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On an Existence Theorem for Quasiperiodic

Differntial-Difference Equations -

M. ‘Kurihara and M. Hiraiwa

Faculty of Engineering, Yamanashi University

0. Introduction
We study a system of nonlinear qua51perlodic dlfferentlal—

dlfference equatlons of the form:

(0.1) MM,' dx(6)=Xlt,x(t), x(6- 1.

Here a function f(t) of a real varlable t is called to be

13
as f(t)=fo(t,t,5----,t) for some continuous function

qua51per19dlc w1th_per10ds wo, w -~---,mm71f_1t is represented

folugsuys

perlods w

-----,um)iperiodic in each u Upstees,u with

0’.71

-oo.-’w

O’ 13 . m'
To investigate the properties of quasiperiodic functions,

M. Urabe[l4] defined psuedoperiodic functions. A function f(t,u)
=f(t,ul,--f--,um) of real variables t and ué(ul@-jfj°,um) is.

called to beApseudoperiodic‘with periods w, and w=(ml,~-fff,wm)

0

if it is perlodlc in each Ugs®*°*°*,U w1th perlods W, g, W
1 o2 m 2 m

and 1n additlon it satlsfles the equallty

l’

Pere e u) =L (b uy g, et )

+
£t wo,u 10,

l,

It is shown [4] that a quasiperiodic function f(t) with periods
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Wyslgs®t st W is represented as f(t)=f(t,0) for some
continuous pseudoperiodic function F(t,u) in t and u=(ul,-----,

um) with periods w, and w=(w ----i,wm); In fact, f(t,u)=f0(t,

0 1’
ul+t,-----,um+t). Moreover the pseudoperiodic function F(t,u)
is shown [5] to be uniquely determined for a quasiperiodic
function f(t). In what follows, f(t,u) is called to be a
continuous pseudoperiodic function corresponding to a gilven
quasiperiodic function f(t).

We associate with the system (0.1) a system of nonlinear

pseudoperiodic differential-difference equations of the form:
d
(0.2) agx(t)=X[t,u,X(t),X(t—T)].

In,this paper we‘prove>fwo main theoreﬁs saying that one
can always assure the eXlstence of an exact quasiperiodic |
solution of the system (0.1) and an exact pseudoperiodic
solutlon of the system (0.2) by checklng several conditions on
‘an obtained approximate solution and further they give a method
to obtain an error bound of the approximate solution. Finally
we giveba numerical example of a system of nonlinear
qua81per10d1c differential-difference equatlons to apply our
main theorems.

The ahaloguous theorems were originally proved by M.'Urabe
[5]1[6][7] for systeﬁs of nonlinearVQuasiperiodic and
pseudoperiodic differential'equations..Affer:him T. Mitsui [2]
completed numerlcal—analytlcal methods of M. Urabe's with
precise a posterlori estlmate and gave some numerlcal examples
for qua81per10dlc dlfferentlal equatlons T

Throughout the paper we assume without any loss of
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generality that w,>0 for 1=0,1,+++++,m and that the reciprocals
of these periods are rationally linearly independent [5].
InASection 1 we define the regularities Qf pseudoperiodic
differential operators and quasiperiodic Qnes.:Further we give
‘theorems concerning Green functions for these operators. In
Sectlon 2 we state our main theorems. In Seétién 3 and 4 we
prove our main theorems by using the facts givén in Sectibn 1.

In Section 5 we give an example to apply our last theorem.

1. Reguiarity of Liﬁéar Différentiai»Systems
Let_A(t,u) be a continupus square matrix pseudoperiodic'in
t and u with periods w

0 and w. Denote by L abpseudoperiodic

différeﬁﬁiai operator of thewform:
(1.1). Ly=3-a(t,uw)y.

| dt
M. Urabe [U4] called the operator L to be regular :if there 1is a
continuous square matrix P(u)=P(ul,-?j-f}pm) periodic in each
Upseeese,u, with periods wl,-----,wﬁ.satisfying'the conditions

as follws:

(1.2) P(u)=P(u)

(1.3) Ut ,wPu)| <k e for £30,
(1.4) JUt,w) [E-P(w) ]| <Ke™°% ror t<0,
(1-5)_ | P(u+QO)U(wO>u)=U(wO:U-)P(u)3

where E is the unit matrix, U(t,u) is the fundamental matrix of

the linear differential system Ly=0 satisfying U(0,u)=E, KO and

0 are some positive numbers and | | denotes any norm.

-3-



38

M. Urabe [4] proved the'follbwihg theorem:

Theorem 1. Suppose that the pseudoperiodic differential
operator L defined by (1.1) is regular. Then L has a Green
function G(t,s,u) with the property

(1;6) Hth,s,u)“iKé_olt-sl

for all t, s and u and for some K>0 and o>0. Here the Green
function 1is given in the form: |

| U(t,w)P(u)U T (s,u) for t>s

G(t,s,u)= -1
-U(t,u)[E-P(u)]U “(s,u) for t<s,

where U(t,u) is the fundamental matrix bf the linear system
L&ib satisfying U(O,u)=E and'P(u) is a matrix in the definition
of regulérity of L; Moreover fof any continuous pseudoperiodic

function f(t,u) with periods w, and w the differential system

0
Lx=f(t,u) has a unique solution x=x(t,u) pseudoperiodic with

periods w, and w and it is given by

0

(o]

(1.7) x(t,u)=J G(t,s,u)f(s,u)ds.

Let A(t) be a square matrix quasiperiodic in t with

periods wy,w;,*****,w and denote by E(t,u) the continuous

l’
pseudoperiodic matrix corresponding to A(t). The gquasiperiodic

differential operator L defined by
Ay
(1.8) Ly=g:-A(t)y

is called to be regular if the‘cbrresponding pseudoperiodic
differential operator L defined by
(1.9) Ly=g¢—A(t,w)y | J

is regular.
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Concerning quasiperiodic differential operators, M. Urabe
[4] also proved the theorem as follows:

Theorem 2. Suppose that the quasiperiodic differential
operator L defined by (1;8) is regular. Then L has a Greeéen
function G(t,s)=G(t,s,0) with the property

(1.10)  Ja(s,s)|<ke -3l

for all t and s for some K>0 and ¢>0, where G(t,s,u) is a Green
function of the pseudoperiodic differential operator E‘
corresponding to L. For any quasiperiodic function f(t) with .

periods Wy oW

AR PT, and it is given by

[e5]

(1.11) X(t)éf G(t,s)f(s)d§5_

—%
It is noted that a quasiperiodic function is almost
periodic [3]. It is seen [7] that a regular quasiperiodic
differential operator L in (1.8) is also regular as an almost
periodic operator. The notion of regularity of almost periodic-
operators was introduced by S. Burd, Ju. S. Kolesov and M. A.:

Krasnosel'skii [1].

2. Main Theorems

We prove the theorem on a system of pséudoperiodic
differéntial—difference equations (0.2) as follows:

Theorem 3. Let D be a bounded domain in N-dimensional
Euclidean space gN with any norm | |. X[t,u,x,y] in (0.2) is
assumed to be a continuous function mapping from the'space
RXRmXDxD into RN, pseudoperiodic in t and u=(ul,--"',um) with
periods w

O‘and w:(ml,'-ii-,wm)ﬁand-Continuously differentiable
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with respect to (x,y) in DxD. Suppose that the system (0.2) has
an approximate solution x=xo(t,u) pseudoperiodic in t and s

with periods w, and w such that xo(t,u) in D for all t and u,

0
dxo(t,u)/dt is continuous of (t,u) in RxR™ and that

(2.1) % (t,wW)=X[t,u,x,(t,u) %y (6-1,u) ]| <r

15
dt
for all t and u. Further suppose that there are a positive
number &§, nonnegative number « aﬁd Y and é continuous matrix
A(t,u) psuedoperiodic in t and u with periods wg and w

satisfying the conditions that the pseudoperiodic differential

operator L defined by (1.1) is regular, D includes DG defined

by

(2.2) D ={x|]x-x,(t,u)| <6 for some (t,u) in RxR"},
(2.3) lelt,u,x,yl-A(t,u)| <x/M

and

(2.1) l¥lt,u,x,y]]<n

for any (t,u) in RxR™ and any (x,y) in Ds*Dg s

(2.5) ~ k+Mu<l and Mr/(l-xk-Mp)<S§.

Here ®[t,u,x,y] and Y[t,u,x,y] are the Jacoblan matrices of the
function X[t,u,x,y] with respect to x and y respectively and
M=2K/0, where K and o are positive numbers in (1.6) for a Green
function G(t,s,u) of L.

Then the given system (0.2) has a uniqﬁe solution x=%(t,u)
pseudoperiodic in t and‘u with periods wy and w lying in DG for
all t and u. Moreover it satisfies the inequality
(2.6) ”X(t,u)—XO(t,u)HiMr/(l—K-Mu)
for all t and u.

We also prove the theorem on a system of quasiperiodic

—-6-
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gifferential-difference equations (0.1) as follows:

Theorem 4. Let D be a bounded closed domain in R" with
“any norm | |. X[t,x,y] in (0.1) is assumed to be a continuous
function mapping from RXDxD into RN quasiperiodic in t with

eriods Ww.,w,,****+,w and the pseudoperiodic function
p 0 m

lﬂ
X[t,u,x,y] corresponding to X[t,x,y] is continuously

differentiable with respect to (x,y) in DxD. Suppose  that the
system (0.1) has an approximate solution x=x0(t) quasiperiodic

in £t with periods WsWyst st ,w such that the continuous

l)
pseudoperiodic function io(t,u) corresponding to xo(t) is
continuously differentiable with respect to t for all t and u,

xo(t) for all t and
(2.7) 5% (8D XL, % (8),x, (6= I <r

for all t. Further suppose that there are a positive humber 6,
nonnegative numbers k and u and a continuous matrix A(t)

quasiperiodic in t with periods wo,w --°--,wm satisfying the

13
conditions that the quasiperiodic'differential operator L
defined by (1.8) is regular, D includes D(S defined by

D5={X["X'Xo(t)”<5 for some t in R},

(2.8) | olt,x,y1-A(t) ] <x/M
and
(2.9) l¥lt,x,y]]<u

for any t in R and any (x,y) in DGXDG’

(2.10) kK+Mu<l and Mr/(l-k-Mu)<S§.

Here o[t,x,y] and ¥[t,x,y] are the Jécobian matrices of the
function X[t,x,y] with respect to x and y respectively and
M=2K/0, where K and ¢ are positive numbers such that a Green

~7-
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function G(t,s,u) of the pseudoperiodic differential operator L
in (1,9).corresponding to L satisfies the inequality

(2.11) HG(t,s,u)“iKe_Git_sl

for all-t, s and u.

Then the given system (0.1) has a unique solution x=%(t) .
quasiperiodic in t with periods wo,wl,-t--o,wm lying in D6 for
all t. Moreover 1t satisfies the inequality
(2.12) [ 2(8)=xy(6)] Qr/ (1-k-Mu)

for all t in R.

3. Proof of Theorem 3

We denote by PC(RXRm,RN) the space of continuous functions
x=x(t?u) pseudoperiodic in t and u wirh periods W and w
mappipg“from R%Rm into RN and define thevnorm

Izl gmmaxt]x(t,w | (£,u) in Rme} | |
for any X=x(f,u) in PC(RXRm,RN). Rewrite the given system (0.2)
in the fbrm: | ‘> o | . |
3.1 (0=, Wx(0)+5(5,u5%)
where |
f(t,u;x)=X[t,u,x(t,u),X(t—T,g)]—A(t,u)x(t,u).
For the given approximate solution x=xo(t,u) we put

(3.2) T (6,u) =Xl t,u,x, (6 ,u) %, (6-7,u) T+h(t,u) .

Note that h(t,u) belongs to PC(RXRm,RN) and that
(3.3) In(t,uw)|<r
for any (t,u) in RxR™ by (2.1). The equality (3.2) can be

rewritten in the forms of (3.1) as follows: °

-8- |
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v d .
(3.4) agxo(t,u)=A(t,u)xO(t,u)+f(t,u;xo)+h(t,u).

Note that f(t,u;xo) is in PC(RXRm,RN). Applying Theorem 1 to
thevsystem (3.4), we have

[oo]

(3.5) xo(t,u)=J G(t,s,u)[f(s,u;x,)+h(s,u)lds,

where G(t,s,u) is a Green function for the pseudoperiodic
differential operator L.
To seek an exact pseudoperiodic solution of the system

(0.2), we consider the iterative process
(3.6) xn+1(t,u?=J G(t,s,u)f(s,u;xn)ds

for n=0,1,2,¢+-++. We can prove that the above process can be

continued infinitely in the space PC(RXRm,RN) and that

(3.7) | ” Xn+l—xl’1” Ci(K+MU)n|l Xl_xouc
and
(3.8)  fxpq-x ]

for n=0,1,2,+++++, In fact, for n=0 (3.7) is evident. Since
xl(t,u)=J G(t,s,u)f(s,u;xo)ds,‘

it follows from (3.5) that

el

Xl(t,u)—xo(t,u)=—j G(t,s,u)h(s,u)ds.

— OO

Then by (1.6), (3.3) and (2.5) we have

(3.9) Hxl—xOﬂC§Mri(l—K—Mu)d<6.

This proves (3.8) for n=0. To prove our statement by induction,

let us assume that the iterative process (3.6) has been

-0-
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continued up to n-1 and that we have obtained (3.7) and (3.8)

up to n-1. We can make xn+l(t,u) by the relation (3.6). Then

(3.10) (t,u)—xn(t,u)

Xn+l
=f G(t,s,u){X[s,u,xn(s,u),xn(s—T,u)]

-X[s,u,xn_l(s,u),xn_l(s—T,u)]

—A(s,u)[xn(s,u)—xn_l(s,u)]}ds

7 as.s.w [t 8 (s,u),x5( )]
=) ,8,U ; s,u,x_(s,u),x (s-t,u

—A(s,u)}[xn(s,u)—xn_l(s,u)]deds

1 0 0
W[s,u,xn(s,u),xn(s—T,u)]

+Iin(t,s,u)Jo

XExn(s—T,u)-xn_l(s—T,u)]deds,
where
0 -
xn(t,u)—xn_l(t,u)+e[xn(t,u)—xn_l(t,u)]
for 0<6<1. It follows from (1.6), (2.3) and (2.4) that

2Kk
(3.11) ”Xn+l_xn"Ci—E(M+U)"Xn_Xn—l“C=(K+Mu)uxn_xn—luc'

This implies the relation (3.7) by the assumption of induction.

Moreover it follows that

n
(3.12) Hxn+l—xonC;iZO(K+Mu)onl—X0ﬂC;[l/(l—K—Mu)]Hxl—xOHC

<Mr/(1l-k-Mu)<§.
This proves (3.8).
'Theh we obtain an infinite sequence {xn(t,u)} in the space

PC(RXRm;RN) by thelitefative process (3.6). It is easily seen

-10-
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from (3.7) and (2.5) that the sequence {xn(t,u)} is uniformly
convergent to a function X(t,u) in PC(RXRm,RN). Further letting
n to infinity in (3.12) and (3.6), we have (2.6) and

i(t,u)=J G(t,s,u)f(s,u;&)ds,

which implies that d&(t,u)/dt=A(t,u)R(t,u)+f(t,u3R)=X{t,u,
2(t,u),&(t-1t,u)]. Thus x=X(t,u) is our desired solution in
PC(RXRm,RN) of the system (0.2) lying in Ds for any (t,u) in
RxR" and satisfying (2.6).

In order to prove the uniqueness‘of pseudoperiodic
solutions of the system (0.2), we consider another solution
x=%'(t,u) in the space PC(RXRm,RN) of the system (0.2) lying in

D. for any (t,u) in RxR™. Then we have dg'(t,u)/dt=xX{t,u,

$
' (t,u),&'"(t=-t,u)]=A(t,u)&"(t,u)+f(t,u3;8"), which implies

2'(t,u)=J G(t,s,u)f(s,u,%")ds.

Using the relations (1.6), (2.3) and (2.4), we have

(3.13)  [2-27] < Certn ] 22"

by the same arguments as those in proceeding from (3.10) to
(3.11). It follows from (2.5) and (3.13) that nﬁ—ﬁ'uc=o. This
proves the uniqueness of pseudoperiodic solutions of the system

(0.2) lying in D, for all t.

§

by, Proof of Theorem 4

At first we use for the proof of Theorem 4 the following

lemma proved by M. Urabe [5].

Lemma. Let £ (t) (i=1,2,+++++,n) be arbitrary functions

. -11-
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quasiperiodic in t with periods w °----,wm and fi(t,u)=

0°%1>
fi(t,ul,u2,----',um) (i=1,2,*+++*,n) be continuous
pseudoperiodic functions corresponding to fi(t) respectively.
Then for arbitrary t and u to any positive number € corresponds
a number & such that ”?i(t,u)—fi(i)ﬂ<a (i=1,2,¢+++,n).

Now we are in a position to prove Theorem 4. Let io(t,u)
be the continuous pseudoperiodic function corresponding to
Xo(t). Then by Lemma for arbitrary t and u to any positivé

number e corresponds a number & such that

(h.1) Hio(t,u)—xo(g)n<€.

Since xo(t) is in D for all t, io(t,u) is in'5=D for all t and
u, where D is the closure of D. Let X[t,u,x,y] be the
continuous function pseudoperiodic in t with periods wy and w=
(wl,---~-,wm) corresponding to X[t,x,y]. The function
dio(t,u)/dt—i[t,u,io(t,u),Eo(t—T,u)] is continuous and

pseudoperiodic in t and u with periods w, and w=(wl,-----,w

0 m) .
Therefore by Lemma for arbitrary t and u to any positive number
e corresponds a number & such that

(4.2) | {5558 (6,0 =Rt ,u, % (£,u) , %, (6-7,u) 13
(500 (6) XL,k (£), % (6= 13 _ | <e.
Then by the assumption (2.7) it follows that

(4.3)

145, (5w =KLt ,u, %y (5,u) Ko (b-,u) I <re.

Since € is arbitrary, letting € to +0 in (4.3), we have

(4.4) Xy (t,u)-X0t,u, % (t,u), X (t-1,u) ]| <r

=
dt

for any (t,u) in RxR™.

~12-~
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Consider x such that
(4.5) | x-x (t,u)“<6.>
Then there is a pos1t1ve number 61<o such that
(4.6) Hx X, (t, u)u<6 <6
Let € be an arbitrary positive number such that
(4.7) 0<e<6- 6 |
Since x (t,u) is continuous and pseudoperlodlc in ¢ and u w1th
periods wo and W, by Lemmma, there is a number g such that |
[x,(t,u)-x, (E)ﬂ<€. Then by (4.6) and (H 7) we have Hx -x (E)"<6
It follows from the assumptlons of Theorem 4 that
- (4.8) | ={x:]x-x X, (t u) | <s for some t and u} in D.

Let @[t u,x,y] and ¥[t,u,x,y] be the Jacoblan matrices
with respect to x and y respectively. Moreover let A(t u) be
the continuous pseudoperlodlc matrlx correspondlng to A(t)
Lemma for any positive number € satlsfylnf (4 ) there ex1sts:a
number £ such that Hx (t,u)-x (E)H<e, | {%[t,u,x,y]-A(t,u)} |
-{o[&,x,y]1-A(E) Y| <e and |¥[t,u,x,y]-¥[&,x,y]|<e. Then for any x
satlsfylng (4.6) we have | x-x (E)H<6 By the assumptlons (2. 8)
and (2.9) we obtain H@[t u x,y] A(t, u)ﬂ<(K/M)+€ and
ﬂW[t,u,X,y]ﬂ<u+€. Since € is an arbitrary pos1t1ve number
satisfying (4.7), letting € to +b, we have
(4.9) 130t ,u,x,y]-E(t,u) | 2x/M
(4.10) 1906, u,x, 7] 2u.

This proves that (4 9) and (4. 10) are Valld for any (t, u) in
RxR" and (x, y) in DxDs.
By (4.4), (4.8), (4.9) and (4 10) we see that all the

conditions of Theorem 3 are fulfilled for the pseudoperiodic

-13-
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differential system

(4.11)  Sex(£)=X[t,u,x(t),x(t-1) 1.

Hence by Theorem 3'it 1s seen that the éysfem'(M.li) has é.
solution X=§(t,u) pseudoperiodic in ¢t and u with ﬁeriods wb'ahd
w such that o |

(h.12) | x-x <Mr/(l -K= Mu)<6

%oll o2
Put &(t)=x(%t, O) Then x= X(t) is a solution of the system (0 1)
qua51per10d1c in t with periods wo,w ;F---,wmi It follows from

(M 12) that ”x x| <Mr/(1- K—Mu), which implies (2.12).

ol o=

It now remains to prove the unlqueness of qua51per10dlc
solutions. Let X—ﬁ(t) be an arbltrary Solutlon of the system
(0. l) qua51per10dlc in t with perlods wo,w

l"..";wm lying in

D, for all t. Then we have dR(t)/dt=X[t,8(t),8(t—-1)]=A(t)R(t)+

)
{(X[t,%(t),%(t-1)1-A(t)2(t)}. By Theorem 2 for the regular

operator L we have
(4.13)  #(6)=] 6(6,8) (KI5, R(s),2(5-0) 1-A(5)R(s) }ds.

Supposebthat the system (0.1) has two solﬁtions'x=§(t) and

x=8'(t) quasiperiodic in t with periods g5 ----4,wm lying in

1,

Dy for all t. Then we also obtain

(4.14) 2'(t)=f G(t,s){X[s,8'(s),&'(s-1)]-A(s)R' (s)}as.
Making use of the same arguments as those in proceeding from

(3.10) to (3.11) for the relatlons (4.13) and (4 14) and notlng

the assumptions (2.11), (2.7) and (2.8), we have
(4.15) Hﬁ—ﬁ'"C;(ZK/o)(K/M+u)H2-2'HC;(K+MU)HX—X'HC.

It follows from (2.10) and (4.15) that Hﬁ—ﬁ'nc=0. This proves

~1h-
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the unilqueness of quasiperiodic‘solutionS'and.thus completes

the proof of Theorem 4.

5.  An Example

In order to apply Theorem 4 ‘we. glve an example 1ntroduced
and computed by M lealwa [8]. pons;der a system of
differentlal-dlfference equatlonsfof tbe‘form:

dt l(t) X (t)

(5.1) ;

gt 2(t) =fcost+s cos/2t 2x, (t) gx (£)+73x, (t- 1)°
The}right membgriof”(S.l) denotes X[téx(t),x(t—l)] forix(t)=
(xl(t),x2(t));{Thé'function X[égx?yj is smooth of (t,x,y) in
RxRZsz and_guaéipérEOdic in tvwith,beripds 27 and éﬂ//gleote
that the function. . 7

X5

(5.2) X[t u X,y]‘ 2

1 1
Ecost+§cos/2(u+t) 2x1 8 > 16y1

is the pseudoperiodic one corresponding to X[t,x,y]iA~A

By using the Galerkin's procedure and éaerihg‘Oﬁt”by a
digitél éomputer;’wé can obtain an approximate solution of the
system (5.1) of the form x o(t)= (x (£),dx; (t)/dt) ‘Here Xg(t)='

T (t t) and

(5. T sU,) = { ( R )+B n(p, )}
3) l(ul u2) !p‘Zu upéos p,v,u sin p v u

where p=(pl,p2) is a pair of integers with lp|=|pi[+lp2|,
(p,v,u)=plvlul+p2v2u2 for vl=l and v2=/§. Tﬁe’coefflclents up
and Bp in (5.3) are computed as indicated in Table. It is noted
that the function xg(t) is quasiperiodic with periods 27 and

-15-
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Table. The coefficients of Tg(ul,uz)

o

PO HFDHOK OO
NA N e e e N N N S S N

N HO
N N N N

A Y Y " I Y I ¥ ] L R I I I B " e VR T I Y ]

Hhow W
NN
|

PN ANN AN AR AN AN AN AN ANTN NN N NN AN N N N N
I
WNOHOHMNMDWEMNDHFOHFMNDW HFOHMNDOHO

jos}
]

.6693911E-06

2m/v2 and ig(t,u)=Tg(t,t+u)_is the pseudoperiodic function

corresponding to xg(t)

Denote that Hx(t)u=max{|xl(t)|,|x2(t)|} for any function

X(t)=(xl(t),x2(t)). For the obtained approximation xo(t) the

p

.3795834E+00
.1574205E-01
.5606771E-02
. L4749099E-04
.1342754E-04
.1948652E-05
.2778561E-03
.L0266L6E-0T
.1739084E-07
.2720843E-07
L4795622E-07
.ZE6%865E-0
.2413022E-0
.9457390E-09
.1770202E-09
.2757679E-09
.1413319E-07
.3151296E-08
.2259874E-07
.6152877E-08
.4286024E-07

b

-.6167170E-01
.1574205E-01
.2953473E-01
.5606771E-02
.3961999E-04
.4749099E~-0L
.5281227E-05
.1342254E-04
.1967783E-08
.1948652E-05
.g;;guézE—ou
. 561E-03
.1037135E-07
.4026646E-07
.9750039E-08
.1739084E-07
.1704890E-08
.2720843E-07
.14391073E-07
.4795622E-07

.4736636E+00

positive number r in (2.6) and w satisfying

(5.1) max{nxo(t)uz

are also computed as indicated in Table.

The Jacobian matrices of X[t,x,y] with respect to x and y

t in Rlzw

are derived in the forms:

‘ 0
(5.5) ®[t,x,y]4: ,

and

1]
-1/8)

. =16~



81

0 Q
(5.6) ¥lt,x,yl=
yl/8 0

We"éhoose a matrix A(t) in the assumptions of Theorem 4
as follows:
_ 0 0
(5.7) A(t)=A(t,u)= >
-2 =1/8
~which is quasiperiodic and pseudoperiodic. The fundamental
matrix U(t,u) with U(0,u)=E (the unit matrix) of the linear
system-

(5.8)  Ly=S¥-A(t,u)y=0

is given in the form:

cosAt+(1/8A)sinAt (1/A)sin)t-
U(t,u)=e—(l/8)t

-(2/A)sinxt - cosAt—(1/8X1)sinit
where A=/2-(1/64). If we choose P(u)=E, the axioms (1.2)-(1.5)
are fulfilled. Hence, the pseudoperiodic¢ differential operator
L in (5.8) is regular. Therefore the quasiperiodic differential
operator L -defined by Ly=dy/dt-A(t)y is regular. A Green
function G(t,s,u) of the operator L is given as follows:

_ U(t-s) for t>s

G(t,s,u)=

0 . for t<s

and hence |G(t,s,u)|<Kexp[-(1/8)|t-s]|],. where K=v2(v/2+1)/X.

For any x in D6 defined in the assumptions of Theorem’ 4 we
have |x|<8+[x,(t)[<é+w by (5.4) and thus lvlt,x,yll= (1/8)|yl|<
(8+w)/8. The inequality (2.8) automatically holds. In order: for
all assumptions-of Theorem Y4 concerning the system-(5.1) to be
fulfilled, it is sufficient that we choose k=0, p=(8+w)/8 and a

positive number § satisfying the relations (2.10),; that are,
-17-
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(5.9) M(8+w)/8<1 and Mr/[1-M(8+w)/81<8,

where

(5.10) M=2K/(1/8)=16v2(vV2+1)/A.’

6 so as to satisfy the-

Actually we can choose 6=H.176844X10_
relations (5.9) and (5.10). :

Hence it is concluded byATheorem;M that there exists
uniquely an exact solution x=§(t)=(ﬁl(t)522(t)) of the system
(5.1) quasiperiodic with periods 27 and 2n/v2 lying in D6 for
all t and it satisfies the error estimation of the form:

|%(6)-xq ()] <6=h.176844x107°0.
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