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Preface

Itisurgedthateffectivetechniquesbedevelopedtoapproximate

:Largesystemstosystemswithreducedmodelorder.Whenmoreprecise

resultsaredesired,oneencoutﾆersthedifficultyofincreasing

dimensionality,throughoutthethreestepsofmodelmaking,analysis

ofthesystemandsynthesisofthesystem.Moreover,theestimation

oftheerrorinthemethodadopted,isofgreatimportanceandin

generalmoredifficultthanobtainingtheapproximatﾆesolutionitself｡

Systemscanbeclassifiedintotwoclasses,i.e.,differential

systems(dynamicalsystems)andalgebraicsystems.Forbothsystems,

severalmethodshavebeendevelopedtoreducethedimension,inorder

toavoidthedifficultyofincreasingdimensionality.Thesingular

perturbationtheory,e-couplingsystem,blockdiagonalization,sparse

matrixtheory,etc.aremoreorlessapproximationmethodsusing

subsystemswhicharegeneratedfromtheoriginalsystemandaremore

easilydealtwiththantheoriginal.Thesingularperturbationtheory

isefficientintreatingdifferentialsystemsofacertainclass｡

Theperturbationmethodingenera:Lisveryusefulintreating

ratﾆhercomplexsystemswhicharenotverydifferentfromknownsystems.

Theconventionalperturbationmetﾆhodtreatstﾆhe"regularsystem",

wheretheperturbingtermdoesnotchangethedimensionofthesystem.

Thedynamicalsysteminvolvingasingularlyperturbingparameterwhose

presencecausesthedimensionofthesystemt0increase,cannotbe

dealtwithbytheregularperturbations.Suchsystemsofsingular

perturbationtypeappearinmanyfields,e.g.,networktheory,fluid

mechanics,magnethydrodynamics,etc｡

Inthisthesis,devotedtotﾆheStﾆudiesofthesingularperturbatﾆion

theoryinconnectionwithtwo-pointboundaryvalueproblemsarisingin

theoptima:Lcontrolsystems,emphasisismadeupontheerrorestimations

oftﾆhederivedapproximatesolutionintﾆheformofasymptoticexpansions

Thesingularperturbationtheoryprovestobebasicandwidely
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applicabletﾆorealphysicalsystemsoflargesizewhichusually

happentoinvolvestiffdifferentialequations.Themannerofthe

descriptionofthisthesisisasfollows;firstly,themethodof

constructingformalasymptﾆoticsolutionsispresented,andthentﾆhe

basictheoremsareofferedestablishingthevalidityofthemethod

proposed.
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Abstract

Thisthesisconsistsofsixchaptﾆers.Thehistoricalsurveyof

thesingularperturbationtheoryIsgiveninthefirstchapter.The

outlineandbasicideaoftﾆhetﾆheoryarealsopresented.Further,the

well-knownformulaofVasil゛evagivingtheInitﾆialconditionsofthe

higherorderrecursivesetofequationsandthematﾆchinglawofthe

methodofmatchedasymptoticexpansionsareprovedtobeidentical.

Therelationisfirstshownexplicitlybytheauthor.

InChapter2,afinitﾆedimensionalmodelistreated,whichIs

describedbyasetofordinarydifferentﾆialequatﾆions.Suchmodels

mayofferadescriptionofabroadclassofrealisticphysicalsystems

Threeproblemsoccuringtﾆypicallyinoptimizatﾆionproblemsareconsid-

eredinthreesections.Theresultsinthesesectionsmaycovermany

variations.InSection2.2,wederivebasicresultsontracking

problems.Theresultscanbeextendedtotheregulatorproblems,

yieldingtheorems･underhypotheses,differentfromthoseofYackel

andKokotovic[Y.73].InSection2.3,afiχed-end-point,fiχed-end-

timeandminimumenergyproblemwillbetreated.Thegeneralized

RiccatitransfonnationIsIntroducedtotreattheill-conditioned

two-pointboundaryvalueproblemsgeneratedbythefixed-terminal

problems.Section2.4isconcernedwiththesysteminvolvingtwo

singularlyperturbingparametersofdifferentordersofsmallness.

Theresultsofthissectioncanbeeasilyappliedtothesystemsin-

volvingmoreparameters.Thelastsectionisdevotedtothestudyof

theasjTnptoticbehaviouroftheperformanceindex.

Chapter3dea:Lswiththenuclearreactorcontrolasalumped

parametersystem.Suchalumpedparametermodeliswellknowninthe

fieldofreactorengineeringasa"pointreactor".Theresultsin

thepreviouschapteraresuccessfullyappliedtotheanalysisand

synthesisofsuboptimalcontrolofthepointreactor.Thischaptﾆer

consistsoftﾆwosections.Theearlysectionisconcernedwiththe
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errorestimationofpromptjumpapproximationwiththeaidofthe

singularperturbationtheoryandsomenumericalexamplesareshown.

Thelattersectiontreatstheregulatorproblemofthereactor,also

withnumerica:Lexamples･

Chapter4isconcernedwithnear-optimumcontrol0fsystems

involvingspatﾆia:Llydistributedparameters.Suchsystemsareusually

describedbypartialdifferentialequations,integralequationsor

.●

integro-differentia:Lequations.Thesystemconsideredisrepresented

bypartialdifferentialequationsofparabolictype･

Itistobenotedthatﾆthepracticaltreatmentofpartialdiffer-

entialequationsusuallycannotbemadewithoutinvo:Lvinganapproxi-

mation,spatialdiscritization,modalexpansion,etc･,sincethe

equationscanberegardedasofinfinitedimensiona:L.Henceone

Shou:Ldrea:Lizetheimportanceofthereductionofthenumberofinde-

pendentvariablesIfpossib:Le･･

Thischaptﾆerconsistsoftwoparts｡theformeroneisdevotedto

thestudyofthesingularperturbationsofacertainclassofaset

ofevolutionequationsofparabolictype.Thelatﾆterdealswithnear-

optimvimcontro:Lproblemsontﾆhebasisoftheresu:Ltsderivedinthe

formerone.

Chapter5isconcernedwiththenuc:Learreactorcontrolasa

distributedsystem.Theﾆimportanceofth:istreatmenthasbeenincreas-

ing,sincethesizeofreactorsisbecoming:Largerandthespatial

effectscannotbeneglected.Forinstance,contﾆroloftheneutron

fluxdistribution,burnupcontﾆro:Lwithconsiderationofhot-spot-

factor.Xenonosci:Llation,etc.shouldbetreatedbyconsidering

distributedparameters･

Themethodproposedinthischapteristhesingularperturbation

theoryconnectedwithoneofthemodalexpansion,theHelmholtzmoda:L

expansion.TheHelmholtzmodegivesthecompletebasisinthespace

L2.Thetheoreticalfoundation.uponwhichthevalidityofthemethod

presentedrelies,hasbeengivenInChapter4.

Intheﾚlastchapter.△theでesultsobtained｡aでesummarized･･.･.･･.･.,.
a･㎜･･･-･
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Chapter1SingularPerturbationTheory

Inthischapter,anoutlineandsurveyconsistingoffoursections

willbemade.InSection1.1,theaspectsorsituationsofthesingu-

larperturbationtheoryareintroducedbyshowingoneofthesimplest

example.InSections1.2and1.3,abriefsurveyismadeofthe

singularperturbationtheoryavailableatpresenttooptimalcontrol

problemswithlumpedanddistributedparameters｡

Thesurveyisnotcomprehensiveifviewedfromapurelymathematl-

calpoint.ThemorecompletﾆereviewcanbefoundinVasil'eva's

reviewpaper[Vs.63,:L],Wasow'slaboriouswork[Ws.65],orinO'Malley

[0.68.2].Thefourthsectionwillbedevotﾆedtﾆothedescriptionof

preliminaryresultsofthesingularperturbationsofordinarydiffer-

entialequations.Theproofsareomittedherebecauseourmainobject

:Liesonlyinthatbasicideasandtechniquesofthesingularpertur-

bationsarerequiredtobedemonstrated.

1.1Introduction

Physicistsorengineersoftenmeetsystemsdescribedbyordinary

differentialequationswithparasiticparametersappearingascoeffi-

cients.Perturbationmethodisknownwelltobeagoodtooltoinves-

tigatesuchsystems.Themethodhasitsorigininthenaturalintui-

tion,andintheeχperimentalknowledgethatthereisalittlediffer-

encebetweenthetrajectoriesofgeneratingsystemandthatﾆofper-

turbedsystem.Analysisoftheperturbedsystemisusuallymore

intractabletobehandledthanthegeneratingsystem.Accordingto

the"regular"pertﾆurbationmethod,theunknownquantitiesareexpanded

intopowerserieswithrespecttoasmallparametermultiplyingthe

perturbingterm,andtﾆhecoefficientsoftheexpansionsaredetﾆermined

stepwisebysolvingrecursiveequations,usuallyofthelinearform.

Themethodispowerfulandpracticalinthefieldsofappliedmathe-

ma万tics(Cole[Cl.:68]),fluidmechanics(VanDyke[Vd.64]),nonlinear
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oscillations(Hayashi[Hy.64],Nishlkawa[N.64]),etc･

Butamongsystemstobeconsidered,therearepeculiarones

includingsmallparameterswhosepresencechangestheorderofthe

system.Suchsystemscannotbetreatedbythe"regular"perturbation

method.The"singular"perturbationtheoryisneededtoInvestigate

suchsingular:LyperturbedsystﾆemS･

Thequestionmayarisehowthe"singular"perturbationtheory

differsfromthe"regular"perturbationtheory.Thefollowingsimplest

examplemayshowthesingularityandcomplexity･

Ascalardifferentialequation･

e
d2
-
dt^
X+
d
-

dt

X°0,

forinstance,hasthegeneralsolution

X°C1 exp(-t/e)十で2'

(1.1.1)

(1.1.2)

whichisnotcontinuouswithrespecttoCatC=0,unlesst=.0.

ThequantitiesC:LandC2aredetﾆerminedbysubsidiaryconditionsof

theproblem.Weconsiderheretwo-pointboundaryconditions,for

examp:le.

x(O)=o･,x(:L)=B

Theexactsolutionis

x(t,e)={1-exp(-
士)}‾1{((x一日)exp(

Sinceforthepositivee,wehave

limx(t,e)=β,forte]0,1]

C-ﾁﾞ0

)十良一aexp(-
1
一
巳

(1.1.3)

)}.(1.1.4)

(1.1.5)

Theconvergenceisuniforminanyc:Losedt-interval0<6三tこ1

butnotinthewholeinterval0<t<1.Thesolutionχ(t,0)=Bis
--

thatofthereducedproblem,obtainedbylettinge°0,

2



d
-
dt
x°0,x(l)=3 (1.1.6)

Inanarrowintervalofwidth0(e)thesolution『1』L.4)changesrapidly

fromx(0,e)=atoacertainvalueneighboringx(t,0)=6withdiffer-

enceoftheorderofE.TheoutlineofthesituationIsshownin

Fig.1.1.1.Pearson[P.68]providesmanyexamplesoftheboundaryproblems

withillustratﾆions.

Fig.1.1.1

OCi)

Aschematicfigureofa
boundarylayer.

SuchanIntervaliscalleda"boundarylayer",whichisoriginallya

terminologyoffluiddynamics,becauseofamathematicalanalogywith

theboundarylayersoffluiddynamics(seeforexampleVanDyke[Vd.

64]).Forthenegativeewefindthat

:Lirax(t､e)=a､

eう0

(1.1.7)

andtheboundarylayeroccursatt=1｡

Intheprecedingdescription,itisshownthatthereducedsolu-

tﾆiondoesnotgenera:Uysatisfytﾆheconditﾆionsofbothends.Alsowe

canshowinthesamewaytﾆhatifinitﾆialvalueproblemsareconsidered,

thereducedsolutiondoesnotsatisfyalltﾆheprescribedinitialcondi-

tions.Inotherwords,someoftheprescribedconditionsarelostin
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thereducedproblem.Hereweareconfrontedwiththeproblemofwhat

conditionsarelostinthereducedproblem,andhowwecanmakecorrec-

tionstothereducedsolution.Thesingularperturbationtheory

providesuswithrightanswerstotﾆhesequestions.

1.2Singularperturbationtheoryforordinarydifferentialequations

Letusconsidersingularperturbationsofasetofdifferential

equationsofthefirstorder.Ingeneral,suchsystemscanbewritten

Intheform

E;

d
-
dt

d
-
dt

x°f(x,y,t,e:),

y°g(x,y,t,e),

x(0,e)=こ(ε),

y(O,e)=n(£),

(1.2.1)

whereCisasmallpositiveparameterandX,fEEnly,gEe"^.

Thereducedsystem(degeneratesystem)isobtainedbysetting

E=0in(1.2.1)andbycancellingtheInitialconditionfory･

―X=f(x,y,t,e),

0=g(x,y,t,e).

x(0,0)=こ(O),

(1.2.2)

Theproblem(1.2.1)iscalledthe"fullproblem"andissaidto

degenerateregularlyat(｀O(t)'yO(t))'thesolutionofthe"reduced

problem"(1.2.2)on[0,T],ifthesolutionof(1.2.1)convergesas

e°‾゛十〇to(xq,Yq)unifo°ilyonclosedsubsetsof[0,T].

Thesingularperturbationtheoryhastwoaspects,theoneisto

investigatetheregulardegenerationof(1.2.1)andtheotheristo

constructanasymptoticexpansionoftheSO:Lutionofthefullprob:Lem

(1.2.1)･

Inboththeaspects,theJacobianmatrix

器(゛

O
(t)'yO(t)'t'O)

4
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playsaprincipalrole,thenonsingularityofwhichestablishesthe

convergenceandtheSO:Ivabilltﾆyoftherecursiveequationsinthe

outerregion,whichcanbeobtainedthroughtheouterproblem:

d
-
dt

e

d
-
dt

x°f(x,y,t,e).

y°g(x,y,t,e)

x(0,ε)=と(ε),

Asolutionof(1.2.4),x(t,e),y(t,e),satisfies

x(t,O)゜XQ(t),

Theinnerproblem

d
-
dT

d
-
dて

y｡(t･0)=yo(t)

χ=ef(χ,Y,£て,e),

Y=g(X,Y,£T,e).

X(O,e)=5(e),

Y(O,e)=n(G),

(1.2.4)

(1.2.5)

(1.2.6)

derivedthroughthestretchingtransformationて゜t/e,describesthe

solutionof(1.2.1)fortnearzero,orintheboundarylayer･

Theassociatedboundarylayerproblem

d
-
dて
Y°g(x(t),Y,0,0), Y(O)=n(O), (1.2.7)

determinestheasymptoticbehaviorofthesolutionoftheinnerproblem

(1.2.6)｡

Manypapersontheregulardegeneratﾆ10nof(1.2.1)requirevarious

stabilitypropertiesofthesystem(1.2.7).Tikhonov[Tk.52]stated

thatifacertainSo:Lutionof(:1.2.7)isasymptotﾆicallystableasて4α)

then(1.2.1)degeneratesregularlyforeachtrestrictedinacompact

interval.HisassumptionwasInadequatepartlyandwascorrectedby

Hoppensteadt[Hp.67].LevinandLevinson[Lv.54]gavethecondition

thatalleigenvaluesof(1.2.3)havenegativerealpartsfortC[0,T]･

Thisconditionisidenticalwiththeasymptoticstabilityofasolution
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of(1.2.7).Hoppensteadt[Hp.66],[Hp.67]gaveaproofofTikhonov's

theoremandeχtendedtheresulttothecaseT=oo｡

FlattoandLevinson[F1.55]andLevin[LV.561,[Lv.59],studied

theregulardegenerationof(1.2.1)undertheconditlona:Lstabilitﾆy

ofthesystem(1.2.7).Levinshowedthatthefullsystem(1.2.1)

degeneratesregularlyiftheinitialdataaregivenonthesuitable

manifold,calledinitia:Lstablemanifold.Theconditionalstability

of(1.2.7)meansthatalltheeigenvaluesof(1.2.3)havenonzero

realpartﾆs,orthesystem(1.2.3)possessesanexponentﾆialdichotomy

(Coppel[Co.67]).Otherstudiesoftheconditionallystablecasewere

madebyCoppelandChang[Cn.681,[Cn.69.1],[Cn.69.2].Theirresults

[Cn.69.:L],[Cn.69.2]refinethoseof[F1.55],[Lv.56],[Lv.59],and

[Cn.68]byremovingcertainsmoothnessconditions.Hoppensteadtﾆ[Hp･

71.1]alsostudiedtﾆheconditionalstabilitycase,payingattﾆention

tothedifferentiabilityofthe･solutionof(1.2.:L)withrespectto

e,whi:Lein[F1.55]-[Cn.69.2],themainobjectiswiththecontinuity

asC4･Oofthedifferencebetweenthesolutﾆionof(1.2.1)andthat

of(1.2.2)｡

Asforthesecondaspect,i.e.constructing-theasymptoticexpan-

sionsolution,severalresearcheshavebeenmadeinvariousways･

Frompracticalpointﾆsofview,thesecondaspectismoreimportant,

whichhasbeenemphasizedfrommanyapplications.Vasil'eva[Vs.63.1],

KaP:Lun[Ka.61],Hoppensteadt[Hp.71.1],and0'Mailey[O.71.1]have

takenseveralapproaches.Vasil'eva'smethodissimilartothepopular

methodofInnerandouterexpansions.Kaplun[Ka.61]obtainedexpan-

sionofthesolutionusingthemethodofmatchedasymptoticexpansions

[Fk.69,Vd.64,Ku,67],whichisdirectlyapplicabletopartialdiffer-

entlalequations(cf.HendryandBell[Hn.69,Hn.7O,Hn.71]).In

Hoppensteadt[Hp.71.1]andO'Malley[O.71.:L]thesolutionof(:L.2.1)

wasconstructedbyusingboundarylayermethodwithalittlediffer-

encebetweenthem.A11theexpansionsappearinginliteratures[vs･

63.1]-[0.71.1]canbeshowntoreducetooneanother.Throughout

thesepapersonlythecasewherealleigenvaluesof(1.2.3)have

6



negativerealpartswasstudied.Tupilev[Tp.62.1]extendedVasil'eva's

resulttotheconditionallystablecase.

Concerningtwo-pointboundaryvalueproblems,severalapproaches

havebeenmade,e･g･,byHarris[Hr.6O],[Hr.62],Tupclev[Tp.62.1],

VishikandLyusternik[Vi.57],[Vi.58],Mackl[Me.67],O'Malleyand

Keller[0.68.1],O'Ma:Lley[0.69],[0.70.11,[0.70.2],Hadlock[Hd･

70.2],andHoppensteadt[Hp.7O],[Hp.7:L.1].Comparedwithinitial

valueproblems,comprehensivemethodshavenotyetbeenderived.

Harris[Hr,60],[Hr.62]obtainedsomeconditionthatascertainsregular

degenerationofhomogeneoustwo-pointﾆboundaryvalueproblemofthe

firstﾆordersystem.InO'MalleyandKeller[0.68.1],certaincancel―

lationlawofboundaryconditionswasconsideredastohigherorder

scalarequations.Theregulardegenerationofatwo-pointboundary

valueproblemarisinginoptimalcontroltheorywasalsoconsidered

byHadlock[Hd.70.2].

AnasymptoticseriessolutionwasobtainedinTupciev[Tp.62.1],

Macki[Me.67]forthenonlinearsystemofthefirstorderequations.

VishikandLyustenik[VI.58],andO'Malley[O.70.11,[0.70.2]also

consideredasymptoticseriessolutionsofacertainclassofquasi-

linearsystemequations.Linearscalarequationswerestudiedby

VishikandLyusternik[Vi.57],O'Malley[0.69],etc.Thecomprehensive

bib:LlographyandsurveyonthesubjectﾆScanbefoundinO'Malley[0.

68.2].

1.3Singularperturbationtheoryforabstractevolutionequations

Theresultsofsingularperturbationsofordinarydifferential

equationshavebeenextendedtoabstractevolutionequations,including

parabo:Lie,hyperbo:Lie,andintegro-differentialequations.(Onthe

abstractevolutionequation,parabolicequationetﾆc,Dunfordand

Schwartz[Df.58]maybereferredto.)

InTrenogin[Tr,63],theCauchyprobleminarealBanachspace

C

d
-
dt
y(t,e)=F(y,t,e),

7

OくtくT,･

-



y(O,e)=0, (1.3.1)

isconsidered,whereboththeregulardegeneratﾆionandasymptotic

solutionof(1.3.:L)arestudied,byexpandingthenonlinearoperator

F(y,t,e)intoaTaylorseriesinanappropriatesensewithrespect

toyandC.Kreln[Kr.67,Ch.4]investigatedtheasymptoticmethodon

theCauchyproblem

C

d
-
dt
y(t,e)=A(t,e)y(t,e)十f(t). (1.3.2)

ThemoregeneralCauchyproblemwasalsoconsideredbyHoppensteadt

[Hp.69.1],[Hp.69.2]oftheform.

e

d
-
dt
y(t,e)十A(t,e)y(t,e)=f(t,y,e), (1.3.3)

where-A(t,e)isthegeneratorofananalyticsemigroupofbounded

operatorsinE(paraboliccase)[Hp.69.1].InHoppensteadt[Hp.69.2],

bothparabolicandhyperboliccaseswerestatedwithoutproof｡

Inthesestudies[Tr.63]-[Hp.69.2],eachproblemisregardedas

aCauchyproblemofaninfinitedimensionalordinarydifferential

equationinaBanachspace,whichistractableonthebasisofsingular

perturbationsdevelopedforordinarydifferentialequationsreviewed

intheprecedingsection｡

Anotherapproachtosingularperturbatﾆionsofpartialdifferential

equations,takenbyHoppensteadt[Hp.71.2]fortheinitialboundary

valueproblem,appearsas

e
8u
-
at

n
I
-
3
T
-
)

一
･
―
7ij(゛'t'゛'∇u,e)

塵√

u(x,t,e)゜0

u(x,0,e)=u(x,e)

8

f(x,t,u,∇u,e) (1.3.4)

x6bdryQ､0<t<_T､
--

-

X6Ω

●



●

wherethematrix(a,.)issymmetricandpositivedefiniteuniformly

initsarguments,andΩee"".Hesuggestedthattheresultsobtained

in[Hp.71.2]canbeeχtendedtothemoregeneralproblems,e･g･,sys-

temsofparabolictype,higherorderparabolicequationswithmore

generalboundaryconditions,andparabolicequationscoupledwith

integro-differentialequations｡

Themethodofmatchedasymptoticexpansioncanbeappliedto

partialdifferentialequations(see,e.g.,Hendry[Hn.69],[Hn.7O],

[Hn.71])butarigorousmathematicalproofhasnotyetbeenderived

forpartialdifferentialequations.Howeveraheuristictheoretical

considerationandmanynumericalexperimentﾆsonthesubjectsupport

themethod[Dm.69]｡

Themoregeneralproblems,however,

d
-
dt

C

d
-
dt

x(t,e)=F(x,y,t,e),

y(t,e)=G(x,y,t,e),

(1.3.5)

haverarelybeentreated.Acertainclassofsuchsystemswillbe

treatedinthefollowingChapter4.

1.4Asymptoticsolutionsandbasictheorems

Considertheinitialvalueproblem

d
-
dt

e

d
-
dt

x°f(x,y,t,e).

y°g(x,y,t,e),

x(0,e)=こ(e),

y(O,e)=n(e).

(1.4.1)

whereX,fEE,andy.gce".

工nordertoconstructasymptoticeχpansionsofsolutions,we

expandxandyintoTaylorseriesInC:

9



X°XO十CX1十号X2十‥‥‥゛

y°yO十Ey:L十号

2

y2十‥‥‥9

(1.4.2)

Subst:itutingtheseseriesintoEq.(1.4.1),andequatingthecoeffi-

clentsoflikepowersofe,wederivetherecursiveequationinthe

outerregion,i.e.,ontE[O十6,T],6=O(ε).

公゛O°f(xo.yO't'O)'

O°g(゛O'yO't'O)'

乱x
r°fxxr十fyyr十Pr-1゛

云'yr-1°gxxr十gyyt十^r-1゛

wheretheremaindersp

‥'≒-1(t)'yr-1(t)゜

r-1

(1゛4°3)0

(1°4°3)r

and＼-ldependoll:lyont'゛O(t)'yO(t)'‥

TheasymptoticSO:Lution(1.4.2)isvalidintheintervalexcept

fortheboundarylayerOΣtΣO(IE).Theboundary:Layercorrection

isrequiredhereinordertomakethesolutionvaliduniformlyinthe

who:Leintervalconsidered.ThebasicideadependsuponVasil'eva's

method(seeSection3.1)butherewewillshowsimp:lerresults,

followingHoppensteadt[Hp.71.1].Theseresultsareequivalentto

thosederivedbyO'Malley[0.71.1]｡

Weshallseekasolutionoftheform

X=x(t,e)十X(て,e),

y=y(t,e)十Y(･r,E),

(:1.4.4)

wherex(t,e)andy(t,E)haveanasjmiptoticexpansion(1.4.2)and

correspondtotheoutersolutionwhichrepresents"slowmode".And

X(T,e)andY(て,e)havealsoanasjnnptoticexpansion

10



X(t,£)=Xq(t)十sx1(

Y(1"e)゜YO(1)十SY1

ゼ
2O

(t)

J
一
2

2(t)十‥‥゛

2(1)十‥‥'

(1.4.5)

whichisvalidintheboundarylayerandisrequiredtotendtozero

asTり-°°.ThequantitiesX(T,e)andY(で,e)arecalledboundarylayer

correctiontermsandrepresentﾆ"fastmode".Substitutingtheexpan-

slons(1.4.2)and(1.4.5)intoEq.(1.4.A),wehaveanasymptotic

solutionuniformlyvalid

･=χ

r=0

[｀r(t)十xr(7)](17!)‾IJ'

y≒1

0
(yjt)十Y(T)](l!)‾1J

(1.4.6)

InVasil'eva･smethod,wemustconstructseriessolutionsof

threekinds,outer,inner,andintermediatesolution.Theboundary

layercorrectiontermisequivalenttothedifferencebetweenthe

innerandintermediatesolution.Thenwehaverecursiveequations

forX.(t)andYi(7)

d
-
dて
XO゛O゛

胎YO゛g(゛O(O)十XO'yO(O)十YO'O'O)'

監xr°Pr(7)･

d
-
dで Yr゛gx(゛O(O)十XO'yO(O)十YO'O'O)xr

十gy(゛O(O)十XO'yO(O)十YO'O'O)Yr十Qr(7)

(1°4゛7)0

(1.4‘7)r

HeretheremainderSPrandQrarepolynomialsconsistingonlyoft゛

゛O(7)'yO(7)'･゜゜･9゛r-1(7)'yr-1(7)'XO'YO'‥‥'xr-PYr-1゛

].1



Initia:Lconditionsfor(1.4.6)aredeterminedbytheprescribed

conditions(1.4.1),i.e･,

X(0)十xr(O)゜Cr'yr(O)十Yr(O)゜nr'
(1.4.8)

whereとrandTlrarethecoefficientsofrofTaylorseriesofCand

nrespective:ly.工tisrequiredthat

limX(t)゜O'

T-X≫

limY(t)゜0

て->-00

NowwecanSO:L゛eEq°(1.4°3)qundertheinitialcondition

゛O(O)゛CO?

thenfl°omEq°(1.4°7)0and(1‘4‘8),wehave

χO(7)゜O'

Thuswemustsolve

(1.4.9)

(1.4.10)

(1.4.11)

公YO°g(｀O(O)'yO(O)十YO'O'O)'YO(O)ｸﾞηO‾yO(O)ﾄ(1.4.12)

Thisproblemcanbewrittenas

公YO°gyYO十qO(YO) (1.4.13)

where

qO(YO)゜o(IYOI)'asけOﾄ0.

Iftheinitialdataisgiveninthedomainofinfluenceofthe

asymptoticallystablerooty=φ(x)of

g(x,φ(x),t,0)=0,(1.4.14)

thenwecandeterminetheleadingtermsX_,Y-,from(1°4゛7)O･(1‘4°8)'

and(1.4.9).

X,(T)canbedeterminedfrom(1.4.7)as

:L2

●



X(t)゜X1(O)十∫;P1((J)d(J‘

Assertion(1°4°9)requiresX1(O)tosatisfy

X1(O)゜‾片P1((J)d(J°

(1.4.15)

(1.4.16)

ThisinfiniteintegralexistssincetheIntegrandisdominatedby

functionsofboundarylayertypewhichdecayexponentially.Thenwe

obtaintheinitia:Ldataforthesecondcoefficientoftheouterexpan-

sion

X(0)゜こ1‾X1(O)゜ (1.4.17)

Thuswecansolvethefirstcorrectioneq°tioil(1'413)1intheoute･

region°Theny1(O)canbedeterminedfrom(1‘4°31)Pandwecansolve

theboundai°ylayercorrectionequation(1°4°7)1forY,(t)゜Inthis

way,recursiveequations(1.4.3)and(1.4.7)aresolvedstepwise｡

Severalconditionsareneededtﾆoestablishmaintheorems.First

westatetheprerequisiteconditions,andthenbasicresultsare

offered.TheseconditionsaredenotedbyCl,C2,･●･･9asfollows:

χ=

C1.Thereducedproblem(1.4‘3)Ohas､acontinuoussolution

XQ(t),y°yQ(t),insomeIntel°゛81te[O'T]゛

C2 Thefunctionsf,ghavecontinuousderivativesuptothe

ordern+2withrespecttotheirargumentﾆs(x,y,t)insomeneighbor-

hoodofthepoints(x(t),YgCt),t),te[0,T],andCC[O'eO]゛

C3.TheInitla:Ldata5(e),n(e)aresmoothfunctionsofefor

es[O'eO]゜

Themostimportantconditionisfromtheassertion(1.4.9).

C4.TheJacobianmatrixof(1.4.12)satisfiesthecondition

器(゛O(t)'yO(t)･t･O)こｰ'c(0

13

(1.4.18)



foreacht6[0,T]･

WecanreplaceC4bythefollowingequivalentcondition･

C4:A11theeigenvaluesoftheJacobIanmatrixg(t)havenega-

tiverealpartsforeacht6[0,T].

Lemma1-1 IfconditionsCl-C4hold,thenthereducedsolution

isuniquelydetermined.

NotethatC4impliesthatthesolutionof(1.4.12)isasymptoti-

callystablewithrespecttotherooty°φ(tO'Oof

g(゛O'φ(tO'こ)'O'O)゛0 (1.4.19)

C5.Theinitialdataexistinthedomainofinfluenceofthe

rooty°φ(tO'と)゜

ThefollowingtheoremisduetoTikhonov[Tk.52]

Theorem1-1 工fconditionsCl-C5hold,thenthefollowingcon-

vergencerelationsbetweenthereducedsolutionandthefullsolution

aresatisfied:

μW゛(t'e)゛XQ(t)･

謡管y.(t'e)゛yO(t)'

forte[0,T],

forte]0,T].

FollowingVasil'eva[Vs.63.1】wehaveanerrorestimation

theorem:

Theorem1-2

(1.4.20)

(1.4.21)

IfconditionsC1-C5hold.thenthereexiStCO>0

andfunctionsRn(t,e)andS(t,e)uniformlyboundedintheinterva:L

considered,suchthat

x(t,e)=

y(t,e)=

n
K
I

陥o

x

r=0

[゛r(t)十X(t)](r!)e十Rll(t･e)jl十1･ (1.4.22)

[y

r
(t)十Y(t)](11)‾1c･十SII(t'e)J+1'(1'4°23)

14



fore6[O'CO]･

Ifwerestrictourattentiontotheoutﾆerexpansion,wehavethe

followingtheoremasacorollaryofTheorem1-2.

Theorem1-3 工fconditionsC1-C5hold,thenthereexiste^

andboundedfunctionsR(t,e)andS(t,e)suchthat

where

>0

゛(t'e)≒
χ

O≒(t)'(Ir!)‾1J十R11(t'e)♂+1'fol:t6[6,T],(1.4.24)

y(t,ε)=

y

y(t)(r!)‾1J十S(t,e)e十1,fortべ6,T],(1.4.25)
r=O｢

6°-Celoge; CisindependentofC

InHoppensteadt[Hp.71.1]conditionC40rC41Isreplacedbythe

moregeneralcondition,asf0110wS:

C6.Thematrixg(t)haskeigenvalues,1≦;_k<n,withnegative
y.

realpartssatisfyingRe(入(t))<_-y,andn-keigenvalueswithpos!|tive

realpartssatisfyingRe(λ(t))≧ufort[0,T].

1.5Arelatedtopic

Inthissection,arelationbetweentheVasll'eva'smethodand

themethodofmatchedas3nnptotlcexpansions1Sconsideredwithregard

tothedeterminationoftheInitialconditionsoftherecursivesetof

equations.

Forsimplicity,weconsiderthefollowingsetofequations:

e

d

-

dt

d

-

dtﾆ

X=f(x,y,t,e),

y°g(x,y,t,e).

(1.5.1)

wherexandyarescalars.Theinitialcondition1Sgivenasfollows:

15



x(O)=と, y(0)=n (1.5.2)

ThereducedsystemisobtainedbysettingE=OinEq.(1.5.1),

withtheInitialconditionforx.Thefirstordercorrectionofthe

outerexpansioncanberepresentedasasolutionof

乱゛1°X1十Vi十P1(゛O'yO)'

乱y
O°g♂1十gyyi十q1(゛O'yO)'

(1.5.3)

wherefxdenotesthepartialderivativeofthefunctionfwithrespect

toxat(x^,y_),similarnotationsareadoptedfortheothers,andxo

andYqaresolutionsdeterminedbythereducedsystem.

FollowingVasil'eva[Vs.63.1],theinitﾆialconditionforthefirst

ordercorrectionequation(1.5.3)isobtainedasf0110WS:

X(0)=∫W[f(゛O(O)'y(7)‾f(゛O(O)'yO(O))]dT, (1.5.4)

-
wherey(T)isasolutionoftheboundarylayersystemassociatedwith

thefullsystem(:L.5.1)with(1.5.2),

d
-
dて

--
y(T)゜g(゛O(O)'y(7)'O'O)

withtheinitialcondition

-
y(O)=n

(1.5.5)

(1.5.6)

Theconditionsneededareassumedtoholdsothatwecanapplythe

singularperturbationtheorytothesystem(1.5.1)with(:L.5.2)･

Thentheboundarylayersystem(1.5.5)isasymptotical:lystable,i.e..

theconditionC4inSection1.4holds

器(゛O(t)'yO(t)'t'O)

16
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foreacht6[0,T]･

SinceLemma1“1givesthesolvabilityofthereducedproblem,we

mayrepresentformallyyointheformofafunctionofX

yO°φ(゛O)(1‘5.8)

whichisasolutionof

g(゛O(t)'yO(t)'t'O)゜O'

Ifthecondition(1.5.7)holds,thenweobtain

]Lim

て-XX)

-
血

dて

-
゜limg(xQ(O),y(T)･O'O)゜O゛

(1.5.9)

(1.5.10)

ConsideringEqs.(!｡5.9)and(1.5.10)collectively,wehavethe

followingequalityrelation:

-
1ﾐぼyd)゜yo(O)' (1.5.11)

Ifthefunctiong:x-i･yisone-valued.Inthecasewheregisamultl-

valuedfunction,Eq.(1.5.11)alsoholdsbytakinganappropriate

branchφ(x)satisfyingEq.(1.5.9).

Thematchingprincipleofthemethodofmatchedasjmiptoticexpan-

sionsisstatedasbelow[Vn.64]:

lim【thek-thordersolutionoftheinnereχpanslon】
T-Mo

゜1im[thek-thordersolutﾆionoftheouterexpansion],(1.5.12)
t->0

whichisequivalenttoEq.(1.5.11)fork=0.Forthehigherorder.

thesimilarargumentiscarriedout.Extensionstothecasewherex

andyaremulti-dimensionalvectorsareeasilyobtained.

Theoutlineoftheabovesituation1SshowninFig.1.5.1
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Chapter2Near-OptimumControl0fLumpedParameterSystem

2.1Introduction

Inthischapter,afinitedimensionalmodelistreated,whichis

describedbyasetofordinarydifferentialequations.Suchmodels

mayofferadescriptionofabroadclassofrealisticphysicalsystems.

Intheoptimizationproblemofsuchasystemofthehighorder.

itisurgedfrompracticalpointsofviewtodevelopaneffective

synthesismethodbasedonanapproximatemodel,"lowordermodel",

obtainablebyreducingthesystemorder.Designersusuallymakethe

modelordertobelowerbyneglectingsomesmallparasiticparameters,

e･g･,time-constants,masses,momentsofInertia,inductance,capaci-

tance,andsoforth,whosepresencecausesthemodelorderhigherthan

acceptableforpracticaltreatment.Forinstancethenumericalcalcu-

lationofoptimalcontrolneedsIncreasedendeavorwiththeincrease

oftheorderofthecontro:Lsystem,becausethegeneratedcanonical

systemequationis"2n-diinenslonal"whentheoriginalsystemis"n-

d:imensional"｡

Suchaconventional"low-orderdesign"ismadeonthebasisof

thedesigner'sintuitionorhispracticalexperiences.The"low-order

design"hassomedrawbacks,e.g･,thatitmaydestroyoriginalstable

propertiesofmoreaccurate"high-orderdesign"(seeforeχample[K0.

68]),ormaynotmaintaincontrollabilityandobservabilityofthe

orlgina:Lsystem.Moreovernomeansareavailablet0improvethelow-

orderapprox:imationbecauseoftheabsenceofsystematicandtheoreti-

calbasis｡

Thesingularperturbationtheoryoffersveryusefulandpowerful

toolstotheproblems.KokotovicandSannuti[Ko.68]consideredfirst

thesingularperturbatﾆionsofoptima:Lcontrolproblemsofcertﾆainclass.

Theyanalyzedtheregulardegenerationofcontrolandstatevector.
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andconstructedthehighercorrectiontermintheouterregionbyusing

Vasil'eva'stheory[Vs.63.11.1nsingularperturbationsﾀthestability

ofboundarylayersystemplaysanimportantrole.mentionedonoccasion

intheprecedingchapter.Inthestudy[Ko.68]ofnonlinearregulator

problemitisneededthattheboundarylayersystembeasymptotically

stableasてり･°°.Theresu].twasImprovedinSannutiandKokotovi己

[Sa.69.1],byremovingtheassumptiononcontinuityanddifferent-

iabilityofcontrolwithrespectﾆtoasingularlyperturbingparameter

(seealso[Sa.69.1]).

InSannutiandKokotovlc[Sa.69.2],anotherapproachistakenby

utilizingtheRiccatltransformation.Theystudied:Linearregulator

problemsundertheconditionthatthestatematrixoftheboundary

layersystemshouldbestableandthefullsystemshouldsatisfya

specialcondition.KokotovicandYackel[Ko.72]alsostudiedlinear

regulatorproblemsbyintroducingnewconceptsofboundarylayercon-

trollablilltyandboundarylayerobservability;thetheoremobtained

in[So.69.2]wasrefinedandgeneralizedbyusingthenewconcepts.

andwasderivedasacorollaryofthemaintheoremin[Ko.72].

AquitedifferentapproachtotheproblemwasmadeinO'Mal:Ley[0.

72.1],Hadlocketa1.[Hd.70.1],[Hd.70.2],andSannuti[Sa.71].工n.

thesestudies,theso-calledboundarylayermethodproposedinO'Malley

[0.71.1]orinHoppensteadt[Hp.71.1]wasadoptedinordertoobtain

atemporallyuniformapproximateSO:Lutionoftheasymptoticexpansion

form.Theresultsof0'Malley[0.72.1]andHadlock[Hd.70.2]aremore

genera:LthanthoseofSannuti[Sa.71]inthattheirresultscorrespond

totheconditlona:LlystablecaseinSection1.1.,whichalltheeigen-

valuesofboundarylayersystemofthestateequationconcerned,have

negativerealpart.

BoundarylayermethodisalsoappliedtomatrixRiccatidifferen-

tialequationsinYackelandKokotovic[S.73.1].

1nthischapter,theauthorshal:Lshowthemostgeneralizedresults

ofthesingularperturbationtheoryofoptima:Lcontrolproblemsderived

byhim.ThechaptertreatsthreeproblemsoccuringtypicallyInoptlmi-
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zatiohproblems,andcoversmanyvariations.InthefollowingsectIon,

wederivebasicresultsontrackingproblems.Theresultscanbeeasily

extendedtothelinearregulatorproblem,yieldingtheoremunderhypo-

thesesdifferentfromthoseofYackelandKokotovic[Y.73].1nSection

2.3,fixed-end-point,fixed-end-tIme,minimumenergyproblemswillbe

treated.ThegeneralizedRlccatitransformation1Sintroducedtotreat

theill-conditIonedtwo-pointboundaryvalueproblemsgeneratedbythe

fixed-terminalproblems.Section2.4dealswiththesysteminvolving

twosingularlyperturbingparametersofdifferentordersofsmallness･

Theresultsofthissectioncanbeeasilyappliedtosystemsinvolving

moreparameters.Thelastsection1Sdevotedtothestudyofthe

asymptoticbehaviouroftheperformanceindex.

2.2Trackingproblem

2.2.1Problemstatement

Letthestateequationbe

d
-
dt

A=

x(t ,e)=A(t,E)x(t,e)十B

hA2

ε'1A
3e‾

1A
2

I
B

B
I

一
ε

―

一
一

B

1

4

(t,e)u(t,e).

X°

X1

X2

(2.2.1)

9

wherexlisann-dlmenslonalstatevector,x_m-dimensional,control

vectorur-dimensional,andA's,B'sconsistentdimensionalmatrices

respectvely.AsmallpositiveparameterisexpressedbyS.

Thetrackingproblemistominimizetheperformanceindex

J=

where

1

-2 e(tf )'Fe(t)十

F=

f
r
L
O

t
tf

―
一
2 e(t)'Qe(t)十u(t)'Ru(t)]dt.

尚尚ﾉ
1

C
M
C
O

O
､
Q

l
C
M

O
､
O
､

(2.2.2)

(2.2.3)



undertheprescribedinitia:Lconditions

゛(tO)゜と'

orinthepartitionedform

X1

X2

(tO)

(tO)

1
2

_
U
i
'
卜
u
.
じ

=

(2.2.4)

ThepartitionedformofFshallprovetobelogicalinthesequel.

Thevectore(t)isanerrorvectorof1-dimensiona:L

e(t)=z(t)-y(t)(2.2.5)

wherez(t)isadesiredvectorof1-dimensionalandy(t)Isanoutput

vectorof1-dimensional

y(t)゜Cx(t)゜C1゛1(t)十C2X2(t),

(2.2.6)

C°[C1'C2]'

Aswell-known,theoptﾆLma:Lcontrolu火isgiven,throughthe

constructingHami:Ltonian,asbelow(AthanandFalb[At.66]):

u大=-R-"-B'p (2.2.7)

Wehavethecanonicalequationbyeliminatingcostatevectorp,

･
X
･
p

― A

-Q

-BR‾

:L

B゛

-A″

X

p

(2.2.8)

Theequation(2.2.8)istobesolvedundertheboundaryconditions

゛(tO)゜こ'

p(tf)゜Fe(tf)

(2.2.9a)

(2.2.9b)
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InthecourseofderivingthecanonicalequationC2.2.8),wecaneasily

seethatthecostatevectorp≪correspondstothequantityofx2/e°

Thentheformofterminalcondition(2.2.9b)supportsthepartitioned

formofFmentionedprevious:Ly.

Severalmethodsareproposedtohandlesuchtwo-pointboundary

valueproblems,e.g･,sweepmethod(GelfandandFomin[G1.63])shoot,

ingmethod(Keller[K1.68]),invariantImbedding(BaileyandWing

[B1.65]),etc.

TheRiccatitransformationisknownwell1nthefieldofoptimal

controlasoneofInitialvaluemethodswhichtransformtheoriginal

two-pointboundaryvalueproblemintoasingletﾆerminalvalueproblem.

TheRiccatitransformationisrigorouslybaseduponthelinearspace

theory.Thevalidityofthetransformationisprovedinmanyarticles

(seeforinstanceMeyer[My.73]).

Thetransformationisdefinedby

p(t)=K(t)x(t)十g(t).(2.2.10)

Byeliminatingp(t)inEq｡(2.2.8)byusingEq.(2.2.10),thef0llowing

differentialequationofmatrixRiccatitype1Sobtained:

K=-KA-A'K+KBR"""B'K-C'QC,

withtheassociateddifferenatialequation

g=-[A-BR"""B゛KPg･

(2.2.11)

(2.2.12)

TheterminalconditionsforK(t),andg(t)aregivenasfollowsfrom

Eqs.(2.2.9b)and(2.2.10):

K(tf)゜CI(tf)FC(tf)'

g(tf)゛‾C'(tf)F2(tf)

Theoptimumtrajectoryisasolutionof

x=[A-BR‾1B゛K]x十BR‾1B゛g,
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undertheinitialvaluecondition(2.2.9a)

工tistobenotedthatthepartitionedformofFsuggeststhat

theeffectofthestatevectorx_(t)upontheterminalcostshouldbe

little.Inotherwords,iftheorderofeachelementofFisroughly

equaltoeachother,theelementsF2andF3shouldtakeagreater

valuethanF1°

2.2.2Asymptoticexpansions

Theasymptoticpropertyoftheoriginalsystem(2.2.1)asC‾゛O)

IndicatesthatKhasthepartﾆitlonedform

andforg

K=

KIeK

CK2゛eK3

1

9
｀

l
g

g
Ｅ

(2.2.16)

(2.2.17)

whereKlisannxnmatrix,K-nxm゛K3mxm,andglisann-dimensional

vector,andgm-dimenslonal.Thepartitioningisseenreasonableby

simplemanipulationsofdirectsubstitutions.Moreoverthepartitioned

formsofKandg,andtheterminalconditions(2.2.12),(2.2.13)for

KandgalsosupportthepartitionedformofF｡

Equation(2.2.11)canbewrittenforeachelementK.as

k
1°‾KIA1‾A]ﾌﾟK1‾K2A3‾A3゛K2十KIEIK1十K2E2゛K1十KIE2K2゛

十K2E3K2゛‾Cllq1C1゛'

eK2°‾KIA2‾K2A4‾A3゛K3十KIE2K3十K2E3K3‾C]ﾌﾞQ2C2

十e[‾A]ﾌﾟK2十KIEIK2十K2E2゛K2)'

sK°‾K3A4‾A4゛K3十K3E3K3-C2'Q3C2十e(‾K2゛A2‾A21K2
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十K3E2iK2十K21E2K3)+s2KyEIK2‘

Andforg.'s,wehave

(2.2.18c)

も
.゜‾(A1‾EIK1‾E2K2゛)゛g1‾(A3‾E21K1‾E3K2゛)゛g2‾c1Q121

‾C2Q222゛
(2.2.19a)

4
2°‾(A2‾eEIK2‾E2K3)゛g2‾(A4‾sE2゛K2‾E3K3)゛g2‾C1(ら゛21

where

‾C2Q322゛

E1 ゜B1
R‾1B1≒ E2 ゜BIR‾1B2≒E3°B2R‾1B2゛

(2.2.19b)

ThereducedsystemforkJ's,isobtainedbysettingC°0

竹゜‾K7A1‾A1'K7‾KaA3‾A3'Ka十kJekJ十kOe'kJ

十k0e2k0'+kOe^kO'十c1゛Qlc1'

O°‾K7A2‾KaA4‾A3゛KS十kOE2KO十c]ﾌﾞQlc2゛

O°‾KSA4‾A4゛K3十kOekO十C'Q3C2°

Forg.'sthereducedsystemis

y=-(A,-町叫一石KO')'gﾄ(A3'R侈卜E3KO')'弓

‾c1Q121‾c2Q222゛

(2.2.20a)

(2.2.20b)

(2.2.20c)

(2.2.21a)

O°‾(A2‾E2゛Ka)゛gr‾(A4‾E3Ka)l心‾c1Q2゛21‾c2Q322｀

(2.2.21b)

Theterminalconditionsforthesesystemsaregivenby,usingthe

cancellation:LawofO゛Malleyeta1.[0.68]

K7(tf)゜C1゛(tf)FIC1(tf)'
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and

8≫(t,)゜-C'(tj)Fz(t),

wherezlcorrespondstothevectorC1×1°

(2.2.23)

Thefirstcorrectionsystemcanbederivedbydifferentiating

Eq.(2.2.17)withrespecttoCandSetﾆtinge=0,asfollows:

£1°‾KIA1‾A1'K1‾弓A3‾A3'K1゛K|E.ぺ.゛K?EIK1゛KIE2'K?

十KaE2゛K1十KE2K2十KIE2K1゛十K1E3KO'十KOE3K1≒(2.2.24a)

O°‾KIA2‾KIA4‾A1゛Ka‾A3゛K1十KIEIKa十KaE2゛KS十KjE^Kl

ふkIe^kO゛KOE3KO‾紹' (2.2.24b)

O°‾KIA4‾A41K1十KXE3KM十K3E3K1‾KrA2‾A21Ka十K3E2K3

+KOE2KO-£3･

Forg^,wehave

;1°‾(A:L‾EIK7‾E2Ka)゛g1‾(A3‾E21K7“E3Ky)゛g2

十(EIK1十E2Ky)g?十(E2゛K1十E3Ky)lga'

O°-(A-E2K0)'gj十(A-EkO)･弓十(E-KO十E2Kl)'gJ

+(E^'kO+E3Kl)'gO一弥

(2.2.24c)

(2.2.25a)

(2.2.25b)

whereitisassumedthatA.'s,B.'s,C.'s,Q.'s,etc.are.constantwith

respecttoeinordertoavoidintroducingsuperfluousnotations,but

thisassumptionisnotessential.Thefirstcorrectionsystem(2.2.24)

-(2.2.25)cana:Lsobeobtainedinthefollowingway｡

ExpandingKi゛Sand8/sintoTaylorseriesinらweget

Ki°K?十cK1十富LKI十･‘'゜"゛i=1,2,3,(2.2.26)

gi°gl十cg1十孚gl十‥‥‥,i=1,2.(2.2.27)
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Substituting(2.2.26)and(2.2.27)intoEqs.(2.2.17)and(2.2.18b),

andequatingthecoefficientsoflikepowersofe,wehavethereduced

systemasacoefficientofe°',andthefirstcorrectionsystﾆemasa

coefficientofe.Thehighercorrectionsystemscanbederivedby

usingthesameprocedures｡

TheterminalconditionsunderwhichEqs.(2.2.24)and(2.2.25)

aresolvedarenotgenerallysettobezero.Thissituation1Speculiar

tothesingularperturbationtheory.FollowingVasil゛eva'sintegral

formula[Vs.63.1],weobtaintherelationsbetweentheterminalcondi-

tionsandtheassociateboundarylayersystems｡

Theboundarylayersystemplaysacrucialroleinthesingular

perturbationtheory;inthiscase,forKitresultsin

d77
一一
dx

-

一----
2°‾K?A2‾K2A4‾A3゛K3十KIE2K3十K2E3K3‾c1゛Q2c2'

(2.2,28)

一一一--乱K3°‾K3A4‾A4゛K3‘十K3E3K3‾c2゛Q3C2

Forg,weget＼

d--

『

(2.2.29)

--
゛g?‾(A4‾E3K3)゛g2‾c1Q2121‾c2Q322'

(2.2.30)

wheretheindependentvariableisT,andt1Sregardedasafixedpara-

meter.Theabovesystemisconsideredasakindofstretchedsystem

derivedbythe"stretchingtransformation"T°[(tf‾t)/C]゛T6[O゛゜゜]゜

Theterminalconditionsfortheseequationsare

-
K2(tf)゛C1゛(tf)F2C2(tf)'

-
K3(t)゜C2゛(tf)F3C2(tf)'

and

-
g2(tf)゜‾C2'(tf)F322(tf)
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Thentheterminalconditionsforthefirstcorrectionequations

aregivenasfollows:

K1(tf)゜

JI(‾K2A3‾A31K2十K2E2゛K?十K?E2K2゛十K2EK2')

0

g1(tf)゜

∞
0J

-(-K°A-A3'kO十KaE2゛Kr十KIE2Ka十KaE3Ky)](h'

(2.2.34)

[≒(ろ'-ﾘ')gy-(A3-ﾘkO-EK2')g2

‾(A3‾E2゛Kr‾E3Ka゛)4]dl" (2.2.35)

-一一
whereK2゛K3andg2aresolutionsoftheboundarylayersystems

(2.2.28)-(2.2.30)withtheboundaryconditions(2.2.31)-(2.2.33)｡

Asimilarprocedureisappliedtosolvetherecursiveequation

forthehigherorder､anditis､possibletoconstructanapproximate

solutionwhoseaccuracyisadesiredone.

2.2.3Basictheorems

Wehavederivedarepresentationoftheapproximatesolutionin

theformofasjmiptoticexpansions.Herethebasictheoremsaregiven

uponwhichtheva:Lidltyoftheapproximationdepends.

工ntheregularoptimizationprob:Lem,thefollowingconditionsare

usuallyassumedtoho:Ldforte[tO'tf],ande6[O'SO]:

C1. A.'sandB.'sareho:Lomorphicwithrespecttotande

C2.RandQarepositivedefiniteandholomorphicwithrespect

totandC.

C3.Fistimeinvariant,positivesemidefiniteandcontinuous

withrespecttoC.

C4.zisbounded,andholomorphicwithrespecttoe.

WestatebelowtheconditionsC5andC6,essentialtothesingular

perturbationtheory･

C5.Thesystem(2.2.1)isboundarylayercontro:Liable.
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工notherwords.

C6 A4

l:811k[B2'A4B2'AχB2‥゜'A7
1B
2]゜｀

isastablematrix.

Wefirststateamaintheoremwhichgivesasymptoticaccuracy

Theorem2-1

U

i(t,e)andvt(t

k

IfconditionsC:L-C6hold,thenthereexistfunctions

,e)boundedintheouterregionsuchthat

K1(t)｀jlo

K(t)゜

g1(t)゜

g2(t)゜

ﾑ

where

K1

Ki

1
2

g
g
0
0

k
V
公
一
k
V
£
一

･
I
J
.
I
J

j(t)ej(j!)‾1十U1(t'e)ek+1'fo17t6[to'tf'6]'

(2.2.36a)

j(t)6j(j!)‾1十Ui(t'e)sk+11fort6【tQ.t-6];

1=2,3,(2.2.36b,c)

j(t)ej(j!)‾1十V(t'e)sk+1'folrt6[to,t-6]･

1(2.2.37a)

j(t)ej(j!)‾1十V2(t's)ek+1'fo17t6[to'tf‾6]'

(2.2.37b)

6=-Celoge;CisindependentofE

Theproofofthistheoremiscarriedoutbyprovingthefollowing

threelemmas.InLemma2-1itisshownthatthes01ut10nK3(て)ofthe

boundarylayersystem(2.2.29)isasymptoticallystablewithrespect

tothepositivedefiniterootK(t)ofEq.(2°2°20c)fort°tf‘

The"sﾆimilarresultforK2(t)isshowninLemma2-2.Lemma2-3estab-

lishestheexistenceanduniquenessofthesolutionofthereduced

system(2.2.20).Lemma2-2correspondstoLemnia1-11nChapter1･

ThesefactsmakeTheorem1-3applicabletothisproblem.

Lemma2-1 工fconditionsC1-C6hold,thentheboundarylayer

equation(2.2.29)hasanisolatedandasymptoticallystablesolution

asで°o,whichispositivedefiniteand1Sobtainedbyequatingthe

rightﾆhandsideofEq.(2.2.29)tozero.Moreover,thematrix
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‾(‾A4十K3Q3)isstable°

proofThelemmaisprovedfromtheresultsobtainedinproper

theoremsinReid[R.63],[R.65](seeAppeendixA)dealingwithtwo

pointboundaryvalueproblemsassociatedwiththestateregulator

problem.Intheboundarylayersystem(2.2.24),tisconsideredasa

fixedparameter,sothateverycoefficientmatrixappearinginEq.(2.

2.29)istime十invariant.ConditionsC1-C6mayinvo:Lveeveryassump-

tionintheTheoremsA-2andA-3inAppendlχA.Q.E.D.

Lemma2-2 IfconditionsC1-C6hold,thentheboundarylayer

equations(2.2.29)and(2.2.30)have,respectively,anIsolatedand

aSymptotﾆical:lystablesolution,whichisgivenasinLemma2-1.

proofTheJacobianmatrixofEq.(2.2.28)isgivenby

‾(‾A4十K3Q3)

whichisastablematrixasT4oobyLemma2-1.Hencethesolution

K(t)ofEq.(2.2°28)isas}nnptoticallystablewithrespecttot:he

equilibriumK2(tf)obtainedinthesamemannerasinLemma2･1.Q.Eﾀ

Lemma2-3([Ko.72])IfconditionsC1-C6hold,thenthesolution

ofthereducedsystem(2.2.20)existsandisuniqueontheInterval

[tO'tf]゛

proof Wecanderivethefo:LlowingmatrixRlccatiequationbymani-‘

pulatingEq.(2.2.20).

where

号゜‾K?Ao-Ao'KI゛K?BOR‾1BOKI‾Qo･

K1(tf)゜C11(tf)FIC:L(tf)'

AO°A1十HIA3十E2H2゛十HIEIH2≒
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BO°B1十HIB2゛

%°‾H2A3‾A3゛H2゛‾H2E3H2゛十Q1゛

H1°(E2K3‾A2)(A4‾E3K3)‾1'

H2°(A3'K3十Q2)(A4‾E3K3)‾1'

andK3isapositivedefinitesolutionofEq.(2.2.20c).

Thewell-knowntheoryofoptimalcontrol[At.66]ascertainsthatifR

1spositivedefinite,QandFarepositivesemidefinite,thenthesolu-

tionKlexistsandisuniqueintheintﾆerval[tO゛tf]゜Inordertoshow

thepositivedefinitenessofQO゛wederive

v'QV°w゛Q3w十v'Qw十w'Q'v十v゛Q^v

゛[V19wl] QI

Q2゛

Q2

Q3

V

W

゛0,

wherevisanarbitraryvectorandwisgivenby

゛゜‾(A4K3十Q3)゛‾1(Q2十A3゛K3)り‘

Hence%

(2.2.39)

(2.2.40)

ispositivedefinite.whichcompletestheproof.Q.E.D

Lemma2-1-2-3establishtheconditionsneededunderwhich

Theorem:L-3holds.ThereforetheproofofTheorem2-1iscompleted･

Itisremarkedthattheresultofthissectionhasbeendeducedunder

theconditionsdifferentfromthatKokotovicandYackel[Ko.72]who

adoptedthefo:LIowingconditionC7inplaceofourconditionC6.

Cﾌ. Thesystemisboundarylayerobservable,i.e.,

rank[C2≒A4゛C2≒‘゛゜゛(A4゛)m‾1C2゛]゛m'

Theboundarylayercorrectionshouldbeaddedtotheouterexpan-

sioninordertoobtaintheuniformlyvalidsolution.Butitisnot

consideredhere,andshallbeinvestigatedinSection3.2.Theresult
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ofSection3.2.3canbeeasilyappliedtothisproblem.Ifweobtain

theuniformlyvalidexpansion,thesimilartheoremtoTheorem1-2holds.

2.3Fixed-end-point,minimumenergyproblem

Thissectiondealswithfixed-end-point,fixed-end-time,minimum

energyproblems,whichleadtotheso-calledill-conditionedtwo-point

boundaryvalueproblems｡

HereisintroducedthegeneralizedRiccatitransformation,and

thesituationspeculiartothefixed-end-pointproblemsareshown･

Forthefree-end-pointproblemtreatedinSection2.2,itisneeded

thatthestatematrixoftheboundarylayersystemshouldbestable.

butforthefixed-end-pointprobleminthissectionouranalysisshows

thattheassumptionrequiredbecomesthatitiseitherpositivelyor

negativelystable.

2.3.1Problemstatement

ThestateequationhavingthesameformasshowninSection2.2,

isasfollows:

d
-
dt

AI=

x(t,e)

C

A1

1A
3

-

- A(

A

t,e)x(t,e)十B(

2

9

Theprescribedboundaryconditionsare

X(tQ,e)゜こ(e)'゛(tf'

orinthepartitionedfo

X,(tQ,e)

゛2(tO'e) 仁
]

t9 E)u(t,e),

X1

X°

9

e)=n(£).

yL(tPe)

゛2(tf'e)

X2

n1(e)

゜

E

2(e)

Theproblemistominimizetheperformanceindex
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J=

1
4
-
1
■
-
1
O

t
t
f

―
一
2 x(t)'Qx(t)十u(t)'Ru(t)]dt

Thisproblem,aseasilyseen,:Leadstothecanonica:Lequation

･
X
･
p

―
A
Q
― -BR‾1B゛

-A'

]

(2.3.3)

(2.3.4)

wherepisacostatevectorofχ.Thecanonicalsystem(2.3.4)under

theboundaryconditions(2.3.2)isill-conditionedInthesenseof

Muftieta1.[Mf.69],i.e.,inourcasetheboundaryconditionofthe

costatevectorpisnotspecified.

NowwedefineaRiccatitransformation[Mf.69]

x(t)=M(t)p(t)十d(t), (2.3.5)

whereM(t)isan(n十m)X(n十m)-matrixandd(t)isan

(n十m)-dImendiona:Lvector.Noticethat(2.3.5)isdifferentfrom

theconventiona:LRiccatltransformation(2･.2.9)incontroltheory･

Bysimplemanipu:Lation,weobtainthe.differentialequationofRiccati

typeforM(t)andtheassociateddifferentialequationford(t)

asbelow:

M=AM十MA゛十MQM-BR~"'"B,

･
d
=(A十MQ)d.

(2.3.6)

(2.3.7)

Equations(2.3.6)and(2.3.7)aresolvedundertheInitia:L

conditions

and

M(tO)゜O'

d(tﾆO)゛と'

orunderthefinalconditions

(2.3-8)

(2.3.9)
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M(tf)゜O'

d(t)゜n゛

PartitioningM(t)andd(t)

M=

MI

M21

一

巳

intotheforms

~
』

d=

1
1
2

d
d

(2.3.8')

(2.3.9')

(2.3.10)

wegettheequationsforM,i°1,2,3;

M1°AM十MIA1十A2M2゛十M2A2゛十MIQ:LM1十M2Q2M1十MIQ2M2

十M2Q2M2゛‾BIR‾
1B
1≒

●-1
CM^゛V4'十M_Q3M十MA3十MIQ2M3‾BIRB2゛

十e(A:LM2十A2M3十MiQIM2十M2Q2M2).'

eM°A4M3十M3A41十M3Q3M3‾B2R‾
1B
2十e(A3M2十M2゛A3゛

andford.,
1.

d
1

ed
^

十M3 Q2'M2十M21Q2M3)十e2M21QIM2'

i=1,2;

(2.3.11)

゜(A1十MIQ1十M2Q2)d1十(A2十MIQ2十MQ)d2.(2.3.12)

゜(A3十M3Q2゛十�2゛Q1)d1十(A4十M3Q3十eM2'Q2)d2,

whereQ.'saretheelementsof

い
QlQ2

(yQ3

Wecallthesystem(2.3.11),(2.3.12)with(2.3.8),(2.3.9)the

"forward'fullsystem"andthesystem(2.3.11),(2.3.12)with(2.3.8'),

(2.3.9')the"backwardfullsystem".

AfterManddaredeterminedundertheterminalconditions,
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wegettheoptimalcontrolu*

u゛=-R‾1B゛M(t)‾1(x(t)-d(t))･

Theoptimumtrajectoryisthengivenby

X=(A-BR~"'"B'M■'")x十BR~-'-B'M""-d,

(2.3.13)

(2.3.14)

whereitisassumedthatMisinvertible,sothatEqs.(2.3.13)and

(2.3.14)holdfort6]tO'tflfortheforwardsystem,orfor

te[tO'tf[forthebackwardsystem.

2｡3.2Asymptoticexpansionsandapproximatesolutions

ThereducedequationsforM.'sandd1'Sareobtainedbyletting

C=OinEqs.(2.3.11)and(2.3.12),

and

≒゜AIM?゛MjA'゛AmO'゛MaA2'‘1‘MIQ:LI゛1'叫Q2叫

十MOQ2MO'十mOq^mO-‾BIR‾1B1゛

O°mOa,'十MOQ3MO十MIA3十M?Q2MS‾BIR‾1B2≒

O°A4Ma十M3A4゛十M3Q3M3‾B2R‾1B2≒

JI?゜(A1゛1“M≫q,゛M0Q2)d0゛(A2゛M≫q,゛MOQ)dO･

O°(A3十叫Q')dJ十(A4十M0Q3)d0,

withtheinitialconditionsfortheforwardreducedsystem

M?(to)゜O'

and

tぐ
O
ld

O)゛こ1'
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orwiththefinalconditﾆionsforthebackwardreducedsystem

and

M?(to)゜O'

tぐ
O
Id

O)゜n1

(2.3.17')

(2.3.18')

Thesuperscriptzeromeansthatthecorrespondingvariablesareof

thereducedsystem｡

NowexpandingM.'sanddi゛SintoTaylorseriesine,substituting

themintoEqs.(2.3.11)and(2.3.:L2),andcomparingthecoefficientsof

likepowersofethereof,wehavethefirstcorrectionsystem,the

second,andsoforth.Thedeductioniseasytoderiveasinthe

precedingsection｡

Inthiscase,fortheforwardsystemtheboundarylayer

systemis

一一---
LM2(7)゜M2(1)A4゛十M(t)QM2(i:)十Mr(t)A3十M?(t)Q2Mにj.

19)

d------1
石M3(1｀)゜A4M3(7)'1M3(7)A4'十M3(1')Q3M3(1)‾B2RB2"(2.3.20)

d
-
dて

-
d(t)゜(A3 + 馬(1)(y)dr(t)十(A4 +

一一
M(T)Q3)d2(T),(2°3.21)

wheretheindependentvariab:LeisT.andtisconsideredasafixed

parameter.Thissystemcanbeobtainedbythe":Leftstretching

transformation"T=[(t‾to

fortheseequationsare

-

)/C]'C6【O'e011Theterminalconditions

M2(7°0)=0,

M(t°O)゜O'

ii

2(1°o)゜こ2･

(2.3.22)

(2.3.23)

(2.3.24)

Forthebackwardsystem,wecanderiveeasilythebackwardboundary

layersysteminplaceofEqs.(2.3.19)-(2.3.21)byIntroducing
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the"rightstretchingtransformation"T゛゜[(tf‾t)/e],ee[0゛CO]゛

withtﾆerminalconditions,

M2(t'゜O)゜O'

M3(t゛゜O)゜O'

d2(T'゜O)゜n2゛

(2.3.22゛)

(2.3.23')

(2.3.24')

Thentheterminalconditionsforthefirstcorrectionsystemare

givenasfollowsfortheforwardsystem:

叫(1ﾆO)゜
[
[(A2M2'(T)+M2(T)A2'゛ii2(1')Q2M1゛M°Q2M2'(T))

o

‾(A2Ma十MaA2゛十MaQ2M?十MIQ2Ma゛)]d7･(2.3.25)

d1(1ﾆo)゜
I
[(M2(-r]一M0)Q2dJ゛(A24‘M0Q2)(d2(T)-dO)

O__.､.､
+M(T)Qd2(T)一叫Q3da]d7･ (2.3.26)

一一-
whereM2゛M3゛anddaresolutionsoftheboundarylayersystem

(2.3.19)-(2.3.21)withtheboundaryconditions(2.3.22)-(2.3.24).

Forthebackwardsystem,thevariableTinEqs.(2.3.25)and(2.3.26)

shouldbereplacedbyて≒andinsteadoftheinitialconditions

(2.3.22)‘-(2.3.24),weadoptthefinalconditions(2.3.22')-

(2.3.24゛)forthebackwardboundarylayersystem,thenobtaining

Hi1(tf)311ddi1(tf)゜

Asimilarprocedureisappliedtosolvetherecursiveequation

forthehigherorder.Asdiscussedlater,whethertheforwardor

backwardsystemshouldbeselectﾆeddependsuponthepropertyofthe

boundarylayersystem.

2.3.3Suboptimumtrajectory

BetweenthevariablesM,dinEq.(2.3.5)andK,ginEq.(2.2.9),

therearethefollowingrelations:
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and

ExpandingM(t)‾1

K(t)=M(t)‾1,

g(t)=-M(t) ‾1d(t)

(2.3.27)

(2.3.28)

intoTay:Lorseriesine,wehave(seeAppendixB)

K(t)=M(t)

]

こ

一
一

-1

ぜ10

0

kO

0
K
O

+

O｣

eRl

]

M1‾1十M1‾2M2M3‾‰2゛‾MIM2M3‾1

+

+ O(e2)

+e

KI

K2゛

‾M3‾
柚

2゛M1‾

1M

3

‾1

K2

K3

十〇(e2), (2.3.29)

wherethesuperscriptzeroofMiisomittedforsimplicitﾆy･

TheoptimumtrajectoryisgivenbyEq.(2.3.14).Expanding

eachvariableintoTaylorseriesincandcomparingcoefficients

oflikepowersofCthereof,wehaveforthereducedsystem

with

where

号゜(A1-EIKO)肩゛A2刈゜1“(EIKO゛1‘E2K2')dy゛1‘E2K3'da･

O°(A3‾E2KO)回十(A-EK)xO十E2KOdy十E3K31da'(2'3゛30)

゛1(tO)゜と19017勺.(tf)゛nP

E1°BIR‾1B1≒
-

E2°B^R

Forthefirstcorrectionsystem

赳 -

1B
2≒E3°%R‾1B21

(A1‾E:LKO)吋十A2八十(EIKO十E2K2゛)d1十E^K^'dl･

‾EIK2叫十(EIK2゛十EIK1)dy' (2.3.31a)

O=(A-EK)x|十(A4･‾E3K3)g+E2KOd1十E3K31d1‾E3K21゛?
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‾E2゛K2咤十(E3K21十E2K1)dl十E2゛K2da゛

withtheterminalconditionfortheforwardsystem

-
wherex2

1
1χ

(2.3.31b)

[A2(≒(1:)-xO)十EK2'(d2(T)-dp]dT,(2°3.32)

(て)intheintegrandisasolutionoftheboundarylayersystem

公i
2(7)゜(A3‾E2KO)八十(A^-E3K3)x2(t)十E2'KOdl十E3K2'd2(T)･

with

-
゛2(7°O)゜と2

(2.3.33)

(2.3.34)

Forthebackwardsystem,similarconditionsareeasilyobtainedby

thesameprocedureasintheprecedingdescription.Itisremarked

thatweneedtosolvetheforwardsystemforX.'swhenwesolvethe

forwardsystemforMi゛Sandd.'sandviceversa.Thissituationis

differentfromthecaseusingtheconventionalRiccatitransformation

(2.2.10)｡

AfterdeterminingM's,d's,andX.'s,thesuboptimalcontrol

sub

where

isgivenasfollows:

uO

sub
゜uO+Eul, (2.3.35)

゜‾R‾1[(B1゛KO十B2'K2')(xO-dj)十B2゛K3(刈‾da)]'

J゛‾R‾1[(B1゛KO十B2゛K2゛)(吋‾d1)十B21K3(べ‾d1)

十B]ﾌﾞK1(叫‾d7)十B1゛K2(刈‾da)]‘

2.3.4Asimpleexample

Weshallshowtheoutlineofconstructﾆir.gtheterminalvalues
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ofhigherordersystemfor

d

盲χ1°χ1‾U゛

LIX2°x1‾x2十u｀

wherex1゛x2anduaresca:Larswith゛i(tO)゜弓.811d゛i(tf)゜0

prescribed.Theperformanceindextobeminimizedisgiven

asfollows:

J=11

tt

x゛x十ru2)dt.

'^o

TheRlccatitransformationx(t)=M(t)p(t)十d(t)yields

公m1°m12+2m2十m22‾r‾:≒

elhFm2°m1‾m2十m3十m2m3‾r‾1 十emlm2゛

clhFm3°‾2m3十m32‾r‾1+2Em2十22

foreachelementofM= mlm2

≒どLIll3

Theboundarylayersystemof

d
-
dて

(2.3.36)

(2.3.37)

and

(2.3.38a)

(2.3.38b)

(2.3.38c)

,wherem,mandmarescalars.

Eq.(2

---
1112°tL(tO)‾1112+113

矢石
3°‾
s

3十馬2‾lr‾1

+

3｡38)

一一

"'2°'3
-

Is

-1
r9

-
Nowwehaveanasjmiptoticallystablepointasて-y≪>form≪.

一-11/2
113(c゛)゜:L‾(:L+r)(O･

byequatingtherighthandsideofEq.(2.3.39b)tozero,

where

40
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(2.3.39b)
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-

m3
=1+(1+r‾1)1

/2

ﾂ0

-
1seχc:LudedbecauseofLemma2-4InSection2.3.5.Formweget

fromEqs.(2.3.39a)and(2.3.40)

゜2(司゜-1-(1十l｢

Theinitialva:Lueofm1

‾1)1/2

(tO)isgivenao゛Eq.(2.3°25):

III:L(to)゛

F
[ぷ2(1:)十

〇

Eliminatingm2

(2.3.41)

臨22(i)‾2叫(tO)‾叫2(tO)]d7'(2°3°42)

(t)inEq.(2.3.42)byusingEqs.(2.3.39a),(2.3.39b),

(2.3.40)and(2.3.41),weget

Ill(tO)゜
-

2(1

t

r‾1)1/2
瓦2(o‾

一
一

2十 (r‾1-2
-

2(1十r‾

(1
-
)1

+ ｢
1/2

1 +
-1

｢

-
m2

３
て

･
ぐ

CO

0

(2.3.43)

whichcanbeobtainedbyasimplemanipulationundertheasymptotic

-
stabilityofEqs°(2ふ39a)and(2‘3.39b),consideri昭゛2(O)゜O°

NowwecancomputethereducedsystemformO(t)andthefirstcorrec-

tionsystemform!(t),andthesimilarprocedurecanbeappliedto
1.

higherorderterms,m!(t),forj>iandtotherecursiveequations

●●1ford1(t),andx1(t).

2.3.5Basictheorems

Someconditionsareneededtoestablishmaintheoremsandlemmas.

Wefirststatetheprerequisiねeconditionsandthenthebasictheorems

areoffered.

AsIntheprecedingsection,thefo1:Lowingconditionsareusually

assumedtoholdfort£[tO'tf]ande[09sO]:
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Cl

C2

C3.

A.'sandBi゛sareholomorphicwithrespecttotandC

RandQarepositivedefiniteandholomorphlcwith

respecttotandC.

£andnarecontinuouswithrespecttoe.

TheconditionsC1-C3areequivalenttoC1-C3inSection2.2

Weintﾆroduceanimportantconditioninananalogousformto

theobservability,asf01:Lows:

c4゛rank[Q3'A4q3'AjQ3'‥‥゜a'""-'-o 3]゜in

Weaddthefollowingtwoconditionswhichareessentialto

thesInp.ularperturbationtheory.

C5a.A4isastablematrix.

C坤.-A^isastablematrix.

TheseconditionsC5a.andC5b.areexclusiveandmaintheoremsneed

eitherone.

Lemma2-4 IfconditionsCl-C5a(Cl-C4andC5b)hold,then

theforward(backward)boundarylayerequation(2.3.20)hasan

isolatedandasymptotica:LlystablesolutionasT->CO(t'-ya)),

whichisnegativedefinite(positivedefinite)andisgivenby

equatingtherighthandsideofEq.(2.3.20)tozero.Moreover

amatrixA4十M3Q3(‾A4‾M3Q3)isstable.

Lemma2-4playsadecisiveroleinthesequelanddirectly

leadstoLemma2-5.

Lemma2-5IfconditionsC1-C5a(C1-C4andC5b)hold,then

theforward(backward)boundarylayerequations(2.3.19)and(2.3.21)

haverespectivelyanIsolatedandasymptoticallystab:lesolution.

whichisgivenasinLemma2-4.

Lemmas2-4and2-5leadtothemaintheorems
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Theorem2-2 IfconditionsCl-C5a(Cl-C4andC5b)holdforthe

forwardsystem(backwardsystem),thenthefollowingconvergence

relationsbetweenthereducedsolutionsandthefullsolutionsare

satisfied,

1勿M1(t)゜M°(t),forte[tO'tf (te[tO'tf D,

limM.(t)=M?(t),fortc]tO'tf](te[tO'tf[

limd,(t)■=d°(t).forts[tO'tf]

11Wd2(t)=d°(t),fortc]tO'tf

(2.3.44)

);i=2,3,

(te[to'tfD'

(te[tO'tf D
(2.3.45)

FollowingVasil'eva[Vs.63.1],wehaveTheorem2-3whichgives

errorestimations.

Theorem2-3 IfconditionsC1-C5a(Cl-C4andC5b)hold,then

existboundedfunctionsU

M:L(t)

k
C
J=
j=0

k

.(t,e)andvi(らe)suchthat

M
i

Mlj(t)(j!)‾1ej十U1(t'e)ek+1'

(t)二(､Mij(t)(j!)‾1ej十Ui(t'e)ek+1'

d1(t

d2(t

j=0

k

)=y

j=0

k

)=y

j=0

;fol°te[tO+6'tf

d:L
j(t)(j!)‾1sj十V1

d2

j

](te[t

k+1
(tμ

(t)(j!)‾1sj十V2(t'e)ek+1'

O゛

;forte[tO+6'tf](te[tO'

tf‾6D

(

･
r
t

2｡3.46)

i=2,3,

(2.3.47)

t-6])'

where

6°-CelogE;Cisindependentofc.

NowwehaveS:imilartheoremsforχandu,andtheseareobtained

bysimplemanipulationdirectlyfromTheorems2-2and2-3,sothatthe

detailisomitted.
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Theproofsofthesetheoremsandlemmasareshowndirectlyorby

simplemodificatﾆionfromrelevanttheoremsinRefs.[W.65,Vs.63.:L,

R63,R65,Lv.54].Lemma2-4isprovedfromTheoremsA'2andA-3in

Reid[R.63,R65](seeAppendixA).Notethatintheboundarylayer

system,tisregardedasaparameterandthereforethematricesinthe

matriceareconstant,sothatallassumptionsofTheoremAinReidare

satisfied.EachJacobianmatrixoftherighthandsidesofthe

boundarylayersystems(2.3°19)-(2°3‘21)withl:especttoM2'M3and

d2respectiv万elyisA4十M3Q3.万hencetheproofofLemma2-5isdeduced

straightfromLemma2-4｡

Theorem2-2isamodifiedoneofthepopulartheorem[Lv.54]in

thetwo-pointboundaryvalueprob:Lemofsingularperturbationtype･

Inthisregard,Tikhonov'sconvergencetheorem[Tk.52]intheinitial

valueproblemshouldbereferredt0.Theorem2-3isanextendedoneof

Theorem1-30fChapter1.

2.4Systemswithtwosmallparameters

Thesingularperturbationsofdifferentialequationswith‘several

parameterswerestudiedinafewpapersbyHoppensteadt[Hp.69.3],

O'Malley[0.71.2],Vasi:L'eva[Vs.63.2],etc.InHoppensteadt,the

regulardegenerationwasconsideredasforthemanyparametercase･

0'Malley[0.71.2],andVasil'eva[Vs.63.2]obtainedasymptoticexpan-

sionofsolutionsastothetwoparametercase｡

Butnostudiescanbefoundonthesubjectofsingularperturba-

tionapproachtooptimalcontrolproblemsofthesystemInvolving

severalparameters.Thissectiontreatsstateregulatorproblemsof

systemscontainingtwoparametersofdifferentordersofsmallness.

Theresultsoftwoparametercasescanbeeasilyextendedtomany

parametﾆercaseswithslightmodifications.

2.4.1Problemstatement

Lettﾆhestateequationbegivenasbelow:

44



A=

d
-
dt
x(t,e)=A(t,e)x(t,£)十B(t

A12

ci:＼
2

c;1A
32

e

e

A13

;B=
I
r
H
I

(
J

C2

μ

2
3

I
B
B

B
I
I

ﾀχ゜Z

X1

X2

X3

ﾀ

(2.4.1)

wherexlisann-dimensionalstatevector,x_m-dimensional,x_m2‾

dimensional,and

O｢

O<くe2 <<e
1

1ﾐ珊e2/e1゛0

くく1, (2.4.2)

(2.4.3)

Hereweconsiderthestateregulatorproblemtominimizethe

performanceIndeχ

where

J=
1

-
2
｀1(tf)F゛(tf

F= C

巳

F
11

12

:L3

)十
1

-2

に
[x'(t)Qx(t)十u'(t)Ru(t)]dt,(2.4.4)

=1^12c2F:L3

ε1F22^2^23

3

1
2
F
2
ｅ

ε2F33

Q=

1
2
3

1
1
1
I
I

O
､
O
､
O
､

り
I
1
.
}
Q
.
}

I
c
N
n

Q
Q
Q

C
M
C
M
m

l
C
M
-
C
M

o
r
y
c
r

TheelementsofamatrixFareexpressedasintheaboveforthesake

ofconvenienceinourformulation.WeassumeQ.,°0when‘i°j゛

forsimplicity,thoughtﾆhisisnotessential.Wecanfindfeedback

controlu火9undertheusua:Lhypothesisofregulatorproblem:

u゛=-R~"'"B'K(t)x(t), (2.4.5)

whereK(t)satisfiesthefo:L:Lowingmatrixdifferentialequationof
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Riccatitype:

11゛-KA-A'K十KBR"""B'K-Q･K(t)゜F'(2.4°6)

NowpartitioningKinto

K=

K:LIHhie2K:L3

eV£,K22e2弓3

^2^13c2K;3ε2K33

wegetthedifferentialequationsforeacharray

乱'‰゜へ1^11-AIAﾉ‰‰‰-Qlj≒(‰);(にごぎ),

1j2混K12°K12(‾A22゛l‘^22^^22゛E23K')゛f2(Kij);(i'j)≠(1.2),

(2.4.7b)

112計K22°K22(‾A22十E23K;3)十(‾弓2十K23E;3)K22十^22^22^22

‾Q22‾f3(K23)'

p:Lμ2をK13°K13(‾A33ﾅE33K33)十f4(Kij);(i'j)≠(3,3),

μ1u2おK23°K23(‾A33十E33K33)十f5(K22'K33)'

μ1μ2乱K33°‾K33A33‾A;3K33十K33E33K33‾Q33'

whereE‥
1]

=B.R:L

1

(2.4.7c)

(2.4.7d)

(2.4.7e)

(2.4.7f)

Bj≒l｣1°ε2/EPandp2°EPandfilsarepolynomials

__.....0
ofthefirstorderofitsargumentwithrespecttotheorderofμi

Fordetails,AppendixCmaybereferredt0.Theterminalconditions

forthefullsystemare

K.. (tf)゜F
･
#
＼･r
n

i
i,j=:L,2,3 (2.4.8)

2.4.2Asymptoticexpansions

WedevelopamethodSﾆLmP:Lerthanthosepresentedby0'Malley
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[0.71.2】orbyVasil'eva[Vs.63.2]indifferentways.Thismethodis

anextendedandmodifiedoneofHoppensteadt゛Smethod[Hp.71.1]dealing
-

withsingleparametercase.

Fors:implicityofnotations,imbeddingeachelementof■=11into

appropriatedimensionalvectorsu,V,andw,whereuconsistsof

elementsofK13ﾀKandK,wehave

胎u°-f｢u,V,w;1｣,t),u(tf)゜uO゛

引-V=-φ(u,V,w;u,t),v(t)=vOﾀ

yよw゛一中(u,V,w;μ,tﾆ),w(t)゛wO゛

(2.4.9a)

(2.4.9b)

(2.4.9c)

whereμ゜(μ1゛p2)≒andminussignsoftherighthandsideof

Eq.(2.4.9)isfortheconvenience'ssakeintheargumentsbelow.

Itistobenotedthatthesystem(2.4.9)hasahierarchyofboundary

layers,heredoublystructured.

NowintroducingnewIndependentvariablesby

1｀1°(tf‾t)/plp2'1｀2゛(tf‾t)/1｣2'

T1
e[0,(x･[,て

2e[O'吋;3slμﾄO･

(2.4.10)

wehavestretchedsystemsoftwokinds,thefundamentalboundary

layersystem

L

dて1

L

dて1

U゛p

V°p

で

yf(u,V,w;p,μ:Lp2yL)'

:Lφ｢11'も;M.＼｣11j271)'

=4ﾉ(u,V,w;μ,μ1p2yL)'

andthesecondaryboundarylayersystem

お

2

11°p2f(11'7'w;u'い212)'
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(2.4.11b)

(2.4.11c)

(2.4.12a)



d゛φ(11･゛'w;M,p212)･

p1≒゛゜ψ(11'゛'゛;u'u272)'

WeseeksolutionsofEq.(2.4.9)oftheform

(2.4.12b)

(2.4.12c)

u°X【%s(t)十rs1十八s(12)](iり1)‾1μ1%2s゛(214'138)
r,s=O

j惣Urs(yL
1

-
)=0,limU_(t

T2‾゛)rs
2)゜O' (2.4.14a)

andothervariablesVandWarealsoassumedtohavethesameform

andreferredtoEqs.(2.4.13b),(2.4.13c),(2.4.14b)and(2.4.14c).

]:11theouterregioらΣ11rs(t)'Σ゛rs(t)811dΣ゛rs(t)s8tisfy

Eq.(2.4.9),thenwehavearecursivesystemintheouterregionby

substﾆitutingtheouterexpansionsintoEq.(2.4.9)andcomparingthe

coefficentofU^,r=0,1,2ﾀ゜゜ithereof.
･y

and

乱

1100°‾f(゛00'゛00･゛00;O･t),

0°‾φ(゛00･゛00,町6;Oﾊﾟt),

O゛‾ψ(11009V003゛00;05t)9

d
示F%s

d
示Fr,s-l

-

-

‾fuurs‾fvvrs‾fwwrs十Prs

(2.4.15)00

(t),

゜‾φu%S‾φV゛rS‾φw゛｀'rs十qrS(t)'(2‘4'15)rs

芯゛゛r-l,s-l°ursVrswrs十rrs(t)'

Forthefundamentalboundary:Layersystem,wehavetherecursive

setofequationsbysubstitutingEq.(2.4.13)intoEq.(2.4.1:L)

asfo1:Lows:

礼U
00°09
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and

and

d
-

d て
1

L

dて1

V00 ゜0,

Wo O°ψ(1100

W00

亀U
rs

り

(ぢ)

゜Prs(て1)ﾀ

礼
r,s-l゛Qrs(yL)'

:L

-

十U00十U00

-

十W00十W00

-
(O)･゛00(な)十V00十VO

(O);0,0),

Forthesecondaryboundarylayersystem,weobtain

d
-

dて
2

-
U00°O゛

肘｡

0

べ(‰(ぢ)

゛00(ﾘ

゜｀p(゛100(tf)

一
一

-
P
rs゛

各一礼=げ
dて2'rS

(り)+U

00

(匂)十W
00

-
(O)十U00(1'2

-

(O)十W00(1:2

-
十U
00
(O)十U

00

),v
00

(2.4.16)00

O(O)･

rs
(2.4.16)

一
回゛V00(O戸V00(T2)･

);0,0), (2.4.17)

(72)'゜¨;O'O)'

00

----

uurs十≒vrsﾅφwWrs十Qrs(72)'(2.4°17)rs

d----一

馬Wr,s-:L°%Urs十lpvvrs十ψwWrs十Rrs(72)'

wheretheremaindersprs゛qrs゛rrs゛Prs゛Qrs゛Rrs゛etc'arepolynomials

involvingonlythetermsknownsuccessivelyintheprecedingsteps.

Theterminalconditionsforthesesystemscanbederivedinthe

Initialconditionsforthetermswithsubscript(r,s)゜(1,0).

Fromthesecondaryboundarylayersystem(2.4.12),weget

49



U10

V10

(71)゜U10

(町)゜V10

(O)十J
y

P:LO
(｡)da.

(O)十
UI

Q10((J)d(J

(2.4.18)

Therestrictionontheboundarylayercorrectionterms(2.4.14)

makesuschooseU10 (0)andv10

U10(O)゛‾

V10(O)゜‾

(O)as

od
j
バ
)

ぐ
01
P

∞
0
ｆ

∞
0
J

Q10(゜)da

(2.4.19)

(2.4.20)

｀Asforthefundamentalboundarylayersystem(2.4.11),wecan

obtain

-
U10 (0)=-

-P
10

0

(a)da.

Theintegrals(2.4.19)-(2.4.21)mayexistiftheconditions

φ

V≦_-K<0,

Ψ<-K
W=

<Q,

(2.4.21)

(2.4.22)

(2.4.23)

hold.Thenwecandeterminetheterminalconditionfortheouter

systemof町.0byusingEqs゛(2.4.13),(2.4.19)-(2.4.21),

町.0(tf)゜1170‾U10(O)‾≒O(O) (2.4.24)

Underthecondition(2‘4.24)V゛ecansolve゛:LO(t)'゛10(t)゛311dyLO(t)'

and゛eget゛:,0(t)and゛:LO(tf)゜

-
FromEq°(2°4.20),V10(O)iS㎞0゛1thenv10(O)iSderived

asf0110wS:

VT
lo(o)゜ぺo‾゛:Lo(tf)‾Vlo(o)゜(2°4.25)

Thesecondaryrecu‘rsivesystem(2.4.17)isso:Lvedwithconditions

(2.4.21)and(2.A.25).ThuswehaveW10(O)'thellW10(O)8sfollows:
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w10(O)゜ぺ0 ‾W10

-

(tf)‾W10
(O) (2.A.26)

UsingEq.(2.4.26),thefundamentalrecursivesyste°(2°4'16)10

1Sworkedout.Inthisway,everysystemcanbesolvedthoroughly.

Asimilarproceduremaytreateachhigherordersystemsatisfac-

torily.Thismethodhastheadvantagethatweneednotsolveany

differentialequationinordertogetinitialconditions(2.4.25)and

(2.4.26).

2.4.3Basictheorems

Wefirststateprerequisiteconditionsforclarity,tﾆhoughthey

maybeobviousfromconditionsstatedintheprecedingsections.

C1.A.'s,andB'sareholomorphicwithrespecttotandEI°

C2.RandQarepositivedefiniteandholomorphlcwithrespect

totandE..
].

C3.F1StimeInvariant,positivesemidefiniteandcontinuous

1nC..
1

Thefollowingconditionsarepropertotheseveralparametercase

C4. Thesystem(2.4.1)isfundamentalboundarylayercontroll-

ableﾀwhichisdefinedby

rank[B,

forfixedte[tO'tf]I

C5.

C6.

A33B3.‘゜゜A2~-
'-R]゛1112'

A33isastablematrix.

Thesystem(2.4.1)issecondaryboundary･layercontrollable,

whichisdefinedby

rank[B2゛A2B2゛゜゜゜‘゛A2
m1‾1B2]゜m1゛

forfixedte[tOﾀ tf],whereA2isgivenby

A2゛A22‾E23K23゛
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C7 Aisastablematrix.

Asdiscussedbefore,conditionsC5andC7canbereplacedbythe

followingC5'andC7'respectively.

C5'. Thesystem(2.4.1)isfundamentalboundarylayerobserv-

able,whichisdefinedas,

rank[C≒A;3C;'‥‥'(A;3)1112‾1C;]゛゜m'

forfixedtC[tO゛ tf],whereC少isasolutionof

C;C3°Q33°
(2.4.28)

C7'.Thesystem(2.4.1)issecondaryboundarylayerobservable.

whichIsdefinedas,

rank[C;'A;C;'‥‥'(A;)1111‾1C;]゜1111

forfixedtc[tO゛

where

tf],whereC^isasolutionof

C;C2°Q2ﾀ

Q2°Q22十K23A23十A32K;3‾K23E33K;3

Undertheseconditions,wenoweivemaintheorems.

Theorem2-4

(2.4.29)

(2.4.30)

工fconditionsC1-C7hold,thenthefollowing

convergencerelationsbetweenthereducedsolutionsandthefull

solutionsaresatisfied,

1≒1K11(t)゜K?;(t,

limK..(t)゜K≪5(t)

ﾀ

9

fort6[t

forte[t

O゛tf]゛

ゆ
』
ﾀ

r
L
1
4
-
1

t

≪
＼
0

(2.4.31)

i,j=l,2,3,i≠j

(2.4.32)

Aseasilyseenthistheoremgivesregulardegenerationofthe

severalparametercase.Thesucceedingtheoremassurestheasymptotic

correctness.
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Theorem2-5

functionsS｡
1]

suchthat

IfconditionsCl-C7hold,thenthereexist

(t,y)uniformlyboundedintheintervalconsidered.

K(t)二

十

!jKi;s(t)十Mi;s(yL)十Ni;s(12)](1r!SI)‾1ぺ);

--

十λN+1sij(t'μ)' (2.4.33)

whereλ゜1113゛(p1'p2)'811dMijls(71)811dNijl°s(1｀2)゛erespective:1-y

fundamentalandsecondaryboundarylayercorrectiontermscorrespond-

ingtocoefficientsoftheouterexpansionK(t)゜Thesematrices

canbeobtainedthroughrearrangingtheelementsofcorresponding

U
rs
(7 1)'U rs

(t2),V
rs
(71)'etc°

Asinthesingleparametercase,ifwerestrictourattention.

totheouterexpansion.Itiseasytofindthefollowingtheorem.

Theorem2-6

functionsS‥
1]

IfconditionsC1-C7hold,thenthereexist

(t,y)uniformlybounded,suchthat

Kn(t)二
十

EJlls(t)(1°ls!)‾:Lぺ);十λN+1sn(t'11)'fo17t

(2.4.34

ﾌﾟ1'

K(t)二

十

!

く

ひ;s(t)(Irls!)‾1ぺ11｣;十λN+1sij(t'1j)'i'j°1,2,3;1≠1'

゜forte[tO'tf‾6]'(2‘4‘35)

where

6°-Cλ1ogλ;Cisindependentofλ

ProofsofthesetheoremscanbederivedbyInferencesanalogous

tothoseofSection2.2,andtheoutline1Sgivenhereontheproofof

Theorem2-5.Theorem2-4,and2-6,willbeprovedascorollariesof

Theorem2-5｡

UndertheconditionsC4andC5,itisprovedthatthefundamental

boundarylayerequationforK33
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d---一

冨:>°^33^33゛A;3K33゛K33 E33馬3十Q33(2.4.36)

isasymptoticallystableasT1゛“)jwhichisequivalenttothesystem

(2.2.29).Thusthefo:Llowinglemmaisobtainedinthesameformas

Lennna2-10fthesingleparametersystems.

Lemma2-6 IfconditionsC1-C5hold,thenthefundamental

boundarylayerequation(2.4.36)hasanisolatedandasymptotically

stablesolutionasT-^≪>,whichispositivedefiniteandisgiven

byequatingtherighthandsideofEq.(2.4.36)tozero.Furthermore,

(A33-E33K33)isastablematrix.

Thislemmaasusualplaysacrucialroleinthesingu:Larpertur-

bationsofmatﾆrixRlccatiequations,andisdirectlyfollowedby

Lemma2-7.

Lsimna2-ﾌ 工fconditionsC1-C5hold,thenthefundamental

boundarylayerequationsforK^3andKhaverespectivelyanisolated

andasymptoticallystablesolution,whichisderivedasinLBirnns2-6｡

Theproofofthislemmaisobtainedeasily,sinceeachJacobian

matﾆrixoftﾆherighthandsideoftheboundarylayerequationsfor

K13andK23withrespecttoKandK23respectivelyisA33-EK

andasymptoticbehaviorsofK13andK23aredominatedbythatofK

Theaboveargumentisnotseenpeculiartotheseveralparameter

case.IfwerefertotheresultsofSection2.2.Butthefollowing

discussionsarecharacteristicofthiscase｡

Asforthesecondaryboundarylayersystem,wecanhavethe

f01:Lowinglemma｡

Lemma2-8 IfconditionsC1-C3,C6,andC7hold,thenthe

secondaryboundarylayerequationforK
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ま
T

2
K22゛^22^2十A;K22‾K22E22K22十Q2

hasanisolatedandasjmiptotical:1-ystablesolutionasT

(2.4.37)

->",whichis

posit:ivedefiniteandisgivenasInLemma2-6.Furthermore,thematﾆr1χ

(A22‾E23K23゛‾E22K22)isastablematrix.

Lemma2-8leadstoa:LeiranasimilartoLenmia2-7,whichassuresthe

asymptoticstablltyoftheboundarylayerequationforK12゛andis

onrniitﾆedinordertoavoidrepeatingthesamenumberoveragain.

Lemmas2-6-2-8showthateveryboundarylayerequationassociated

withtheoriginalfullsystem(2.4.7)haSanisolatedandasymptotically

stablesolutionrespectively,andthereforetheconditionsthatassure

theregulardegenerationstatedinTheorem2-4area1:Lsatisfied,

theproofofwhichcanbeobtainedbyusingatheoremofHoppensteadt

[Hp.69.3].

AsforTheorem2-5,wecanproveitfollowing0'Malley゛sresultﾆ

[0.71.2],withsimplemodificationsandmanipulations･

Theresu:Ltsderivedaboveareeasilyextendedtotheseveral

parameterssystemoftheform

有x°A00x十m十V'

1Jmをy:L°A10x十i11Aliy1十Blu゛

μ1μ2"゜'pm
d
-
dt ym° へ♂

+

(2.4.38)

where^1'1｣2'''''%arepositivesmallparameters.Itistobenoted

thatthesystem(2.4.38)hasahierarchyofm-foldstructuredboundary

layers.

Itcaneasi:1-ybeseenthatthereisac:Loserelationbetween

thesevera:Lparametercaseandthetimeinvariantcasewitht-=S00

ofthesingleparametercase(seeAppendixD).
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2.5Asymptoticbehaviourofperformanceindex

Itisnaturaltoinvestigatetheasymptoticbehaviourofthe

performanceindex,oncewehaveobtainedtheasymptoticexpansionof

thecontrolandthetraiectory｡

Inthissection,weareconcernedwiththeperformanceindexof

thetrackingproblemtreatedinSection2.2,sincetheprob:Leminvolves

theregulatorproblemasaspecia:Lcase.Anditiseasytoextend

theresulttotheotheroptimizationproblems,withperformanceindex

ofnon-quadratictype｡

Concerningtheterminalfree,stateregulatorproblem,the

followingtheoremwasprovedincaseofexcludingtheterminalcost

byWernerandCruz[Wr.68]･

Theorem2-7ItisassumedthattheperformanceindexJhas

aquadraticformof

J=
1

-
2 el(tf )Fe(t f)十

:L

-
2

tf

[e'(t)Qe(t)十u'(t)Ru(t)]dt,(2.5.:L)

to

Lettheexactoptimalcontro:Lbedenotedbyue(t)andtheapproximate

solutionofthecontrolrepresentedintheformofthetruncatedseries

uptothen-thtermbedenotedbyuan(t)as

ull(t)=
y
ulrJ(rl)‾1.

ar=0

Expandingtheperformanceind‘exJintoTaylorseries

J(u)=

1一
j!
●r

ぐ
r
c

C=0

9

weobtainthefo:Llowlngapproximaterelations

fork=0,1,2,゜･゜92n十:L.

C=0
゜IEとkJ(%11(t))
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Theproofofthistheoremwasoriginallymadeforthecasethat

theterminalcostisnotincludedintheperformanceindex,andthe

systemisoftheregularperturbationtypebyWernerandCruz[Wr.68].

SannutiandKokotovicmentionedfirstthetheoremaboveastothe

singularperturbationsoftheregulatorproblem[Sa.69.:L]｡

Itiseasytoseethat,ifweobtaintheapproximatesolutions

temporallyuniform,thereislittledifferencebetweenthesingular

perturbationsandtheregularperturbations.Theproofcanbemade

inlinewithWernerandCruz,andisomittedhere｡

AstothecasethattheperformanceindexIsofnonquadratic

type,asforinstance

(|xl十rlu|)dt.･ (2.5.5)

wecaneasilyobtainthefollowingtheoreminsteadofTheorem2-7.

1ftheprob:Lemisrestrictedtothefixedterminalsystemsﾀthenthe

followingtheoremalsoholds.

Theorem2-8 IfweobtaintheapproximateS01utionuanasgiven

inTheorem2-7,andexpandtheperformanceindexintoTaylorseries

ine,thenwehavethefollowingapproximaterelations

fork=0,1,2ﾀ･･･9n

e(t)) E=O°

1ﾝ
kJ(%゛(t))

e=0'
(2.5.6)

Thistheoremisintuitiveanditmaybeprovedwhentheperfor-

manceindexhasnosingularitywithrespecttoitsarguments.Such

aconditionholdsusuallyintheordinaryopt:Imizationproblems.

Itistobenotedthatifwerestrictourattentiontotheouter

expansion,whichisrationalfromthepracticalmotivation,onlythe
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slightchangesareneededinthetheoremsdescribedaboveastothe

Interva:Linwhichthevalidityoftheasjnnptoticaccuracyholds･

Theeffectoftheboundarylayerupontheperformanceindexisthe

sameorderofcwidthoftheboundarylayer,unlessthesizeofthe

boundarylayerjumpisthesameorderofE‾1｡

O'Malley[0.72.1]alsostatedthesubjectinthesameformas

Theorem2-8in･caseofthestateregulatorproblemwithquadraticcost｡

AremarkableresultisTheorem2-7particularlywhenthequadratic

costfunctionisconsidered.Theextensiontotheseveralparameter

caseiseasytobehandled.
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Chapt‘er3NuclearReactorContro:LwithLumpedParameters

Inthischapter,thenuclearreactorcontrolasalumpedpara-

metersystemisconsidered.Suchalumpedparametermodeliswell

knowninthefieldofreactorengineeringasa"pointreactor"or

"onepointapproximation".Smallreactorscanbetreatedbytheone

pointapproxlmationwithrelative:Lysmallerrors,ifwerestrictour-

selftostudythecaseinwhichtheneutronfluxchangesslowly.

Studiesofdynamicsandcontrol0fapointreactorhavebeenmadeby

manyauthors(seeforinstanceWeaver[V7e.68],orMohlerandShen[Mh.

70D｡

Theresultsinthepreviouschaptersaresuccessfullyapp]Lied

totheanalysisandsynthesesofsuboptimalcontrol0fthenuclear

reactorasalumpedparametersystem｡

Thischapterconsistsoftwosections.Theearlysectionis

concernedwiththeerrorestimationofpromptjumpapproximationwith

theaidofsingularperturbationtheory.Thepromptjumpapproxlmation

isintuitivelydonebyengineersandthesingularperturbationtheory

canestablishthevalidityoftheapproximation.Thelattersection

treatstheregulatorproblemofthereactor.Bothsectionshavesome

numericalexampleswhichenableustounderstandtheimportanceand

validityofthetheorypresented.

3.1Errorestimationofpromptjumpapproximation

3.1.1Introductionづ犬..-,ﾉ.ゆふ･･･ヽQ..l･.,･-f≫-･4.＼･7-い‾゛7‘゛'゛-'≒･^'･"･■.･Tr･い..ﾌﾟﾌﾞや;………'1.1‘'で.

･JII-.･I･¶-.･･
,一寸f･･●●●●●･●●-･‥ご

丁nreactordynamics.manyideashavebeendevelopedtogiveayl‘

error;･estimationofpromptjumpapproximationandtoimproveits二

accuracy.GoldsteinandShotkin[Gs.69]proposedthemethodofusing

int尚尚rationbypartsaftertransformingasystﾆemequationintoan

'゛゛.r･゛,t4,1

i平regraleｻﾞﾀﾞｻo゛ofVoltﾆerratﾆ7Pe°Their゛etﾆhodiseffectiveｿﾞ叫ﾚﾙe

‥.･¥','jj'.二･‘"･･-'4‘･･●.3-i,●ふouterregion;but｀ISnot"Sliceessful几Lf‘･tyingunifdi‘mly力alid-sblu¬｀
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tionsintheintervalconsidered.Thesingularperturbationtheory,

anoutlineofwhichisdescribedinChapter1,!lasbeenappliedto

thisaimwithsatisfactoryresults｡

工nthissection,weobtainuniformlyvalidsolutionswithuse

madeofVasll'eva'stheory.Thebasicideaofthetheoryisdifferent

fromthatofboundary:LayermethodgiveninSection1.4.Butthe

resultingseriesareequlva:Lenttoeachother.AndtheSingular

perturbationtheoryhasaprincipalInnovationinthetreatmentof

initialconditionsofthegeneratedrecursiveequations,quitedeffer-

entfromthatoftheclassicalperturbationtheory,asismentionedon

occasions｡

OurobjectinthissectionIstogivearefinederrorestimation

ofpromptjumpapproximationprovidingamethodofimprovingits

accuracyinpreparationforthesynthesisofsuboptimalcontrol0f

apointreactorsystem.

3.1.2Promptjumpapproximation

Inthedevelopmentofthepointreactormodel,spatialindepend-

enceandoneenergygroupingareassumed.Thekineticequationof

themodelwithoutsourcetermandtemperature-dependentreactivity

feedbackisgivenby

d
-
dt

d
-
dt

n=

旦!s
｀-‘ご
j!
n十λc,

C=tn-λC,

(3.1.1)

(3.1.2)

wheren(t)andC(t)arel!:espectivelyneutrondensityandprecursor

C叩centration‘,Normalization0fn(t)゜dC(t)V゛1threspecttotheir

equl:Libriumvalues110ﾀCOmakesthesystem(3°1.1),(3.1.2)Intothe

formofｲﾉ

£ d●･●'
-fT-nCt)｡゜(p(t)-l)n(t)十c(t),

-

一一βdt

d
-
dt
C(t) ㎝

λn(t)-λC(t),

4 暑 I I . ●

wherep(t)isthereactivityindollarunits,'｡1.e･｡
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p(t)^k/t)/6.

Theinitialconditionisgivenby

n(O)=1,C(O)=1

(3.1.5)

(3.1.6)

Thederivationoftheabovemodelcanbefoundinmanyofthetexts.

forexampleinWeaver[Vfv.68]

Iftherelativerateofthechangeofthereactorpowerinthe

meanpromptgenerationtimeissufficientlysmal:Lsothat

翌

6

n
-

n
<くにL-p(t)| (3.1.7)

holds,thentheterm(£/6)n(t)inthekineticequation(3.1.3),

(3.1.4)canbeneglectedascomparedto(p(t)-l)n(t).Theresulting

approximationiswrittenasf0110Ws:'

d
-
dt

O=(p(t)-1)n(t)十C(t),

C=λn(t)一入C(t).

(3.1.8)

Thisapproximationiscalledthepromptjumpapproximation.Figure3.

1.1isasketchoftheexactkineticequationandthepromptjump

approximationtoitincaseofstepreactivityinsertionwherethe

promptjumpapproximationisshownbythedashedline.

Fig.3.1.1Promptjump
approximationandthe
exactsolution.
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Itisclearthatthepromptjumpapproximationfailsnearpromptﾆｰ

critical,asseeninthecondition(3.1.7),inwhichtﾆherighthand

sideofEq.(3.1.7),:L-p(t)≒O.Theconditionthatgivesthe

validity･ofthepromptjumpapproximationIsgiveninvariousforms

(seeforInstance‘Akcasu,Lellouche,andShotkin[Ac.71]).

3.1.3Analysisviasingularperturbationtheory

InEq.(3.1.1),IfwesetE°i/Q,thenehasarelatﾆivelysmall

value,forexampleC゛O(10‾2)forthethermalreactorandC=O(10‾5)

χ
forthefastreactor,thereforeequations(3.1.1)and(3.1.2)areof

singularperturbationtype.

Letsolutionsintheouterregionbeintheformofasymptotic

expansxons

n(t,e)=yn(t)J(r!)‾1,

17こOr

C(t,e)=χC(t)げ(r!)‾1.

r=O｢

(3.1.9)

SubstitutingtheaboveintoEqs.(3.1.1)and(3.1.2)andcomparing

coefficientsoflikepowersofEthereof,weobtainarecursionset

ofdifferentialequations

一
＠

0

ε

｢
●
一

巳

0

jtぐ

0

･
Ｃ

0

Cr(t)

=(p(t)-l)n(t)十CO(t)'

゜入(%(t)‾CO(t))'

゜(p(t)‾:L)%(t)十Cr(t)‾%-1(t)'

゜入(llr(t)‾Cr (t))

(3.1.:LO)

(3.1.n)

Equation(3.1.8)foi°theleadingtermsn(t)andCO(t)isequiva:Lent

tothepromptjumpapproximation(PJA).

Theclassicalperturbationtheorycannotbeappliedtothis

system,whichmayallowinitialconditionsoftheform
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CO(O)゜C(O)'Cr (O)=O;r>0 (3.:L.:L2)

andleadstoawrongresu:Lt.Thereforewemusttreatinitialcondi-

tionsbythesingularperturbationtheory.

,Adoptinpthecurrentprocedure,wefirstobtainSO:Lutionsinthe

innerregion(theboundarylayer)andtheouterregion,andthenwe

usethesingularperturbationtheorybyVasil゛evatoconnectthese

solutions[Vs.63.:L]･

Inordertoobtainasolutionintheboundarylayer,weconsider

astretchedsystembasedonthestretchingtransformation(t=t/E),

d
-
dT

d
-
dで

---
n(T)=(p(t)-l)n(T)十C(t),

---
C(t)=eλ(n(1)-C(･r)).

(3.1.13)

whichadmitsgiveninitialconditions(3.1.6).Thesolutionsofthis

problemhaveconvergentexpansionsinpowersofe,

n(T,e)=χW(･DJ(r!)‾1,

1°こ01｢

C(T,e)=χ石(T)elr(r!)‾1.

r=O｢

(3.1.14)

Asthestretchedsystem(3.1.13)hasnosingularityatC°0,through

theusualprocedureoftheregularperturbationmethod,wehave

arecursivesetofdifferentialequations

●
一

〇

Ｃ

｢
一
一

Ｓ

d---
石%(･)=(p(t)-DhqCt)十CO(7)･

乱石o(7)゜o･

d
-
dて

d
-
dx

八(7)゜(p(t)-1)八(7)･十八(1)･

---
C(t)゜入(%-1(1｀)‾Cr-1(7))'
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withinitialconditions

--
%(O)゜n(0),CO(O)゜C(O)･

-
n｡(O)=0,CﾒO)=O;r>0

(3.1.17)

Whilemanyauthorshaveproposedvariousmethodsinorderto

relatethetwotypesofexpansions,(3.1.9)and(3.1.14),weexpand

thecoefficientsn(t)andCr(t)ofseries(3.:L.9)intoformalTaylo｢

seriesinvolvingてandC;possiblydivergent,

n(t)゜

y

llrst
S°

y

llrS
?eS

'
s=os=0

c(t)゜

y

c
rst

s

°

y

c
rs7

s

6

s

°

S=OS=0

(3.1.18)

SubstitutingEq.(3.1.18)intoEq.(3.1.9)andrearrangingthesummations

accordingtopowersofe,wehavethecouplingseriesintheform

n(t,e)=

C(t,e)=

r

l

o

貪
｢
(1)J'ar(7)゜

ﾕ

o
c゛(I)J' Cr(1:)゜

n

r
C
―
]
S=0

r
[
X
I

S=0

S

r‾SgS

T9

CてS

r-S､S

(3.1.19)

Theseries(3.1.19)arealsoformalsolutionsofthestretchedsystem

(3.1.13),butthedifferencebetweenthesetwoseriesliesinthe

initialvalues

Thusfi(t)and

and

ﾂﾞﾆ9o°

C(t)satisfy

CO(I)゜C(O)'

thedifferentialequationsintheform

(I)
CO(O)'

公≒(l)゜(p(t)-:L)ar(7)十ら(1)'

d八Λ
石Cr(1｀)゜入(%-1 (t)-C(t))
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･Severalpapersontherelatedsubjectshavebeenpublished

[Am.69,Am.71],whichhavebeenbasedonthemethodofmatchedasymp-

toticexpansions[Ku.67,Vd.64,C1.68],butoneofthese[Am.71]

]Leavessomedoubtﾆontheauthor'schoiceofinitialconditionsofthe

outerregion.火

Here,wemakeuseofVasil'eva'smethodtﾆodetermineinitialconditions

ofouterregionequationsinsuchamannerthatsolutionsofinner

regionequations(3.1.15)and(3.1.16)andthoseofEqs.(3.1.20)and

(3.1.21)coincideatて=cx].Thuswehavetheinitialconditionsof

outerregionequations(3.1.10)and(3.1.1:L)andthoseofEqs.(3.1.20)

and(3.1.21)asfollows:

CO(O)゜CO(O)゜C(O)'

Cr(O)゜ぐ(O)゜
[[巡

r-1((J)

0

-

(3●:L.22)

λ11r-1(O)]da;17゛O'

wheren
r-1
(a)isasolutionoftheboundarylayerequationbelonging

tothefu:LIsystem(3.1.1)and(3.1.2):

d

-
d(y

-

Vl
((J)=(p(O)-1)

withtheinitialconditions

-
%(O)゜n(0),

-
nr-1

-
(a)十^r-1

-
n(0)゜O;r>0

(O), (3.1.23)

(3.1.24)

大 Themethodadoptstheinitialconditions゛O(O)゛゛(O)'゛1°O°

Butitisnotlogicalinthelightofthetheoryofmatchedasymptotic

expansion,whichrequiresthelimitprocesstodecideinitialvalues

forouterexpansion.
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一
ｴtistobenotedthatinEq°(3‘1°23)Cr-1isrega･ded8s8fixed

-
paremeter,whileinEq.(3.1.15)C isavariable.

'‾‾一'｀‾'‾'‾‾'‾r-1‾‾二'二‘'｀‘“‘゛‘'

Afterdetﾆerminingsuccessivelynr゛nr｀nr゛Cr゛

definethefunctionsR(t,e)andS(t,e)by

n(t,e)=

C(t,e)=

y[n(t)十n^(T)-n

r=0

｢

r(1')]J(l°!)

-
Cｲand

r

〈
Ｃ

-1

y

[Cr(t)十八(t)-C(t)]e(r!)

=0

9we

十R(t,e)e十-"-,(3.1.25)

十S(t,e)Ell十■*-,(3.1.26)

whereて=t/e.Assumingthatp(t)-1<0,thefunctionsR(t,e)and

S(t,E)areboundedforOΣtΣc‘);0<e≪1.Thismeansthatanerror

oftruncatedseriesuptothe(m+1)-thtermisoftheorderofE:m十:L.

3.1.4Numericalexamples

For･simplicitywerestrictourselvestoastepinputofreactivity

(p(t)゜Pq,timeIndependent).

InFig.3.1.2wecanseePJAhasaboundarylayeratt=Oand

SPAhasuniformaccuracywithanerroroftheorderofe2asshown

inEq.(3.1.25).Figure3.1.2alsoshowsthatEPislessthanexpected

insometimeinterval,andoutsideit,SPwellApproximatesEP.Our

studybynumericalcalcu:Lationsshowsthat,asfarasstepinsertion

ofreactivityisconcerned,SPAhasagoodaccuracywhenpく0.5$･

InFig.3.1.2weusedconstants日=0.0064,入=0.078.

SP==ISPA-PJAI
‾'EχACT

TIME(sec)

,,p-|HXA丿宍ごyJΛland‘HS

0
0
3
ｔ

TIME(sec)

七.vhereEXACTisanexactsolution.

Fig.3.1.2AccuracyofPJAandSPA.
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Themethoddevelopedherecantreatarbitraryreactivityinputs

sofarastheasymptoticstabilityofthesystemfortheneutron

densityn1Spreserved,byasimplemodificationandhascloserelation

tothematchedasymptoticexpansionmethodproposedbyKapluneta1.

IndependentlyofthemethodbyVasil゛eva.NamelyEq.(3.1.9)corresponds

tothe"outerexpansion"ofthematﾆchedasymptoticexpansionsand

Eq.(3.1.14)tothe"innerexpansion"｡

Thismethodpermitsustodealwithmorecomplexsystemssuchas

expressedbykineticequationswithmulti-groupofdelayedneutrons.

andfurthermorewithnonlinearsystems.

3.2Regu:Latorproblemofapointreactor

Thissectiondealswiththestateregulatorproblemofapoint

reactor,whichoccurswhendeviationfromtheequlibriumoccurs.

Thesameformu:Lationmaytreatthepowerlevelchangecontrol1nthe

senseoftrackingproblems.

3.2.1Formulationoftheproblem

WeconsiderherethesamereactormodeldiscussedinSection3.1.

Linearizingtheequations(3.1.1)and(3.1.2)byconsideringsmall

perturbationsaboutsomeequilibriumneutronandprecursorconcentration

levelnoandCq,weobtain

d-
dt

d-
dt

6n(t)こ~
B

一
見
<Sn(t)十λ6C(t)十で)6k(t),

6C(t)=I6n(t)一入<SC(t),

(3.2.1)

(3.2.2)

where6n,6C,and6karesmalldeviationsinn,C,andkrespectively･

Normalizingquantities6n(t)and6C(t)withrespecttoeach

steadystatevaluesnO゛COrespective:Ly,thereactivitybeingrepre-

sentedindollarunits,weobtainthestateequationtobeginwith
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where

gdtn(t)=-n(t)十C(t)十p(t),

乱c(t)=λn(t)-λc(t),

n(t)= 器(t),a(t)=器(t),

(3.2.3)

(3.2.4)

(3.2.5)

andp(t)istheexternallyappliedreactivity.Whenthesystem

deviatesfromtheequilibrium,wemeettheproblemofregulatingthe

deviationofthepowerlevel,orneutrondensityinafixedtimeso

thattheperformanceindexisaminimum,whichisgivenhereasbelow:

J=
1

-
2

h

to

(F十rp2)dt. (3.2.6)

wherer>Oisascalarweight.Thereforeweassumethatthevalue

ofthedeviationcanbemeasuredattheinitia:Ltimet_,andshould

berepresentedintheformofinitialconditions,asfollows:･

n(t)゜aO'a(tﾆO)゛aO°
(3.2.7)

Furtherweassumeforsimplicitytheend-terminalisfreeandthe

controlmaybeobtainedwithoutconstraints.

LettingC°X,n°X23p°uandλ=aforthesakeofconven-

ience,Eqs.(3.2.3)and(3.2.4)become

乱x1°‾ax1十ax,

EjhFX2°x1‾x2十ﾘ゛

withinitialconditions

゛:L(tO)゜と1'｀2(tO)゜こ2°

DefiningtheHamiltonlanfunctionHby
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H°-|(x2+ru2)十p1(‾8゛1+3勺)十P2(x^-X2+u),(3.2°11)

wherep1 andT>2a^ecostatevariablesofx^andx2ﾀwederivethe

canonicalequation

e

E

X1

×2

=-ax十ax,

゜X1
-

X2十
-1

p1°ap1十P2゛

p2゛x2‾ap1十p2

Theoptimalcontrolu大isgivenby

U大゜r‾1p2

(3.2.12a)

(3.2.12b)

(3.2.12c)

(3.2.12d)

(3.2.13)

Thetermlna:Lconditionsatbothendsoftheinterval[tO'tf]

canbederivedbyconsideringcondition(3.2.10)andthetransversality

conditionasfo:Llows:

and

X1 (tO)゜こ1'

p1(tf)゜O'

3.2.2Asjmiptoticeχpansions

゛2(tO)゜こ2'

p2(tf)゛O°

(3.2.14)

(3.2.15)

ExpandingeachvariableintoTaylorseriesine,andsubstituting

theresultingseriesintoEqs.(3.2.:L2)and(3.2.13),andcomparing

coefficientsoflikepowersofe,weobtaintherecursivesetofequa-

tions,i.e.,theouterrecursivesystem,

o
l
･
X

0

゜-ax°+aχg,

゜x?-xa十r‾1pa,
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/

/

and

;?

0

k

―

一
ｐ

0 -

-

=apO一伺,

゛x§‾apy-p§,

axl

k

k_

k

°ap^

k

゜X2
-

-

十ax2
k

ﾀ

x2
k十r‾1p2k‾12k‾≒

k

p2゛

k

^Pl
-

k●k-1

P2‾p2゛

(3.2.16)

(3.2.17)

fork>0.

FollowingtheresultsobtainedinSection2.2,wecantreatthe

twopointboundaryvalueproblem(3.2.12)with(3.2.14)and(3.2.15)

withusemadeoftheRiccatltransformation.Theresultingmatrix

Riccatidifferentialequationis

i1:1°2ak1‾2k2十r‾1k22゛

●-1
ck2°‾ak1十k2‾k3十rk2k3十eak2゛

e113°2k3十r‾1kl‾1‾2eak2゛

withthefinalterminalconditions

ki(tf)゜O;-i゛1,2,3°

Thenwehavethereducedsystemasf.0:Llows:

kj=2akO-2kO+r:1-1,02,

0=-aky十ka-k§十r-＼OkO,

0°2k§十r‾1ka2-:L,

withtheterminalcondition

k1(tf)゛(y'

andthefirstcorrectionsystemintheouterregion
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i1

鮑

㎜
･ 2べ

=-

‾2k1勺2flk?k1'

8k1十k1‾kA+17‾1(kak1十k^kO)+akO

kO=2kl十r‾12kak1-2akO

(3.2.22)

Thefinalterminalconditionforthefirstcorrectionsystemisgiven

asfollows:

where

with

-
k2

d
-

-

k]_(tﾆf)づﾝ(一馬
-

+r 桜
22)‾(‾2ka十flka2)]d7･ (3.2.23)

intheintegrandisasolutionoftﾆheboundarylayersystem

-
dて
iE2(ﾘ゜-akj(t)十

乱k(t)=2k3

-
k(T)-

-k-
k3(1｀)+17‾k2(1')k3(1)'(3°2.24)

(7)十√桜32(1')‾1･

--
k2(O)゜O'k3(O)゛O°

(3.2.25)

(3.2.26)

AftersolvingtheRiccatlequations(3.2.20)and(3.2.21),we

haveasuboptimumtrajectory.asfollows:

forthereducedtrajectory

with

1
1°ax十axj

O=xy-xa十√1(kaxy十32'

勺.(tO)゜C1‘

Forthefirstcorrectiontrajectory

11=-aχ1-ﾄaχ1,

≒=x1-x1十r-1(kax1+kax1+弓xl+kAxa),

withtheinitialcondition
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―
―χ 8[≒(I)‾刈(%)](h' (3.2.30)

wherex(t)isasolutionofthefollowingboundarylayersystem

associatedwiththetrajectoryequation(3.2.:L2):

with

公i
2(1)゜心(tﾆo)‾ X2(t)4‘.‾1(ka(1:O)｀1(10)゛kO(tﾆq)x2(t)).

(3.2.31)

-
X2(t)゜ら2°'

Atlastweobtainthesuboptimumcontrolasfollows

sub

-1

"'｢

(3.2.32)

[(kO+ekl)(xO十cx1)+(k3+ck1)(xa十exl)].

(3.2.33)

3.2.3Boundarylayercorrections

Inordertoobtaintheuniformlyvalidexpansionthroughoutthe

interval[^o' tf]゛WeseekaSO:Lutionoftheform

K(t,e)=K(t,e)十H(1:,e),
(3.2.34)

whereて=(tf‾t)/c°HeretheboundarylayercorrectionH(T,e)

vanishesasてtendstoInfinity,i.e.,"

limH(T,e)=0

て今(X)

(3.2.35)

FurtherH(T,e)hasanasymptﾆoticexpansioninCasE400ftheform

H(T,e)=y♂(T)J(r!)‾1

r=0

(3.2.36)

TodeteirmineeachcoefficientH(x),asintheusualway.we

substitutetheasymptoticpowerseries
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~
K(t,e)=

intotﾆhestretchedsystem

8
c
-
3

r=0

[KI゛(t)十HIr(T)]J(r!)-＼

‾
乱k1°e(2ak:L‾2k2十

゛‾1ら2)
'

~~~~~~

‾
士k

2°‾ak1十k2‾k3十r‾

1k
2k3゛

-

d
-
dT

”
k ~~

3°2k3十r‾1k32‾1゛

(3.2.37)

(3.2.38)

andcomparecoefficientsoflikepowersofSthereof,thenthefollowing

recursiveequationsfortheboundarylayercoefficientsareobtained:

-

-

-

-

十r‾1

d
-
dx
"?

ｼ1

kS

ご

0,

(tf)

一公11ﾄﾞｰﾍﾟ(t)+hO(T)-hO(T)

hO(T)十kO(t)hO(T)十hO(T)hO(T)]j(3°2°39)0

2hO(T)十r-1[2kO(t
f)ha(7)十(hO(T))2]‾1'

゜‾2゛ihO(T)-2hO(T)十√1[ka(tf)叫(l)十(hO(T))2],

=-ah1(T)十h1(T)-hA(T)十ahO(･r)(3.2.39)

十√1[ky(tf)ha(7)十kO(t)hO(T)十h;(T)hO(T)]'

1

径ﾔ 2hl(T)十√竹2ka(tf)hA(7)+2kA(tf)ha(1)十

十hO(T)hl(T)]-2ahO(-r).

Eachrecursiveequationscanbesolvedundertheterminalconditions

derivedfromtherequirementﾆ

K｢
(tf)十♂(O)゜0
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3.2.4Numericalexample

Weshallpresenttheresultsobtai^iedbynumericalcalculations

accordingtothemethoddescribedintheprecedingsection.Thedata

usedintheeχamplearethesameasinSection3.1.4,namely6=0.0064,

a°λ=0.078;meanlifetimeofthepromptneutron1=3×10‾5,and

thereforeE=0.47χ10‾2｡

1nFigs.3.2.1and3.2.2,thetimebehavioursofthesolutionof

theRiccatiequation(3.2.18)andthoseoftheapproximatesolution

derivedviathesingularperturbationtheoryareillustratedfortwo

valuesoftheweightr.Theapproximationis･takenoftheformof

truncatedseriessolutionatthesecondterm.Theboundarylayerap-

pearsinthecaseofthereducedsolution｡

Ingeneral,itcanbeseenthatthefeedbackcoefficientsdeter-

minedbysolvingtheRiccatiequationchangerapidlyintheneighbour-

hoodoftheterminaltime,andcomputationaldifficu:LtiesShou:Ldbe

encounteredsuchasoverflowofcomputersorincreasedsizeofthememory

needed.Moreover,inthiscasetheexistenceoftheboundarylayer

makestherateofthechangelargerandthedifficultiesshouldbecome

moreserious.Themethodadoptedcanmakeusavoidthedifficulties.

byusingtﾆheideaofseparationofthetimescale｡

Figures3.2.3and3.2.4showthetimebehavioursoftheoptimum

andsuboptimumtrajectoriesofneutronsforr=10andr=0.4respect-

ively.Table3.2.:Lrepresentsvaluesoftheperformanceindexcalcu-

latedbyusingtheoptimumandsuboptimumcontrol｡

Ournumericalstudyshowsthatthereducedsolutionwithboundary

layercorrections(0-thorderapproχImation)givesasatisfactory

resu:Lt.Theerrorofthe0-thorderapproximationis,excepttheter-

minaltime,oftheorderof0.1percentfortrajectoriesofneutrons

and1percentforfeedbackcoefficients.Thefirstcorrectionterm

improvestheapproximationuniformlyInthetimecoordinate,especially

doesintheboundarylayers.Thememorycanbesavedabout60percent

whenweadoptour0-thorderapproximation.Thissavingisagreatﾆ
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"8-3.2.4Suboptimuraandoptimumtrajectories

oftheneutrondensityforr･0.4.

advantageofthepresentmethod･

Theseconsequencesshowthatthemethodgivessatisfactoryresults

fromviewpointsofcomputaionallabour,computingtime,accuracyof

theapproximation.

工tistﾆobenotedthatwhenthe･originalstateequation1Sstiff.

thenthegeneratedmatriχRiccatlequationwillbestifferbecauseof

thenonllnearityoftheRiccatiequation.Sothemethodofseparation

ofthetimescaleorthemethodofmultipletimescalemaybeeffective

tosuchaproblem.Aboveallthesingularperturbationtheoryplays

averyimportantroleasseeninthisexample｡
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Chaper4Near-OptimumControl0fDistributedParameterSystem

4.1Introduction

Itistruethateveryrealisticphysicalsystemisintrinsically

distributedinnature.Frompracticalmotivations,however,thesystem's

spatialdistributedparametﾆersareusuallyassumedtobe十sufficiently'

concentratedorinvariantinformduringthecourseofmotionsothat

anapproximatelumpedparametermodelmayprovideanadequatedescrip-

tion.Althoughsuchatreatmentisfeasibleinmanyphysicalsystems.

itisobviousthattheeffectsofspatialdistributionofpracticalsys-

temsarelost.Inthepreciseconsiderationoftheeffectsitisre-

quiredtoinvestigatethesystemmaintainingthespatialdistribution

ofphysicalparameters,sothatastudyofthetheoryofpartialdiffer-

entialequationsbecomesindispensable.Typicalexamplesofthiscase

arenuclearreactors,manymetal:Lurgicalplants,chemicalreactors,and

soforth｡
Optimalcontroltheoryoflumpedparametﾆersystemshasbeendevel-

opedpowerfullyandsuccessfullybymanymathematIciansandcontrol

engineersgandisalmostcompleteintheory.Amaximumprinciple(and

minimumprinciple)wasobtainedbyPontryaginandhisstudents,which

isageneralizationoftheclassicalvariationaltheoryinasense

[Pn.62].DynamicprogrammingwasfoundbyBe1:Lmanindependentlyof

themaximumprinciple[B.57].Ka:Lmanshowedthatthemaximumprinciple.

dynamicprogramming,万andHamilton-Jaco.bitheoryareequivalenttoeach

other,andconstructedgeneralsolutionsoflinearstateregulator

problembyintroducingtheRiccatitransformationandestablishedthe

basicresults[K.60].ThetreatmentadoptedbyKa:Lmanseemstobe

oneofthemainstreamsincontroltheory.Theoriesabovementioned

aresystematicandcompleteintheory,andprovideuspowerfu:LgudeS｡

0ntheotherhand,controltheoryofdistributedparametersystem

isnotsosufficientlydeveloped,sinceitisbyfarcomplexanddiffi-

culttohandleortoanalyzepartialdifferentialequations.Modern

treatmentsofpartialdifferentialequationshaverecentlymaderemark
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ableprogresswiththedevelopmentoffunctionalanalysis;seefor

instanceDunfordandSchwartz[Df.58],LionsandMagenes[L.72],or

Mlzohata[M.65].0ntﾆhebasisofthisdevelopment,optimalcontrol0f

distributedparametersystemshasbecomeoneofthemostproductive

areas｡

OneoftheearliestinvestigatorsofthesubjectwasButkovskii

(seereferences:Listedin[Bt.69]).ButkovskilextendedPontryagin's

maximumprincipletoacertainclassofdistributedsystems,and

studiedtheapproximationmethodwiththeaidofmethodofmoments｡

AnotherapproachwasmadebyUang[W.64].Hismainthemeseems

t011einapplyingtheresultsofthetheoryoflumpedparameter

systemstodistributedonesinlinewithKalman,I.e.,heobtﾆalned

Hamilton-Jacobiformalism,amaximumprinciple,andRiccati-like

partialdifferentialintegralequations.Healsodevotedhimselfto

thestudyofstability,controllability,observability,andapproxima-

tﾆionmethods｡

SomeotherstudiesonthesubjectweremadebyAxelband[Ax.69],

Brogan[Br.68],Lions[L.71],etc.withusemadeoffunctﾆionalanalysis.

Sinceitisnotourobjecttoreviewthetheorycomprehensively.for

generalsurveys,Brogan[Br.68]orLions'sdetailedandextﾆenslve

work[L.71]maybereferredt0｡

Itistobenotedherethatthepracticaltreatmentofpartial

differentialequationscannotbemadewithoutinvo:Lvlnganapproximation,

spatialdiscretization,modaleχpansion,etc.,sincetheequationscan

beregardedtobeinfinitedimensional.Consideringsuchasituation.

itIseasytoseetheimportanceofthereductionofthenumberof

independentvariablesifpossible｡

AsmentionedinSection1.3,thesingularperturbationsofabstract

evolutionequationsarenotfullydeveloped,tﾆhischapterpresents

materialstocontﾆributetothetheoryconcerned:thechapterc(!nsists

oftwoparts,theformeroneisconcernedwiththesingularperturbations

ofacertainclassofasetofevolutionequations.Thelatterdeals

withnear-optimumcontrolproblemsonthebasisoftﾆheresultsderived
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intheformerone.Sofarastheauthorknows,thesingularpertur-

bationsofasetofpartialdifferentﾆialequationsinvolvingconstrue-

tionofasymptoticexpansionshaveneverbeentreated.Theregular

degenerationofsuchsystemswasstudiedrecent:1-ybyLions[L.73].

4.2Evolutionequationscontainingasmallparameter

工nthissection,aninvestigationIsmadeofthesingularpertur-

bationtheoryofacertainclassofabstractevo:Lutionequationsof

theform

a

~9t

Z°

Z ?f

X

y

Az

9

十f,

A2

4

wherezisastatevector,operatorshandA4areparabolic,A≪,A3

arebounded,andCisasmallpositiveparametﾆer.

Thiskindofsystemdoesnotseemtohavebeentreatedwiththe

closedform.

4.2.1Mathematica:Lnotationsandpreliminaries

Weshallconsiderfunctionsdefinedonthesetsasfollows:

Ω:asimplyconnected,opensetinRr.

Γ:theboundaryofΩ.

Σ=Γ×]0,T].

Q=Ω×]0,T]･

PointsofΩaredenotedbyωΓ゜(ω1゛ω2゛゜゛゜゛ωΓ)゛

Furthersomedefinitionsareneededregardingtheequiva:Lence

classoffunctionsconsidered.

H=L2(Ω):spaceoffunctionssquareintegrableonΩ.

L2(S;E):spaceoffunctionsdefinedonSwithvaluesinaHi:Lbert

spaceE,andwhosesecondpowersareintegrablewith
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respecttotheLebesguemeasureofS,dl』(t),i.e

f

s

卜(副I

E

2(11j(t:)(゜)

H1(Ω):Sobolevspaceoforder1,i.e.,spaceoffunctions

φsuchthat

φ,
3(()d±_

十､十●●･･･.そ天一EL
aω1゛aω2゛‘゜゛゜゛∂ω

Γ

e
2(Ω)

Hふ(Ω):subspaceofH1(Ω),i.e･,spaceoffunctionsφsuchthat

φsH1(Ω)'φ|Γ゜O°

Theinnerproductsandnormofelementsf,gCHaredefined:

Innerproduct:(f'g)H°fj゛(司g(w)dci)゜

Norm: |けIL=[f|f((o)|2da)]1/2

Forelementsf,gcL2(0,T;H),

工nnerproduct:(f'g)L2(0,T;H)゜
{

(f'g)Hdt°

Norm:|IOL2(o,T;Hｿﾞ(
ぐ)|帽la[ll]1/2

Inordertodistinguishfunctionsaselementsofafunction

spaceandvaluestakenbythem.*thefollowingnotationsareadopted:

f(ω,t)isapointinR:,where(ω.t)eQ･

f(-,t)isanelementﾆoftheHilbertspaceH.

f(-,-)isanelementoftheHllbertspaceL2(0,T;H)･

f(*,t,e)isanelementoftheHilbertspaceL2(0,T;H)

parameterizedbyasmal:LparameterE.

Hencethefunctionf(･)isconsideredtobeanelementofsome

HilbertspaceH.工fthefunctionfconsideredism-dimensional

vectorvalued,theminutenotation
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fEL2(Ω)XL2(n)x‥.XL2(Ω)=L2'll(Ω)

shouldbeadopted.Inordertoavoidnotatlonaltrouble,itisnoted

that

fSL^ (Ω),

whennomisunderstandingmayoccur｡

Forpracticalreasons,weconsiderhereonlyseparableHilbert

spaces;suchatreatmentisrathergeneral.1naseparableHilbert

spaceH,thereexistsasetofknown"elementary"functions,countable

andeverywheredenseinH.Thecompleteorthonormalsystem{φi}9i゛

1,2,°゛゜゜isadoptedassuchaset,andwehavethefollowing

classicaltheorems[Km.71]こ

Theorem4-1 InaseparableHilbertspace,everycompleteortho-

normalsystemIsclosedandconversely.

ForL2 theabovetheorembecomesmoreuseful

Theorem4-2(Riesz-Fischer) Givenanumericalsequence{c}for

whichtheseries
y|cj2isconvergent,thereexists

,

auniqueelement
k=1

fCHsuchthatitsFouriercoefficientsa.areequaltock(k°1゛

2.,‥‥)and

where

j

l

lcJ2°(f.f).°IIfII5

ThusforanyfeH,

昌:|け‾J

l
cjJに･゛o'

ck°(f'φk)゜
Lf(゜)φ,(a3)dふ
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Weuseinthesequelmainlyasystemofcompleteorthonormalfunctions

generatedbytheStrum-Liouvil:Leequation:

A[φ]=λφ,inΩ

withanyoneoftheboundaryconditions

i)φ(Γ)=0,

ii)ﾔﾋ(r)=0,

江L)≒(t)十o(T)φ(r)=0;a(r)>o,

where

≒(゜)゜j

1

Itisassumedthat

A[φ]=

X"ij

8ij
士(゜)cos[11'幻'o゛r'

]

7,

1

=1

≒[a..(a>)≒]十%(゛)φ(CO),

(“j)こiとj≧(゛(ﾘ十とj十゜゜゜゜十竹)

(4.2.3)

(4.2.4)

(4.2.4')

(4.2.4")

(4.2.5)

(4.2.6)

holdsalmosteverywhereinΩfora11ご(こ1'ξ2'‥"ξ
Γ)inRi'

ThetheoremdescribedbelowisalsocalledtheRiesz-Fischer's

theorem,andshallplayanimportantroleinSection4.2.3.

iheorem4-j(Riesz-Fxscher)Anecessaryandsufficientcondition-

forthegivensequenceoffunctions{fn}tobeconvergenttoanelement

fCHisthat

Hf

m‾fniIh゛oasm゛n-y">

4.2.2Formalconstructionofasymptoticexpansion

Wedescribetheformalprocedureofconstructﾆingtheasymptotic

expansionofthesolutionoftheCauchyproblemoftheform

81



a

e乱万y(w,t,E:)十Ax(a)･t･e)十V(゜･t･e)=g(ω,t,e),(4.2.8)

withinitialdata

ii(ω,0,e)=a(ω,e),

OnωEΩ, (4.2.9)
y(ω,o,£)=e(ω,e),

andboundarycondition

~~B(x,y)=0,0nωcΩ, (4.2.10)

whereA,A,A3゛andA4arelinearoperatorswhosepropertiesare

specifiedinthesucceedingSection4.2.3.

0ntheanalogyofthelumpedparametercase,weseekthesolution

of(4.2.7)and(4.2.8)oftheform.

i(ω,t,e)゜x(ω,t‘,〇.十x(ω,t/らc)9

(4.2.11)

夕(ω,t,e)=y(ω,t,e)十Y(ω,t/e,e),

wherex(ω,t,e),y(ω,t,e),χ(ω,t/c,e)andY(ω,t/e,e)areassumedto

haveasjrmptoticexpansionswithrespecttoe,asf0110wS:

x(a),t,e)=Ix゛(ω,t)J(r!)‾1,

and

r=0

y(ω,t,e)=

y
ylr(ω,t)Ei(r!)‾1,

r=0

X(ω,t/e,e)=

y

x17(ω,t/ε)J(r!)‾1,

r=0

Y(ω,t/E,e)=

y
Y17(ω,t/e)J(rl)‾1.

r=0

(4.2.12)

(4.2.13)

Itiseasilyseenthatx(ω,t,e)andy(ω,t,e)representtheouter

solution,andx(ω,T,e)andY(ω,て,e)theboundarylayercorrection.

SinceEq.(4.2.1:L)satisfiesthegiveninitia:Ldata(4.2.9),thefol-

lowingrelationsho:Ld:

xl(ω,0)十が(ω,t))=♂(ω),
(4.2.14)

y･(ω,0)十び(ω,0)=61｀(ω),
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wherea｢ (ω)andげ(ω)arecoefficientsoftheTaylorseriesofthe

giveninitialdata(4.2.9).Furthertheboundarylayercorrections
X｢

(ω,t/e)andY17(ω,t/e)arerequiredtovanishasthestretched

coordinateて=t/etendstoinfinity,

limχΓ(ω,て)゜0,

T｀μχ)

]LiraYr

Tf〔X〕

(ω,t)=0

(4.2.15)

(4.2.16)

Intheouterregion,Eqs.(4.2.7)and(4.2.8)arevalidforthe

outerexpansion.Wesubstitutetheexpansion(4.2.12)intoEqs.(4.2

7)and(4.2.8),andcomparetﾆhecoefficientsoflikepowersofC,

obtainingthefollowingrecursivesetofequations.

a

-
∂t
xO + Alxo十A2y°°f゛

A

3×O十A.y"゛g゛

乱xr十Ax十A,/°O゛

9r-1十A

3xr十A4yr°O°

(4°2°17)0

(4.2°18)0

(4‘2°17)r

(4°2.18)

Forsimplicity,weassumeherethatA,,A2゛A3゛A4゛fandgare

independentofe.ThisassumptionIsnotessential.

Inordertomaketheboundarylayercorrection,theboundary

layermethodisadopted.Thestretchingtransformation

T°t/£.

makesEqs.(4.2.7)and(4.2.8)tobeofthestretchedform

(4.2.19)

計i(叫T,e)十A^x(a),T,E)十A2夕(cj,T,e)=f(叫t),(4.2°20)

乱夕(叫T,£)十A3i(゜.T,e)十Ay((jj,T,e)゜g(“3･7)
(4.2.21)

Substitutingthesolution(4.2.11)intoEqs.(4.2.20)and(4.2.21),

wehave

3
-
∂て
X(らt,e)十cAIX(叫Tμ)十cA2Y(ω゛でe)゜O゛
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a

-
aで
Y(ω゛でc)十A3X(ω,T,£)十A4Y(ω゛でc)゜O゛ (4.2.23)

whereitisconsideredthatoutersolutionx(t)andyCt)satisfyE(l･

(4.2.7)and(4.2.8)witht=ET.Puttingeachexpansion(4.2.12)and

(4.2.:L3)inplaceofx(ωﾀtﾆﾀC)ﾀy(ω,t,e),X(ω,T,e)andY(ω.T,e)

inEqs.(4.2.22)and(4.2.23),wehavethef01:Lowingrecursiveequations

fortheboundarylayercorrections.

a

-
∂て

a

-
aて

∂
-
aて
XO(ω,て)゜0,

YO(゜μ)十A3×O(叫1)十A4YO(“j'1:)=0,

Y17((j'7)十A3×17(“)

3
-
∂T
Xr(ω゛T)゜Pr(ω゛て)゛

'て)十A4YIr(らt)=0

(4‘2‘24)0

(4°2'25)0

(4°2°24)r

(4‘2°25)r

TheremaindersPr(ω゛て)areknownsuccessivelyintheprecedingsteps.

Theinitialdataforthereducedouterequationisgivenbyusing

thecancellationlaw,as

xO(ω,0)゜(xO(ω),'ωcΩs (4.2.26)

hencetheInitialdatafortheboundarylayercorrectionofthe0-th

order(reduced),obtainedconsideringEq.(4.2.13),isasfollows:

XO(ω,0)=0,ωcΩ,

YO(ω,0)=BO(ω)-yo(ω,0),ωeΩ

(4.2.27)

(4.2.28)

Forthehigherorderrecursiveequations,theinitialdatais

determinedasfollows.FromEq.(4.2.17)

X1(ω,'r)=X1(ω,0)十

=X1(6,0)-

て
O
て
0

f
f

1゛
X1(ω,0)canbedeterminedas

P1
(ω,T)d･r

A
2
YO(“)'1:)d7
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Consideringtheproperty(4.2.15),wechoosex1(ω,0)as

XI(ω,0)=

∞
0
ｆ

A2YO(゜'1‘)dl (4.2.30)

ThisinfiniteintegralmayexistiftheIntegrandisdominatedby

functionsoftheboundary:Layertypewhichshouldbeascertainedif

Eq.(4.2.23)isasymptoticallystablewithrespecttotherootY=0.

Theconditionsneededcanbefoundinthefollwlngsection.Thenthe

initia:Ldatafortheoutersecondcoefficientoftheouterexpansion

isderivedbyusingEq.(4.2.14)as

x1(ω,0)=aHω)-

∞
0ｆ

AYO((j,T)di:‘ (4.2.31)

Asimilarproceduremaytreatsuccessfullythehigherorderequations.

工fweobtaintheGreen'sfunctionG

thenwecansolveEq.(4.2.18)
0
foryo

,(03,0)')for(4.2°18)

(ω,t)as

yo(゜,t)=G,(a),oj')[8(03',t)-

03

A3xO(co',t)]d♂'

orinthenotationoftheoperatortheory

yo(“j't)゜A4‾1[g(ば,t)-A:戸O(“j't)]'

whereA4‾1 isdefinedby

A4‾
1[゜]゜ f

Ω

G4(゜'♂)[゜]d♂゛

(4.2.32)

(4.2.33)

(4.2.34)

Theaboveprocedureeliminatesy(ω,t)inEq.(4.2.7)formally,andwe

canso:LveEq.(4.2.7)forxO(ω,t)withtheinitialdata(4.2.26).

Thesameprocedurecanbeappliedtothehigherorderequation.

工ftherighthandsidesofEqs.(4.2.7)and(4.2.8)dependupon

xandyregularlyinthesensethat

f,g=･[図]y|)as|x|,Iﾀﾄ0
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holds,theresultingrecursivesetofequationscanbesolvedstepwise

similar:Ly･

4.2.3Maintheorems

Theregulardegenerationofthesystem(4.2.1)and(4.2.2),and

theasymptoticaccuracyoftheresultobtainedformallyaboveshallbe

studied.

Someprerequisiteassumptionsareoffered,firstwestateconsid-

erlngTheorems4-1and4-2inSection4.2.1こ

Assum;!!Ej:on1A4isalinearoperatorwhichgeneratesanorthonormal

setofe:咄enfunctions,i‘e.,thereexistasequenceofeigenfunctions｡

{φi}811d8sequenceofeigenvalues{λ.}satisfying

-

A4[φ]゜刈)' (4.2.35)

withtheboundaryconditionthatisanyoneoftheconditionsgiven

above(4.2.4)-(4.2.4")anddenotedhereby

B2[φ]゜0 (4.2.36)

AndthesequenceofeigenfunctﾆionsisorthonormalinthespaceL

thatis

Assumption2

beeχpressedas.

fφ
nφm°6皿゛
Ω

1n=
6nmべ0,n≠

m

m

2(Ω),

A^admitsthesameeigenfunctionasA,,e.g.,Alcan

A1°‾kA4十h
(4.2.37)

wherekandhareconstantwithrespecttothespatialcoordinates.

Assumption3A2andA3arespatia:L:J-yhomogeneous
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IftheAssumptionsland2hold,wecanexpandeachvariableinto

aneigenfunctionexpansionbyusingTheorems4-1and4-2:

μ叫t'o°j
1
こi(t'e)φi(“j)'

y(co,t,e)゜に

L
ni(t'e)φi(“))゛

(4.2.38)

Substitutingtheexpansion(4.2.38)intoEqs.(4.2.7)and(4.2.8),we

derivethefollowingsetofequationsbyusingtheorthonormalityof

eigenfunctionsφi゛

d
-
dt

こ
i
(t,e)十(kλ

d
s五11

i

i
(t,e)

+

+

h)とi

A3こi

(t,

(t,

e)十An.(t,e)゜fi(t).

e)‾λ.n,(t,s)゜gi(t)'

where

fi(t)゛
Lφ･(a))f(t,co)da"

gi(t)゛
f

Ω
φ1((j)g(t'゛)d“

(4.2.39)

(4.2.40)

(4.2.41)

Fortheboundary:Layercorrectionterms,thesameexpansionbythe

eigenfunctionsisadopted.Theresultingsetofequationsisas

follows:

d｡

=糾4dT"i
(er.e)

旦_

dT

+
s(kλi十h)Ξi(e7'e)十cA2H1(sl:'s)゜sfi(sl)'(4°2.42)

Hi(el'e)十A3Ξ(gt.e)-AH(ET,e)゜g.(eT)‘(4°2°43)

Nowweintroduceanimportantassumptionwhichascertainsthe

asymptoticstabilityoftheboundarylayersystem,asmentionedon

occasioninthelumpedparametercase.

Assumption4TheCauchyproblem

8u
-
∂t
十A4U°0 (4.2.44)

Isuniformlywell-posedinthesenseofHadamard,andthesemigroup
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U(t,T)ofthisproblemsatisfies

IIu(t,･r)II4Cexp(-6t),for6>0 (4.2.45)

Nowconsidertheeigenfunctionexpansionofthereducedsystem

usingtﾆhesameeigenfunctionasusedforthefullsystem(4.2.39),

(4.2.40):

d
-
dt

wheref.
ﾕ｡

≒.(t'O)十(kλi十h)こi(t'O)十A2ni(t'O)゜fi(t)'

A3こi(t'O)‾≒ni(t'O)゜gi(t)'

(4.2.46)

(4.2.47)

(t),g.(t)arethesameasthosegiveninEq.(4.2.41).

Wehavethefo:Llowinglemmasrequiredinthesequel.

Lemma4-1

Proof

IfAssumptions1-4hold,then

liJIIとi(t)゜竹(t)゜Ci(t'O)'forte[O'T]'

Cり'0

limn.(t)=n?(t)=n.(t,O),forts]O'T]

Assumption2leadsto

-

一

一

Ω

Ω

φ!(co)Aφi(゜)du

φ1(゛)λiφi血j)du

工fAssumptions1-4hold,then

11mlim

n
C
]

e->0n一Xx>j=l

|に

j(1ﾆ)‾とj
(t)H2=0,
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(4.2.48)

(4.2.49)

(4.2.50)

=λ.<0.
:L

Hencetheboundarylayersystemforeachmode'^iisasymptotically

stable,whichassurestheregulardegenerationofthefullexpanded

i-thmodeequations(4.2.39)and(4.2.40)fromTheorem1-1.This

completestheproof.Q.E.D.

Lemma4,2



Proof
-

n
limliraχ|In.(t)-n.(t)ﾄﾞ=0

e-^0n->≪･j=1)]
(4.2.51)

Assumptions1-3assurethattheeigenvaluesoftheproblem

‾A4φ(“j)゜λφ(゛)'B2[φ]゜O'

constituteasequenceofmonotonouslydecreasing

O)λ1≧=λ2≧λ3≧‥‥ う-OQ
9

furthe°oretheseriesj

1

(古)2coてivergest03finite゛alue.i'e

且回2く･(x).

Hencewehavethefollowingestimatefor入1:

λi°O(び)'‘17≧=1゛lsi^00

Transformingλ.

1
into1Ji

λi°μi

bytherelation

｡｢/1,

Eqs.(4.2.39)and(4.2.40)become

乱とi(t'e)十(ki乱√十h)こi(t'e)十A2n.(t,e)゜fi(t)'(4.2.52)

工

i｢

d
-
dt
n.(t,c)十A3こi(t'e)‾μini(t'e)゜g.(t).(4°2°53)

ThereforeTheorem1-2canbeappliedtothiscase.Theresultis

asfollows:

|にi(t=)-ぐ(t=)|ﾄo(含)･

Hni(o-ぺ(t)lﾄo(参).

Thenthelimitrelation
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limliraχ(ﾐﾙ)2=0

ε今･OnﾗｰCOj=:L

completestheproof･Q.E.D.

Forexample,themosttypicaleigenfunctionsweoftenmeetare

thoseg:Lvenby

皆φ十入φ=oon]0,1[,

φ(O)=0,φ(1)=0,

namely

{/2sin呵岫･i°1･2･‥‥･･λi°(iTr)2･

Thesequenceoftheeigenvalues･{入.}satisfies

Ya04｡

(4

(4

ByusingLemmas4-1and4-2,weobtainthedesiredtheorem.

Theorem4-4

2

2

56)

57)

IfAssumptions1-4hold,thentheregu:Lardegenera-

tlonofthesystem(4.2.7),(4.2.8)isconcluded,asfollows:

limx(a),t,e)゜XO(ω,t),forte[09T]9
E弓･0

Proof

lim

e->0

y(ω,t,e)=yO(ω,t),forte]0,T]

Lemma4-2assuresthat,asEtendstozero

|μ
i(t'c)‾ξ?(t)||‾゛O;unifo･mly･

|ln,(t･e)-n°(t)||->O;uniformly･
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(4.2.59)

Hencetheseries



x(ω,t

y(ω,t

,e)

,e)

-

-

xO

yO

(ω,t)

(ω,t)

t ! り

一

一

CX)

χ[こ.(

i=11

(X)
χ

i=1

t,e)

[ni (t ,ε)

‾こ°(t)]φiし)'

-

nj(t)]φi(゛)'

３
j
O
I
V
D
V
O

C
M
C
M

4
4
ぐ
ぐ

convergeuniformlytozerorespectively,whichcompletetheproof.

Q.E.D.

Weexpandeachvariable こ
i and＼ intoTaylorseriesine,as

S.(t,£)=Xとj(t)J(11)‾1'

r=0

nj,(t,e)=ynj(t)J(lr!)‾1

r=0

(4.2.62)

Substitutingtheresultingseries(4.2.62)intoEqs.(4.2.39)and

(4.2.40),thencomparingthecoefficientsoflikepowersofE,

wederivethefollowingsetofequations:

d
-
dt
こ
i

｢

d

(t)十(kλi十h)こj(t)十A2ηj(t)゛pr(t)'(4°2.63)

百町.
r-1

(t)十A3こj(t)‾λinj(j:)゜qr(t)'(4.2°64)

wherer>OandtheremainderSPr゛Qr31:ekno゛lstepwisel゛the

precedingsteps.

BytheanalogousargumentSmadeintheproofofTheorem4-4,

thefollowingtheorem,givingtheasymptoticaccuracy,isderived.

Theorem4-5 工fAssumptions1-4hold,thenthereexistbounded

functionsRn(らt;e)andS

x(ωﾀt,e)
一

一

n(ωst;e)suchthat

ﾌﾞﾌ(t)φi(“j)](17!)‾1十e"R(a),t,e),

forte[6,T],(4.2.65)

y(w,t,e)゜ﾐ､J[ﾇjj(t)φi(゛)](･!)‾1十丿+1sn(゜'t･e)'
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where6°-Celoge;CisindependentofC

Theproofofthistheoremcanbemadebyusingthefollowing

:Lenuna.

Lennna4-3 IfAssumptionsl

j(ω,t)=し;

i二1

z(ω,t)゜In

i=1

- 4hold,then

j(t)φi(“j)'

j(t)4)i(“')'

(4.2.67)

(4.2.68)

wherexrandyrarecoefficientsof£roftheirTaylorseries.

Thislemmaisawell-knownideaofseparationofvariables.

Astotheboundarylayercorrections,wecanproceedourargument

inlinewiththelumpedparametercaseandderivetheresultssimilar

toTheorem:L-2.

Theproofsgiveninthissectionareconstructivewhenthe

eigenfunctionsaredetermined.

4.2.4Furthergenera:Lization

Theresultsobtainedintheprecedingsectionareapplicable

totherestrictedclassofsystemssatisfyingAssumptions1-4

describedtherein.Suchsystemsmayprovideabroadclassinview

pointofapplications,consideringthecomplexityofcomputational

treatmentofdistributedparametersystems.Forinstanceﾀveryfew

numericalexamplescanbeseenin:Literaturespublished,whichtreat

exceptionalsystemsviolatingAssumptions1-4｡

Thissectionshowstheout:Lineoftheapproachtothemore

generalsystems,timevariantsystems,systemsinvolvingspatially

inhomogeneouscoefficients,andsoforth｡

ConsidertheCauchyproblem

d
-
dt
X十A(t,e)x十A^(t,e)y=f(x,y,t,e),x(O,e)=E,{e),
12(4.2.69)
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C

d
-
dt
y+A^(t,e)x+A,(t,e)y=g(x,y,t,e:),y(O,e)=n(e).

34
r(4●2●70)

Systemsofthistypeareintractable,forshowingtheexistenceand

uniquenessofthesolution.Soseveralhypothesesaremadeforit｡

H1°TheoperatorsA,(t,G)areclosed(possiblyunbounded)linear

operatorsactinginHwiththedomainofdefinitionD=D(A4(tge))

everywheredenseinHandIndependentof(t,e)fortE[0,T],and

se[O'eO]゜

H2.Thereso:Lventof‾A4(t'e)゛R(A4(tﾆ,e);λ)゛[A4 (t,e)十λ工]‾1,

existsasaboundedoperatorinHforeachλ,Reλ≧0,and

|け(A4(tﾆ･e);川に≦=C'(1ﾘ巾‾1･(4.2.71)

forReλ≧Oandsomepositiveconstantc'Independentof(t,e).The

identityoperatorinHisdenotedbyI,andtheoperatornormoverH

byII･ﾄ

Thuswehave:

Foreach(Js[O゛T]｀-A,(t,E)generatesananalyticsemigroup

{exp[-tA^(a,E)]}'t≧O°

Thereexistpositivenumbers6andCindependentoft,a,andC

suchthatforeach(Je[0,T],

d
-
dt
{exp[-tA

4((J'e)]゛}゜-A,(a,E)exp[-tA(a,E)]゛':;a
,

IIexp[-tA(らe)]‖≦■__Cexp(-t),t>0,

IIA,(a,e)exp[-tA(a,e)]||工Ctexp(-t)･t>0.

HenceAssumption4inSection4.2.3holds.Alsoit1Sassumedthat

H3.ThereIsapositiveconstantco

fora110

suchthat

||[A4(t'e)‾A4(7'e)]Aご1(s'e)||≦=COlt‾川'(4°2.72)

ゑt,T,S工Tand0<.e<_e
--0
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(4.2.78)

工nordertospecifythedependenceofA4onCt,e)weassume

H4.TheoperatorfunctionA,(t,e)A, (0,0)hasstrongly

continuousderivativesofa11orderswithrespectto(t,£),for

O≦=t≦_T,0≦=e≦=eO'

H5.Thefunctionsfandghavecontinuousderivativesofa11

orderswithrespectto(t,X,y,e)e[O゛T])(S)([O゛CO]whereSis

somesphereabouttheorigininHxH(seeDieudonne[D.60,P186]).

WithhypothesisH5,fandgcanbeexpandedintotheformalTaylo｢

series

f=

g°

χf

i,j,k,:L=0

8
c
-
乙

wheref
ijkl

operatorA

i,j,k,l=O

匂kl

jt包ky≒

g幻kl jt≒ky≒

(4.2.73)

(4.2.74)

andgijklarekl-linearboundedoperatorsinH,whilethe

islinearbutunbounded.Theabovepowerseriesconverges

uniformlyintheFIrぶchetsense･inthespherelﾄ0112+11yo112十F2Σp

Thefollowingconditionsgiveaspecificationofthecertain

SO:Lutionofthereducedproblem.

H6.TherearefunCtionS゛O(t)8�yO(t)゛hichsatisfythe･

reducedCauchyproblem

乱へO十A

1(t'O)゛O十A2(t'O)yo°f(xO,yo't'0),(4.2‘75)

A(t,0)xO十A4(t'O)yo°g(xO,yO,t,0),(4°2‘76)

withtheinitialdata

χO(O)=こ(O),(4.2.77)

andwhichhascontinuousderivativesofa:L1orders.

H7.Thereisafunctiony*(t)whichsatisfies

A3(t,0)x十A4 (t,0)y火゜g(x,y*,t,0),
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andwhichhascontinousderivativesofa:L1orders.Furthery*(t)is

isolatedinthesensethatforeachtE[0,T],thereIsasphereabout

y火(t)whichcontainsnoothersolutionsofthisequatﾆion.

H8 fx(xO゛yO゛t゛O)゜O゛fy(x°,y°,t,0)=0,

gx(xO゛yO゛t゛O)゛O゛8(x°,yO,t,0)゜O゛

forte[0,T].Heref
χ

(4.2.79)

denotestheFrechetderivativeoffwith

respecttoxandsimilarforf

Theboundarylayersystem

y｀gx゛gy

豹Y十A3(O'O)X+A4(O'O)Y°g(X,Y,0,0),Y(O)=n(O),(4.2.80)

isderivedthroughstretchingtransformationでt/eandsettingC°0

H9.Theboundary:layerCauchyproblem(4.2.80)hasaunique

solution,Y゛YO(T)゛whichexistﾆsforてε[Oβ]゜

HIO.Thefu1:L･problemhasauniquesolution,(x(t),y(t･))

whichexistsfort,e[0,T].･

Hll.ThelinearoperatorA;:L (t,0)takesInfinitelydifferent!-

ablefunctionsintoinfinitelydifferentiablefunctions.

Underthesehypotheses,thefo:Llowingtheoremsimilarto

Theorem1-2holds:

Theorem4-6 IfhypothesesH1-Hllhold,thereexistaconstant

CO>Oandboundedfunctionstemporallyuniform゛Rn(ω゛t,e)and

Sn(叫tﾀe),suchthat

x(ω,tμ

y(ω,t,e)゜

n

y

ﾂ

χ

r=0

[j(゜'t)十X゛(ら7)]J(lr!)‾1十Rn(゜'t'c)♂+1'(4'2°81)

【ylr(ω,t)十YIr(ω,T)]J(r!)‾1+S
n(゜'t'e)J十:≒(4‘2°82)

foreE[O,eo],tE[0,T].

Theproofofthistheoremwillbepossiblebyusingthelemmas

similartothoseoflumpedparametercases,andbyrephrasingthe
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proofgiveninthelumpedparametﾆercases,e･g･,inWasow[Ws｡65]orin

Hoppensteadt[Hp.71.1]･

Lemma4-4IfHIandH2hold,thenthereexistpositiveconstants

εO｀6andCindependentoft,e,andsuchthat

foro <

一
一

S

He゛p[‾tA4[s,e)/e]||工Cexp[-6(t-s)/e]･

≦t≦Tandec[0,eo].

Lemma4-5

(4.2.83)

IfH:L-H11hold,thenthereexistsasetofpositive

X｢ (-r)ll十|IY17(7)||三Cre゛p(‾6j)'

公x17(･r) + d
-
dて
Y゛(O ≦'__Cexp(-6

^T),

(4.2.84)

whereX(x)andYIr(T)aresolutionsoftheboundarylayerequations

correspondingtoEqs.(4こ2.2A)and(4.2.25)°

Theselemmascanbeshowninthesimi:Larwaytothosegivenin

Hoppensteadt[Hp.69.1].Butourpresentobjectbeingtheinvestigation

ofthesingularperturbationsofoptimalcontrolproblems,withregard

toproofsoftheselemmas,Hoppensteadt[Hp.69.:LI]maybereferredto.

4.3Trackingproblem

4.3.1Prob:Lemstatement

WearegivenHilbertspacesvandH.Thedualofvisdenoted

byVandthedual0fHishereassumedtobeidentifiedwithH,

andhence

VCHCV'.

Forsimplicityweareconcernedwiththesystemdescribedbythe

followingsetofequations:
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乱゛‾(31△‾32))c+83y°'l"l,

e}Ey‾(%△-3.)y十%?c°b2112'

(4.3.1)

(4.3.2)

wherexenandyCH2arescalarsanda-sarespatiallyhomogeneous

andtimeinvariantﾆparametﾆers,Adoptingtﾆhematrixrepresentation,

weexpresstﾆhesystem,inplaceofEqs.(4.3.1)and(4.3.2),as

where

工J}iFz十Az=Bu,

Z'

B=

ﾚj

(4.3.3)

A

ﾘ‾311

6

十T2

‾%

;3

+85

1

'

(4.3.4)
☆汗

LetusdenotetheHi:lbertspaceofcontrolbyu.andwesupposethat

゛1°{･゛1j'112}cl°L2(Q))(L2(Q).

ThentheoperatorBisgivenby

Bs£(貿;V゛).

Wedefineiby

･i2≒L2(Ω)XL2(Ω).

Theinitialandboundaryconditionsaregivenasbelow:

z(ω90)゜zo(ω)cH,inΩ9

Z°0,0nΣ.

Wealsoassumethat

Zsl2 (0,T;V),

a

-
∂t
ZeL

2
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(0,T; V゛)

(4.3.5)

(4.3.6)

(4.3.7)

(A.3

(4.3.

8)

9)

(4.3.10)



ThenotationsL2 (0,T;V),L2 (0,T;V)aredefinedinSection4｡2.1.

TheproblemconcernedIsthetrackingproblemtotransportthe

givenInitia:Lstatez_((ji3)tothedesiredstateZj(u)given8S

2d(○゜

xd

yd

(ω)

(ω)

＠
亀
/

Zd
CL

2

(Ω),a

withminimizingthefollowingperformanceindex:

where

J=

T
Of

X=L2

IIz(t;u)-z(t)lUdt十(u,Ru),

(0,T;刄),

and･LisdefinedsimilarlyasUinEq.(4.3.7).

Inthiscase,wetake

V=肩

H=L2

(Ω)×叫

(Ω)XL
2

(Ω),

(Ω).

(4.3.11)

(4.3.12)

(4.3.:L3)

(4.3.14)

(4.3.15)

Theadjointequationssatisfiedbytheadjointvariablespandq

correspondingtothestatevariablesxandyrespectively,are

introducedasfollows:

- C

乱p‾(81△‾82)p+86q°町.゛‾゛d'

‾乱q‾(%△‾%)q十町P°゛2y‾yd'

O｢

-

lcThFs十A大s°w7‾zd゛

(4.3.16)

(4.3.17)

(4.3.18)

Inthecasewherethereare･noconstraints,thatistheoptimal

controlu*minimizingJ(u)whenthecontrolUrangesoverthewhole

space11,iscontainedinthespaceofadmissiblecontr01‰a･wecan

derivetheoptimalcontro:Lu*as
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O｢

u大=R■''B's,

u?゛r71blp゛u;゜r2‾1b2q

(4.3.19)

(4.3.ISり

Eliminatingu(t)inEqs.(4.3.1)and(A.3.2)byusingEq.(4.3.18),

thefollowingcanonica:Lequationisobtained:

悟z十Az=BR･'･B's,

‾工ε}iFs十A火s°wz‾zd゛

witﾆhinitia:Landfinalconditions

z(ω,0)=z,ωeΩ,

.s(ω,T)=0,ωeΩ.

(A.3.20)

(4.3.21)

(4.

(4

3

3｡

22)

23)

Wedecouplethecanonica:Lsystem(4.3.20),(4.3.21)byusingthe

Riccatl-liketransformation:thereexistanoperatorP(t)andafunc"

tlonr(t)suchthat

S(t)=P(t)z(t)十r(t),

whereP(t)isgivenby

(4.3.24)

-I服P(t)十P(t)A十A*P(t)十P(t)BR-"-B'PCt)=W,(4.3.25)

P(t)e£(H;H)･

AnoperatorP(t)satisfiesEq.(A.3.25)inthesensethat

に服P(t)]φ十P(t)Aφ十A゛P(と)(|)十P(t)BR‾1

for3771

e

φよ

n

xi

terminaldataaregivenby

P(T)=O.
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(4.3.26)

B'P(t)φ=Wφ,(4.3.27)

(4.3.28)



whichholdsinthesamesenseasinEq.C4.3.27).

ThevectorfunctionrCt)satisfiesthefollowinglinearparabolic

equation

‾IJ(4.3.29)

r(t)eH,

withtheterminalcondition

r(T)=O●

(4.3.30)

(4.3.31)

Thevalidity0.ftheabovederivationofP(t)andrCt)wasascertained

inLions[L.71],whoseapproachisastraightﾆextensionoftheresu:Its

inlumpedparametercaseobtainedbyKalman[K.60].Meyer[My.73]may

alsobereferredtoforRiccatiequationsinabstractspace.

ByusingtheKernelTheoremduetoSchwartz(cf[L.7:L]),P(t)has

therepresentation

P(t) (ω,ω≒t)f(ui')ciω' (4.3.32)

whereP(ω,ω',t)isakernelofP(t),whichisadistributionon

Ωω)(Ωω"defineduniquelybyP(t).ThegeneratedkernelP(らω≒t)

canbeexpressedas

with

P(ω,ω･,t)=

EP1(ωsω≒t)cP2(ω゛♂･゛t)

e弓(叫♂'t)P3(らCO',t)

P1(らω≒t)゜PI

P3(叫ω≒t)゜P3

(4.3.33)

(ω1ﾀωﾀt),

(ω≒ω,t).

(4.3.34)

(4.3.35)

ThenthekernelcorrespondingtotheoperatorP(t)characterizedby

Eq.(4.3.25)satisfiesthefollowingintegro-differentialequationof

Riccatitype
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一巳

一巳

-

where

∂
-
at

a
-
9t

a
-
dt

F1
一
一

(A1ω

-2ea

P2°AtωP2

P3゛(A4ω

十Atω1)P1(ら♂'t)十゛‾1b12PloP1‾yL6(“)‾

6
P

-

+

2

十E2r‾1b
2

2P

2
oP
2゛

a6P3

Aし

十r‾1b ^P^OP

)P3‾233P2

A1ω゜a1△ω‾a2゛A4

POQ(ω,ω≒t)=

f

｡

♂)

(4.3.36)

‾cA4J2十cr‾1b22P3oP2゛

十r‾1b

ω

(4.3.37)

1
2P2oP2‾｀゛6(0)-0)'),

(4.3.38)

゜a4△ω‾a5

P(ω,a,t)Q(a,0)',t)da.

withtheterminalandboundaryconditions

Pi°O゛ona(Ω×Ω)ﾀ｀

Pi(叫ω≒T)=0°

(4.3.39)

(4.3.40)

(4.3.41)

ItistobenotedthatweobtainedEqs.(4.3.36)-(A.3.38)byusingthe

relation

PAφ(ω)=
9

,P(

hencethekernelofPAisA*,
ω

oftheIdentityis6(ω-♂).

♂'t)Aωφ(a))da)

ω,ω',t)φ(ω)dω,

P(ω,ω',t).It1Saddedthatthekernel

4.3.2Eigenfunctionexpansions

ByusingTheorem4-2,thereexistsanorthonorma:Lsystemof

eigenfunctionssatisfying
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with

‾A1ωφj(゜)゜λjφjし)'

φjlΓ'O'

(4.3.42)

(4.3.43)

where

A1ω゜a1△ω‾a2'

Thenitcanbeshownthatapproximationstothestatevectorz

andthecostatevectorSmayberepresentedtobeoftheform.

m

z=χ

mj=1

z.eL2

]

λ
1

8
C
―
]

j=1

(X⊃

j

川口

j=1]

2j(t)φj'

(0,T),

T
Of

T
O
f

Dj(tﾆ)

- ●

|ls

j
(

Theseapproximatﾆionsmzand

S'
m

sj

t)

S
m

2dt<cx),

2dt<a⊃.

m
I
'
-
O

j=1

EL2

s.(t)φj'

(0,T),

havetheproperties

limz°z,inL2
-

nけ(x)

lim

ntxx)

S
m
゜s,inL2

AnapproximationtothekernelsP

as

(4.3.44)

(4.3.45)

(4.3.46)

(4.3.47)

(Ω),

(Ω).

(4.3.48)

(4.3.49)

i(ω゛ω≒t)mayalsoberepresented

mPi(ωμ

Pi

k1
eL

2

;,

L

]
jik1φk(“j)φ1(♂)'

(0,T).

(4.3.50)

(4.3.51)

Itistobenotedthatthesequence{φk(')φ1(‘)}k,1=1,2,‥‥

1172;2でUteS811orthonormalbasisinL2(Ω)(U)andIIIPihasalsothe
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and

工fweset

訟mPi°Pi゛

11j°(゛'φj)'

'°j=(zn.φj

InL2(Ω×Ω)

),

^di°(2d'φj)'

(4.3.52)

(4.3.53)

(4.3.54)

(4.3.55)

then,weobtain,substitutingEq.(4.3.A4)intoEqs.(4.3.3)and

(4.3.18):

-

where

Aj

]

“j

s
j

λ

j

a6

+ '^
J

十Aﾊﾞ
]

a3

yLλj十

2j

sj

"2
,

゜Bu,,
]

=Wz.-z,

゛(X1°

(4.3.56)

(4.3.57)

a2a4a2a4

でa2゛‾a5十可

Theperformanceindex(4.3.12)canalsobedecoupledintoeach

modebyusingtheorthonormalityofthebasis{φj(“j)},suchthat

J=yJ.,

j=:L]

T
Of

=
･
I
J

J D
j‾2dj‖2dtﾆ゛

U
R

.
I
J

U
ぐ

T
Of

j)dt (4.3.58)

ItistobenotedthatJ.includesonlyvariableswithsuffixj

Thenwecansynthesizethedecoupledmodalcontrol.Thepropertyof

thedecoupledmodalcontrolascertainsthatthetimecoefficients

Pik1(t)illEq.(4.3.50)arerepresentedbytheform

Pik1(t)゜kl1
(t), (4.3.59)

where6,^denotesKronecker゛sdelta,i.e.,wederivetﾆhefollowing

expressioninplaceofEq｡(4.3.50):
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7nPi(ω゛ω≒t)゜

m

X

k=1

(4.3.60)

Itiscleai°thatPik1(t)isequiva:LenttothesolutionPik(t)'

i=1,2,3,oftheRiccatiequationderivedforthek-thmode

canonicalequationwiththek-thmodeperformanceindexJk゛

Consideringthesituationsdescribedabove,wegivethematrixre―

presentationfor{Pik1(t)}i°1,2,3,as

dP
1°2AP,十r‾1b12PIP1‾w1‾2ca6P2十c2r‾1b22P2P2゛

一巳
公P
2°AP,‾a6P3十r‾1b:L2P2P1‾cA4P2

dt3°2A4P3‾233P2
+r‾1
b22P3P3

whereA.,

1

十er‾1b22P3

十17‾1b12P2P
2

-

P2

(4.3.61)

(4.3.62)

W2゛

(4.3.63)

i°1,4andp.,i°1,2,3,areofthediagonalform

A1°

｢1

12

Pi゛

0

P
ﾝL1

ﾆL22

P

i｡

0

0

A4

P
i

mm

-

-

(X1λ1十(χ2

(X1λ2十a2

0

0

(x1λm+"2

ThustheRiccatiequationforthemodetimeCoefficientSP.
k1

1
(t)can

beseparatedintoeachmodeRiccatiequationandthegeneratedRiccati

equationoftheindividua:Lmodecanbetreatedindependent:lyofthose

ofothermodes･TheRlccatiequationofthek-thmodeisrepresented

as

一巳

d
-
dt
Pl

kk
゜2λkPl

kk
十r‾1bj(P｡kk)2 -

W1
-

2Ca6P
kk

2
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●

一巳

-

d
-
dt

d
-
dt

P2

kk

P3

kk

十e2r‾1b
2
2(P
2

kk)2

'

゜入kP2

kk

‾a6P3
kk十r‾1b

十-K2pkkkk

1
2P
2

kkP

l

kk

゜2((yL‰十(゛2)Py･｀‾283P2

十r-h:L2(P2kk)2‾｀゛2゛

withtheterminalconditions

-

e(aλk

kk十l‾1b22(P3kk)2

Pi

kk(T)゜O'i°1,2,3

(4.3.64)

十a)P

(A.3.65)

(4.3.66)

(4.3.67)

4｡3.3Asymptoticexpansionsviaboundarylayermethod

Asinthelumpedparametercase.wearenaturallyledto

constructingsolutionsofEqs.(4.3.36)-(4.3.38)oftheform

P(ω,ω≒t)=K(ω,ω≒t)+H(ω,ω≒T), (4.3.68)

whereで(T-t)/E,andK(叫ω≒t)andH(叫ω≒て)admitthefollowing

asjmiptoticexpansionsineas巳tendstozero:

and

K(ω,ω',t)゜χKr(ω,ω≒t)c｢

r=0

H(ω,Cj',T:)==

y

HI(ω,♂,T)J(r!)‾1,

r=0

Kr(ω,ω',t)゜Kr(ω゛,ω,t),

Hr(ω,ω≒T)゜Hr(ωl,ω,て).

(4.3.69)

(4.3.70)

(4.3.71)

(4.3.72)

Theresultsoftheprecedingsection,I.e.,availabilityoftﾆhe

decoupledmodalcontrol,thekerne:Lcorrespondingtothe"slowmode"

(seeSection1.4),K(ω,ω≒t)andthe"fastmode"kernelH(ω,ω',T),

canbeeχpandedintothefollowingeigenfunctﾆionexpansions:
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K(ω,♂,t)=

H(ω,(i)',t)=

8
C
J
r
H
8
1
X
1

k
6k1K
k1(t)φk(φφ1(♂)'

=1

?k1H

k1(1')φk(φφ1(♂)

k,l=l

Astothecoefficientkerne:Lof£^

(4.3.73)

(4.3.74)

inEqs.(4.3.69)and(4.3.70),the

resultsanalogoustoEqs.(4.3.73)and(4.3.74)hold.Thusthecoeffi-

cientkernelsoftheouterexpansionKr(ω,ω',t)andthoseofthe

boundarylayercorrectionsHr(ω,ω≒て)canbeapproximatedby

where

m"♂'t)゜

k

y

1

K17'kk(t)φk((j)φk(“3'),

IllH

Ir(“)'♂'1:)゜

k=l

φk(゜)φk(♂)'

mK
r(ω゛ω≒t)andmHr(ω゛ﾘ≒て)havetheproperty

(4

(4

3

3

75)

76)

limmKIr(･"'y)゜KIr(゜'･,t).inL2(Ω)(Ω)'(4.3.77)

ど紬mH17(゜"'7)゜HI°(‘'゜,t).inL2(Ω)(Ω)゜(ﾀﾞ3°78)

Theabovederivationsarefoundedontheconstructionoftﾆhe

solutionsofEqs.(4.3.64)-(4.3.66)withusemadeoftheboundary

layermethoddevelopedinthelumpedparametercase.Weseekthe

solutionsofEqs.(4.3.64)-(4.3.66)withtheterminalconditions

(4.3.67)oftheform

whereK.
ﾆL

Pi

kk(t)゛Kikk(t)十Hikk
(t), (4.3.79)

kk(t)811dHikkO｀)8dlllittheasymptoticexpansionsine8Se

tendstozero,

K.
･

kk
(t)=

y

Kj'kk(t)げ(r!)‾1,

r=OﾆL

Hi

kk(7)゛
y

Hj'kk(l)ご(17!)‾1'

r=0

(4.3.80)

(4.3.81)

thesuffiχiindicatesthepositionoftheelementintheoriginal
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matricessuchas

K=

.K

巳K2

BK

K3

1
2

H
H
£
Ｃ eH^

H3

InordertodeterminethecoefficientsK.r゛kk
･

(4.3.82)

(t)andHiらkk(1)'

thesameprocedurecanbeadoptedasinthelumpedparametercase･

TheRiccatlequation(4.3.6A)-(4.3.66)givestherecursivesetof

equationsoftheouterexpansion,whenwesubstitutetheouter

expansion(4.3.80)intoEqs.(:4.3.64)-(4.3.66).Theconstructionof

theboundarylayercorrectionsiscarriedoutbystretchingtheRiccati

equation(4.3.64)-(4.3.66)andbysubstitutingEq.(4.3.79)intothem

withconsiderationgiventoEqs.(4.3.80)and(4.3.81).Andthe

generatedrecursivesetofequationsdetermineseachcoefficientof

theboundarylayercorrectionsHir゛kk(て)'Wehaveshownherethe

completeapplicabi:LityofthemethodderivedinChaper2.

4｡3.4Maintheorem

TheobjectofthissectionistoestablishthetheoremgiV偏,

theasjmiptoticでﾘ゜racy'of-^theで?翼!tingsel°iessolutionsdel:ivedIn

theprecedingsection.Firstwestatethefollowingimportant

condition:

C1. TheCauchyproblem

3U
-
dt ‾A1ωu°O゛A1ω゜a1△ω｀a2

(4.3.83)

1Suniformlywell-posedinthesenseofHadamard,andthesemigroup

exp[tA(a)]ofthisproblemsatisfies

|lexp[tA^(a)]||=≦.Cexp(-6t),for6>0

Inthiscasetheinequality(4.3.84)meansthat

a>0,a2‾a1>0
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holdsfortc[0,T】.

Weareledtothenextcondition,whichconsiderstheboundary

layercontrollabilityinthelumpedparametercase･

C2.TheboundarylayersystemassociatedwithEqs.(4.3.1)and

(4.3.2)
a

-
8t
X-(a^△-a^)yi+ay°b1111

Iscontrollable,i.e

b1≠0

(4.3.86)

(4.3.87)

Thisdefinitionoftheboundarylayercontro:Liabilitycanbe

extendedeasilytothe･casewherexisastatevectorofmulti-

diiaensional.Thenwecanofferthefollowingmaintheorem.

Theorem4-6 IfconditionsC:LandC2andotherspecifiedconditions

inSections4.3.2.and4.3.3hold,thenthereexistEO>Oand

functionsR."
･
(t.e)boundeduniformlyinthet-interval[0,T]suchthat

べy(?,a)',t)゜Jo叫

-
i

LcmniE4-6

｢

108

―
r
!
I

(a),aj'!t)十H1゛(‘jj.to',t)】s･(1:1)‾1!R"(t,りcil
+1

'

IIir=OJ'1‾.ﾚ(4.3.88)

lが゛'“"'1:)゜

k=l

φk

乙

)4k(♂)'ﾀﾞ｀″べ:(u,t゛‘"1)二

J↓べ]畔φ

k(“))φk(“")'

forcE[O.Eq]whereKj'kk(t)811dHj'kk(7)3･edete°linedstepwise

byso:Lvingtherecursivesetofequationsderivedbyusingthe

proceduredescribedinSection4.3.3.

Theproofofthistheoremcanbecarriedoutinlinewiththe

proofsmadeinTheorem4-5.Westatethef01:Lowinglemmasverified

inthecourseofthederivationoftheeigenfunctionexpansionofthe

kernelsK(ω,ω≒t)andH(ω,ω゛,て),asshowninEqs.(4.3.73)and

(4.3.74).

Undera1:Ltheconditionsspecifiedinthepreceding



Sections4.3.2and4.3.3,thekerne:LsK(ω,ω',t)andH(ω,ω',t)can

beexpandedinto

K(“J,0)',t)゜

k=l
φk((j)φk(♂)'

H(叫0)',T)゜
y

Hkk(7)φk((j)φk(♂)'

whereKkk(t)andHkk(7)
jﾌ:1

derivedby

Kkk(t)゛J

Ωx

j)k((j)K(ら♂'t)φK(♂)dtoda)'

Hkk(o゛f

Ω×Ω

φk(“))H(叫♂'ﾘφk(♂)dajda3'

KkkEL2(0,T),HkkeL2(Oβ).

(4.3

(4.3

(4.

(4

3

3

.89)

.90)

91)

92)

Proof Theorem4-2alsoholdsinthecaseofL2(QXΩ)inSteadof

IftheconditionsC:LandC2andotherspecifiedcondi-

一

一

一

一

χj' kk(t)ej(･!)‾1十
y
Hi'kk(7)ej(1r!)‾1

_,｡r=0
ふ;ll(t

'e)ej十:L

y
[K17'kk

r=0

(tﾆ)十H17'kk(7)]ej(17!)‾1十sll(t'e)ekll+1'

(4.3.93)

ck=E/k^,ee[O,eo]'

Thesingularperturbationtheoryofthelumpedparameter

L2 (Ω)withadequatemodifications.(seePhi:Llipson[Ph.7:L])Q.E.D

Thetruncationseriesof(4.3.75)and(4.3.76)uptothefiniteterms

givestheso-ca:L:LedGa:Lerkinapproximationscheme.

Lemma4-7

tionsinSection4,3.2and4.3.3hold.thenthereexist£,>0and

functionsSn(t,e)boundeduniformi･･int-intervalconsideredsuchthatﾆ

11Pkk(t)゛%kk(t)十%'“(7)十Sll(t'e)eご+1

where

Proof

casecanbeappliedtotheordinarydifferentia:Lequationsofthe
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Riccatitype(4.3.64)-(4.3.66).AsinChapter2,wecanconstruct

solutionsofEqs.(4.3.64)-(4.3.66)oftheform

Pi
kk(t)゜≒kk(t)十Gkk

whereK^(t)andH.

tozero(seethepro

kk

(T), (4.3.94)

(で)admitasymptoticexpansionsinEasetends

ofofLemma4｡2)

≒kk(t)゛

(

L

kk(1')゜

らkk(t)げ(r!)‾1,

r9 kk(T)げ (r!)
-1

(4.3.95)

(4.3.96)

ThecoefficientsK.(t)andiiikk(1)゛eidenticalvriththosederived

inSection4.3.3,whichcompletestheproof.Q.E.D.

TheconnectionofLennna4-6withLemma4-7completestheproof

ofTheorem4-6.

WerestrictourselftotheinvestigationoftheRiccatiequation

(4.3.36)-(4.3.38),andthesameprocedureadoptedintheproofof

themaintheoremcanbeappliedtotheassociatedparabolicequation

(4.3.29)byusingtheeigenfunctionexpansionsas

r(ω,t)= χΓ.(t)φ.(ω)

j=:L]]

Withregardtotheconstructionofcoefficientsr.

]

Section4.2maybereferredto.
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Chapter5NuclearReactorControlwithDistributedParameters

5.1Introduction

Thischaptertreatsthenuclearreactorcontrolinvolvingspatially

distributedparameters.Theimportanceofthistreatmentﾆhasbeen

increasing,sincethesizeofreactorsisbecominglargerandthe

spatialeffectscannotbeneglected.Forinstﾆance,control0fthe

neutronfluxdistribution,burnupcontrolwithconsiderationofhot-

spot-factor,χenonoscillation,etc.canbetreatedbyconsidering

distributedparameters｡

Manystudieshavebeenmadeonthesubjectviavariousapproaches,

i.e.,modalexpansionmethodwithusemadeofvarioustypesofmode;

cleanreactormode,Kaplanmode(naturalmode),lambdamode,etc.,

nodaleχpansionmethod,functionspacemethod,dynamicprogramming.

andsoforth.Foramoreprecisesurvey,IwazumiandKoga[1.73],or

referenceslistedinit,maybereferredt0｡

Themethodproposedinthischapteristhesingularperturbation

theoryconnectedwithoneofthemodalexpansionmethod,byusingthe

Helmholtzmode.TheHelmholtzmodegivesthecompletebaseinthe

spaceL2.Thetheoreticalfoundation,uponwhichthevaliditﾆyofthe

methodpresentedrelies,isgivenintheprecedingchapter｡

Itistobenotedthatthecrlticalityofthereactﾆorconsidered

violatestheasymptoticstabilityoftheequationfortheprompt

neutron Hencewecannotneglecttimederivativetermoftheprompt

neutronintheoriginalpartialdifferentialequatﾆion.Butthe

resultingequationusingthemodalexpansioncanbereducedindlmen-

sionalityexceptforthefundamentalmode.Suchasituationshows

thatthedimensionofthedynamicsgoverningthespatialcontrolcan

bereducedandthatofthepowercontrolcannot,sincethepowercontrol

1sdominatedbythefundamentalmodeandthespatﾆialcontrolisbythe

highermode(seeWiberg[Wi.67]).Thusthesingularperturbation

theoryiseffectivelyappliedtothespatialcontrolsystem.

1n



Thesystemdescribedbymulti-groupdiffusionequationswithmulti-

groupofdelayedneutronshasadifferentaspect.Inthiscase,it

ispossib:Letoreducethedimensionalityofthissysteminbothpower

controlandspatialcontrol.Considerationsofthesituationare

foundinSections5.2.3and5.3.2.

5.2Formulationoftheproblem

5.2.1Derivationofthestateequation

Weconsiderhereaninfiniteslabreactordescribedbythe

followingsetofequatﾆions,theone-groupdiffusionequationwithone

delayedneutrongroup:

う乱万ψ(ω,t)=七[D(ω)七ψ(ω,t)]-

十(1-B)vΣf

Σ
a
(“))ψ(゜'t)

(ω)ψ(ω,t)十λC

a

-
3t
C(らt)゜恥Σ(a))iij(u,t)

- 入C(ω,t),

- Σ(ω,t)ﾙ(ω,t).
c

(5.2.1)

(5.2.2)

whereωIsthespatialcoordinate,ψ(ω,t)isneutronflux,C(ω,t)is

precursordensity,andΣc(ωμﾆ)iStheabsorptioncrosssectionwhich

isusedforcontrolvariable,andassumedtobedistributedinthis

caseforsimplicity.Thissystemisbilinearformasinthelumped

parametermodeldealtwithinChapter3.Hence:LinearizationIsmade

asinChapter3byexpandingeachvariableabouttheinitialsteady

state｡

ThespatiallydependentcoefficientD(ω)preventsusfromcon-

structingana:Lyticaleigenfunctions.Theapproximationmadetoavoid

thistrouble,istheseparation･ofthecoefficientD(ω)intotwo

parts,spatiallyvariantandinvariantparts.Toensurethefinality

oftheexpansionseries(seeKaplan[Ka.61]),theothercoefficients

arealsoseparatedinthesameway.Thespatia:LlyIndependentparts

shouldbechosensothatthefundamentalmodemaysustaintheinitial
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&

steadystateandtheeffectsofthespatﾆiallyvariantpartsaretaken

intothecontrolastheinitialdistributionofthecontrol.This

approximationwasproposedbyIwazumiandKoga[1.73].工fthesystem

behaveswellinthecourseofmotﾆion,theapproximatﾆiongivessatis-

factﾆoryresults.Thevaliditydependsuponthepropertyofthe

problemconsidered.Inthischapter,weconsiderthetrackingproblem

whichshallgivethevalidity,i.e.,thedesiredstatﾆeisgivennot

sofarfromtheinitia:Lstﾆate｡

Thelinearizedstateequationcanbeobtainedbyconsidering

smalldeviationsfromthesteadyfundamentalmode,whichisdetermined

bythesystemattheinitia:Ltimeinvolvingonlyspatiallyinvariant

parameters,andbynormalizingwithrespecttothefundamentalmodeof

neutronfluxip,as

where

工

E

∂
-
∂t
Φ(叫t)゛sj(゜'t)十Bu(cj,t),

Φ(ω,t)=

S

ω

a1

a4

-
-

一一

一一

0(ω,t)/ψ10

6C(ω,t)/ﾙ10

U°

a32/3(1)2+a33

a4a5

D,

6ﾘΣP

-

ψ((゛'t)Σc(

I=

C

(5.2.3)

ﾀ

゛12=(1-B)vΣf‾Σa'

a5¬‾λJs=V-＼

ω,t)/ψ10,

a3

C

0

]

゜λ,

B=

(5.2

1ﾄ

4)

Theresultingequation(5.2.3)isofthesameformthatKurodaand

Makino[Kd.69]treated.ThedifferenceliesinthatKurodaand

Makinofirstassumedthespatialhomogenitﾆyofthesystemparameters,

butﾆthetreatmentpresentedtakestheeffectsofspatiallyvarying

parametersintoconsideration｡

Theproblemtobeconsidered1Stheterminalcostproblemto

minimizethefo:Llowingperformanceindex:
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where6‥

ｺｰ]
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where

J=

+

兌

Φ

T
Of

l
q
o

(u),T)-Φd

｢≒

[u(ω,t)

0

0

q3

･
A

(ω)PQ[Φ(ω,T)-Φd(゜)]d゛

-uo(ω)]2dωdt.

q,q,r>0,

(5.2.5)

Φd(司isthedesiredstate.anduO(ω)istheinitialvalueofthe

controldeterminedbeforehandsothatthespatialhomogenityofthe

systemparametersholds.Astotheconstructionofthisinitial

value,IwazumiandKoga[1.73]maybereferredto.

5.2.2Modalexpansion

Inthecaseofonedimensionalspace,i.e.,aninfinites]Lab

reactor,theHelmholtzmodeisdefinedby

1じ
2φ十λφ=0,(5.2.6)

with

φ(O)=0,φ(○=0,(5.2.7)

where兌isanextrapolatedtﾆhlcknessﾀ入ieigenvalue,andφieigen-

function;

φi°^flflsin/A7(jj,

λ
i
=(

)2

(5.2.8)

(5.2.9)

(5.2.10)

iTT

一几

Thesequence{(j).}constitutesanorthonormalsetinL“,i.e.,

ﾀﾞ

φi((j)φ.(aj)da3゜6ij'

'0

istheKronecker'sdelta.



･Iftheexistenceofthesolutionhasbeenproved,itcanbe

shownthatthesystem{/i7Fsin/AΥω}canbereplacedbyother

suitableorthonormalsystemschosenininfinitﾆeways(seeGreen

[Gr.53]).

ThestatevectorΦcanbeexpandedintoinfiniteserieswith

respectﾆtotheeigenfunctionsgeneratedabove,

C｢

Φ(ω,t)=

刎ω,t)

C(ω,t)

J

1

Φi(t:)乃ﾌIsxn-r-u,

i
L
L
f

-8
I
-
-
<
1

i 1

(t)

n.(t)

(5.2.11)

厨口=鴫卜･

Thecontrolrodsarephysicallyconcentrated,whichshouldbe

representedmathematicallybytheDiracmeasure6.Thentﾆhecontrol

termisgivenby
M

11(゜'t)丿丿

]

ｸk(t)6(“3‾%)' (5.2.12)

whereMisthenumberofcontrolrodsandωkisthepositionofthe

k-thcontro:Lrod.Inthecasewheretherearelotsofcontrolrods,

however,thespatiallyconcentratedcontrolcanberepresented

approximatelybythespatiallydistributedcontrol,whichissﾆimpler

toanalyze.Thespatiallyconcentratedcasewillbeconsideredlater.

Herewerestrictourselftothespatiallydistributﾆedcasefor

simplicity.

Thecontroltermu(ω,t)canbeexpandedwithrespectﾆtothe

eigenfunctionoftheHelmholtzmode.ifthecontrolu(･,t)isgiven

inL2(Ω).

u(ω,t)=χu.(t)/2/£s

i=11

.iTT
IIT(j (5.2.13)

Inordertoobtainasetofequationsforthemodalcoefficients.

とi(t)'ni

(5.2.11)

(t)andu(t)whicharefunctionsoftﾆime,theexpansions

and(5.2.13)aresubstitutedintoEq.(5.2.3)andthe
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orthonorma:Lity(5.2.10)isused,yielding

長

乱

こi(t)゜ﾄ81(子)2+82]こi(t)+83ni(t)十u^(t),(5.2.14)

Tli (t)=a 4こ,(t)十%ni(t)゛ (5.2.15)

Itistobenotedthatthemodalequations(5.2.14)and(5.2.15)are

decoupledwitheachoftheothermodes,whichresultsfromthe

approximationmadebeforehandaboutthespatia:Lhomogenltyof

parameters｡

Tosynthesizetheoptimalfeedbackcontro:Linthemodalspace.

theperformanceindexshouldbeexpandedintﾆomodalform.Thusthe

desiredterminaldistributionΦd((j)andtheinitialcontrolu (ω)

areexpandedbyusingthesamespatialeigenfunctions,asfollows:

Φd(゜)゜ y‰心万si喘≒j°X

i=1･i=1

110(○゜jlloi乃ﾌTsi碍≒j

･=1

こdi

^di

心万si煙ω,

(5.2.16)

Thenweobtainthemodaleχpansionoftheperformanceindex,as

where

J= ﾉΨ!(T)Q'1'.(T)+r

ﾆL=1

Ψ,(t)゜Φ,(t)-Φdi(t)'

≒

-(t)゜111(t)‾1101(t)゛

Z
･
1

”
U

I

8
t
-
o
I
Ii

T
O
f

(t)dt

Hencetheperformanceindexforthei-thmodeJibecomes

Ji袖付(I)(汐i(I卜|づ

≒

(t)‘it.

(5.2.:L7)

(5.2.18)

Itiseasilyseenthatoptimalcontroltheoryforlumpedpara-

metersystemsむanbeappliedtoeachmode,sincecouplingbetweenthe
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●

otﾆhermodesdoesnotoccurintotalsystﾆemincludingtheperformance

index｡

TheStﾆateequationofthei-thmodeandthecorrespondingi-th

performanceindexaregiveninEqs.(5.2.14),(5.2.15)and(5.2.18)

respectively.Applyingthewellknownresultsinoptimalcontrol

theoryof:Lumpedparametersystemsﾀthefollowingcontrollawis

derivedintheformoffeedbacktype:

≒j(t)゜‾ﾄﾞ1B゛[Ki(t)φi(t)十gi(t)]+1101'(5.2.19)

｀゛hereK(t)isasolutionofthematrixRiccatidifferentialequation

ofthei-thmode

Ki(t)゛‾Ki(t)Ai ‾AilKi(t)十ﾄﾞ1Ki (t)BB'K.(t),(5.2.20)

andgi(t)isasolutionofthefollowinglineardifferentialequation

associatedwiththeRiccatiequationderivedabove;

where

●-1
gi(t)゛‾(Ai‾‘17BB゛Ki(t))igi(t)‾Ki゛(t)B1101'

＼
㎜
･

81(i71μ)2+32

a4

a3

a5

(5.2.2:L)

AsthepartitioningsimilartoEqs.(2.2.16)and(2.2.17)holds･

also,thenweobtainthefollowingRiccatiequationsforeachelement,

ek^

ek^

゜-21-a. (iTT/Jl)2+a]k1十゛‾1k12‾2e%k2'

゜‾町k1‾[“31(i7μ)2+32]k2‾%k3十√1klk2

(5.2.22)

‾8a5k2゛

ら゜‾233k2‾235k3＼十r‾1kj,

゛dforgi(t)
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C
;

1°‾μ1(i゛μ)2+82‾1｀‾1k1]g1‾%g2‾k1110'
(5.2.23)

;
2゛‾a391‾a592+r“1k2g:r^2"o

Theseequationsshouldbesolvedunderthetermina:Lconditions

K(T)=Q,

g(T)゜‾QΦd

(5.2.24)

(5.2.25)

Intheaboveexpressions･ofEqs.(5.2.22)-(5.2.25)thesubscriptof

eachvariablerepresentﾆingthemodalorderisomitted,andthesame

expressionsareadoptedinwhatfollowsunlessconfusionsmayoccur.

5.2.3Considerationonthecriticalitycondition

Fromthefactthatthedecoupledmodalcontrolisapplicableto

thesystem(5.2.3),theresultinginfinitesetofdifferentialequa-

tionscanbetreatedseparately.Hencethetechniqueofconstructﾆing

asymptoticexpansionsofsolutionsdevelopedinthelumpedparameter

systemscanbeappliedtothei-thmodesystemofordinarydlfferen-

tia:Lequatﾆionsrespectively,withinthei-thmodesystem｡

However,thedistributedparameterreactordescribedbythe

kineticequationofone-groupdiffusionwithonedelayedneutronor

multiple-delayedneutron,hasadistinctsituationfromtheone-point

reactor.Thefundamentalmode(thefirstmode)Shouldbeconsidered

separatelyfromtheotherhighermodes,sincethecriticalityofthe

reactorrequiresthattheeigenvaluecorrespondingtothefirstmodeof

thecleanreactormodeshouldbesettozero,whichsustainsthe

steadystatﾆeoftheinitialstateunderconsideration.Thecritical

conditionisthusobtainedIntheHelmholtzmodeas

a2a5
-

a3a4 ‾81850μ)2°0 (5.2.26)

Thecriticalilyconditionisassumed.toholdattheinitialtime.

sotheasymptoticstabilityoftheboundarylayersystemofthefirst
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t:imecoefficientoftheneutronfluxis;notconcluded[Hn･.69].Sothe

techniqueofthesingularperturbationscannotbeappliedto-thefirst

modesystem.Theseparationofthecontrolsystemintotwosystems.

thepowercontrolsystemandthespatialcontrolsystem,givesaphysi-

calmeaningoftheabovesituation.Thecontributﾆionsofthehigher

modestothepowercontrolareminor,andthereactorcanbecontrolled

byonefeedbacksystemrepresentedbythefundamentalmode.Andtﾆhe

otherfeedbacksystemsdetectandcontroltheotherhighermodeswhich

determinethespatialshapeoftheneutronflux(seeWiberg[W1.67,

P322]).Hencewecansaythatthepowercontrolsystemshouldbe

treatedintheoriginalform,andthespatialcontrolsystemcanbe

dealtwithbyusingthesingularperturbationtheory.Inotherwords,

singularperturbationtheoryiseffectivelyappliedtothespatial

controlsystemwithreductionofthedimensionality.

Thestabilitytheoryofthereactorwithdistributedparameters

arefoundinlitﾆeratures[S.68],[Ks.69],etc.Thesituationsconsid-

eredaboveisconsistentwiththeresultdescribedinKastenberg

[Ks.69],whichgivesanextensivesurveyontheas3nnptoticstability

ofdistributedsystemsadoptingseveralapproaches,Lyapunovmethod.

semigrouptheory,etc.Thetheoryisaflourishingfield.

5.2.4Constructionofasjnnptoticexpansions

Applyingtheboundarylayermethoddevelopedinthelumped

parametersystems,weseeksolutionsoftheform

SW
"j (t,e)=k.(t,e)十h.

JJ

whereT=(T-t)/E,andk

(T,e)

j
(t.e),h

●
･
/ j°1,2,3. (5.2.27)

j

ine,asetendstozerooftheform

k(t,e)=

h(T,e)=

χk.

r=O]

χh.

r=O]

(てμ

17(t)J(r!)‾1,

゛('r)J(r!)‾1.
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Thesubscriptjrepresentsthepositionoftheelementsuchthat

2
3

h
he

1
2

h
he
C

―

=
H

l

c
N
n

k
kC

1
2

k
kE

巳

―

=
K (5.2.29)

ItcanbeeasilyseenthatthesequencesllKi,ぐ(t)811dl7i,7(I)-

convergetothesolutionoftheRlccatlIntegro-silfferentialequation

andthatofthestretchedRiccatiequationassociatﾆedwithit,

respectively,whichareobtaineddirectlybyusingtheRiccati-like

decouplingshownintheprecedingchapter｡

SubstitutingtheouterexpansionΣk;J(r!)‾1into(5.2.22),and

comparingthecoefficientsoflikepowersofe,wehavethefollowing

setofequations:

forthehighermodei>1

O°‾2[-a,(i･μ)2+82]k7十'.‾1kr2'

O°‾a4

紹 =-2a

ka‾[‾tL(i71μ)2+82]k§‾83kl十r-＼?kO,(5‘2°30)0

1,0_2akO十r‾1(k?)2i

and

i

]
ﾀﾞ‾1°‾21‾81.(i71μ)2+82]k]ご+2y‾1k?k].1r十pj(t)'

k2
r-1
゜‾83k11r‾【T81(ill/兄)2+82]kj‾84k3i十rk1C2

十√1k:1ごka十P21r(t)'
(5‘2°30)r

i3･゜‾283k3:‾2゛15kぷ'+2√1k?k;句;(t)'

wheretheremaindersPi(t),i=1~3arepolynomialsinvolvingthe

knowntermsintheprecedingsteps｡

Inordertoconstructauniformlyvalidexpansion,theboundary

layercorrectionsareconsidered.Therecursivesetofequations

satﾆisfiedbytheboundarylayercorrectorsIsobtainedbyusingthe
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stretchedsystemasinthelumpedparametercaseinSection3.2.3

Theresultingrecursivesetofequationsthusbecomes

‾
公h7°“2[-a(iTT/Ji)2+a^]h?十l‾1hy[h?十kr(T)]'

-

■

乱ha°‾‘13h7‾[゛81(i･μ)2十り]ha‾84h§

d

+r

h9=0
石“§

‾1[h≪h≪十hykJ(T)十kO(T)hO],

Forthehigherorder

-

-

d
-
dて

d
-
dて

h
:L
17°‾2[-a^(iT7/il)2+a2]h1

(5.2.31)o

lr十r-＼[hj十k:1ご(T)]十p]ご(7)'

h2i°-a3h:1で-[-a(iTTμ)2十'82]h2･‾34h7

十√1hy[hj十k217(T)]十.‾1hU[h]ご十klﾆ(T)]十pj(7)゛

j(1｀)'

wheretheremainderspl:
･

(5‘2.31)

consistonlyoffunctionsdecayingexponential-

1y.Hencetheterminalconditionofthefirstboundarylayercorrection

べ(0)canbedeterminedbythefollowingsemi-infiniteintegralformula:

h31(O)゜

0

(5.2.32)

Theintegrandinvolvesonlythetermsdeterminedinthe0-orderboundary

layerequation(5°2,31)qwiththeterminalconditionderivedbyusing

thegivendatabysettingctozero.Thustheterminalconditionof

thefirstcoefficientoftheouterexpansionk;ぐtf)C311bederivedby

usingthefollowngrelation:

ki(T)十やi(O)゛qi;i°1'2･3･

｀゛hereqiaregiveninEq‘(5°2°24).Henceweobtain
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k31(T)゜な

∞
0
ｆ

(‾283h2
- 2ah

3)dT,
(5.2.34)

underwhichthefirstcorrectionsystemoftheouterexpansioncanbe

solvedthoroughly.Thenwecalculatethevalueofeachcoefficientof

thefirstﾆoutﾆerexpansionattheterminaltimet=tﾆrThevaluesof

theboundarylayercorrectorsattheterminaltimeて=Odirectly

followbyusingtherelation(5.2.33),

h11(O)゜q1‾k11(T)'h21(O)゜‾k21(T) (5.2.35)

Thuswecancarryoutthecomputationofthefirstboundarylayer

correctorsgiveninEq.(5.2‘31),.

Theaboveproceduredeterminesthetotalsystemofthereduced

andfirstordercompletely.A‘similarresultcanbederivedbyusing

thesamealgorithm,forthehigherordersystems.

Astothelineardifferentﾆialequationforg(t),thesame

procedurecanbeappliedasinSection2.2.

Thepracticalcomputationcannotbecarriedoutwithregardto

theinfinitetermsofthemodalexpansion,hencethetruncatedseries

isadoptedatfiniteN-thmode.ThesuboptﾆImumdistributedcontrol

1Sgivenby

sub

N｡

(叫t)で

i

l

]

ｸi゛(t)/ΞｱFsi弓≒゛' (5.2.36)

andthesuboptimumtrajectory.spatﾆiallydependent,isobtainedby

sub
(ω,t)=

N.
ﾉΦ.(t)/27Isi煙ら

ﾆL=1

(5.2.37)

wheretheoptimaltrajectoryΦiofthei-thmodecanbederivedas

asolutionofthei-thmodetrajectoryequatﾆion

･
I
L
J
iCJ

i°[-a.(i･μ)2+82‾゛‾1ki1]こi十町ni‾ﾄﾞ1gi1十゛101'
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withtﾆheinitialconditions

こ
i
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(i･μ)2+32‾%

85'こi(O)

j
一
I

.
｀

/%
-1

UOi゛

(5.2.39)

(5.2.40)

whichcanbeobtainedbyequatingthedifferentialtermsinEqs.(5.2.1A)

and(5.2.15)tozero.Theaboveproceduretocomputetheinitial

condition(5.2.40)isreasonablefromtherequirementﾆofthesteady

statesustenanceattheinitialtime.Equations(5.2.38)and(5.2.39)

canbetreatedapproximate:lybythesingularperturbationtheoryas

shownInSection2.2.3.

5.2.5Numericalexample

Theresultsobtainedbynumericalcomputationsarepresented.

ThedatausedinthisexamplearelistedinTable5.2.1.

Table5.2.1Datausedintheexample

λ

Σ
f

a

Σ
D
V

0.078

0.0202

0.05

0.507:L

-1
sec

-1
cm

-1
cm

cm

2.2×105cm/sec

1
3

兌
T
r
q
q C

m
e
C
Ｓ

0
0
0
1
8

0
1
0
7

1
0

1

Figure5.2.1showsvarioustimebehavioursofthefirstmode:

theelementsofthefeedbackcoefficientmatrix,g.,viz.thesolution

oftheequationassociatedwithtﾆheRiccatiequation,andtheamplitude

oftheneutronflux.Thisfigurepresentstheexactsolutionsderived

byusingRunge-Kutta-Gi:LImethod｡

Figure5.2.2presentsthetimebehavioursofthee:lementsofthe
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feedbackcoefficientsmatrixofthe･secondtofourtﾆhmode;eachfigure

showsboththeexactandapproχimatesolutions.Theapproχimatesolu-

tionsarederivedoftheformoftruncatedseriesatthesecondterm｡

Asmentionedinthelumpedparametercase,thefeedbackcoeffi-

clentsofeachmodechangerapidlyintheneighbourhoodofthetermi-

naltime,andcomputationaldifficultiesshouldarise.Thedifficulties

aremuchmoreseriousindistributedparametercases,becausemanymodes

equationsmustbetreatedandtheexistenceoftheboundarylayers

appearingineverymodemakesthechangemorerapid.Thepresentme-

thodcanmakeusavoidthedifficultiesinthesamewayasinSection

3.2exceptthefundamentalmode｡

Theapproximationtoeachfeedbackcoefficienthasasgoodaccu-

racyasexpectedexceptk30ftheseco?‘dmode.Buttheerrorofk^0f

thesecondmodeisoftheorderof10‘-whichisconsistentwiththe

theoreticalresultsintheprecedingsections.Theorderofk^itself

issmallrelatively.Suchsituationsshowtﾆhattheapproximations

exceptk30fthesecondmodeisparticularlygoodinthisexample｡

Figure5.2.3showsthetimebehavioursofgiofthesecondto

fourthmode.Theseresultsforgdonotgivesogoodapproximatﾆion

asthoseforki゛Thecauseofthissituationisthattheorderofg^

itselfisnotsufficientlylargecomparedwiththeorderoftheperturb-

ingparameterC.Thetruncatedseriesapproximationatthesecond

termseemstobeinsufficientinappearance;butitisgoodenough

fromthepracticalpointofview,consideringthesmalleffectsofthe

highermodestothemotionconsidered｡

工nFig.5.2.4,thetimebehavioursoftheamP:Litﾆudesoftheneut-

ronfluxofthehighermodesarei1:Lustrated.工tcなnbeseeninthis

figurethattheerrorofg^ofeachhighermodeiscompensated°

Figure5.2.5showstheexactandapproximatetransientsofthe

neutronfluxshape｡

Ournumerica:Lstudyshowsthatthecomputingtimecanbereduced

t021percentofthatinthecaseoftheexactsolution(theoriginal

modalsolution).Thesesavingsprovethatthemethodpresentedis
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veryefficientinvariouspoints.

Inthisexample,wehavetreatedtheterminalcostproblemIn

ordertocomparewiththeresultsobtainedbyIwazumiandKoga[工.731.

Themetﾆhodcanbeextﾆendedtotheregulatorproblem,inwhichthe

rapidchangeofthefeedbackcoefficientsintheneighbourhoodofthe

terminaltimeisrelaxedmorethanthisex万ample.ButasmentionedIn

Section3.2,theexistenceoftheboundarylayerandthenonlinearlty

oftheRiccatiequationofeachmodea:lsocausetherapidchangewhich

leadscomputationaldifficulties.0fcourse,thesingularperturbation

theoryiseffectiveintheregulatorproblem.

工tistobenotedthat工wazumiandKoga[1.73]andAsatﾆani,Iwazu-

mlandHattori[A.73.1]usedtheKaplanmode.Theresultsof[A.73.1]

areincorrectinthatthemodal･expansionviatheKaplanmodeisnot

oftﾆhesingularperturbationtype,andthemethodpresentedisnot

applicable.ThemodalexpansionequationviatheKaplanmodeappr-

oachesasymptoticallytothatviatheHelmholtzmode.

x
n
i
i

1･0

O･5
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0 20
4060
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5.3Additionalremarks

5.3.1Spatiallyconcentratedcontrol

]:nthecaseofthespatiallyconcentratedcontro:Ltherepresenta-

tion(5.2.12)bytheDiracmeasuregivesthe､moda:Lexpansionformof

theoriginalsystemcoupledwitheachothermodeinplaceofEqs.(5.2･

:L4)and(5｡2｡:L5)､as

d
-
dt

eこ

1

＼

eこ

2

n､､

一一

+

‾a1

一一

1
0

1
0

一
一
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(゛μ)2+8283E

_.0
0

a4a5:‾E
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T=

sln(NiT/il)u,゜..,sin(N7rμ)(jM

(5.3.2)

ThematrixTviolatesthemodaldecouplinginthecaseofspatially

distributedcontrol,hencetheIndividualmodecannotbetreated

separately.Thetransformation

v(t)=T･u(t), (5.3.3)

givesthedecoupledmodalcontrolformally,wherev(t)isanewcontrol

vector[1.731.Thecontrollabilityinthemodalspacerequiresthat

N>M"(5.3.4)
--

whereNisthenumberofthemodesconsidered,andM1Sthedimension

oftheoriginalcontrolrods.TheexistenceoftheoriginalM-dimen-

●sionalcontrolvectoru(t)isascertainedthroughEq.(5.3.3)by

thefollowingrequirement:

rank(T)=M,(5.3°5)

whichimposesarestrictionuponthepositioningofthecontro:Lrods.

Thedecoupledmodalcontrolcanbecarriedoutifthefollowing

performanceindexisgiven:

｀J°

f≒

Φ(叫T)‾Φd(゛)]゛Q[Φ(叫T)‾Φd(゜)]d(j

ﾉ
f)ﾝ

[v(ω,t)-vo(ω)]2dωdt.(5.3.6)

wherev(ω,t)isadistributednewcontrolvectordeterminedfromthe

vectorv(t)ofEq.(5.3.3).Thenthetechniqueofthepreceding

sectionisappllcab:Letothespatiallyconcentratedcontrolcase.
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5.3.2Multi-groupdiffusionequatﾆion

TheresultsobtainedinSection5.2canbeextendedtothemore

generalsystemsthanthatdescribedbyEqs.(5.2.1)and(5.2.2),such

asmulti-groupdiffusionequations,whichapproximatebetterthe

accurateBoltzmannequationdescribingthebalanceoftheneutronsin

thereactor｡

Theformoftheequationforonefastandoneslowgroupsof

neutronsandonegroupofdelayedneutronsisgivenasfollows:

二

vf

1
-

VS

a

-
∂t

∂
-
∂t

∂
-
∂t

%゜[∇DF∇‾(ΣaF十ΣR)十(1-3)゛ΣfF]冲F

十(1-B)゛Σfsψs 十λC,

C

ψ

s°ΣRψF十(∇Ds∇‾Σas)ψs'

C°恥ΣfF%十恥Σfsﾔs
- λC

C

(5.3.7)

Inthiscasethecriticalityconditioncanbesustainedwithconsidera-

tiontoboththefastgroupandslowgroupneutrons.Thissituation

shouldaffecttheresultofthecrlticalityconditioninthecaseof

onegroupdiffusionequation(5.2.1),derivedinSection5.2.3｡

Thefundamentalmodesofthefastandslowneutronscannot

sustainthesteadystatewithouttﾆheother,whichascertainsthatthe

eigenvaluecorrespondingtothefundamenta:Lmodeshouldbenegative.

Hencetheasymptoticstabilityoftheboundarylayersystembelonging

toEq.(5.3,7)isestablished.Weconcludethatthesingularpertur-

bationtheorycanbesatisfactorilyappliedtothemulti-group

diffusionequationwithmulti-groupdelayedneutrons.inboththe

powercontro:Lsystemsandthespatialcontrolsystemswithreduction

ofthedimensionalities.
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Chapter6Conclusions

Near-optimumcontrolofthesingularlyperturbedsystemshas

beeninvestigated.Theresultsobtainedaresummarizedinthis

chapter.Additionalremarksinvo:Lvingsuggestionstothefuture

worksremainingtobedone,arealsomade｡

Chapterlisconcernedwiththesingularperturbationtheory

withtheviewpointofhistoricalsurvey.Further,asupplementﾆary

relationbetweentheVasil'eva゛Smethod(themethodofinnerandouter

expansions)andthemethodofmatchedasymptoticexpansionshasbeen

shown｡

Chapter2dealswiththenear-optimumsynthesisofcontﾆrols

arisinginlumpedparametersystems.Theresultsobtainedineach

sectionaresimilartoeachotherinaformalsense.Indeed,the

resultsofSection2.2andthoseofSection2.4arerelatedclosely

intﾆhat,theresultsofSection2.4(twosmallparameterscase)isa

generalizationofthoseofSection2.2(singleparametercase).The

extensiontomoreparameterscasecanbemadeeasilyinthesame

wayasinSection2.4｡

ThesituationinSection2.3isratherdifferentfromthatin

Sections2.2and2.4.1tistobenotedthatthefullsystem

expressedbyEqs.(2.3.6)and(2.3.7)canbesolvedconsistentlywith

theinitialconditions(2.3.8)and(2.3.9)orwiththefinalcondi-

tﾆions(2.3.8')and(2.3.9゛).Therecursivesystem,however,canbe

solvednotintheforwarddirectionbutonlyinthebackwarddirec-

tionandviceversa,accordingtotﾆhepropert:Iesoftﾆheboundary

layersystems(2.3.28)-(2.3.30)｡

Withoutlossofgenerality,wecanfixtheend-valuetﾆobezero.

andthenwehavetheadvantﾆagethatweneednotsolvetﾆheequations

forgi゛Softhebackwardsystembecausethesehaveonlytrivial

solutions｡

Recently,O'Malleyandothers(e･g.[0.72.1,])developedanother
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techniquetotreatthesingui^arlyperturbedlinearregulatorproblem

fromadifferntpointﾆofviewviaTurrittin'sworks[Tu.52]andHarris's

[Hr.6O,Hr.62]ontwo-pointboundaryvalueproblemsofthesingular

perturbationtype.Theirmethodmaybeappliedtothefixed-terminal

optimizationproblemandallowsamoregeneralpropertyoftheboundary

layersystem,viz.thatitsmatrixofcanonica:Lsystﾆem

G=
A4 ‾B2R‾

1

B2゛

‾Q3‾A4゛

shouldhavem-eigenvalueswithnegativerealpartandm-elgenva]Lues

withpositiverealpart,whichincludesobviouslyourconditionC50f

Section2.3asaspecialcase.However,thegeneratedrecursive

systemmustbesolvedundertwo-pointboundaryvalueconditions,and

sincetﾆheboundarylayeroccursatbothendsoftheintervalconsid-

ered,itmusttreatbothoftheminordertomakethe"boundarylayer

corrections"｡

TheresultsobtainedinSection2.3,fixedterminaloptimization

problems,canbeextendedtotheseveralparameterscaseinthesame

mannerasmadeinSection2.4｡

Chapter3isconcernedwiththeapplicationoftheresults

derivedintheprecedingchaptertonuclearreactorcontrol.The

numericalexamplesshowthattheapproximationbytﾆhesingularpertur-

batlontheoryisuniformlysatisfactoryintheinterva:Lconsidered.

Werestrictourselvestotheproblemofthestateregulation･｡

Themethodpresentedcanbeappliedtothemoregeneralcontrol

problemssuchaspowerlevelchangewitﾆhminimumcontrolenergy.

regu:Latorproblemofreactorsinvolvingtemperaturefeedback,etc･

(Weaver[Wv.68])｡

Chapter4dealswithnear-optimumcontrol0fsystemsdescribed

byasetofpartialdifferentialequationsofparabolictype.Tothe

author'sknowledge,thetheoryofsingularperturbationsofthesystems

describedbyevolutionequationshasnotbeendevelopedsufficiently･
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InSection4.2tﾆhesingularperturbationtheoryfortherestricted

classofevolutionequationisconslderecfinrespectoftheregular

degenerationandtheconstructionofaSymptotﾆ1cexpansions.Thecon-

ditionsassumedherearerathermorerigidthannecessary･

Butfromthepracticalpointofview,thederivedresultsofferus

withpowerfultoolstoattackabroadclassofrealisticdistributed

systems.Furtherextensionstothemoregeneralsystemscanbemade

inlinewiththemethodofSectionA.2.4｡

InSection4.3,asymptoticexpansionsofcontrolsbyextendingthe

techniqueforlumpedparametersystemswasobtained.Theadvantageof

thistechniqueliesinthattheresultobtainedisdirectlyconstrue

tive.AssuggestedinSection4.2.4,theresultsderivedinSection

4.3canbegeneralizedtothemoregeneralsystems.Lions[L.73]

studiedalsotheregulardegenerationofcontrolsystemsofsingular

perturbationtypewithconstructionoftheboundarylayercorrectﾆions

onlyofthe0-thorder.HealsostudiedtheRiccatiequationof

singularperturbationtype,buthisresultisnotconsistentwiththe

author's,andthereremainssomedoubtinthepartitioningofthe

Riccatiequation.WhiletheauthoradoptedEq.(4.3.33),Lions゛S

partitioningIsasfollows:

(Eq.(3.36)P5630fLions[L.73])

P(ω,ω≒tﾆ)=
P11

P21

(叫ω',t)P12

(叫ω≒t)P22

(ω,ω',t)

(ω9ω･9t)

whichisnotlogicalseeingthatthereductionofdimensionalityof

theoriginalstateequationcausesthereductionofthatofthe

Riccatlequationgenerated.

Thetheorypresentedisseentobeapplicabletotheproblems

consideredinChapter2,suchasregulatorproblems,fixed-end-pointﾆ

problems,andoptimizationproblemsofsystemsinvolvingseveral

parameters.

Chapter5isconcernedwiththeregulatorproblemswithterminal
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costofthereactorwithdistributedparameters.Thestateequations

(5.2.1)and(5.2.2)arenotthesameastreatedinChapter4.Equation

(5.2.2)doesnotInvolveanyspatiallydifferentﾆialoperator,but

thissituationdoesnotviolatetheapplicabilityoftheresults

obtainedinChapter4,lookingatitfromthepointoffunctional

analysis(cf.Riesz-Flscher'sTheorem,Theorem4-2).Somenumerical

examplesshowtheefficiencyofthetheorypresented.Theerror

estimation(Theorem4-6)Shouldbemadewiththeconsiderationofthe

erroreStﾆimationofthemodaltruncation.Theerrorduetothe

truncationIsestimatedbyPhillipson[Ph.71],orreferredbyGreen

[Gr.53]｡

Throughoutthisthesis,thecasewheretheterminaltimeisfixed

istreated,buttheextensiontothefree-terminaltimeproblemcanbe

madeinlinewithKaoandBankofffKao.'731.Thesystemwithsmall

delaycanbetreatedbythesingularpertﾆurbationtheory,constructing

asjmptoticexpansions.Otherinterestingsubjectsaredifferential

gamesofsingularperturbatﾆiontype,filteringtheoryofsingularly

pertubedsystem,etc.Thetheoryisverywidelyapplicablesincethe

realphysicalsystemisoftendescribedbystiffdifferentialequations.

ifthesystemIslargeindimensionality｡

Itshouldbenotedthatthesingularperturbationtheorycanbe

adoptedinmodeling,inordertoselectstatevariablesessentialto

themotionconsidered,andthismayofferustoolstoavoidtheknotty･

problemofexceedingdimensionality｡

Weaddthattheinterestingfieldremainstobestudiedinrespect

ofthedeductionofthe"canonicalsystemofsingularperturbation

type"fromthesystemofarbitrarilygivenform.
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AppendixATheoremsRelatedtoMatrixRiccatiEquatﾆions

here.

form

ThefundamentaltheoremsduetoReid[R.63,R.65]areoffered

Thelinearvectordifferentialsystemstobetreatedareofthe

d
-
dt
u°Au十Bv,

d
-
dt
V°Cu十Dv, (A.1)

ごご)ご二二ﾆi二1二ごご二1゜ご二二ふ

二ご二言二三゜二こ言言二な゜･ei¨･e

whereingeneralU(t)andV(t)arematricesofrxn,andherewecon-

siderthecasewheretheyarenxn.

Weadoptthefollowingmatrixnotationsinthesequel;thesymbols

Eandoareusedfortheidentityandzeromatricesrespectivelyof

anydimensions;theconjugatetransposeofamatrixMisdenotedby

M大.ThenotationM≧NorN<.M,(M>NorN<M),isusedtosignify

thatMandNareHermitianmatricesofthesamedimensionsandM-N

isnon-negative,(positive),definite.

Bydefinition,･asystem(A.I)isIdenticallynormaliftheonly

solution(u(t),v(t))ofthissystemwithu(t)≡Oonanondegenerate

intervalistheidenticallyvanishingsolutionu(t)Ξ0,V(t)三〇.

TheoremA-1([R.63]) Asystem(A.2),identicallynormalandnon-

oscillatoryon]-°°,≪'[,hasaprincipalsolutionatcx)(at-Oifand

oll:Lyifthesolution(UpCt),V(t))of(A.2)forwhichUO(O)゜O'

VO(O)゜EissuchthatWO(t)゜'VO (t)UO (t)‘convergestoalimitWcx,

(W-｡)ast‾゛'‾c°(t゛(");thecorrespondingdistinguishedsolutionof

theassociatedRiccatiequation
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-

d
-
dt

att="(tﾆ=-~)is

W=WA十DW十WBW-C,

w｡(t)=wλjt)=U)

(A.3)

TheoremA-2([R.63])Asystem(A.2)withcoefficientmatrices

satisfyingA大゜D,C*゜C,B大゜B≧0,andwhichisidenticallynormal.

isnon-oscillatoryon]-c°,oo[ifandonlyifthereexistsanHermitian

constantmatrixWsatisfyingthealgebraicmatrixequation

WA十A火W十WBW-C=O; (A.4)

moreover,ifsuchasystﾆemisnon-oscillatoryon]≫OO00[thenthere

existHermitianmatriceSWcx,andWwhichareIndividuallysolutions

ofEq.(A.4),andareextremesolutionsforEq.(A.3)inthesensethat

ifW(t)isanyHermitiansolutionofEq.(A.3)on]-゛･≪>[thenW｡三W(t)

≦.W;inparticular.IfWisanyHermitiansolutionofEq.(A.4)then

WくW

a3‾

<

一
一

W｡
-CX)

IfAandBareconstantnxnmatriceswith

BHermitianandB≧0,whilethenxnmatrix

[B,AB,A2B,‥‥,A゛‾1B] (A.5)

hasrankn,thenthereexistﾆHermitﾆianmatricesW<OandW>0

thatareextremesolutionsofthematrixequation

WA十A1W十WBW=0(A●6)

inthesensethatW=WandW=Wareindividuallysolutionsof

Eq.(A.6),whileifWisanyHermitianmatrixsatisfyingEq.(A.6)then

W｡4w4W_｡.Moreover,W_｡>0,(W｡,(O),ifandonlyifalleigen-

values入ofA,(-A),haveRe(λ)くO.

TheoremA-3arerelatedtothesystem(A.I)throughthefollowing

lemma.

LemmaA-1([R.65]) Thesystem(A.I)withconstantcoefficient

matricesisidenticallynormalifandonlyifthematrix(A.5)isof

rankn.
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AppendixB

to

where

AMatrixInversionFormu:La

TheWe1:L-knownInversionformulaforapartitionedmatrixleads

MIM2

M2C‾1M3

-1

-

ySJ.

A

C

B

D

A°[M-eM2M･'■M2']‾1°＼-'十cM1‾2M2M3‾1M21十〇(c2)'

B°‾[M1‾eM2M3‾1M2゛]‾1[eM2M3‾
:L]゜‾出1‾1M2M3‾1十〇(e2)'

c°‾eM3‾1M2゛[M1‾sM2M3‾1M2゛]‾1°･‾eM3‾1M2゛M√1十〇(e2)'

D°[e‾:LM3‾M21M:L‾1M2]‾1°eM-:L十〇(e2)‘

Thenwehave

M‾1=

M1‾1十eM1‾2M2M3‾1M2゛‾EM1‾1M2M3‾1

‾EM3‾
1M

2゛M1‾

1
EM3‾
1

(B.1)

十〇(E2).(B.2)

SubstitutingTaylorexpansionsforM.'s(seeSection2.3.2)into

Eq.(B.2),wederiveEq.(2.3.29).
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AppendixC TheDetailedExpressionofEq.(2.4.7)

公K11°‾K11A11‾A11K11‾K12A21‾A21K11‾K13A31‾A31K13

十K11E11K11十K12E1;K11十K:L3E1;K11十hih2h2

十K12E22K1;十K13E23K1;十K11E13K1;十K12E2;K1;

十K13E33K1;‾Q1゛

p1公K12°‾K11A12‾K12A22‾K13A32‾A21K22‾A31K2;

+KnE12K22十K12E22K22+K13E23K22十K11E13K2;

十KE23K23十K13E33K2;+1｣1(A11K12十^11^1A2

十K12E1;K12十K13E1;K12)'

p1‘
ふ
FK22°‾K22A22‾A2;K22‾K23A23‾A32K3;十^22^22^22

十K23E2;K22十K22E23K2;十K23E33K23-Q2

十μ1(‾K1;A12‾A1;K:L2十K22E1;K12十K23E1;K12

十K1;E12K22十K1;E13K23)十p12K1;E11K12'

μ:Lμ2乱K13°‾K11A13‾K12A23‾K13A33‾A31K33十K11E13K33

十K12E23K33十K13E33K33十p2(‾A21K23十^11^12'^23

十K:L2E22K23十K13E23K23)十plp2[‾A11K13十KnlyL:L^13

十K12E]jK13十K13E1;K13)'

μ11j2
公K23°‾K22A23‾K23A33‾A3;K33十K22E23K33十^23^33^33

十μ:L(‾K1;A13十K1;E13K33)十p2(‾A2;K23十K22E22K23

十K23E2y23)十り.り[‾A1;K13十K22E]jK13十K23E1;K13

十K1;E12K23)十りう｣2K1;E11K13'

plp2
公K
33°‾K33A33‾A3;K33十K33E33K33‾Q3十μ2(‾K2;A23
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‾A2;K23十232333十K33E2;K23)+1｣1p2[‾K13A13

‾A1;K13十K33E1;K13十K]jE13K33)十μ22(K2;E22K23)

十p1μ22(K2;E1;K13十K1;Ei2K23)十μ12p22Kly].1K13゛
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AppendixD Time-InvariantRegulatorProblem[Y.73]

Considertheregulatorprob:Lemwhentf‘‾y00andallthesystemand

weightingmatricesaretime-invariant.Thesolutionofthisproblem

is

u=-R‾:L

Thematrix

[(BIH1十B2゛H2')勺.十(eB:LIH2十B2゛H3)゛2]

1

c
s
)
m

H
HE

C

n
乙

I
H

H
Ｃ

(D.1)

isthepositivedefiniterootofthefollowingalgebraicequation

(cf.Eq.(2.2.18):

O=-KIA1‾A1゛K1‾K2A3‾A31K2十KIEIK1十K2E2゛K1十KIE2K2゛

十K2E3K2゛‾c]ﾌﾞQlc1'

O°‾KIA2‾K2A4‾A3゛K3十KIE2K3十K2E3K3‾c1゛Q2c2

(D●2)

‾e[A]ﾌﾞK2‾KIEIK2‾K2E2゛K2)'

O=-K3A4‾A4゛K3十K3E3K3‾c2゛Q3c2‾e(K2゛A2十A^'K^

‾K3E2゛K2十K2゛E2K3)十e2K2゛EIK2°

Thisalgebraicequationcanbewrittencompactlyinthevectorformas

F(H;e)=0.(D●3)

ItdefinesthevectorHasanimplicitfunctionofS.IftheJacobian

matrix9F/8HatC=Oisnonsingular,thedifferentiabilityofthe

coefficientmatricesinEq.(D.2)isconcluded.Itwasshownthatthe

nonsingularityof3F/9Hate=0isguaranteedbythecontrollability

A入AAofΛ,BandtheobservabilityofΛ,C,where
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S1°[E2K3‾A2][A4‾E3K3]‾1'

s2°[A'K3十Q2][A4‾E3K3]‾1'

八A

《
B

゛A1十SIA3十E2S2゛十SIEIS2゛

=B
].十SIB2゛

C=asolutionofc'c=Q,

Q゛‾s2A3‾A3゛s2'‾s2E3s21十Q1ﾀ

(cf.Section2.3.4).Hencethefollowingtheorem.

TheoremD-1 Inadditiont0lettingconditionsC1-C5andC7of

Section2.2.3besatisfiedforthetime-Invariantsystemconsidered,

assumethefollowing:

CDl.

CD2.

rank[C',A'C≒…･,(Å1)11‾1al]=n,

rank[B,AB,..…,(λ)゛‾1i]=n.

Thenthereexistsaneq>Osuchthat,foreC[0,eo]゛

H(£)゜

(D.4)

(D.5)

(O)(j!)‾1ej十Hj+1(es)(゛+1)‾1J+1'iﾐL゛3'(D°6)

whereO三0≦1.ThecoefficientsH.°arethesolutionsofEq.(D.2)

andH^°isthepositivedefiniterootofEq.(D.2c)ate=O.Higher

ordercoefficientssatisfythelinearequationsresultingfromthe

successivedifferentiationofEq.(D.2)withrespecttoc.
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