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Abstract 

We propose a new approximation method convergent to a fixed point of a 
given mapping defined on a Hadamard space. It is a modified version of the 
known CQ projection method. 

ntroduction 

Approximation methods of fixed points for nonexpansive mappings have been widely 

investigated in nonlinear analysis. For example, we know that various generating 
techniques of iterative schemes converge to a fixed point. In this work, we mainly 
focus on the projection methods among them. The following result is an example of 

such a technique, the CQ projection method proved by Nakajo and Takahashi [5]. 

Theorem 1 (Nakajo and Takahashi [5]). Let C be a nonempty closed convex subset 
of a Hilbert space H, and T: C→C a nonexpansive mapping, that is, 

IITx -Tyll ~ llx -YII 

for every x, y E C. Suppose that the set Fix T of all fixed points of T is nonempty. 
Let {an} C [O,a] be a real sequence, where a E [O, 1[. Generate a sequence {xn} C X 
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as follows: xo = x1 E X, and 

伽＝ ％＋  （1 -a)Txn, 

Cn+l = {z EX  I IIYn -zll ::; llxn -zll}, 

Qn+i = {z EX  I〈Xn-Z,Xo -％〉},

Xn+l = Pcn+1nQn+1 Xo 

for every n E N. Then {xn} is well defined and is convergent to PFixTXo E FixT, 

where PK is the metric projection onto a nonempty closed convex subset K of H. 

This method has been generalized in the setting of complete geodesic space; see [2] 
for instance. 
This paper proposes a new iterative scheme△-convergent to a fixed point of a given 

mapping. The method is similar to the abovementioned CQ method; however, our 
new method does not converge strongly. The notion of△-convergence was initially 

introduced by Lim [4] and was intensively investigated by Kirk and Panyanak [3] in 
the setting of geodesic spaces. It corresponds to the weak convergence on Hilbert 
spaces. Therefore, our new result becomes a weak convergence theorem in the setting 
of Hilbert spaces. 

2 Prelimi reliminaries 

Let X be a metric space. For x, y E X with l = d(x, y), a geodesic冨xy:[O, l]→ X 
is a mapping such that "/xy(O) = x, "/xy(l) = y, and that d("/xy(s),"/xy(t)) = Is -ti 
for every s,t € [0,l]．If for all m,y € X, a geodesic 7xy. exists, then we say X is a 
geodesic space. In particular, if冨xyis unique for each pair x, y EX, then we say X 

is uniquely geodesic. In what follows, we only consider uniquely geodesic spaces. 
If X is a uniquely geodesic space, then we can define a convex combination between 
x, y EX  with t E [O, 1] in a natural way. Namely, we define tx EB (1 -t)y ='Yxy((l -
t)d(x, y)). By this definition, w = tx① (1 -t)y is a unique point on the geodesic 
segment [x, y] ='Yxy([O, d(x, y)]) satisfying that 

d(x,w) = d(、う知y(O),"/xy((l -t)d(x, y))) = (1 -t)d(x, y), 

d(w, y) = d('Yxy((l -t)d(x, y)),'Yxy(d(x, y))) = td(x, y) 

for every x, y E X. A subset C of X is said to be convex if tx 〶 (1-t)y E C for every 

x, y EC  and t E [O, 1]. 
A uniquely geodesic space Xis called a CAT(O) space if the ineq叫 ity

d(tx① (1 -t)y, z)2さtd(x,z)2 + (1 -t)d(y, z)2 -t(l -t)d(x, y)2 

holds for every x, y, z EX  and t E [O, 1]. Further, a complete CAT(O) space is called 
a Hadamard space. 
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Let { Xn} be a bounded sequence in a metric space X. Define a function g : X→恥
by 

g(x) = limsupd(xn,x) 
n→OO 

for x E X. An asymptotic center of {xn} is defined by a point x0 E X such that 
g(x0) = infxEX g(x). That is, it is a minimizer of g on X. We know that if X is 
a Hadamard space, then there exists a unique asymptotic center of {xn}-We say a 
bounded sequence { Xn} is△-convergent to xo E X if xo is a unique asymptotic center 
of any subsequence of {xn}-It is known that any bounded sequence in a Hadamard 
space has a△-convergent subsequence. For more detail, see [3]. 
Let X be a metric space and T: X→X. The set of all fixed points of T is denoted 
by FixT, that is, 

Fix T = { z E X I z = T z}. 

A mapping T: X→X is said to be quasinonexpansive if Fix T cf-(/Jand 

d(Tx,z)::=; d(x, z) 

for every x EX  and z E FixT. We say Tis△-demiclosed if x0 E Fix T whenever a 

sequence { Xn} is△-convergent to xo E X and limn→oo d(xn, Txn) = 0. 
Let C be a nonempty closed convex subset of a Hadamard space X. Then, we know 
that, for each x EX, there exists a unique Yx EC  such that 

d(x, Yx) = i11f. d(x, y). 
yEC 

Using this fact, we can define a metric projection Pc: X→C by Pc(x) = Yx for 
x E C. In a Hadamard space, a metric projection is quasinonexpansive and△-
demiclosed with Fix Pc= C. 

3 Main result 

In this section, we prove a△-convergence theorem of an iterative scheme generated 
by a new type of projection methods similar to the CQ projection method. 

Theorem 2. Let X be a Hadamard space and suppose that subsets {z EX  I d(x, z)三
d(y, z)} and {z EX  I d(x, y戸十d(y,z)2 ~ d(x, z戸｝ areconvex for every x, y EX. Let 
T:X→X be a quasinonexpansive and△-demiclosed mapping such that Fix T #-(/)． 
Generate a sequence { Xn} C X as follows: xo = x1 E X and 

Cn+l = {z EX  I d(Txn, z)さd(xn,z)}, 

Qn+l = {z EX  I d(Xn-lふ i)2+ d(xn, z)2さd(Xn-l,Z戸｝，
Xn+l = Pcn+1nQn+1 Xn 

for every n EN. Then {xn} is well defined and is△-convergent to z E FixT. 
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Proof. We begin with showing that { Xn} is well defined. To prove it, we define 
C1 = Q1 = X, and we show that Xn is well defined and FixT C Cn n Qn for every 
n E N by induction. Since x1 is given and Fix T C X = 01 n Qぃitholds for the case 
where n = 1. Next, suppose that Xk is well defined and FixT c Ck n Qk for fixed 
k E N. Let z E Fix T. Then. since T・en, since T is quasinonexpansive, we have 

d(T咋，z)：：：： d（咋，z).

It implies that z E ck+l and hence FixT C ck+l To show FixT C Qk+i, let z E 
FixT. Then we have z E ck n Qk by the assumption of induction. Since ck n Qk 
is convex and咋＝ PcknQ戸k-1,we have tz① (1 -t)吹 ECk n Qk fort E ]0, l[. It 
follows that 

d(xk-l心）2~d（咋—1,tzEB(l-t)祉） 2 -d(xk, tz 〶 (1 -t)咋）2

= d(xk-1, tz① (1-t)狐）2_t位（z，砂）2

~ td(xk-1, z戸＋（1 -t)d(xk-l 心K戸— t(l -t)d(z,:瓜）2_往d(z,:砂）2

= td(xk-1, z)2 + (1 -t)d(xk-l互）2-td(z, xk)2, 

which implies that 

d(xk-1，責＋d(xk,z)2::;d(xk-1,z)乞

Thus we have z E Qk+l and thus FixT C Qk+l・ Therefore, the sequence {xn} is well 
defined and FixT C Cn n Qn for every n EN. 
Let p E Fix T. Then, since th en, since the metric projection P,叫 1nQn+i is quasinonexpansive 
and p is its fixed point, we have 

d(xn+1,P) = d(B叫 1nQn+1咋，p)::; d(xn,P) 

for every n E N. It implies that a sequence { d(Xn, p)} is nonincreasing and bounded 
below, and thus it has a limit Cp E [O, oo[. We also get that { Xn} is a bounded sequence 
in X. 

Since Xn+l = Pcn+1nQn+1 Xn E Cn+l n Qn+l and, Cn+l n Qn+l is convex, for 
t E ]O, 1[ we have 

d(xn心＋1戸＝ d(xn,Pcn+1nQn+1 Xn)2 
::; d(xn, txn+l① (1-t)p)2 

:=; td(xn, Xn+l戸＋（1 -t)d(xn,P)2 -t(l -t)d(xn+1,P)乞

It follows that d(xn, Xn+1)2::; d(xn,P)2 -td(xn+1,p)2. Letting t→1, we have 

d(xn, Xn+1)2::; d(xn,P)2 -d(Xn+i,P)2 

for every n EN. Letting n→oo, we get 

〇こ limd(xn,Xn+1 2 2 2 
n→OO 

) < cP―Cp = 0 
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and hence d(xn, Xn+l)→0 as n→oo. Since Xn+l E Cn+l, we have d(Txn心＋1)~ 
d(xn, Xn+i), and therefore 

0さd(Txn,%）さ d(Txn,Xn+l) + d(xn+l, Xn)~ 2d(xn, Xn+l)→0, 

which implies d(Txn,%）→ 0 as n→ CX). 
Let x。bea unique asymptotic center of { Xn}. Let { Xnk} be an arbitrary subse-
quence of {xn} and we show that its asymptotic center y0 is identical to x0. Since 
{x』 isbounded, it has a△-convergent subsequence { Wj} to w0 E X. Since 
limj→00d(Twj,Wj) = 0 and Tis△-demiclosed, we have w0 E Fix T. Using the 
properties of the asymptotic center, we have 

lirn d(xn, wo) =%。 =limd(wj,wo) 
n→00 J→OO 

さlimsupd(Wj, Yo)さlimsup d(xnk, Yo) 
J→oo k→OO 

~ lim sup d(Xnk, Xo)さlimsup d(xn, xo) 
K→oo n→OO 
さlimsupd(xn, wo) = lim d(xn, wo). 
n→OO n→OO 

This implies 

lim sup d(xn, Yo) = lim sup d(xn, xo), 
n→OO n→OO 
limsupd(xnk, wo) = limsupd(xれk'Yo).
K→oo k→OO 

and hence xo = Yo = wo E FixT. Since any subsequences of {xn} have the same 
asymptotic center x0, the sequence { Xn} is△-convergent to x。EFix T, which is the 
desired result. ロ

In this result, we need to assume the convexity of two kinds of subsets of X; 
{z EX  I d(x,z)さ d(y,z)} and {z E X I d(x, y戸十 d(y,z)2さ d(x,z戸｝ foreach 
x, y E X. Notice that this assumption obviously holds for Hilbert spaces, however it 
does not in general; see [1, 6]. 
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