgrounds,
(p, q) 5-branes and D3-branes BPS solutions. The one with [p, ¢] 7-branes background is studied
in [39] .

7.1 (p,q) 5-branes background

In this subsection, we consider D3-branes embedded in a background with (p, q) 5-branes. The

brane configuration is summarized as

34 5 6 7 8 9
0

(probe) D3 (7.1.1)

(p,q)5

The effective action on the D3-brane world-volume can be written down by using (6.3)) and (/6.4)).

As we will soon see, because the (p, q) 5-brane is not extended along the z3-direction, the gauge

coupling and the theta parameter of the D3-brane action depend on the coordinate z3. This

2
0
0

o O | O
o O |+

O O O

brane configuration is related to the supersymmetric Janus configurations considered in [14]. We
will show that the action obtained by using (6.3]) and (6.4)) is indeed consistent with that obtained

in section [2.3] which provides a consistency check of our results in section [0}

In this subsection, the letters for the indices are chosen as «, 5 = 0,1,2; a,b,c = 4,5,6 and
p,q,7 = 7,89. Let us consider n (p,q) 5-branes placed at z° = 0, ¥ = 28 (p = 7,8,9). The
supergravity solution corresponding to the (p, q) 5-branes can be obtained by applying SL(2,7Z)

*Here, p and ¢ are relativly prime integers and a (p, ¢) 5-brane is a bound state of p NS5-brane and g D5-brane.
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duality to a D5-brane solution. Its explicit form is [f

ds}, = h(r)’i(nagd:cadxﬁ + Oapda®da®) + h(r)i((da®)? + dpgdxPdz?) (7.1.2)
e? = P _pg(1 = h(r)) + pxogs (7.13)
P29 h(r) 2 + (g + pxo)2gsh(r) 27 70 g th(r) + (g + pxo)’gs .

Hs =2nples , Fy=2nqgsl’e;, (7.1.4)

where ds%, denotes the line element in the Einstein frame, y, is a constant,

ny/pgs 13 .
h(r) =1+ Y22 p=p°g. + (¢ +pxo)gs, =@+ Z (zP — 2B)? |, (7.1.5)
p=T7.8.9

where €5 is the volume form of the unit S* embedded in the R* parametrized by %% with its

center at the position of the (p, q) 5-brane. €3 can be written explicitly as
€5 = sin® fsin ¢1df A doy A dos | (7.1.6)

where (6, ¢y, ¢) are the coordinates on the unit S? with 0 < 0 < 7,0 < ¢; <7 and 0 < ¢ < 27,
3,7,8,9

related to x as
23 =rcosh ,
7 T
x' —xy=rsinfcos ¢y ,
8 8 . .
x° — xy = rsinfsin ¢; cos ¢g ,
9 9 . . .
x” — xy = rsinfsin ¢, sin ¢y . (7.1.7)

Note that Hs and F3 in ([7.1.4)) can be written as

p
lgly! — ——— E.,
Hor = g v

where p', ¢, 7', = 3,7,8,9 and 8p,qlrls/ = epgred’® is the Levi-Civita symbol for the flat R*

parametrized by 279 with e3789 = +1[] In the the expressions (7.1.2), (7.1.3) and (7.1.8),

the function h(r) can be replaced with an arbitrary positive harmonic function on R*, which

/

FOgh(r) . Fygw = q, /% & Ouh(r) | (7.1.8)

corresponds to a supergravity solution describing parallel multiple (p, q) 5-branes distributed in
R4
fSee, e.g., [42, 43 [44].

¥ One can easily recovor the expressions of Hs and F3 in (7.1.4)) from (7.1.8) by using the polar coordinates
|D with metric of R*: ds? = dr? + 12 (d6? + sin*0dp? + sin*0 sin®p1d¢3) and e,94,4, = ° sin*0 sin ¢;.
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The dilaton and R-R 0-from combined into a complex scalar field 7 = g;1(Cy + ie~?) can be

written as
T =1+ 41D e (7.1.9)
where
To = EEPY») , 4ArD = S — , (7.1.10)
p 2p(q + pX0)9s
are real constants and ¢ (r) is a real function satisfying
h 1/2
tan(r) = 2O (7.1.11)
(¢ + pX0)9s

Here, we assume p, ¢, xo are all positive and 0 < ¢ < 7. The complex filed (7.1.9) evaluated at

2" = 0 corresponds to the complex coupling (3.1.12). In fact, the expression in ((7.1.9) agrees
with the complex coupling obtained in section . Note here that ¥|,i_y can be chosen to be a

generic real function of 23, because as mentioned above, h(r) in (7.1.11]) can be replaced with an

arbitrary positive harmonic function on R* transverse to the (p,q) 5-branes.

The metric in the string frame is given by

ds?

1
— 03P dc2
string €2 dSE

2
(Napdr®dz® + 6,pdx"dz®) + < P tan w> ((da®)? + 0pqdzPdz?)

. p
~ /Pgs sing 8m Dp?

(7.1.12)

It is easy to show that both Vpgr and Vg in the potential (6.11)) are flat (i.e. ®* independent),
because F5 =0, H;,, = Fj,, =0, B, = 0 and Lpp; defined in (F.1.11]) is a constant:

LDBI = 6_¢\/ — det(gw,) =1. (7113)

Next, consider N probe D3-branes placed at 2° = 0 (i = 4,...,9) in this background. The metric
(7.1.12) evaluated at z* = 0 is written as

52 ing| iy = € [N dy"dy” + dapda®da’® + €*"8,,da?da?] (7.1.14)
where we have defined
= v/ PYs sinw(r) 2i=0 » &= (7’) z*=0 87TDp2 anw(r) o ) ( 1. )
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and introduced new coordinates y* (1 =0, 1,2, 3) satisfying
V=2, yrt=at, YP=22, dyP=e"da? . (7.1.16)
Then, using the coordinates y*, the bosonic part of the effective action (6.3)) becomes

Ty\? 1
SB%SOH :—32 /d4y e P tr ( - §7iuy77nguPFW +
+ 62Ean5abD#<I)“DV<I>b + 62(£+")77W5quuq>pDVq)q

1 ! / 1 / !
+ §€4£5ab(5a/b/ [(I)a’ q)b] [q)a 7(1)17] + 564(£+n)5pq5p,q/ [q)p7 q)q] [q)p , DY ]

6¢C()

vVpo
Gl Y

+ €T215,,0, [0, D°)[OF, DY) F %ezgw(Gi)m’kq’i (@, q’k]> : (7.1.17)

In order to compare with the action (3.1.10)), it is convenient to rescale the scalar fields as
A, =0 A, = TP (7.1.18)
Then, the kinetic term of the scalar fields can be rewritten as
ety (e*n* 6,0, "D, ®" + >y s, D, &P D, 1)

1
= e %r (n“”éABDNAAD,,AB + §mABAAAB> + (total derivative) , (7.1.19)

where A, B =4,...,9 and the non-zero components of m4? are
mab —9 (512 + é»// o ¢/§/) 5ab -9 (¢/2 o (¢/ cot 1/})/) 5ab ’
mP=2((+n)P 4+ +0" = +1)) 6" =2 (Y*+ (¢ tany)) 677 . (7.1.20)

Here, the prime denotes the derivative with respect to y?, e.g., ¢ = 9,5§. These expressions
precisely agree with (12.3.4))

Note that the non-zero components of (G¥),;x are

(GH)as6 = — 2" (Frgg + CoHrgg) = 2, /&(q +g.'Cop) (7.1.21)
p
2
GE)rgo = Fe P Hygg = Zliefd)—pesm’f]/ , 7.1.22
* Py

and one can show the following relations:

e 2/ _ 29/
PTG ) 456 = Foo e’ (GY)rso = o (7.1.23)




Using these, the last term of ((7.1.17]) can be written as

1 L ) B .
:F§€2§+¢(Gli)ijk(pl[qﬂa ‘I)k] = F2 (6(]5 £(G$)456A4[A5, Ag) + e’ ¢ 377(Gi)789147[148, A9])

=4y (:':512ﬁ¢A4[A5’A6] — CozéwA7[A8,A9]> . (7124)

These terms agree with (2.3.4]) for the upper sign. (The lower sign is obtained, e.g., by a

transformation (x!, z%) — (—z!, —2%).)

In summary, the bosonic part is written as

T: AQ 1 / ’ €¢C
SB%SOH :37 / d4y €7¢ tr ( — 57]11 T]JJ F[JFI/J/ + OE“VPUF“,,FPU
) ¢/ /
+4i (:Fsin¢A4[A5’A6] COS¢A7[A87A9]>
C (W — (W cot)))6P AL Ay — (172 + (w'tan¢)'))5PQApAq> (7.1.25)

with ¢ and Cy given by (7.1.9)).
Let us next consider to the fermionic part. The action (6.4) in the background ([7.1.2)—(7.1.4])

18

o TaN? — — —
Sfermi _ 37 / d'y e* e~ tr {i(VI* D, W + UT1i[®", U]) — iW M, ¥} (7.1.26)
with
¢
€
My = 7 ((#aF1)012T"™ + (G as6 D' + (GE)780I™) (7.1.27)

Rescaling ¥, M. and the gamma matrices as

we obtain
fermi T3)\2 4 —¢ . TA;/, - THA oy e
st = = [ diye tr{z(\IfF D,V + T Z[AA,\IJ])—Z\IIMi\IJ} . (7.1.29)
Here, the rescaled gamma matrices I! (I =0,1,...,9) satisfy the anti-commutation relations

with the flat metric {I’, I/} = 5/, and we have used WI'*(8,£)¥ = 0, which follows because

IT# is a symmetric matrix.
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Again, using (|7.1.23)), we obtain
— 1 ~ - ~ L ~
My = F; <6¢3300F012 + e (G a5l + 7 3"(G§)789F789>

1 1 77012 W 17456 W 7789
= — r — I - —7T . 1.
2 < 4 + sin v cos Y (7.1.30)

This result also reproduces the results of supersymmetric Janus configuration, (2.3.4)), just by
changing ¢ — 7 + 9.

7.2 D3-branes background

Let us next consider probe D3-branes extended along z%%3 directions in a background corre-

sponding to n D3-branes extended along z%%%5 directions:

001 23456789
(probe) D3| o o o o (7.2.1)

D3 0O o 0 0

In this subsection, we use the letters for the indices as o, 8 = 0,1; m,n = 2,3; a,b = 4,5 and
p,q=26,7,8,9.

The supergravity solution corresponding to n D3-branes placed at 2™ = 0 and 2? = zf, in

the string frame, is

e?=1, Cpy=constant , (7.2.2)
A5 ing = D) 72 (apda®da® + Spda®da®) + h(r)2 (,nda™da™ + Sygdada?) | (7.2.3)
Fy=fs+xfs, fs=dh(r)™" Ada® Ada' Ada* A da?, (7.2.4)

where g; is a constant and h(r) is given as

— Q3 — 4 2 _ m)2 - 2
h(r)=1+ o Qs = 4dngnly , r° = 3(1: )° + Z(xp —xp)” . (7.2.5)

m=2, p=6
As in the previous subsection, the function h(r) can be replaced with an arbitrary positive
harmonic function on the R® parametrized by z236789,

The metric evaluated at the position of the probe D3-branes, i.e. ' =0 (i =4,...,9), is

ds?

string

= ¢ (Gudstda’ + Gpydatda® + 75y daPdat) (7.2.6)

2i=0
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where we have defined

e?=") = h(r)

zi=0 > (727)
and
G datdr” = nagdx"‘dxﬁ + €99, dx " dz"™ . (7.2.8)

This metric has 1.SO(1,1) x SO(2) x SO(4) isometry, where ISO(1,1) is the Poincaré symmetry
acting on 2%, SO(2) and SO(4) are rotational symmetry acting on z*° and 29759, respectively[]
We have already obtained the action of deformed N' = 4 SYM with this symmetry in
section @ Since our brane configuration ([7.2.1]) preserves part of the supersymmetry, the action
(6.3) and for this background should reproduce one of the general solutions obtained there.

It is again easy to see that both Vppr and Vg in the potential (6.11) are flat, because
F3=H3 =0, F,0 =0 and Lpg; defined in (F.1.11) is a constant. Then, the bosonic part (6.3)
becomes

Ts\? 1 C
== / d'zv/=g tr{ — 50" FupFua = € Fu Fy

— §" (e 964D, ®*D,®" + 6,,D,0" D, d?)

boson
SD3

+ %e%sabéa,b/ (@, ®°][d%, D] + %@qap/q, [P, B][DF | §7]

+ € 0,450, [P, BY)[DP, D] F e“"(mﬁg,)“ij(biDu@j} : (7.2.9)
where é7 is the Levi-Civita symbol with €"'?* = 1/,/=g. In order to compare with the results
in section [0, we redefine the scalar fields as

A, =e?P0 A,=0F . (7.2.10)
Then, the kinetic terms for the scalar fields become
V=gtr (e ¥g" 654D, 2" D, ®" + §"6,,D, " D, )

1
= /—gtr (g“”éABDMAAD,,AB + émABAAAB) + (total derivative) , (7.2.11)

where

1
mab = gmn (éa’m(pansp - amangp) 5ab 5 mP? = 0. (7212)

* If we use h(r) in (7.2.5)), the metric also has a rotational symmetry on the 223 plane. However, as mentioned
above, h(r) can be replace with an arbitrary positive harmonic function on Rﬁ, in which case the rotational

symmetry on 23 is broken in general.
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The non-zero components of (x,F5)";; are

where €23 = —32 =
where £ = —g%
n (B1.10).

(k4 F5)"%5 = =€ Omp

v/ %2333 = e=%. The last term in l-b becomes

™2 (x4F5) ;O D, @ = €D p e A Dy Ay

= 1. This gives

1
dnab iQEmn ) 5

Collecting all these results, ([7.2.9) becomes

Co

TA ’ ’
Sboson _ 13N /d41‘\/_t1'{ II JJ FIJFI’J’ :l:ZGHZ/PUF F

1

_"_ _gmn

2

2
1
(§8m¢8n¢ — 8m8ng0) 5P A A £ €0, 5“bAaDnAb} )

The fermionic part (6.4)) is

Sferml o

with

T3\
2

/ d'z v/ Ge# tr [i(TT"D, W + UTyi[@F, U)) — iTM. ¥}

1 ~
My = :I:Z(*4F5)"45Fm45gmn .

As in the previous subsection, we rescale ¥, M, and the gamma matrices by

The rescaled gamma matrices satisfy

Then, we obtain

Sferml _

(T Ty =29, {T9,T%) = 26% | (TP, T9} = 267 |

Ty\?

/d4x\/_tr{ ( DD, T + G4 A, ]) —ﬁz\?ﬁf}
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(7.2.14)

(7.2.15)

(7.2.16)

(7.2.17)

(7.2.18)

(7.2.21)



with
—~ 1 ~ AN A~
M, = j:Z(*F5)"45Pm45§nm =TF-&" O™ (7.2.22)

I _ . .
where €' = € g,,,. This gives

1
B = F €m0 (7.2.23)

The results ((7.2.12)), (7.2.15)) and ((7.2.23)) agree (5.1.21)), (5.1.9) and (5.1.25| respectively, for
the case (C1) with ¢; = constant, s = F.
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Chapter 8

Conclusion and outlook

In summary, we have studied space-time dependent deformation of ' = 4 SYM as preserving
SUSY and the relation with the world-volume theory of D3-branes in supergravity background.
As a result, we got general form of conditions for preserving SUSY while breaking Poincare
symmetry to give couplings space-time dependence. Also we have studied the interpretation of
this type of SUSY gauge theory in type IIB string theory; the non-Abelian world-volume action
of D3-branes in BPS supergravity backgrounds. And we compared the coupling of background
fields with D3-branes and the parameters in the field theory.

We have investigated some of examples imposing specific symmetries. For 7SO(1,1)x.SO(3)x
SO(3) case, the solution of this case is not the most general one, but we found wide range of
class of solutions. And we found the special solutions for 150(1,2) x SO(3) x SO(3) case and
ISO(1,1) x SO(6) case by limiting the parameters to recover these symmetries. This means
this solution is generalization of SUSY Janus configuration solution and F-theory solution. We
compare the solution of 1SO(1,2) x SO(3) x SO(3) case and 1SO(1,1) x SO(6) case with the
non-Abelian world-volume action of D3-branes in (p, q) 5-branes background and [p, ¢] 7-branes

background respectively. And they agreed with each other.

For ISO(1,1) x SO(2) x SO(4) case, we found the general solution. We got four types of
solutions corresponding to the D3-branes embedding in trivial, D3, D7 and D3-D7 background
in supergravity. Again, we compared this solution and the non-Abelian world-volume action of

D3-branes in D3 branes background, and we found they agree with each.

We have also studied the cases that couplings are time dependent, 150(3) and ISO(2)x SO(6)
cases. For 150(3) case, there was no non-trivial solutions, and for 750(2) x SO(6) case, we got

general solution that 7 should be left-moving or right-moving one.
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It could be a lot of future extension of our work. Since our analysis was completely classical,
so it would be important to take into account the quantum effects. Localization, which allows
to evaluate physical quantities including all quantum effect exactly, is one of the example. This
implies that we can also calculate something corresponding in supergravity side exactly. It would
also be interesting to consider how the BPS solitonic objects, such as dyons or instantons and

their dual objects in supergravity.

As mentioned in Section our ansatz for the action in (3.1.10]) is not completely general,
even if we restrict the deformation to be of dimension less than 4. As an obvious extension of
the analysis, one may try to include all the terms that are compatible with renormalizability.
It would also be interesting to consider the case with U(N) gauge group and include the terms
like tr Fyy, tr A4. The U(1) part will be important to consider the configurations of D3-branes,
when the system is embedded in string theory. Since our strategy should work for arbitrary

supersymmetric theory, further generalization would also be possible.

The form of non-Abelian world-volume action, (6.3) and (6.4)), is not manifest of SL(2,Z)
symmetry of type IIB supergravity. So, it will be highly non-trivial to formulate world-volume
action of D-branes in SL(2,7Z) invariant way. Also, since we made mapping of parameters in the
gauge theory to the supergravity fields, we expect the theory, , has S-duality as SL(2,Z)
transformation of type IIB supergravity fields. But it also not clear at all.

Even though the map between the parameters in field theory and supergravity fields is es-
tablished, it’s not still clear whether the conditions to preserve SUSY are equivalent or not. In
other words, we can study the relation between Killing spinor equations or equations of motion

in supergravity and the equations to preserve SUSY presented in section |3.2]
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Appendix A

Complex coordinates

We use complex coordinates to parametrize the 2-3 plane. Our convention used in Sections
and 5.1l is as follows:

1 1
z= E(m‘z +izd), zZ= E(J;Q —ixd) (A.1)
1 , 1 .
8Z = ﬁ(@g — 283) s &z = ﬁ(@g + 133) s (A 2)
gz=gn=¢€", g7 =g"=e", (A.3)
= =—ie? emp=—a =i, F==—i, =¢ =i (A.4)

0.7 =4nai(da, +q.), 07 = 4dmwai(—daz+ ¢z) ,
(9ZT = 471a 1(4()(2 — QZ) , T = Adma Z(—40éz qz) (A 5)
da, = —ia~'9.(ac) , 4oz =ia"'9:(ac) (A.6)
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Appendix B

Gamma matrices

In this paper, we have chosen the SO(1,9) gamma matrices I'/ to be real 32 x 32 matrices They

can be written as
M =ioy®lig, I'=01®%0@, ((=1,2,---,9) (B.1)

where g5 are SO(8) gamma matrices and g, is the chirality operator.m I is an anti-
symmetric matrix and [''~? are symmetric matrices. T°T'/1/2In are symmetric for n = 1,2 (mod

4) and anti-symmetric for n = 0,3 (mod 4).

The following formulas are useful.

'’ = g (B2)
FIJFK — FIJK +77JKFI —T]IKFJ 7 (B 3)
FIJKFL — FIJKL _|_77KLFIJ - nJLFIK +77]LFJK ’ (B 4)
Ty = T, — 46,17 — 26107 | (B.5)
Ty = T+ 68,077, — 661077, (B.6)
Do DK = Ty 75— 60,075 — 65 67,75 (B.7)
Ty = TRy + 900 T — 180,67, T7 — 601 67,01 . (B.8)

* In this appendix, we assume the metric is flat.
fSee, e.g., Appendix 5.B of [36] for an explicit realization.
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LI, — Iilz-In _1\n—1 [11 12~~~In]
r "Tnres, = T Jidgedn +(=1) nm og;, T o]

n(n — 1)m(m —

1
st st

4 (—1)m=DH(n=2) 5 Ypoedm] T
min{m,n}
_ Z (_1)(2n7k71)k/2k| C. C 5[11 ___5Ikrfk+1“'fn] (B 9)
— sk m-k [J1 Jy Jea1JIm] .
k=0
ey, = (=1)4(D - 2n)Th (B.10)
r!'rhelp g, = (D —2n)% — D) (B.11)

where D is the number of dimension. These formulas work for any D, though we are mainly

interested in the case D = 10.
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Appendix C

Useful local transformations

C.1 Weyl transformation

Let us consider the transformations

Guv — eizwg/w )

el’j — e_“’el’j ,

r“ — eI,

A, — Ay,
Ay — YAy,

U o e (C.1.1)

where w = w(z#) is a real function of z*.
Then the following quantities entering the action transform as:
DAY — (DAY + 0w AY) | (C.1.2)
g tr(D,AYDyAL) = g tr(DyAYDy Ay + 20,0 (D AY) A g 4 0wdpw AYAY)
= " t1(D,AY Dy Ap + 0w Dy (A A ) 4 0w, AYA ) .

(C.1.3)
According to the definition
D,V =9,V +i[A,, U] + iwwrﬂﬁqf , (C.1.4)
where the spin connection is
hip = 564 Dpeurs — (Dugue)e) — (75 ) (C.15)
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these objects transform as follows:

!

Wuop —> Wuop + (eu,;e?,/ — et} VO,w (C.1.6)

3 1 / PP
DV — €7 <Du + 5an + Z@,,/w(e”f,el’; — €€ )F””) v

= e3¢ (Du + %ay,w (I, + 35;/)) ' (C.1.7)
Therefore
T#D,U — e2“THD, | (C.1.8)
and
Ur*D, v — “VvI*D,U . (C.1.9)

The action (3.1.10) is invariant under the Weyl transformation (C.1.1)), if we also transform

the couplings as

2N A2
dBA  R2egrBA
dBCA o gBOA
mAB 5 2mAP 4 2% g (9w w4 a7 D, (adpw))04E
M — M. (C.1.10)

C.2 SO(6)p transformation

Let us consider a local SO(6) g transformation

Ay — 0,°Ap, (C.2.1)
v - OV, (C.2.2)

where O = (0 4#) € SO(6) and O is the corresponding SO(6) element in the spinor representation
of SO(1,9) acting on the fermion. This implies

DMAA — OAB(DMAC + (O_laMO)BCAc) , (023)

g tr(D,AYDyA) = g™ tr(D,AYD Ay + 2(0710,,0)4 (D, Ax) A
—(071'9,00710,,0)*P A4 Ap) , (C.2.4)
D,V — O(DY+07'9,00). (C.2.5)
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Then, the action (3.1.10)) is invariant if we also transform the couplings as

At P07 (C.2.6)

d,5" — O}EfBld,ug?A/(O_l)f(f4 + (08,075, (C.2.7)

e A (Ca Pil(Oy P (e (C.2.8)
mL - 0,4 m,F 0™ - 2¢"(00,07'00,07") B

—29"(0,4d, 17 0,(07") 5" — 0,0,7d, .7 (071)7) (C.2.9)

M — OMO™'-T"09,07". (C.2.10)

Since d,,” behaves as the gauge field of the SO(6) symmetry, it is useful to define the
covariant derivative including the SO(6) gauge field:

D,Ax = D,As+d, PAp, (C.2.11)
D,V = DM\IJ+iduABFAB, (C.2.12)
which transform as
D,Ay — 0,°D,Ap (C.2.13)
D,V — OD,V . (C.2.14)

The action ((3.1.10]) can be written as

1 ~ 1 BN _
S = /d% —g4atr{ — §FWFW — (D, A4)* + 5[AA, Ag]? +i(UT" D, + WI i[Ay, U))

~AB e
+ i PO F L Fy — dAF,, Ay — dBCYi[Ap, AclAs — —— Ay Ap — ﬁm} , (C.2.15)
where
mA? = m*® 4 29vd A, P (C.2.16)
—~ 1
M = M+ZF“ABdHAB. (C.2.17)
MAB and M transform as
mL - (0OmOo™),F, (C.2.18)
M — OMO™. (C.2.19)
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Appendix D

Derivation of the SUSY conditions

D.1 Derivation of (3.2.7) and (|3.2.8

First, the variation of the action (3.1.1)) is given by

0S8 = /d4a: —gatr {(5AI [ — 29" g7 Dy Fpy + (—2a_1DM(ad[“A) — mIA) Ay
+ (—2g”g“Ka’18ua —a'0,(ac) K — 3dU‘]K]) FJK:|
+2i 60 (F’DI\I/ — M’m) — U [sA;, \If}} + (total derivative terms) ,
(D.1.1)

with the understanding that d’%7 and m’4 can be non-zero only if I =4 ~ 9, and €//%X% can be

non-zero only for I, J, K, L = 0 ~ 3. Here, we have used

§Fry = Di0A; — Dj6A;, € D,F,, =0, YI'6U =—0UT"¥ (D.1.2)
and defined
1
d[IJK] = _ dIJK dJKI dKIJ D.1.3
~ 1
M = M- 51”‘8“ loga . (D.1.4)
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The SUSY variation of the action with respect to the transformations (3.1.16|) is given by
0.8 = /d4x —ga tr {(iEFI\IJ) [ —2¢"" ¢’ D Fpy + (—2@’1Du(a dimady — mm) Al
+ (—2g”g“Ka*18#a — a0, (ac) MK — Sd[IJK}) FJK]

+ie(—Fyrl75 + AAEA) (FIDI\I/ - MW) } + (total deriv. terms) ,

(D.1.5)

where we have used the identity

tr(UT[0. A7, ¥]) =0 . (D.1.6)

We would like to find a condition under which the integrand of (D.1.5)) is a total derivative.

Our ansatz for the total derivative is

Sier = / d*v/=gtr {D;(ieA" UF;g) + Di(ieB" WAL} (D.1.7)

where AYE and B4 are 32 x 32 matrices with AVE = — AKJ {6 be determined. This total

derivative term can be expanded as

Sdger = /d4x\/—g tr {iEAIJK(\I/(DIFJK) + (D9)Fyk) +iD;(eB™) WA,

+i (eBYE 4+ Dy (AE)) WFy i + iEB]A(DI\If)AA} . (D.1.8)

Comparing (D.1.5) and (D.1.8]), we obtain the following conditions:

EFI(_gII’gJJ’ + gIJ’gJI’)a — E(AJI’J’ + EJI’J’) ’ (D.1.9)
ag(—T7ET!) = eal/K (D.1.10)

1 ((—g" 9"  + g g"")dua + 0, (ac) X — 3a.d"™ ) + ael 7" M =eBV™) + Dy (eAVF)
(D.1.11)

aeB'T! =eB™ (D.1.12)

*See appendix 4.A of [36] for a proof of this identity.
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) (—2Dy(ad"”) — am') — aeB" M = D;(eB") . (D.1.13)

In (D.1.9), ET7K is a 32 x 32 matrix which is totally anti-symmetric with respect to I, J, K,
which can be added because of the Bianchi identity:

DiFji+ DjFygr+ DgFry=0. (D114)

(D.1.10) and (D.1.12)) determine €A’ and eB'4, respectively. It is easy to see that (D.1.9)

is satisfied with F//% = aI''/K using the identity

L e /A S 2k A (D.1.15)

Then, using (D.1.10) and (D.1.12), (D.1.11]) becomes

€ ((—FJg“K + FKg“J) dua + 0, (ac) [eE —3q Fld[‘]K[]) +aelEM
= @B"T7 — D;(ae(D’KT)) | (D.1.16)

which is equivalent to
(D)DK =€ (E“PU — 71,0 + (a0, (ac) 175 + 3dHTKNDy, — FUJTJ) (D.1.17)
This is the condition . Similarly, becomes
) (2D, (ad"*) — am') — aeB" M = D;(aeB")T" | (D.1.18)
which is equivalent to
a LDy (ae BN = ¢ (—Qa_IFIDJ(a A4y — mABT — EAJTJ) . (D.1.19)

This gives ((3.2.8]).

D.2 Derivation of (3.2.9)~(3.2.12

Using the identity

1 7
FIJFK (EF[IQJ]L - 16 x 54F[JFL> = 55 y (D21)
we rewrite (3.2.7)) as
1 7
Dpe=eC" (=T - T D.2.2
re=¢C (16 19N = 16 < 5L Y L) ; ( )
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where

7 = BTN — 111 9,a + (a0, (ac) X + 347Ky — THDT (D.2.3)

Inserting (D.2.2)) back to (3.2.7)), we obtain

ECIJ — ECI/JIPI/J/IJ 5 (D24)
where we have defined
P = (Lr 1gINK — L P, ) THTE
g = 16 9K ~ T g MK
1 1
LT+ Zr[,,r[féjl] . (D.2.5)

One can check that P, ;// is a projection operator satisfying
PP, Kl = p KL (D.2.6)
and
crv’p, =6t PGyl =Gl (D.2.7)

with arbitrary G”. Therefore, if € C!” can be written as

ect =eglm’l | (D.2.8)
with some G', (D.2.4)) is satisfied. Conversely, if (D.2.4)) is satisfied,
1 Iy 1 /
GI = 5(01 7 F[/J/)FI + ZCII F[/ (D29)

satisfies (D.2.8). It can also be shown, using (D.2.7), that v"/' P, /7 = 0 is equivalent to
I, =0
(% J .

Then, using the property (D.2.7]), one can easily show

cl'p, 1 — ol = ((a_l&,(ac) e/l IE L3 gl KN, — r”’M’) (P’ — 6467 .

(D.2.10)
Therefore, (D.2.4)) can be written as
0=¢ ((a_lf)y(ac) TR L 3 gl RN, — PI’J’JTJ) (Pp 17— 6167 (D.2.11)
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In this equation, M can be replaced with M, because of the relation l)
When M is expanded as

M = mp 75 (D.2.12)
it satisfies
DM = MUY — 6my i (¢" KT T — /KT 44T 7' T (D.2.13)
Therefore, (D.2.11]) is equivalent to
O == EGIIJ/K/FK/ (PI/J/IJ - 5{/55{) 3 (D214)
where
K = 0710, (ac) 17K + 317Kl L o4mIIK (D.2.15)
This is (3.2.9).
Next, we write (D.2.2) as
De=¢€FE; , (D.2.16)
where
—A (1 1 1
E; = B |- — —I4l'y ) = =I'"T";0,1
J <49JA 57l A J> 7 70, loga
+€I/J/K/ ig /F R 7 F . /F . mI/J/K/ Sg ,1‘1 Jr — 11—‘ 7T ,F
16977 KT T T pa KT Jrirr = byl |
(D.2.17)
(D.2.16|) with J = A, implies
(=2 (1 1 1
0 = ¢ <B (Z 54— ﬁurf‘) — EFW‘&# log a
+€IIJ/K/ iéA/F g — 7 IN G /FA - mI/J/K/ 3(5A/F ' lr rJ ’FA
1607 KT T g pa 1K gL = gLk .
(D.2.18)
This equation can be written as
e ]_ 1yt A
€ (BA + (Z€AKI - 12mAKI) FK/[/> = EFFA s (D219)
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where
7 4

—A' 173t 7 get 1
B P, —IJKF,/ ;) — — IJKF// ’ _P,LL 1 . D22
A+4><54€ I'J'K 3m IJK"‘3 d,loga ( 0)

This is (3.2.11]). Multiplying (D.2.18|) by I"4, we obtain

F=

| =

1 1 1
0=¢€ (Ee”KFUK — ir“au loga - (1—66qu — SmuJK) F'U“JK — M) s (D221)
which is (3.2.10)).

With (D.2.21]), the explicit form of F' in (D.2.20]) is not needed anymore, because ({D.2.21)
implies that (D.2.20)) can be replaced with
L [(5a L axr AK'T'
F= 6 B + 4_16 — 12m FK’I’ FA , (D222)

which can be obtained by contracting ({D.2.19) with I"4.
(D.2.16)) with J = p is written as

1 1
DME =€ <—1—1FFM + <E€u1J — 3mlujj> FIJ> . (D223)

This equation is equivalent to (3.2.12)).
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Appendix E

On /8

E.1 elv=0= /K =9

In this section, we split the 10-dimensional gamma matrices {T''} into two sectors {I'"*} and {I'"*},
where I, J K =0,1,---,9; o, 8,v=0,1,--- ,d—1and a,b,c=d,d+1,--- ,9, with 0 < d < 10.
For simplicity, the 10 dimensional metric is assumed to be the flat Minkowski metric, though the
generalization to a curved metric is straightforward.

1J a

Here, we prove the following statement: Suppose e/’ with mixed indices such as e*?* and

e“ are all zero. Then, the condition (3.2.9) implies that all the components of e//X vanish when
d # 3,7. It also holds for the case with d = 7, which will be shown separately in Appendix [E.2]

The condition ([3.2.9)) is equivalent to
0=¢ (eI/JIK/F[/J/K’FIJ 4 9€KIIIJFK/[/FI o 9€KIIIIFK’[’FJ . 7261JK/FK/> . (Ell)

When e = (0 and e*® = 0, this condition for (I, J) = («a, 8), (I,J) = (a,b) and (I, J) = (o, a)

becomes, respectively,

0 = ¢ <eI’J’K’rI/J,K/Pa5 + 97T ;T — 96T, TP — 726%37’@) : (E.1.2)
0 = € <€IIJ/KIFIIJ/K’Fab + 9€b/c/be’c/Pa . geb/c/arb,c/rb o 726abc/1-\c/> , (E13)
0 = € (eI/J’K/F[/J/K’Faa + 96blc/arb/c’ra . geﬂ’v’arﬁlvll‘\(Z) 7 (E14)

respectively. Multiplying (E.1.2) by I',s we obtain

0=¢ (d(d—1)e™Tape + (9 — d)(10 — d)e* T, ) , (E.1.5)
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and we have

18(d — 5)
d(d—1)

18(5 — d)
(9 — d)(10 — d)

€ €IJKF[JK = € eaﬁ“’Fam = € e“chabC .

Inserting this equation into (E.1.2)) and (E.1.3)), we obtain

2 5 - d AN, /] /] /
0=¢ << ( ) €% b'e Fa’b'c’rab + 6b c brblcha . 6b c arb/cllﬂb . 8€abc Fc’) )

9—4d)(10 —d)
Multiplying by I'y, we obtain
0=¢ (ea'b'C/Fa/b/c/F“ — (10— d)eab’C’rb,C) ,
which implies
0=¢ (26a’b’0’ra,b,dr“" + (10 — d)e? Ty T — (10 — d)eab"f’r,,,c,rb> .
Inserting this back to , we get
0 = ¢ (ebb’C’Fb,clra LS W T d)eabc/rc/) ,
0 = ¢ (ea’b’C’ra,b,drab 49— d)(10 — d)eabC’rc,) .
From these equations, it is easy to show
0 = € (e“bceab/C/Fchblcl +(9- d)e“bceabc> ,
0 = ¢ ((ea’b’C’ra,b/c,)Q +(9—d)(10 — d)e“bceabc) .
Using the identities
T T} = 2 (T, — 2050,
(1% Ty} = 2 (9 T 8% —6 555;;,559) ,
and can be written as
0 = € (e“bceab/C/Fbe/Cl + (7 — d)e“bceabc> ,
0 = ¢ (9 ey, Y + (12 — d) (T — d)eabceabc> .
These equations imply
0=(3—d)(7—d)ee™equ, ,
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and hence we have e = 0 for d # 3, 7.
Then, (E.1.2)-(E.1.4) with e** = 0 imply
€ Top, =0, €e*Tp, =0, €e*T,=0. (E.1.19)

Multiplying the last equation by eam/l}/ without summing over a and 3, we obtain

d—1
—(e280Y2 1 3 (e2B1)2 = (E.1.20)
v=1
for all &, 3 =0,1,...,d — 1 to have non-zero €. Choosing o = 0, this equation implies ¢** = 0

and then again using this equation, we see that all the components e*?’ must vanish.

E.2 Proof of ¢//% = ( for 150O(3) symmetric case

Here, we show that e//X = 0 is the only solution of ([3.2.9)) with € # 0 for the cases with 1SO(3)
symmetry considered in Section m Because of the 1.SO(3) symmetry, the allowed components
of e!7K are eABY Y4B and e'?3 where A, B,C =4,...,9. This is the case with d = 7 considered

in appendix by assigning the indices as o, 3,7 =0,4,...,9 and a,b,c =1,2,3
The condition (3.2.9) with (I, .J) = (1,2) implies

1 U ’ 1
0=c¢€ (ﬁel JK FI’J’K/ + 56123F123) . (E21)

Using this equation, the condition (3.2.9) with (Z,.J) = (0, 1) implies

3 1
0=c¢ <Z€123F123 + §€OABF0AB) . (E22)

Multiplying the condition (3.2.9) with (Z,J) = (1,C) by I'i¢ and summing over C' = 4,...,9,

we obtain

1
0=c¢ (36123r123 + geABCFABC) : (E.2.3)

Because I'4pc'123 is an anti-symmetric matrix, this equation implies that €23 is an eigenvalue

of a real anti-symmetric matrix. This is possible only when

=0, €T pc=0. (E.2.4)
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These equations, together with and (E.2.2), imply
e’ Tk =0, ee™Pryp=0. (E.2.5)
Using these results, the condition with (7, .J) = (0,C) becomes
0=¢ <—§eOBCF03 + 1eABCFAB) ) (E.2.6)
Multiplying the condition (3.2.9) with (I, J) = (B, C) by I'g and summing over B, we obtain
€T =0 (E.2.7)
This equation and imply
e PTp =0 (E.2.8)

Multiplying this equation by e®4“T., without summing over the index A, we obtain

6
0=¢ <Z(e0AB)2> : (E.2.9)
B=4

Therefore, we get e = 0 for all A, B = 4,...,9. Using this result and (E.2.7), the condition
(3.2.9) with (I,J) = (B, C) implies

e BT, =0 (E.2.10)

’
A'BCD,, ABC _ ).

Again, multiplying this equation by e we obtain e

1JK

In conclusion, all the

components of e are zero for this case.

E.3 Proof of ¢//% =0 for 150(1,2) case

In this subsection, we show that the statement discussed in appendix also holds for the d = 3
case. For this Lorentz symmetry, only non trivial components are e”?, e®¢ with a,b,c = 3,--- ,9.
Basically we’ll follow the same logic of [E.2]

The condition ([3.2.9) with (I, J) = (0,1) implies

1 ey ! 1
0= E(Eel JK Uppgr + 56012F012) . (E31)
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The condition (3.2.9)) with (7, J) = (0,a) by using (E.3.1),

3 1,
0= g( — Zeo%m - gebcarbm) (E.3.2)

where a means this equation doesn’t sum over a but it holds any a = 3 ~ 9.

Multiplying the condition (3.2.9) with (I, J) = (@, b) and using (E.3.1)) and (E.3.2)), we obtain
0= 6(6012F012 + GaBCFl—lbc> . (E33)

This is the last equation we are given. This equation means that for any combination of (a, b)
doesn’t make €(e®T';,.) # 0, because if so, €°? will become zero, so we can show all e®¢ also

zero. So, assuming this let deform more,
() = e T ) (B.3.4)

and at least one of €% should have non zero component. All combination of (@,b) makes the
eigenvalue equations for €, so matrices of right hand side should commute each other for any a,

b. Therefore, for any a, b, d, e,
0= z(e&bcedef(rabc 4l 1 36 5{§5gra] f])) . (E.3.5)
Choose the case of b= € # d # a, then above equation means,
0= E(eamed—bff‘a f_ eal_’fed—bfl“a J> : (E.3.6)

Because contraction index f doesn’t contain d, multiplying I' ;" we can show that

abd

e enf = 0 = eabd

=0oreg;=0, (E.3.7)
e ez =0, (E.3.8)

where f # a is arbitrary. Because we assumed ¢”'? # 0, it means there are no zero combination
of e*®T'y;, for any b, d. So, this means there exist some @ which makes zero component ¢®?. And
the number of non zero component % should be one by (E.3.7).

1JK

We can find this non zero e combination, for example, as

345 367 389 468 479 569 578 (E 3 9)
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And other cases can be obtained by changing the coordinate each other. In this case, we can get
the eigenvalue equation by (E.3.7) as

elys67 = €, €lysgg = €, el'gu7s = tLe. (E.3.10)
Also from , the additional eigenvalue equation is given as,

EF012345 = *e. (E311)

After all those conditions show the number of preserving supersymmetry charge is 16 x (%)4 =1.

Because we impose spacetime symmetry as 1.SO(1,2), the number of supersymmetry charge
should be at least two, for A/ = 1 in 3 dimension. If not, the super-Poincare algebra won’t
be closed. So, this means that even if we got the case for e//¥ satisfying (3.2.9), other SUSY
conditions will make this e!/% = (.
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Appendix F

Derivation of the D3-brane effective

action

F.1 DBI action

In this section, we present the extended calculations of the expansion of the DBI term ([2.4.14))

Spt =—1T, / dPtx Str {e"ﬁ\/— det(M,,) det(Qij)} :
M, is defined as
My = P [ By + Bal@ = 8)9Eju| + AFy
The pull-back of the first term is given in (2.4.12)) and it is expanded as

P[E,] = Eu + AED,® + \E,,D,® + \E;;D, o' D,®’

— B, + )\(0;B,,9D,® + 9;B;, %' D,®" + ¢;;D,9'D, ") + O()?) ,

where we have used the assumptions in (6.2). The expansion of Q'; is

= 0’ +iA[D, DF]gy; + iN*[D7, DM DO Ey; + O(N?) .
Because (Q71 — §)% = O()\), it is easy to see that

J

p [Em'(Qfl - 5)ijEJV} =0\,
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and we can discard such higher-order contributions.

On the other hand, to obtain the expansion of \/det(Q?;), we use the following formula. For

general matrices X and 6 X, the following expansion is obtained:

1 1
Vdet(X +6X) = Vdet X (1 +3 tr(X10X) + g(tr(X_lcSX))Q
—}l tr(X TOXX16X) + O(5X3)) . (F.1.6)
Using this formula, we get

. i\ A2 o,
det(Qj) =1+ —- 5 [@°, D*]9'0, By; — Zgii’gjj’[q)lvq)]”q)l DT+ O(N) . (F.1.7)

Let us consider now the term /—det(M,,). By following the same procedure, we work out

its Taylor expansion and find:

\/—det(M,,) = \/—det(E,,)
A2 , o1 .
V=95 (9“”9@%@’17#1’] + 59" 97 FupFuo + @B“”)@ZFLW) +O(N) .

(F.1.8)

Now, making use of the partial results of the expansions (F.1.7)) and (F.1.8)), we calculate the
full integrand:

Str {6_2)\/_ det(M,,) det(Qij)}

= Str {e_‘g — det(E\W)}

) . 1 ) . '/ .,
—6 ¢ (VA tI' ( gw/ngFupFua + guygijDu(I)ZDV(I)J - §gii’gjj’ [(I)Z7 (I)J][(I)Z 7(I)J ]

+ (8:B™)D'F,, — i(0;Bjy,) [ @7, @k]) + O

= Str {e‘?5 - det(@uy)}
. . 1 . . -/ Y
—e ~0 /=g tr ( 99 FupFro + 995 D Dy = =iy (@', ][0, ]>
+HMOF,, — ;Hwk@’[qﬂ ]) + O . (F.1.9)

The first term in (F.1.9)) gives the DBI part of the scalar potential. Let us define
1 ,\
Voe1(®) = e —det = (I>“- gy -0, L
pBI(P) e \/ Z DBI
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with
LDBI = €_¢ — det(EW) . (F].l].)

The derivatives are

@LDBI == €_¢\/ — det(EW ( &qb + % )””3 Euu) s (F112)
1 1.,
@@-LDBI == 6_(25\/ — det(EW |:( qu + _1)“”6iEVM) (—@gb + §(E_1)“ v 8jEV’H/>

1 /
—aiaj¢+§(—( N 0, B (E -1)WajEW+(E—lwaiajEw)] .

(F.1.13)
Evaluating these quantities at z° = 0, we obtain
- DY o
Vopi(®) = e (1 + PPl ?mgBIQ)‘@J + (9()\3)) : (F.1.14)
where the coefficients are
1
vPPl = — 00 + —g“” iGuu = 0;log(v/—g e ), (F.1.15)
mgBI — UPBI DBI _ 5 .0:¢) + = <g‘“’ 0:0; Gy — gm/ By gl/’u 8, Gy — guu’ Hipo gu’y ij)
1 1
_ Y aa (S Sy
— \/__geﬂﬁala] (V=ge®) + 52" Hip (F.1.16)

Then, the final expression for the DBI action is

1 1 . .
Spet = Ty\? / d*zy/—ge ?tr ( — Z—lgngFWF,,(, — Eg“”gijDuq)’D,,CI)J

1 oy, 1 . ] o
+ 79957/ [®, P][@7, &) — SH M OUE,, + %Hijkqﬂ (@7, dF] — e¢)\‘2VDBI(<I>)) :
(F.1.17)
F.2 CS term
Let us study now the expansion of the CS-term of the D3-brane action, (2.4.15)).
First, we define
K=Y Cone® =Ko+ Ky+ K+ K+, (F.2.1)

n:even
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wherd

1
Ko=Cy, Kyy=0Cy+CyBy, K4EC4+CQBQ+§COB227

1 1
KG = C@ + C4B2 + 50233 + §COB§ . (FQZ)
Note that it satisfies
dK = F,Ae? . (F.2.3)
n:odd

For an n-form w,, we define an m-form with (n — m) indices in the transverse directions

(Wi ) miyin_pn @S

1
(wn)m,iln-in,m = %(Wn),uyu,umilmin,mdx#l <o datm (F24)
For example,

| —

~ ~ 1 ~
(F5) pwpigdatdx”dx? ,  (F5)a,; = ZFM,,,,Ujda:“dx”dxpdx” , etc. (F.2.5)

(ﬁ5)37ij =

w

|
Under the assumptions , the CS-term ([2.4.15)) is expanded as
SS5 = ug/Str {P [ei)‘”’“}f(} A eAF}
= s / Str{P[fQ} + A2 <iP[2¢Z¢8Z»K6]<I>i + P[0, Ko|®'F + %OOF2) + (9(/\3)} . (F.2.6)
Expanding the first term, we get

~ ) ) C\2 S
P[] = {A@-K@Z + A20;(K4)s,;9' DD + gaiajmqﬂqﬂ} + O, (F.2.7)
0

where [-- -]y denotes the pull-back on the world-volume at z* = 0 (obtained by setting ' = 0
and dz' = 0), D®7 is a 1-form defined as
D® = D, didat = dD7 +i[A, 7] , (F.2.8)
and we have used the notation (F.2.4]).
The trace of the second term in can be rewritten as

[N?0;(Ky)s,; tr(®' D) 0

= ? {5 (ai(K4>3,j + 83'([(4)3,@')6[ tr(cI)ZcI)J) + (81‘([(4)3,3' _ aj<K4)37i> tr<¢lD(bJ)‘|
0
2 ~ . .
- /\7 [(aid(K4)3,j tr(®' D7) — (Fy)3,5 tr(®*DP’) + (total derivative)}o . (F.2.9)

*In this section, we often omit the symbol “A” in the products of differential forms.
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Using this equation and the identities
[0:54Jo = [(F5)ailo
[0id(K4)s; + 0;0; Kalo = [0i(dK4)azl0 = [0:(F5)ay + (F3)2,5(Hs)aalo ,  (F.2.10)

which are valid under the assumptions ([6.2)), we obtain

2

. R - a2 o
/ StrP[K,] = / tr {A(F5)4,i<1>’ 5 (P + (Fa)ay(Ha)as) @07 - 7(Fg,)&ichﬂDqﬂ} .
(F.2.11)

The second and third terms in (F.2.6)) are rewitten by using

tr{iP[ZqﬂcpaiK@‘]q)i} = — %[@(KG)M;C]O tr{[CI)j, (I)k]q)z} = —31![(%7)471']']{]0 tr{[@j, (I)k](DZ} s (F212)
P[0, Ko Fy = [(F3)a]o ®F (F.2.13)

respectively.

Plugging these results in (F.2.6)), the CS-term becomes

_ 1 - - 1~ o
S5 = i\ / tr {A‘l(Fg,)M(I)’ + 5 (0:(F5)as + (Fa)a(Ha)ai ) €90 — 5(Fy)y 50" DY

l

- o ~ 1
3] (F7) 6@ [®F, D] + (F3)0,PF + §COF2} : (F.2.14)

It can also be written as

L, = e
5SS — u3)\2/d4x\/—gtr{§(*4Fg)i“ dF,,

7 ~ . .
— — (%6 F3) i@ [®7, DF]

3!
- %(*4&)““@1‘0#@? + éCOFWFpUe“”f’” - )\QVCS(@)} : (F.2.15)
where the potential Vog(®) is
Ves(®) = —N(xgF5); @ — %2 (ai(*4ﬁ5)j + %(*4ﬁ3>f”(1{3)w> i (F.2.16)
and we have defined
(*41:;3) "= %G’Mwﬁz’pa ) (*6ﬁ3)ijk = %Elmm‘jkﬁlmn )
(xaF5 )", = %e”ﬂfwﬁmj , (kaF3) = %ewaﬁw : (F.2.17)
and used the relation
Fr=—xF;. (F.2.18)



F.3 Bosonic part

Summing (F.1.17) and (F.2.15)), we obtain

Ty\2 0 G
S]k))%son — 32 /d4x\/__gtr ( — %guung'Fupro_ + ZOGMVPUF/WF[;U

— 70" gy Du®' Dy + g gy [0, [0, @] — 2V (@)
+ (GL)," ', F %(Gi)ijkcbi[@f 04 (*Jg,)“ijqﬂDuqﬂ) , (F.3.1)
where we have set
g = +T3 (F.3.2)

for D3-branes and D3-branes, respectively, and defined

Gg = F3 + (OO + i€_¢)H3 = ﬁg + i€_¢H3 s (F33)
(G = Re((x4Gs)," £iG,") = (x4F3)," F e CHM (F.3.4)
(Gi)ijk = Re((*6G3>ijk + iGz‘jk) = (*6ﬁ3)ijk F 67¢Hijk , (F.3.5)
and
V(®) = A (Vogr(®) + Vs (D)) - (F.3.6)

F.4 Fermionic part

Let us consider the fermionic action ([2.4.23|) for a D3-brane. To make the kinetic term of the

fermions O(\°), we rescale the fermion as
Y =AU (F.4.1)

Since we are interested in the terms that survive in the [, — 0 limit, we can set M,, = g,, and

Il = T = 1™ where

™ = ropir?rs (F.4.2)
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Inserting (2.4.25))-(2.4.28)) into the action ([2.4.23]) we obtain

Spymt = LY / d'z 0 {r“v L — Hur T — LA
2 -2l 4.3l
T e T@ (%F“ ( FIF + 31'F FIJK -5 .15!ﬁIJKLFIJKL) Fu
- %F,rf + 4.3!EJKF”K>]\IJ : (F.4.3)
where V, is
VU =0,0+ iwuffrfj\p . (F.4.4)

Again, the upper (lower) signs correspond to the case of D3- (D3-) branes. Note that the first
term in (2.4.27) does not contribute, because I'’T'7 is a symmetric matrix. In general, one can
show

Uiy =0 for n+#3 (mod4). (F.4.5)

Using this fact and the identities:

H(F 0, = — 2F,I% — 4FT" (F.4.6)
T#(Fp T80, = 2F,, D — 6F,;, TH*% — 4F,;, T (F.4.7)
FN(ﬁIJKLMFIJKLM)FM = QOFMVPJmFMVpUm + 20ﬁuuplmrwjplm - 10ﬁujklml—wjklm — 4Ejklm1—‘ijklm R
(F.4.8)
we obtain
Ty\2 . )
Sfermi 32 /d4x ¢ iU [F“V +— 130 ——(3H;, ™ — Hijkrljk>
1 ~ ~ .
= e¢r<4>( TR 4 e (BRI — il
~ —(2F i TP — ijklrmkl))] v, (F.4.9)

Futhermore, using the following identities

1 1
e — Qeuvmpyw : 4w — éewpalﬂpa 7
1

F(4)F2jk — 5eijklmnl'whnnF(10) ’ F(4)F1]kl — _%Eijklmnrmnr(l()) 7 (F410)

r@we — —ePoT
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together with the chirality condition (6.1)) and the relation
(*4ﬁ5)m’j = (*6ﬁ5)m’j ; (F.4.11)

that follows from the self-duality condition ([2.1.5]), the action can be rewritten as

ermi T3)\2 b = 1 i ii
Sfermi = 5 /d% —ge ?iv {r“v#+m(3Hiuyrﬂ — H;;, %)
1) 1 nrp 1 5 Iy o ijk 1 A uig
Fe'| — 1 3!(*4F1),u1/pr + 1.3 <3(*4F3)i,uyr — (% F3) il ) + g(*4F5)ij v,
(F.4.12)
where we have used the notation (F.2.17)) and defined
(*4F1)1/po' = ‘Ew/,ochuu . (F413)
For the non-Abelian case, the covariant derivative V,, should be replaced with
. 1 2
rev, v — TI*"D,V + [®F W] + Zw“ﬁf“ 7 (F.4.14)
where D,V is defined in (3.1.5) and we have assumed g,; = 0 and w,;; = —w 3, = 0.
Then, our final expression for the fermionic part of the action is
fermi T3A2 4 —¢ T T T ATk ST 1 wij
Spamt — - d*z/—ge ?tr (V" D,V + UI'i[P", ¥]) — iV [ My — ZWWF v
(F.4.15)
with
ed) 1 uvp R g 1 R ijk A ©eg
M= 7F ) 5(*4F1)uupr — (GL)ip ™ + g(Gi)ijkP — (xaF5) T ’ (F.4.16)

where (G¥);, and (G¥);jx are defined in (F.3.4)) and (F.3.5)), respectively.
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