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A note on the stable 25 - cohomotopy groups
by Goro Nishida

§ 0. Introduction

Let X and Y be based 2'2 =~ complexes and let ’;ﬁ“’m(x 5 Y)
denote the group of stable .Z; - maps of degree (n, m)  ( see £1
for the definition ). If Y =Z°’° is the o - sphere, then ?r/n’m(x :
7029 =7“tn’m(x) is called the stable 22 ~ cohomotopy group of X,
and has been studied by various authors ( (31, (41, [‘7] and [g] ).
The purpose of this note is to describe it in terms of non equivariant
stable homotopy for certain X and Y.

To state our result recall that the stunted projective space Pg is
defined for all integers a and b as a stable complex by the well known

1 b

periodicity. We shall define in §2 a stablemap u :3 ——3 P, for

b2 -1 and a well defined stable homotopy type Pg /Z-l. Let S9 denote

the q - sphere with the antipodal in’:\}volution. Then our results are,

Theorem 1. Let q be a positive integer and let X be a based

%

22 - complex with the trivial ZZ - action. Then for aﬁy n, me 2,
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there is a natural %table isomorphism
X 2R X.: S_?_ ) = %R X : Pg+q ).
Theorem 2. Let n,m and q be integers such that n+gq >0.
Then for any based 27 - complex X with the trivial 2, - action of
dim. { n + m + q, there is a natural stable isomorphism
K ETR) =50 x PRt 1y
Here ;erm( ¢ ) denotes the usual group of ( non - equivariant )
stable maps of degree m. If we fi%@, then the above groups.are all

generalized_cohomology theoryes and by stable we mean that those iso-

morphisms commute with the suspension isomorphism. We should mention

about the dimensional restriction in fTheorem 2. If we use a homotopy
type P: /Z‘—l( defined in a non - canonical way ), we can state that
there is an isomorphism ( not natural ! )

T x) 2§ x:p® /5L

)
for any finite trivial 23 - complex X.

®© -1 ©
Let n=m= 0, then Py /37 " = RPY VZ;O. In this case our result

is just the theorem of Segal | 7]. WheR n >0 and X 1is a sphere



similar results are obtained by [ 97].
i
Finally we state a conjecture which is seen to be equivalent to

the conjecture of Mahowald [{ ] by using Theorem 1 and 2.

Let Ty o = m—n,—m(ZO.O) be the stable (n, m ) - stem. Using the
inclusion i Zp,q __)Bp+l,q’ one can define an inverse system ??Cn,m}ﬁ.
4

Conjecture. ]é_i_mn‘[gn,m =0 for all m.

Ay
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§1. Some notations
First we recall some notatioms. If X is a 2 - space, )“(zz

dinotes the fixed point subspace. R™™ denotes the representation of

22 on Rn+m given by

n,m
x ’

'L‘(xl’..._ x celX ) = (-xl’...’— n,xn+l,"',xn+m)' h34

X
, 1n, n+l n+m

denotes the one point compactification of R0, The unit sphere in
Rr-'-l’0 is a free 25 - complex and denoted by st. Let X be a based
22 - space, then Szn’mX denotes the function space Map():’,n’m, * : X, %)
with the compact open topology and the usual 2, - action.
The equivariant infinite loop space of X is defined by sz X) =
EEQn’m(gn’mX) similarly to the non - equivariant case. It is
known [ ] that if X has a 25 - homotopy type of a Z, - complex,
then so does 42™°™x ( and hence QZ’Z(X))'

A Z, - spectrum X ={xn,gn§ is defined [3] by Z, - spaces
X, and structure maps £a :z’_’,l’an-r—) X 41, Given a 2p - complex X
the suspension spectrum ( with a shifted dimension ) ka is defined

by (ka)n ___Zn-t-k,n+kx where k& Z, and is reffered to a stable

complex and sometimes written as ZkX. A 2z, - spectra map (or stable

4‘*_



Zp - map ) is defined similarly as the non - equivariant case.

Let X and Y be stable complexes. Then the group ;in’m( X:Y)

of stable homotopy classes of stable maps of degree ( n, m )

is defined by

‘ﬁ:n,m( X:Y) = l—j;glP [Z:Pspx,z

ntp, m+PY ] 22

If (n,m)=(0, 0) it is sometimes denoted by zX, Yf z,

ﬁ?’m( X :Z:O’O ) 1is simply denoted by L™™( X ) and called the

(n, m) - dim. Stable 2, - cohomotopy group.

Given a 2, - spectrum X, we can define the associated

Z) - () - spectrum QX by (X )n = 1im§2q’an+q. Note that

—;.q

Y4
(C @X )n) z . lim §2q(€2q’°Xn+q )zz is an infinite loop space.

Hence the fixed point spectrum ( X )22 is an

denote by E( ® ). Eviclently we see that [E

&= spectrum which we

(I ) TPE(X).

The infinite loop space ( % )o 1is denoted by E( X ).

Clearly £ and E are functor. We remark t

valent to the fixed point subspectrum Xzz.

—0
and n, m « Z, consider the stable complex }

W

hat E( X ) is not equi-

Given a 22 - complex X

2Ty (i.e., X with dimen~-

61
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sion shifted ). If n and m are positive, then EQZn’mX)
= sz(z?’mx)zé. Therefore for negative n or m, we often write as
szgzn’gbzz instead of E(g“’“‘x).

Under the above notations the following lemmas are obvious.

Lemma 3. Let Y be a 22 - complex and X a 2, - complex with
the trivial Z, -~ action. Then there is a natural isomorphism.

TV x:Y)= X, EC™) 1.

£ y & Z be a 2, - cofibration ( see

Lemma 4. Let X 5 2

[ 3] for definition ) of stable 22 - complexes. Then
£
Ex ED e E® g2
is a cofibration of spectra. Therefore the sequence
E(f) E(g)
E(X) E(Y) % E(2)

is homotopy equivalent to a fibratiom.



§ 2. Stunted projective spaces.

Let 3 be the canonical line bundle over the projective space RP3,
There is a canonical isomorphism

Ko(RP?) = Kozz(sa)

induced from the projection s?— rp? ( see [4—] ).
By this isomorphism § corresponds to the 22 - vector bundle Sa x R
Therefore the spacev Si /\zzf_,n’o = (S_?_ /\Zn’o) / z, is identified with
the thom complex T(n3). It is v;iell known [4] that T(n3) is

. . . +a +
homeomorphic to the stunted projective space Pz = rp72 / RP

n-1
It is well known that the order of 3 - 1€ KO(RP?) is finite.
Then the following lemma is obvious.

Lemma 5. Let d be a multiple of the order of 3I-1€ KO(RPa).

Then there is a 22 - vector bundle isomorphism

v : s? x Rd’o —>s?x Ro’d.
We denote by the same ”L the induced Z/2 - homeomorphism

d a+d

Si/\ﬂd’o B Si/\z,o’ , and also the homeomorphism Pa _}Zd}%. Now

for each a >0 and n& Z choose d as above satisfying d+n > 0,

1,0
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+ -d_n+d+
and define a stable homotopy type Pg a by ¥ dPg_;.d a

n+a

Then by the percodicity Y, Py is well defined. For the stable

+.
complex P;H-a , define an infinite loop space Q(P;1 a) by QdQ(PgIg+a).
. nta , -1
Next we define a stable homotopy type P, /X for n.+ a >-1.
n+a -1 n+a o
First let n > 0, then we define Py /¥ to be Pp vy, , namely

- + —
the cofibre of the unigue homotopy class 3 1 ] Ph a, where & denotes
the m - sphere spectrum. Next let n< 0 and put r = -n > 0. Let

d be a multiple of the order of 3 -1 & I’(B(RPa), and choose a periodcity

d

d:0 2 53 4 g4,

q :s*xR
Clearly it restricts to a periodicity 'Z : Sr—l ds0 5 g7l O’d.
Note that a > r. Let » be the normal bundle of an embedding

RPr—lc RN, N large enough. It is well known that such embeddings

are isotopic to each other. Since we have canonical isomorphisms
’[:(RPr-l)GB El =r3 and ‘C(RPr_l)G?V > el RN, we have a canonical
isomorphism

d36p TW@-D3e (N+ D™

Then by using *Z :d3= le, we have a bundle isomorphism j’ HE VA, dgl

T Wd-1)38 N+ l)El. Let h :EN_..) T()) be the Pontrjagin -

¥
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Thom map of the embedding Y C ’N, By the uniguéness of normal bundles
up to‘isotopy the homotopy class of h 1is uniquely defermined. Then

.- define a stable map u : Z — P—r ‘Pn*a’ﬁy ‘the composite

. h .
SN B a0 melT( @ - o) ZN"'lPd_% Z'N+1_Pd r+a'

1f we change a periodicity by ‘Z’: stta 4 Rd’o —_— SIH'a x Ro’d,

then the resulting map u' differs from u by a self homotopy equivalence
of Pg:?a In fact note thét Y is a restriction pf a vector bundle
over rRP2.

Then bundle isomorphisms /M@id, /A’qaid : d30Y —> aglo v

extend to bundle isomorphisms over RPa, gnd hence ( /u Pid) ('.; (/A'@ id)"1

is a bundle automorphism of (d - r) I (N+ 1)6l over RP2, This

shows the vequired property.

nta

Now let Py /[_’,-l be the cofibre of u. The above argument showsv

that the stable homotopy type of Pn /z. does not depend on choices

: _ : .
of d and Y. It is obvious that the n + b skeleton (Pn /Z, )(Il b)
is homotopy equivalent to Pg+b/ > Therefore we can define ( not

canonically ) a stable homotopy type P::/ Z- 1.
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It will be usefull to give another description of u.

Let sr"lc sr“l X Zd-r,o be the obvious embedding. The normal bundle
r-1 d-r,0

is then canonically isomorphic to S x R .
Hence the normal bundle V(RPr-l, Srﬂl X ZZZd—r’O) of the induced

embedding RPr—lC Sr“l X ZZZd_r’O is identified with (d - r)3.

r-1 _d-r,0 d,0

We remark that 'Z:(Sr—1 xzd—r,0)®£ =S x 5 x R , and hence by

the periodicity pwe have an isomorphism

C(Sr-l )zd—r,o)ﬁg > dg. .

Thus Sr‘._'1 X ZZZd_r’O is a framed manifold and 2 gives a framing.

Then given an embedding st1 x Z; -r,OC RN, we have the Pontrjagin -

Thom map

N=-d+1, r-1

.
3 5 (s r,0

d-
X 222_‘ +).
It 1s easy to see that the map u defined above is also given by the

composite

SN __))ﬁf-dﬂ(sr-l . zﬁ-r,o+) T B o)

N=-d+1_d-1 > {-d+1_d~r+a N+1_n+a
=% Pa-r LN Pi-y =35 Py

where the second map is the Pontrjagin - Thom map of the embedding

r-1 d-r,0

r-1



¥4
3. The spac X)“42
g pace Qz, (X)
Let X be a finite 2 - complex and X, denotes X with the
. . I m
disjoint base point. Given a continious map f :37 — X.ZZUZ ,
let e(f) be the composite
n,of
SIS artme getn
This defines a continious map e : Q(X.Ez) — sz(X+)zz.
Conversely by assigning to a 2, - map f :Z,n’m — XMZn’m
the map fzz of fixed point sets, we obtain a continious map
: Qg, ) %2 — uy?)
g+ Qg (X Q(x?).
It is obvious that {-€ = id. More precisely we have

Proposition 6. There is a natural homotopy equivalence

At Q&2 — qx?) x U(s® x g,000.
Moreover via 7, the maps e and P Iare homotopic to the canonical
inclusion and projectioﬁ, respectively.
Proof. The existence of ‘% is éhown in [¥]. In [§], =
is defined by a geometric method. That is, we may suppose that X is
a2 G - manifold and let Y be a manifold. Then any element of

(Y4, QZ’Z(X.,_)ZZ] is represented by a pair
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where E 1s a G - manifold, f is a G - map and h isra framed
map. ( see [ X] for definition ).
fﬁen ié.is kﬁown thati E is Qecomposed into a disjoint éuﬁ ofbéubmanifolds
EgllE1, where EQ 1is trivial and E; is free as 23 - space.
Then the map A is induced from this decomposition.
Then checking for a geometric representative, we see that the homomorphism
é* : Y+, Q(X22)] — %, Qﬁz(&)zzl
coincide; with the canonical inclusion. For the map - ¢ the proof is
similar.
Now we shall stabilize the above result. Let n gnd m be positive
integers. We have a 122 - cofibration
X 5 @ x50y Ko s
and the projection p : (X'xzn’m)+ — X; such that poi = idx.
Applying the functor QZQ( )Zg = E( ), we obtain a fibration (up to
equivalence )
Bk EDr(cx x 200,) EDpx, 5o
’ 4
It is obvious that the fibration is trivial, and by using the map E(p)

we can define a canonical splitting ;

I



s ¢ EGAR™ — BE(X x5

Since the homotopy equivalence of Proposition 6 is natural, we easily see
the following generalization of Proposition 6.
Lemma 7. Let n and m be positive integers, then there exists

a natural homotopy equivalence

At EGA™ — chf%4zm) x Q((X x s“’)+/\22§n’m).

Lemma 8. The map \ is an infinite loop map.

Proof. We are enough to show that the following diagram is commu-
tative.

z
[Y+, E(X)] 24 (Y4, Q2] @ [Y4, QU(X x 2,5)4)1
o,n

|
’ ’ ) ZZ,, n A
(2 B D] 5 (AT s QUGAT)] P [Yaals, QX x 894/, )],

o~

e

where O~ is the suspension isomorphism. We may suppose that X and
Y are manifolds as before, and we can take a pair

f h .
X = (X <— E— Y) for a representative of an element of [Y,, E(Xp)].

Note that h x id : E x T is canonically framed. Hence define a

homomorphism

69
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7 Y EED] — [ x 22N, B(E x50

~Oo,n
50

by o(x) = (X xZo’n X 1d~E fo”n hx1 Y x Then we easily

see that the diagram
(Y4157, E@Rens* ™1
[Y+, EXD] - 15

o~ [ x5, B(X x52°7™),)]
is commutative, where j 1is the split monomorphism induced from the map
S. Then the commutativity of the rectangle diagram is shown easily for
a geometric representative (X(—f— E B, Y).. q. e. d.

Given a CW - complgx X, let ZX denotes the suspension spectrum.
Then from the above lemmas, we obtain a homotopy equivalence of spectra

o0 ,m

A+ EGRI™ = ZREZEN VIR x 59, 47T,

Let n(>0) and m be integers. Then

Proposition 9. There exists an equivalence of spectra

A EOGAT™ > 2 U™ v S x50 445
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% 4. - Proof of the theorems

In this section we proves Theorem 1 and Theorem 2 simultaniously.
gy Lemma 3 we have natural isomorphisms

TR s = x, EETSD]
and

TN 2 X, eI,
Thus' the problem is to determine those spectra IEQ:n’m) and E(f’msi).
for any n, m &£ Z.

First we suppose that kn > 0. . Note that (Sq)z2 = ¢) and §% x ¥
is 2j - homotopy equivalent to st. Then by Lemma 7 and Lemma 8,
we easily see that

EGTsE) =zt

and

™ = 2™ v ")
as spectra for any m <= Z. This immedeately implies the theorems for
n 2 0.

Next suppose that n { 0, and put r = -n" > 0.

Given a positive integer q, let d be an integer (d > r) and
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/A :Zo’dsi —92d’°si be a periodicity as in Lemma 5. Let N, M be

integers large enough. Given a Z9 — map f :Z +r,M ——}”"1 ms_*,,

let !J*(f) be the composite

,A
s M M f_N, M-Pmsi =ZN+d,M—d+mS$ )

Then we obrain an isomorphism (periodicity) of spectra.
JIRRR Tosgas) — g Prdsmdgly
Since n + d > 6, we can reduce to.the first case and we have
E(Zn+d ,m~ dsg)w Z(an dPn+d+ f;(ﬂ Pn+q)

This shows Theorem 1 for n (¢ 0.

Next let n, m an»d q be as above, and suppose that n + q > 0.
From the standard Z, ~ cofibration s$ _2_}20,0 _i}zq+1,o —sz”lsﬁ,»
where P is the unique non - trivial map, i 1is the standard iaclusion

+ +
q+1,0 —>s59 l,O/ZO,O

and TJ(:3° = 20’182 is the projection, we obtain

a stable 27 - cofibration
Zn,msi P, Zln,m 1izn+q+l,m c.;z.;n,m-i-ls_%.
_ "Then by Lemma 4 we obtain a stable cofibration

IE:(§:n+q+l ,m= 1) E(c) E(V ,m. q E(p) E(,_n m).

Choose d suchas n+d 20 and a periodicity
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ux g™ x g FT ™59

/

- +d+
Recall that E(ﬁﬁd’m dS.(fl.) =§(}‘_,’m‘dPg+g D =Z<Z-mPg+q)'

By assumption n+ q+ 1 >0 and by Lemma 8 we have an equivalence of
spectra

A s BT 256 v 2 B )
Using the equivalences P* and 3\, the map E(c) is homotopic to a
map w : g(in—l) v Z(Zm-lP?;q.,.l) —>Z@mm‘}+q). Let

o i m@h = 2R

o — =}
be the restriction of w to g(gm 1). Note that Z(gm an+q+l) is
n + m + q - connected. Hence the cofibre of u' is n + m + q - equi-

valent to E(ﬁl’m).
Then Theorem 2 for n < 0 follows immedeately fr;om the following

Lemma 9 The cofibre of u' is stably homotopy equivalent to
sPERYY S of 2.

Proof. We may suppose that m = 0. Since we have defined u' using

a periodicit U s x Rd’o —> 5% x Ro’d, it is enough to show that
y /

- - + .
u' (G l) —-—,*Z(Pg q) is homotopic to u for the same choice of (!.
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Let

~ - - +
= s T A — 7P, 259

be the induced homomorphism. Let r = -n> 0. and let

-r,1, o,0
1624

zé'[C

H S_?_) be the class of the composite

s~ Ts0 T _Z?,lsi-l ng’ls.?..

<D

By the smash product we have a pairing

ata',b+b!

A ﬁa’b(x : Y)@® TEa"b'(X' :Y' ) > (XAX' : YAY").

Let ¢} be the composite
_ﬁ:-r,l(xo,o . S.?.)@ fCO(Y+) .ﬁ_@g?ﬁ-ti,l(zo,o . Si)@“ﬁ;o’o(YH
—4‘»7”5'1"1<Y+,s;!) %%cd’r’l‘d<Y+,SE> 25 vy, 0T,
Then we see that £(x) = {(zex), and we are enough to show that
{(281) = fuf We remark that the element 2 ié given by the Pontrjagin
- Thom construction of the pair ( * &— Sr_1 s Sq), where the unique

map st —> * is, say, (r, -1) - framed.

r-1 1

That is, “C(Sr-.l)@g =S x Rr,o. Then as in § 2, st™ XZZZd-r’O
is a framed manifold by e of the periodicity /“ Then by the definition

of A we easily see that the class §(z81) 1is given by the composite



- 5 N- - —d- N-d+ -
ZAN c 5! d+1((sr 1 x 2_}d r,o)+) i;E:N d l((sq Xz S,.d r,o

29

L2 ZN—d+l o

where c¢ 1is the Pontrjagin - Thom map, and i
Now by the second description of the map u, we
fulf = r(®1) = Ju

e
S

This completes the proof.

(SgAzzzd—r,o) ___ZI‘H—l (Pn+q)

and JU are obvious maps.

easily see that

75
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