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ANALYSIS OF THE NAVIER-STOKES EQUATIONS
BASED ON GREEN’S FUNCTION TECHNIQUE
M.U.FAROOQ S.KUWABARA
FACULTY OF ENGINEERING,
DEPARTMENT OF APPLIED PHYSICS,
UNIVERSITY OF NAGOYA, NAGOYA

This work describes a novel approach for the numerical calcul-
ations of incompressible viscous flow problems. For the flow
region one can think of a fluid contained between three fixed
walls, while the upper wall moves in its own plane creating
motion into fluid.
In contrast to the usual finite-difference scheme the Navier-
Stokes equations are solved by an iterative-integral scheme
using Green’s function. The solutions for steady problem-stream
function and vorticity are computed for Reynolds numbers 0,2,
4,8,16,32,64 and 100 in a square of side unity for the mesh
size 1/10. Checking with finite-difference was in good
agreement.,
The analytical part of the time dependent Navier-Stokes
equations is formulated in the same fashion as steady case
and are based on the time dependent Green’s function.The
numerical part of it is in the process of computations‘and
satisfactory results are expected.
1. INTRODUCTION

Streaming flows past an obstacle and the

viscous flows occouring inside a closed domain have intensive
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numerical literature based mostly on difference scheme, whereas
integral approach in connection with Green’s function have
received’comperatively little attention.

Many numerical schemes have been developed for solving steady
and unsteady viscous incompressible Navier-Stokes flow
equations for different regions.

The present problem, being of wide interest has been handled
numerically as well as experimentally by several fluid

(1)

dynamicists. Kawaguchi seems to have been the first to

consider these fluld motions numerically.Further contributions
for such kind of steady problem are done by many workersfz)
On the other hand previous studies concerning time dependent
Navier-3tokes equations are due to Simunf3) ,Pearson  , and
Greenspan(B). But most of them are treated numerically by
addopting difference scheme.

Recently R.D.Mills(6> presented the numerical results of the
steady two-dimensional viscous motion within a circular
cylinder generated by the rotation of part of the cylinderwall
for low Reynolds numbers-by applying Iterative-Integral
technique which based on the biharmonic Green’s function. He
compaired and correlated his work to others. Harmonic Green’s
function have been used in viscous flow problems" tbut this
approach still requires the use of finite-difference method for
the solution of the vorticlity equation.

Latest related work on the integral representations approach
for the time dependent viscous flows is supported by J.C.Wu

(8)

& Y.M.Rizk who considered time dependent incompressible viscous
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flows involving two special dimensions past non-rotating
finite solids.

The present work is motivated by initiating a programme of
research with the goal of establishing numerical approach

with better accuracy and less time consumption than other
schemes based totally on integral representations using
Green’s function.

The flow problem which 1s interest of fluld dynamicists,numer-
ical analysts(Kawaguchi, Greenspan), aerodynamicists( Mills)
and laboratory researchers (Ozawa, Pan & Acrivos) is considered
We expect that present work will represent the first successf-
ul approach of the totally integral representations based on -
Green’s function to the time dependent internal viscous flow
problem.

2. FORMULATION OF THE PROBLEM
The physical cofiguration of

the box shape mathematical model sketching in Fig.a consists
of three fixed and one moving wall. The movement of the upper
wall creats motion into the incompressible fluid contained

in it. A cartesian co-ordinate (x,y) system is introduced

with its centre at the lower left corner. The region of physi-

cal interest has dimensions .p and L along x and y-axis

R —
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FUNDAMENTAL EQUATIONS

The familiar unsteady,viscous and incom-~
pressible Navier-Stokes (2.1), (2.2) and continuity equations
(2.3) form a set of three simultanous partial giffeFential
equations in three unknown u,v,and p which could be solved for

many problems.

U U U — L b+ DUW .
-%Ffr'ﬁ'lk :Bscﬂﬂ-l} 1SEF, ‘3\hb \Y/ (2.1)

L SRR, N\ i) S .
€ TUSE AV Eg = ey VU

DN LN (2.3)
x T So=0

The relation between stream function(4)and velocity éomponents
u,v (2.4) plus the definition of vorticity (J0(2.5) as the curl

of the velocity vector are given by,

=W

w oF

T (2.4)
2

w= W 2 (2.5)
The relation bet%een sgégam function and vorticity is obtained

by using (2.4) and (2.5).

V’I(p:-—uo --------------- (2.6)
Introduction of stream function automatically satisfies the
equation of continuity (2.3). The dynamical equation of vortic-
ity (2.7) is established by differenciating (2.1),(2.2) with
respect to y and x respectively, subtracting and using (2.3),

(2.4) and (2.5) /bw _'aLw’w> :W)vi-w
ot LY (2.7)

Whete W _ ov ow _ 2% pw
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The pressure p has been eliminated by this process. For the
present problem on fixed walls the velocity of the fluid
vanishes while on the moving ¢ne 1t 1s prescribed arbitrarily

parallel to itself.

U=o0= UV 0L Ll G0 (2.8a)
W= 0= otde b, X=0-——mmm=- (2.8b)
U=0=2 edeb;, X=w-""""7777" (2.8¢)
U=U U=o osXza, G=h__________ (2.84)

DIMENSIONLESS FORM
For simplicity and convenience all the
quantitles are transformed in dimensionless form since these
are useful in numerical computations. The dimensionless variab-
les (capitals) are defined by taking reference length L and
velocity U of the left and upper wall respectively.
NTX/U 3 Y=4/L 5 V=YWL , v= V/L
A= ofL 5 Y= ¥fGL; W=wl/T
T=t0/L - (2.9)

The dimensionless forms of the vorticity (2.10) and the dynami-

cal equation of vorticity (2.11) are given by,

v?’qu - - (2.10) 5
MWR3T= —dWWY/H(*,Y)= RV W.—z.112)
VL(A)Z "Q B(w,w>/8CX)Y) _(_S_t_e??{_c?_s??_@.llb)

R/’."_ UL/]} is the Reynolds number

The boundary conditions demand that on the fixed walls the

Wheve

normal and tangential gradients of stream function vanish, while

on the moving wall normal gradient is unity.

W=0=2W/OX 05YLl; X=0 s (2.122)
W=0= DQW/OY 0LXEA; Y= 0 oo (2.12D)



89

W=0=DWox  OEYEL S XEA
W=0 pr/aYz.i OEXE A \fzd_ _____ (2.124)

3. STEADY PROBLEM

We initiate with the steady problem. The
region of numerical interest, flow equations and imposed
poundary conditions are sketched in Fig. b. Differential flow

equations in the form of integrals are prepared as the bases

of /c&lr numerical approach.h =» 3“’/0‘(-‘-’
1
Y=ol 2 ,
Lom ] vw=—w =0
v 2 - fGun=—Ro( 24 -
=3 Fig. (b) | A
A =0 8¢ =0

The two-point func. ie Green’s functlon G1(X,Y; X Y) is defined
uniquely by the delta function relation (3.1) and the prescribed

boundary cqg?itions (3.2) in the follow1ng form,
VT RO IR 5 SRR R (2 ——— (3.1)
G, X)) =0 X ,XeTHOT (3

INTEGRAL EXPRESSION FOR ¢ (X,Y) AND w(X,Y)
Starting with the

Green’s identity and substituting §=w(i:f3 and é=Gl(£,;;X,Y)
- ‘ / .-

| §F5-4v dX¥=] ({27 o 25 ds

5 WM on

Right hand side of (3.3) vanishes due to the prescribed
boundary condition (2.12) and (3.2), while the left hand side

using (3.1) and (2.10) yields,

WYY // WK G (K, 0 AN o
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In the similar manner - (3.1),(3.2) and (2.11la) provide

the expression for vorticity.

WE0=-R| W) /264356 b\(mo'&:—rblvw W (pods
6 (€00 /3= V61 (KX e (3.5)

CONSTRUCTION OF GREEN’S FUNCTION (IMAGE METHOD)
In the theory of
7
function there existsfunction f(Z,Z) analytic with respect to Z
7/
except at Z=7Z and whose real part is the required Green’s func.

7 /7
GL(X,Y;X,Y).

/ 7
GL(X,Y3;X,Y)=Re(f(Z,2)) ——mmmmmmmmmeee e (3.6a)
where,
AR e
7=X+1iY and Z=X+iY
) p . . P
As T— 7 01(X,7;%,9)=Re €1/27 Log(2-7)) ——mmmmmemm (3.6D)
s
A Yoy Eaa  C
L ! z [
+ 7
4 / / /
L _Z._4,. ¢
. e L A 'y
a;(, Jo A /:zz;:;z/jl(s 4
I £-%7-2 T
¥ w—
L&A g
k ‘T 1 1 6 /

L2 o &
Consider the basic Eeéion ABbﬂ having a positive charge 7Z and
on which the boundary condition (3.2) is satified. Due to (3.2)
7/ ,
Z is reflected periodically with periods 2A and 2i along real

and imaginary axis respectively. KEEﬁris the periodic region.
Here we introduced elliptic theta function which is doubly
periodic and has paramount importance in numerical calculatioﬁs
due to 1ts rapid convergence. Expression for theta product
(3.7) and periodicity relationships (3.8) are given by,

1/4 L
01(7,q)=24 Sinﬂzg(l-quLSiﬁﬂz+q“) ——————————————— (3.7)



9

iz+t)=0@)
Ol@Z+TD=-M @) (3.8)
Cz):: €CK¥3'(!:T‘.I:) 'z: - CA)zy/CA)\

L

= U (‘__ ?}2’\‘-> wl: Period along real axis
=\ ‘

w?: Period along Imaginary axis

M= §'exp (=241r2)

In terms of theta function the anaézplc functlon £(Z,2') is expressed by,
0,(2- 243
$z2,5)= —L—Qo% & 39‘( D

)G'(f@ (3.9)
The expression for the derlvatlve on %he lef 10a) and lower (3.10b)

walls are obtained by taking real and imaginary parts of the derivative of

£(Z,2') with respect to Z'. On the other walls the sign will be opposite.

G1(%,$) — -D&1 = ’a _ﬁ(z a\ ———————————— (3.10a)
N’ oy~ Z=XEV, Z=S eV
w "267’ R‘L Fre -}6@,2) ——————————— (3.10b)

z %
on Gl CZ-% )9! L%—f% ) ’

Plazy==L 0
«f[,’z’) ‘LT\' 0% @Tz___)@l(z-r{)

~
£(Z,2') is an analytic function of Z! whose real part is also the required
Green’s function.

INTEGRAL EXPRESSION FOR VORTICITY ON THE BOUNDARY

In getting (3.4) the
tangential conditions are satisfied,While the normal conditions will provide

the informations of vorticity on the boundary.

WX)=— //w/\x)&mx \X)ct\xu
12
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"\\}(\X):—- [[a¥x) ﬂ R(( A g i ¥y oL
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5 137 v o ‘on

Un ()= RA(= [ & () Fs€)els

BV
where E(s$)= é%@»*") Wn(¥,8) oK
M’ Y)

A(S) = Hﬂcm’a@'(s»houx
N X)) - l] Y, w)/B(XY) & (XX ) elX

e FLS €)= RALS)=Wn($)= B(S)
IS e (3.11)
In the equation (3.11)F(S,éj and B(S) are kaown and hence

~v I
w(_s)can be computed .
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NUMERICAL PROCEDURE

The integral expressions (3.4), (3.5) and
(3.11) for Y(X,Y), w(X,Y) and‘B?S) respectively are developed
for the numerical calculations of stream function and vorticity
for steady flow inside a square domain.
The following steps include the procedure of calculations.
Stepl

The Green’s function Gl(X,Y;g,fs inside a square with side
unity is computed with mesh size 1/10 for the whole region once
and preserved in four dimensional array except for X=Y=f;§ ( the
singularity behaviour) which required large demands on storage
for all permutations of (X,Y;ii?).”Otherwise, we shouid have to
compute Gl for the whole region in every iteration, which would
lead to large computing times due to sine and log functions.
Step?2

In the same fashion derivatiyof Green’s function and FG%S})
are calculated and preserved.

Step3 \

The integral equations (3.4) and (3.5) are then solvéd
iteratively with due considerationto (3.11) with mesh size 1/10
for Reynolds numbers upto(loo at each mesh point of the square
region of length unity. The region of singularity 1s treated
seperately in (3.4).

Stepl

Numerical results— streamlines and equivorticity curves

are plotted by automatic plotter and are shown for Reynolds

numbers 0,32,64 and 100.

10
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R=64 R=100

STREAMLINES Fig(1l)

RESULTS AND DISCUSSIONS

Streamlines are shown for Reynolds numbers_0,32 -
64 and 100. For low Reynolds numbers symmetric flow pattern is obtained

and the vortex centre is shifted towads right(since the movement was
11
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R=32

e - R=100

Equivorticity curves Fig.(2)
from left to right) as the Reynolds numbers increased. The flow pattern
(streamlines) and the equivorticity curves from this scheme have resemblence
with those obtained by finite-difference method. As a check the same problem
is solved by difference scheme at each mesh point and is found in good

agreement.

12
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I, UNSTEADY PROBLEM

For the next stage attention is directeqd

to unsteady or time dependent problem inside a box and is

h in Fig.(C).
snhown 1in 1g % w—_—o \_\)___o
X‘&w Yy=4
Y=
(V- Yo={R (W)
(v
(®) —>
. Y=o Y=o
Fvg (©) W=o \fWx=0
“3*

Starting with the flow equations (4.12) and (4.13)

v2w(X,Y,t)=—w(X,Y,t) ——————————— (4.12)
(vz_ﬁﬁ)w=-R3(w,w)/8(X,Y) ————————— (4.13)
where, o
£ZR™1T putting in (2.11a)

In formulatihg the present problem the time dependent Green’s
function is defined by (4.14),(4.15)—delta function relations
(4.16)—boundary conditions and (4.17)—time dependent boundary
conditions. Using Green’s theorem (4.19), equations (4.12) and
(4.13) are transformed into integral forms (4.18) and (4.20).
Similar to steady case (4.21) is»repared to compute vorticity

on the boundary.

N o
L;_: V}-i'-aa:c ( adjoint to L2)

Il 2- ’
LigX)=s&-%) (h.11)

Lo &t X,E)= §O¥) (¢~ €) wfeg e

13
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XEDS , XeS+dS
éz.()x t;X,t)=o0 't(‘é -------------- (4.17)
YEO= - ﬁwox ) GIK, %) oLX - j W G dE
= _//wox £) GO LK

_____________ (4.18)
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S (UL Gr—v L) X de = [ (L 2% v 2L Yool
to S o 05 o omn
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WEE) =— /%fffj(«m)@@x €%, ) X dt
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to .
B BTN S 5 J— (4.20)
s ,

) t / A , 7 LY
V== (4600 LR 3968, (s 0 d e
Co

+S (wﬁ D 61@()'5 X, )dsdt- //w@( t.)ﬁ(sx tosxt}u
to 28

# 7 oA /s oo " " y

Yixt)= R ig///:f (Y,0)6,68,X, G 0N XL

14
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5% on |
[ @4 F(SAs stYdsdt =RAlst)-Plst—

= TED (4. 21)

J s

The known functions F(S,t;S,t) and T(S,t) will provide the
-, 7

informations of w(,S;‘be)

In constructing time dependent Green’s function G2 by Reflectiion

method (Fig.d) the following steps are taken into consideration

\& 2Vt KAL)= $ %) slt-E)

(h.22)
Bt ¥ )=0 7€ (4.23)

15




Pundamental solution satisfying conditions (4.22) and (4.23)

4s found to be,

A L, s , . p
EXt;Xt)=-H(£-t) exh (XX T+ LY-\/)"}

4T (€O —4(t-v)
where H(é—t) is the step mmmmmmmmmm oo (4.24)
function. g
p o 17t
| t <t
also, '

P (Xt)=-H () pr[ifd

— — Ll LLLL Lol 2L /,QA,A.)

- 2 * ;

+ Z 4 ’ 2

-+ - =X 7 + cx .

A

T - R

- + o *’K -— x 1
- - e e S e,

1 I [} | X
) 4A ® 0 e‘

Fig.(d)

éz@(; Kt) GzOK—% £ t)—+61L>&+% £-t)
-GZ,QK—% £-t) - G (WX, £-8)

______________________ (4.25)
A
GO =" [ (x+4ade 2me,t)
m o (4.26)
Where,
r o, ’
X=Xel+Ye2 and X=X61+Y62 €1,e, are unit vectors

16
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