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Abstract

We study deformation of N = 4 supersymmetric Yang-Mills theory so that couplings and masses

depend on space-time. Since N = 4 super Yang-Mills theory is the world-volume action of D3-

branes, our deformation is corresponding to turning on non-trivial supergravity fields where a

stack of D3-brane is placed. We obtain the conditions of the space-time dependent deformation

while preserving part of the supersymmetry. And we find the some kind of solutions to sat-

isfy these conditions by imposing some specific global symmetries; ISO(1, 1)× SO(3)× SO(3),

ISO(1, 1)×SO(2)×SO(4), SO(3), and ISO(2)×SO(6). Especially, the solutions of ISO(1, 1)×
SO(3) × SO(3) case includes Janus configuration found by Gaiotto and Witten as well as the

world-volume theory of D3-branes embedded in F-theory (a background with 7-branes in type IIB

string theory) by limiting the parameters so that the symmetry is enhanced. We also found the

general solution of the supersymmetry conditions for the cases with ISO(1, 1)× SO(2)× SO(4)

symmetry. The cases with time dependent couplings and/or masses are also considered. To

make these solutions have interpretations in string theory, we write down the non-Abelian world-

volume action of D3-branes in general supergravity background. And we compare the parameters

of deformed Yang-Mills theory and supergravity fields. As examples, we study the world-volume

action of D3-branes in [p, q] 5-branes background and D3-branes background. For each cases,

we compare their actions with the ones obtained for ISO(1, 2) × SO(3) × SO(3) case, which is

Janus configuration, and ISO(1, 1)× SO(2)× SO(4) case.
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Chapter 1

Introduction

D-branes shed light on many aspects of string theory. Especially, D-brane roles a mediator of

closed string theory and gauge theory. Now we know that these two theories are closely related to

each other, e.g., N = 4 super Yang-Mills theory (SYM), which is the world-volume theory of D3-

branes, and Type IIB supergravity on AdS5×S5, which is near horizon limit of D3-branes. They

are dual to each other, so we can study one by using another. Therefore it is worthy to study

some unusal types of gauge theory, which are expected to exist from string theory viewpoint,

and their relations with 10 dimension supergravity theory.

Quantum field theories (QFT) with broken Poincare symmetry is the one of the examples.

Since D-branes break Poincare symmetry as well as supersymmetry partially, we can face with

many such cases that world-volume theories on D-branes lose super-Poincare symmetry partially

when another D-branes are inserted. This is the motivation of our works. We will focus on 4d

supersymmetric gauge theory with broken Poincare symmetry, which is expected to D3-branes

world-volume theory when the background is non-trivial BPS state.

Space-time dependent coupling sounds something unfamiliar, however, in string theory per-

spective, it appears naturally. For example, in the world-volume gauge theory of D3-branes,

gauge coupling and theta parameter in gauge theory are related to the value of dilaton field φ

and R-R 0-form field C0 respectively. Since D7-branes or more generally [p, q] 7-branes gives

complex gauge coupling τ non-trivial monodromies around them, τ must not be constant when

the D3-branes are intersected with [p, q] 7-branes. Regarding τ as the modulus of a torus, we

can think of uplifting the 10-dimensional space-time with 7-branes to an elliptic fibered 12-

dimensional space-time, which is called F-theory [3]. Another interesting example of varying

coupling is the so-called Janus configuration, in which the coupling depends on one of the spatial

coordinate [4, 5].
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We deform N = 4 SYM to have space-time dependence for gauge couplings. And we find the

conditions to preserve some part of the supersymmetry under the deformation. It is a natural

extension of the works to find curved space-times preserving SUSY, for which systematic methods

using, e.g., topological twist [6] or supergravity [7] have been developed. We are of course not the

first ones to consider this class of theories. Supersymmetric Janus configurations were studied in

[8, 9, 10, 11, 12, 13, 14, 15]. Their generalization to the configurations with couplings depending

on more than one directions were also investigated in [16, 17]. SUSY configurations in N = 4

SYM with varying couplings have been studied for example in [18, 19, 20, 21, 22, 23, 24] (see also

[25, 26, 27] for earlier works). Time dependent couplings have also been considered for example

in [28, 29, 30, 31, 32, 33, 34].

Our method is quite rudimentary. we deform N = 4 SYM by adding all possible renormaliz-

able and gauge invariant operators with space-dependent coupling parameters, and let metric as

well as gauge couplings be functions of space-time. And we can find the conditions to preserve

SUSY by variation of this deformed action under SUSY transformation, which is generalized as

adding new relevant parameters and setting SUSY parameters to have space-time dependence.

We investigate some specific cases, which are imposed special space-time symmetry as well as

R-symmetry. For example, we can impose the theory to keep ISO(1, 1) as space-time symmetry

of 4 dimension, which implies the couplings have 2 spatial direction dependence, and to keep

SO(3)×SO(3) as R-symmetry. We can study the cases with other symmetries, e.g., ISO(1, 1)×
SO(2)× SO(4) and ISO(2)× SO(6).

We expect that our deformed action has string theory interpretation as the world-volume

theory on probe D3-branes in non-trivial BPS background. In other words, our analysis of the

field theory is corresponding to surveying BPS solutions of supergravity by means of D3-branes.

For example, the SUSY condition for the deformed N = 4 SYM should be related to the conditions

to preserve SUSY with the D3-branes, which is Killing spinor equations of supergravity theory.

We will see that in special cases we studied we can reproduce the supergravity BPS solutions as

solutions of SUSY preserving conditions in field theory.

Since in non-Abelian case the world-volume action of D-branes include additional coupling

terms with background fields, it is quite non-trivial non-Abelian D3 brane world-volume action in

general backgrounds. The formulation for bosonic and fermionic action of non-Abelian D-brane

is known, [37], [39]. We will follow these by considering the background that all possible type

IIB supergravity fields are turned on.

Also we studied the situations of specic BPS backgrounds, e.g., (p, q) 5 branes, [p, q] 7 branes

and D3 branes background. And we compare the actions of these cases with the ones we have
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obtained by imposing ISO(1, 2)×SO(3)×SO(3), ISO(1, 1)×SO(6), and ISO(1, 2)×SO(2)×
SO(4) symmetry in the field theory analysis.

Because it is commonly faced situation when inserting probe branes in BPS backgrounds, we

hope that this results of our research will be helpful and fruitful for those who wants to study

supersymmetric QFT as string theory frame.

The organization of the paper is as follows. In Section 2, we determine conventions about

type IIB supergravity. And we also give reviews about supersymmetric Janus solutions and

non-Abelian world-volume theory of D-branes in curved background with fluxes. In Section

3, we show the conditions to preserve SUSY are derived. The details for the calculation are

summarized in Appendix D. It turns out that one of the SUSY conditions become simple under

a certain symmetry. Appendix E provides an explanation for this fact. In Sections 4 and 5, we

demonstrate how our formalism works by examining some explicit examples. We will analyze

the case with ISO(1, 1)× SO(3)× SO(3) symmetry in detail in Section 4. We show in Section

4.2.1 that the SUSY conditions reduce to two simple equations (4.2.33) and (4.2.41). As shown

in Section 4.2.2 and Section 4.2.3, large classes of solutions of these equations are found. An

F-theory configuration and the supersymmetric Janus configuration reviewed in 2 are obtained

as special solutions. The case with ISO(1, 1) × SO(2) × SO(4) symmetry is studied in Section

5.1, in which the general solution for this case is found. Some examples with time dependence

are discussed in Section 5.2. In Section 6, we present the explicit form of non-Abelian D3-branes

action in general supergravity upon leading order expansion. The detail calculations to obtain

the effective action of D3-branes is given in Appendix F. And then we establish a map between

the background fields and the deformation parameters of the theory in Section 3. In Section 7

we apply the results of the previous section to study two cases: backgrounds of (p, q) 5-branes

and backgrounds of D3-branes. And we compare results of these two cases with the results of

the field theory with corresponding symmetry, 4.4 and 5.1. In Section 8 we conclude the paper

with various discussions on the present work and further applications.

This ph.D thesis is based on the paper, [1] and [2]. I am grateful to my collaborators of this

work, José J. Fernández-Melgarejo and Shigeki Sugimoto.
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Chapter 2

Reviews and Conventions

2.1 Type IIB Supergravity

In this section, we give brief review of D-branes, and denote the convention of our paper for the

afterward. In string theory, there are two types of string, closed strings and open strings.

In this paper, because our attention focus on D3-branes, we will deal with Type IIB super-

gravity. The bosonic action of Type IIB supergravity is,∗

SIIB =
1

2κ2
10

∫
d10x
√
−g
{
e−2φ

(
R + 4∂µφ∂

µφ− 1

2
|H3|2

)
− 1

2

(
|F1|2 + |F̃3|2 +

1

2
|F̃5|2

)}
+

1

4κ2
10

∫ (
C4 +

1

2
B2 ∧ C2

)
∧ F3 ∧H3 , (2.1.1)

where

H3 = dB2 , Fn = dCn−1 , F̃n = Fn +H3 ∧ Cn−3 . (2.1.2)

The square of n-form, |ωn|2, is defined as,

|ωn|2 ≡
1

n!
ωM1···MnωN1···Nng

M1N1 · · · gMnNn . (2.1.3)

κ10 is related by 10 dimensional Newton constant by

2κ2
10 = 16πGN = (2π)7l8sg

2
s . (2.1.4)

gs is a string coupling constant. Be careful about that we have used the convention which the

dilaton field φ become zero at the infinite.

∗We have followed the convention of [37].
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In addition, we have to impose the self-duality condition

F̃5 = ∗F̃5 . (2.1.5)

The Hodge star ∗ is defined by

∗(dxM1 ∧ · · · ∧ dxMn) =
1

(10− n)!
εM1···M10gMn+1Nn+1 · · · gM10N10dx

Nn+1 ∧ · · · ∧ dxN10 , (2.1.6)

where εM1···M10 is the 10-dimensional epsilon tensor (Levi-Civita symbol) with ε01···9 = 1/
√
−g.

It is useful to define F̃n with n > 5 by magnetic dual of F

F̃n ≡ (−1)
1
2
n(n+1)+1 ∗ F̃10−n . (2.1.7)

The equations of motion and the Bianchi identities for the RR fields are written as

dF̃n +H3 ∧ F̃n−2 = 0 , (n = 1, 3, 5, 7, 9) , (2.1.8)

where F̃−1 ≡ 0. This allows us to introduce Cn−1 satisfying (2.1.2) for n = 1, 3, 5, 7, 9.

It is useful to note that type IIB supergravity action has global SL(2,Z) symmetry. For

convenience, we introduce

τ ≡ g−1
s (C0 + ie−φ), M≡ 1

Imτ

[
1 Re τ

Re τ |τ |2

]
, B ≡

[
g
− 1

2
s C2

g
1
2
s B2

]
, H ≡ dB (2.1.9)

Using Einstein frame,

e−
φ
2 gstring

MN = gEinstein
MN , (2.1.10)

we can re-write (2.1.1) with the redefined ones,

SIIB =
1

2κ2
10

∫
d10x

√
−gE

{
RE − 1

12
HT
MNOMHMNO +

1

4
tr
(
∂µM∂µM−1

)
− 1

4
|F̃5|2

}
+

1

8κ2
10

∫ (
C4 +

1

2
B2 ∧ C2

)
∧ (εijH

(i) ∧H(j)) .

(2.1.11)

This form of type IIB action shows that this action holds SL(2,Z) symmetry.† And transforma-

tion rules of SL(2,Z) are,

Λ =

[
a −b
−c d

]
∈SL(2,Z), B→ ΛB,

(
gEinstein
MN , C4 +

1

2
B2 ∧ C2, κ10

)
: invariant,

M→ (Λ−1)TMΛ−1 ⇔ τ → aτ + b

cτ + d
. (2.1.12)

†Actually SL(2, R) is a symmetry of this action, but because in order to satisfy Dirac quantization with respect

to R-R fields or NS-NS fields, the elements of this group also should be quantized, resulting in SL(2,Z).
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The SUSY transformation rules for gravitino ψM and dilatino λ are

δψM = DMε+
1

8 · 2!
(H3)MNOΓNO ⊗ σ3 ε+ Ω̃ΓMε (2.1.13)

δλ = (ΓN∂Nφ)ε+
1

2 · 3!
(H3)NOPΓNOP ⊗ σ3 ε+ ΓN Ω̃ΓNε, (2.1.14)

where

Ω̃ =
eφ

8

(
(F̃1)MΓM ⊗ iσ2 − 1

3!
(F̃3)MNOΓMNO ⊗ σ1 + 1

2·5!
(F̃5)MNOPQΓMNOPQ ⊗ iσ2

)
,(2.1.15)

Γ(10)ε = −ε, Γ(10)ψM = −ψM , Γ(10)λ = +λ. (2.1.16)

Here, the σ1, iσ2, σ3 are generators of SL(2, R) which act on R-symmetry index. We denote 10

dimensional gamma matrix as ΓM , a chirality gamma matrix as Γ(10) = Γ0̂1̂2̂···9̂ and use indices

M̂, N̂ , · · · for local flat indices, which can mapped from curved one by veilbeins, eM
M̂

. In order to

consider bosonic classical backgrounds, we can think the situation that ψM , λ, δψM , δλ vanish.

By setting (2.1.13) and (2.1.14) to be zero, we can get so-called Killing spinor equations.

Dp-branes (p = 1, 3, 5, 7) can be found as solitonic BPS solutions in supergravity, which break

Poincare symmetry to ISO(1, p)× SO(9− p) and preserve 16 SUSY.‡ The solution is given as,

ds2 = Hp(r)
− 1

2ηabdx
adxb +Hp(r)

1
2 δijdx

idxj, eφ = H(r)(3−p)/4
p ,

Cp+1 = (Hp(r)
−1 − 1)dx0 ∧ dx1 ∧ · · · ∧ dxp, Cp′ 6=p+1 = constant, H3 = 0 , (2.1.17)

where a, b and i, j denote parallel and perpendicular directions to D-branes respectively, and

r =
√
xixi is radial direction on from D-branes. Hp(r) is defined as

Hp(r) = 1 +

(
rp
r

)7−p

, r7−p
p = l7−ps gsn(2

√
π)5−pΓ

(7− p
2

)
. (2.1.18)

One can check this solution satisfying Killing spinor equations as well as equations of motion of

supergravity. This solution implies that D-branes are sources of R-R fields,
∫
S8−p ∗Fp+2 = 2πn.

Therefore, n should be integer to satisfy Dirac quantization conditions.

For p = 3, 7 case, there are modifications to this form of solutions. For D3-branes case, in

order to impose F5 to be self-dual, F5 should be

F5 = dH3(r)−1 ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3 + ∗(dH3(r)−1 ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3) . (2.1.19)

‡In this paper, we do not deal with non-extremal D-branes which can be found from non-supersymmetric

solutions of equations of motion in the supergravity.
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For a stack of n D7-branes case, because H7(r) is a harmonic function with respect to the

transverse directions of D7-branes, which satisfies

∂rH7(r) = − gsn
2πr

, (2.1.20)

so naively we can mend H7(r) as

H7(r) = constant− gsn

2π
log r. (2.1.21)

However, H7(r) can be negative at large r, resulting eφ or space direction metric to be negative.

So, more re-consideration is needed.

2.2 [p, q] 7-brane and (p, q) 5-brane solution

In order to focus on D7 branes solution, let’s turn off B2, C2 and C4 and write type IIB super-

gravity in Einstein frame, (2.1.11),

S =
1

2κ2
10

∫
d10x
√
−g
{
R− 1

2

∂zτ∂z̄ τ̄

(Imτ)2

}
, (2.2.1)

where (z, z̄) is complex coordinate on the transverse plane to D7-branes. The equation of motions

are

∂z∂z̄τ − 2
∂zτ∂z̄τ

τ − τ̄
= 0 , (2.2.2)

RMN −
1

2
gMNR =

1

4(Imτ)2
(∂Mτ∂N τ̄ + ∂Nτ∂M τ̄ − gMN∂P τ∂

P τ) (2.2.3)

A solution of (2.2.2) and (2.2.3) is

τ(z, z̄) = τ(z), gzz̄ = Imτ(z) |F (z)|2, (2.2.4)

where Imτ(z) > 0 and gzz̄ is metric component of Einstein frame,

ds2 = ηabdx
adxb + 2gzz̄(z, z̄)dzdz̄. (2.2.5)

Since SL(2,Z) transformation of τ(z) is the same form of modular transformation of complex

structure moduli of torus, so we will think the elliptic fibration whose fiber has modular parameter

τ(z) and (z, z̄) plane as base space. Given the singularities and their monodromies of τ(z), we

can determine its form. Let’s consider elliptic fibration,

y2 = x3 + f(z)x+ g(z). (2.2.6)
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f(z) and g(z) are polynomials of z. Using modular invariant Jacobi j-function,∗

j(τ) =
(θ2(τ)8 + θ3(τ)8 + θ0(τ)8)3

η(τ)24
, (2.2.8)

complex structure moduli τ is obtained by

j(τ(z)) = 4
(12f(z))3

4f(z)3 + 27g(z)2
. (2.2.9)

The singularities can be found if the determinant ∆ ≡ 4f(z)3 + 27g(z)2 = 0. For D7-branes

located at (z1, · · · , zN) case, (2.2.9) can be written nearby zi,

j(τ(z)) ∼ 4 · 123f(zi)

∆(zi)′(z − zi)
. (2.2.10)

Since that

j(τ) ∼ 23exp(−2πiτ) (2.2.11)

when Im τ →∞ in (2.2.8), we can find asymptotic behavior of τ as,

τ(z) ∼ contant +
1

2πi
log(z − zi) . (2.2.12)

This gives the monodromies around zi such that τ → τ + 1 by real part and also agreement

with(2.1.21) by imaginary part. This is exactly the properties what we expect for D7-branes.

For simple example, we focus on single D7-brane. Choose

f(z) = (z − α1)(z − α2), g(z) =
2β

3
√

3
(z − α1)(z − α2)2, (α1 6= α2) (2.2.13)

then j-function become

j(τ) = 123 (z − α1)

(1 + β2)z − (α1 + β2α2)
. (2.2.14)

We can find this case is corresponding to a D7-brane whose τ has singularity at z = (α1 +

β2α2)/(1 + β2), and asymptotic value at infinity τ(∞) = j−1(123/(1 + β2)).

∗θ function and Dedekind η-function are,

θ2(τ) ≡ 2e
πiτ
4

∞∏
n=1

(1− e2πinτ )

∞∏
m=1

(1 + e2πimτ )2, θ3(τ) ≡
∞∏
n=1

(1− e2πinτ )

∞∏
m=1

(1 + e2πi(m− 1
2 )τ )2,

θ3(τ) ≡
∞∏
n=1

(1− e2πinτ )

∞∏
m=1

(1− e2πi(m− 1
2 )τ )2, η(τ) ≡ eπiτ12

∞∏
n=1

(1− e2πinτ ). (2.2.7)
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Next, let’s look for the F (z) in gzz̄, (2.2.4). F (z), which is element of Einstein frame metric,

should be invariant under SL(2,Z) transformation and globally well defined. Under SL(2,Z)

transformation,

η(τ)→ ω
√
cτ + d η(τ), (2.2.15)

where ω24 = 1. So Imτ |η(τ)|4 is invariant under SL(2,Z) transformation. Therefore, we can put

F (z) to be the form,

F (z) = η(τ(z))2F̃ (z), (2.2.16)

where F̃ (z) does not depend on τ(z) explicitly. Nearby singular point, zi, the asymptotic value

of η(τ(z)),

η(τ(z)) ∼ constant (z − zi)
1
24 (2.2.17)

In order to the metric to be globally well defined, F̃ (z) should be have the form up to constant

factor,

F̃ (z) =
N∏
i=1

(z − zi)−
1
12 . (2.2.18)

As a result, using some constant c, the metric component gzz̄ should be

gzz̄ = c Imτ |η(τ)|4
∣∣∣ N∏
i=1

(z − zi)−
1
12

∣∣∣2. (2.2.19)

This metric has property that the defect angle when rotating (z− zi)→ (z− zi)e2πi is π
6
. So,

when the sum of defect angle is 4π, which corresponds to 24 7-branes, the space become compact.

We have mainly think about D7-brane, however there are other 7-branes which has singulari-

ties and SL(2,Z) monodromies. [p, q] 7-branes, which is basically the 7-brane which (p,q) string

can end, can be obtained by SL(2,Z) transformation of the one of a D7-brane. The SL(2,Z)

transformation matrix Λ in (2.1.12)that transform from a fundamental string to (p,q) string is,

since charge (p,q) can be counted by the flux of magnetic dual field of B,

Λ[p,q] =

[
p b

q d

]
, (2.2.20)

where pd− bq = 1. Therefore, the monodromy for [p, q] 7-brane, which can be obtained from one

of a D7-brane, is

M[p,q] = Λ[p,q]

[
1 −1

0 1

]
Λ−1

[p,q] =

[
1 + pq −p2

q2 1− pq

]
. (2.2.21)
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(p, q) 5-branes solutions, which mean the bound state of p NS5-branes and q D5-branes,

can be obtained from SL(2,Z) transformation of a D5-brane solution, given by (2.1.17). The

SL(2,Z) transformation to make (p, q) 5 branes is given by replacing (a, c) to (p,−q) in (2.1.12).

For a D5 brane solution, axion-dilaton can be written as

τ = g−1
s (χ0 + ih(r)

1
2 ). (2.2.22)

χ0 is constant and h(r) is

h(r) ≡ 1 +

√
ρgs l

2
s

r2
, (2.2.23)

where ρ ≡ p2g−1
s + (q + pχ0)2gs and r is the radius of transverse direction from a D5-brane.

NS-NS field, B is zero, and R-R 3-form flux is

F3 = 2 gsl
2
sε3 , (2.2.24)

where ε3 is volume form of unit sphere surrounding a D5-brane.

SL(2,Z) transformed ones are,

τ ′ =
qτ − b
−pτ + d

= −q
p
− 1

2p(pχ0 − d)
(1 + e2iψ), (F ′3, H

′
3) = (qF3, pF3) (2.2.25)

where primed parameters are transformed one, qd− pb = 1.† Also ψ is define by

tanψ =
H

1
2

gs(χ0 − d/p)
. (2.2.26)

Because g−1
s and χ0 imply the values of Re τ and Im τ at infinity respectively, it is better to

express transformed ones,

g′s =
gs

A2 + p2
, χ′0 = −q

p
− Ags
p(A2 + p2)

, (2.2.27)

where A ≡ pχ0 − dgs. Then we can write down (2.2.25) and (2.2.26) without explicit dependace

of d,

τ ′ = −q
p

+
ρ

2p(q + pχ′0)g′s
(1 + e2iψ), tanψ =

ph(r)
1
2

(q + pχ′0)g′s
. (2.2.28)

String frame metric become,

d2sstring = e
φ′
2 d2sE =

p√
ρg′s| sinψ|

[
dx2
‖ + (

ρ

8πDp2
tanψ)2(dx⊥)2

]
. (2.2.29)

† For any integer p and q, we can alway find the integer d and b such that qd− pb = 1, according to Bèzouts

identity.
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2.3 Supersymmetric Janus configuration

In this section we review of the paper, [14]. Let’s consider the system that a stack of N D3-branes

and NS5-brane are intersected.

0 1 2 3 4 5 6 7 8 9

D3 o o o o

NS5 o o o o o o

(2.3.1)

This configuration preserves 8 supersymmetry, also isometry symmetry as ISO(1, 2)× SO(3)×
SO(3). In this case, because of existence of an NS5-brane, the dilaton and axion, which couple

with worldvolume action of D3 branes as a role of complexified gauge coupling τ , become x3 space

dependent. So, for writing down the worldvolume action of D3 branes in this configuration, it is

necessary to investigate the deformation of N = 4 SYM theory to have gauge coupling position

dependent as well as to preserve supersymmetry.

The steps to get this condition is quite simple.∗ First, we deform the N = 4 SYM action

with possible gauge invariant operators preserving isometry group, ISO(1, 2)× SO(3)× SO(3),

with less than dimension 4,

SGW =

∫
d4x

1

e2
tr

(
− 1

2
FIJF

IJ + iΨΓIDIΨ− iΨ
(
αΓ012 + βΓ456 + γΓ789

)
Ψ

− uεµνλ
(
Aµ∂νAλ −

2

3
AµAνAλ

)
− v

3
εabcAa[Ab, Ac]−

w

3
Ap[Aq, Ar]−

r

2
AaA

a − r̃

2
ApA

p

)
,

where the metric is flat one, ds2 = ηIJdx
IdxJ . The first two terms are original N = 4 Lagrangian,

and the others are deformed ones. We have used 10 dimensionalN = 1 gauge multiplet expression

to represent 4d N = 4 gauge multiplet, A4,···9 is nothing but scalars, and Ψ is Weyl-Majorana

fermion with a chirality, Γ01···9Ψ = −Ψ, which can be decomposed 4 complex Weyl fermions in

4d. Also we have used the notation of indices, I, J = x0,··· ,9, a, b, c = x4,5,6 and p, q, r = x7,8,9.

Then let the coefficients of these operators as well as gauge coupling have x3 dependent. We

also make the SUSY parameters also to have x3 dependent, and generalize the form of SUSY

transformation,

δεAI = iεΓIΨ (2.3.2)

δεΨ =
1

2
ΓIJFIJε+

1

2

(
ΓaAa(s1Γ456 + s2Γ789) + ΓpAp(t1Γ456 + t2Γ789)

)
ε. (2.3.3)

With this modification, one can find the condition that the deformed action should be invariant

under the generalized SUSY transformation, δεSGW = 0.

∗ The method with usage of 3d superfields is also discussed in [14]. The final result is the same justly.
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The result of this calculation can be expressed by using an undetermined function of x3,

ψ(x3),

τ ≡ θ

2π
+

4πi

e2
= a+ 4πDe−2ψi (Im τ > 0),

e2θ′

8π2
= u = −4α = −2ψ′, v = −4β =

2ψ′

cosψ
, w = −4γ = − 2ψ′

sinψ
,

s1 = 2ψ′
sin2 ψ

cosψ
, s2 = 2ψ′ sinψ, t1 = −2ψ′ cosψ, t2 = −2ψ′

cos2 ψ

sinψ
,

r = 2(ψ′ tanψ)′ + 2(ψ′)2, r̃ = −2(ψ′ cotψ)′ + 2(ψ′)2. (2.3.4)

The position dependence of SUSY parameter, ε, can be determined by

(sinψΓ3456 + cosψΓ3789)ε = ε. (2.3.5)

We can decompose ε = ε8⊗ ε2, where ε8 is a constant 8 dimensional spinor whose representation

belongs to the double cover of W = SO(1, 2)×SO(3)×SO(3), and ε2 is spinor of SL(2, R) outer

automorphism which characterize the space varying embedding W to SO(1, 9). The generators

of outer automorphism SL(2, R) are

B0 = Γ456789 =

[
0 1

−1 0

]
, B1 = Γ3456 =

[
0 1

1 0

]
, B2 = Γ3789 =

[
1 0

0 −1

]
. (2.3.6)

Under this representation, the explicit form of ε in (2.3.5) is

ε = ε8 ⊗

[
cosψ/2

sinψ/2

]
. (2.3.7)

In order to match the parameters in the field theory with the ones in the brane configuration,

we compare the SUSY preserving conditions for (2.3.1). For type IIB theory, 2 kinds of SUSY

parameter, ε1 and ε2, exist with same chirality. D3-branes solution breaks half of SUSY by†

ε2 = Γ0123ε1. (2.3.8)

Also a (p, q) 5-brane, instead of a NS5-brane in (2.3.1), breaks half of SUSY by

ε1 = −Γ012456(sin tε1 + cos tε2), (2.3.9)

where t = arg(pτ + q). These two conditions gives

ε1 = (−Γ3456 cos t+ Γ3789 sin t)ε1, (2.3.10)

†One can derive these equations by the integrability conditions on the Killing spinor equations.
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which is related to (2.3.5) when t = π
2

+ ψ. Therefore, we can derive the equations for ψ,

tan(
π

2
+ ψ) =

p Imτ

q + pReτ
⇒ cotψ = − 4πD sin 2ψ

a+ q/p+ 4πD cos 2ψ
. (2.3.11)

Actually this equation do not constraint ψ, but only gives a = −q/p− 4πD. So, we get

τ = −q
p
− 4πD(1− e−2ψi), (2.3.12)

where D sin 2ψ < 0. This is exactly same form with the solution of (p, q) 5 brane, (2.2.25). For

(p, q) = (1, 0), an NS5-brane case, the theta parameter as well as gauge coupling is allowed to

have position dependence. However for a D5-brane case, (p, q) = (0, 1), we can think a− 4πD is

fixed and a and 4πD go infinity as − q
p

goes infinity. This shows that for a D5 brane case, theta

parameter is not allowed to have position dependence while the gauge couplings is allowed to.

This solution can be applied to more general cases as far as the isometry symmetry is same.

For example, D3 branes ends on an NS5-brane or the different number of D3 branes end on an

NS5 brane from the left side and the right side. Only difference is we should require suitable

boundary conditions on the defect, intersecting surface with an NS5-brane. Other numerous

cases can be analyzed by this work.

Inspired by this work, we will generalize the it to the supersymmetric gauge theory with all

4d space-time dependent couplings.

2.4 Dp-branes in curved backgrounds

In this subsection, we review the non-Abelian worldvolume action of D-branes. We will consider

the worldvolume action in the curved space and when all R-R and NS-NS fluxes are non-zero.

For the bosonic part we are going to follow the prescription given in [37]. For the fermionic sector

we will follow [40].

2.4.1 Bosonic part

In this subsection, we review the bosonic part of the effective action on Dp-branes embedded in

a curved background with fluxes following [37].

The 10-dimensional space-time coordinates are denoted as xI (I = 0, 1, · · · , 9). We choose

the static gauge in which xµ (µ = 0, 1, 2, 3) are identified as the coordinates on the Dp-brane

world-volume and xi (i = 4, · · · , 9) parametrize the transverse directions. The bosonic sector
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of the effective theory contains a U(N) gauge field Aµ (µ = 0, · · · , p), (9 − p) scalar fields Φi

(i = p + 1, · · · , 9), which belong to the adjoint representation of the gauge group U(N). The

reference position of the Dp-brane is chosen to be xi = 0 and small deviations from it is described

by the values of the scalar fields.

For constructing non-Abelian world-volume action of Dp-branes, we can start from the D9-

brane theory and use T-duality to this action. T-duality on a direction, y, essentially exchange

Dirichlet boundary condition and Neumann boundary condition of open strings on y direction.

Naturally, a Dp-brane, which is hypersurface restricted by Dirichlet boundary condition of open

strings, is transformed to to a Dp+1- or Dp−1-brane according to whether the Dp-brane is extend

to y direction or not. T-duality transform type IIA supergravity with radius R of y direction

to the type IIB theory with radius α′/R of y direction, or vice versa. T-duality transformation

rules for NS-NS sector fields are,

g̃yy =
1

gyy
, g̃µν = gµν −

gµygνy −BµyBνy

gyy
, g̃µy =

Bµy

gyy
,

e2φ̃ =
e2φ

gyy
, B̃µν = Bµν −

Bµygνy − gµyBνy

gyy
, B̃µy =

gµy
gyy

, (2.4.1)

where the metric gMN is written in string frame, and the letters with tilde mean the T-dualized

ones. Also T-duality on R-R fields transform

(C̃n)µ···νρy = (Cn−1)µ···νρ − (n− 1)
gy[ρ(Cn−1)µ···ν]y

gyy
,

(C̃n)µ···νρσ = (Cn+1)µ···νρσy + n(Cn−1)[µ···νρBσ]y + n(n− 1)
(Cn−1)[µ···ν|yB|ρ|ygσ]y

gyy
. (2.4.2)

The world-volume action of Dp-brane contains either the scalar field corresponding to the T-

dual direction or the gauge field component of T-dual direction. For each case, T-duality makes

transformation as

Φy → Ay or Ay → Φy. (2.4.3)

The position of Dp-branes have relation with the scalar fields as xi = λΦi, where

λ ≡ 2πl2s . (2.4.4)

So, when the Dp-brane extended in y direction transform the Dp−1-brane located at y = 0 by

T-duality, the y dependance on a field can be interpreted via a Taylor expansion with respect to

Φy, such as e.g.,

φ̂(xµ, λΦy) ≡
∞∑
n=0

λn

n!
Φi1 . . .Φin ∂i1 . . . ∂inφ(xµ, y)|y=0 . (2.4.5)
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We use the hat “̂” on the background fields to indicate Taylor expansion about scalar fields.

Because D9-brane theory does not contain scalar fields at all, the generalization to non-

Abelian D9-brane is straight forward, replacing to non-Abelian gauge fields and taking trace

over gauge group. DBI action for non-Abelian D9-branes is,

SDBI
D9

= −T9

∫
d10x tr

{
e−φ
√
− det(gµν +Bµν + λFµν)

}
. (2.4.6)

Here, F is the gauge field strength living on the brane,

F = dA+ iA ∧ A =
1

2
Fµνdx

µ ∧ dxν , (2.4.7)

and T9 = (2π)−9l−10
s g−1

s is tension of D9-branes.

We can utilize T-duality to D9-brane world-volume action to make Dp-brane one. For con-

venience, we will use EIJ as

EIJ ≡ gIJ +BIJ . (2.4.8)

Applying T-duality, (2.4.1) ∼ (2.4.5), regarding xp,··· ,9 direction, det(EIJ + λFIJ) transform to

det

[
Êµν − ÊµiEij Êjν + λFµνÊµkÊ

kj + λDµΦj

−ÊikÊkν − λDνΦ
i Êij + iλ[Φi,Φj]

]
(2.4.9)

= det

(
P
[
Êµν + Êµi(Q

−1 − δ)ijÊjν
]

+ λFµν

)
det(Êij) det(Qi

j) , (2.4.10)

where Eij is inverse of Eij, and Qi
j is

Qi
j ≡δij + iλ[Φi,Φk]Êkj . (2.4.11)

Also we have used the pull-back, “P” , as

P[Eµν ] = Êµν + λÊµiDνΦ
i + λÊiνDµΦi + λ2ÊijDµΦiDνΦ

j . (2.4.12)

which is as different as changing partial derivative to covariant one from the Abelian one. det(Êij)

factor can be absorbed by T-dual transformation of e−φ as

e−φ̃ =
e−φ√

det(Êij)
(2.4.13)

which reduce to the form of (2.4.1) when i = j = y.
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In addition, because we have to trace over gauge indices. Ordering of fields under gauge

trace become non-trivial, and we should impose symmetric trace, “Str”, which average over all

orderings of Fµν , DµΦi, [Φi,Φj] and Φi in the Taylor expansion, (2.4.5). Then, we can conclude

non-Abelian DBI action for Dp branes,

SDBI
Dp = − Tp

∫
dp+1x Str

{
e−φ̂

√
− det

(
P
[
Êµν + Êµi(Q−1 − δ)ijÊjν

]
+ λFµν

)
det(Qi

j)

}
,

(2.4.14)

where Tp is tension of Dp brane, Tp ≡ (2π)−pl−p−1
s g−1

s .

Next, let’s consider Chern-Simons action part. Again, because the world-volume theory of

D9-branes do not contain scalar fields at all, we can make Dp brane Chern-Simons action using

T-duality of xp+1,···9. Here we simply present non-Abelian generalization of the Chern-Simons

action,

SCS
Dp = µp

∫
Str

{
P

[
eiλıΦıΦ

(∑
n

Ĉn ∧ eB̂2

)]
∧ eλF

}
. (2.4.15)

ıΦ in (2.4.15) denotes the interior product by a vector (Φi), e.g.,

ıΦıΦCn = − 1

2(n− 2)!
[Φi,Φj](Cn)ijµ3···µndx

µ3 ∧ · · · ∧ dxµn . (2.4.16)

µp is defined by µp ≡ ±Tp, where the sign +(or -) appearing in µp, which is proportional to the

R-R charge of the Dp-brane, corresponds to the case of Dp-branes (or Dp-branes). Note that this

interior product vanish when gauge group is Abelian, which reduce (2.4.15) to Abelian one.

Let’s verify this Chern-Simons action reflects T-duality well. From a Dn+2m-brane, let’s

consider T-duality on y direction included in extended direction, xn+2m = u. For simplicity, we

will restrict the metric to be gµy = Bµy = 0. This condition makes T-duality transformation of

NS-NS field, (2.4.1), become trivial, so that we exclude B field in this discussion. The general

form of each term in (2.4.15) is

(iλ)lP
[
(ıΦıΦ)lCn+2l

]
a1···an

Fb1c1 · · ·Fbmcm . (2.4.17)

We will consider the cases that y index appear in the part involving R-R fields first and then

consider the case y appear in the part involving field strength. For the case that y appears in

the indices of Cn+2l, T-duality makes this term to

(iλ)l

l!
P ′
[
(ıΦ̃ıΦ̃)lCn+2l)

]
a1···an−1

Fb1c1 · · ·Fbmcm , (2.4.18)
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where the primed pull-back denotes that it does not include the pull-back of y involving DyΦ
i,

and the symbol ıΦ̃ denotes the interior product except for Φy. It is also possible that y comes

from pull-back of R-R fields, contracted with DyΦ
i which do not vanish in non-Abelian case. In

this case, T-duality results to

2
(iλ)l+1

l!
P ′
[
(ıΦ̃ıΦ̃)l(ıΦy ıΦ̃)Cn+2l+1)

]
a1···an−1

Fb1c1 · · ·Fbmcm . (2.4.19)

Replacing l to l + 1 in (2.4.18) and using the identity relation for a n-form field,

(iλ)l+1

(l + 1)!
(ıΦıΦ)l+1 =

(iλ)l+1

(l + 1)!
(ıΦ̃ıΦ̃)l+1 + 2

(iλ)l+1

l!
(ıΦ̃ıΦ̃)l(ıΦy ıΦ̃), (2.4.20)

now we can check that T-duality make (2.4.15) same form except pull-back, P ′. This can be fixed

by considering the case that y index appear in the field strength side. For this case, T-duality

transform (2.4.17) to

m(iλ)lP ′
[
(ıΦıΦ)lCn+2l+1

]
a1···any

Fb1c1 · · ·Fbm−1cm−1DbmΦy. (2.4.21)

And this contribution makes the pull-back P ′ to be complete P in (2.4.18) if we replace to

(n + 2,m− 1) instead of (n,m). Therefore, we have verified the Chern-Simons action, (2.4.17),

of a Dp-brane transform to the one of a Dp−1-brane with same form.

Considering T-duality, we conclude that the bosonic part of non-Abelian world-volume action

of Dp-branes is

Sbos
Dp = SDBI

Dp + SCS
Dp , (2.4.22)

where SDBI
Dp and SCS

Dp are given by (2.4.14) and (2.4.15) respectively.

2.4.2 Fermionic part

In this subsection, we write down the fermionic part (quadratic terms with respect to the fermion

fields) of the effective action on a Dp-brane embedded in any supergravity background following

[40]. Here, we consider the cases with a single Dp-brane in type IIB string theory.

The action, after fixing the κ-symmetry, is given by

Sfermi
Dp =

Tp
2

∫
dp+1x e−φ

√
− det(Mµν)

{
iψ
[
(M−1)µνΓµ∇(H)

ν −∆(1)
]
ψ

− iψ Γ̆−1
Dp

[
(M−1)µνΓνWµ −∆(2)

]
ψ
}
, (2.4.23)
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where ψ is the fermion field (dimensional reduction of the 10-dimensional Majorana-Weyl spinor

field), Γµ ≡ ΓÎe
Î
I∂µx

I is the pull-back of the 10-dimensional gamma matrices, Mµν is defined as

Mµν = P[gµν +Bµν ] + λFµν , (2.4.24)

where the field strength is the Abelian one. And other quantities are defined as follows.

The covariant derivative ∇(H)
ν is the pull-back of the 10-dimensional covariant derivative

including the H-flux:

∇(H)
I ≡ ∂I +

1

4
ω ĴK̂
I ΓĴK̂ +

1

4 · 2!
HIJKΓJK , (2.4.25)

where ω ĴK̂
I is the spin connection and HIJK is the field strength of the Kalb-Ramond 2-form

field.

Wµ, ∆(1) and ∆(2) are defiend as

Wµ ≡
1

8
eφ
(
−FJΓJ +

1

3!
F̃JKLΓJKL − 1

2 · 5!
F̃JKLMNΓJKLMN

)
Γµ , (2.4.26)

∆(1) ≡ 1

2

(
ΓI∂Iφ+

1

2 · 3!
HIJKΓIJK

)
, (2.4.27)

∆(2) ≡ − 1

2
eφ
(
−FIΓI +

1

2 · 3!
F̃IJKΓIJK

)
, (2.4.28)

where FI , F̃IJK and F̃IJKLM are the field strength of the R-R fields defined as

F1 = FIdx
I ≡ dC0 , F̃3 =

1

3!
F̃IJKdx

I ∧ dxJ ∧ dxK ≡ dC2 + C0H3 ,

F̃5 =
1

5!
F̃IJKLMdx

I ∧ dxJ ∧ dxK ∧ dxL ∧ dxM ≡ dC4 +H3 ∧ C2 . (2.4.29)

(See section 2.1 for our conventions.)

Finally, Γ̆−1
Dp is defined by

Γ̆−1
Dp = (−1)p−2Γ

(0)
Dp

√
−g√

− det(Mµν)

∑
q≥0

(−1)q

q!2q
Γµ1···µ2qFµ1µ2 · · · Fµ2q−1µ2q , (2.4.30)

where
√
−g ≡

√
− det P[gµν ] ,

Fµν ≡ Bµν + λFµν , (2.4.31)

and

Γ
(0)
Dp ≡

1

(p+ 1)!
εµ1···µp+1Γµ1···µp+1 (2.4.32)

with the Levi-Civita symbol εµ1···µp+1 with ε01···p = 1/
√
−g.
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Chapter 3

Space-time dependent deformation of

N = 4 SYM with preserving SUSY

3.1 Notations and Ansatz

In this paper, we will deformN = 4 supersymmetric Yang-Mills (SYM) theory to have space-time

dependence on gauge coupling gYM and theta parameter θ. Because N = 4 SYM in 4 dimension

can be obtained by dimensional reduction of 10 dimensional N = 1 SYM, we use 10 dimensional

notations for N = 4 SYM action, ∗

S0 =

∫
d4x
√
−g tr

{
1

g2
YM

(
−1

2
gII

′
gJJ

′
FIJFI′J ′ + iΨΓIDIΨ

)
+

θ

32π2
εµνρσFµνFρσ

}
. (3.1.1)

We will use 3 types letter for the indices as I, J · · · = 0, 1, · · · , 9, µ, ν, · · · = 0, 1, 2, 3 and

A,B, · · · = 4, · · · , 9. We can think that the gauge field Aµ and 6 adjoint scalar fields AA

are combined into a 10-dimensional gauge field AI , though it depends only on the 4-dimensional

space-time. Also covariant derivatives are defined as,

Fµν ≡ ∂µAν − ∂νAµ + i[Aµ, Aν ] , (3.1.2)

FµA = −FAµ ≡ ∂µAA + i[Aµ, AA] ≡ DµAA , (3.1.3)

FAB ≡ i[AA, AB] , (3.1.4)

DµΨ ≡ ∂µΨ + i[Aµ,Ψ] +
1

4
ω ν̂ρ̂
µ Γν̂ρ̂Ψ , DAΨ ≡ i[AA,Ψ] . (3.1.5)

The 10-dimensional metric gIJ is assumed to be of the form

ds2 = gIJdx
IdxJ = gµν(x

ρ)dxµdxν + δABdx
AdxB , (3.1.6)

∗ Our notation is similar to (but, not exactly the same as) that used in [14].
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and gIJ is its inverse.† The indices are lowered or raised by this metric and its inverse. εµνρσ is the

4-dimensional epsilon tensor with ε0123 = 1/
√
−g, where

√
−g ≡

√
− det(gIJ) =

√
− det(gµν).

The fermion field Ψ is written as a 10-dimensional negative chirality Majorana-Weyl spinor,

which is equivalent to 4 Weyl spinor fields in 4-dimensional space-time. It is a real 32 component

spinor satisfying

Γ(10)Ψ = −Ψ , (3.1.7)

where Γ(10) ≡ Γ0̂Γ1̂ · · ·Γ9̂ is the 10-dimensional chirality operator.‡ Here, the gamma matrices ΓÎ

(Î = 0, 1, · · · , 9) are 10-dimensional gamma matrices which are realized as 32× 32 real matrices

satisfying {ΓÎ ,ΓĴ} = 2ηÎĴ , where (ηÎĴ) ≡ diag(−1,+1, · · · ,+1) is the Minkowski metric (see

Appendix B for our notations and useful formulas for the gamma matrices). The hatted indices

(Î , Ĵ , · · · ) are those for the local Lorentz frame which can be converted to the curved indices

(I, J, · · · ) by contracting them with vielbeins eI
Î

as ΓI = eI
Î
ΓÎ . The Dirac conjugate Ψ is defined

by Ψ ≡ ΨTΓ0̂. Gamma matrices with more than one indices are anti-symmetrized products of

the gamma matrices defined as

ΓI1I2···In = Γ[I1ΓI2 · · ·ΓIn] =
1

n!

∑
σ∈Sn

sgn(σ)ΓIσ(1)ΓIσ(2) · · ·ΓIσ(n) . (3.1.8)

ω ν̂ρ̂
µ in the covariant derivative Dµ in (3.1.5) is the spin connection:

ωµν̂ρ̂ =
1

2
eν
′

ν̂ (∂µeν′ρ̂ − (∂ν′gµµ′)e
µ′

ρ̂ )− (ν̂ ↔ ρ̂) . (3.1.9)

In our notation, Dµ denotes the covariant derivative including gauge field Aµ, spin connection

ω ν̂ρ̂
µ and Levi-Civita connection Γρµν , depending on the field it acts.

When the metric is flat and the couplings (gYM and θ) are constant, the action (3.1.1) is

invariant under the supersymmetry (SUSY) transformation with 16 independent SUSY parame-

ters.§ If the metric and/or the couplings are not constant, SUSY is in general completely broken.

In order to maintain a part of SUSY, we should add additional terms to the action (3.1.1) and

†One may introduce a non-trivial internal part of the metric gAB(xµ). However, for our purpose, we can set it

to be gAB(xµ) = δAB without loss of generality. This is because gAB in the action (3.1.10) can always be replaced

with δAB by redefinition of the scalar fields and the couplings a, dIJA, mAB and M . The off-diagonal components

gµA are set to be zero for simplicity.
‡ This should not be confused with Γ10 = Γ1Γ0.
§In this paper we will not consider the special conformal supersymmetry.
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the SUSY transformation also should be modified accordingly. The action that we consider is

S =

∫
d4xL =

∫
d4x
√
−g a tr

{
− 1

2
gII

′
gJJ

′
FIJFI′J ′ + iΨΓIDIΨ +

c

4
εµνρσFµνFρσ

− dIJAFIJAA −
mAB

2
AAAB − iΨMΨ

}
, (3.1.10)

where a, c, dIJA, mAB are real parameters and M is a real 32× 32 matrix that may depend on

the space-time coordinates xµ. a and c are related to gYM and θ in (3.1.1) by

a =
1

g2
YM

, c =
g2

YMθ

8π2
. (3.1.11)

We also use the complex coupling defined by

τ ≡ θ

2π
+

4πi

g2
YM

= 4πa(c+ i) . (3.1.12)

We impose the following conditions for the parameters dIJA and mAB, which can be done

without loss of generality:¶

dIJA = −dJIA , dµAB = −dµBA , dABC = d[ABC] , mAB = mBA . (3.1.13)

The second condition in (3.1.13) can be imposed because a term with dµ(AB) tr(FµAAB) can be

converted to a mass term for AA via integration by parts.

Note that ΨMΨ is non-vanishing only when Γ0̂M is an anti-symmetric matrix that commutes

with Γ(10). We can easily show that only the linear combinations of the anti-symmetric product

of 3 gamma matrices are allowed. So, the most general form of such matrix is

M = mIJKΓIJK , (3.1.14)

where mIJK is a real rank three totally anti-symmetric tensor.

The action (3.1.10) is constructed by adding operators of dimension‖ less than 4 into the

leading order action (3.1.1). Although it is not the most general one,∗∗ it is general enough to

¶ Square and round brackets on indices indicate anti-symmetrization and symmetrization of the indices, re-

spectively. For example,

d[ABC] ≡ 1

3!
(dABC + dBCA + dCAB − dBAC − dCBA − dACB) ,

d(ABC) ≡ 1

3!
(dABC + dBCA + dCAB + dBAC + dCBA + dACB) .

‖ Our analysis in this paper is classical and the anomalous dimensions are not taken into account.
∗∗ For example, an operator like tr(A(AABAC)) is not included.
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cancel the SUSY variations of the leading order action, as we will see in Section 3.2 and Appendix

D.

The ansatz for the SUSY transformation is

δεAI = iεΓIΨ ,

δεΨ =
1

2
(FIJΓIJ + AAB

A) ε , (3.1.15)

δεΨ =
1

2
ε (−FIJΓIJ + AAB

A
) ,

where BA are real 32× 32 matrices acting on the spinor indices that commute with the chirality

operator Γ(10), and B
A ≡ −Γ0̂(BA)TΓ0̂. The SUSY parameter ε is a 10-dimensional negative

chirality Majorana-Weyl spinor. BA and ε may also depend on the space-time coordinates.

3.2 SUSY conditions

The goal of this section is to determine the conditions under which the action (3.1.10) is invariant

with respect to the SUSY transformations (3.1.16) for a non-zero ε. The approach that we

follow in this work is straight. We firstly calculate the variation of the deformed action (3.1.10)

with respect to the deformed transformations (3.1.16). Then, by imposing the vanishing of the

variation, we obtain several constraints on the deformation parameters and the SUSY parameter

ε.∗ Here, we provide the outline of the derivation and leave the details to Appendix D.

Applying the SUSY variation (3.1.16) to the action (3.1.10), we get

δεS =

∫
d4x

{(
∂L
∂AI

− ∂µ
(

∂L
∂(∂µAI)

))
δεAI +

(
∂L
∂Ψ
− ∂µ

(
∂L

∂(∂µΨ)

))
δεΨ

+δεΨ

(
∂L
∂Ψ
− ∂µ

(
∂L

∂(∂µΨ)

))}
−
√
−g DνJ

ν
ε . (3.2.1)

The current Jµε in the covariant total derivative term is,

Jµε =
∂L

∂(∂µAI)
δεAI +

∂L
∂(∂µΨ)

δεΨ

= iaε

(
FIJ

(
3

2
ΓIJΓµ − ΓIJµ + cεµνIJΓν

)
− 2dµIAΓIAA − AAB

A
Γµ
)

Ψ. (3.2.2)

∗ A similar analysis with a more elegant approach using supergravity à la Festuccia-Seiberg [7] has been given

in [21]. However, a detailed comparison of the results still remains.
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In order to be supersymmetric, we should impose some conditions this variation, (3.2.1), to be

zero up to boundary terms. More detail calculations about the conditions and total derivative

are written on the Appendix D.1. Imposing some conditions, the first three terms in {· · · } of

(3.2.1) can be written as total derivatives,

√
−g trDµ

(
iε
(
− ΓJKΓµFJK + aB

A
ΓµAA

)
ψ

)
. (3.2.3)

Therefore, the Noether current for the supersymmetry, as a covariant version, is

J µ
ε = Jµε + iε

(
ΓJKΓµFJK − aB

A
ΓµAA

)
ψ. (3.2.4)

When the space-time manifold M has boundary, the conditions to preserve supersymmetry

should be imposed not only proper Dirichlet or Neumann boundary condition of the fields, but

also ∫
M

d4x
√
−g DµJ µ

ε =

∫
∂M

d3x
√
|γ| J µ

ε n̂µ = 0, (3.2.5)

where n̂µ is unit normal vector to the boundary, and γ is determinant of induced metric on

boundary.† However, from here we will only focus on the case when the boundary of space-time

manifold are not exist.

Up to the boundary terms, the conditions to be (3.2.1) zero can be written as :

DµεΓIJΓµ = ε
(
B

[J
ΓI] − ΓIJµa−1∂µa+ (a−1∂ν(ac) ε

νIJK + 3 d[IJK])ΓK − ΓIJM̃
)
, (3.2.7)

Dµ(εB
A

)Γµ = ε

(
−2a−1ΓIDµ(a dIµA)−mABΓB −B

A
(
M +

1

2
Γµ∂µ log a

))
. (3.2.8)

In this expression, dJKI and mIA can be non-zero only if I = 4 ∼ 9, and εIJKL can be non-zero

only for I, J,K, L = 0 ∼ 3. Conditions (3.2.7) and (3.2.8) correspond to cancellation of terms

with dimension 7
2

and 5
2

operators, respectively. Following [14], we call them first order and

second order equations, respectively.

†Note that one can obtain supersymmetry charge by just choosing ∂M is space-like surface, e.g., t = 0. Then

supercharge Qε for a specific supersymmetry ε,

Qε =

∫
x=0

d3x
√
g̃ J 0

ε , (3.2.6)

where g̃ is determinant of metric of spatial direction at t = 0.
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Further algebra shows that the first order equation (3.2.7) is equivalent to the following

conditions (see Appendix D.2 for the derivation):

0 = ε eI
′J ′K′ΓK′

(
P IJ
I′J ′ − δII′δJJ ′

)
, (3.2.9)

0 = ε

(
1

72
eIJKΓIJK −

1

2
Γµ∂µ log a−

(
1

16
eµJK − 3mµJK

)
ΓµJK −M

)
, (3.2.10)

εB
A

= ε

(
FΓA +

(
−1

4
eAJK + 12mAJK

)
ΓJK

)
, (3.2.11)

∂µε = εAµ , (3.2.12)

where F is a real 32× 32 matrix acting on the spinor indices (see (D.2.20) or (D.2.22)), and

P IJ
I′J ′ ≡ 1

72
ΓI′J ′Γ

IJ +
1

4
Γ[I′Γ

[Iδ
J ]
J ′] , (3.2.13)

eIJK ≡ a−1∂ν(ac) ε
νIJK + 3 d[IJK] + 24mIJK , (3.2.14)

Aµ ≡ −1

4

(
FΓµ +

(
−1

4
eµĴK̂ + 12mµĴK̂ − ωµĴK̂

)
ΓĴK̂

)
. (3.2.15)

P IJ
I′J ′ is a projection, as it satisfies

P I′J ′

IJ P KL
I′J ′ = P KL

IJ . (3.2.16)

In addition, for an arbitrary GI , we have

G[I′ΓJ
′]P IJ

I′J ′ = G[IΓJ ] , P IJ
I′J ′ G[IΓJ ] = G[I′ΓJ ′] . (3.2.17)

Note that B
A

, F and Aµ always appear in the combination εB
A

, εF and εAµ, respectively,

and hence we only need to determine them up to additions of matrices that vanish when ε is

multiplied from the left. In particular, the SUSY transformation (3.1.16) is determined once the

right hand side of (3.2.11) is fixed.

The equation (3.2.12) can be solved when the integrability condition

εFµν = 0 , (3.2.18)

with Fµν ≡ ∂µAν − ∂νAµ + [Aµ,Aν ] is satisfied. Then, (3.2.12) can be formally solved as

ε(x) = ε0 P exp

(∫ x

x0

dxµAµ
)
, (3.2.19)

where ε0 is a constant spinor, “P exp” denotes the path ordered exponential (the ordering is taken

from left to right) and x0 is a fixed position. The integrability condition (3.2.18) guarantees that

(3.2.19) is well-defined in a neighborhood of x0.
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(3.2.9) has a trivial solution eIJK = 0. In fact, in all the examples we consider in the following

sections, one can show that eIJK = 0 is the only solution of (3.2.9) that is compatible with the

imposed symmetry. When eIJK = 0, (3.2.10) is simplified as

0 = ε

(
1

2
Γµ∂µ log a− 3mµJKΓµJK +M

)
. (3.2.20)

By definition, eIJK = 0 is equivalent to

0 = a−1∂µ(ac) εµνρσ + 24mνρσ , (3.2.21)

0 = d[IJA] + 8mIJA . (3.2.22)

Using (3.1.13), the latter is written as

dµνA = −24mµνA , dµAB = −12mµAB , dABC = −8mABC . (3.2.23)

(3.2.21) can have a solution if and only if

∂ν(
√
−g amνρσ) = 0 (3.2.24)

is satisfied.

In summary, we have reduced the conditions for the SUSY invariance of the action (3.1.10)

to the equations (3.2.7) and (3.2.8), where the former can be split into the equations (3.2.9)-

(3.2.12). In the following section, we are going to elaborate on solutions that preserve different

symmetries.
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Chapter 4

Example: ISO(1, 1)× SO(3)× SO(3)

In the later part, we will apply our equations to preserve SUSY, obtained from the previous

section, for specific cases. First, we consider ISO(1, 1) × SO(3) × SO(3) symmetry. Here,

ISO(1, 1) is the Poincaré group acting on x0,1, and the first and second SO(3) act as rotation

of x4,5,6 and x7,8,9 in the 10-dimensional notation, respectively. Although our analysis is purely

field theoretical, our motivation come from string theory. Consider a D3-D5-D7 system in the

following table:

0 1 2 3 4 5 6 7 8 9

D3 o o o o

D5 o o o o o o

D7 o o o o o o o o

(4.0.1)

This configuration is 1/8 BPS configuration, which preserves part of the supersymmetry, as well

as the ISO(1, 1)×SO(3)×SO(3) symmetry. If we regard the D5 and D7-branes as a supergravity

background and the D3-brane as a probe embedded in it, the low energy effective theory on the

D3-brane is expected the one which deformed from the N = 4 SYM that the couplings are

depend on space-time. We may replace the D5-brane and D7-branes with (p, q) 5-brane and

[p, q] 7-branes, respectively, to have more complicated configurations preserving SUSY.

Being absent of [p, q] 7-branes, the case with D3-branes in the (p, q) 5-brane backgrounds

corresponds to the supersymmetric Janus configuration considered in [14]. Also being absent of

(p, q) 5-brane, D3-branes in the [p, q] 7-brane backgrounds can be generalized to D3-branes in

F-theory configurations, which was recently analyzed in [20, 22, 23] (see also [25, 27]). So, the

case with this symmetry will combinate this two configurations by appearing as special cases in

our example as we discuss separately in Sections 4.4 and 4.3, respectively.
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4.1 Ansatz and SUSY conditions

We decompose the 10 dimensional coordinates in four sectors: α, β = 0, 1; i, j = 2, 3; a, b, c =

4, 5, 6; p, q, r = 7, 8, 9. The metric and the couplings are assumed to depend only on xi and

preserve the ISO(1, 1) × SO(3) × SO(3) symmetry acting on {xα} × {xa} × {xp}. The metric

(3.1.6) is of the form

ds2 = e(xi)ηαβdx
αdxβ + gij(x

i)dxidxj + δabdx
adxb + δpqdx

pdxq . (4.1.1)

Using the general coordinate transformation and Weyl transformation∗ with appropriate rescaling

of the fields, we can assume e(xi) = 1 and gij(x
i) = eΦ(xi)δij without loss of generality.

M can be written as a general form to respect this symmetry,

M = 6
(
m01iΓ

01i +m456Γ456 +m789Γ789
)

≡ αiΓ
iΓ01 + βΓ456 + γΓ789 . (4.1.2)

The non-zero components of dIJA and mAB are

dabc =
v

3
εabc , dpqr =

w

3
εpqr , mab = rδab , mpq = r̃δpq . (4.1.3)

We also define

qi ≡ ∂i log a . (4.1.4)

The non-trivial components of eIJK defined in (3.2.14) are

e01i = a−1∂j(ac) ε
ji − 4αi , eabc = (v + 4β)εabc , epqr = (w + 4γ)εabc . (4.1.5)

In this case, one can show that the condition (3.2.9) implies eIJK = 0 (see Appendix E.1) and

hence

a−1∂j(ac) ε
ji = 4αi , v = −4β , w = −4γ . (4.1.6)

The integrability condition (3.2.24) for the first equation of (4.1.6) is

gkj∂k(aαj) = 0 . (4.1.7)

The non-zero components of the spin connection are

ω 2̂3̂
i = −ω 3̂2̂

i =
1

2
ε ji ∂jΦ , (4.1.8)

∗See appendix C.1.
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and Aµ defined in (3.2.15) is

A0 = −1

4

(
FΓ0 + 4αiΓ

1i
)
, A1 = −1

4

(
FΓ1 − 4αiΓ

0i
)
,

Ai = −1

4

(
FΓi + 4αiΓ

01 − ε ji ∂jΦΓ2̂3̂
)
. (4.1.9)

The condition (3.2.12) with µ = 0, 1 implies

0 = ε(F + 4αiΓ
01i) . (4.1.10)

Using this the equation, Ai in (3.2.12) with µ = i = 2, 3 can be replaced with

Ai = ε ji

(
−αjΓ01 +

1

4
∂jΦ

)
Γ2̂3̂ , (4.1.11)

and (3.2.20), (3.2.11) and (3.2.12) become

0 = ε
(
Γiqi − 4αiΓ

01i + 2βΓ456 + 2γΓ789
)
, (4.1.12)

εB
a

= ε
(
−4αiΓ

01ia + 2βεabcΓbc
)
, (4.1.13)

εB
p

= ε
(
−4αiΓ

01ip + 2γεpqrΓqr
)
, (4.1.14)

∂iε = ε ε ji

(
−αjΓ01 +

1

4
∂jΦ

)
Γ2̂3̂ . (4.1.15)

The integrability condition (3.2.18) for (4.1.15) is

0 = ε gkj
(
4∂kαjΓ

01 − ∂k∂jΦ
)
. (4.1.16)

The second order equation (3.2.8) for this case is

Di(εB
a
)Γi = ε

(
−rΓa −Ba

(
M +

1

2
Γiqi

))
, (4.1.17)

Di(εB
p
)Γi = ε

(
−r̃Γp −Bp

(
M +

1

2
Γiqi

))
. (4.1.18)

Using (4.1.13)–(4.1.15), one can show that (4.1.17) and (4.1.18) are equivalent to

0 = r + r̃ + gijqiqj + 2gij∂iqj − 4(β2 + γ2) , (4.1.19)

0 = ε

(
r − r̃ + 4∂iβΓi456 − 4∂iγΓi789 + 8αiΓ

01i
(
βΓ456 − γΓ789

))
. (4.1.20)

Therefore, equations that we have to solve are (4.1.7), (4.1.12), (4.1.16) and (4.1.20). Once we

find a, αj, β, γ, Φ and r−r̃ satisfying these equations, the other parameters can be easily obtained

by (4.1.6), (4.1.13), (4.1.14) and (4.1.19). It can be easily checked that these SUSY conditions

reduce to those given in [14] when the symmetry is enhanced to ISO(1, 2)× SO(3)× SO(3).
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4.2 Solutions of the SUSY conditions

In this section we are going to elaborate on a prescription for the SUSY parameter ε which

simplifies the study of solutions. In addition, we give two examples of solutions, where the latter

is a generalization of the former.

4.2.1 More on SUSY conditions

Let us first try to solve (4.1.16). Decomposing ε as

ε = ε+ + ε− , (4.2.1)

with ε±Γ01 = ±ε±, (4.1.16) can be written as

0 = ε+g
kj (4∂kαj − ∂k∂jΦ)− ε−gkj (4∂kαj + ∂k∂jΦ) . (4.2.2)

If gkj∂k∂jΦ = 0 and gkj∂kαj = 0, both ε+ and ε− can be non-zero. However, if gkj∂k∂jΦ 6= 0, it

has a non-trivial solution only if

gkj∂k(∂jΦ∓ 4αj) = 0 , ε∓ = 0 (4.2.3)

are satisfied. Therefore, when Φ is not a harmonic function, the unbroken SUSY is inevitably

chiral in 2-dimensions. In the following, we impose (4.2.3), though we do not assume gkj∂k∂jΦ 6=
0. The general solution for the case with gkj∂k∂jΦ = 0 can be easily obtained by taking a linear

combination of a solution with ε = ε+ and that with ε = ε−.

(4.2.3) can be solved (at least locally) if and only if there exists a function ϕ± satisfying

±αj −
1

4
∂jΦ = ε ij ∂iϕ± . (4.2.4)

Then, the solution of (4.1.15) is

ε = ε0±e
ϕ±Γ2̂3̂

= ε0±

(
cosϕ± + Γ2̂3̂ sinϕ±

)
, (4.2.5)

where ε0± is a constant spinor satisfying

ε0± Γ01 = ±ε0± , ε0± Γ(10) = ε0± . (4.2.6)

The second condition in (4.2.6) follows from the chirality condition (3.1.7).

This ε0± belongs to the 8-dimensional Majorana-Weyl representation of the SO(8) subgroup

of the 10-dimensional Lorentz group. Since the operators acting on ε in (4.1.12) and (4.1.20)
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commute with SO(3) × SO(3) generators Γab and Γpq, it is convenient to decompose it to two

(2, 2) representations of the SO(3)× SO(3) as

ε0± =
4∑
v=1

(f 0
v 〈 0; v |+ f 1

v 〈 1; v |) , (4.2.7)

where v = 1, 2, 3, 4 is an index labeling the 4-dimensional representation ((2, 2) representation)

of SO(3)×SO(3), and f 0
v and f 1

v (v = 1, 2, 3, 4) are real parameters. The set {〈 0; v | , 〈 1; v | | v =

1, 2, 3, 4} is the basis of the spinors satisfying (4.2.6). They can be constructed explicitly as

follows. Let us define

C1 ≡
1

2
(Γ2̂ + Γ456) , C2 ≡

1

2
(Γ3̂ ∓ Γ789) , (4.2.8)

which satisfy

{Cs, C†t } = δst , {Cs, Ct} = 0 , (s, t = 1, 2) . (4.2.9)

Let 〈 0; v | be a spinor satisfying

〈 0; v |C†s = 0 , (s = 1, 2) (4.2.10)

and 〈 1; v | is defined as

〈 1; v | ≡ 〈 0; v |C1C2 . (4.2.11)

Since all the operators acting on ε0± in (4.1.12) and (4.1.20) do not mix the spaces with different

index v, we can assume

ε0± = f 0
v 〈 0; v |+ f 1

v 〈 1; v | (4.2.12)

with fixed v. (The general solution is just a linear combination of this type.) Note that Γ2̂3̂ =

(C1 + C†1)(C2 + C†2) and

〈 0; v |Γ2̂3̂ = 〈 1; v | , 〈 1; v |Γ2̂3̂ = −〈 0; v | . (4.2.13)

Then, (4.2.12) can be written as

ε0± = η 〈 0; v | eξ Γ2̂3̂

, (4.2.14)

where η =
√

(f 0
v )2 + (f 1

v )2 and ξ = arctan(f 1
v /f

0
v ). As a consequence, the number of remaining

SUSY is 4 in general, corresponding to the choice of v = 1, 2, 3, 4. This agrees with what we

expect from the brane configuration (4.0.1). If the phase ξ can be chosen freely without changing
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the action, the number of SUSY is enhanced to 8. As mentioned above, if Φ satisfies the Laplace

equation gkj∂k∂jΦ = 0 and both ε+ and ε− are allowed, the number of SUSY is doubled. We will

see some examples with the SUSY enhancement later.

Since ξ can be absorbed by the shift of ϕ± in (4.2.5), we set ξ = 0 in the following. Then,

using (4.2.4), (4.2.5) and (4.2.14), one can show that the SUSY condition (4.1.12) is equivalent

to

β = e−Φa−1/2
(
∂2

(
e

1
2

Φa−1/2 cos(2ϕ±)
)

+ ∂3

(
e

1
2

Φa−1/2 sin(2ϕ±)
))

, (4.2.15)

γ = ∓e−Φa1/2
(
−∂2

(
e

1
2

Φa−1/2 sin(2ϕ±)
)

+ ∂3

(
e

1
2

Φa−1/2 cos(2ϕ±)
))

, (4.2.16)

and (4.1.20) is equivalent to

∂2

(
e

1
2

Φ(−β cos(2ϕ±)± γ sin(2ϕ±))
)

+ ∂3

(
e

1
2

Φ(∓γ cos(2ϕ±)− β sin(2ϕ±))
)

= − 1

4
(r − r̃)eΦ ,

(4.2.17)

∂2

(
e

1
2

Φ(±γ cos(2ϕ±) + β sin(2ϕ±))
)

+ ∂3

(
e

1
2

Φ(−β cos(2ϕ±)± γ sin(2ϕ±))
)

= 0 . (4.2.18)

It is convenient to write these equations using a complex coordinate z ≡ 1√
2
(x2 + ix3):

β ± iγ =
√

2 e−Φa1/2∂z

(
e

1
2

Φ+i2ϕ±a−1/2
)
, (4.2.19)

1

4
(r − r̃)eΦ =

√
2 ∂z

(
e

1
2

Φ+i2ϕ±(β ± iγ)
)

= 2∂z

(
e−

1
2

Φ+i2ϕ±a1/2∂z

(
e

1
2

Φ+i2ϕ±a−1/2
))

, (4.2.20)

where we have used (4.2.19) in the last step. β, γ and (r− r̃) are determined by (4.2.19) and the

real part of (4.2.20). The imaginary part of (4.2.20) gives a non-trivial constraint:

Im
[
∂z

(
e−

1
2

Φ+i2ϕ±a1/2∂z

(
e

1
2

Φ+i2ϕ±a−1/2
))]

= 0 . (4.2.21)

This equation can be solved if there exists a real function f(z, z) satisfying

∂zf = e−
1
2

Φ+i2ϕ±a1/2∂z

(
e

1
2

Φ+i2ϕ±a−1/2
)

= ei4ϕ±
(
i2∂zϕ± +

1

2
∂z (Φ− log a)

)
. (4.2.22)

This is equivalent to

e−i2ϕ±+ 1
2

(Φ−log a)∂ze
f = ∂z

(
ei2ϕ±+ 1

2
(Φ−log a)

)
ef . (4.2.23)
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The complex conjugate of this equation is

∂z

(
e−i2ϕ±+ 1

2
(Φ−log a)

)
ef = ei2ϕ±+ 1

2
(Φ−log a)∂ze

f . (4.2.24)

The sum of these two equations gives

∂z

(
e−i2ϕ±+ 1

2
(Φ−log a)ef

)
= ∂z

(
ei2ϕ±+ 1

2
(Φ−log a)ef

)
, (4.2.25)

which is equivalent to

Im
[
∂z

(
ei2ϕ±+ 1

2
(Φ−log a)+f

)]
= 0 . (4.2.26)

This equation can be solved if there exists a real function g(z, z) satisfying

ei2ϕ±+ 1
2

(Φ−log a) = e−f∂zg . (4.2.27)

Inserting this into (4.2.23), we obtain

∂zg∂zf + ∂zf∂zg = ∂z∂zg . (4.2.28)

If we are able to find real functions g and f satisfying this relation, ϕ± and (Φ − log a) are

obtained by (4.2.27). (4.2.19) and (4.2.20) are

β ± iγ =
√

2e−Φa1/2∂z(e
−f∂zg) =

√
2e−Φa1/2e−f∂zg∂zf , (4.2.29)

r − r̃ = 8e−Φ∂z∂zf . (4.2.30)

Note that (4.2.28) can also be written as

Re[∂z(e
−2f∂zg)] = 0 . (4.2.31)

This equation can be solved if there exists a real function h(z, z) satisfying

e−2f∂zg = i∂zh , (4.2.32)

which implies

∂zg∂zh+ ∂zg∂zh = 0 . (4.2.33)

It shows that the gradient of g and h are orthogonal to each other. Conversely, if we are able to

find real functions g and h satisfying (4.2.33), f is obtained as

e−2f = i
∂zh

∂zg
= −i∂zh

∂zg
. (4.2.34)
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(4.2.27) can also be written as

ei4ϕ±+Φ−log a = −i∂zh∂zg . (4.2.35)

In addition to these equations, we should also solve (4.1.7). Using (4.2.4), (4.1.7) can be

written as

gij∂j(a∂iΦ) + 4εjk∂ja∂kϕ± = 0 , (4.2.36)

which is equivalent to

Re [∂z(a ∂z(Φ + 4iϕ±))] = 0 . (4.2.37)

This equation can be solved if there exists a real function k(z, z) satisfying

a ∂z(Φ− log a+ 4iϕ±) + ∂za = a ∂z(Φ + 4iϕ±) = i∂zk . (4.2.38)

From the first equation of (4.1.6) and (4.2.4), we see that this k is proportional to the theta

parameter as

k = ∓ac = ∓ θ

8π2
, (4.2.39)

up to an additive constant.

Using (4.2.27), (4.2.38) becomes

2a∂z(−f + log ∂zg) + ∂za = i∂zk , (4.2.40)

which can also be written as

∂z(a∂zh∂zg) = i∂zh∂zg∂zk . (4.2.41)

In summary, the SUSY conditions are now reduced to a problem of finding real functions

h, g, a and k satisfying (4.2.33) and (4.2.41). Then, the real function f is obtained by (4.2.34)

and other parameters are determined by (4.2.27) (or (4.2.35)), (4.2.29), (4.2.30) and (4.2.39).

Although we have not been able to find the general solution of the SUSY conditions (4.2.33) and

(4.2.41), a lot of non-trivial solutions have been found. In the following subsections, we show

some of the explicit solutions.
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4.2.2 Solution 1

First, we introduce new coordinates (y1, y2) defined as

y1 ≡ l(z) + l(z) , y2 ≡ i(l(z)− l(z)) , (4.2.42)

where l(z) ∈ C is a holomorphic function of z = 1√
2
(x2 + ix3) and l(z) is its complex conjugate.

They are related to the original coordinates (x2, x3) by a conformal transformation on the 2-

dimensional plane. Note that our ansatz explained in Section 4.1 is compatible with the conformal

transformation∗ and hence our results in the previous subsection are valid in the coordinates

(y1, y2) as well. In fact, it is easy to see that the equations (4.2.33) and (4.2.41) are invariant

under the conformal transformation. Once one finds a solution, one can generate new solutions

by the conformal transformations. In order to emphasize this point, we write down the solutions

that work for any choice of the holomorphic function l(z), rather than using this degrees of

freedom to simplify the equations.

Since the condition (4.2.33) is equivalent to the statement that the gradient of g and h are

orthogonal to each other, it is clear that it can be solved when g and h are of the form:

g(z, z) = G1(y1) , h(z, z) = H2(y2) , (4.2.43)

where G1 and H2 are real functions. The subscripts of these functions suggest which of the

coordinates (y1 or y2) they depend on. Inserting these into (4.2.41), we obtain

∂z(aH
′
2G
′
1) = iH ′2G

′
1∂zk , (4.2.44)

where the prime denotes the derivative, e.g., G′1 ≡ ∂y1G1(y1).

One can check that the following ansatz gives a solution of (4.2.44):

a(z, z) =
L(y1, y2)

G′1(y1)H ′2(y2)
, k(z, z) = K1(y1) +K2(y2) , (4.2.45)

where K1 and K2 are real functions satisfying

G′1K
′
1 = κ1 , H ′2K

′
2 = κ2 , (4.2.46)

with real constants κi (i = 1, 2) and A is a real function defined as

L(y1, y2) ≡ κ2G1(y1)− κ1H2(y2) . (4.2.47)

∗ Because we set gij(x
i) = eΦ(xi)δij , general coordinate transformation of (x2, x3) is not compatible with our

ansatz. The conformal transformation on the (x2, x3)-plane keeps this form invariant.
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Then, using (4.1.19), (4.2.29), (4.2.30), (4.2.35) and (4.2.39), we obtain the rest of parameters:

c = ∓ G′1H
′
2

L
(K1 +K2) , (4.2.48)

Φ = log
(
L∂zl∂zl

)
, (4.2.49)

ϕ± =
1

2
Im[log ∂zl] , (4.2.50)

β ± iγ =
1√
2L

((logG′1)′ − i(logH ′2)′) , (4.2.51)

r − r̃ =
4

L
((logG′1)′′ − (logH ′2)′′) , (4.2.52)

r + r̃ =
4

L
((logG′1)′′ + (logH ′2)′′) +

2

L3
(κ2

2G
′2
1 + κ2

1H
′2
2 ) . (4.2.53)

4.2.3 Solution 2

Let us generalize the solutions in the previous subsection by considering the following ansatz:

g(z, z) = G1(y1) +G2(y2) , h(z, z) = H1(y1) +H2(y2) , (4.2.54)

where, Gi and Hi (i = 1, 2) are real functions. Then, (4.2.33) can be solved when these functions

satisfy

G′1H
′
1 = −c0 , G′2H

′
2 = c0 , (4.2.55)

where c0 is a real constant. Note that (4.2.34) implies

e−2f =
H ′2
G′1

, (4.2.56)

which makes sense when H ′2G
′
1 > 0.

Then, (4.2.41) can be written as

eiσ∂zA = ∂zB , (4.2.57)

where we have defined

eiσ ≡ W + 2c0i

V
, (4.2.58)

W ≡ G′1H
′
2 +G′2H

′
1 = G′1H

′
2 −

c2
0

G′1H
′
2

, (4.2.59)

V ≡
√
W 2 + 4c2

0 = G′1H
′
2 +

c2
0

G′1H
′
2

, (4.2.60)

A ≡ aW + 2c0k , (4.2.61)

B ≡ aV . (4.2.62)

38



Some useful identities are

G′1H
′
2 = c0 cot

(σ
2

)
, W = 2c0 cotσ , V =

2c0

sinσ
. (4.2.63)

Note that in the Taylor expansion of (4.2.57) with respect to c0, the leading term is trivially

satisfied and the O(c0) term reproduces (4.2.44).

Here, we try to solve (4.2.57) using the following ansatz:

A(y1, y2) = A1(y1) + A2(y2) , B(y1, y2) = B1(y1) +B2(y2) , (4.2.64)

where Ai and Bi are real functions. Inserting this ansatz into (4.2.57), we obtain

G′1H
′
2(A′1 −B′1)− c2

0

G′1H
′
2

(A′1 +B′1) = −2c0A
′
2 , (4.2.65)

G′1H
′
2(A′2 −B′2)− c2

0

G′1H
′
2

(A′2 +B′2) = 2c0A
′
1 . (4.2.66)

These equations can be solved when

A′1 +B′1 = 2κ2G
′
1 , A′1 −B′1 =

2c0κ1

G′1
, A′2 +B′2 = −2κ1H

′
2 , A′2 −B′2 =

2c0κ2

H ′2
, (4.2.67)

where κi (i = 1, 2) are real constants. Then, we obtain

A = κ2G1 − κ1H2 + c0(K1 +K2) + a0 , (4.2.68)

B = κ2G1 − κ1H2 − c0(K1 +K2) + b0 , (4.2.69)

whereKi = Ki(y
i) (i = 1, 2) are real functions satisfying (4.2.46), and a0 and b0 are real constants.

(We can set a0 = b0 = 0 by absorbing them in the constant parts of G1, H2 and Ki, but we will

keep them for convenience.)

Then, by the definition of A and B, we get

a =
B

V
=

B

2c0

sinσ , (4.2.70)

k =
1

2c0

(
A−BW

V

)
=

1

2c0

(A−B cosσ) . (4.2.71)
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Other parameters are obtained by using (4.1.19), (4.2.29), (4.2.30), (4.2.35) and (4.2.39):

c = ± 1

2c0

(
W − V A

B

)
= ±

(
cotσ − A

B sinσ

)
, (4.2.72)

Φ = log
(
B∂zl∂zl

)
, (4.2.73)

ϕ± =
σ

4
+

1

2
Im[log ∂zl] , (4.2.74)

β ± iγ =
e−

σ
2
i

√
2B

((logG′1)′ − i(logH ′2)′) , (4.2.75)

r − r̃ =
4

B
((logG′1)′′ − (logH ′2)′′) , (4.2.76)

r + r̃ =
4

B

W

V
((logG′1)′′ + (logH ′2)′′) +

2

B3

(
κ2

2G
′2
1 + κ2

1H
′2
2 + c2

0(K ′21 +K ′22 )
)

+
24

B

c2
0

V 2

(
((logG′1)′)2 + ((logH ′2)′)2

)
+

4

B2

(
W

V
− 1

)
(κ2G

′′
1 − κ1H

′′
2 )− 4c0

B2

(
W

V
+ 1

)
(K ′′1 +K ′′2 )

=
4

B
cosσ ((logG′1)′′ + (logH ′2)′′) +

2

B3

(
κ2

2G
′2
1 + κ2

1H
′2
2 + c2

0(K ′21 +K ′22 )
)

+
6

B
sin2 σ

(
((logG′1)′)2 + ((logH ′2)′)2

)
− 8

B2
sin2

(σ
2

)
(κ2G

′′
1 − κ1H

′′
2 )− 8c0

B2
sin2

(σ
2

)
(K ′′1 +K ′′2 ) . (4.2.77)

One can check that this solution reduces to the one given in the previous subsection in the c0 → 0,

σ → 0 limit.

4.3 F-theory configuration: ISO(1, 1)× SO(6)

As an explicit example of the solutions obtained in Section 4.2.2, let us consider

G1 = y1 , H2 = y2 , K1 = κ1y
1 , K2 = κ2y

2 . (4.3.1)

In this case, (4.2.45) gives

a = κ2y
1 − κ1y

2 , k = κ1y
1 + κ2y

2 , (4.3.2)

and hence

a+ ik = 2(κ2 + iκ1)l(z) (4.3.3)

40



is a holomorphic function of z. This implies that the complex coupling τ ∝ i(a± ik) defined in

(3.1.12) is holomorphic or anti-holomorphic depending on the chirality of the unbroken SUSY.

Another immediate consequence is that the combination Φ − log a ∝ Re(log ∂zl) is a harmonic

function satisfying the Laplace equation in 2-dimensions:

∂z∂z(Φ− log a) = 0 . (4.3.4)

Actually, in this case, (4.2.48)–(4.2.53) imply β = γ = 0 and r = r̃, and the symmetry SO(3)×
SO(3) is enhanced to SO(6).

Though this solution is a special solution, the properties (4.3.3) and (4.3.4) hold for general

solutions with ISO(1, 1)×SO(6) symmetry. In fact, it is not difficult to find the general solutions

for the cases with ISO(1, 1) × SO(6) symmetry. If we impose β = γ = 0, (4.2.29) implies

g = constant or f = constant. However, in order to have non-singular solution of (4.2.27), g

cannot be a constant. Then, f has to be a constant and (4.2.28) implies that g is a harmonic

function satisfying ∂z∂zg = 0. Then, (4.2.27) and (4.2.40) imply that

Φ− log a− 4iϕ± (4.3.5)

and a+ ik are holomorphic functions. Therefore the general solution can be written as

a = l(z) + l(z) , k = i(l(z)− l(z)) , (4.3.6)

Φ = log(l(z) + l(z)) +m(z) +m(z) , ϕ± = − i
4

(m(z)−m(z)) (4.3.7)

with holomorphic functions l(z) and m(z).

Note that all the parameters in the Lagrangian are invariant under a constant shift of the

imaginary part of m(z), but ϕ± is shifted. This shift induces a shift of ξ in (4.2.14) through

(4.2.5) and hence we can choose any value for ξ without changing the action. Therefore, as

explained below (4.2.14), the number of preserved SUSY is enhanced to 8. And this solution

agrees with (2.2.4). Further analysis when the singularities and monodromies of τ is given is the

same with the one in review 2.2.

4.4 Gaiotto-Witten solution: ISO(1, 2)× SO(3)× SO(3)

The supersymmetric Janus configuration found by Gaiotto-Witten in [14] can be obtained as

a special solution of the solutions obtained in Section 4.2.3. It is a solution with ISO(1, 2) ×
SO(3)×SO(3) symmetry and all the deformation parameters depend only on one coordinate x3.
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To see this, let us consider the case with κi = 0, Ki = 0 (i = 1, 2) and H2 = y2. In this case,

Φ is a harmonic function and, as discussed in Section 4.2.1, we may have solutions with both ε+

and ε− being non-zero. To obtain such solutions, we should make sure that the parameters in

the Lagrangian are consistent with the SUSY conditions for both ε+ and ε− simultaneously. To

this end, we choose

c0 = ± 1

D
, σ = ±2ψ (4.4.1)

for the solution in (4.2.73)∼(4.2.77). Then, we have the relation cotψ = DG′1(y1) and

a =
b0D

2
sin(2ψ) , (4.4.2)

c = cot(2ψ)− a0

b0 sin(2ψ)
, (4.4.3)

Φ = log
(
b0∂zl∂zl

)
, (4.4.4)

ϕ± = ±ψ
2

+
1

2
Im[log ∂zl] , (4.4.5)

β ± iγ =
e∓iψ√

2b0

(log cotψ)′ , (4.4.6)

r − r̃ =
4

b0

(log cotψ)′′ , (4.4.7)

r + r̃ =
4

b0

cos(2ψ)(log cotψ)′′ +
6

b0

sin2(2ψ)((log cotψ)′)2 . (4.4.8)

This agrees with the supersymmetric Janus solution, (2.3.4) and (2.3.5) in 2.2 when l(z) =

−iz/
√

2 and b0 = 2. In this configuration, 8 supersymmetries are preserved.
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Chapter 5

Other examples

5.1 ISO(1, 1)× SO(2)× SO(4)

Similar to the case with ISO(1, 1)×SO(3)×SO(3) symmetry considered in the previous section,

we expect to have SUSY preserving configurations with ISO(1, 1)× SO(2)× SO(4) symmetry,

as it can be realized in a D3-D3(-D7) system in the following table:

0 1 2 3 4 5 6 7 8 9

D3 o o o o

D3 o o o o

D7 o o o o o o o o

(5.1.1)

In this case, we regard the D3-brane extended along x0∼3 directions as a probe embedded in

the supergravity background corresponding to the other D3 and D7-branes. The 4 dimensional

gauge theory with varying couplings is realized on the world-volume of the probe D3-brane.

5.1.1 Ansatz for deformation

First, we set the metric and other deformation parameters consistent with the global symmetry.

The ansatz for the metric (3.1.6) is the same as that used in Section 4.1:

ds2 = ηαβdx
αdxβ + eΦ(xi)δijdx

idxj + δabdx
adxb + δpqdx

pdxq , (5.1.2)

where the indices are α, β = 0, 1; i, j = 2, 3; a, b = 4, 5 and p, q = 6, 7, 8, 9. The non-trivial

components of the spin connection are given in (4.1.8). Parameters M , dIJA and mAB consistent
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with the symmetry are of the form

M = 6
(
m01iΓ

01i +mi45Γi45
)
≡ αiΓ

iΓ01 + βiΓ
iΓ45 , (5.1.3)

diab = −daib = viεab , mab = rδab, mpq = r̃δpq , (5.1.4)

where εab is the epsilon tensor satisfying ε45 = −ε54 = 1. Here, αi, βi, v
i, r and r̃ are functions

of xi.

5.1.2 Solutions of the SUSY conditions

First, let us apply the above ansatz to the first order equations (3.2.9)–(3.2.12). It is easy to

show that all the components of eIJK vanish. The components of eIJK that are allowed by the

symmetry are

e01i = a−1∂j(ac)ε
ji − 4αi, (5.1.5)

ei45 = 4βi + 2vi. (5.1.6)

The equation (3.2.9) for (I, J) = (6, 7) implies

0 = ε eI
′J ′K′ΓK′ΓI′J ′ = 6 ε(e01iΓ01i + ei45Γi45) . (5.1.7)

From this equation, together with (3.2.9) for (I, J) = (4, 6), we obtain

ε e01iΓi = ε ei45Γi = 0 . (5.1.8)

Because Γ2̂3̂ does not have a real eigenvalue, we conclude that e01i = ei45 = 0 to have non-zero ε.

Therefore, we obtain

−2βi = vi , a−1∂j(ac)ε
ji = 4αi . (5.1.9)

In this case, (3.2.20) gives

0 = ε
(
Γiqi − 4αiΓ

01i
)
, (5.1.10)

where qi ≡ ∂i log a. When we decompose ε as ε = ε+ + ε− with ε±Γ01 = ±ε±, (5.1.10) becomes

0 = ε+(qi − 4αi)Γ
i + ε−(qi + 4αi)Γ

i . (5.1.11)

This is satisfied if and only if

qi = ±4αi and ε∓ = 0 , (5.1.12)
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or

qi = αi = 0 . (5.1.13)

Note that the second equation of (5.1.9) implies that the complex coupling (3.1.12) satisfies ∗

∂zτ = 4πa i(4αz + qz) , ∂zτ = 4πa i(−4αz + qz) . (5.1.14)

From this we find that the complex coupling τ is holomorphic or anti-holomorphic when qi = 4αi

or qi = −4αi, respectively. This is the same situation as that observed in section 4.3. For the

case with (5.1.13), the gauge coupling and theta parameter are constant.

From (3.2.15), we obtain the components

A0 = −1

4

(
FΓ0 + 4αiΓ

1i
)
, A1 = −1

4

(
FΓ1 − 4αiΓ

0i
)
,

Ai = −1

4

(
FΓi + 4αiΓ

01 + 4βiΓ
45 − ε ji ∂jΦΓ2̂3̂

)
. (5.1.15)

We find that (4.1.10) is also valid in this case. Then, (3.2.11) implies

εB
a

= −4 ε (αiΓ
i01 − βiΓi45)Γa , εB

p
= −4 ε αiΓ

i01Γp , (5.1.16)

and (3.2.12) with µ = i = 2, 3 can be written as

∂iε = ε

(
−1

4
∂jΦΓji + αjΓ

01Γji − βiΓ45

)
. (5.1.17)

The integrability condition (3.2.18) for (5.1.17) is equivalent to

0 = ε

(
−1

4
gij∂i∂jΦ + gij∂iαjΓ

01 + εij∂iβjΓ
2̂3̂45

)
. (5.1.18)

In order to solve this equation, we decompose ε into the eigenspaces of Γ01 and Γ2̂3̂45 as

ε = ε++ + ε−+ + ε+− + ε−− , (5.1.19)

where εst (s = ±, t = ±) satisfy

εst Γ01 = t εst , εst Γ2̂3̂45 = s εst , εst Γ(10) = εst . (5.1.20)

(5.1.18) implies that εst can be non-zero only if

0 = −1

4
gij∂i∂jΦ + tgij∂iαj + sεij∂iβj (5.1.21)

∗The notation for complex coordinates is given in Appendix A.
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is satisfied. This equation can be solved when there exists a function ϕst satisfying

−1

4
∂jΦ + tαj + sε ij βi = ε ij ∂iϕ

s
t . (5.1.22)

Then, the solution of (5.1.17) is given by

εst = ε0st e
ϕstΓ

2̂3̂

, (5.1.23)

where ε0st is a constant spinor satisfying the conditions in (5.1.20).

Then we distinguish the following four cases:

• (C1): αj 6= 0 and εij∂iβj 6= 0.

(5.1.12) and (5.1.21) imply that only one combination of the signs (t, s) can have non-zero

εst .

• (C2): αj 6= 0 and εij∂iβj = 0.

(5.1.12) implies that only one sign for t is allowed, but both ε+t and ε−t can be non-zero. In

this case (5.1.12) and (5.1.21) imply

gij∂i∂j(Φ− log a) = 0 , (5.1.24)

and there exist functions ϕ1 and ϕ2 satisfying

−1

4
∂j(Φ− log a) = ε ij ∂iϕ1 , βj = ∂jϕ2 . (5.1.25)

Then, ϕst ≡ ϕ1 + sϕ2 satisfies (5.1.22).

• (C3): αj = 0 and εij∂iβj 6= 0.

(5.1.21) implies that only one sign for s is allowed, but both εs+ and εs− can be non-zero.

• (C4): αj = 0 and εij∂iβj = 0.

All the sixteen components of ε can be non-zero. (5.1.21) implies gij∂i∂jΦ = 0.

Next, let us consider the second order equation (3.2.8). In this case, it can be written as

Di(εB
a
)Γi = ε

(
−2(Div

i + qiv
i)εabΓb − rΓa −B

a
(
M +

1

2
Γiqi

))
, (5.1.26)

Di(εB
p
)Γi = ε

(
−r̃Γa −Bp

(
M +

1

2
Γiqi

))
. (5.1.27)
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Inserting (5.1.16) into these equations and using (5.1.17), we obtain

0 = ε

(
r +

1

2
gijqiqj + gij∂iqj − 8gijβiβj + 4∂iβjε

ijΓ2̂3̂45

)
, (5.1.28)

r̃ = −1

2
gijqiqj − gij∂iqj , (5.1.29)

where we have used the relation in (5.1.9),

0 = ε
(
qi + 4αiΓ

01
)
, (5.1.30)

that is valid for both cases (5.1.12) and (5.1.13). Then, from (5.1.28) we obtain

r = −1

2
gijqiqj − gij∂iqj + 8gijβiβj − 4s∂iβjε

ij , (5.1.31)

where we have used (5.1.20) in order to have non-zero εst .

In summary, we can construct a generic solution of the SUSY conditions by the following

steps. First, pick a holomorphic (or anti-holomorphic) function τ(z) such that Im τ > 0. Then, a

and c are obtained from (3.1.12) and αi is given by (5.1.12). Next, choose arbitrary real functions

Φ and ϕst . Then, βi is determined by (5.1.22). If one wants to find a solution with εij∂iβj = 0,

(the case (C2) above), Φ is determined by solving (5.1.24). More explicitly, the solutions of

(5.1.24) are obtained by choosing a holomorphic function l(z) and setting

Φ = log a+ l + l . (5.1.32)

ϕ1 in (5.1.25) is given by

ϕ1 =
i

4
(l − l) . (5.1.33)

Other parameters v, r and r̃ are obtained by solving equations (5.1.9), (5.1.31) and (5.1.29),

respectively.

The number of unbroken SUSY is 4 for the generic case (C1), 8 for the cases (C2) and (C3),

and 16 for (C4). The case (C4) is a trivial solution that is related to the undeformed N = 4

SYM by a coordinate transformation and a field redefinition. In fact, because Φ is harmonic, it

can be eliminated by a conformal transformation on the z-plane. βi is a pure gauge configuration

and it can be eliminated by a local SO(6) rotation (see Appendix C.2). One can guess that the

cases (C1), (C2) and (C3) correspond to the D3-D3-D7, D3-D7, D3-D3 systems, respectively [2].
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5.2 Time dependent solutions

5.2.1 ISO(3)

Let us consider the cases in which the couplings depend on time. First, as a trial, let us as-

sume that spatial translational and rotational symmetry ISO(3) are preserved. It turns out

that the time dependent solutions of the SUSY conditions with this symmetry can always be

mapped to a system with a constant gauge coupling and theta parameter by general coordinate

transformations and field redefinitions.∗

Note that the metric (3.1.6) can be chosen to be flat. This is because the general form of

metric preserving ISO(3) symmetry (flat FLRW metric) can be written as

ds2 = eΦ(η)(−dη2 + δijdx
idxj) + δABdx

AdxB , (5.2.1)

where i, j = 1, 2, 3 and η is the conformal time defined by dη = e−Φ/2dt, and the overall factor

eΦ in the 4-dimensional metric can be eliminated by the Weyl transformation† (gµν → e−Φgµν)

without loss of generality.

Then, it is particularly easy to show that the gauge coupling cannot depend on time to

preserve SUSY. To see this, note that (3.2.10) may be written as

ε
(
∂0 log a

)
= ε

(
1

36
eIJKΓIJKΓ0 −

(
1

8
eµJK − 6mµJK

)
ΓµJKΓ0 − 2MΓ0

)
. (5.2.2)

Because ΓIJKΓ0 is an anti-symmetric matrix for all I, J,K = 0, . . . , 9, the right hand side of this

equation is ε times a real anti-symmetric matrix. However, since a real anti-symmetric matrix

cannot have a real non-zero eigenvalue, the only possibility is that both left and right hand sides

are zero:

∂0a = 0 , ε

(
1

36
eIJKΓIJK −

(
1

8
eµJK − 6mµJK

)
ΓµJK − 2M

)
= 0 . (5.2.3)

Therefore, the gauge coupling has to be time independent.

As explained in Appendix E.2, all the components of eIJK vanish for the cases with ISO(3)

symmetry. Because non-trivial components of mIJK are mABC , m0AB and m123, the second

equation of (5.2.3) becomes

ε(−12m123) = εmABCΓABCΓ123 , (5.2.4)

∗We have not been able to exclude the possibility that mass parameters have non-trivial time dependence,

despite the gauge coupling and theta parameter are constant.
†See Appendix C.1.
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which means that m123 is proportional to the eigenvalue of mABCΓABCΓ123. However, since

mABCΓABCΓ123 is a real anti-symmetric matrix, the eigenvalue cannot take a non-zero real value.

The only possibility is

m123 = 0 , εmABCΓABC = 0 . (5.2.5)

Then, (3.2.21) implies ∂0(ac) = 0 and, as a consequence, the theta parameter (3.1.11) is also a

constant.

Furthermore, (3.2.12) with µ = 1, 2, 3 and (3.2.15) implies 0 = εAi ∝ εFΓi and we have

∂0ε = εA0 = −3 εm0ABΓAB . (5.2.6)

We can set m0AB = 0 by the local SO(6) transformation‡ and then the SUSY parameter ε is also

constant.

5.2.2 ISO(2)× SO(6)

To get a solution with time dependent gauge coupling, we consider the cases that the couplings

can depend on x0 and x1. We impose the ISO(2) symmetry that acts on x2,3 directions and

SO(6)R symmetry to simplify the analysis. The ansatz for the metric is

ds2 = eΦ(xα)ηαβdx
αdxβ + δijdx

idxj + δABdx
AdxB , (5.2.7)

where α, β = 0, 1; i, j = 2, 3 and A,B = 4, 5, · · · , 9. The non-trivial components of the spin

connection are

ω00̂1̂ = −∂1Φ

2
, ω10̂1̂ = −∂0Φ

2
. (5.2.8)

Because of the ISO(2)× SO(6) symmetry, all the components of dIJK are zero and the form of

M consistent with the symmetry is

M = 6mα23Γα23 ≡ ααΓα23 . (5.2.9)

Then, eµAI (µ = 0, · · · , 3 and A = 4, · · · , 9) are all zero and we can use the argument given in

Appendix E.1 to conclude that all the components of eIJK are zero. In addition, (3.2.21) and

(3.2.24) imply

a−1∂0(ac) = −4α1 , a−1∂1(ac) = −4α0 , gαβ∂α(aαβ) = 0 , (5.2.10)

‡See Appendix C.2.
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and (3.2.20) becomes

0 = ε (qαΓα − 4ααΓα23) , (5.2.11)

where qα = ∂α log a. (5.2.11) is equivalent to

0 = ε±
(
(q0 ± q1)− 4(α0 ± α1)Γ23

)
, (5.2.12)

where ε is decomposed as ε = ε++ε− with ε±Γ0̂1̂ = ±ε±. Since Γ23 does not have a real eigenvalue,

this equation implies

q0 = ∓q1 , α0 = ∓α1 and ε∓ = 0 , (5.2.13)

or a trivial solution

qα = αα = 0 . (5.2.14)

In the following we focus on the case (5.2.13). (5.2.13) and (5.2.10) imply

(∂0 ± ∂1)a = 0 , (∂0 ± ∂1)(ac) = 0 , (∂0 ± ∂1)αα = 0 , (5.2.15)

and the solution can be written as

α0 = ∓α1 = h′∓(x∓) , ac = k∓(x∓) , a = ±
k′∓(x∓)

4h′∓(x∓)
, (5.2.16)

or

αα = 0 , c = 0 and a = a∓(x∓) , (5.2.17)

where h∓, k∓ and a∓ are arbitrary real functions of x∓ ≡ x0∓x1 and prime denotes the derivative.§

From (3.2.15), Aµ is given by

A0 = −1

4

(
FΓ0 + 4α0Γ23 + ∂1ΦΓ0̂1̂

)
, (5.2.18)

A1 = −1

4

(
FΓ1 + 4α1Γ23 + ∂0ΦΓ0̂1̂

)
, (5.2.19)

Ai = −1

4

(
FΓi + εij4ααΓjα

)
. (5.2.20)

For µ = i, the condition (3.2.12) is 0 = ∂iε = εAi and implies

ε F = −4 ε ααΓα23 = 0 , (5.2.21)

§ The solution (5.2.17) was discussed in [16].
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where we have used (5.2.13). Then, from (3.2.11) and (3.2.12) we obtain, respectively,

εB
A

= 0 , (5.2.22)

and

∂0ε = −ε
(
α0Γ23 +

1

4
∂1ΦΓ0̂1̂

)
, ∂1ε = −ε

(
α1Γ23 +

1

4
∂0ΦΓ0̂1̂

)
. (5.2.23)

The integrability condition (3.2.18) for (5.2.23) is

0 = ε

(
(∂1α0 − ∂0α1)Γ23 +

1

4
ηαβ∂α∂βΦΓ0̂1̂

)
, (5.2.24)

which implies

∂1α0 − ∂0α1 = 0 , gαβ∂α∂βΦ = 0 . (5.2.25)

The solutions (5.2.16) and (5.2.17) satisfy the first equation of (5.2.25) and the general solution

of the second equation is

Φ = f+(x+) + f−(x−) , (5.2.26)

where f± are arbitrary real functions of x±. Then, the equations (5.2.23) can be integrated as

ε± = ε0± e
∓ 1

4
(f+−f−)−h∓Γ23

, (5.2.27)

where ε0± is a constant spinor satisfying ε±Γ0̂1̂ = ±ε±. Using the above results, the second order

equation (3.2.8) becomes simply

0 = εmABΓB . (5.2.28)

Multiplying this equation by mACΓC , we find mAB = 0.
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Chapter 6

D3-branes in curved backgrounds

In this section, we study the case of D3-branes in curved backgrounds and try to relate the

couplings in the action (3.1.10) with the supergravity fields in (2.4.22) and (2.4.23). To this end,

we expand the D3-brane effective action with respect to λ and keep only the terms that suvive

in the ls → 0 limit, assuming that the background fields are of O(λ0). We have used chirality

condition for Weyl-Majonara fermion,

Γ(10)Ψ = +Ψ, (6.1)

which is different from the previous section, (3.1.7). We assume, for simplicity, that (µ, i) com-

ponents of the metric gµi vanish everywhere, and all the components of the Kalb-Ramond 2-form

fields and all the R-R fields, except the R-R 0-form C0, vanish at xi = 0 (i = 4, 5, · · · , 9)∗:

gµi = 0 , B2

∣∣
xi=0

= 0 , Cn
∣∣
xi=0

= 0 , (n 6= 0) . (6.2)

Similar analyses have been done in the context of flux compactification,† in which Poincare

symmetry in 4-dimensional space-time is assume. The effective action of D3-branes in a back-

ground corresponding to 7-branes (F-theory) intersecting with them was analyzed in [26], [25],

[27]. We generalize such analyses to the cases with relatively mild asuumptions (6.2).

Here, we simply state the results first, and explain the detail calculations in the appendix.

Here, we simply state the results and leave the details to the appendix F. Neglecting the O(λ)

∗ It is generically possible to choose a gauge such that B2|xi=0 = 0 and Cn|xi=0 = 0 (n 6= 0) (at least locally)

provided the components Hµνρ and Fµνρ vanish at xi = 0. Obviously, the reason for considering a non-vanishing

C0 is that we want to capture the theta parameter θ in the SYM action (3.1.10).
† See, e.g., [38].
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terms in the action (2.4.22) and (2.4.23), we obtain:

Sboson
D3 =

T3λ
2

2

∫
d4x
√
−g tr

{
− e−φ

2
gµνgρσFµρFνσ ±

C0

4
εµνρσFµνFρσ

− e−φgµνgijDµΦiDνΦ
j +

e−φ

2
gii′gjj′ [Φ

i,Φj][Φi′ ,Φj′ ]− 2V (Φi)

± (GR
±) µν

i ΦiFµν ∓
i

3
(GR
±)ijkΦ

i[Φj,Φk]∓ (∗4F̃5)µijΦ
iDµΦj

}
, (6.3)

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−g e−φ tr

{
i
(
ΨΓµDµΨ + ΨΓki[Φ

k,Ψ]
)
− iΨ

(
M± −

1

4
ωµîĵΓ

µîĵ

)
Ψ

}
,

(6.4)

where the upper (lower) signs correspond to the case of D3- (D3-) branes, Dµ denotes the 4

dimensional covariant derivative defined in (3.1.5) and (3.1.3), and ωµîĵ is the (µ, î, ĵ) component

of the spin connection given by

ωµîĵ =
1

2
(ek
î
∂µekĵ − e

k
ĵ
∂µekî) . (6.5)

The quantity M± in (6.4) is given by

M± ≡ ∓
eφ

8

(
1

3
(∗4F1)µνρΓ

µνρ − (GR
±)iµνΓ

iµν +
1

3
(GR
±)ijkΓ

ijk − (∗4F̃5)µijΓ
µij

)
, (6.6)

where the field strengths are given by

G3 ≡ F3 + (C0 + ie−φ)H3 = F̃3 + ie−φH3 , (6.7)

(GR
±) µν

i ≡ Re((∗4G3) µν
i ± iG µν

i ) = (∗4F̃3) µν
i ∓ e−φH µν

i , (6.8)

(GR
±)ijk ≡ Re((∗6G3)ijk ± iGijk) = (∗6F̃3)ijk ∓ e−φHijk , (6.9)

and

(∗4F1)νρσ ≡ εµνρσ∂µC0 , (∗4F̃5)µij ≡
1

3!
ενρσµF̃νρσij . (6.10)

The potential V (Φi) in (6.3) has two contributions:

V (Φi) ≡ λ−2(VDBI(Φ
i)± VCS(Φi)) , (6.11)

where

VDBI(Φ
i) ≡ e−φ

(
1 + λvDBI

i Φi +
λ2

2
mDBI
ij ΦiΦj

)
, (6.12)

VCS(Φi) ≡ λvCS
i Φi +

λ2

2
mCS
ij ΦiΦj , (6.13)
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with

vDBI
i ≡ − ∂iφ+

1

2
gµν∂igµν = ∂i log

(√
−g e−φ

)
, (6.14)

mDBI
ij ≡ vDBI

i vDBI
j − ∂i∂jφ+

1

2

(
gµν∂i∂jgνµ − gµµ

′
∂igµ′ν′g

ν′ν∂jgνµ − gµµ
′
gνν

′
Hiµ′ν′Hjνµ

)
=

1√
−g e−φ

∂i∂j
(√
−g e−φ

)
+

1

2
H µν
i Hjµν , (6.15)

vCS
i ≡ − (∗4F̃5)i , (6.16)

mCS
ij ≡ −

1

2

(
∂i(∗4F̃5)j +

1

2
(∗4F̃3) µν

j Hµνi + (i↔ j)

)
, (6.17)

and

(∗4F̃5)i ≡
1

4!
F̃µνρσiε

µνρσ . (6.18)

All the supergravity fields and their derivatives in the action (6.3) and (6.4) are evaluated

at xi = 0. The first term in VDBI (6.12) can be discarded in the field theory analysis, because

it doesn’t depend on Φi. If we require Φi = 0 and Aµ = 0 to be a solution of the equations of

motion, the linear term in (6.11) has to vanish:

0 = e−φvDBI
i ± vCS

i , (6.19)

which is the condition that the force due to NS-NS and R-R fields cancel each other. In this

case, we can safely take the ls → 0 limit.

Since the metric used in the action (3.1.10) is assumed to be of the form (3.1.6), we introduce

a new metric

ḡµν ≡ e2ωgµν , ḡAB ≡ δAB , ḡµA ≡ 0 , (6.20)

where µ, ν = 0, . . . , 3; A,B = 4, . . . , 9 and ω is a real function. Here, we put a facotr e2ω in

the 4-dimensional metric, because it is often convenient to make a Weyl transformation.‡ In

addition, we redefine the scalar fields as

AA ≡ e−ωeAi Φi , (6.21)

where eAi is the vielbein for the transverse space eîi with the identification A = î = 4, . . . , 9. so

that the kinetic term can be written as in (3.1.10) with the metric (6.20).

‡We have wrote down the useful formula for Weyl transformation in Appendix C.1.
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Then, discarding the total derivative terms, the bosonic part of the D3 brane action (6.3)

becomes

Sboson
D3 =

T3λ
2

2

∫
d4x
√
−ḡ tr

{
− e−φ

2
ḡIJ ḡKLFIKFJL ±

C0

4
ε̄µνρσFµνFρσ ± e−3ω(GR

±) µν
A AAFµν

∓ i

3
e−ω(GR

±)ABCA
A[AB, AC ] +

(
∓(∗4F̃5)µAB + 2e−φωµAB

)
ḡµνAADνA

B

− m̂ABA
AAB − 2e−4ωV (Φi)

}
, (6.22)

where εµνρσ is the Levi-Civita symbol with ε0123 = 1/
√
−ḡ, supergravity fields with indices A,B,C

are defined as (GR
±)ABC ≡ (GR

±)ijke
i
Ae

j
Be

k
C , etc., and m̂AB is defined as

m̂AB ≡
1

2

(
e−φḡµνEµA′AE

A′

ν B −
1√
−ḡ

∂ν
(√
−ḡ e−φḡµνEµAB

)
± e−2ω(∗4F̃5)µAA′E

A′

µ B

)
+ (A↔ B)

(6.23)

with

EµAB ≡ e−ωeiA∂µ(eωeiB) =
1

2
∂µg

ijeiAejB + ∂µωδAB + ωµAB . (6.24)

The fermionic part (6.4) is rewritten as

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−ḡ e−φ tr

{
i(Ψ̂Γ̂µDµΨ̂ + Ψ̂Γ̂Ai[A

A, Ψ̂])− iΨ̂
(
M̂± −

1

4
ωµABΓ̂µAB

)
Ψ̂

}
,

(6.25)

where we have defined

M̂± ≡ e−ωM±

= ∓ eφ

8

(
e2ω

3
(∗4F1)µνρΓ̂

µνρ − eω(GR
±)AµνΓ̂

Aµν +
e−ω

3
(GR
±)ABCΓ̂ABC − (∗4F̃5)µABΓ̂µAB

)
,

(6.26)

and

Γ̂µ ≡ e−ωΓµ , Γ̂A ≡ eAi Γi , Ψ̂ ≡ e−
3
2
ωΨ . (6.27)

Here, Γ̂I (I = 0, 1, . . . , 9) are the gamma matrices satisfying

{Γ̂I , Γ̂J} = 2ḡIJ . (6.28)
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Now, we can readily find the correspondence between the couplings and the supergravity

fields. By comparing the action (3.1.10) with (6.22) and (6.25), assuming (6.19), we obtain

a =
T3λ

2

2
e−φ , c = ±eφC0 , dµνA = ∓e−3ω+φ(GR

±)Aµν , (6.29)

dµAB =
1

2

(
∓eφ(∗4F̃5)µAB + 2ωµAB

)
, dABC = ±e

−ω+φ

3
(GR
±)ABC , (6.30)

mµνρ = ∓e
2ω+φ

24
(∗4F1)µνρ , mµνA = ±e

ω+φ

24
(GR
±)Aµν , (6.31)

mµAB = ±e
φ

24
(∗4F̃5)µAB −

1

12
ωµAB , mABC = ∓e

−ω+φ

24
(GR
±)ABC , (6.32)

and

mAB = 2(m̂AB + e−2ωmDBI
AB ± e−2ω+φmCS

AB) . (6.33)

Note that the first equation of (6.31) can be written as

mµνρ = ∓e
2ω+φ

24
εµνρσ∂µC0 = ∓e

φ

24
ε̄µνρσ∂µC0 . (6.34)

Then, the relations (6.29)-(6.33) imply (3.2.21) and (3.2.23), which is equivalent to the condition

eIJK = 0 that solves one of the SUSY condition (3.2.7) as discussed in the previous section.

In the following section we are going to check these identifications by explicitly inserting some

particular backgrounds in the effective action for D3-branes and comparing with the supersym-

metric deformations of the SYM theory in the formalism of section 3.2.
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Chapter 7

Comparison with specific examples

We apply our results to find the non-Abelian action of D3-branes with specific backgrounds,

(p, q) 5-branes and D3-branes BPS solutions. The one with [p, q] 7-branes background is studied

in [39] .

7.1 (p, q) 5-branes background

In this subsection, we consider D3-branes embedded in a background with (p, q) 5-branes.∗. The

brane configuration is summarized as

0 1 2 3 4 5 6 7 8 9

(probe) D3 o o o o

(p, q) 5 o o o o o o

(7.1.1)

The effective action on the D3-brane world-volume can be written down by using (6.3) and (6.4).

As we will soon see, because the (p, q) 5-brane is not extended along the x3-direction, the gauge

coupling and the theta parameter of the D3-brane action depend on the coordinate x3. This

brane configuration is related to the supersymmetric Janus configurations considered in [14]. We

will show that the action obtained by using (6.3) and (6.4) is indeed consistent with that obtained

in section 2.3, which provides a consistency check of our results in section 6.

In this subsection, the letters for the indices are chosen as α, β = 0, 1, 2; a, b, c = 4, 5, 6 and

p, q, r = 7, 8, 9. Let us consider n (p, q) 5-branes placed at x3 = 0, xp = xp0 (p = 7, 8, 9). The

supergravity solution corresponding to the (p, q) 5-branes can be obtained by applying SL(2,Z)

∗Here, p and q are relativly prime integers and a (p, q) 5-brane is a bound state of p NS5-brane and q D5-brane.
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duality to a D5-brane solution. Its explicit form is †

ds2
E = h(r)−

1
4 (ηαβdx

αdxβ + δabdx
adxb) + h(r)

3
4 ((dx3)2 + δpqdx

pdxq) , (7.1.2)

e−φ =
ρ

p2g−1
s h(r)1/2 + (q + pχ0)2gsh(r)−1/2

, C0 =
pq(1− h(r)) + ρχ0gs

p2g−1
s h(r) + (q + pχ0)2gs

, (7.1.3)

H3 = 2np l2sε3 , F3 = 2nq gsl
2
sε3 , (7.1.4)

where ds2
E denotes the line element in the Einstein frame, χ0 is a constant,

h(r) ≡ 1 +
n
√
ρgs l

2
s

r2
, ρ ≡ p2g−1

s + (q + pχ0)2gs , r2 ≡ (x3)2 +
∑
p=7,8,9

(xp − xp0)2 , (7.1.5)

where ε3 is the volume form of the unit S3 embedded in the R4 parametrized by x3,7,8,9 with its

center at the position of the (p, q) 5-brane. ε3 can be written explicitly as

ε3 = sin2 θ sinφ1dθ ∧ dφ1 ∧ dφ2 , (7.1.6)

where (θ, φ1, φ2) are the coordinates on the unit S3 with 0 ≤ θ ≤ π, 0 ≤ φ1 ≤ π and 0 ≤ φ2 ≤ 2π,

related to x3,7,8,9 as

x3 = r cos θ ,

x7 − x7
0 = r sin θ cosφ1 ,

x8 − x8
0 = r sin θ sinφ1 cosφ2 ,

x9 − x9
0 = r sin θ sinφ1 sinφ2 . (7.1.7)

Note that H3 and F3 in (7.1.4) can be written as

Hp′q′r′ =
p
√
ρgs

ε s′

p′q′r′ ∂s′h(r) , Fp′q′r′ = q

√
gs
ρ
ε s′

p′q′r′ ∂s′h(r) , (7.1.8)

where p′, q′, r′, s′ = 3, 7, 8, 9 and ε s′

p′q′r′ = εp′q′r′t′δ
t′s′ is the Levi-Civita symbol for the flat R4

parametrized by x3,7,8,9 with ε3789 = +1.‡ In the the expressions (7.1.2), (7.1.3) and (7.1.8),

the function h(r) can be replaced with an arbitrary positive harmonic function on R4, which

corresponds to a supergravity solution describing parallel multiple (p, q) 5-branes distributed in

R4.

†See, e.g., [42, 43, 44].
‡ One can easily recovor the expressions of H3 and F3 in (7.1.4) from (7.1.8) by using the polar coordinates

(7.1.7) with metric of R4
: ds2 = dr2 + r2(dθ2 + sin2θdφ2

1 + sin2θ sin2φ1dφ
2
2) and εrθφ1φ2

= r3 sin2θ sinφ1.
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The dilaton and R-R 0-from combined into a complex scalar field τ ≡ g−1
s (C0 + ie−φ) can be

written as

τ = τ0 + 4πD ei2ψ , (7.1.9)

where

τ0 ≡ −
q

p
+ 4πD , 4πD ≡ ρ

2p(q + pχ0)gs
, (7.1.10)

are real constants and ψ(r) is a real function satisfying

tanψ(r) =
p h(r)1/2

(q + pχ0)gs
. (7.1.11)

Here, we assume p, q, χ0 are all positive and 0 < ψ < π
2
. The complex filed (7.1.9) evaluated at

xi = 0 corresponds to the complex coupling (3.1.12). In fact, the expression in (7.1.9) agrees

with the complex coupling obtained in section 2.3. Note here that ψ|xi=0 can be chosen to be a

generic real function of x3, because as mentioned above, h(r) in (7.1.11) can be replaced with an

arbitrary positive harmonic function on R4 transverse to the (p, q) 5-branes.

The metric in the string frame is given by

ds2
string = e

1
2
φds2

E

=
p

√
ρgs sinψ

[
(ηαβdx

αdxβ + δabdx
adxb) +

(
ρ

8πDp2
tanψ

)2 (
(dx3)2 + δpqdx

pdxq
) ]

.

(7.1.12)

It is easy to show that both VDBI and VCS in the potential (6.11) are flat (i.e. Φi independent),

because F5 = 0, Hiµν = Fiµν = 0, Bµν = 0 and LDBI defined in (F.1.11) is a constant:

LDBI = e−φ
√
− det(gµν) = 1 . (7.1.13)

Next, consider N probe D3-branes placed at xi = 0 (i = 4, . . . , 9) in this background. The metric

(7.1.12) evaluated at xi = 0 is written as

ds2
string

∣∣
xi=0

= eξ
[
ηµνdy

µdyν + δabdx
adxb + e2ηδpqdx

pdxq
]
, (7.1.14)

where we have defined

eξ ≡ p
√
ρgs sinψ(r)

∣∣∣∣
xi=0

, eη ≡ h(r)1/2
∣∣
xi=0

=
ρ

8πDp2
tanψ(r)

∣∣∣∣
xi=0

, (7.1.15)
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and introduced new coordinates yµ (µ = 0, 1, 2, 3) satisfying

y0 = x0 , y1 = x1 , y2 = x2 , dy3 = eηdx3 . (7.1.16)

Then, using the coordinates yµ, the bosonic part of the effective action (6.3) becomes

Sboson
D3 =

T3λ
2

2

∫
d4y e−φ tr

(
− 1

2
ηµνηρσFµρFνσ ±

eφC0

4
εµνρσFµνFρσ

+ e2ξηµνδabDµΦaDνΦ
b + e2(ξ+η)ηµνδpqDµΦpDνΦ

q

+
1

2
e4ξδabδa′b′ [Φ

a,Φb][Φa′ ,Φb′ ] +
1

2
e4(ξ+η)δpqδp′q′ [Φ

p,Φq][Φp′ ,Φq′ ]

+ e4ξ+2ηδabδpq[Φ
a,Φb][Φp,Φq]∓ i

3
e2ξ+φ(GR

±)ijkΦ
i[Φj,Φk]

)
. (7.1.17)

In order to compare with the action (3.1.10), it is convenient to rescale the scalar fields as

Aa ≡ eξΦa , Ap ≡ eξ+ηΦp . (7.1.18)

Then, the kinetic term of the scalar fields can be rewritten as

e−φtr
(
e2ξηµνδabDµΦaDνΦ

b + e2(ξ+η)ηµνδpqDµΦpDνΦ
q
)

= e−φtr

(
ηµνδABDµAADνAB +

1

2
mABAAAB

)
+ (total derivative) , (7.1.19)

where A,B = 4, . . . , 9 and the non-zero components of mAB are

mab = 2
(
ξ′2 + ξ′′ − φ′ξ′

)
δab = 2

(
ψ′2 − (ψ′ cotψ)′

)
δab ,

mpq = 2
(
(ξ′ + η′)2 + ξ′′ + η′′ − φ′(ξ′ + η′)

)
δpq = 2

(
ψ′2 + (ψ′ tanψ)′

)
δpq . (7.1.20)

Here, the prime denotes the derivative with respect to y3, e.g., ξ′ = ∂y3ξ. These expressions

precisely agree with (2.3.4)

Note that the non-zero components of (GR
±)ijk are

(GR
±)456 = −e−3η(F789 + C0H789) = 2

√
gs
ρ

(q + g−1
s C0p)η

′ , (7.1.21)

(GR
±)789 = ∓e−φH789 = ±e−φ 2p

√
ρgs

e3ηη′ , (7.1.22)

and one can show the following relations:

eφ−ξ−3η(GR
±)456 = ∓ 2ψ′

cosψ
, eφ−ξ(GR

±)789 =
2ψ′

sinψ
. (7.1.23)
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Using these, the last term of (7.1.17) can be written as

∓ i
3
e2ξ+φ(GR

±)ijkΦ
i[Φj,Φk] = ∓2i

(
eφ−ξ(GR

±)456A4[A5, A6] + eφ−ξ−3η(GR
±)789A7[A8, A9]

)
= 4i

(
∓ ψ′

sinψ
A4[A5, A6]− ψ′

cosψ
A7[A8, A9]

)
. (7.1.24)

These terms agree with (2.3.4) for the upper sign. (The lower sign is obtained, e.g., by a

transformation (x1, x4)→ (−x1,−x4).)

In summary, the bosonic part is written as

Sboson
D3 =

T3λ
2

2

∫
d4y e−φ tr

(
− 1

2
ηII

′
ηJJ

′
FIJFI′J ′ ±

eφC0

4
εµνρσFµνFρσ

+ 4i

(
∓ ψ′

sinψ
A4[A5, A6]− ψ′

cosψ
A7[A8, A9]

)
− (ψ′2 − (ψ′ cotψ)′))δabAaAb − (ψ′2 + (ψ′ tanψ)′))δpqApAq

)
(7.1.25)

with φ and C0 given by (7.1.9).

Let us next consider to the fermionic part. The action (6.4) in the background (7.1.2)–(7.1.4)

is

Sfermi
D3 =

T3λ
2

2

∫
d4y e2ξ e−φ tr

{
i(ΨΓµDµΨ + ΨΓki[Φ

k,Ψ])− iΨM±Ψ
}

(7.1.26)

with

M± ≡ ∓e
φ

4

(
(∗4F1)012Γ012 + (GR

±)456Γ456 + (GR
±)789Γ789

)
. (7.1.27)

Rescaling Ψ, M± and the gamma matrices as

Ψ̂ ≡ e
3
4
ξΨ , M̂± ≡ eξ/2M± ,

Γ̂µ ≡ eξ/2Γµ , Γ̂a ≡ Γ̂a ≡ eξ/2+ηΓa = e−(ξ/2+η)Γa , Γ̂p ≡ Γ̂p ≡ eξ/2Γp = e−ξ/2Γp ,(7.1.28)

we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4y e−φ tr

{
i(Ψ̂Γ̂µDµΨ̂ + Ψ̂Γ̂Ai[AA,Ψ])− iΨ̂M̂±Ψ̂

}
. (7.1.29)

Here, the rescaled gamma matrices Γ̂I (I = 0, 1, . . . , 9) satisfy the anti-commutation relations

with the flat metric {Γ̂I , Γ̂J} = ηIJ , and we have used ΨΓµ(∂µξ)Ψ = 0, which follows because

Γ0Γµ is a symmetric matrix.
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Again, using (7.1.23), we obtain

M̂± = ∓1

4

(
eφ∂3C0Γ̂012 + eφ−ξ(GR

±)456Γ̂456 + eφ−ξ−3η(GR
±)789Γ̂789

)
=

1

2

(
±ψ′ Γ̂012 ∓ ψ′

sinψ
Γ̂456 − ψ′

cosψ
Γ̂789

)
. (7.1.30)

This result also reproduces the results of supersymmetric Janus configuration, (2.3.4), just by

changing ψ → π
2

+ ψ.

7.2 D3-branes background

Let us next consider probe D3-branes extended along x0,1,2,3 directions in a background corre-

sponding to n D3-branes extended along x0,1,4,5 directions:

0 1 2 3 4 5 6 7 8 9

(probe) D3 o o o o

D3 o o o o

(7.2.1)

In this subsection, we use the letters for the indices as α, β = 0, 1; m,n = 2, 3; a, b = 4, 5 and

p, q = 6, 7, 8, 9.

The supergravity solution corresponding to n D3-branes placed at xm = 0 and xp = xp0, in

the string frame, is

eφ = 1 , C0 = constant , (7.2.2)

ds2
string = h(r)−

1
2 (ηαβdx

αdxβ + δabdx
adxb) + h(r)

1
2 (δmndx

mdxn + δpqdx
pdxq) , (7.2.3)

F5 = f5 + ∗f5 , f5 ≡ dh(r)−1 ∧ dx0 ∧ dx1 ∧ dx4 ∧ dx5, (7.2.4)

where gs is a constant and h(r) is given as

h(r) ≡ 1 +
Q3

r4
, Q3 ≡ 4πgsnl

4
s , r2 ≡

∑
m=2,3

(xm)2 +
9∑
p=6

(xp − xp0)2 . (7.2.5)

As in the previous subsection, the function h(r) can be replaced with an arbitrary positive

harmonic function on the R6 parametrized by x2,3,6,7,8,9.

The metric evaluated at the position of the probe D3-branes, i.e. xi = 0 (i = 4, . . . , 9), is

ds2
string

∣∣
xi=0

= e−
1
2
ϕ(ḡµνdx

µdxν + δabdx
adxb + eϕδpqdx

pdxq) , (7.2.6)
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where we have defined

eϕ(xm) ≡ h(r)|xi=0 , (7.2.7)

and

ḡµνdx
µdxν ≡ ηαβdx

αdxβ + eϕδmndx
mdxn . (7.2.8)

This metric has ISO(1, 1)×SO(2)×SO(4) isometry, where ISO(1, 1) is the Poincaré symmetry

acting on x0,1, SO(2) and SO(4) are rotational symmetry acting on x4,5 and x6,7,8,9, respectively.∗

We have already obtained the action of deformed N = 4 SYM (3.1.10) with this symmetry in

section 6. Since our brane configuration (7.2.1) preserves part of the supersymmetry, the action

(6.3) and (6.4) for this background should reproduce one of the general solutions obtained there.

It is again easy to see that both VDBI and VCS in the potential (6.11) are flat, because

F3 = H3 = 0, Fµνρσi = 0 and LDBI defined in (F.1.11) is a constant. Then, the bosonic part (6.3)

becomes

Sboson
D3 =

T3λ
2

2

∫
d4x
√
−ḡ tr

{
− 1

2
ḡµν ḡρσFµρFνσ ±

C0

4
ε̄µνρσFµνFρσ

− ḡµν(e−ϕδabDµΦaDνΦ
b + δpqDµΦpDνΦ

q)

+
1

2
e−2ϕδabδa′b′ [Φ

a,Φb][Φa′ ,Φb′ ] +
1

2
δpqδp′q′ [Φ

p,Φq][Φp′ ,Φq′ ]

+ e−ϕδabδpq[Φ
a,Φb][Φp,Φq]∓ e−ϕ(∗4F̃5)µijΦ

iDµΦj

}
, (7.2.9)

where ε̄µνρσ is the Levi-Civita symbol with ε̄0123 ≡ 1/
√
−ḡ. In order to compare with the results

in section 6, we redefine the scalar fields as

Aa ≡ e−ϕ/2Φa , Ap ≡ Φp . (7.2.10)

Then, the kinetic terms for the scalar fields become

√
−ḡ tr

(
e−ϕḡµνδabDµΦaDνΦ

b + ḡµνδpqDµΦpDνΦ
q
)

=
√
−ḡ tr

(
ḡµνδABDµAADνAB +

1

2
mABAAAB

)
+ (total derivative) , (7.2.11)

where

mab = ḡmn
(

1

2
∂mϕ∂nϕ− ∂m∂nϕ

)
δab , mpq = 0 . (7.2.12)

∗ If we use h(r) in (7.2.5), the metric also has a rotational symmetry on the x2,3 plane. However, as mentioned

above, h(r) can be replace with an arbitrary positive harmonic function on R6
, in which case the rotational

symmetry on x2,3 is broken in general.
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The non-zero components of (∗4F̃5)µij are

(∗4F̃5)n45 = −ε̄mn∂mϕ , (7.2.13)

where ε̄23 = −ε̄32 =
√
ḡ22ḡ33 = e−ϕ. The last term in (7.2.9) becomes

e−ϕ(∗4F̃5)µijΦ
iDµΦj = −ε̄mn∂mϕ εabAaDnAb , (7.2.14)

where ε45 = −ε54 = 1. This gives

dnab = ±1

2
ε̄mn∂mϕ ε

ab , (7.2.15)

in (3.1.10).

Collecting all these results, (7.2.9) becomes

Sboson
D3 =

T3λ
2

2

∫
d4x
√
−ḡ tr

{
− 1

2
ḡII

′
ḡJJ

′
FIJFI′J ′ ±

C0

4
ε̄µνρσFµνFρσ

+
1

2
ḡmn

(
1

2
∂mϕ∂nϕ− ∂m∂nϕ

)
δabAaAb ± ε̄mn∂mϕ εabAaDnAb

}
. (7.2.16)

The fermionic part (6.4) is

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−ḡ e−ϕ tr

{
i(ΨΓµDµΨ + ΨΓki[Φ

k,Ψ])− iΨM±Ψ
}

(7.2.17)

with

M± = ±1

4
(∗4F̃5)n45Γm45gmn . (7.2.18)

As in the previous subsection, we rescale Ψ, M± and the gamma matrices by

Ψ̂ ≡ e−
3
8
ϕΨ , M̂± ≡M±e

− 1
4
ϕ ,

Γ̂µ ≡ e−
1
4
ϕΓµ , Γ̂a ≡ Γ̂a ≡ e−

1
4
ϕΓa = e

1
4
ϕΓa , Γ̂p ≡ Γ̂p ≡ e

1
4
ϕΓp = e−

1
4
ϕΓp .(7.2.19)

The rescaled gamma matrices satisfy

{Γ̂µ, Γ̂ν} = 2ḡµν , {Γ̂a, Γ̂b} = 2δab , {Γ̂p, Γ̂q} = 2δpq . (7.2.20)

Then, we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−ḡ tr

{
i
(

Ψ̂Γ̂µDµΨ̂ + Ψ̂Γ̂Ai[AA, Ψ̂]
)
− iΨ̂M̂±Ψ̂

}
(7.2.21)
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with

M̂± = ±1

4
(∗F̃5)n45Γ̂m45ḡnm = ∓1

4
ε̄nm∂nϕΓ̂m45 , (7.2.22)

where ε̄nm ≡ ε̄nn
′
ḡn′m. This gives

βm = ∓1

4
ε̄nm∂nϕ . (7.2.23)

The results (7.2.12), (7.2.15) and (7.2.23) agree (5.1.21), (5.1.9) and (5.1.25 respectively, for

the case (C1) with ϕ1 = constant, s = ∓.
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Chapter 8

Conclusion and outlook

In summary, we have studied space-time dependent deformation of N = 4 SYM as preserving

SUSY and the relation with the world-volume theory of D3-branes in supergravity background.

As a result, we got general form of conditions for preserving SUSY while breaking Poincare

symmetry to give couplings space-time dependence. Also we have studied the interpretation of

this type of SUSY gauge theory in type IIB string theory; the non-Abelian world-volume action

of D3-branes in BPS supergravity backgrounds. And we compared the coupling of background

fields with D3-branes and the parameters in the field theory.

We have investigated some of examples imposing specific symmetries. For ISO(1, 1)×SO(3)×
SO(3) case, the solution of this case is not the most general one, but we found wide range of

class of solutions. And we found the special solutions for ISO(1, 2) × SO(3) × SO(3) case and

ISO(1, 1) × SO(6) case by limiting the parameters to recover these symmetries. This means

this solution is generalization of SUSY Janus configuration solution and F-theory solution. We

compare the solution of ISO(1, 2) × SO(3) × SO(3) case and ISO(1, 1) × SO(6) case with the

non-Abelian world-volume action of D3-branes in (p, q) 5-branes background and [p, q] 7-branes

background respectively. And they agreed with each other.

For ISO(1, 1) × SO(2) × SO(4) case, we found the general solution. We got four types of

solutions corresponding to the D3-branes embedding in trivial, D3, D7 and D3-D7 background

in supergravity. Again, we compared this solution and the non-Abelian world-volume action of

D3-branes in D3 branes background, and we found they agree with each.

We have also studied the cases that couplings are time dependent, ISO(3) and ISO(2)×SO(6)

cases. For ISO(3) case, there was no non-trivial solutions, and for ISO(2)×SO(6) case, we got

general solution that τ should be left-moving or right-moving one.
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It could be a lot of future extension of our work. Since our analysis was completely classical,

so it would be important to take into account the quantum effects. Localization, which allows

to evaluate physical quantities including all quantum effect exactly, is one of the example. This

implies that we can also calculate something corresponding in supergravity side exactly. It would

also be interesting to consider how the BPS solitonic objects, such as dyons or instantons and

their dual objects in supergravity.

As mentioned in Section 3.1, our ansatz for the action in (3.1.10) is not completely general,

even if we restrict the deformation to be of dimension less than 4. As an obvious extension of

the analysis, one may try to include all the terms that are compatible with renormalizability.

It would also be interesting to consider the case with U(N) gauge group and include the terms

like trFIJ , trAA. The U(1) part will be important to consider the configurations of D3-branes,

when the system is embedded in string theory. Since our strategy should work for arbitrary

supersymmetric theory, further generalization would also be possible.

The form of non-Abelian world-volume action, (6.3) and (6.4), is not manifest of SL(2,Z)

symmetry of type IIB supergravity. So, it will be highly non-trivial to formulate world-volume

action of D-branes in SL(2,Z) invariant way. Also, since we made mapping of parameters in the

gauge theory to the supergravity fields, we expect the theory, (3.1.10), has S-duality as SL(2,Z)

transformation of type IIB supergravity fields. But it also not clear at all.

Even though the map between the parameters in field theory and supergravity fields is es-

tablished, it’s not still clear whether the conditions to preserve SUSY are equivalent or not. In

other words, we can study the relation between Killing spinor equations or equations of motion

in supergravity and the equations to preserve SUSY presented in section 3.2.
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Appendix A

Complex coordinates

We use complex coordinates to parametrize the 2-3 plane. Our convention used in Sections 4

and 5.1 is as follows:

z =
1√
2

(x2 + ix3) , z =
1√
2

(x2 − ix3) , (A.1)

∂z =
1√
2

(∂2 − i∂3) , ∂z =
1√
2

(∂2 + i∂3) , (A.2)

gzz = gzz = eΦ , gzz = gzz = e−Φ , (A.3)

εzz = −εzz = −ie−Φ , εzz = −εzz = ieΦ , εzz = ε zz = −i , εzz = ε zz = i . (A.4)

∂zτ = 4πa i(4αz + qz) , ∂zτ = 4πa i(−4αz + qz) ,

∂zτ = 4πa i(4αz − qz) , ∂zτ = 4πa i(−4αz − qz) . (A.5)

4αz = −ia−1∂z(ac) , 4αz = ia−1∂z(ac) . (A.6)
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Appendix B

Gamma matrices

In this paper, we have chosen the SO(1, 9) gamma matrices ΓI to be real 32×32 matrices.∗ They

can be written as

Γ0 = iσ2 ⊗ 116 , Γi = σ1 ⊗ γiSO(8) , (i = 1, 2, · · · , 9) (B.1)

where γ1∼8
SO(8) are SO(8) gamma matrices and γ9

SO(8) is the chirality operator.† Γ0 is an anti-

symmetric matrix and Γ1∼9 are symmetric matrices. Γ0ΓI1I2···In are symmetric for n = 1, 2 (mod

4) and anti-symmetric for n = 0, 3 (mod 4).

The following formulas are useful.

ΓIΓJ = ΓIJ + ηIJ , (B.2)

ΓIJΓK = ΓIJK + ηJKΓI − ηIKΓJ , (B.3)

ΓIJKΓL = ΓIJKL + ηKLΓIJ − ηJLΓIK + ηILΓJK , (B.4)

ΓIJΓKL = ΓIJKL − 4δ
[I
[KΓ

J ]
L] − 2δ

[I
[Kδ

J ]
L] , (B.5)

ΓIJKΓLM = ΓIJKLM + 6δ
[I
[LΓ

JK]
M ] − 6δ

[I
[Lδ

J
M ]Γ

K] , (B.6)

ΓLMΓIJK = Γ IJK
LM − 6δ

[I
[LΓ

JK]
M ] − 6δ

[I
[Lδ

J
M ]Γ

K] , (B.7)

ΓIJKΓLMN = ΓIJKLMN + 9 δ
[I
[LΓ

JK]
MN ] − 18 δ

[I
[Lδ

J
MΓ

K]
N ] − 6 δ

[I
L δ

J
Mδ

K]
N . (B.8)

∗ In this appendix, we assume the metric is flat.
†See, e.g., Appendix 5.B of [36] for an explicit realization.
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ΓI1I2···InΓJ1J2···Jm = ΓI1I2···InJ1J2···Jm + (−1)n−1nmδ
[I1
[J1

Γ
I2···In]

J2···Jm]

+(−1)(n−1)+(n−2)n(n− 1)m(m− 1)

2
δ

[I1
[J1
δI2J2

Γ
I3···In]

J3···Jm] + · · ·

=

min{m,n}∑
k=0

(−1)(2n−k−1)k/2k! nCk mCk δ
[I1
[J1
· · · δIkJkΓ

Ik+1···In]

Jk+1···Jm] . (B.9)

ΓI
′
ΓI1···InΓI′ = (−1)n(D − 2n)ΓI1···In , (B.10)

ΓI
′J ′ΓI1···InΓJ ′I′ = ((D − 2n)2 −D)ΓI1···In . (B.11)

where D is the number of dimension. These formulas work for any D, though we are mainly

interested in the case D = 10.
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Appendix C

Useful local transformations

C.1 Weyl transformation

Let us consider the transformations

gµν → e−2ωgµν ,

eµ̂µ → e−ωeµ̂µ ,

Γµ → eωΓµ ,

Aµ → Aµ ,

AA → eωAA ,

Ψ → e
3
2
ωΨ , (C.1.1)

where ω = ω(xµ) is a real function of xµ.

Then the following quantities entering the action transform as:

DµA
A → eω(DµA

A + ∂µω A
A) , (C.1.2)

gµµ
′
tr(DµA

ADµ′AA) → e4ωgµµ
′
tr(DµA

ADµ′AA + 2∂µω (Dµ′A
A)AA + ∂µω∂µ′ω A

AAA)

= e4ωgµµ
′
tr(DµA

ADµ′AA + ∂µωDµ′(A
AAA) + ∂µω∂µ′ω A

AAA) .

(C.1.3)

According to the definition

DµΨ = ∂µΨ + i[Aµ,Ψ] +
1

4
ωµν̂ρ̂Γ

ν̂ρ̂Ψ , (C.1.4)

where the spin connection is

ωµν̂ρ̂ =
1

2
eν
′

ν̂ (∂µeν′ρ̂ − (∂ν′gµµ′)e
µ′

ρ̂ )− (ν̂ ↔ ρ̂) , (C.1.5)
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these objects transform as follows:

ωµν̂ρ̂ → ωµν̂ρ̂ + (eµρ̂e
ν′

ν̂ − eµν̂eν
′

ρ̂ )∂ν′ω , (C.1.6)

DµΨ → e
3
2
ω

(
Dµ +

3

2
∂µω +

1

4
∂ν′ω(eµρ̂e

ν′

ν̂ − eµν̂eν
′

ρ̂ )Γν̂ρ̂
)

Ψ

= e
3
2
ω

(
Dµ +

1

2
∂ν′ω (Γν

′

µ + 3 δν
′

µ )

)
Ψ . (C.1.7)

Therefore

ΓµDµΨ→ e
5
2
ω ΓµDµΨ , (C.1.8)

and

ΨΓµDµΨ → e4ω ΨΓµDµΨ . (C.1.9)

The action (3.1.10) is invariant under the Weyl transformation (C.1.1), if we also transform

the couplings as

dµνA → e3ωdµνA ,

dµBA → e2ωdµBA ,

dBCA → eωdBCA ,

mAB → e2ωmAB + 2e−2ωgµµ
′
(−∂µω∂µ′ω + a−1Dµ(a∂µ′ω))δAB ,

M → eωM . (C.1.10)

C.2 SO(6)R transformation

Let us consider a local SO(6)R transformation

AA → O B
A AB , (C.2.1)

Ψ → OΨ , (C.2.2)

where O = (O B
A ) ∈ SO(6) andO is the corresponding SO(6) element in the spinor representation

of SO(1, 9) acting on the fermion. This implies

DµAA → O B
A (DµAC + (O−1∂µO) C

B AC) , (C.2.3)

gµµ
′
tr(DµA

ADµ′AA) → gµµ
′
tr(DµA

ADµ′AA + 2(O−1∂µ′O)AC(DµAA)AC

−(O−1∂µ′OO
−1∂µ′O)ABAAAB) , (C.2.4)

DµΨ → O(DµΨ +O−1∂µOΨ) . (C.2.5)
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Then, the action (3.1.10) is invariant if we also transform the couplings as

dµνA → dµνB(O−1) A
B , (C.2.6)

d A
µB → O B′

B d A′

µB′ (O−1) A
A′ + (O∂µO

−1) A
B , (C.2.7)

dABC → dA
′B′C′(O−1) A

A′ (O
−1) B

B′ (O
−1) C

C′ , (C.2.8)

m B
A → O A′

A m B′

A′ (O−1) B
B′ − 2gµν(O∂µO

−1O∂νO
−1) B

A

−2gµν(O A′

A d B′

µA′ ∂ν(O
−1) B

B′ − ∂µO A′

A d B′

νA′ (O−1) B
B′ ) , (C.2.9)

M → OMO−1 − ΓµO∂µO−1 . (C.2.10)

Since d B
µA behaves as the gauge field of the SO(6) symmetry, it is useful to define the

covariant derivative including the SO(6) gauge field:

D̂µAA = DµAA + d B
µA AB , (C.2.11)

D̂µΨ = DµΨ +
1

4
d AB
µ ΓAB , (C.2.12)

which transform as

D̂µAA → O B
A D̂µAB , (C.2.13)

D̂µΨ → OD̂µΨ . (C.2.14)

The action (3.1.10) can be written as

S =

∫
d4x
√
−g4 a tr

{
− 1

2
FµνF

µν − (D̂µAA)2 +
1

2
[AA, AB]2 + i(ΨΓµD̂µΨ + ΨΓA i[AA,Ψ])

+
c

4
εµνρσFµνFρσ − dµνAFµνAA − dBCAi[AB, AC ]AA −

m̂AB

2
AAAB − iΨM̂Ψ

}
, (C.2.15)

where

m̂AB = mAB + 2gµνd AA′

µ d B
νA′ , (C.2.16)

M̂ = M +
1

4
ΓµABdµAB . (C.2.17)

m̂AB and M̂ transform as

m̂ B
A → (O m̂O−1) B

A , (C.2.18)

M̂ → OM̂O−1 . (C.2.19)

74



Appendix D

Derivation of the SUSY conditions

D.1 Derivation of (3.2.7) and (3.2.8)

First, the variation of the action (3.1.1) is given by

δS =

∫
d4x
√
−g a tr

{
δAI

[
− 2gII

′
gJJ

′
DJFI′J ′ +

(
−2a−1Dµ(a dIµA)−mIA

)
AA

+
(
−2gIJgµKa−1∂µa− a−1∂ν(ac) ε

νIJK − 3d[IJK]
)
FJK

]
+ 2i δΨ

(
ΓIDIΨ− M̃Ψ

)
−ΨΓI [δAI ,Ψ]

}
+ (total derivative terms) ,

(D.1.1)

with the understanding that dJKI and mIA can be non-zero only if I = 4 ∼ 9, and εIJKL can be

non-zero only for I, J,K, L = 0 ∼ 3. Here, we have used

δFIJ = DIδAJ −DJδAI , εµνρσDνFρσ = 0 , ΨΓIδΨ = −δΨΓIΨ , (D.1.2)

and defined

d[IJK] ≡ 1

3
(dIJK + dJKI + dKIJ) , (D.1.3)

M̃ ≡ M − 1

2
Γµ∂µ log a . (D.1.4)
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The SUSY variation of the action with respect to the transformations (3.1.16) is given by

δεS =

∫
d4x
√
−g a tr

{
(iεΓIΨ)

[
− 2gII

′
gJJ

′
DJFI′J ′ +

(
−2a−1Dµ(a dIµA)−mIA

)
AA

+
(
−2gIJgµKa−1∂µa− a−1∂ν(ac) ε

νIJK − 3d[IJK]
)
FJK

]
+ i ε (−FJKΓJK + AAB

A
)
(

ΓIDIΨ− M̃Ψ
)}

+ (total deriv. terms) ,

(D.1.5)

where we have used the identity ∗

tr(ΨΓI [δεAI ,Ψ]) = 0 . (D.1.6)

We would like to find a condition under which the integrand of (D.1.5) is a total derivative.

Our ansatz for the total derivative is

Sder =

∫
d4x
√
−g tr

{
DI(iεA

IJKΨFJK) +DI(iεB
IAΨAA)

}
, (D.1.7)

where AIJK and BIA are 32 × 32 matrices with AIJK = −AIKJ to be determined. This total

derivative term can be expanded as

Sder =

∫
d4x
√
−g tr

{
iεAIJK(Ψ(DIFJK) + (DIΨ)FJK) + iDI(εB

IA)ΨAA

+i
(
εB[JK] +DI(εA

IJK)
)

ΨFJK + iεBIA(DIΨ)AA

}
. (D.1.8)

Comparing (D.1.5) and (D.1.8), we obtain the following conditions:

εΓI(−gII
′
gJJ

′
+ gIJ

′
gJI

′
)a = ε(AJI

′J ′ + EJI′J ′) , (D.1.9)

aε(−ΓJKΓI) = εAIJK , (D.1.10)

εΓI
(
(−gIJgµK + gIKgµJ)∂µa+ ∂ν(ac) ε

IνJK − 3a d[JKI]
)

+ a εΓJKM̃ = εB[JK] +DI(εA
IJK) ,

(D.1.11)

aεB
A

ΓI = εBIA , (D.1.12)

∗See appendix 4.A of [36] for a proof of this identity.
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εΓI
(
−2DJ(a dIJA)− amIA

)
− aεBA

M̃ = DI(εB
IA) . (D.1.13)

In (D.1.9), EIJK is a 32 × 32 matrix which is totally anti-symmetric with respect to I, J,K,

which can be added because of the Bianchi identity:

DIFJK +DJFKI +DKFIJ = 0 . (D.1.14)

(D.1.10) and (D.1.12) determine εAIJK and εBIA, respectively. It is easy to see that (D.1.9)

is satisfied with EIJK = aΓIJK , using the identity

ΓJKΓI = ΓIJK + gIKΓJ − gIJΓK . (D.1.15)

Then, using (D.1.10) and (D.1.12), (D.1.11) becomes

ε
((
−ΓJgµK + ΓKgµJ

)
∂µa+ ∂ν(ac) ΓIε

IνJK − 3aΓId
[JKI]

)
+ a εΓJKM̃

= aεB
[K

ΓJ ] −DI(aε(Γ
JKΓI)) , (D.1.16)

which is equivalent to

(DKε)Γ
IJΓK = ε

(
B

[J
ΓI] − ΓIJµa−1∂µa+ (a−1∂ν(ac) ε

νIJK + 3 d[IJK])ΓK − ΓIJM̃
)
.(D.1.17)

This is the condition (3.2.7). Similarly, (D.1.13) becomes

εΓI
(
−2DJ(a dIJA)− amIA

)
− aεBA

M̃ = DI(aεB
A

)ΓI , (D.1.18)

which is equivalent to

a−1DI(aεB
A

)ΓI = ε
(
−2a−1ΓIDJ(a dIJA)−mABΓB −B

A
M̃
)
. (D.1.19)

This gives (3.2.8).

D.2 Derivation of (3.2.9)∼(3.2.12)

Using the identity

ΓIJΓK
(

1

16
Γ[IgJ ]L −

7

16× 54
ΓIJΓL

)
= δKL , (D.2.1)

we rewrite (3.2.7) as

DLε = ε CIJ

(
1

16
Γ[IgJ ]L −

7

16× 54
ΓIJΓL

)
, (D.2.2)
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where

CIJ ≡ B
[J

ΓI] − ΓIJµa−1∂µa+ (a−1∂ν(ac) ε
νIJK + 3 d[IJK])ΓK − ΓIJM̃ . (D.2.3)

Inserting (D.2.2) back to (3.2.7), we obtain

ε CIJ = ε CI′J ′P IJ
I′J ′ , (D.2.4)

where we have defined

P IJ
I′J ′ ≡

(
1

16
Γ[I′gJ ′]K −

7

16× 54
ΓI′J ′ΓK

)
ΓIJΓK

=
1

72
ΓI′J ′Γ

IJ +
1

4
Γ[I′Γ

[Iδ
J ]
J ′] . (D.2.5)

One can check that P IJ
I′J ′ is a projection operator satisfying

P I′J ′

IJ P KL
I′J ′ = P KL

IJ , (D.2.6)

and

G[I′ΓJ
′]P IJ

I′J ′ = G[IΓJ ] , P IJ
I′J ′ G[IΓJ ] = G[I′ΓJ ′] , (D.2.7)

with arbitrary GJ . Therefore, if ε CIJ can be written as

ε CIJ = εG[IΓJ ] , (D.2.8)

with some GI , (D.2.4) is satisfied. Conversely, if (D.2.4) is satisfied,

GI ≡ 1

72
(CI′J ′ΓI′J ′)Γ

I +
1

4
CII′ΓI′ (D.2.9)

satisfies (D.2.8). It can also be shown, using (D.2.7), that vI
′J ′P IJ

I′J ′ = 0 is equivalent to

v[IJ ]ΓJ = 0.

Then, using the property (D.2.7), one can easily show

CI′J ′P IJ
I′J ′ − CIJ =

(
(a−1∂ν(ac) ε

νI′J ′K′ + 3 d[I′J ′K′])ΓK′ − ΓI
′J ′M̃

) (
P IJ
I′J ′ − δII′δJJ ′

)
.

(D.2.10)

Therefore, (D.2.4) can be written as

0 = ε
(

(a−1∂ν(ac) ε
νI′J ′K′ + 3 d[I′J ′K′])ΓK′ − ΓI

′J ′M̃
) (
P IJ
I′J ′ − δII′δJJ ′

)
. (D.2.11)
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In this equation, M̃ can be replaced with M , because of the relation (D.2.7).

When M is expanded as

M = mIJKΓIJK , (D.2.12)

it satisfies

ΓI
′J ′M = MΓI

′J ′ − 6mIJK(gI
′KΓIJΓJ

′ − gJ ′KΓIJΓI
′
+ 4gI

′IgJJ
′
ΓK) . (D.2.13)

Therefore, (D.2.11) is equivalent to

0 = ε eI
′J ′K′ΓK′

(
P IJ
I′J ′ − δII′δJJ ′

)
, (D.2.14)

where

eIJK ≡ a−1∂ν(ac) ε
νIJK + 3 d[IJK] + 24mIJK . (D.2.15)

This is (3.2.9).

Next, we write (D.2.2) as

DJε = εEJ , (D.2.16)

where

EJ ≡ B
A
(

1

4
gJA −

1

24
ΓAΓJ

)
− 1

12
ΓµΓJ∂µ log a

+eI
′J ′K′

(
1

16
gJJ ′ΓK′I′ −

7

16× 54
ΓI′J ′K′ΓJ

)
−mI′J ′K′

(
3gJJ ′ΓK′I′ −

1

3
ΓI′J ′K′ΓJ

)
.

(D.2.17)

(D.2.16) with J = A, implies

0 = ε

(
B
A′
(

1

4
δAA′ −

1

24
ΓA′Γ

A

)
− 1

12
ΓµA∂µ log a

+eI
′J ′K′

(
1

16
δAJ ′ΓK′I′ −

7

16× 54
ΓI′J ′K′Γ

A

)
−mI′J ′K′

(
3δAJ ′ΓK′I′ −

1

3
ΓI′J ′K′Γ

A

))
.

(D.2.18)

This equation can be written as

ε

(
B
A

+

(
1

4
eAK

′I′ − 12mAK′I′
)

ΓK′I′

)
= ε FΓA , (D.2.19)
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where

F ≡ 1

6
B
A′

ΓA′ +
7

4× 54
eI
′J ′K′ΓI′J ′K′ −

4

3
mI′J ′K′ΓI′J ′K′ +

1

3
Γµ∂µ log a . (D.2.20)

This is (3.2.11). Multiplying (D.2.18) by ΓA, we obtain

0 = ε

(
1

72
eIJKΓIJK −

1

2
Γµ∂µ log a−

(
1

16
eµJK − 3mµJK

)
ΓµJK −M

)
, (D.2.21)

which is (3.2.10).

With (D.2.21), the explicit form of F in (D.2.20) is not needed anymore, because (D.2.21)

implies that (D.2.20) can be replaced with

F =
1

6

(
B
A

+

(
1

4
eAK

′I′ − 12mAK′I′
)

ΓK′I′

)
ΓA , (D.2.22)

which can be obtained by contracting (D.2.19) with ΓA.

(D.2.16) with J = µ is written as

Dµε = ε

(
−1

4
FΓµ +

(
1

16
eµIJ − 3mµIJ

)
ΓIJ
)
. (D.2.23)

This equation is equivalent to (3.2.12).
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Appendix E

On eIJK

E.1 eIαa = 0 ⇒ eIJK = 0

In this section, we split the 10-dimensional gamma matrices {ΓI} into two sectors {Γα} and {Γa},
where I, J,K = 0, 1, · · · , 9; α, β, γ = 0, 1, · · · , d− 1 and a, b, c = d, d+ 1, · · · , 9, with 0 < d < 10.

For simplicity, the 10 dimensional metric is assumed to be the flat Minkowski metric, though the

generalization to a curved metric is straightforward.

Here, we prove the following statement: Suppose eIJK with mixed indices such as eαβa and

eαab are all zero. Then, the condition (3.2.9) implies that all the components of eIJK vanish when

d 6= 3, 7. It also holds for the case with d = 7, which will be shown separately in Appendix E.2.

The condition (3.2.9) is equivalent to

0 = ε
(
eI
′J ′K′ΓI′J ′K′Γ

IJ + 9eK
′I′JΓK′I′Γ

I − 9eK
′I′IΓK′I′Γ

J − 72eIJK
′
ΓK′
)
. (E.1.1)

When eαβa = 0 and eαab = 0, this condition for (I, J) = (α, β), (I, J) = (a, b) and (I, J) = (α, a)

becomes, respectively,

0 = ε
(
eI
′J ′K′ΓI′J ′K′Γ

αβ + 9eγδβΓγδΓ
α − 9eβ

′γ′αΓβ′γ′Γ
β − 72eαβγ

′
Γγ′
)
, (E.1.2)

0 = ε
(
eI
′J ′K′ΓI′J ′K′Γ

ab + 9eb
′c′bΓb′c′Γ

a − 9eb
′c′aΓb′c′Γ

b − 72eabc
′
Γc′
)
, (E.1.3)

0 = ε
(
eI
′J ′K′ΓI′J ′K′Γ

αa + 9eb
′c′aΓb′c′Γ

α − 9eβ
′γ′αΓβ′γ′Γ

a
)
, (E.1.4)

respectively. Multiplying (E.1.2) by Γαβ we obtain

0 = ε
(
d(d− 1)eabcΓabc + (9− d)(10− d)eαβγΓαβγ

)
, (E.1.5)
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and we have

ε eIJKΓIJK =
18(d− 5)

d(d− 1)
ε eαβγΓαβγ =

18(5− d)

(9− d)(10− d)
ε eabcΓabc . (E.1.6)

Inserting this equation into (E.1.2) and (E.1.3), we obtain

0 = ε

(
2(5− d)

(9− d)(10− d)
ea
′b′c′Γa′b′c′Γ

ab + eb
′c′bΓb′c′Γ

a − eb′c′aΓb′c′Γb − 8eabc
′
Γc′

)
. (E.1.7)

Multiplying (E.1.7) by Γb, we obtain

0 = ε
(
ea
′b′c′Γa′b′c′Γ

a − (10− d)eab
′c′Γb′c′

)
, (E.1.8)

which implies

0 = ε
(

2ea
′b′c′Γa′b′c′Γ

ab + (10− d)ebb
′c′Γb′c′Γ

a − (10− d)eab
′c′Γb′c′Γ

b
)
. (E.1.9)

Inserting this back to (E.1.7), we get

0 = ε
(
ebb
′c′Γb′c′Γ

a − eab′c′Γb′c′Γb − 2(9− d)eabc
′
Γc′
)
, (E.1.10)

0 = ε
(
ea
′b′c′Γa′b′c′Γ

ab + (9− d)(10− d)eabc
′
Γc′
)
. (E.1.11)

From these equations, it is easy to show

0 = ε
(
eabceab′c′ΓbcΓ

b′c′ + (9− d)eabceabc

)
, (E.1.12)

0 = ε
(

(ea
′b′c′Γa′b′c′)

2 + (9− d)(10− d)eabceabc

)
. (E.1.13)

Using the identities

{Γab,Γa′b′} = 2
(

Γaba′b′ − 2δ
[a
a′δ

b]
b′

)
, (E.1.14)

{Γabc,Γa′b′c′} = 2
(

9 Γ
[ab

[a′b′δ
c]
c′] − 6 δ

[a
a′δ

b
b′δ

c]
c′

)
, (E.1.15)

(E.1.12) and (E.1.13) can be written as

0 = ε
(
eabceab′c′Γ

b′c′

bc + (7− d)eabceabc

)
, (E.1.16)

0 = ε
(

9 eabceab′c′Γ
b′c′

bc + (12− d)(7− d)eabceabc

)
. (E.1.17)

These equations imply

0 = (3− d)(7− d) ε eabceabc , (E.1.18)
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and hence we have eabc = 0 for d 6= 3, 7.

Then, (E.1.2)–(E.1.4) with eabc = 0 imply

ε eαβγΓαβγ = 0 , ε eαβγΓβγ = 0 , ε eαβγΓγ = 0 . (E.1.19)

Multiplying the last equation by eαβγ
′
Γγ′ without summing over α and β, we obtain

−(eαβ0)2 +
d−1∑
γ=1

(eαβγ)2 = 0 (E.1.20)

for all α, β = 0, 1, . . . , d − 1 to have non-zero ε. Choosing α = 0, this equation implies e0βγ = 0

and then again using this equation, we see that all the components eαβγ must vanish.

E.2 Proof of eIJK = 0 for ISO(3) symmetric case

Here, we show that eIJK = 0 is the only solution of (3.2.9) with ε 6= 0 for the cases with ISO(3)

symmetry considered in Section 5.2.1. Because of the ISO(3) symmetry, the allowed components

of eIJK are eABC , e0AB and e123, where A,B,C = 4, . . . , 9. This is the case with d = 7 considered

in appendix E.1 by assigning the indices as α, β, γ = 0, 4, . . . , 9 and a, b, c = 1, 2, 3

The condition (3.2.9) with (I, J) = (1, 2) implies

0 = ε

(
1

72
eI
′J ′K′ΓI′J ′K′ +

1

2
e123Γ123

)
. (E.2.1)

Using this equation, the condition (3.2.9) with (I, J) = (0, 1) implies

0 = ε

(
3

4
e123Γ123 +

1

8
e0ABΓ0AB

)
. (E.2.2)

Multiplying the condition (3.2.9) with (I, J) = (1, C) by Γ1C and summing over C = 4, . . . , 9,

we obtain

0 = ε

(
3e123Γ123 +

1

8
eABCΓABC

)
. (E.2.3)

Because ΓABCΓ123 is an anti-symmetric matrix, this equation implies that e123 is an eigenvalue

of a real anti-symmetric matrix. This is possible only when

e123 = 0 , ε eABCΓABC = 0 . (E.2.4)
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These equations, together with (E.2.1) and (E.2.2), imply

ε eIJKΓIJK = 0 , ε e0ABΓAB = 0 . (E.2.5)

Using these results, the condition (3.2.9) with (I, J) = (0, C) becomes

0 = ε

(
−3

4
e0BCΓ0B +

1

8
eABCΓAB

)
. (E.2.6)

Multiplying the condition (3.2.9) with (I, J) = (B,C) by ΓB and summing over B, we obtain

ε eABCΓAB = 0 . (E.2.7)

This equation and (E.2.6) imply

ε e0ABΓB = 0 . (E.2.8)

Multiplying this equation by e0ACΓC , without summing over the index A, we obtain

0 = ε

( 6∑
B=4

(e0AB)2

)
. (E.2.9)

Therefore, we get e0AB = 0 for all A,B = 4, . . . , 9. Using this result and (E.2.7), the condition

(3.2.9) with (I, J) = (B,C) implies

ε eABCΓA = 0 . (E.2.10)

Again, multiplying this equation by eA
′BCΓA′ , we obtain eABC = 0. In conclusion, all the

components of eIJK are zero for this case.

E.3 Proof of eIJK = 0 for ISO(1, 2) case

In this subsection, we show that the statement discussed in appendix E.1 also holds for the d = 3

case. For this Lorentz symmetry, only non trivial components are e012, eabc with a, b, c = 3, · · · , 9.

Basically we’ll follow the same logic of E.2.

The condition (3.2.9) with (I, J) = (0, 1) implies

0 = ε

(
1

72
eI
′J ′K′ΓI′J ′K′ +

1

2
e012Γ012

)
. (E.3.1)
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The condition (3.2.9) with (I, J) = (0, ā) by using (E.3.1),

0 = ε

(
− 3

4
e012Γ012 −

1

8
ebcāΓbcā

)
, (E.3.2)

where ā means this equation doesn’t sum over ā but it holds any a = 3 ∼ 9.

Multiplying the condition (3.2.9) with (I, J) = (ā, b̄) and using (E.3.1) and (E.3.2), we obtain

0 = ε

(
e012Γ012 + eāb̄cΓāb̄c

)
. (E.3.3)

This is the last equation we are given. This equation means that for any combination of (ā, b̄)

doesn’t make ε(eāb̄cΓāb̄c) 6= 0, because if so, e012 will become zero, so we can show all eabc also

zero. So, assuming this let deform more,

ε(e012) = ε

(
eāb̄cΓ012āb̄c

)
, (E.3.4)

and at least one of eāb̄c should have non zero component. All combination of (ā, b̄) makes the

eigenvalue equations for ε, so matrices of right hand side should commute each other for any ā,

b̄. Therefore, for any ā, b̄, d̄, ē,

0 = ε

(
eāb̄ced̄ēf (Γ

d̄ēf

āb̄c
+ 36 δ

[d̄
[c δ

ē
b̄Γ

f ]
ā] )

)
. (E.3.5)

Choose the case of b̄ = ē 6= d̄ 6= ā, then above equation means,

0 = ε

(
eāb̄d̄ed̄b̄fΓ

f
ā − eāb̄fed̄b̄fΓ d̄

ā

)
. (E.3.6)

Because contraction index f doesn’t contain d̄, multiplying Γ ā
d̄

we can show that

eāb̄d̄ed̄b̄f̄ = 0 ⇒ eāb̄d̄ = 0 or ed̄b̄f̄ = 0, (E.3.7)

eāb̄fed̄b̄f = 0, (E.3.8)

where f̄ 6= ā is arbitrary. Because we assumed e012 6= 0, it means there are no zero combination

of eb̄d̄cΓb̄d̄c for any b̄, d̄. So, this means there exist some ā which makes zero component eāb̄d̄. And

the number of non zero component eb̄d̄f should be one by (E.3.7).

We can find this non zero eIJK combination, for example, as

e345, e367, e389, e468, e479, e569, e578. (E.3.9)
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And other cases can be obtained by changing the coordinate each other. In this case, we can get

the eigenvalue equation by (E.3.7) as

εΓ4567 = ±ε, εΓ4589 = ±ε, εΓ3478 = ±ε. (E.3.10)

Also from , the additional eigenvalue equation is given as,

εΓ012345 = ±ε. (E.3.11)

After all those conditions show the number of preserving supersymmetry charge is 16×
(

1
2

)4
= 1.

Because we impose spacetime symmetry as ISO(1, 2), the number of supersymmetry charge

should be at least two, for N = 1 in 3 dimension. If not, the super-Poincare algebra won’t

be closed. So, this means that even if we got the case for eIJK satisfying (3.2.9), other SUSY

conditions will make this eIJK = 0.
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Appendix F

Derivation of the D3-brane effective

action

F.1 DBI action

In this section, we present the extended calculations of the expansion of the DBI term (2.4.14)

SDBI
Dp =− Tp

∫
dp+1x Str

{
e−φ
√
− det(Mµν) det(Qi

j)
}
, (F.1.1)

Mµν is defined as

Mµν ≡ P
[
Êµν + Êµi(Q

−1 − δ)ijÊjν
]

+ λFµν . (F.1.2)

The pull-back of the first term is given in (2.4.12) and it is expanded as

P[Êµν ] = Êµν + λÊµiDνΦ
i + λÊiνDµΦi + λ2ÊijDµΦiDνΦ

j

= Êµν + λ2(∂jBµiΦ
jDνΦ

i + ∂jBiνΦ
jDµΦi + gijDµΦiDνΦ

j) +O(λ3) , (F.1.3)

where we have used the assumptions in (6.2). The expansion of Qi
j is

Qi
j = δij + iλ[Φi,Φk]Êkj

= δij + iλ[Φi,Φk]gkj + iλ2[Φi,Φk]Φl∂lEkj +O(λ3) . (F.1.4)

Because (Q−1 − δ)ij = O(λ), it is easy to see that

P
[
Eµi(Q

−1 − δ)ijEjν
]

= O(λ3) , (F.1.5)
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and we can discard such higher-order contributions.

On the other hand, to obtain the expansion of
√

det(Qi
j), we use the following formula. For

general matrices X and δX, the following expansion is obtained:√
det(X + δX) =

√
detX

(
1 +

1

2
tr(X−1δX) +

1

8
(tr(X−1δX))2

−1

4
tr(X−1δXX−1δX) +O(δX3)

)
. (F.1.6)

Using this formula, we get√
det(Qi

j) = 1 +
iλ2

2
[Φi,Φk]Φl∂lBki −

λ2

4
gii′gjj′ [Φ

i,Φj][Φi′ ,Φj′ ] +O(λ3) . (F.1.7)

Let us consider now the term
√
− det(Mµν). By following the same procedure, we work out

its Taylor expansion and find:√
− det(Mµν) =

√
− det(Êµν)

+
√
−g λ

2

2

(
gµνgijDµΦiDνΦ

j +
1

2
gµνgρσFµρFνσ + (∂iB

µν)ΦiFµν

)
+O(λ3) .

(F.1.8)

Now, making use of the partial results of the expansions (F.1.7) and (F.1.8), we calculate the

full integrand:

Str
{
e−φ̂
√
− det(Mµν) det(Qi

j)
}

= Str

{
e−φ̂
√
− det(Êµν)

}
+
λ2

2
e−φ
√
−g tr

(
1

2
gµνgρσFµρFνσ + gµνgijDµΦiDνΦ

j − 1

2
gii′gjj′ [Φ

i,Φj][Φi′ ,Φj′ ]

+ (∂iB
µν)ΦiFµν − i(∂iBjk)Φ

i[Φj,Φk]

)
+O(λ3)

= Str

{
e−φ̂
√
− det(Êµν)

}
+
λ2

2
e−φ
√
−g tr

(
1

2
gµνgρσFµρFνσ + gµνgijDµΦiDνΦ

j − 1

2
gii′gjj′ [Φ

i,Φj][Φi′ ,Φj′ ]

)
+H µν

i ΦiFµν −
i

3
HijkΦ

i[Φj,Φk]

)
+O(λ3) . (F.1.9)

The first term in (F.1.9) gives the DBI part of the scalar potential. Let us define

VDBI(Φ) ≡ 1√
−g

e−φ̂
√
− det(Êµν) =

1√
−g

∞∑
n=0

λn

n!
Φi1 · · ·Φin∂i1 · · · ∂inLDBI|xi=0 (F.1.10)
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with

LDBI ≡ e−φ
√
− det(Eµν) . (F.1.11)

The derivatives are

∂iLDBI = e−φ
√
− det(Eµν)

(
−∂iφ+

1

2
(E−1)µν∂iEνµ

)
, (F.1.12)

∂i∂jLDBI = e−φ
√
− det(Eµν)

[(
−∂iφ+

1

2
(E−1)µν∂iEνµ

)(
−∂jφ+

1

2
(E−1)µ

′ν′∂jEν′µ′

)
−∂i∂jφ+

1

2

(
−(E−1)µµ

′
∂iEµ′ν′(E

−1)ν
′ν∂jEνµ + (E−1)µν∂i∂jEνµ

)]
.

(F.1.13)

Evaluating these quantities at xi = 0, we obtain

VDBI(Φ) = e−φ
(

1 + λvDBI
i Φi +

λ2

2
mDBI
ij ΦiΦj +O(λ3)

)
, (F.1.14)

where the coefficients are

vDBI
i ≡ − ∂iφ+

1

2
gµν∂igνµ = ∂i log(

√
−g e−φ) , (F.1.15)

mDBI
ij ≡ vDBI

i vDBI
j − ∂i∂jφ+

1

2

(
gµν∂i∂jgνµ − gµµ

′
∂igµ′ν′g

ν′ν∂jgνµ − gµµ
′
Hiµ′ν′g

ν′νHjνµ

)
=

1√
−g e−φ

∂i∂j
(√
−g e−φ

)
+

1

2
H µν
i Hjµν . (F.1.16)

Then, the final expression for the DBI action is

SDBI
D3 = T3λ

2

∫
d4x
√
−g e−φ tr

(
− 1

4
gµνgρσFµρFνσ −

1

2
gµνgijDµΦiDνΦ

j

+
1

4
gii′gjj′ [Φ

i,Φj][Φi′ ,Φj′ ]− 1

2
H µν
i ΦiFµν +

i

3!
HijkΦ

i[Φj,Φk]− eφλ−2VDBI(Φ)

)
.

(F.1.17)

F.2 CS term

Let us study now the expansion of the CS-term of the D3-brane action, (2.4.15).

First, we define

K ≡
∑
n:even

Cn ∧ eB2 ≡ K0 +K2 +K4 +K6 + · · · , (F.2.1)
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where∗

K0 ≡ C0 , K2 ≡ C2 + C0B2 , K4 ≡ C4 + C2B2 +
1

2
C0B

2
2 ,

K6 ≡ C6 + C4B2 +
1

2
C2B

2
2 +

1

3!
C0B

3
2 . (F.2.2)

Note that it satisfies

dK =
∑
n:odd

F̃n ∧ eB2 . (F.2.3)

For an n-form ωn, we define an m-form with (n − m) indices in the transverse directions

(ωn)m,i1···in−m as

(ωn)m,i1···in−m ≡
1

m!
(ωn)µ1···µmi1···in−mdx

µ1 · · · dxµm . (F.2.4)

For example,

(F̃5)3,ij ≡
1

3!
(F̃5)µνρijdx

µdxνdxρ , (F̃5)4,j ≡
1

4!
F̃µνρσjdx

µdxνdxρdxσ , etc. (F.2.5)

Under the assumptions (6.2), the CS-term (2.4.15) is expanded as

SCS
D3 = µ3

∫
Str
{

P
[
eiλıΦıΦK̂

]
∧ eλF

}
= µ3

∫
Str

{
P[K̂4] + λ2

(
iP[ıΦıΦ∂iK6]Φi + P[∂iK2]ΦiF +

1

2
C0F

2

)
+O(λ3)

}
. (F.2.6)

Expanding the first term, we get

P[K̂4] =

[
λ∂iK4Φi + λ2∂i(K4)3,jΦ

iDΦj +
λ2

2
∂i∂jK4ΦiΦj

]
0

+O(λ3) , (F.2.7)

where [· · · ]0 denotes the pull-back on the world-volume at xi = 0 (obtained by setting xi = 0

and dxi = 0), DΦj is a 1-form defined as

DΦj ≡ DµΦjdxµ = dΦj + i[A,Φj] , (F.2.8)

and we have used the notation (F.2.4).

The trace of the second term in (F.2.7) can be rewritten as[
λ2∂i(K4)3,j tr(ΦiDΦj)

]
0

=
λ2

2

[
1

2
(∂i(K4)3,j + ∂j(K4)3,i)d tr(ΦiΦj) + (∂i(K4)3,j − ∂j(K4)3,i) tr(ΦiDΦj)

]
0

=
λ2

2

[
(∂id(K4)3,j tr(ΦiΦj)− (F̃5)3,ij tr(ΦiDΦj) + (total derivative)

]
0
. (F.2.9)

∗In this section, we often omit the symbol “∧” in the products of differential forms.
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Using this equation and the identities

[∂iK4]0 = [(F̃5)4,i]0 ,

[∂id(K4)3,j + ∂i∂jK4]0 = [∂i(dK4)4,j]0 = [∂i(F̃5)4,j + (F̃3)2,j(H3)2,i]0 , (F.2.10)

which are valid under the assumptions (6.2), we obtain∫
Str P[K̂4] =

∫
tr

{
λ(F̃5)4,iΦ

i +
λ2

2

(
∂i(F̃5)4,j + (F̃3)2,j(H3)2,i

)
ΦiΦj − λ2

2
(F̃5)3,ijΦ

iDΦj

}
.

(F.2.11)

The second and third terms in (F.2.6) are rewitten by using

tr{iP[ıΦıΦ∂iK6]Φi} = − i

2
[∂i(K6)4,jk]0 tr{[Φj,Φk]Φi} = − i

3!
[(F̃7)4,ijk]0 tr{[Φj,Φk]Φi} , (F.2.12)

P[∂iK2]ΦiF2 = [(F̃3)2,i]0 ΦiF , (F.2.13)

respectively.

Plugging these results in (F.2.6), the CS-term becomes

SCS
D3 = µ3λ

2

∫
tr

{
λ−1(F̃5)4,iΦ

i +
1

2

(
∂i(F̃5)4,j + (F̃3)2,j(H3)2,i

)
ΦiΦj − 1

2
(F̃5)3,ijΦ

iDΦj

− i

3!
(F̃7)4,ijkΦ

i[Φj,Φk] + (F̃3)2,iΦ
iF +

1

2
C0F

2

}
. (F.2.14)

It can also be written as

SCS
D3 = µ3λ

2

∫
d4x
√
−g tr

{
1

2
(∗4F̃3) µν

i ΦiFµν −
i

3!
(∗6F̃3)ijkΦ

i[Φj,Φk]

− 1

2
(∗4F̃5)µijΦ

iDµΦj +
1

8
C0FµνFρσε

µνρσ − λ−2VCS(Φ)

}
, (F.2.15)

where the potential VCS(Φ) is

VCS(Φ) ≡ −λ(∗4F̃5)iΦ
i − λ2

2

(
∂i(∗4F̃5)j +

1

2
(∗4F̃3) µν

j (H3)µνi

)
ΦiΦj (F.2.16)

and we have defined

(∗4F̃3) µν
i ≡ 1

2
ερσµνF̃iρσ , (∗6F̃3)ijk ≡

1

3!
εlmnijkF̃

lmn ,

(∗4F̃5)µij ≡
1

3!
ενρσµF̃νρσij , (∗4F̃5)i ≡

1

4!
εµνρσF̃µνρσi , (F.2.17)

and used the relation

F̃7 = − ∗ F̃3 . (F.2.18)
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F.3 Bosonic part

Summing (F.1.17) and (F.2.15), we obtain

Sboson
D3 =

T3λ
2

2

∫
d4x
√
−g tr

(
− e−φ

2
gµνgρσFµρFνσ ±

C0

4
εµνρσFµνFρσ

− e−φgµνgijDµΦiDνΦ
j +

e−φ

2
gii′gjj′ [Φ

i,Φj][Φi′ ,Φj′ ]− 2V (Φ)

± (GR
±) µν

i ΦiFµν ∓
i

3
(GR
±)ijkΦ

i[Φj,Φk]∓ (∗4F̃5)µijΦ
iDµΦj

)
, (F.3.1)

where we have set

µ3 = ±T3 (F.3.2)

for D3-branes and D3-branes, respectively, and defined

G3 ≡ F3 + (C0 + ie−φ)H3 = F̃3 + ie−φH3 , (F.3.3)

(GR
±) µν

i ≡ Re((∗4G3) µν
i ± iG µν

i ) = (∗4F̃3) µν
i ∓ e−φH µν

i , (F.3.4)

(GR
±)ijk ≡ Re((∗6G3)ijk ± iGijk) = (∗6F̃3)ijk ∓ e−φHijk , (F.3.5)

and

V (Φ) ≡ λ−2(VDBI(Φ)± VCS(Φ)) . (F.3.6)

F.4 Fermionic part

Let us consider the fermionic action (2.4.23) for a D3-brane. To make the kinetic term of the

fermions O(λ0), we rescale the fermion as

ψ = λΨ . (F.4.1)

Since we are interested in the terms that survive in the ls → 0 limit, we can set Mµν = gµν and

Γ̆−1
D3 = −Γ

(0)
D3 = Γ(4) where

Γ(4) ≡ Γ0̂Γ1̂Γ2̂Γ3̂ . (F.4.2)
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Inserting (2.4.25)-(2.4.28) into the action (2.4.23) we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−g e−φ iΨ

[
Γµ∇µ +

1

4 · 2!
HµIJΓµIJ − 1

4 · 3!
HIJKΓIJK

∓ eφΓ(4)

(
1

8
Γµ
(
−FIΓI +

1

3!
F̃IJKΓIJK − 1

2 · 5!
F̃IJKLΓIJKL

)
Γµ

− 1

2
FIΓ

I +
1

4 · 3!
F̃IJKΓIJK

)]
Ψ , (F.4.3)

where ∇µ is

∇µΨ ≡ ∂µΨ +
1

4
ω ÎĴ
µ ΓÎĴΨ . (F.4.4)

Again, the upper (lower) signs correspond to the case of D3- (D3-) branes. Note that the first

term in (2.4.27) does not contribute, because Γ0ΓI is a symmetric matrix. In general, one can

show

Ψ ΓI1···InΨ = 0 for n 6= 3 (mod 4) . (F.4.5)

Using this fact and the identities:

Γµ(FIΓ
I)Γµ = − 2FµΓµ − 4FiΓ

i , (F.4.6)

Γµ(F̃IJKΓIJK)Γµ = 2F̃µνρΓ
µνρ − 6F̃µjkΓ

µjk − 4F̃ijkΓ
ijk , (F.4.7)

Γµ(F̃IJKLMΓIJKLM)Γµ = 20F̃µνρσmΓµνρσm + 20F̃µνρlmΓµνρlm − 10F̃µjklmΓµjklm − 4F̃ijklmΓijklm ,

(F.4.8)

we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−g e−φ iΨ

[
Γµ∇µ +

1

4 · 3!
(3HiµνΓ

iµν −HijkΓ
ijk)

∓ eφΓ(4)

(
− 1

4
FµΓµ +

1

4 · 3!
(3F̃iµνΓ

iµν − F̃ijkΓijk)

− 1

3! · 25
(2F̃µνρijΓ

µνρij − F̃µijklΓµijkl)
)]

Ψ . (F.4.9)

Futhermore, using the following identities

Γ(4)Γµ =
1

3!
εµνρσΓνρσ , Γ(4)Γµν =

1

2
εµνρσΓρσ , Γ(4)Γµνρ = −εµνρσΓσ ,

Γ(4)Γijk =
1

3!
εijklmnΓlmnΓ(10) , Γ(4)Γijkl = −1

2
εijklmnΓmnΓ(10) , (F.4.10)
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together with the chirality condition (6.1) and the relation

(∗4F̃5)µij = (∗6F̃5)µij , (F.4.11)

that follows from the self-duality condition (2.1.5), the action can be rewritten as

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−g e−φ iΨ

[
Γµ∇µ +

1

4 · 3!
(3HiµνΓ

iµν −HijkΓ
ijk)

∓ eφ
(
− 1

4 · 3!
(∗4F1)µνρΓ

µνρ +
1

4 · 3!

(
3(∗4F̃3)iµνΓ

iµν − (∗6F̃3)ijkΓ
ijk
)

+
1

8
(∗4F̃5)µijΓ

µij

)]
Ψ ,

(F.4.12)

where we have used the notation (F.2.17) and defined

(∗4F1)νρσ ≡ εµνρσF
µ . (F.4.13)

For the non-Abelian case, the covariant derivative ∇µ should be replaced with

Γµ∇µΨ → ΓµDµΨ + iΓk[Φ
k,Ψ] +

1

4
ωµîĵΓ

µîĵ , (F.4.14)

where DµΨ is defined in (3.1.5) and we have assumed gµi = 0 and ωµν̂î = −ωµîν̂ = 0.

Then, our final expression for the fermionic part of the action is

Sfermi
D3 =

T3λ
2

2

∫
d4x
√
−g e−φ tr

{
i(ΨΓµDµΨ + ΨΓki[Φ

k,Ψ])− iΨ
(
M± −

1

4
ωµîĵΓ

µîĵ

)
Ψ

}
(F.4.15)

with

M± ≡ ∓
eφ

8

(
1

3
(∗4F1)µνρΓ

µνρ − (GR
±)iµνΓ

iµν +
1

3
(GR
±)ijkΓ

ijk − (∗4F̃5)µijΓ
µij

)
, (F.4.16)

where (GR
±)iµν and (GR

±)ijk are defined in (F.3.4) and (F.3.5), respectively.
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