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Abstract 

We give a survey of cardinal charcteristics of the higher Cichon diagram defined on the higher 

Baire space "1,, for 1,, regular with 2<" = 1,,. Specifically, we will compare consistency proofs from 

the classical Cichon diagram with various well-known forcing notions to similar constructions 

generalised to the higher Cichon diagram. We are especially interested in separation in a hori­

zontal direction, that is, the consistency of add(M") < non(M") and of cov(M") < cof(M"). 

We will have a look at (higher analogues of) Cohen, Hechler, localisation, eventually different, 

Sacks, random, Laver, Mathias and Miller forcing, and their effect on the cardinal characteristics 

of the higher Cichon diagram. 

cov(N) ---+ non(M) ---+ cof(M) ---> cof(N) ---> 2Na 

l !-------> l l 
N1 ---> add(N) __, add(M) __, cov(M) ---+ non(N) non(M") ---> cof(M") ---> cl~( E*) -----> 2" 

Classical Cichon diagram l l 
b"---➔ cl"' 

l l 

Higher Cichon diagram for inaccessible 1,, 

1 Introduction 

Within the study of cardinal characteristics, the generalisation of definitions made on the classical 

Baire space ww to the higher Baire space "1,,, for 1,, some uncountable cardinal, has recently been 

of increasing interest. One of the earliest examples, is the investigation of Cummings and Shelah 

[CS95] into the higher dominating and unbounding numbers. Much more recently, Brendle, Brooke­

Taylor, Friedman, and Montoya [BBFM18] gave a comprehensive overview of the generalisation of 

the cardinals of the Cichon diagram to the higher context, especially for inaccessible 1,,. 

*The author was funded by the Austrian Science Fund (FWF) [10.55776/P33895] during the writing of this article. 
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When generalising independence results to cardinal characteristics of the higher Cichon diagram, 

it is surprisingly difficult to combine the assumption i,;,<,,, = K with a separation of cardinals in a 

horizontal direction, that is, to separate the cardinal characteristics cov(M,,,), c>,,, and cof(M,,) from 

each other, or (dually) to separate add(M,J, b,,, and non(M,,,). So far, only one such result is known 

to the author, namely the consistency of cov(M,,,) < c>,,, for supercompact K was proved by Shelah 

[She20]. The method used in this consistency result, is a construction based on a bounded version 

of K-Hechler forcing. This forcing notion adds a Cohen subset of K without adding a dominating K­

real, as long as K is weakly compact. Laver [Lav78] gave a well-known description of a forcing notion 

that makes a supercompact cardinal K remain supercompact under subsequent forcing extensions 

by <K-directed closed forcing notions. In [She20], a similar preparatory forcing is described to 

make K indestructibly supercompact under the aforementioned bounded K-Hechler forcing, which 

allows for an iteration of the forcing of length i,;,+ over a model where 2,,, = cov(M,,,) = i,;,++. The 

resulting model satisfies cov(M,,,) = i,;,+ without affecting the value of c>,,, = 2,,, = i,;,++. 

A drawback of Shelah's construction, is the considerable complexity of the iteration itself. 

Namely, in the classical context of finite support iterations of Suslin ccc forcing notions1 that each 

add a generic real, any subsequence of the sequence of generic reals is itself generic over the ground 

model for a restriction of the iteration to the terms given by the subsequence. In the higher context 

of <K-support iteration of <i,;,+ -cc forcing notions, an analogous statement has the potential of 

being false. In order to complete the proof of Shelah's construction, this step needed justification, 

and this led to a correction of the iteration, described in [She23]. 

In this survey article, we hope to answer the question: why can we not use simpler methods? 

Our aim is to show that horizontal separation in combination with i,;,<,,, = K is a hard problem, 

and to give several reasons why the generalisations of classical forcing notions do not help us in the 

higher case, and what open questions need to be solved in order to obtain new consistency results. 

In Section 2.1 we will first succinctly give an overview of the main methods involved in consis­

tency results for the classical Cichon diagram. We will then show in Section 3 that the classical 

methods that lead to vertical separation can be generalised without much trouble, although this 

is not always automatic and that - as we will see in Section 3.2 - there are even some differences 

in the obtained consistency results. The final Section 4 treats various generalisations of classical 

methods for horizontal separation, and highlights the impossibility or difficulty with using these 

methods to obtain separation in a horizontal direction. 

1 A forcing notion I!' is Suslin ccc if it is ccc and each of I!', ::C:1!' and _l_p are analytic. 
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1.1 Notation & preliminaries 

The classical Baire space is the set ww of functions f : w ➔ w. The classical Cantor space is the 

set w2 of functions f : w ➔ 2. We obtain a topology on ww by giving a basis of clopen sets of the 

form [s] = {f E ww Is<:;;; f} wheres E <ww. Recal that the Borel sets B(ww) is the least family 

closed under complements and countable unions such that [s] E B(ww) for each s E <ww. We may 

similarly define a topology for w2 as well as its family of Borel sets B(w2). Elements of ww and w2 

will be referred to as reals. 

A set X is nowhere dense if every open U contains an open U' <:;;; U with X n U' = 0. A 

countable union of nowhere dense sets is called a meagre set, and M will denote the family of 

meagre sets of ww. Each meagre set is a subset of a Borel meagre set. In w2, we may give [s] the 

measure µ([s]) = 2-ot(s), and extend µ to a Lebesgue measure on B(w2). Let N be the family 

of sets N <:;;; w2 such that N is contained in a Borel set of measure 0. In fact, N contains all 

measurable sets with measure 0. Both M and N are O"-ideals on the reals, that is, both are closed 

under subsets and countable unions. 

The higher Baire €3 Cantor spaces are the sets "'K and "'2 of functions f : K ➔ K or f : K ➔ 2 

respectively, where K is uncountable. We will always assume that K is regular, and usually we 

assume that ,,,,<"' = K or that K has large cardinal properties. We may define topologies in analogy 

with the classical spaces. The sets [s] = {f E "'K I s <:;;; f} where s E <"',,,, form a clopen basis for 

the bounded or <K-box topology on "'K. We may also define K-Borel sets as members of the family 

B"'("'K), which is the least family closed under complements and K-unions such that [s] E B"'("'K) 

for each s E <>< K. Naturally we may make the above definitions for "'2 as well. Elements of "'K and 

"'2 are called K-reals or higher reals. 

A union of K-many nowhere dense sets is a K-meagre set, and M"' will denote the family of all 

K-meagre subsets of "'K. Each K-meagre set is a subset of a K-Borel K-meagre set. It is easy to see 

that M"' is a :s;K-complete ideal on the higher reals. 

In order to define Lebesgue measure, we would need a suitable analogue of countably infinite 

sums of positive real numbers. It is unclear how to do this, but we will present a solution (and a 

higher null ideal) based on a forcing notion in Section 4.1. 

Let X and Y be sets with a relation R <:;;; X x Y, let >. be a cardinal, and let f : >. ➔ X and 

g : >. ➔ Y be functions. We define two relations R00 , R* <:;;; ,\ X x .Xy as follows: 

f R 00 g if and only if {o: E >- I f(o:) R g(o:)} is unbounded below>., 

f R* g if and only if { o: E >. I f ( o:) ,R' g(o:)} is bounded below >.. 

The negations of these relations is written as f Kg and f fl?° g. Here we strike through the 

superscript as well so as to avoid the ambiguity of the order of operations. As examples of the 
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relations we will frequently encounter, we may consider the domination s* and eventual difference 

~ relations on 1<"' or on ww. 

If h E ww, then an h-slalom2 is a function r.p E ITnEw[w]<lh(n)I, and we let Slh denote the set of 

classical h-slaloms. Naturally, we may generalise this concept and define h-slaloms for h E ""' as 

well: we let SI~ the set of (K,-)h-slaloms r.p E ITaE1<["'J<lh(a)I_ The final relation we may encounter, is 

the localisation relation E* on ww x Slh or on""' x SI~, where we note that f E* r.p if f(a) E r.p(a) for 

almost all a E K,. We will also define Sl~w = ukEw ITnEdw]<lh(n)I and 81~1< = u/3E1< I1aEf3["']<1h(a)I 

as the sets of initial segments of h-slaloms. Finally, we will also refer to slaloms as reals, and 

K,-slaloms as K,-reals whenever it is convenient. 

1.1.1 Forcing 

We will force downwards, hence a condition q stronger than a condition p will be written as q S p. 

We assume the reader is familiar with finite and countable support iterations of forcing notions, 

which we abbreviate as FSI an CSI respectively. In analogy to FSI and CSI, we will be considering 

<K,- and SK,-support iterations (abbreviated <K,-81 and SK,-81) in the higher context. We will make 

an effort to highlight the differences and similarities between FSI and <K,-81, as well as between 

CSI and SK,-81. On occassion we will need to talk about <K,- and SK,-support products, which we 

will abbreviate as <K,-SP and SK,-SP respectively. 

We define a forcing notion lP' to be <>--cc if every antichain in lP' has cardinality <>-. A subset 

P ~ lP' is <A-linked if for every Q E [P]<>. there exists p E lP' (not necessarily in P) such that pis 

stronger than all conditions in Q. We say lP' is(µ, <>-)-centred if lP' is the union of µ-many <>--linked 

sets. Note that (µ, <>-)-centred implies <µ+-cc. We write <~1-cc as ccc, <~a-linked as centred, 

and (~o, <~o)-centred as a--centred. 

We say lP' is <A-closed if every descending chain in lP' of length <A has a lower bound. We 

say lP' is <A-distributive if for every µ < >. and every f : µ ➔ V in VIP', already f is contained in 

the ground model V. Note that <A-closed implies <>.-distributive, and that the combination of 

<>-+-cc and <>--closed implies that cofinalities, and hence cardinal numbers, are preserved. 

2 We remark that our definition differs subtly from the usual definition: we define cp such that lcp(a)I < h(a), instead 

of the traditional lcp(a)I <:'. h(a). Our definition has the benefit of versatility in the higher context, where, for example, 

h(a) could a limit cardinal. The resulting set of all slaloms cp with lcp(a)I < h(a) would not be expressible under 

the traditional notational convention, yet our notational convention does not sacrifice generality, as a traditionally 

defined h-slalom is simply an h+-slalom under our definition, where h+: a>-+ lh(a)I+. 
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1.1.2 Trees 

Finally, we will frequently be using forcing notions whose conditions consist of trees, hence let us 

introduce some concepts and notation to talk about such trees. 

A tree on <"',-, is a set T <;;; <"',-, such that t E T and s E <"',-, with s <;;; t implies that s E T as 

well. The elements of a tree are called nodes. We define the levels of T as 

Leva(T) = {s ET I dom(s) = a} 

A node s ET is a splitting node in T if there are distinct ( =/= t such that s~((), s~(t) E T. We 

let suc(s, T) = {(EK I s~(() ET}. We define the following sets 

Split(T) = { s E T I s is a splitting node} 

Split°'(T) = {s E Split(T) I {c; E dom(s) Is r <; E Split(T)} has order-type a} 

Ifs E Split°'(T), we say that s is in the a-th splitting level of T. We call the unique element of 

Split0 (T) the stem of T, denoted as stem(T). 

Given a nodes ET, we define the cone generated bys as the set (T)s = {t ET I s <;;; t Vt<;;; s }. 

A branch through T is a function f E "'2 such that f r a E T for all a E K, and we let [T] be the 

body of T, that is, the set of branches through T. Note that [T] is closed in the topology of "'K. 

We say that a tree T on <"',-, is limit-closed if for every f E "'K and limit a E K such that 

f r c; E T for all c; < a we have f r a E T as well. We say that T is splitting-closed if it is 

limit-closed and for every f E [T] the set { a E K I f I a E Split(T)} is club. A tree T is called 

perfect if for every s E T there is t E T such that s <;;; t and t is a splitting node in T. 

If Fis a family of subsets of K, then we calls ET an F-splitting node if suc(s, T) E F, and we 

say that a tree T is guided by F if every splitting node of T is F-splitting. 

2 The classical & higher Cichon diagrams 

In this section we will define the cardinal characteristics of the Cichon diagram, both for the classical 

and for the higher context. We will furthermore provide a brief overview of classical consistency 

results obtained through forcing. For a detailed treatment of the classical Cichon diagram, the 

classical forcing notions, and the models from this section, we refer to [BJ95]. 

Given a relation R <;;;Xx Y, we call the triple (R, X, Y) a relational system, and we define the 

R-dominating and R-bounding numbers as: 

TJ(R, X, Y) = min {l'DI IV<;;; YI\ \/f E X:3g E V(f R g)}, 

IB(R, X, Y) = min {IBI I B <;;;XI\ \:Jg E Y:3f E B(f ,R g)}. 
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Let I be a a--ideal on the space X (e.g. X = ww), then we define: 

cov(I) = '.D( E, X, I), 

cof(I) = '.D(c;.,I,I), 

() = '.D(<* ww ww) 
- ' ' ' 

D(r4 = '.DV, ww, ww), 

c,h(E*) = '.D(E*, ww, Slh), 

non(I) = s:B(E,X,I), 

add(I) = s:B(c;.,I,I), 

b = SB(<* ww ww) 
- ' ' ' 

b(r4 = s:BV, ww, ww), 

bh(E*) = s:B(E*, ww, Slh). 

Here cov(I), add(I), non(I) and cof(I) are respectively the covering, additivity, uniformity and 

cofinality numbers of I, and cl and b are the classical dominating and bounding numbers. We 

call D(r4, b(r4, c,h(E*) and bh(E*) respectively the eventual difference, cofinal equality3 , h­

localisation and h-avoidance4 numbers. 

It is easy to see how we can obtain higher cardinal characteristics, by replacing w with K, in the 

above definitions. Apart from working with (::;K,-complete) ideals on the higher Baire or Cantor 

space, we obtain the following higher cardinal characteristics: 

c,"'(r4 = '.DV, "'"', "'"'), 

cl~( E*) = '.D( E*, ""', Sl~), 

bl<(r4 = s:BV, "'"', "'"'), 

b~(E*) =SJ3(E*,""',Sl~). 

The (higher) Cichon diagram drawn on the title page provides a schematic overview of the ZFC 

provable relations between several of the cardinal characteristics we just defined. In such diagrams, 

an arrow between cardinal characteristics ;i: ➔ I) implies that it is provable in ZFC that ;i:::; I). 

In addition to the relations that are presented in the (higher) Cichon diagram, we have the 

following results. 

Theorem 2.1 ([Bar87]). cov(M) = D(r4 and non(M) = b(r4, and for any cofinally increasing 

function h E ww we have cof(N) = c,h( E*) and add(N) = bh( E*). 

Theorem 2.2 ([BHZ], [Lan92]). If K, is inaccessible, cov(M"') = D"'(r4 and non(M"') = b"'(r4. 

The proof of Theorem 2.2 strongly depends on the inaccessibility of"'· The reason is that one can 

express meagre sets in a combinatorial way ( using a variation of~ and a topological way ( using 

3 Clasically b(?4 is also known as the infinitely equal number, but this is not precise enough in the higher context. 

4In other literature both llh( E*) and bh( E*) are sometimes called localisation numbers, but I believe they should 

have distinct names. The reason I opted for h-avoidance, is that a witness to bh( E*) is a set of functions F C::: ww 

that cannot be localised by a single h-slalom; for any specific h-slalom r.p there is at least one f E F that avoids r.p by 

having f(n) </c r.p(n) for cofinally many n E w. 
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nowhere dense sets), which are classically equivalent to each other. However, the combinatorial 

definition of K-meagre sets coincides with the topological notion if and only if K is countable or 

inaccessible, as was shown in [BHZ, §4]. Even though the ideals are distinct if K is uncountable but 

not inaccessible, it is an open question whether the cardinal invariants given by the combinatorial 

K-meagre ideal are consistently distinct from those given by the topological K-meagre ideal: 

Question 2.3. Let the combinatorially K-meagre ideal M~omb be defined as in {BHZ, Def. 4-4/. Is 

non(M~omb) < non(M,J or cov(M,J < cov(M~omb) consistent for K that are not inaccessible? 

The characterisation of cof(N) and add(N) from Theorem 2.1 cannot be generalised to the 

higher context, not just because we would need a higher analogue of N, but also because the 

cardinality of D~( E*) is highly dependent on the choice of h E reK when K is inaccessible, as we will 

discuss in Section 3.2. For successor K, Theorem 2.1 looks very different: 

Theorem 2.4 ([Hyt06], [MS, Thm. 4.6]). If K is a regular successor, then bre(.?'4 = b~( E*) = bre 

and Dre = D~( E*) 2: Dre(r4. If we also assume K<re = K, then the last inequality becomes an 

equality. 

Question 2.5 ([MS, §4]). Is Dre(r4 < Dre consistent for Ka successor cardinal and K<re > K? 

It was observed by Truss and Miller that the cardinal characteristics add(M) and cof(M) can 

be expressed in terms of the other cardinals of the Cichon diagram. 

Theorem 2.6 ([Tru77], [Mil81]). add(M) = min {b, cov(M)} and cof(M) = max {D, non(M)}. 

The same characterisation generalises to the higher Cichon diagram if we make strong enough 

assumptions on K. We note that this is not provable for all uncountable K. For example, Brendle 

[Bre22] showed that K<re < cof(M,.J, and thus max {Dre, non(Mre)} < cof(M,J is consistent, and 

holds whenever max {Dre, non(Mre)} ::; K<re. 

Theorem 2. 7 ([Bre22]). add(Mre) = min {bre, cov(Mre)} and cof(Mre) 2: max {Dre, non(Mre)}. 

Under assumption of K<re = K the inequality becomes an equality. 

As for the other eight cardinal characteristics of the classical Cichon diagram, they appear to 

be as independent as is possible in the following sense: any assignment of the cardinalities N1 and 

N2 to the cardinals of the classical Cichon diagram compatible with both Theorem 2.6 and the 

arrows in the diagram, is consistent (see [BJ95, Sections 7.5 and 7.6] for each of these cases). This 

implies that the classical Cichon diagram is complete, as no arrows are missing from the diagram. 

In fact, Goldstern, Kellner, Mejia, and Shelah [GKMS21; GKS19] showed that all eight cardinal 

characteristics can have mutually different cardinalities within the same model. 
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To conclude this section, we will mention some final reasons why we are interested in the higher 

Cichon diagram in the case where,-;,<"= r;,. Under the assumption that r;, is regular and,-;,<"> r;,, it 

was proved by Landver [Lan92] that add(M,,.J = cov(M 11J = r;,+ holds. Moreover, under the same 

assumptions Blass, Hyttinen, and Zhang [BHZ] showed that ,-;,<"' :S non(M 11J and, as mentioned, 

Brendle [Bre22] proved,-;,<"' < cof(M,.). Since we can clearly force,-;,<"' to have any value satisfying 

cf(,-;,<"') 2: r;, (e.g. by increasing 2N°), it is easy to construct models where cov(M,,,) < non(M,,,), at 

the cost of destroying the property that ,-;,<" = r;,. As we will see, it is much harder to have such 

horizontal separation combined with the preservation of ,-;,<,.. = r;,, 

2.1 Classical models 

We will give a small schematic overview of several classical models in which the cardinal charac­

teristics are separated into values N1 and N2. We have replaced the cardinals with boxes, where D 

stands for the cardinal characteristic having value N1, and ■ for the cardinal characteristic having 

value N2. This is the same convention as can be found in [BJ95, Ch. 7]. The cardinal characteristics 

add(M) and cof(M) have been replaced with dots, as they fully depend on their neighbours by 

Theorem 2.6. We generally refer to [BJ95] for definitions and proofs of the results mentioned in 

this subsection. 

Let us first deal with what we will call vertical separation models. These are models in which 

the cardinals are separated along a vertical dividing line. Of course, from a purely mathematical 

perspective there is no inherently 'vertical' nature behind these models, but the term will serve its 

use in comparing these models to those that also allow some separation in a horizontal direction. 

The Cohen model results from an w2-length FSI of Cohen forcing over a model of CH. The 

resulting model adds Cohen reals, thus forcing cov(M) = N2, and any Ni-sized set of Cohen reals 

forms a witness for non(M) = N1, 

The Hechler model results from an w2-length FSI of Hechler's dominating forcing over a model 

of CH. Hechler forcing adds dominating reals and Cohen reals, forcing b = cov(M) = N2, but it 

adds no random reals, and hence witnesses cov(N) = N1, 

The localisation model results from an w2-length FSI of localisation forcing over a model of CH. 

Localisation forcing adds a new slalom that localises all ground model reals, and thus the resulting 

model satisfies bh( E*) = add(N) = N2. 

Alternatively, the model that forces Martin's Axiom (MA) using an w2-lcngth FSI enumerating 

all (names for) ccc forcing notions will result in a model where c = N2 and all cardinal characteristics 

that can be increased with ccc forcing notions are equal to N2 (particularly add(N) = N2). 

The above constructions with FSI allow for a dual construction of a model, where one starts 

with a model of MA+ 2No = N2 and forces with an w1 -length FSI of the relevant forcing notion. This 
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produces the short Hechler and short localisation models, in which N1 = cof(M) < non(N) = N2 

and N1 = cof(N) < N2 hold respectively. 

Finally, an alternative model where N1 = cof(N) < N2 holds, is the Sacks model, which is the 

result of an w2 length CSI of Sacks forcing. 

■-■-·-■-

I •-• I : I I 
=•-·-■-■ 

localisation, 
Martin's Axiom 

Hechler Cohen 

□1-?-i l•I-
□-□ = 
I I : 

-□-·-□--:-■ 

short Hechler 

0l _?_i_0I i 
□-□ 
I I 

-□-·-□-□ 

short localisation, 
Sacks 

When we look at the consistency of a separation in a horizontal direction, there are a lot of 

options available to consider. We will note that we are not interested in separating cov(N) or 

non(N) from their neighbours, for the reason that cov(N) and non(N) are not represented in the 

higher Cichon diagram. With that said, let us consider models in which there is some separation 

in a horizontal direction between cardinals in the middle part of the Cichon diagram. 

The random model usually (and in our case) refers to the model obtained by forcing with a 

random algebra5 adding N2-many random reals over a model of CH, which results in a model where 

N1 = non(N) < cov(N) = N2. This is not a FSI (nor a CSI), but it does allow a dual construction: 

forcing with a random algebra adding Ni-many random reals over a model of MA+ 2No = N2, also 

resulting in N1 = non(N) < cov(N) = N2. The difference between these models is due to the 

ww-bounding property of random forcing, thereby leaving the cardinalities of b and D unaffected; 

these stay N1 in the random model, and stay N2 in the short random model. 

One could also do an w2-length FSI of the random algebra adding a single random real over a 

model of CH, to obtain the FSI random model. Here the main difference with the random model, 

is that Cohen reals are added in limit steps6 of cofinality w, and thus cov(M) = N2 in the resulting 

model as well. The short FSI random model shows the dual results and provides the consistency 

of N1 = non(M) = non(N) < D = N2. 

The eventually different model is the result of an w2-length FSI of Miller's eventually different 

forcing. Eventually different forcing adds eventually different reals and Cohen reals, thus forcing 

non(M) = cov(M) = N2, but it does not add dominating reals or random reals, hence forcing 

cov(N) = b = N1, As with the other FSI constructions, we can get a dual result in the short 

eventually different model, where N1 = non(M) = cov(M) < non(N) = D = N2 holds. 

5 That is, the random algebra given by the product measure over 2>-xw for some>-. (see e.g. [Kunll, §IV.7]). This 

is sometimes called side-by-side random forcing, because the parts of the generic belonging to 2{ a} xw for distinct 

a E >-. are mutually random-generic over each other. 

6 This is a property inherent to FSI. 
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Finally there are the Laver, Mathias and Miller models, which are the results of w2-length CSI 

over a model of CH with the Laver, Mathias or Miller forcing respectively. None of these three 

forcing notions adds random or Cohen reals, hence all three force N1 = cov(N) = cov(M), with 

Laver and Miller also preserving the measure of the set of ground model reals, and thus satisfying 

N1 = non(N) as well. Laver and Mathias forcing both add dominating reals, and therefore we have 

b = N2 in the Laver and Mathias models. Miller forcing on the other hand does not add dominating 

reals, and preserves that the set of ground model reals is comeagre, hence forcing non(M) = N1, 

but it does add unbounded reals, and therefore cl = N2 in the Miller model. 

■-■-·-■-

···1····?·~9-··r 
-□-·-□-□ 

■-■-·-■-

.. .1. ... +.~+ .... J.., 
-□-·-□-□ 

random short random FBI random short FBI random 

D+■-·-■-

1 
: .. 1--: I I 
□+■ 
I : I 

-□-·---=-•-• 
eventually different 

□-□+-·-■-

I I : I I □--:-■ 
1:+ .. 

-□-·-□-;-■ 

short eventually 
different 

D+■-·-■-

1 
: I I J 
=•-• : .. f .... i.... . . ' 

-□-·-□-□ 

D+■-·-■-

1 
: I I I 
=•-• :··f····i··· 

-□-·-□--:-■ 

□-□+-·-■-

I I : I l □--:-■ 

I:+····· 
-□-·-□-□ 

Laver Mathias Miller 

Finally we will mention two models that can be found in [B.J95], but that we will not consider in 

this article. We mention these two models because the involved forcing notions could be interesting 

considerations in the search for suitable forcing notions for the higher Cichon diagram. The first 

model is the Blass-Shelah model, originating from their paper on P-points [BS87], with the rather 

rare property that u < ,s in this model. The second model is the model resulting from a CSI of the 

forcing notion lP''IT'J,g, which is due to Shelah [She92]. This forcing notion adds eventually different 

reals and is ww-bounding, but it adds neither Cohen nor random reals. 

Blass-Bhelah 

3 Vertical separation in the higher Cichon diagram 

In this section we will discuss forcing notions that separate the higher Cichon diagram in a vertical 

direction. For a detailed exposition of the content of this section we refer to [BBFM18] and 
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[Vlu24a]. The generalisation of Cohen, Hechler, localisation and eventually different forcing to 

the higher context are topic of Section 3.1. Since these generalisations are relatively similar to 

the classical ones, we will focus on the differences and leave out details where the reasoning is 

completely analogous. 

Sacks forcing is rather distinct from the abovementioned forcing notions, therefore we will 

discuss its generalisation to the higher context, as well as some relatives of Sacks forcing and the 

separation of localisation numbers, separately in Section 3.2. 

3.1 Higher Cohen, and other <h:+ -cc forcing notions 

The classical forcing notions that can be used to achieve consistency results with a vertical sepa­

ration can all be generalised to the higher context with ease, and indeed behave very similarly. Of 

these, Cohen forcing is the simplest. 

Definition 3.1. We define K-Cohen forcing C" as the set of conditions <"K where t ::::; s ifs <::::; t. 

Alternatively, we may use related spaces, such as <"2 or Sl~" for equivalent forcing notions. 

It is easy to see, under assumption7 that K is regular and K<" = K, that (C" is <K+-cc and 

<K-closed, and thus it preserves cardinals and cofinalities and is <K-distributive. Moreover, the 

same properties can be shown for <K-SP of (C"' and <K-SI is equivalent to <K-SP for (C". Here the 

only non-trivial part is the preservation of <K+ -cc, which uses a higher version of the '6.-system 

Lemma8 and the fact that the set of conditions of (C" is absolute for <K-distributive forcing notions. 

Analogously to the classical case, K-Cohen generics avoid all K-meagre sets coded9 in the ground 

model, which implies that the K++_length <K-SI of (C" forces cov(M") = K++. Meanwhile, if 

{ca I a EK++} is the set of 11:-Cohen generics added by this iteration, then {ca I a< 11:+} is not 

K-meagre, and thus non(M") = K+. Also analogously to the classical case, a K-Cohen generic is 

added by limit stages of cofinality K in a <K-SI of any kind of forcing notions. 

An analogy that fails, is the classical theorem that the FSI of ccc forcing notions is itself a ccc 

forcing notion. In fact, it may fail in a very bad way: it is possible for a <K-SI of length w of 

<K-closed <K+ -cc forcing notions to collapse cardinals, as was implicitly shown by Shelah [She82, 

Appendix, §3]. A simple explicit example has been given by Roslanowski [Ros]. 

This brings us to Hechler, eventually different, and localisation forcing. Each of these classical 

forcing notions is defined as a set of conditions of the form (s, X) wheres is a Cohen condition and 

7Otherwise (i.e. if either 1< is singular or 2-" > 1< for some)..< 1<) cardinals will be collapsed by IC,. 

8 The higher ~-system Lemma needs some assumptions on cardinal arithmetic, which are implied by 1<<1< = 1<. 

See also [Kunll, Lem. III.6.15]. 

9 Naturally, the codes are not reals, but 1<-reals. 
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Xis a real. Furthermore, for any two reals X, X', the conditions (s, X) and (s, X') are compatible, 

hence each of these forcing notions is ccc.10 

We can define higher versions of each of these forcing notions that have conditions ( s, X) where 

s is a K-Cohen condition, and X is a K-real. These higher versions are <K+-cc, since for two K-reals 

X,X' the conditions (s,X) and (s,X') are compatible. For>.< K, let X: K---+ {>.} denote the 

constant function. 

Definition 3.2. We define K-Hechler forcing ]]))" as the set of conditions <"K x "K, ordered by 

(t,g) ::=;llllK (s,f) if and only ifs i;;; t and f(a) ::=; g(a) for all a EK and for each a E dom(t\s) we 

have f(a) ::=; t(a). 

Definition 3.3. We define K-eventually different forcing E" as the set of conditions <"K X LJ>.E" Sl~, 

ordered by (t,1/;) ::=;JEK (s,cp) if and only ifs i;;; t and cp(a) i;;; 1/;(a) for all a EK and for each 

a E dom(t \ s) we have t(a) tj.. cp(a). 

Definition 3.4. Given h E "K, we define K-h-localisation forcing ]L([),c~ as the set of conditions 

{ (o-, cp) E Sl~,c x U>.E,c Sl~ I there is>.< h(dom(o-)) such that cp E Sl~}, 

ordered by ( T, 'I/;) ::=:: i:,.,.,~ ( o-, cp) if and only if o- i;;; T and cp( a) i;;; 1/;( a) for all a E K and for each 

a E dom(r \ o-) we have rp(a) i;;; r(a). 

Of these, both K-Hechler and K-eventually different forcing are (K, <K)-centred and <K-closed, 

and K-h-localisation forcing is (K, <>-)-centred for every >. < K and strategically11 <K-closed. 

It is well-known that FSI of length <2No of o--centred forcing notions is itself o--centred. For 

<K-8I of (K, <K)-centred forcing notions we need to assume a slight strengthening of (K, <K)­

centredness. If lP' = UaE1< Pa is <K-closed and each Pa is <K-centred, then we say lP' has canonical 

bounds if there exists a function F (in the ground model) such that for any descending sequence 

(p1; I ~ E >.) E lP' with>. < Kand Pi; E Pae, we have F((a1; I ~ E >.)) E Kand there is some 

p E PF((ael/;E.\)) such that p ::=; Pl; for all ~ E >.. Let us define lP' to be K-ccb (for centred with 

canonical bounds) if lP' has the above properties. It is not hard to see that the higher forms of 

Hechler and eventually different forcing are K-ccb, assuming K<" = K is regular. 

For K-ccb, it is possible to prove a preservation theorem that generalises the classical preservation 

of o--centredness under FSI of length <2N°. 

10In fact, Hechler and eventually different forcing are O"-centred, and localisation forcing is (No, :S:n)-centred (also 

known as O"-n-linked) for every n E w. 

11 We say IP' is strategically <1e-closed if, for any ).. < 1e, Kitani has a strategy to continue for at least ).. rounds in 

the following game: in each round Kitani moves first, Shiisai second; the first round Kitani must play p~ = llp, any 

other round Kitani must play some condition p~ :S: p~ for all ,; < a; Shiisai responds with a condition p~ :S: p~. 
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Theorem 3.5 ([BBFM18, Lem. 55]). If 1,,<>< = K is regular and lP' = (lP'a,Qa I a E µ) is a <K-Sl 

of length µ < 2>< and lP' a forces that Qa is K-ccb with the canonical bounds existing in V, then lP' is 

(1,,, <K)-centred. 

As a corollary, <K-SI ( of arbitrary length) of K-ccb forcing notions are <K-closed and <1,,+ -cc, 

and thus do not collapse cardinals or cofinalities. The preservation of <K+-cc for localisation forcing 

can be shown by adapting the proof of the above theorem (see e.g. [Vlu24a, Lem. 4.1.20]). 

The <K-SI of length,,,++ of K-Hechler and K-localisation forcing are discussed in [BBFM18], and 

the values of the cardinals of the higher Cichon diagram are summarised below and agree with the 

classical models. One may also consider the 'short' variations of these iterations, where one forces 

with a 1,,+-length <K-SI over a model where b~(E*) = 2"'. Such ground models where b~(E*) = 2"' 

can be obtained using K-localisation forcing. 

In the following abstract depictions of the higher Cichon diagram, □ stands for a cardinal having 

value ,,,+ and ■ for it having value ,,,++. 

■-·-■-

I I 
■-■ 

: I I 
=•-·-■ 

><-localisation 

= ■-·-■-
: I I 
:■-■ 
: I I 

-□--;-·-■ 

K-Hechler 

D+--·-■-
1 : I 
□ ---=-- ■ 
I : I 

-□-·----:-■ 

><-Cohen 

□-·-+■-
I I : 
□-□: 
I I : 

-□-·-□: 

short K-Hechler 

3.2 Higher Sacks forcing & localisation numbers 

□-·-□+-
I I : 
□-□ 
I I 

-□-·-□ 

short ><-localisation 

As we discussed before, in the classical Sacks model every cardinal characteristic of the Cichon 

diagram has value N1. One would therefore expect that in a 1,,-Sacks model all of the cardinal 

characteristics of the higher Cichon diagram have value,,,+_ Although this holds for cof(M,..) (and 

the cardinal characteristics below it), it turns out that the truth of D~(E*) =,,,+depends on the 

choice of h E "'K. 

A higher analogue of Sacks forcing had already been considered in the 70's by Kanamori [Kan80]. 

Definition 3.6 ([Kan80]). Let K-Sacks forcing §,.. be the forcing notion consisting of all splitting 

closed perfect K-trees on <><2, ordered by inclusion. 

Note that the main difference between classical Sacks trees and higher Sacks trees lies in the 

notion of splitting closure of the tree. This is essential to prove that §,.. is <K-closed. To be 

precise, without splitting closure, one could take a condition To i:;:: <"'2 and partition K into, say, 

{Kn In E w} with IKnl = K for each n E w. Then one could define Tn+l as the result of pruning 

Tn such that no a-th splitting node of To is a splitting node of Tn+l for any a E Kn, and clearly 

the descending sequence (Tn I n E w) does not have a lower bound. With the addition of splitting 
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closure, this becomes impossible: if T' ~ T and f E [T'], then { o: E K I f I o: E Split(T) \ Split(T')} 

is nonstationary, and at least one Kn must be stationary. 

In case 2"' = 1,,+ and K is inaccessible, §"' is <K-closed and <1,,++ -cc. Furthermore, §"' admits 

a fusion ordering, and a fusion argument then shows that §"' preserves 1,,+, and hence preserves all 

cofinalities. In fact, fusion can be used to show that these properties are preserved under <:'.1,,-SI of 

length 1,,++, and Kanamori [Kan80] showed that the condition that K is inaccessible can be reduced 

to the assumption that ◊"' holds. 

We can therefore define the 1,,-Sacks model as the result of forcing with a 1,,++ -length <:'.1,,-SI 

of §"' over a model of 2"' = 1,,+ for K inaccessible. In order to compute the size of the cardinal 

characteristics of the higher Cichon diagram, we introduce a higher analogue to the Sacks property. 

Definition 3.7. Let h E "'K. A forcing notion lP' has the (higher) h-Sacks property if for every 

lP'-name j and p E lP' such that p Ir "j : K --+ 1,," there exists an h-slalom ip E Sl~ and q <:'. p such 

that q Ir "j(o:) E ip(o:)" for all Cl: EK. 

It was shown by Brendle, Brooke-Tayler, Friedman, and Montoya [BBFM18, Prop. 65] 12 that 

§"' has the H-Sacks property for HE "'K as long as H(o:) > 1°'21 for almost all o: E K. The point is 

that for such Hand for TE§"' we have I Splita(T)I < H(o:), and thus we may find some T' ~ T 

such that (T')s decides j(o:) for every s E Splita(T'). A fusion argument then completes the proof. 

As a consequence, we see that D: ( E*) = 1,,+ in the 1,,-Sacks model for any such H. 

On the other hand, if h(o:) <::: 1"'21 for stationarily many o: E K, then the above proof strategy 

fails: it is impossible to define an h-slalom ip that witnesses the h-Sacks property for those j defined 

such that for distinct s, s1 E "'2 the cones of the full tree (<"'2) 8 = { t E <"'2 I s ~ t or t ~ s} and 

(<"'2) 8 , force j(o:) to have distinct values. This is because lip(o:)I < h(o:) <::: 2"' for stationarily 

many o:, hence we cannot capture all possible values for j(o:). Here we use that the value of j(o:) 

cannot be decided for a club set of o:'s, since that would contradict the splitting-closure of 1,,-Sacks 

conditions. 

In [BBFM18, Lem. 69] it is shown that the h-Sacks property is preserved under both <:'.1,,-SI 

and <:'.1,,-SP of 1,,-Sacks forcing. Therefore, the value of D~( E*) in the 1,,-Sacks model depends on 

the choice of h E ,,,1,,_ If HE "'K is such that H(o:) > 1°'21 for almost all o: E K and his such that 

h(o:) <::: 1"'21 for a stationary set of o: E K, then we have D:(E*) = 1,,+ < 1,,++ = D~(E*) in the 

K-Sacks model. 

An obvious question is whether it is possible to separate more cardinal characteristics of the 

form D~( E*). The argument described above shows that there is an intimate relation between the 

cardinality of Split a (T) and h( o:), which suggests that more consistency results can be proved if we 

12We note that our definition of h-slalom differs slightly from the definition given in [BBFM18], therefore a "<" 
from our survey may sometimes become a ":S" in [BBFM18]. 
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alter the amount of splitting of the conditions in our forcing. Furthermore, since the preservation 

of h-Sacks properties works not only for iterations13 , but also for products, we might be able 

simultaneously separate multiple cardinals. 

This is indeed possible, and is subject of the author's paper [Vlu24b]. Let us define a forcing 

that acts as an intermediary between K-Sacks forcing, where splitting nodes split into 2 successors, 

and K-Miller forcing, where splitting nodes split into K successors. 

Definition 3.8. Let K-Miller Lite14 forcing MlL~ guided by a function h E "K be the forcing 

notion consisting of all splitting closed perfect K-trees on <"K such that T E MlL~ if and only if 

t E Splita(T) implies that suc(t, T) 2 lh(a)I for every a EK. 

We order MlL~ by T' :ST if and only if T' ~ T and I suc(t, T')I < I suc(t, T)I for all t E Split(T'). 

The additional condition that the cardinality of the set of successors has to decrease when 

extending a condition, implies that the set of successors can only be decreased finitely often. This 

is necessary to prove that the forcing is <K-closed. A similar fusion argument as in the case of 

K-Sacks forcing provides that if K is inaccessible and 2" = K+, then MlL~ preserves cofinalities. 

Similarly to K-Sacks forcing, if h E "Kand HE "Kare such that H(a) > lah(a)I for almost all 

a E K, then MlL~ has the H-Sacks property, and alternatively if g E "K is such that g(a) :S h(a) 

for a stationary set of a's, then there is a MlL~-name for a K-real j that cannot be localised by 

a g-slalom from the ground model. As such, :SK-SI or :SK-SP of MlL~ can be used to prove the 

consistency oU,;[ ( E *) < cl~ ( E *) . 

Stronger yet, it is shown in [Vlu24b, Thm. 2.9] that if K is inaccessible and 2" = K+, (St;. I (EK) 

is a partition 15 of K into stationary sets, and for each ( E K we define 9t;. by 

if a E St;., 

otherwise, 

then for any ,\ : K --+ {µ > K I cf(µ) > K} there exists a :SK-SP of forcing notions of the form MlL~ 

that forces that ()~1; ( E*) = ..\(() for all ( E K. 

We may even separate K+-many cardinal characteristics if we additionally assume◊,., since this 

implies the existence of a family (St;. I ( E K+) of stationary sets such that ISe n Se,I < K for all 

distinct(, t. Such a family of almost disjoint stationary sets can be used in a similar way as above 

to separate localisation numbers, as shown in [Vlu24b, §3]. 

13Note that :S:><-SI cannot increase the value of 2" beyond,.++ without collapsing cardinals, analogous to how CSI 

of cannot increase the continuum beyond N2 . 

14The name was given by Geschke [Ges06], who defined an analogous classical forcing notion. 

15 Any stationary subset of" partitions into ><-many stationary sets by Solovay's theorem (see [Jec03, Thm. 8.10]). 
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Remember that classically all cardinals of the form ilh(E*) are equal for any cofinal h E ww. 

The same does not hold for localisation in bounded spaces IT b = ITnEw b( n) ( endowed with the 

product topology). By defining localisation for bounded spaces, it is possible to separate many 

bounded localisation numbers, as was first done by Goldstern and Shelah [GS93]. Much stronger, 

it is possible to consistently have 2Na distinct values for bounded localisation numbers, as was shown 

by Kellner [Ke108]. This motivates the following question in the higher context. 

Question 3.9 ([Vlu24b, Qst. 4.1]). Is in consistent that there exists a family (ht, I ~ E 21<) of 

functions in "K such that i)~< ( E*) -/= ()~<' ( E*) for all~-/= e? 

Additionally, one could consider the dual cardinals b~( E*). It is not known whether these can 

be consistently different for distinct choices of parameter h. 

Question 3.10 ([BBFM18, Qst. 71]). Is b~(E*) < b~1 (E*) consistent for some h,h' E i<K? 

We will mention that in the bounded classical context, the above question has a positive answer 

and there are even consistently 2N°-many such cardinal characteristics; this was shown by Cardona, 

Klausner, and Mejia [CKM24]. See also [Vlu] for cardinal characteristics on higher bounded spaces. 

4 Horizontal separation in the higher Cichon diagram 

We will now move to forcing notions that classically can be used to prove the consistency of 

separation in a horizontal direction. Although each of the forcing notions can be generalised to a 

certain extent, none of the generalisations have been used successfully to prove the consistency of 

a horizontal separation. 

In Section 4.1, we will discuss a higher forcing notion resembling random forcing, for which it 

is not known how to preserve the "K-bounding property. In Section 4.2 we discuss higher Laver 

and Mathias forcing, and show that such forcing notions will always add K-Cohen generics. In 

Section 4.3 we discuss higher Miller forcing, and show that it will generally also add K-Cohen 

generics. Finally in Section 4.4 we discuss higher eventually different forcing, and describe an open 

problem involving coherent sequences of ultrafilters that needs a solution in order to show the 

preservation of not adding a dominating K-real. 

4.1 Higher random forcing 

In this section we present a brief overview of a higher random forcing for inaccessible cardinals. 

The forcing notion we will discuss has been described by Shelah [Shel 7] to obtain a higher analogue 

for the Lebesgue null ideal N. We refer to [BGS20] for more details on this forcing notion. 
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In order to make a good comparison, let us first define the classical random forcing in terms of 

trees on <w2. Remember that the set of branches [T] of some T <;;; <w2 is a compact subset of w2. 

Definition 4.1. Random forcing 1B is the forcing notion consisting of those T <;;; <w2 such that [T] 

has positive Lebesgue measure, ordered by inclusion. 

For a given T <;;; <w2 we may consider the set Pr of nodes s E <w2 such that s f ( dom( s) - 1) E T 

buts (j. T. Indeed, Tis then the result of pruning <w2 by removing the nodes in Pr. It now follows 

that I:sEPT µ([s]) = I:sEPT 2-dom(s) < 1 if and only if TE 1B. In other words, at every level n of 

T we can only prune a small number of nodes. We may recover the null ideal N from the forcing 

notion 1B using Borel codes16 : letting G be the canonical name for the generic filter on JB, and given 

a Borel set NE B(ww) such that N = Be is the Borel set coded by c E ww (in the ground model), 

we call N a null set if lhlll "n G (j. Be"' then a Borel set N is null if and only if N E N. Because 

every N E N is contained in some Borel N' E N, it follows that the family of Borel null sets ( as 

defined using random forcing) generates the ideal N. 

Remember that a forcing notion lP' is called ww-bounding if for every lP'-name j and p E lP' with 

p II- "j E ww", there exists some g E ww and q ::=; p such that q 11--IP' "j ::=;* g". Random forcing 

is ww-bounding, and it is this property that allows random forcing to change the cardinalities of 

cov(N) and non(N) without affecting the cardinalities of b and (). 

We define "r;,-bounding simply by replacing ww with "r;, in the definition of ww-bounding. For 

some time it was an open question whether there exist suitable forcing notions for the higher context 

that are (strategically) <r;,-closed, <r;,+-cc as well as "r;,-bounding. The subject of this subsection 

is the higher random forcing described by Shelah [Shel 7], and we will see that it is an example of 

such a forcing notion. It should be mentioned that there exist other solutions; in particular, other 

solutions have been proposed in Cohen and Shelah [CS19] and Friedman and Laguzzi [FLl 7]. The 

latter article gives a forcing notion that defines a suitable higher null ideal, but the method has 

the downside of being based on the assumption of ◊ ,,+ (st). Since this assumption implies that 

2" = r;,+, it follows that all cardinal invariants of the proposed higher null ideal are equal to r;,+, 

and therefore it is not useful in our search for independence results separating the Cichon diagram 

horizontally. 

In order to define our forcing notion, we will use the same ideas as described above for the 

classical random forcing. Conditions of r;,-random forcing will be trees on <"2 where only a small 

number of nodes have been pruned from the tree. This notion of smallness is defined recursively 

by considering the A-null ideals generated by A-random forcing for each A< r;,. 

A set S <;;; r;, is nowhere stationary if Sn a is not stationary (in a) for any limit a :::; r;, with 

cf(a) > No. Let yr denote the class of inaccessible cardinals. 

16See for instance [Jec03, Ch. 25] for more details on Borel coding. 
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Definition 4.2 ([BGS20, Def. 1.5.5]). We define Ii-random forcing 17 JIB" and the K-null ideal N"' 
for each K E Y by recursion on K. For every nowhere stationary set S <;;; Y n K and function 

NE IT>.EsN>., we define a tree TN <;;; <"'2 by recursion on the levels of TN: 

• Let 0 E TN. 

• Given a (/. S and s E "'2, we let s E TN if and only ifs 1 ~ E TN for all ~ < a. 

• Given>. ES ands E >-2, we lets E TN if and only ifs(/. N(>.). 

The forcing notion JIB" consists of all cones of trees of the form TN, i.e. trees T <;;; <"'2 such that there 

is N as above ands E TN for which T = (TN)s- We order JIB" by inclusion. We define N"' as the 

ideal generated by all ii-Borel sets Be E B("'K) coded by some CE "'K such that lf-JIBK "n G 1- Be''' 

where G names the JIB"'-generic filter. 

Although JIB" is not <K-closed, it is strategically <K-closed18 and hence <K-distributive. Fur­

thermore, any two conditions with the same stem are easily seen to be compatible and thus JIB" is 

<K+-cc, and in fact it is (K, <>.)-linked for any>.< K. 

By definition, JIB" is defined only for inaccessible K. Let us define I-inaccessible cardinals as 

those KE Y such that K = sup(Y n K). Although JIB" is called K-random forcing, it is not hard to 

see that JIB" is simply equal to ii-Cohen forcing when K is not 1-inaccessible: in this case, Y n K has 

a bound below K, hence so does every nowhere stationary S <;;; Y n K. 

Things get more interesting for I-inaccessible K. First, we can generalise Rothberger's theorem 

[Rot38] (see also [BJ95, Thm. 2.1.6 & 2.1.7]) to the higher context: the K-meagre ideal (on "'2) and 

K-null ideal are orthogonal to each other, in the sense that "'2 can be partitioned into a K-meagre 

and a K-null set. Moreover the classical property that O"-centred forcing notions do not add random 

reals (see [BJ95, Thm. 6.5.30]) generalises for I-inaccessible K. Finally, classically, random forcing 

is ww-bounding, and this generalises to the higher context if K is weakly compact. To summarise: 

Theorem 4.3 ([BGS20, Thm. 5.1.3]). For I-inaccessible K there exist sets A E M"' and B EN"' 

such that A U B = 2"'. Consequently, cov(N"') :<:; non(M"') and cov(M"') :<:; non(N,.J. 

Theorem 4.4 ([BGS20, Lem. 2.3.9]). If K is I-inaccessible and JP' is a <K-distributive (K, <K)­

centred forcing notion, then lP' does not add a JIB"'-generic K-real. 

Theorem 4.5 ([Shel 7, Claim 1.9]). If K is weakly compact, then JIB" is "'K-bounding. 

17Shelah uses the notation IQIK for this forcing notion, and the notation id(IQIK) for the corresponding ideal. I have 

opted for BK and N" in analogy with the classical random forcing. 

18The strategy is to associate to each T E la" a club set E ~ t< disjoint from the nowhere stationary set associated 

with T, where the strategy consists of making sure the stems of a decreasing sequence of conditions have strictly 

increasing domains that lie in the intersection of the club sets. See also [Shel 7, Claim 1.5(3)]. 
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There are differences as well. Fubini's theorem, which states that a set A ~ w2 x w2 does not 

have measure zero if and only if there is a set X ~ w2 of positive measure for which the sections 

Ax= {y E w21 (x,y) EA} have positive measure for every x EX. A higher analogue of Fubini's 

theorem fails for K-null sets: 

Theorem 4.6 ([BGS20, Lem. 4.1.6]). If K is 1-inaccessible, then there exists a set A ~ "'2 x "'2 

such that Ax EN"' and "'2 \ Ax EN"' for every x E "'2, where Ax = {y E "'21 (x,y) EA} and 

Ax= {y E "'21 (y,x) EA}. 

As a corollary, for 1-inaccessible K we have cov(N"') :S non(Ni<)- One might also expect a 

generalisation of add(N) :S add(M) and cof(M) :S cof(N), originally shown by Bartoszynski 

[Bar84] and independently Raisonnier and Stern [RS85]. However, this is an open question: 

Question 4.7 ([BGS20, §5.2]). For Ka large enough cardinal (at least 1-inaccessible), is it provable 

that add(N"') :S add(M"') or cof(M,c) :S cof(N"')? 

There are partial results towards an answer for this question given by [BGS20, Cor. 5.2.11]; if K 

is Mahlo, then add(N"') :S 1',c and b"' :S cof(Ni<), and furthermore, add(N"') :S add(M"') is implied 

by cov(M,J < b"' and dually cof(M,J :S cof(N,c) is implied by 1)" < non(Mi<)- We may summarise 

the higher Cichon diagram as follows for 1-inaccessible K, where the dashed arrows require K to be 

Mahlo: 

Let us now consider consistency results. Since JB" is "K-bounding for weakly compact K, it is 

reasonable to consider JB" in search of the consistency of cov(M"') < b"' and 1)"' < non(M,J. In 

particular, if there is a "K-bounding forcing notion lP' and yll' is an extension by lP' over a model 

of 2" = K+ such that for any subset A ~ ("2) yll' of size K+ there exists some r E ("'2) y P that is 

JB"-generic over V[A], then the forcing extension yll' witnesses that 1)" < cov(N") :S non(M"). 

One idea may be to use a :SK-SI of JB" and show that such an iteration is "K-bounding. The 

classical analogue would be to show that a CSI of "K-bounding forcing notions is "K-bounding, and 

indeed classically this can be done under the assumption that the forcing notions are proper. In 

fact, for many properties one can show that they are preserved by CSI of proper forcing notions 

(see e.g. [Gol93]). 
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In the higher case, such general preservation theorems appear to be false, hence we have the 

following open problem: 

Question 4.8 ([BGS20, Q. 6.10.1]). Under which conditions does an iteration of "'1,,-bounding 

forcing notions remain "'1,,-bounding? Particularly, is the '5c1,,-SJ of IE"' a "'1,,-bounding forcing notion? 

A weaker form of the above question replaces the "'1,,-bounding property with the property of 

not adding a dominating K-real. This weaker question is also open. 

Classically there is a second way to add many mutually generic random reals, namely the 

side-by-side random forcing that is defined using a random algebra generated by a large product 

measure. It is unclear what a higher analogue of such a side-by-side random forcing would look 

like, since the higher random forcing is not defined in terms of measures. Nevertheless, recently 

some progress has been made by Fischer, Goldstern, and Shelah (private communication) towards 

the development of a "'1,,-bounding side-by-side method of adding many mutually generic K-random 

generics. Such a method would indeed imply the consistency of 1)"' < non(M"'). 

4.2 Higher Laver & Mathias forcing 

Classical Laver forcing can be generalised to the higher Baire space in similar ways to how Sacks 

forcing was generalised. We have to take some care with how nodes split in order to assure that 

the forcing is <K-closed. Remember that a node t of a tree T <;;; <"'1,, is an F-splitting node if 

suc(t, T) E F, and that Tis guided by F if every splitting node is an F-splitting node. 

Definition 4.9. Given a family F <;;; [1,,]"', we define K-Laver forcing lL; guided by Fas the forcing 

notion with conditions being limit-closed trees guided by F such that every t E T with stem(T) <::;; t 

is a splitting node. lL; is ordered by inclusion. 

Let us say F <;;; [1,,]"' is <K-complete when any intersection of <K-many elements of Fis contained 

m F. For any <K-complete F, we can see that lL; is <K-closed. If we do not assume <K­

completeness of F, e.g. when we choose F = [1,,]"', then lL; might not even be O"-closed. 19 On the 

other hand, if F is <K-complete, then it is easy to see that for every .C <;;; lL; with I.Cl < K such 

that all T E .C have the same stem, the intersection n .C E lL[, and hence that lL[ is not only 

<K-closed, but also 1,,-ccb. As a consequence, lL[ does not collapse cardinals. 

For the classical Laver model, we iterate Laver forcing with CSI to add N2-many dominating 

reals, resulting in b = N2. Moreover, Laver forcing is proper and has the Laver property, and this 

property is preserved under CSI of proper forcing notions. Since the Laver property implies that 

no Cohen reals are added, we have cov(M) = N1 in the Laver model. 

19If we compare this with 1v-Miller forcing (see section 4.3) guided by some F that is not <K-complete, then 

examples are known where 2~ is collapsed tow. An analogous claim for lL[ seems to be unknown. 
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In the higher context, it is easy to see that K-Laver forcing notions will add dominating K-reals, 

but it may also add a K-Cohen generic. For example, if C is the club filter on K, G is an 1.~-generic 

filter over V and nc = r E K,K is the 1,~-generic K-real, then the map fs E K,2, where fs(a) = 1 if 

and only if r(a) E S for some stationary co-stationary set S ~ K, is a K-Cohen generic. 

Khomskii, Koelbing, Laguzzi, and Wohofsky [KKLW22] proved that 1.: adds a K-Cohen generic 

for any choice of F. In fact, we have the following theorem. Call a tree T ~ <1<1,; a pseudo-Laver 

tree guided by F if for every (3 E Kand s E Lev,e(T) there is a :2': (3 and to E Leva((T)s) with the 

property that suc(t, T) E F for all n E wand t E Leva+n((T)t0). 

Theorem 4.10 ([KKLW22, Thm. 3.5 & 3.7]). If lP' ~ 1,!,"l~ {ordered by inclusion) is such that 

TE lP' implies (T) 8 E lP' for any s ET, then lP' adds a K-Cohen generic. 

If K = 1,;<" and lP' is a forcing notion with conditions being limit-closed pseudo-Laver trees 

T ~ <1<1,; guided by [1,;Ji< {ordered by inclusion) and such that TE lP' implies (T) 8 E lP' for any s ET, 

then lP' adds a K-Cohen generic. 

Note that the above theorem also includes any reasonable form of K-Mathias forcing: 

Definition 4.11. Given a family F ~ [1,;]", we define K-Mathias forcing M: guided by F with 

conditions being pairs (s, A) E [1,;]<" x F for which a< (3 for all a E s and (3 EA. The ordering is 

given by (t,B) :S: (s,A) ifs~ t and tU B ~ s U A. 

Each condition p EM: can be represented by a tree T(p) E 1.:, such that {T(p) Ip EM:} as 

a subset of 1.: is forcing equivalent to Mr Given (s, A) EM:, let us define T = T(s, A): first we 

let (a,; I ~ E 1,;) be the increasing enumeration of s U A and we fix '"Y E K such that s = { a,; I ~ < '"Y }; 

we then defines= stem(T) such that dom(s) = '"Y ands(~) = a,; for each~ E '"Y, and by recursion 

on (3 :::, '"Y, for each t E Lev,e(T) we let t~(a) E T if and only if a = a,; for some ~ :2': (3; finally 

we remember that T is limit-closed, thus we finish the limit step of the recursion by including the 

limits of previously defined nodes. 

We may ask whether it is possible to add any dominating K-reals with a <K-distributive forcing 

notion without also adding a K-Cohen generic. We can get very close to such a result. We will 

need some definitions. If x is a lP'-name and p E lP' are such that p If- "x E i<1,;", then we define 

the interpretation tree 'Ix,p = {s E <i<1,; I :3q :S: p(q If- "s ~ x")}. Given x E "K, let x: K--+ <1<1,; be 

defined as x(a) = X r a, then we say that X strongly dominates f; <1<1,; --t Kif f OX '.S* x. We note 

that if 1,;<i< = K and lP' is <K-distributive and there exists x E (K, K) yll' that dominates all f E (i< K) v, 

then there exists x' E (1<1,;)v" that strongly dominates all f E ((<~1<)1,;) v_ 

Theorem 4.12 ([KKLW22, Lem. 5.3]). Let 1,;<i< = K and lP' be a <K-distributive forcing notion 

with p E lP' and x such that p If- "x strongly dominates all f E ((<~i<) K) v ". If 'Ix,q is limit-closed 

for all q '.Sp, then p If- "There exists a K-Cohen generic over V ". 
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The above theorem can be translated in terms of forcing notions whose conditions are limit­

closed trees, and whose generic 1'-real can be mapped to a dominating 1'-real by a continuous ground 

model function. It appears that the limit-closure of the (interpretation) trees is the main obstacle 

in proving a theorem of full generality linking dominating K-reals to K-Cohen generics, and such a 

general result is unknown. 

Question 4.13 ([KKLW22, Q. 5.1]). Does every <K-closed forcing notion that adds a dominating 

K-real also add a K-Cohen generic? What about <1'-distributive forcing notions? 

We will conclude this section with a classical applications of Laver forcing that is not directly 

related to the Cichon diagram, but nevertheless shows a contrast between cardinal characteristics 

of the classical and higher Baire spaces. 

4.2.1 The Borel Conjecture 

Let us recall that a set X ~ w2 is strong measure zero if for every f E ww there exists a function 

s E ITnEw f(n)2 such that X ~ UnEw[s(n)], and we let SN denote the family of strong measure 

zero sets, which forms a a--ideal. More than a century ago, Borel [Bor19] conjectured that strong 

measure zero sets are countable, that is, SN = [w2]:0:No; a statement now known as the Borel 

Conjecture (BC). Sierpinsky [Sie28] proved that CH implies that BC is false; in fact Rothberger 

showed that -.BC is a consequence of b = ~1 (see [JSW90, Thm. 0.4]). On the other hand, Laver 

[Lav76] introduced Laver forcing and used it to prove the converse: BC is consistent with ZFC. 

Simply replacing w by K, we define K-strong measure zero sets as those sets X ~ "2 such 

that for every f E "1' there exists a function s E ITaE1< f(a)2 such that X ~ UaE;;;[s(a)], thereby 

providing the ~K-complete ideal SN" of K-strong measure zero sets. We may then state the K-Borel 

Conjecture (BC;;;) as the claim that SN;;;= [1<2]:0:1<_ 

It was shown by Halko and Shelah [HS0l] that BC;;; is false for every successor cardinal K = 1'<"'. 

Therefore, if BC"' is consistent for any uncountable K, we need such K to be inaccessible. Similar to 

the classical situation, if G E "'2 is K-Cohen generic over V, then an easy argument by genericity 

tells us that for every f E ("'1')v there is s E (ITaE;;; f(a)2)V[G] such that ("'2)v ~ UaE1<[s(0:)]. 

Consequently, no ~K-SI of cofinality 2:K+ in which K-Cohen generics are added in cofinally many 

steps can force BC"'. Combining this with Theorem 4.10, we see that K-Laver forcing cannot be 

used to provide a model of BC;;;, and thus it will be necessary to develop new techniques to answer 

the following question: 

Question 4.14 ([HSOl, §1]). If K is strongly inaccessible, is BC;;; consistent? 

Finally we mention that Chapman and Schurz [CS] generalised classical forcing techniques 

of Goldstern, Judah, and Shelah [GJS93], and of Corazza [Cor89] to prove the consistency of 
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SN,,,, = ["2]<2~ for 1,, inaccessible. To be precise, only the second method generalising [Cor89] 

yields a proof for all inaccessible K, whereas the generalisation of the method from [GJS93] requires 

that K is weakly compact and remains so under iteration ( e.g. K could be Laver indestructibly 

supercompact). 

4.3 Higher Miller forcing 

Generalisations of Miller forcing have been subject of several papers, such as by Friedman, Honzik, 

and Zdomskyy [FHZ13; FZlO] and Mildenberger and Shelah [MS20; :MS21]. As with Sacks and 

Laver forcing, generalisation of Miller forcing to the uncountable require care with closure properties 

of the splitting levels and the possible sets of successors of splitting nodes. 

Definition 4.15. Let F be a family of sets, then we let 1,,-Miller forcing M n: be the forcing notion 

consisting of all splitting-closed perfect trees guided by F, ordered by inclusion. 

As with K-Laver forcing, we will assume that Fis a <K-complete family of sets, so that Mn: 

is <K-closed. An example of a family F that is not <K-complete is F = [1,,] 1<, but for this choice 

of F it was shown by :Mildenberger and Shelah [MS20] that Mn: will usually collapse 2" to w. 

Particularly, this happens for any regular uncountable K with 1,,<" = K. Similarly, the condition 

that the trees have to be splitting-closed is necessary to guarantee that Mn: is <1,,-closed (for the 

right choice of F), for the same reasons as we discussed for 1,,-Sacks forcing (see Section 3.2). 

In the classical Miller model, we iterate Miller forcing with CSI to add ~2-many unbounded 

reals, which results in a model where D = ~2- Like the classical Laver forcing, the Miller forcing 

also has the Laver property, and thus no Cohen reals are added, implying that cov(M) = ~1 in the 

Miller model. 

We will see that there exist both a higher Laver property and choices of F (relative to a 

measurable cardinal) such that Mn: has the higher Laver property. As in the classical case, forcing 

notions with a higher Laver property do not add K-Cohen generics (see [BBFM18, Prop. 80]). 

Definition 4.16. Let h E "1,, be a function cofinal in K. We say that lP' has the h-Laver property if 

for every p E JP', name j for a K-real and g E "1,, such that p Ir "j :S:* g", there exists an h-slalom 

'P E Sl~ and q :S: p for which q Ir "j E* rp". 

For certain Fit is known that 1,,-Miller forcing does not have the h-Laver property for any h. 

For instance, if C is the club filter on K, then M il~ adds a 1,,-Cohen generic ([BBFM18, Prop. 77]). 

On the other hand, if U is a <K-complete normal ultrafilter on K, then [BBFM18, Prop. 81] shows 

that M iI~ has the h-Laver property for any h E "1,, with h(a) > 2lal for all a E K. 

Naturally we would like to know if the h-Laver property is preserved under iteration. It was 

shown by Mildenberger and Shelah [MS21] that this is not the case, and indeed that the h-Laver 
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property will fail for the CSI of length w, where each iterand is K-Miller forcing guided by a <K­

complete normal ultrafilter. 20 We will conclude our discussion of K-Miller forcing with a slight 

variation of the proof of [MS21, Prop. 5.3] to show that such iteration adds a K-Cohen generic. 

. . -~ . 
Theorem 4.17. Let lP'w = (lP'n, Q)n I n E w) be a CSI with 1P'n If- 'Qn = M ill< n" and Un being a 

lP'n-name for a <K-complete normal ultrafilter on K for each n, then lP'w adds a K-Cohen generic. 

Proof. Let (dn I n E w) enumerate the generic K-Miller reals added by the iterands of lP'w, that 

is, lP' n forces that dn is (Q)n-generic over y!P'n. We first show that there is a dense set 1) c::::; lP' w of 

conditions p E 1) for which there exist Op EK and a sequence (sk I k E w) of elements in °vK such 

that pr k lf---lP'k "stem(p(k)) = Bk" for each k E w. 

Let pg E lP'w and 80 be arbitrary, then we do a recursive construction of length w2. First, given 

n, k E w we choose Pk+l :s; Pk and sk E OnK such that Pk+l r k lf---lP'k "sk c::::; stem(pk+l (k))". Next we 

let p~+l be a condition below pk for all k E w, and we choose some large enough 8n+l 2'. 8n such 

that p~+l r k lf---lP'k "ot(stem(p~+1(k))) :s; 8n+1" for all k E w. Finally we let Op= sup{8n In E w} 

and we define p by recursion on k E w such that p r k lf---lP'k "p(k) = nnEwPS(k)". Then p satisfies 

the condition that pr k lf---lP'k "stem(p(k)) = Bk" for some Sk E °K, namely for Sk = UnEw sk. 

To finish the proof, we fix a partition21 {St It E <1<2} of the stationary set {a EK I cf(a) = w}, 

such that St is stationary for each t E <1<2. We use this to define a sequence oflP'w-names (x0 I a E K) 

as follows: x0 = t if supnEw dn(a) E St, and otherwise we let x0 be arbitrary. Our 11:-Cohen generic 

will be named by x = x0 x1 · · -~ x;; · · ·, i.e. the concatenation of the sequence of names. 

Let p E D, then p decides dn(a) for each a < Op and n E w, hence p decides (x0 I a < 8p)­

A projection from 1) to (C"' is given by mapping p to the concatenation of the values decided for 

(x0 I a E 8p)- To show this is indeed a projection, we use that x0v is undecided by p and that for 

any t E <1<2 there exists q :s; p such that q If- "x0v = i". 

Let (Ma I a E 11:) be a sequence of elementary submodels of Hx for some sufficiently large X 

such that: 

• M 0 E M,a for all a < (3 E 11:, and M, = UaE, M 0 for limit I E 11:. 

• lP',p,8p E Mo, and 

• IMal < K for each a E 11:. 

Define 11:0 = sup(Ma n 11:), then (11:0 I a E 11:) is a club set, hence we can find I E 11: such that 

11:, E St, and a strictly increasing sequence bn I n E w) cofinal in r- Note that K,n E M,n+i for 

20 Note that <!i:-complete ultrafilters only exist for measurable 1,,, and hence we will need to preserve the measura­

bility of 1,, under iteration as well. This is generally hard to do, but we can make sure that mcasurability is preserved, 

by letting 1,, be Laver indestructibly supercompact, see also [Lav78]. 

21 This is possible by Solovay's theorem (see [Jec03, Thm. 8.10]). Note that 1<"21 = 2<" = 1,, by measurability of 1,,. 
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each n. Let qo = p and for each n E w, working in M,n+i, we find a condition qn+l ::; qn and 

f3n 2: "',n such that qn+l In If- "qn+1(n)(op) = fln" (i.e. qn+l In decides dn(o'p) = f3n), and such that 

qn+1(k) = qo(k) for all k > n. Note that this is possible, because qn In If- "ot(stem(qn(n))) = op", 

hence qn r nfr' "qn(n)(op) < )." for any A< K. 

Now working in V, we have K,n ::; f3n < K,n+i, thus SUPnEw f3n = SUPnEw K,n = K, E St, 

Therefore, we may find some q such that q::; qn for all n E w and see that q If- "±0P = t". □ 

4.4 Higher eventually different forcing 

Recall that the classical eventually different forcing lE can be iterated with finite support of length 

w2 over a model of CH to produce a model of b < non(M) = cov(M). Dually, a finite support 

iteration of lE oflength w1 over a model of MA+c = N2 produces a model of non(M) = cov(M) < cl. 

The reason that lE does not affect the values of b and cl, is that lE has a property known22 

as (ultra)filter-linkedness, which implies that no dominating real is added by the forcing notion. 

This property is preserved under iteration, and the preservation theorem can be proved directly, as 

contrasted with preservation theorems that strongly rely on properness. We might therefore expect 

that the theory of filter-linkedness can be generalised the higher Baire space as well. We will show 

in this section that a higher preservation theorem leads to a difficult question regarding coherent 

sequences of ultrafilters. As usual we will assume that K is regular and ,,,,<,. = K in this section. 

Recall from Definition 3.3 that K-eventually different forcing lE,. has conditions ( s, <.p), where 

s E <,.,,,, and <.p E SI~ for some>. < K, with:'\: K---+ {>.} denoting the constant function. We call 

s the stem, <.p the promise, and we let the width of (s, 1.p) be the least >. such that <.pis a :'\-slalom. 

We let Es,>, <;;; lE,. denote the set of conditions with stem s and width >..As we saw in Section 3.1, 

each Es,>. is a K-linked set, and thus lE,. is (K, <K)-centred. 

Definition 4.18 (cf. [BC::.vi:21, Def. 3.1] for ww). Let IP' be a forcing notion, F be a filter on Kand 

let >. 2: K. We make the following definitions. 

1. For p = (Pc, I o: E K) a sequence in IP', let W(p) be a lP'-name for { o: E K I Pa E G}, where G is 

the canonical name for the lP'-generic filter. 

2. We say Q <;;; IP' is F-linked if for any sequence p of conditions in Q of length K, there exists 

q E IP' such that q If- "W(p) E :f+", where F denotes the filter generated by Fin the extension, 

and p+ denotes the family of F-positive sets. 

3. We say IP' is (>., F)-linked if IP'= UaE>. Pa where each Pa is an F-linked subset of IP'. 

22 Although the property is implicit in older work, and shows up in the form of compactness in Miller's [Mi181] 

original study oflE, the terminology ultrafilter-linkedness is due to Brendle, Mejia and Cardona ([Mej19] and [BCM21]). 

The property was also explicitly described in the study of lE in context of Cichon's maximum in [GMS16]. 



142

Lemma 4.19. If U is a <K-complete nonprincipal ultrafilter on K, then lE"' is (K,U)-linked. 

Proof. The U-linkcd subsets of lE"' arc the sets Es,>-. for s E <"'Kand>-.< K. The proof is analogous 

to the classical proof given in [BCM21, Lem. 3.8]. D 

Classical filter-linkedness implies that a forcing notion does not add dominating reals, and 

indeed, this generalises to the higher context. 

Lemma 4.20 (cf. [Mej19, Thm. 3.30] for ww). Let F be a <K-complete nonprincipal filter on K 

and suppose lP' is (>-.,F)-linked for some>-. 2 K, then lP' does not add dominating K-reals. 

In particular, if K is measurable, then lE"' does not add dominating K-reals. We note that we 

do not need K to be measurable, and indeed Miller's [Mil81, §5] original proof that lE does not add 

dominating reals generalises without problems under the assumption that K is weakly compact (see 

e.g. [Vlu24a, §4.3]). 

Below, we will go through the motions of an attempt at proving the preservation of filter­

linkedness for iterations of lE"', and we will settle on an open question that blocks our way to the 

completion of the proof. 

Firstly, since filter-linkedness for lE"' requires the existence of <K-complete nonprincipal ultra­

filters, we will need to preserve that K is measurable. Fortunately lE"' is <K-directed closed, thus 

we can start with K supercompact and do a Laver preparation (see [Lav78]), so that K will remain 

supercompact under <K-support iteration with lE"'. 

Now, to prove the preservation of the (K,U)-linkedness property for iteration of lE"', there are 

three cases to consider: the two-step iteration, the iteration of length t5 for some limit t5 < K, and the 

iteration of length t5 for some limit t5 with cf(J) 2 K. For the two-step iteration and the cf(J) 2 K 

case, the classical preservation proof (see e.g. [Mej19, §5]) can be generalised without problems. 

However, difficulties arise with the case where t5 < K. In order to illustrate this, let us attempt to 

prove the preservation for the case where t5 = w. 

Let lP'w = (lP'a, Qla I a E w) be a <K-SI with Qla a lP'a-name for (lE"')vPa. The set of conditions 

p E lP'w such that p In decides some s E <"'K and>-.< K such that p In If- "p(n) E Es,>." is dense in 

lP'w, where Es,>. is the canonical name for (Es,>-.)v"°' <;;; (JE"')Vp°'. For a function f: w--+ <"'K x K we 

may define the set 

AJ = {p E lP'w I Vn E w(p In If- "p(n) E Ef(n)")}, 

then it is clear that LJ1 AJ is dense in lP'w. We want to claim that AJ is Uo-linked for some <K­

complete nonprincipal ultrafilter Uo in V, thus let p = (pa I a E K) be a K-sequence of conditions 

in AJ. Let us refer to Gas a generic for lP'w, then we define Gn = {p In Ip E G}. As per standard, 

lP'o is the trivial forcing. 
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In the first step, we know that Ef(o) is Uo-linked, thus Wo = W(p) = {a EK I Pa E G1}, as a 

lP'1-name, is forced to be in Ufi by some condition qo E lP'1, where Uo is a lP'1-name for a <K-complete 

filter in V[G1] generated by Uo. Specifically, qo forces that Uo U {Wo} generates a <K-complete 

filter. Since supercompactness is preserved, we can extend Uo U {Wo} in V[G1] to a <K-complete 

ultrafilter U1. 

Like this, we will extend our ultrafilters in each successor step; then the set Ef(n) names a 

Un-linked subset of (JE,,Jv[Gn] for each n E w. Hence, working in V[G], we consecutively have 

constructed a sequence of sets Uo <;;; U1 <;;; U2 <;;; ... such that Un is a <11:-complete V[Gn]-ultrafilter, 

where Un+l extends Un U {Wn}, and Wn is forced in V[Gn] to be a large set (w.r.t. Un) by some 

condition qn. 

In order to complete the preservation at the limit step, we are in search of a way to ensure that 

UnEw Un generates a <K-complete filter, and thus that <K-completeness is not lost. That is, we 

need to carefully choose the conditions qn and the extensions Un+l 2 Un U {Wn} in such a way that 

Uo u nnEw Wn generates a <K-complete filter. 

Question 4.21. In the above construction, does there exist a suitable sequence of conditions qn 

such that Uo u nnEw Wn generates a <11:-complete filter'? 
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