LONG-TIME ASYMPTOTICS OF THE DAMPED NONLINEAR

KLEIN-GORDON EQUATION WITH A DELTA POTENTIAL
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ABSTRACT. We consider the damped nonlinear Klein-Gordon equation with a
delta potential:
A2u — 02u + 2adpu 4+ u — ydou — [uPTlu =0, (t,z) € R x R,

where p > 1, @ > 0, v < 2, and dp = dp(z) denotes the Dirac delta with the
mass at the origin. When v = 0, Cote, Martel and Yuan [8] proved that any
global solution either converges to 0 or to the sum of K > 1 decoupled solitary
waves which have alternative signs. In this paper, we first prove that any
global solution either converges to 0 or to the sum of K > 1 decoupled solitary
waves. We then construct a single solitary wave solution that moves away from
the origin when v < 0 and construct an even 2-solitary wave solution when
v < —2. Last we give single solitary wave solutions and even 2-solitary wave
solutions an upper bound for the distance between the origin and the solitary
wave.
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1. INTRODUCTION

1.1. Setting of the problem. We consider the following damped nonlinear Klein-
Gordon equation with a delta potential:

{at?u — D2u+ 200 +u—ySou— f(u) =0, (t,z) €RxR, (DNKG)

(u(ov x)a 6{“(0, Jﬁ)) = (Uo(.]j), U1 (Jﬁ)) €H,
where H = HY(R) x L*(R), f(u) = [u[P"tu, p > 1, @ > 0, v < 2, and §y = do(z)
denotes the Dirac delta with the mass at the origin. The singular term in (DNKG)

should be interpreted in the sense of distributions. Then, the equation (DNKG)
enjoys several invariances:

u(t,x) — —ul(t, ),

u(t,z) — u(t, —x). (1.1)
(DNKG) also rewrites as a first order system for (u,v) € H
d (u 0 1 U 0
i (2) = (=t 220) () ()
To give the formulation of a formal expression
(- tsssy —20)
02 —1+~6 —2a)’
we define the operator A as
A= (5‘30 1 ;a> ’
with domain
D = {(u,v) € H** x H' : 4/(0%) =/ (07) = —yu(0)} C H, (1.2)

where
H** = HY(R)n H*(R\ {0}).

A generates a strongly continuous semigroup on H, which allows us to establish the
local well-posedness of (DNKG). We will show it in Section 2. Moreover defining
the energy of a solution @ = (u, O;u) by

B(@(0) = 5 (170~ 2fult,0) =~ lu(o)E

it holds

B, (ii(ts)) — B, (i(t1)) = ~2a / o]zt (L3)

t1
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When v = 0, it is well-known that up to sign and translation, the only stationary
solution of (DNKG) is (Q,0), where @ is the explicit ground state

1

_ p+1
@) = <2€OSh2 (pzlx)> ’

which solves the equation
Q"—Q+Q"=0 on R
(see [36]). From the expression of () , we obtain for |z| > 1

X
v, [+ e

< eplel, (1.4)
||

Q(x) — cqe™ !

where ¢cg = (2p+ 2)?%1 When v =0 and p > 2, it is proved in [8] that any global
solution either converges to 0 or to the sum of K > 1 decoupled solitary waves which
have alternative signs, namely for any global solution @ € C([0,00), H) of (DNKG)
there exist K > 0,0 = +1 and functions zj : [0,00) — R for all k =1,..., K such
that

t—o0

K
lim (U(t) —0 > (=D*Q( = zk(®))llur + ||<9tu(t)||L2> =0,
k=1 (1.5)
lim (zg41(t) — 2x(t)) = 00 for k=1,2,..., K — 1.

t—o0

Remark 1.1. If K =0 then the terms Z,f:l are 0.

On the other hand, when v # 0, there may exist a solution of (DNKG) whose
asymptotic behavior is different from the v = 0 case thanks to the potential-soliton
repulsion(or attraction). In fact, when + satisfies |y| < 2 and v # 0, the positive
stationary solution of (DNKG) is (Q,0), where @ is

Q. () Pl
T) = ,
K 2cosh” (257 || + tanh™'(3))
which is the solution of
QY — Qy +700Q + Q% = 0. (1.6)

Its asymptotic behavior is different from (1.5).

1.2. Main results. We are interested in the long-time asymptotic behavior of
global solutions of (DNKG). When v # 0, it is difficult to describe precisely
the asymptotic behavior as t — oo of all global solutions of (DNKG) as in [§]
because the potential-soliton repulsion (or attraction) is delicate. However, using
the concentration-compactness arguments we obtain the soliton resolution as the
following:

Theorem 1.1. When v # 0, for any global solution @ of (DNKG), there exist
K > 0, signs o9 = 0,x1, op = £1 for any k € {1,2,...,K}, and functions
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2k [0,00) = R for any k € {1,2,..., K} such that

K
Jimn <Ilu<t> = 00Qy = D_ ok Q- = = (®) |l + ||atu<t>|L2> =0,
k=1

tlim (zk41(t) — zk(t)) =00 fork=1,..., K — 1, (1.7)

tl_1>11(30|zk(t)| =oo fork=1,..., K.

Remark 1.2. When oy = 0 and K = 0, ¢ converges exponentially to 0 in H as
t — 0o. We explained further in Section 4.2.

Remark 1.3. If v < -2, we may assume oy = 0 because (), does not exist.

Theorem 1.1 implies that (1.7) exhausts all solutions in the energy space. On
the other hand, it is difficult to determine signs (o%)o<kr<k in (1.7). For example,
we do not know whether there exists a global solution # of (DNKG) satisfying (1.7)
with K = 3 and (09, 01,02,03) = (0,1,1,—1). This is due to the potential-soliton
repulsion (attraction). When v = 0, we only consider the interaction between
solitary waves, and (1.5) exhausts all solutions. On the other hand, when v # 0 we
need to reveal whether the interaction between solitary waves is stronger than the
potential-soliton repulsion (attraction). However, the potential-soliton repulsion
(attraction) is delicate and prevents the determination of signs of solitary waves.

Remark 1.4. From [8] and (1.2), for any K € N and o = +1 there exist functions
2k :[0,00) > R for k =1,2,..., K and an odd global solution @ € C([0,0),H) of
(DNKG) such that

Jim (llu(t) ~ 0 QU #k(0) ~ Q-+ =10}l + ||5tu(t)||L2> —0,
k=1

lim zi(t) = 0o for k=1,2,...,K,

t—o00

tli)m (zh41(t) — zx(t)) =00 for k=1,2,..., K — 1.

As mentioned previously, it is difficult to determine signs (ox)o<r<x of (1.7).
On the other hand, when (1.7) with 0o =0, K =1 and v < 0 or (1.7) with ¢ =0,
K = 2 and v < —2 we construct a global solution whose asymptotic behavior is
different from (1.5). To establish the next result, we define a solution as follows:

Definition 1.1. (1) A solution @ of (DNKG) is called a single solitary wave

if there exist a sign o = +1 and a function z : [0,00) — R such that
Jim (u(t) ~ 0Q( — 2() s + [Ou(®)]12) = 0,
tlggo |2(t)| = oo.

(1.8)

(2) A solution @ of (DNKG) is called an even 2-solitary wave if @ is even and
there exist a sign ¢ = +1 and a function z : [0,00) — R such that

Tim (Ju(t) = o(Q(: — (1) + Q- + =) s + |9u(t)12) = 0,
tlirrolo z(t) = oo.

(1.9)

Remark 1.5. When v = 0, a solution @ of (DNKG) satisfying (1.5) with K =1
converges to the stationary solution +Q(- —y) for some y € R as t — co. However,
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when v < 0, a solution # of (DNKG) is effected the delta potential, and +@) cannot
stay. Therefore, we define a single solitary wave as described above.

Then, our main result is described as follows.

Theorem 1.2. (1) If v <0, there exists a single solitary wave of (DNKG).
(2) If v < —2, there exists an even 2-solitary wave of (DNKG).

A single solitary wave behaves asymptotically as t — co as @@ moves away from
the origin. Furthermore, an even 2-solitary wave converges to the sum of two
decoupled solitary waves which have same signs. This implies the potential-soliton
repulsion is stronger than the soliton-soliton attraction. Our main result is that if
a solution % of (DNKGQG) is a single solitary wave or an even 2-solitary wave, the
distance between the center of the solitary wave and the origin has an upper bound.

Theorem 1.3. (1) Let v < 0 and p > 2. If a global solution @ is a single
solitary wave, then we have

1
|z(t)] — 3 logt < 1.

(2) Lety <0 andp > 2. If a global solution @ is an even 2-solitary wave, then
we have

1
z(t) — 3 logt < 1.

Remark 1.6. When —2 < v < 0, we do not know whether there exists an even
2-solitary wave. However, if there exists an even 2-solitary wave of (DNKG), the
distance between two solitons is estimated.

1.3. Previous results. There has been intensive study on global behavior of gen-
eral (large) solutions for the nonlinear dispersive equations, where the guiding prin-
ciple is the soliton resolution conjecture, which claims that generic global solutions
are asymptotic to superposition of solitary waves for large time. In particular,
the conjecture has been studied for the energy-critical wave equation. We refer to
[15, 31], in which the conjecture is proven for all radial solutions in space dimension
N > 3. Historically we refer to [6, 13, 15, 16], the conjecture has been proved in
space dimension N = 3,5,7,... or N = 4,6 using the method of channels.

In recent years, Jendrej and Lawrie [31] proved the conjecture in space dimension
N > 4 using a novel argument based on the analysis of collision intervals. Similar
results regarding the conjecture have been obtained in the case with a potential
[33, 39], with a damping term [22], as well as for the wave maps [14, 29], for the
heat equation [2], all under some rotational symmetry.

On the other hand, the conjecture is widely open for the nonlinear Klein-Gordon
equation, namely the & = 0 and v = 0 case. Nakanishi and Schlag [43] have proved
the conjecture as long as the energy of the solution is not much larger than the
ground state energy in space dimension N = 3.

For the damped nonlinear Klein-Gordon equation, namely the v = 0 case, the
energy decay (1.3) makes the analysis simpler than the undamped case. Historically,
Keller [34] constructed stable and unstable manifolds in a neighborhood of any
stationary solution of (DNKG), and Feireisl [17] proved the conjecture along a
time sequence. Burq, Raugel and Schlag [3] proved the conjecture in the full limit
t — oo for all radial solutions. Furthermore, Cote, Martel and Yuan [8] proved
the conjecture without size restriction and radial assumption. To the best of our
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knowledge, this is the first complete proof of the soliton resolution conjecture for a
non-integrable equation without any size or symmetry restriction and with moving
solitons. Recently, Kim and Kwon [35] proved a similar result to [8] for Calogero-
Moser derivative nonlinear Schodinger equation. Other results for the damped
nonlinear Klein-Gordon equation are in [9, 12, 25]. Their arguments are useful for
(DNKG).

In addition, several studies have been conducted on multi-solitary waves for the
nonlinear dispersive equations. For the nonlinear Klein-Gordon equation, Cote
and Mundz [10] have constructed multi-solitary waves based on the ground state.
Furthermore, Céte and Martel [7] have constructed multi-solitary waves based on
the stationary solution of the nonlinear Klein-Gordon equation, which extended the
work of [10]. Notably, multi-solitary waves usually behave asymptotically as the
solitary waves move at a constant speed. More recently, Aryan [1] has constructed
2-solitary waves whose speed converges to 0 as t — oo. Strictly in [1] the distance
between each solitary wave is 2(1 + O(1))logt as t — oo. As [1], there are several
results regarding multi-solitary waves with logarithmic distance; see e.g. [20, 40,
41, 42]. Notably, for the damped nonlinear Klein-Gordon equation, multi-solitary
waves of (DNKG) are impossible to move at a constant speed by the damping a.
[27, 28, 29, 30, 31, 32] are studies on two-bubble solutions.

There are few results about (DNKG) with a = 0 because of the singularity of
dp. Csobo, Genoud, Ohta and Royer [11] proved the stability of standing waves for
(DNKG). On the other hand, there are many results for the nonlinear Schrodinger
equation with a delta potential; see e.g. [18, 19, 20, 21, 23, 44]. Notably, we have
several technical tools in [18, 23].

2. LOCAL WELL-POSEDNESS AND UNIFORM BOUND

In this section we discuss the local well-posedness of the Cauchy problem (DNKG).
To apply the standard theory of operator semigroups (see [4]), we reformulate
(DNKG) as a first order system on H

d
ZU) =AUt = F(U(1)),

U0)=U, € H,

Fu,v) = (f&)) .

We demonstrate that the operator A generates a C%-semigroup on H, which will
allow us to establish the local well-posedness of (DNKG).

(2.1)

where

2.1. Linear evolution in the energy space. In this subsection we show that
the operator A generates a strongly continuous group on H. When we consider A
on the domain D, the effect of the delta potential is encoded in the domain of the
generator. Furthermore, since D defined by (1.2) is dense in H (see [11, Lemma
2.2]) we can consider A on H. To apply the standard theory of operator semigroups,
we discuss the choice of a suitable Hilbert structure on H. For y > 0 we introduce
on H the quadratic form defined by

1t )3t = [0/l + 1 ullZ = A|u(0)* + [[v]Z--
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We denote by (-, )3,y the corresponding bilinear form. With u = 1 we observe
that for U = (u,v) € D,

(AU, U)p 1y = —2av][z2 < 0.
In addition, the following lemma holds.
Lemma 2.1. For vy < 2 there exists C,, > 1 such that for all u € H', we have
O ulli < llullf = y1u(0)* < Cyfluliz. (2.2)
Proof. See [11, Lemma 2.3]. O
Proposition 2.2. The operator A generates a C°-semigroup on H.
Proof. We assume that 0 < g < 1 is close to 1. For U = (u,v) € D, we have
(AU, Uiy = (12 = 1), 0)12 — 20022,
and
AU, U] S ullZe + 012
Moreover by Lemma 2.1,
10130 2 lullZa + 0l
Hence, fixing g > 0 large enough, we have
(A= AU, U3ty < 0.
Therefore the operators &4 — 8 are dissipative. In particular, for A > 8 we have
|EA= MU By > 1EA= AUy + O = D20 (23)

so that +£.4 — X are injective with close range. Next we show that 4 — X is surjective.
Let (f1, fo) € H. For U = (u,v) € D, we have

B B fl U:>\u+f17
(A =AU = (fQ) < {U“ (AN 422X+ Du = fo+ (A +2a)fi.

Then by [11, Lemma 2.5], the operator A — X is surjective. Hence, A — X has a
bounded inverse and by (2.3),
1
A7t <.
(A=) @) < Py

Therefore by the Hille-Yoshida Theorem, this proves that A generates a C°-semigroup
on H. Now the same holds true with A replaced by —A, and the proof is com-
plete. O

Thus the linear problem is expressed as follows:

(u(0,2), 0ru(0,2)) = (up(x), ui(x)) € H, (24)

which generates a strongly continuous semigroup of contractions (Sq ~(t))¢>0 in H.
Furthermore, we define (S - (t))t>0 as a one-parameter family on L? x H~! as

(gtgz((?)) = Sar(t) (3%%) '

We then have the following estimates:

{atgu—@iu—&—Qaatu—i—u—véou =0, (t,x) e R xR,
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Proposition 2.3. There exist C > 0 and k > 0 such that, for allt >0
[Sar@)lleey < Ce™, San @)l orzxm-1) < Ce™. (2.5)

Proof. We assume that @ is a solution of (2.4). Let e be sufficiently small, and we
define E' as

1
B(6) = 5 (100 + @l 1ut0P) + ([ a0t + alu(): )
Then by direct calculation, E satisfies
E'(t) = —2a|0u()|[22 + € (|8rut) |22 — u(®)|Fn +|u(t,0)]%)
€ €
= — = (J0u() 3 + () 3~ ut,0)) — & (lu®) B 2tz 0))
3
— (20— SO0l

By Lemma 2.1 and the smallness of €, we have
& ( / u(t)pu(t) + a||u(t)||i2>

1 €2
<(a+ 5)62||U(t)llip + gllatU(t)lliz

1. €2
(@+3)C, e (lu() 7 —~|u(t, 0)%) + §|\5tU(t)lliz

(Ol — A, 0)) + 2~ SODeu(t) 3.

Therefore we have

IN

IN

E'(t) < —eB(1),
which implies
E(t) < e “E(0).

Furthermore, we define 4/ = ;%-. Then v < 7' < 2 holds true because ¢ is
sufficiently small. Thus by Lemma 2.1, we have
1 ¥ 1 e
B0) 2 31 (1Ol — Tt ) + (5 - DB
1 -1 2 L e 2
> 21— 0t + (5 — D).

Therefore we obtain E(t) ~ ||i(t)3, and
@13, < e a(0)]%-

This implies that [|Sq . (t)|| () < ™" for some k > 0. Next we esitmate ||Sq o (t)[| (2 x5-1)-
To estimate ||Sa (t)|lc(z2x 1), first we show

lu®) Il + 10wu®)ll7e ~ [8ru()Z: + 107 u(®) |-+ (2.6)
By (2.4), for every ¢ € H'(R), we have
(07 u(t), )| = | = (=0Rult) + ult), ) +v{dou(t), ¢) — 20(dpul(t), )]

S [{=0Zu(t) +u(t), 9)| + [(Sou(t), ¥)| + [(Bru(t), o)
S 1@ lallellar-



Thus ||02u(t)|| -1 < ||@(t)||3 holds. Next, we consider the equation:

(=07u(t) +u(t) — vdou(t), u(t)) = —(07u(t), u(t)) — 2a(Deu(t), ut)).  (2.7)
Then, by Lemma 2.1, we have

(=07u(t) +ult) —vdou(t), u(t)) = [lu®)lFp —V|u(t,0)* 2 [lu@®)lFr.  (2.8)
By (2.7), (2.8), [{07u(t), u(t)| < 107u(®) ]| -1 ]lu(®)]|zn and [(Opu(t), u®)] < |0cu®)l| 2 [[w(®)l| a1,
we have

lu@®lF S U7 w®) | -1+ [|8eu(t)]| 22 )| u(®)] a2,

which implies (2.6) is valid. Therefore by (2.6), we have

1(@eu(t), OFu(t)ll2x -1 S NlE®)llse < e [@(0) ]l < €™ [[(9e(0), Fu(0))l| L2 -1,

and complete the proof.
O

2.2. Proof of Local well-posedness of the Cauchy problem. We now consider
the equation (2.1). We show that the equation (2.1) is locally well-posed in #H using
the standard arguments in [4, Chapter 4].

Proposition 2.4. The following properties hold.
(1) For any Uy € H, the equation (2.1) has a unique mazimal solution U €
C([0,T(Uy)), H), with initial data Uy.
(2) If T(Up) < o0, then limy_py)—o U (t)||2 = oo.
(3) T : H — (0,00] 1is lower semicontinuous: given the initial conditions
Uo, Up,n, € H such that Uy, converges to Uy in H, we have that

T(Up) < liminf T(Us.,,).
n—oo

Moreover if Uy, — Uy and if T < T(Uy), then U, — U in C([0,T],H),
where Uy, and U are the solutions of (2.1) corresponding to the initial data

Uo,n and Uy.

We prove Proposition 2.4 using the same argument as [11]. To show the same
as [11], we only need to observe the nonlinearity F' and the continuous semigroup

(Sa(t))t>0-

Proof. To apply the arguments in [11, Section 2], we estimate the nonlinearity F
and the continuous semigroup (Sq (t))¢>o0-
First, we estimate F'. We note that

[f(w) = f@)] S (T4 [ulP~! + ol H)u — o]. (2.9)

Therefore, for any R > 0, there exists Cr > 0 such that, for any U,V € H with
[Ullx < R and ||[V]% < R, we have

IF(U) = F(V)|ln < CrllU = V. (2.10)

Next we estimate (S, (t))¢>0. This has been estimated by (2.5). Thus by (2.5)
and (2.10) we complete the proof to apply [11, Section 2].
(]
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By the well-posedness, for a solution @ of (2.1), by [4, Chapter 4], we have

() = So. (1)@(0) + / Sur(t — 8)F(il(s))ds. (2.11)

Furthermore, by differentiating (2.11) we have

(Sh) = 5020 (Ghien) + [, 5006 s ) o 212

By the well-posedness, we also have the time invariance:
u(t,z) — u(t + s, x), (2.13)
where s > 0.

2.3. Uniform bound on global solutions. By subsection 2.2, we obtain the
local well-posedness of (DNKG). In this subsection, we obtain a uniform bound
for global solutions of (DNKG). This proof is essentially identical to that in [,
Theorem 2.2]. To prove the following theorem, we only need to consider the effect
of a delta potential.

Theorem 2.5. There exists a function F : [0,00) — [0,00) such that F(0) = 0
and for any global solution @ of (DNKG), we have

sup [a(t) [l < F([[a(0)]2)-

te[0,00

Proof. We assume that i is a global solution of (DNKG). We define E,, M, W :
[0,00) — R as:

B (t) = By (i(t)),
Aﬂﬂ=§WﬁW@+a£HM@Mﬂa

W) = Sl — 2 lu(t,0)

By Lemma 2.1, we have

@ Fn + 10su(@®)l72 ~ lu(®)]Fn + [eu()][F2 — ylult, 0). (2.14)

Then, by direct computations, we have
M(t) = / w(t)du(t)dz + allu(t)|2s (2.15)
- / w(t)dyu(t)de + 2a /0 t / w(s)dyu(s)dzds + af|u(0)|2a, (2.16)
M"(t) = [|0cu(B)[|72 — (w7 = YIult, 0)?) + lu(®)F (2.17)
= 225 0u(t) s + ;fmm%rwwwmm—@+n&w,@w>
W(t) = —2a]ut)|% +/f ))ru(t)da (2.19)

Furthermore by (2.14), (2.15), and the Cauchy-Schwarz inequality, there exists
C1 > 0 such that for all ¢t > 0

M(8)] < CW (2). (2.20)
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Moreover by (1.3) and (2.18), there exists Co > 0 such that for all ¢ > 0
M"(t) > CoW (t) — (p+ 1)E,(0). (2.21)
In addition, by (2.16) and the Cauchy-Schwarz inequality,
(M (@)] < [[u(®)] 2| Ocu(t)|| L2

o[ t |u<s>||%2ds>; (/ t ||atu<s>||%2ds)§

+ afu(0)[|7-.

Let € > 0 to be chosen later, we estimate

¢ 5 t 3
a2 1wl oz + 20 ( / ||u<s>|%2ds) ( / atu<s>|%2ds) ]

1
# (14 1) ol

2
[M']* < (1+¢)

because for > 0,y > 0,e > 0 the inequality z + y < \/(1 +e)a2 4 (14 1)y is
valid. Using the Cauchy-Schwarz inequality, we have

M ()] < (1+ ) M(t) [2||3tu(t)lli2 +4a/0 ||atu(3)||2L2d3:|

(2.22)
1 1) o2 0)[[4
(147 ) 0 uo)].
Furthermore by (1.3) and (2.18), we have
M"(t) = 2[|0pu(t)|72 + (p — W (2)
t
+m@+u/nmmm;m—@+uamy
0
Now we fix € such that
O<e< (;0;7) ~1. (2.23)
Then M" satisfies
t
M0 2 (140° 2100l + ta [ 106 s
0 (2.24)

+3%5ww7@+namy

We assume lim;_, oo M'(¢) = co. Then by (2.22) and (2.24), we have for ¢ large
enough,

(14 €)|M'(t)|*> < M"(t)M(t). (2.25)

This inequality (2.25) implies % [M~<(t)] < 0, and there exists ¢; > 0 such that

4 IM~<(t;)] <0 and for all t > ¢,

0< M=H(t) < M~5(12) + (1) & [M=(12)] (2.26)
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which is contradictory. Therefore, we obtain

. . /
hgglorng (t) < 0. (2.27)
Next we prove that there exists C's > 0 such that
sup |M'(t)] < Cs (|E5(0)] + |[M'(0)]). (2.28)
te[0,00)
By (2.20) and (2.21), we obtain
M"(t) = Co|M'(t)] — (p+ 1)E,(0), (2:29)

where Cy = g—’;’ Thus, the following two inequalities hold.

% (CaM'(t) = (p+ 1)E,(0)) = Cu (C4M'(t) — (p+ 1)E(0)),  (2.30)

4
dt
We assume that there exists ¢’ > 0 such that M'(¢') > pC—HE,Y(O). Then by (2.30),
4
we have for t > ¢/

CaM' (1) = (p+ 1) E,(0) 2 ¢ (CuM'(¢') = (p + 1) B, (0)).

Therefore limy_, o, M'(t) = 0o holds, which contradicts (2.27). Thus, we have for
t>0

(~CalM'(t) + (p+ 1) B, (0)) < —Cu (~CiM'(8) + (p+ DE,(0)). (2331

M(t) < LB, 0)] + M O))). (2.32)

Next, by (2.31), we have
—CaM'(t) + (p + 1) B, (0) < e~ " (=CaM'(0) + (p+ 1) E5(0))
Therefore, we obtain
p+1
M(t)>—7|E (0)] — |M'(0)]. (2.33)

By (2.32) and (2.33), we obtain (2.28) by defining C3 = ’grl) + 1.
Lastly, we prove the global bound

sup W(t) < oo. (2.34)
t€[0,00)

For t > 0 and 7 € (0, 1], integrating (2.21) on (¢,t + 7), we have
t+7
C / W(s)ds — 7(p+ 1)E, (0) < M’ (t + ) — M'(t).
t

Furthermore by (2.28), we obtain

t+7 p+1

Wisds < L2 1B, 0)] + 52

t L (B O+ M)

Thus, by defining C5 = %, forall ¢ > 0 and 0 < 7 < 1 we have

/t W(s)ds < Cs(|Ey(0)] + [M'(0)]). (2.35)
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We note that C5 is independent of 7. By (2.19), there exists Cg > 0 such that for
allt >0

W'(t) < —2al||0pu(t)||?2 + / |w(®)[P|0pu(t)|dx < C6||u(t)\|i’§p.

For 7 € (0,1) and ¢t > 7, integrating on (¢ — 7,t), we have

Wiy <wie—n+ o [ lusias).

By using (2.14), (2.35), and the Sobolev inequality, there exists C7 > 0 such that
forall0<7<landt>1

t

W) <W(t—r71)+Cq ( W(s)ds)p . (2.36)

t—7

If 0 <t <1, by observing (2.36) with ¢t = 7, we have

WO < WO+ Cx ([ Wohds) < W)+ Cr (G, O] + MO
(2.37)
If ¢t > 1, by integrating (2.36) on 7 € (0,1), we have
W(O) < [ W= r)ir+ Co G5, 0)] + IO .
< C5(1By (0)] + [M'(0)]) + C7 {C5(1 B, (0)] + | M (0)])}" .
Thus we obtain (2.34). In particular, by (2.37) and (2.38) W has an upper bound

that depends only on ||@(0)||%, and by (2.14) we complete the proof.
O

3. SOLITON RESOLUTION

In this section, we prove Theorem 1.1. Before proving Theorem 1.1, we introduce
the result of the concentration-compactness argument [18, Lemma 2.5].

Proposition 3.1. Let v # 0. We assume that (u,), C H' is a bounded sequence
satisfying

lgm | — 02w + un — ¥90(2)tpn — |un|P up|| -1 = 0. (3.1)

Then there exist a subsequence (vp)n C (Un)n, K > 0, signs o9 = 0,%1,0 = +1
for any k€ {1,2,..., K}, and a sequence (§gn)refi2,... .k} C R¥ such that

K
Jim o, — 00Qy — > Q= k)l =0,

k=1

lim (€gq1n — &) =00, fork=1,..., K — 1, (3.2)
n—oo
li_}rn |€kn| =00 fork=1,... K.

Remark 3.1. When v = 0, (1.6) allows the solution to translate. Thus, Proposi-
tion 3.1 also allows v, in (3.2) to translate. For further details, please refer to [37,
Appendix A] and [38, Theorem IIT.4].

Remark 3.2. In [18, Lemma 2.5], Fukuizumi and Jeanjean prove Proposition 3.1
using [26, Theorem 5.1].
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Here, we prove Theorem 1.1. First, we define
EO,R = Rv
EK,R:{ZGRK:|zk\>Rfor1§k§Kandzk+1—zk>Rfor1§k:§K—1},

where K > 1 and R > 0. Furthermore for K > 0 we denote 65+! = (09, 01,...,0K) €
{0,41} x {£1}¥. Then for K >0, ¢5*1, R >0, and € > 0 we define

dK75:K+17R(U) = inf ||u — UOQ'y — ZakQ(- — Zk)HHl,

2€EKk R vt
NK,6K+17R7E = {u S Hl(R) : dK,gKﬁ»l,R(U) < 6}.

Notably, when R > 0 is sufficiently large and € > 0 is sufficiently small, the family
of sets (N zx+1 g ) is disjoint.

Proof of Theorem 1.1. We assume that @ is a global solution of (DNKG). First,
we prove

i {|Gpu(t)]| L2 = 0, (3.3)
Jim || — 2u(t) + u(t) — yéou(t) — |u(®)[P~ u(t) || g+ = 0. (3.4)
We define
Lo [ v(®) ) [ Owu(t)
w(t) = (atva)) B <8Eu(t>) |

v(t) = Ul t —s 0 s
50 = Su0 @50+ [ S0t =3 (i) & 6

Furthermore by Proposition 2.3, for all ¢t > 0,
1S (E)TO0) || L2xr—1 S "

By (1.3), we have v = dyu € L?([0,0) x R). Furthermore, by Theorem 2.5, we
have u € L>([0,00), H'). Hence, we have

’ | Suntt = s)atsyas S [ e Nl ey 09 2
0 L2xH-1 0
< e F [l oo 1V 20,001 <0
t
i (£ — 8)i(s)ds S [ eIl ey [0
L2xH-1 %

S HUHLoo ([0,00),H1) ||UHL2((2,<X>)><R)

where

w(t) = (p|u(t)p018tu(t)) '

Thus, we have lim;_, ||0(¢)||z2xg-1 = 0, and therewe obtain (3.3) and (3.4).
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Subsequently, (u(n)), C H'(R) is bounded and satisfies (3.1). Therefore, by
Proposition 3.1, there exist K > 0, 65+! € {0, +1} x {+1}X, (i,), such that for
any R > 0,

lim dg 2z p(u u(t,)) = 0.

n—oo

Next we prove that for any sequence t,, — 0o, u satisfies

lim dg =z pu(tn)) = 0. (3.6)

n—oo

We assume that there exist a sequence t,, — oo and R > 0 such that

limsupdg zx1 z(u(tn)) > 0.

n—oo

Then there exist a subsequence (t],)n, C (tn)n and a sufficiently small € > 0 such
that for all n € N

u(ty) € Ng 5711 g (3.7)
Given that (u(t],)), is bounded and satisfies (3.1), by Proposition 3.1 there exist a
subsequence (¢),, C (t.)n, K, and 65+ such that

hm dK K+1R( u(ty)) = 0.

Notably, by (3.7), we have (K,55+!) # (K,55+1). Therefore, when n,m € N
satisfy u(t,) € Nz zz11 . and u(ty,) € Ng 5441 g ., there exists s € R between
t, and ¢/, such that

u(s) ¢ U Nk gx+1 g
K>0,6K+1{0,4£1} x {£1}K
Based on this argument, there exists a sequence s,, — oo such that for all n € N,
U(Sn) ¢ U NK,EK‘*'l,R,e' (38)
K>0,6K+1€{0,+1} x{+1}K
Then, (u($n))n is bounded and u(sy,) satisfies (3.1). Therefore by Proposition 3.1,
there exist a subsequence (s, ) C ($p)n, K,65+1 such that
hm dK gi+1 p(u u(s))) =0,

which contradicts (3.8). Therefore for any ¢,, — oo, u satisfies (3.6) and we have

lim dg zc0 p(u(t)) = 0.

We then prove Theorem 1.1. We define z(t) = (2x(t)) € R¥ as

K K

lu(t) = 50Qy =Y 6xQ( — 2x(t) |1 = inf_|u(t) = 50Qy — Y 6xQ(- — 21) | 1.
k=1 ZERT k=1

Notably, for any R > 0, the minimum is attained for z(¢) satisfying 2(t) € Ep z

when ¢ is sufficiently large. Therefore, we obtain (1.7) with K = K, and o}, = &y,
for 0 < k < K, and complete the proof.
O
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4. GLOBAL DYNAMICS BELOW THE GROUND STATE ENERGY

4.1. Minimizing problems and variational structure. First, we collect the
properties of the ground state energy. First we define K,,J, : H HR) — R as
follows:

Ky (0) = lelltn = vle@) = el
1 1 .
Iy (p) = 3 (lellz = Ale(0)?) - m”‘ﬂ”zﬂfﬂ,
and consider the following minimizing problems:
ny = inf{J,(p) : p € H'(R) \ {0}, K, () = 0},
ry = f{J,(p) 1 ¢ € Hypq(R) \ {0}, K, () = 0},
where H! (R) := {p € H'R) : ¢(z) = ¢(—=x)}. In [18, 23], we obtain the
following statements regarding n., and r.:
Proposition 4.1. The following properties hold.

(1) if 0 < v <2, Qy is a minimizer of n, and .
(2) if =2 <y <0, Qy is a minimizer of r. Furthermore n, = Jo(Q) has no

MANIMizer.
(3) if v < =2, ny = Jo(Q) has no minimizer and vy = 2Jo(Q) has no mini-
mizer.

Remark 4.1. In [23], the radial case of Proposition 4.1 is restricted to p > 5. How-
ever, the essence of the proof of Proposition 4.1 is whether the nontrivial solution
of (1.6) exists. Thus, Proposition 4.1 is valid in p > 1.

Furthermore, we obtain a uniform bound on K.
Proposition 4.2. (1) For any ¢ € H(R) with J,(¢) < n~, we have

K, (¢) 2 min{n, — J, (), H<,0H12q1} or Ky(¢) S —(ny — J5 (). (4.1)
(2) For any ¢ € H}

rad
K, () Z min {ry, — Jy(p), H‘PH%P} or K\(¢) S —(ry — Jy (). (4.2)

This uniform bound is useful to classify the global behavior of solutions whose
energy is less than ground state energy for the nonlinear dispersive equations. To
prove Proposition 4.2, we refer to [23, Proposition 2.18] and [24, Lemma 2.12].

(R) with Jy(p) < 1+, we have

Proof of Proposition 4.2. First, we prove (1). We may assume ¢ # 0. We define
j(A) = J,(e*p). Then we have

) 62)\ ) ) e(p+1))\ 1

500 = 5 (Iles = 1leOF) - <l (43)
7' = (lellzn = e (0)1%) — PNl 731 (4.4)
7" = 2¢** ([lellzn = 21e0)%) = (0 + 1) |p|715 (4.5)

By (4.4) and (4.5), we obtain j'(0) = K, (¢) and
3" (A) < 25" (V). (4.6)
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First we consider K- (¢) < 0. Then we have j(0) < 0 and j'(A) > 0 for sufficiently
small A < 0. Therefore there exists A9 < 0 such that j'(\g) = 0. By integrating
(4.6) on [Ao, 0], we have

7'(0) = 3"(Xo) < 2(5(0) — §(Xo))- (4.7)
By (4.7), j(Xo) > n, and j'(Ag) = 0, we obtain

Ky () = 3'(0) < —2(ny — J4 ().
Second we consider K, (¢) > 0. Since ¢ # 0, we consider K, (¢) > 0. If

p—1
K () > P ot
we have
p—1 p—1
(L+ 75Ky (0) = 5= (el =19 (0))
By Lemma 2.1, we obtain K, (¢) 2 [|¢||%:. If

p—1 1
Ky (¢) < = lellpits,

there exists A1 > 0 such that
-1
0< 5N < Egmem D gl L, (48)
for 0 < A < A1. Then by direct calculation and (4.8), we have for 0 < A < Ay

7" =25'(\) = (p = el
< —j'(N).
In particular, as long as (4.8) holds, j’ decreases. Furthermore limy_,+ j'(A) = —00

holds and we may assume j'(A\;) = 0. Then by integrating j” < —j’ on [0, 1], we
have

7'(A1) = 3'(0) < =(3(A1) = 5 (0)).
Since j(A1) > n., we obtain

Ky () > ny = Iy ().

Gathering these arguments, we obtain (4.1).
Notably, we only use the properties of minimizing problems and variational struc-
ture to obtain (4.1). Therefore, we obtain (4.2) by the same argument.
O

4.2. Classification of global dynamics. In this subsection, we describe the clas-
sification of the global behavior of solutions whose energy is less than the ground
state energy. To prove the following proposition, we refer to [25].

Proposition 4.3. Let @ be a solution of (DNKG).
(1) If 4 satisfies E,(u(0)) < ny and K,(u(0)) > 0, then @ is global and con-
verges exponentially to 0 in H as t — oo.
(2) If @ satisfies E(4(0)) < n, and K,(u(0)) < 0, then @ blows up in finite
time.
(3) If @ is even and satisfies E,(4(0)) < ry and K,(u(0)) > 0, then U is global
and converges exponentially to 0 in H ast — oo.
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(4) If 4 is even and satisfies E,(4(0)) < ry and K,(u(0)) <0, then @ blows up
in finite time.

Proof. We define P : H — R as

Plp1,p2) = /@1802 +afell7e-
Then, we have

[P(e1,02)| < Chll(p1, 02) |2, (4.9)
where C1 = o + 3. First we prove (1). Since J,(u(0)) < ny and K, (u(0)) > 0, as
long as u exists, K, (u(t)) > 0 holds and by (1.3), n, — E,(u(t)) > n, — E,(4(0))
holds. Then, we have

P(it) = — K () + 5100l + 5o (1l = (e, )

> S0l + 5= () s = alu(t.0)P).

Therefore there exist Cy, C3 > 0 such that
Calla(®)13, < B, (a(t) < Cslla()|3 (4.10)

In particular, as long as @ exists, ||t(t)]|3 is uniformly bounded in H. Therefore, @
is global. Furthermore, by Proposition 4.2, there exists Cy > 0 such that

Ky (u(t)) > Cymin {ny — B, (@(0)), [u(t) |3 }-
If |lu(t)]|%: < ny — E,(4(0)), we have
Ko (u(8)) > Callu(t) 3. (411)

Lf u(®)||3. > ny — E4(4(0)), by (1.3) ,(4.10), and E,(d(t)) < E,(@(0)) < n,, we
ave

K u(®) 2 €y (ny — B ((0))) > 2O BTN gy (a1
By (4.11) and (4.12), there exists C5 > 0 such that'y
Ky (u(t) > Csllu(t)|| 3 (4.13)
Here, we assume that Cg > 0 is a large constant such that
CyCs — C1 > 1, 2aCs — 1 > max (Cs,Cs + %;) (4.14)

hold. Then by (4.9), (4.10), (4.14), we obtain
(C2C6 — Co)lla(t)[I3, < P(a(t) + Co By (a(1) < (C1 + C3Ce)[a(t) 17, (4.15)
Furthermore, by (4.13), (4.14), and (4.15), we have
[P (@) + Co By ()] = (1 — 2aCy) || Opull7> — K (u)
< (1 —2aGs)||alf3,

S
Cs &

IN

1
Cs

IN

[P(@) + CsEq(W)].
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Thus, we have

[a() [l < e s [|E(0)14;

and complete the proof of (1).

Next, we prove (2). We assume that # is global. By (1.3) and Proposition 4.2,
we have for all ¢t > 0, K, (u(t)) S —(ny— E,(u(0))). Thus, there exists C7 > 0 such
that

0P (@) = |9ull} — K (w)
> Cr(ns — 7, (w)
> Cr(ny — B, (1))
> Cr (ny — B, (i0(0)))

By the above estimate, lim;_, o, P(t(t)) = oo holds. Therefore lim;_, . ||@(¢)]|2 = o0
holds, which contradicts Theorem 2.5. Thus, we have proved (2).

Finally, we prove (3) and (4). Let @ be even. Then, by Proposition 4.2, we
prove them using the same arguments as in (1) and (2). Therefore, we complete
the proof.

(]

Remark 4.2. We assume that a solution @ of (DNKG) satisfies lim;_, . ||@(t)|% =
0. Then, @ satisfies ||t(t)|lx < 1 for some ¢t € R, and therefore #(t) satisfies
E,(iu(t)) < n, and K, (u(t)) > 0. Therefore by Proposition 4.3, @ converges expo-
nentially to 0 as ¢ — oo. Based on this argument, when a global solution 4 satisfies
(1.7) with 0 = 0 and K = 0, @ converges exponentially to 0 as ¢t — co.

We define H,qq as
Hraa = {(¢1,92) € H: p1(2) = p1(=2), p2(x) = p2(—2)}.
Furthermore, we define B, B,qq, V, Vyad by
B = {g €M : ublows up in finite time},
Brad = {Z € Hrad : @ blows up in finite time},
V={g€H:dis global and tlggo [ld(t)]| = 0},
Vvt = {# € Hoaa s 5 global and lim [(t) s = 0},

where 4 is the solution of (DNKG) with initial data @. Then, B, Bqq, V, Vi-aq have
the following topological properties.

Lemma 4.4. B and V are open in H. Furthermore B,qq and V,.qq are open in
Hrad~

Proof. Let i be a solution of (DNKG). If #(0) € V, then there exists ¢ > 0 such
that [|@(t)||4 < 1. Then, E,(u(t)) < ny and K, (u(t)) > 0 are valid. Therefore, by
Proposition 2.4 and Proposition 4.2, V is open.

Next, we consider B. Let (Uy0)n C H \ B and Uy € H satisfy

Un70 — UO in H7

as n — oo. Then (U,,) is bounded in H. We assume that @, is the solution of
(DNKG) with initial data U, o and @ is the solution of (DNKG) with initial data
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Up. Furthermore, we assume that Uy € B. Then, by (2) of Proposition 2.4, there
exists t > 0 such that

@)l > (sug f<||Un,o||H>) i1 (4.16)
ne

where F is the function that emerges from Theorem 2.5. On the other hand, by
(3) of Proposition 2.4, there exists m € N such that

a@(®)ll7¢ < lltm @)ll2 + 1. (4.17)
By (4.16) and (4.17), we have

FlUm.ollz) +1 < <Su§]:(||Un,0| 7-[)) + 1< |[@@)llp < [Jim (@)l + 1,
ne

and therefore we have
tm () ll2¢ > F(1Um,oll%)s

which contradicts Theorem 2.5. Therefore Uy € H \ B holds. Thus, H \ B is closed,
which implies that B is open.

The same holds true for B,V replaced with B,.44, Va4, and the proof is complete.
O

4.3. Proof of Theorem 1.2. In this subsection, we prove Theorem 1.2. Before
we prove Theorem 1.2, we collect the properties of (). Since @ is a minimizer of
ng, we have

Ko(Q) = |1Ql3: — QI+ = 0. (4.18)
Notably, by Proposition 4.1, if v < 0, ny, = ng holds, and if v < -2, r, = 2ny
holds. Then, we define j as

e(P+DA ol
LA

A e 2
i(A) = Jo(e?Q) = THQHHI -
Then, we have
') = QI — PN QI
i"(0) = 2¢21Q 7 — (0 + DePTIMQT

We define ¢; = min (4 log 2, ﬁ log 2(;’;1)). Then by (4.18), for |A| < ¢; we have

) < -2 QI (4.19)
We assume that z > 0 is sufficiently large. For ¢ = 0,1, we define
Qo =Q(—2) +0Q(- + 2),
Qo =€ Qy,
QA,U =(Qxr0,0),
As ={Qro ¢ <A< g}

Furthermore, we define

(p+1

. . o2\ , errA e ,
jo(A) = E’Y(Q)\J) = THQUHHl - Pt 1 ||QU||1£P+1 Ty 1Qs(0)]7.
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Then by direct calculation, we have
ir(\) = Qo3 — ePFINQ[ITH — €™ Qo (0)1,
5 (V) =21Qs 17 — (p + e INIQy 771, — 29€*X| Q4 (0)[.
Since z > 0 is sufficiently large, using the Taylor expansion, we have
119117 — (o + VIRl | S e, Qa7 — L+ )@l | S e ® V=,
Thus, for —¢; < A < ¢;, we have

i (A) = (1 4+ 0)i(N)] =+ lig(A) = (L + )i (W] + liz (V) = (1 +0)i" (V)] < e77,
(4.20)

and we start to prove Theorem 1.2.
Proof of Theorem 1.2. Given that z is large, for —¢; < A < ¢, we have
. p—1
) < 2= lQI.
Thus, for —c; < A\ < Ay < ¢j, we have
i (A1) =5 (A2) = C(A2 = M), (4.21)

where C' = ps%lHQ”%Jll' Furthermor?, by (4.20) |, (0)| < e™* hol(lis true and ‘tl)y

(4.21), we have i/ (—e~2%) > 0, j/ (e~ 2%) < 0. Thus there exists —e~ 2% < X < e~ 2?

such that j () = 0. By (4.21), for —¢; < A < ¢j, we have
)\/

o) = 1o () = [ 756) = 15 (X)ds

B A
A
=\ s =)l
A
A

/ |s — \|ds
A/

C
=ZA= N
A X

>C

By i(0) = ng and |X| < e~27, we have
i () = (1+ 0)ng| S e 2% (4.22)
Based on these arguments, we have
io(—ci) >0, j5(¢) <0,
jo(—¢5) < (14 0)ng, jo(g) < (14 o)no.
Now we assume vy < 0. Then n, = ng holds and by Proposition 4.3, QLcho €V and

Qci,o € B. Since Ay is connected and by Lemma 4.4, there exists —¢; < A* < ¢
such that QA*,O ¢ B and Q_',\*,O ¢ V. Moreover by (4.22), we have

B (Gxe0) — mo S e % (4.23)

Since z is sufficiently large, by Theorem 1.1 and (4.23), we know from the energy
of the solution that the solution @, o of (DNKG) with initial data O« o satisfies

Jim (s o(t) = o'Q( — 2(t) |t + [Betus 0(D)]z2) = 0,
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where ¢’ = £1 and lim;_,, |2(¢)| = co. This completes the proof of (1) of Theorem
1.2, since (1.1) holds.
Next we prove (2) of Theorem 1.2. When v < —2 holds true, we have 7, = 2ny.
Thus, considering o = 1, we can prove (2) as in the proof of (1) of Theorem 1.2.
(]

5. DYNAMICS CLOSE TO SOLITARY WAVES
In this section, we prove Theorem 1.3.

5.1. Basic properties of the ground state. In this subsection, we collect some
basic properties. First, to prove Theorem 1.3, we need to consider the spectral
decomposition around the ground state (). The linearized operator £ around @ of
the stationary equation is denoted by

L=-07+1-pQr " (5.1)

We introduce standard properties of the operator L£. For further details, please
refer to [5, Theorem 3.1].

Lemma 5.1. (1) The unbounded operator L on L? with domain H? is self-
adjoint, its continuous spectrum is [1,00), its kernel is span {Q'} and it has
a unique negative eigenvalue —vg, with corresponding smooth normalized
even eigenfunction ¢ (||¢llrz =1). Moreover, on R, for m € N,

05" ¢()| S e VI,
(2) There exists ¢ > 0 such that, for all p € H'(R),

(L) 2 clloli = 3 (.0 + (0, @P).

Remark 5.1. In general, Lemma 5.1 holds for any spatial dimension. On the other
hand, when we consider the one-dimensional case, vy and ¢ are explicitly expressed
as

Furthermore, we have

9 \ oo
2(p=1 pt1
— — p)
¢ (p+1) @

When v = 0, linearizing equation (DNKG) around the static solution @ is given
by
d 0 1
V= (—ﬁ —2a> v. (5.2)

We define v+ and Y+ as follows:

vt = —a:ﬁ:\/a2—|—1/g,
1
+ _
y* = (i) .
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Given that v > 0, the solution v = e” 'Y+ of (5.2) exhibits the exponential
instability of (@, 0). In particular, we see that the presence of the damping o > 0
in the equation does not remove the exponential instability.

In (DNKG), when the center of the ground state is far from the origin, the
ground state is less affected by the delta potential. Therefore when we consider a
single solitary wave or an even 2-solitary wave, we ignore the delta potential and
consider the spectral decomposition as in the v = 0 case.

Second We recall properties of soliton interactions. For further details, you can
refer to [9, Lemma 2.1].

Lemma 5.2. We assume that z1, 22 € R satisfy |z1 — 22| > 1. Then, by defining
Q1 =Q(—2z1), Q2=0Q( — 22),

the following properties hold.
(1) The following equation holds:

/Qpe_g” = 2¢q. (5.3)

(2) For any 0 <m/ <m,
0< / QrQE S eIl (5.4)
0< [Qray g eminn, (55)

(3) The following estimate holds:

’<f(Q1 F Qo) — F(Q1) — F(Q2),0:Q1) — ;1;'22 92 e Fim | < g min(p-1,2)lzi -zl

1—2’2\

Proof. First, we prove (1). Let R > 0. By integration by parts, we obtain that as

R — o0,
/ Z e = [ Z(—Q” F Qe

R
—ot [ (-Q@ Qe 0N
-R
=2cqo + O(e21).

Therefore we obtain (5.3). (2) and (3) are proven by [8, Lemma 3.2], [9, Lemma
2.1], and (5.3). Thus, we complete the proof.
O

5.2. Modulation of the center. Here, we assume that a solution @ of (DNKG)
is a single solitary wave or an even 2-solitary wave. We have some freedom for the
choice of the center of the solitary wave. So we choose the center of the solitary
wave.

Lemma 5.3. (1) Let o0 = £1. There exists § > 0 small enough such that for
any ¢ = (p1,p2) € H and z € R satisfying

o1 = oQ( = 2)lar + llpall2 <6, (5.6)
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there exists a unique zZ € R such that

[+ 20001 - 00 - )@ - 2) =0,

|2 =2 S llpr = 0Q( = 2) | + [l p2llz2-

(5.7)

Moreover. Z is C1 with respect to (¢, 2).
(2) Let 0 = 1. There exists § > 0 small enough such that for any ¢ =
(¢1,92) € Hraa and z € R satisfying

1
2> 55 llor = o(QC = 2) + Q( +2)lmr + llezllre <0, (5.8)
there exists a unique Z € R such that

[to2+ 2001 - 0@~ )+ QL+ Q- —2) =0,
2= 2 < o1 — 0(Q( — 2) + Q-+ 2Dl + llealze-

(5.9)

Moreover. Z is C1 with respect to (¢, 2).

This lemma is based on [25, Lemma 4.1]. However, [25, Lemma 4.1] has compli-
cated notations and does not consider the even case. Thus, we provide the proof.

Proof of Lemma 5.3. First, we prove (1). For ¢ € H satisfying (5.6) for some
z € R,0 = £1, we define ®1)[2] : R — R as

Bld] = [{o2+ 20001 - QU — Q- 2)
Then, |®[z]| < 6 holds and we have
0:0(1(2] = 200|Q/ |~ [ {2+ 201~ 0Q( ~ )} Q" ~ 2.
By (5.6), we fix § < 1, and obtain 9;®(1)[z] # 0. Thus by the inverse function
theorem, there exists Z € R such that (5.7).

Next we prove (2). For ¢ € H,qq satisfying (5.8) for some z € R,0 = £1, we
define ®(9)[2] : R — R as

Bli)i= [{ea+20 (01— 0(@( )+ QL+ NI 2).
Then |®(9)[2]| < 0 holds and we have
0o i =200 (I - [ Q- 2Q+2)
= [{er+ 20 (01— 0@ = 2+ QC + DR 2).

By Lemma 5.2 and (5.8), by the inverse function theorem, there exists Z € R such
that (5.9). O

By Lemma 5.3, we can rewrite the assumption of (1.8) and (1.9).
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Lemma 5.4. (1) When a solution i satisfies (1.8) for some o = +1 and z(t),
there exist a C' function 2 and T > 0 such that

Jim ([lu(t) = oQ(- = 2()l[ s + [0:u(t)]2) = 0,

Jim [5(1)] = oo,

/{3tU(t) +2a(u(t) —oQ(- — 2(t))}Q'(- — 2(t)) = 0 for ¢t >T.
Furthermore, we have
tli>I£<> |z(t) — Z(t)] = 0. (5.10)

(2) When an even solution U satisfies (1.9) for some o = +1 and z(t), there
exist a C' function 2 and T > 0 such that

Jim (Ju(t) — o(@C — 2(5)) + Q(-+ Z(0) 1 + Buu()]z2) =0,

Jim 2() = oo

[10u() + 20 () - QU ~ 2(0) + QC + HONQ( ~ () =0 for t > T
Furthermore, we have
lim |z(t) — 2(¢)| = 0. (5.11)

t—o0

Proof. We prove (1). By (1.8), for § > 0 there exists T' > 0 such that for ¢t > T
[u(t) = oQ(- = 2(O) |+ + [|0u(t) L2 < 6.
Then, by Lemma 5.3, there exists the C'! function Z such that for ¢t > T

/{5tU(t) +2a(u(t) — oQ(- — 2(1))}Q'(- — 2(t)) = 0. (5.12)
Furthermore, we have
2(t) = 2(0)] < llu(®) — oQ(- — 2(t)l[ a1 + [[0cu(t)]| L2
By (1.8), we obtain (5.11), and have
tll)ngo |Z(t)] = 0. (5.13)

We also have

u(t) = oQ( = 2 < [lut) —oQ( — 2()[[a + 1Q( — 2(8)) — Q- — (1))l a1

‘We note that since

1Q( = 2(2)) = Q( = 2()[[ar < |2(8) = 2(1)]

holds true, we have
[u(t) = oQ(- = Z({) |l + [10cu(t) || 2 Sllu(t) — oQ(- = 2(0) |2 + [|0¢u(t) | L2

+ l2(t) = 2(1)]-
By (1.8) and (5.11), the right term converges to zero as t — co. Therefore, we have
Jim [u(t) — 0 Q( — 20 s + |hu(®)] 2 = 0. (5.14)

By (5.12), (5.13), (5.14), we complete the proof. we prove (2) using the same
argument.
O
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Furthermore by (1.1) and (2.13), we only need the following proposition to prove
Theorem 1.3.

Proposition 5.5. (1) Let v <0 and p > 2. If a global solution U satisfies
Jim (lu(t) ~ Q( — =(t) 1 + [Dru(t)]z2) =0,
lim z(t) = oo,

t—o0

Ju(t) = Q( = 2(O)) [l + [Ocu(®)l| L2 <1, 2(8) > 1,
/{éku(t) +20(u(t) — Q(- — 2(1)))}Q'(- — (1)) = 0,

then we have z(t) — 1 logt < 1.
(2) Let v <0 and p > 2. If an even global solution @ satisfies

Jim (ut) ~ Q( — 2(1)) — Q(-+ =(t) |+ + |0pu(t)]|12) = 0,
Jim 3(0) = o,

lu(®) = Q( — 2(8) = Q- + () + 1@ 12, 2(t) > 1, (5.16)
/ {Onut) + 2a(ut) = Q(- — 2(1)) — Q(- + 2())}Q'(- — =()) =0,

then we have z(t) — 1logt < 1.

(5.15)

5.3. Decomposition close to the sum of solitary waves. In this subsection,
to prove (1) and (2) of Proposition 5.5 together, we consider certain conditions.
First we consider the condition of # of (DNKG) such that

Jim (lu®) = Q( = (1)) = 7QC + 2(0) | + [u(®)]z2) = 0.
Jim =(0) = o,

lu(®) = Q( = (1)) = oQ + 2B +[u(®) 22 < 1, 2(t) > 1.
[18u() + 2a(u(®) - Q- - 2(0) = 9QC + 2ONIQ (- - 2(2)) =0,

where 0 = 0, 1. Here, we define certain notations in order to investigate the dynam-
ics of a single solitary wave or an even 2-solitary wave. For any z € C*([0, 00); R),
we define Q1+, Q@+, and ¢4 as

(5.17)

Qxle) = Qa7 2(0), Gs = (F) . o4(0) = ot 7 2(0)
Furthermore, we define &= (¢,7) as
. <n> —i- Gy oG
Then, (DNKG) can be rewritten as
O =+ 2 (0,Q4 — 00,Q-),
O = — {fags te— (pQT '+ JpQ]Tl)s} ~ %an (5.18)
FAd0u+ (F) — £(@4) — F0Q-) = F/(@4)e — F/(0Q-)2).
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In addition, we define £; and R as

Ly=—-02+1-pQY " —opQ"™",

R=f(u) = f(Q+) — f(0Q-) — f'(Q+)e — f'(0Q-)e.
Subsequently, we rewrite (5.17) and (5.18) as

Hm [|E@) [ =0, lim 2(t) = oo, [[E(¢)[ln <1, 2(2) > 1,

/(77 +20e)0,Q4 =0, (5.19)

% (;) - (—Oﬁt —éa) (;) + (Z/(am%zuf%Q)> : (5.20)

Before estimating &, we define 01, 05 as follows:

and we have

61 = min (p — 1,;), (5.21)
02 = min (p, 2). (5.22)
Furthermore, we define 63 as
0, if1<p<2,
0 = 1 iy 2 (5.23)
1—min(p—2,3)
Then, we have for p > 1,
1< 05 <0s. (5.24)

These are useful constants to estimate £ and z. Furthermore, we set the condition
as

c=0 or c=1,p>2 (5.25)
in order to consider a single silitary wave and an even 2-solitary wave.

Remark 5.2. Theorem 1.3 imposes the restriction p > 2 and p > 2. Both restric-
tions ensure the smoothness of the nonlinear term. On the other hand, when we
consider a single solitary wave, the restriction on p is relaxed because we do not
consider soliton interactions. More details are provided later, and we will keep the
restriction on p as weak as possible when o = 0.

5.4. Estimates of the center. In this subsection we start to estimate &. First,
we estimate the remainder term R. We define R, as

Ri=R—-poQ’'Q_.
Then, we have
R=poQ7 'Q_ +R,. (5.26)

Here, we estimate R and R;.
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Lemma 5.6. Let @ be a solution of (DNKGQG) satisfying (5.19) and (5.25) for some
z(t). Then, the following estimates hold:

[ mosar| s e e, (5.27)
[ o] s e g (5.2)
[ rou| s e (5.29)
[ ros] s e (5.30)
IRllL2 S e + (115 (5.31)

Proof. We note that pUfolQ, =of(Q+)Q_. First, R; satisfies

Ry = f(u) = f(Q+) = f(0Q-) = f(Q+)e — ['(0Q-)e — o f'(Q+)Q-
= [(Qt +0Q-+2) = f(Qr +0Q-) = ['(Qy +0Q)e
+(f(Q+ +0Q-) = f(Q+))¢e
+f(Q+ +0Q-) = f(Q4) — f(0Q-) — f(Q4)(0Q-)
= fl(eQ-)e.
In the above term, by Sobolev embedding, we have ||¢||p~ < 1 and

[(Q+ +0Q— +¢) = f(Q+ +0Q-) — [(Q+ +0Q-)e| < |e|”. (5.32)

In addition, when o = 1 and p > 2, by direct computation we obtain

[(F(Q+ + Q=) = F(Q))el S (1Q+1P*1Q- + Q- P71 [el,
[F(Q+ +Q-) = f(Q1) = F(Q-) = F(Q)(Q)] S 1Q+["*|Q-* +[Q+]|Q- P,
1 (Q-)el S1Q-P7"el.
Therefore by Lemma 5.2 and e 2% ||&]|» < e73% +|€]|3,, we obtain (5.27) and (5.28)
in the case of 0 = 1,p > 2. Notably, when o = 0, |R1| becomes the left side of

(5.32). Therefore (5.27) and (5.28) also hold true. Next, we estimate (5.29) and
(5.30). By Lemma 5.2, we have

| / Q00,04 S e,
|/Q’r1@_¢+| <o

By (5.26), (5.27), and (5.28), we obtain (5.29) and (5.30).

Finally, we estimate (5.31). When o = 0, R becomes f(u) — f(Q4+) — f'(Q+)e.
Thus, by (5.24) and (5.32), we have (5.31). We assume o = 1, p > 2. Then, R
satisfies

R=f(Q+ +Q-+¢e)— f(Q+ +Q-) — f(Q+ + Q)¢
+ f(Q+ +Q-) — f(Q+) — f(Q-)
+(f(Q++Q-) = f(Q+) — [(Q-))e
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Furthermore, we have
f(Q+ + Q- +¢) = f(Q+ +Q-) — f'(Q+ + Q) S |el,
F(Q+ + Qo) — f(Q1) — F(QO) S QY 'Q- + Q4 Q"
|(f(Q+ +Q-) = f(Q+) = F1(Q-)) el S (QF*Q- + Q+Q"?)el.
By Lemma 5.2, we have
IQT'Q- + Q4 Q" 12 S e

Therefore, we have

Q7 2Q= + Q+QP el g2 < e 2 =23)% |25, < e + 814,

and obtain (5.31).
]

Next, we estimate the distance between the origin and the center of the solitary
wave.

Proposition 5.7. Let @ be a global solution of (DNKG) satisfying (5.19) and
(5.25) for some z(t). Then, we have

£ S e + 5 (5.33)

Proof. Differentiating the second equation of (5.19), we obtain

0= /(@n +20004)0,Q 4 — 2’ /(77 +20£)02Q 4
=2 <2oz||Q’||2L2 - 20[0/81@,89562+ - /(n + 2&6)33Q+)

4y 0.0 +op [ Q0,025+ [ ROLQ-.
By Lemma 5.2 and (5.29), we have
0= (2]|QI}2 + 073 + |Elln))
+O( gl + 7).

Therefore, we obtain (5.33).
(]

Remark 5.3. To prove Proposition 5.5, (5.33) is a sufficient estimate. However,
when we compute 2z’ more precisely by using (1.4) and (5.4), and

/Ran+ ZU/%(Qﬁ)Q— +/R13;1;Q+

= 200%6_22 + /Rlan+ + O(e~ P12,

we have
12a]|Q' (322" + yege *u(t,0) + 206%6_22 + Ry S e )83,

where Ry = [ R19,Q+ and = min (p + 1,3). Furthermore, by direct computation,
we have

20]|Q'[1222" + {7(1 + 0) + 20} cgye™ > + yeqe *e(t,0) + Ro| S ™% + |13,
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In this paper, we can not prove whether ¢ decays better because of the delta po-

tential. However, we conjecture that if c = 1,7 < —1 or ¢ = 0,7 < 0, z satisfies
1

z ~ 35 logt.

Next we define certain notations to extract eigenmodes with real eigenvalues
around the solitary wave. We define a,,a_,aq as

as(t) = / (n— v )y,
ao(t) = / XN

Proposition 5.8. Let 4 be a solution of (DNKG) satisfying (5.19) and (5.25) for
some z(t). Then, we have

s e S A (534)
’jtao + 2aa0| < e + ||A1|%. (5.35)

Proof. As the proof of Proposition 5.7, we compute a4 and ag. First, we have
e = [@n-viace. — 2 [-vop.e. (5.36)

We note that
O+ vFoe = —(~0%e + e —pQY 'e) — (20 + v )y
+ opQP e + vdou+ R(t) — vF 2 (0,Q4 — 00,Q_).
By (5.30), (5.33), (5.36), and (5.37), we obtain
d

e = [ {0t e —pQt o)~ Gat v} os + OlENG + )

(5.37)

and
[{-ae v st - 2t v} o
= [er (2080n + 00 —pQ2101) - 2a+ 0700
= [0Pe s vtno

= I/iai.

Therefore we obtain (5.34). Second we have
d _
00 = 7204/7781624_ + /(pani 'e + vdou + R)D.Q. .

By using the same argument as in the proof of Proposition 5.7, we have
0@zt ad + mQu| S e 4 I

Thus, we obtain (5.35).
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5.5. Energy estimates. In this subsection, we assume that @ is a solution of
(DNKG) satisfying (5.19) and (5.25) for some z(t).
For p > 0 small to be chosen, we denote p = 2a — u. Furthermore, we define £

£0) = 5 [10:2) + (1= pu)e+ 1+ p2)* = QL + 0@ ) = T u(t. O,
(5.38)

Lemma 5.9. Let @ be a solution of (DNKG) satisfying (5.19) and (5.25) for some
z(t). Then, fort >0,

E" 4 2uE + pyeq(l + o)e *e(t,0) < e72% 4 ||&)|5 . (5.39)

Proof. By a formal calculation, we obtain

E't) = /azgamata + (1 — pp)edie + (n + pe)(9m + pdie) — (pPQ-" + po QP )edye

+ ;%12 {/ (QF20:Q4 — aQ’l‘QﬁxQ—kQ} = yu(t,0)dpuf(t, 0).

Notably, if the right term does not have a singular term, £ becomes a differentiable
function. By (5.18) and integration by parts, we have

/amgamatg + (1 — pp)edie + (n + pue) (O + udie) — (pQﬁ_l + po QP 1)ed,e

= /(—355 + (1 — pp)e + p(n + pe) — (pPQ-" + pa QP ")e)dse + (n + pe)dyn,
and

/ (=02 + (1 — pe + puln + i) — (@Y + po QP Y)e)dhe

= /(ﬁtE — plp — p)e + um)oee,
and
/(77 + pe)oyn = /(77 + pe)(—Lie — 2am + ydou + R).

By (5.24), (5.18), (5.31) and (5.33), we obtain
/(ﬁta — ulp — p)e + pn)dye = /(Eta — ulp — e + pm)n + O™ + &%+,

/(n + pe)(You + R) = ydsu(t, 0)u(t, 0) + pye(t, 0)u(t, 0) + O(e™ + [[5).
By combining these estimates, we obtain

&'t) = [ {(Lie = o= W)z + i} + (o + p)(~Lic = 2am)
T pe(t, 0)ult,0) + (e~ + [+
= Z2uE(t) — (p— m)lIn -+ pellZa + pry(e(t,0) — u(t, 0)u(t, 0) + O(e~ + [l +)
= 2uE(t) — (p— m)lIn+ pellZ — vl + o)e7(t,0) + O + %),

and complete the proof using this estimate. ([l
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b(t) = (/gamcz)? + (/s¢>2.

We then establish the coercivity and some uniform boundness.

Lemma 5.10. Let @ be a solution of (DNKG) satisfying (5.19) and (5.25) for
some z(t). Then there exists C' > 0 such that for all t > 0,

Next we define

1
C{as(t)” +a-(t)* +ao(t)” + ob(t)} + E(t) + gIU(t, 0)* > 5||5(t)||2H~ (5.40)
Furthermore if v < 0, we have
E+C(a} +a> +af+ob) +e
S (Ey(@) — (1+0)Jo(Q)) + (a2 + a* + af + ob®) + e~ 2.

~

(5.41)

Remark 5.4. C is independent of p > 0.
For further details, you can refer to [9, Lemma 2.6].

Proof. First we note that
N —_%
<Eu¢+> - vt <€7axQ+> 20

hold true. Therefore, we have
(€,01)° +(£,0.Q1)* S a +a? +af. (5.42)

First, we consider 0 = 0. Then, by Lemma 5.1 there exists C' > 0 such that (5.40)
is satisfied since p > 0 is sufficiently small.

Next, we consider 0 = 1. Let x be a smooth function satisfying the following
properties:

x=1on[0,1, x=0o0n[2,00), X <0onR.

For)\zl—g‘>>1,let

|z — 2|

@ =x (5 @ = a- et

Furthermore, we define e+ = ¢ - x4. Then, we have

e =¢e +e2. (5.43)
In addition, we have
lesliZa +lle- 122 = el (5.49)
e 2 1
sl = 0.4 s + ose_ 3 + 0 (102, (5.45)
e~ 2. 0:Q2)] + Ife e 6] S el (5.46)
e —e1,0:Q )| + (e —er, o) S e 3 el (5.47)

By Lemma 5.1, we have

(Lies,eq) + Q1 e2) > clles |} — % ((e4,04)° + (64,0:Q4)%),  (5.48)

(Liem o) + QL) 2 elle [ — = (e 60 +(e,3:Q)) . (5.49)
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Furthermore, we have
[(pQP™, ) + QY e2)] S e 2 lelf7e- (5.50)
Notably, by (5.43) we have

(Lie,e) = (Lier,eq) + (Lee—,e_) + O (”EH%I1> . (5.51)

|2l
Based on (5.44)-(5.51), we obtain

(Liee) 2 Slellfn =< 3 ((6:0:Qu + (£,0.)%).

x=-+

Furthermore by (5.42) and p > 0 small enough, there exists C' > 0 such that (5.40)
is satisfied.

Next, we estimate (5.41). We denote E = Jy(Q). By direct computation, we
obtain

B,(@) = (1+0)E+0 [ @Q+ &l - Jlut.0)f

T ox1 (1Q+ +0Q_ +elP™ — Q4 +0Q_ [P — (p+ 1)(Q1 +0Q_)Pe)

—/{<@+ LoQU) QY -0 )e

— 551 ) Qe +0Q T —1Q T — o).
We note that
|Q+ +0Q— + el — Q1 +0Q- " — (p+ 1)(Q+ +0Q-)¢
= g, 1oyt o)
We consider o = O Then, we have
B,(i) = B+ 5{Li,) + gl — 2u(t, 00 + O(Jel ).
Next, we consider o = 1 and p > 2. Then, we have
Q4 + Q- — Q4 ™! — Q™| £ Q40— +Q1Q”,
@+ + Q)" = Q@ = Q}e| S (QF'Q- + Q@ el S e el.

Therefore, we obtain

1 o
B,(i) =28+ 3 (Lee,¢) + 5 lllfs — JJu(t,0)

—p / {Qe+ Q" — @ = @ Y P + 0™ + a5,
Fuerhermore by Lemma 5.2, we have
J{@+qy-art @t s e tmino2 e s e el
Thus, we obtain

1 ’y 4 —4Zz
B,() = 2B + 5{Lie,2) + lnll3s — Llu(,0) + O(lell +¢7),



34 K. ISHIZUKA

where 6, = min (63 + 1,263) > 2. Based on these arguments, we have
B,(i) = (L4 0)B + 5 (Lie,e) + s lnllfs — LIu(t, 0P + OIS + 7). (5.52)
By the definition of (5.38), we have
E,(@) = (1+0)E =€+ £ {(p— wllellF2 — 2(e,m)} + O(lall5; + 7).
We recall that g > 0 is sufficiently small and that v is negative. By (5.40), we have
E (@) - (1+0)E > %5 — % (a3 +a® +af +ob®) —C'e™ (5.53)
for some C’ > 0. By (5.53), we obtain (5.41). O

To ensure that @ is even when o = 1, we refine the condition (5.25) as follows:
c=0 or o=1and p>2and @ is even. (5.54)

Notably, an even solution @ satisfies (5.19) for some z(t) and o = 1, £ becomes to
be even, and we have

<EaazQ—> = 7<5761Q+>7 <€a¢+> = <5a¢—>'
Thus we refine Lemma 5.10 as follows:

Corollary 5.11. We assume that 4 satisfies (5.19) and (5.54) for some z(t). Then
there exists C' > 0 such that

Clar(t) +a () + a0t} + EO) + JutOP 2 € (5:55)
Furthermore if v < 0, we have

5+C(a3_+a2 +ag)+6722

< { —(14+0)Jh(Q)) + (ai—&—a% +a(2))+e_22}.
Let L large to be chosen. We define G as
G(t)=E(t) + L (a®(t) + ad(t)). (5.56)

Notably, G is the size of ||€]|x except the unstable mode a. Here, we estimate G.

Lemma 5.12. Let v < 0. We assume that U satisfies (5.19) and (5.54) for some
z(t). Then the followings hold:

(1) There exists C > 0 such that

f||§‘”%<g+La+<C{ —(1+0)Jo(Q)) +a* +a® +af +e *}.
(5.57)
In particular, we have
1G] < NN, + e (5.58)
(2) There exists § > 0 such that

1, 1
G < —0G + 5a% + 5 (e + 12+ (5.59)
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Proof. We prove (1). If v < 0 and @ satisfies (5.19), (5.54) for some z(t), then by
Corollary 5.11, we obtain (5.57) for some C' > 0. Furthermore by (5.56) and (5.57),
we obtain (5.58).

Next, we prove (2). By Proposition 5.8 and |ag| + |a+| + |a—| < ||€]|3, we have

%(aﬁ:ﬁ — 2% (as)?| S lax|(e7 + [€1%) S e + a5, (5.60)
d s
7 (a0) +4a(ao)?| < 7 + [Ell5 (5.61)

By (5.56), we have
G =&+L(a}) +(a>)).
Furthermore by (5.24), (5.39), (5.60), and (5.61), we obtain
G+ 2uE + pyeg(l +o)e *e(t,0) — 2Lv~a% +4aLal < e % + |88, (5.62)
Here, we choose 6; > 0 small so that
20 = 00)E(H) + 2L (a (1) + % () + a3(1)) + 2 [u(t, 0)* = Gile(t, )],
v p < =01, 20+ pu < —d.
Notably, the above estimate holds true by (5.55). Then, we have
2uE + pyeq(l +o)e %e(t,0) — 2Lv~a? + 4aLaj
>201G — 2uLa} + 61](t,0))? + pyeq(l + o)e *e(t,0)
pyPegy(1+0)?
46,
Thus, by (5.62), there exists C; > 0 such that

w1+ 0)

>201G — QMLaﬁ_ — —2z

G < —-26,G+ QMLa%r + e L Oy (6—2,2 + ”5—”2_?-&-1) .

46,
Therefore by choosing
. 1 1
d = min 2(517 2,U,L’ Cl N ;LQ’YZCEQ(1+U)2 ’

401
we obtain (5.59).

5.6. Estimate of the instability term. In this subsection, we estimate a .

Proposition 5.13. Let v < 0. We assume that @ satisfies (5.19) and (5.54) for
some z(t). Then for any M > 0, there exists Trr > 0 such that for all t > Ty

1 o}
jasl < o= (el +e7%) (5.63)

Proof. First, according to Lemma 5.12, there exists C' > 0 such that
€13, + e < C{(By(@) — (14 0)Jo(Q) +a +a® +ag+e >} (5.64)

We fix M > 0. Let dp; > 0 be sufficiently small. By (5.19), there exists Ths > 0
such that for ¢ > Ty

e+ 180) 13 + lag(8)] < dar. (5.65)
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We assume that 17 > T, satisfies

1/ . Cour\ 3
— (18T +e2™) < Jay (1))

We then introduce the following bootstrap estimate
2 (Il e ) < ol <, (5.66)
where M, satisfies
(M —C)yvt —2C >0, My > M.
We define Ty, > T; as
T, = sup {t € [T, o0) such that holds (5.66) on [T},t]}.

Since dy is sufficiently small, by (5.60) a4 satisfies for T} <t < T5

d

Lo > vHas (5.67)
Furthermore by (5.33), (5.60), and (5.61) we have

dtao SN+ + e,

L Sl + e,
21 S g + e

Since 6, is sufficiently small, we have
d

2 {(a0)* + (1)} <ai, (5.68)
’jte—’” <ai. (5.69)

Here, we define
I =M% — C(E (@) — (1+0)Jo(Q) + a% +a® +af +e ).
Then by (1.3), (5.68), and (5.69) we have
7' > {(M{ - C)vt —2C}a% > 0.
Therefore as long as (5.66) holds, we have
C(Ey(d) — (1+0)Jo(Q) + a% + a> +af + e~ %) < Mid?.
Thus by (5.64), we obtain
€115, + e < Mid3. (5.70)

This implies that as long as (5.66) holds, we have (5.70). Therefore for T} <t < Tb,
(5.70) holds, and a% increases exponentially. Thus a(T3) = 0y holds for some
T3 > 0, which contradicts (5.65). Therefore we have for all t > Ty,

1 ok
asl < o (1213 + )
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5.7. Proof of Theorem 1.3. In this subsection we prove Theorem 1.3. First
we organize the estimates of G. Gathering (5.57)-(5.63), we obtain the following
lemma:

Lemma 5.14. Let v < 0. We assume that @ satisfies (5.19) and (5.54) for some
2(t). Then, there exist T >0, C >0, ¢> 0, 6 > 0 such that fort > T

(IR, + ) <G+ e < O (|, + e %), (5.71)
G < —0G + %e—QZ. (5.72)
Proof. Notably, G + e™2* < ||€]|3, + €% holds true obviously. Thus we show
G+ e 22 > ||8]|3, + e ?*. By (1) of Lemma 5.12, there exists C; > 0 such that
C%H&TI% <G+ La2, (5.73)
By Proposition 5.13, there exists 77 > 0 such that for ¢t > T}

1 —2z
By (5.73) and (5.74), we have for t > T
1 1 .
ol < 9+ 560 (€13, +e7*%)
1
and obtain

1 —2z 1 2 —2z
- > .
g+ o ¢ Zaa (et +e722)

Thus, there exist T > 0, C' > 0, ¢ > 0 such that (5.71) is satisfied.
Next we prove (5.72). B ( ) of Lemma 5.12, there exists §; > 0 such that

G < —6.G+ a+ e (6—22 + llang)

fiil l*?,zi ‘il 1 277 93+1

By ||€]lx < 1 and Proposition 5.13 and (5.71), there exist T2 > Ty and Cy > 0 such
that for ¢t > T5, we have

51 1 03+1 —2z
DGt - Lt > O
6=

(51 91__). Then we obtain (5.72). There-

Thus, we define T = T and 20 T30, 41

fore, we complete the proof.

O

Here, we prove Proposition 5.5.

Proof of Proposition 5.5. First, by Lemma 5.14, there exist 4 > 0 and 7" > 0 such
that for ¢ > T" (5.72) is satisfied.
Since we assume p > 2, (5.33) is rewritten as

2] S 7% + [lé3, (5.75)
By (5.71) and (5.75), there exists C' > 0 such that
7 <C(G+e ™). (5.76)
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We define w(t) = e2*(). Then, by using (5.76) we have
w' < 20Gw + 2C. (5.77)

Since lim;_, o w(t) = 0o and lim; o, G(¢) = 0 hold true, there exist 0 < 5 < & and
T > T’ such that for t > T,
w' < Sw.

Then, we have for t > s > T,

w(t) < eSt==y(s). (5.78)
By (5.72) and (5.78), we have for t > T

I 1
(1) < e=30-T) 4 S/ et Lo

T w(s)
1 t
< o—0(t=T) / (6-8)(s—t) g
= T s Sy :
cede-m L1
5(6—6) w(t)

Based on these arguments, we have
w <1, (5.79)
Integrating (5.79) on [0, t], there exists C, > 0 such that for all ¢t > 0,
w(t) < Cu(t+1),
which implies z(t) — 1 logt < 1. O
Remark 5.5. When we prove Proposition 5.5, we impose the restriction p > 2 in

order to obtain the condition (5.75).

2z

Remark 5.6. By the proof of Proposition 5.5, we have G < e~2*. Furthermore,

by (5.34), (5.35), and (5.71), we have

Hence, by the same argument as in the proof of Proposition 5.5, we have |a_| < e™2*

and |ag| < e7?*. Furthermore, by (5.55), (5.63), and (5.71), we have
v
€+ S lu(t, 0)1* 2 |3

Here, we estimate £&. When |u(t,0)|? < e~2?, we have [|€]|3, 2 e~ 2% and obtain
E Z e ?*. When |u(t,0)|> 2 e™22, & satisfies £ 2> [|€]|3, + |u(t,0)]|* = e2* since
v < 0. Thus, we obtain

E e 2,

If we obtain a sharp estimate of u(t,0), we improve the estimate of ||€]|, refine the
condition p and 7 more precisely and estimate z(¢) more strictly. However, obtain-
ing a sharp estimate of u(¢,0) is difficult because the delta potential is delicate.

Last, we prove Theorem 1.3.
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Proof of Theorem 1.3. We prove (1) of Theorem 1.3. We assume that # is a solution
of (DNKG) satisfying (1.8) for some z(t) and o = 1. Then by (1.1), there exist a

solution @ of (DNKG) and z4 such that
Jm ([lug () = Q= 24 ()| g + |0su(®)]|2) = O,
I N (5.80)
A, 24 () = oo.

Notably, by (1.1) we have for ¢ large enough,
28] = 24 (1) (5.81)

By (5.80), there exists T' > 0 such that for ¢t > T,

(s (8) = QC — 2+ (Dl + Beu(®)lz2) < 1, 24 () > 1.
Therefore, by Lemma 5.4, there exist 7" > 0 and Z,(¢) such that

Tim (s (6) = QC = 2 ()l + 19ru (0)]12) = O,

Jim 2. (2) = oo,
/{3tu+(t) +2a(ug(t) = Q( = 24(1))}Q'( — Z4(t)) = 0 for ¢ >T",
Jm |z () = 24 ()] = 0.

Then we define @, as the solution of (DNKG) with initial data @,(0) = @ (T").
Then by (2.13) @, satisfies (5.15) for z.(¢) = Z4-(¢t + T"). Thus, by Proposition 5.5,
there exists C, > 0 such that for ¢t > 0,

1
zi(t) — ilogt < C,.
We note that by (2.13), we have for t > 7" + 1
- 1 N1
Zy(t) — ilogt =z,(t-T") — ilogt

1 1
< ilog(th/) - ilogtJrC’*
SC*,

and we have Z; — £ logt < 1. Here, we estimate z(t). By limy_,o0 |24 (t) — 24 (£)] = 0
and (5.81), we have |2(t)| — 2logt < 1. We prove (2) of Theorem 1.3 using the
same argument. Therefore, we complete the proof.

O
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