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Preface

It is urged that effective techniques be developed to approximate
large systems to systems with reduced model order. When more precise
results are desired, one encouters the difficulty of increasing
dimensionality, throughout the three steps of model making, analysis
of the system and synthesis of the system. Moreover, the estimation
of the error in the method adopted, is of great importance and in
general more difficult than obtaining the approximate solution itself.

Systems can be classified into two classes, i.e., differential
systems (dynamical systems) and algebraic systems. For both systems,
several methods have been developed to reduce the dimension, in order
to avoid the difficulty of increasing dimensionality. The singular
perturbation theory, e-coupling system, block diagonalization, sparse
matrix theory, etc. are more or less approximation methods using
subsystems which are generated from the original system and are more
easily dealt with than the original. The singular perturbation theory
is efficient in treating differential systems of a certain class.

The perturbation method in general is very useful in treating
rather complex systems which are not very different from known systems.
The conventional perturbation method treats the 'regular system',
where the perturbing term does not change the dimension of the system.
The dynamical system involving a singularly perturbing parameter whose
presence causes the dimension of the system to increase, cannot be
dealt with by the regular perturbations. Such systems of singular
perturbation type appear in many fields, e.g., network theory, fluid
mechanics, magnethydrodynamics, etc.

In this thesis, devoted to the studies of the singular perturbation
theory in connection with two-point boundary value problems arising in
the optimal control systems, emphasis is made upon the error estimations
of the derived approximate solution in the form of asymptotic expansions.

The singular perturbation theory proves to be basic and widely



applicable to real physical systems of large size which usually
happen to involve stiff differential equations. The manner of the
description of this thesis is as follows; firstly, the method of
constructing formal asymptotic solutions is presented, and then the
basic theorems are offered establishing the validity of the method

proposed.
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Abstract

This thesis consists of six chapters. The historical survey of
the singular perturbation theory is given in the first chapter. The
outline and basic idea of the theory are also presented. Further, the
well-known formula of Vasil'eva giving the initial conditions of the
higher order recursive set of equations and the matching law of the
method of matched asymptotic expansions are proved to be identical.
The relation is first shown explicitly by the author.

In Chapter 2, a finite dimensional model is treated, which is
described by a set of ordinary differential equations. Such models
may offer a description of a broad class of realistic physical systems.
Three problems occuring typically in optimization problems are consid-
ered in three sections. The results in these sections may cover many
variations. 1In Section 2.2, we derive basic results on tracking
problems. The results can be extended to the regulator problems,
yielding theorems under hypotheses, different from those of Yackel
and Kokotovié [Y.73]. 1In Section 2.3, a fixed-end~point, fixed-end-
time and minimum energy problem will be treated. The generalized
Riccati transformation is introduced to treat the ill-conditioned
two—poiht boundary value problems generated by the fixed-terminal
problems. Section 2.4 is concerned with the system involving two
singularly perturbing parameters of different orders of smallness.

The results of this section can be easily applied to the systems in-
volving more parameters. The last section is devoted to the study of
the asymptotic behaviour of the performance index.

Chapter 3 deals with the nuclear reactor control as a lumped
parameter system. Such a lumped parameter model is well known in the
field of reactor engineering as a '"point reactor". The results in
the previous chapter are successfully applied to the analysis and
synthesis of suboptimal control of the point reactor. This chapter

consists of two sections. The early section is concerned with the
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error estimation of prompt jump approximation with the aid of the
singular perturbation theory and some numerical examples are shown.
The latter section treats the regulator problem of the reactor, also
with numerical examples.

Chapter 4 is concerned with near-optimum control of systems
involving spatially distributed parameters. Such systems are usually
described by partial differential equations, integral equations or
integro-differential equations. The system considered is represented
by partial differential equations of parabolic type.

It is to be noted that the practical treatment of partial differ-
ential equations usually cannot be made without involving an approxi-
mation, spatial discritization, modal expansion, etc., since the
equations can be regarded as of infinite dimensional. Hence one
should realize the importance of the reduction of the number of inde-
pendent variables if possible..

This chapter consists of two parts,. the former one is devoted to
the study of the singular perturbations of a certain class of a set
of evolution equations of parabolic type. The latter deals with near-
optimum control problems on the basis of the results derived in the
former ome.

Chapter 5 is concerned with the nuclear reactor control as a
distributed system. The importance of this treatment has been increas-
ing, since the size of reactors is becoming larger and the spatial
effects cannot be neglected. For instance, control of the neutron
flux distribution, burnup control with consideration of hot-spot-
factor, Xenon oscillation, etc. should be treated by considering
distributed parameters.

The method proposed in this chapter is the singular perturbation
theory connected with one of the modal expansion,the Helmholtz modal
expansion. The Helmholtz mode gives the complete basis in the space
L2. The theoretical foundation, upon which the validity of the method
presented relies, has been given in Chapter 4.

In the last chapter, the:results obtaihed”are summarized.
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Chapter 1 Singular Perturbation Theory

In this chapter, an outline and survey consisting of four sections
will be made. In Section 1.1, the aspects or situations of the singu-
lar perturbation theory are introduced by showing one of the simplest
example. In Sections 1.2 and 1.3, a brief survey is made of the
singular perturbation theory available at present to optimal control
problems with lumped and distributed parameters.

The survey is not comprehensive if viewed from a purely mathemati-
cal point. The more complete review can be found in Vasil'eva's
review paper [Vs.63.1], Wasow's laborious work {Ws.65], or in 0'Malley
[0.68.2]. The fourth section will be devoted to the description of
preliminary results of the singular perturbations of ordinary differ-
ential equations. The proofs are omitted here because our main object
lies only in that basic ideas and techniques of the singular pertur-

bations are required to be demonstrated.

1.1 Introduction

Physicists or engineers often meet systems described by ordinary
differential equations with parasitic parameters appearing as coeffi-
cients. Perturbation method is known well to be a good tool to inves-
tigate such systems. The method has its origin in the natural intui-
tion, and in the experimental knowlédge that there is a little differ-
ence between the trajectories of generating system and that of per-
turbed system. Analysis of the perturbed system is usually more
intractable to be handled than the generating system. According to
the "regular" perturbation method, the unknown quantities are expanded
into power series with respect to a small parameter multiplying the
perturbing term, and the coefficients of the expansions are determined
stepwise by solving recursive equations, usually of the linear form.
The method is powerful and practical in the fields of applied mathe-
matics (Cole [C1.68]), fluid mechanics (Van Dyke [Vd.64]), nonlinear



oscillations (Hayashi [Hy.64], Nishikawa [N.64]), etc.

But among systems to be considered, there are peculiar ones
including small parameters whose presence changes the order of the
system. Such systems cannot be treated by the "regular" perturbation
method. The "singular" perturbation theory is needed to investigate
such singularly perturbed systems.

The question may arise how the '"singular" perturbation theory
differs from the "regular" perturbation theory. The following simplest
example may show the singularity and complexity.

A scalar differential equation

d? d

egt—zx+zx=0’ (1.1.1)

for instance, has the general solution

x = C.exp(-t/e) + C,, (1.1.2)
1 2
which is not continuous with respect to ¢ at € = 0, unless t = 0.
The quantities C1 and 02 are determined by subsidiary conditions of

the problem. We consider here two-point boundary conditions, for

example,

x(0) = a, x(1) = 8. ’ (1.1.3)

The exact solution is
x(t,e) = {1 - exp(-'% )}_l{(a—B)exp(- E-) + B - oexp(- %-)} c(1.1.4)

Since for the positive e, we have
lim x(t,e) = B, for te ]0,1]. (1.1.5)
>0

The convergence is uniform in any closed t-interval 0 < § < t <1

but not in the whole interval 0O 2t <£1. The solution x(t,0) = B is

that of the reduced problem, obtained by letting e = O,



E x =0, X(l) = B. (1.1.6)

In a narrow interval of width O(e) the solution (1.1l.4) changes rapidly
from x(0,e) = o to a certain value neighboring x(t,0) = B with differ-
ence of the order of €. The outline of the situation is shown in
Fig.l1.1.1. Pearson [P.68] provides many examples of the boundary problems

with illustrations.

0 1

Fig. 1.1.1 A schematic figure of a
boundary layer.

Such an interval is called a "boundary layer", which is originally a

terminology of fluid dynamics, because of a mathematical analogy with
the boundary layers of fluid dynamics (see for example Van Dyke [Vd.

64]). For the negative ¢ we find that

lim x(t,eg) = a, (1L.1.7)
>0
and the boundary layer occurs at ¢t = 1,

In the preceding description, it is shown that the reduced solu-
tion does not generally satisfy the conditions of both ends. Also we
can show in the same way that if initial value problems are considered,
the reduced solution does not satisfy all the prescribed initial condi-

tions. In other words, some of the prescribed conditions are lost in



the reduced problem. Here we are confronted with the problem of what
conditions are lost in the reduced problem, and how we can make correc-—
tions to the reduced solution. The singular perturbation theory

provides us with right answers to these questioms.

1.2 Singular perturbation theory_for ordinary differential equations

Let us consider singular perturbations of a set of differential
equations of the first order. In general, such systems can be written

in the form

EE'X = f(X, Y t, E)’ X(O:E) = E(E),
| (1.2.1)
€ -g—t y = g(x, vy, t, €), y(0,e) = n(e),

where € is a small positive parameter and x, f ¢ En, Y, g € E.
The reduced system (degenerate system) is obtained by setting

€ =0 in (1.2.1) and by cancelling the initial condition for y.

44
dt

f(X, ¥, t, E), X(0,0) = E(O)a
(1.2.2)

0

g(x’ y’ t’ e)'

The problem (1.2.1) is called the "full problem" and is said to
degenerate regularly at (xO(t), yO(t)), the solution of the "reduced
problem" (1.2.2) on [0,T], if the solution of (1.2.1) converges as

e >+ 0 to (x ) uniformly on closed subsets of [0,T].

0* Yo

The singular perturbation theory has two aspects, the one is to
investigate the regular degeneratioﬁ of (1.2.1) and the other is to
construct an asymptotic expansion of the solution of the full problem
(1.2.1).

In both the aspects, the Jacobian matrix

%% (xo(t), yo(t), t, 0) (1.2.3)



plays a principal role, the nonsingularity of which establishes the
convergence and the solvability of the recursive equations in the

outer region, which can be obtained through the outer problem:

%; x = f(x, v, t, €), x(0,e) = &(e),
(1.2.4)
d -
eqe ¥ = 8% ¥, &, €).
A solution of (1.2.4), x(t,e), y(t,e), satisfies
x(t,0) = x,(£), y(t,0) = y,(t). (1.2.5)
The inner problem
d
i ef(X, Y, €1, €), X(0,¢) = £(e),
d (1.2.6)
1c Y =g(X, Y, 1, €), Y(0,e) = n(e),

derived through the stretching transformation T = t/e, describes the
solution of (1.2.1) for t near zero, or in the boundary layer.
The associated boundary layer problem

& v = gxy(®), 1, 0, 0, Y(0) = n(0), (1.2.7)

determines the asymptotic behavior of the solution of the inner problem
(1.2.6).

Many papers on the regular degeneration of (1.2.1) require various
stability properties of the system (1.2.7). Tikhonov [Tk.52] stated
that if a certain solution of (1.2.7) is asymptotically stable as T » &
then (1.2.1) degenerates regularly for each t restricted in a compact
interval. His assumption was inadequate partly and was corrected by
Hoppensteadt [Hp.67]. Levin and Levinson [Lv.54] gave the condition
that all eigenvalues of (1.2.3) have negative real parts for t ¢ [0,T].
This condition is identical with the asymptotic stability of a solution



of (1.2.7). Hoppensteadt [Hp.66], [Hp.67] gave a proof of Tikhonov's
theorem and extended the result to the case T = «.

Flatto and Levinson [F1.55] and Levin [Lv.56], [Lv.59], studied
the regular degeneration of (1.2.1) under the conditional stability
of the system (1.2.7). Levin showed that the full system (1.2.1)
degenerates regularly if the initial data are given on the suitable
manifold, called initial stable manifold. The conditional stability
of (1.2.7) means that all the eigenvalues of (1.2.3) have nonzero
real parts, or the system (1.2.3) possesses an exponential dichotomy
(Coppel [Co0.67]). Other studies of the conditionally stable case were
made by Coppel and Chang [Cn.68], [Cn.69.1], [Cn.69.2]. Their results
[Cn.69.1], [Cn.69.2] refine those of [F1.55], [Lv.56], [Lv.59], and
[Cn.68] by removing certain smoothness conditions. Hoppensteadt [Hp.
71.1] also studied the conditional stability case, paying attention
to the differentiability of the -solution of (1.2.1) with respect to
e, while in [F1.55] - [Cn.69.2], the main object is with the continuity
as € > 0 of the difference between the solution of (1.2.1) and that
of (1.2.2).

As for the second aspect, i.e. constructing-the asymptotic expan-
sion solution, several researches have. been made in various ways.
From practical points of view, the second aspect is more important,
which has been emphasized from many applications. Vasil'eva [Vs.63.1],
Kaplun [Ka.61], Hoppensteadt [Hp.71.1], and O'Malley [0.71.1] have
taken several approaches. Vasil'eva's method is similar to the popular
method of inner and outer expansions. Kaplun [Ka.61] obtained expan-
sion of the solution using the method of matched asymptotic expansions
[Fk.69, Vd.64, Ku.67], which is directly applicable to partial differ-
ential equations (cf. Hendry and Bell [Hn.69, Hn.70, Hn.71]). In
Hoppensteadt [Hp.71.1] and 0'Malley [0.71.1] the solution of (1.2.1)
was constructed by using boundary layer method with a little differ-
ence between them. All the expansions appearing in literatures [Vs.
63.1] - [0.71.1] can be shown to reduce to one another. Throughout

these papers only the case where all eigenvalues of (1.2.3) have



negative real parts was studied. Tup&iev [Tp.62.1] extended Vasil'eva's
result to the conditionally stable case.

Concerning two-point boundary value problems, several approaches
have been made, e.g., by Harris [Hr.60], [Hr.62), Tupiev [Tp.62.1],
Vishik and Lyusternik [Vi.57], [Vi.58], Macki [Mc.67], O0'Malley and
Keller [0.68.1], O'Malley [0.69], [0.70.1], [0.70.2], Hadlock [Hd.
70.2], and Hoppensteadt [Hp.70], [Hp.71.1]. Compared with initial
value problems, comprehensive methods have not yet been derived.

Harris [Hr.60], [Hr.62] obtained some condition that ascertains regular
degeneration of homogeneous two-point boundary value problem of the
first order system. In 0'Malley and Keller [0.68.1], certain cancel-
lation law of boundary conditions was considered as to higher order
scalar equations. The regular degeneration of a two-point boundary
value problem arising in optimal control theory was also considered

by Hadlock [Hd.70.2].

An asymptotic series solution was obtained in Tuptiev [Tp.62.1],
Macki [Mc.67] for the nonlinear system of the first order equations.
Vishik and Lyustenik [Vi.58], and 0'Malley [0.70.1], [0.70.2] also
considered asymptotic series solutions of a certain class of quasi-
linear system equations. Linear scalar equations were studied by
Vishik and Lyusternik [Vi.57], 0'Malley [0.69], etc. The comprehensive
bibliography and survey on the subjects can be found in 0'Malley [O.
68.2].

1.3 Singular perturbation theory for abstract evolution equations

The results of singular perturbations of ordinary differential
equations have been extended to abstract evolution equations, including
parabolic, hyperbolic, and integro-differential equations. (On the
abstract evolution equation, parabolic equation etc, Dunford and
Schwartz [Df.58) may be referred to.)

In Trenogin [Tr.63], the Cauchy problem in a real Banach space

€ g—t y(t,e) = F(y, t, €), 0<t<T,



}’(0,8) =0, (1.3.1)

is considered, where both the regular degeneration and asymptotic
solution of (1.3.1) are studied, by expanding the nonlinear operator
F(y, t, €) into a Taylor series in an appropriate sense with respect
toy and €. Krein [Kr.67, Ch.4] investigated the asymptotic method on

the Cauchy problem
€ g; y(t,e) = A(t,e)y(t,e) + £(t), (1.3.2)

The more genéral Cauchy problem was also considered by Hoppensteadt

[Hp.69.1], [Hp.69.2] of the form,

E'%E y(t,e) + A(t,e)y(t,e) = £(t, ¥, €), ] (1.3.3)
where — A (t,e) is the generator of an analytic semigroup of bounded
operators in E (parabolic case) [Hp.69.1]. In Hoppensteadt [Hp.69.2],
both parabolic and hyperbolic cases were stated without proof.

In these studies [Tr.63] - [Hp.69.2], each problem is regarded as
a Cauchy problem of an infinite dimensional ordinary differential
equation in a Banach space, which is tractable on the basis of singular
perturbations developed for ordinary differential equations reviewed
in the preceding section.

Another approach to singular perturbations of partial differential
equations, taken by Hoppensteadt [Hp.71.2] for the initial boundary

value problem, appears as

n 9 .
e-ég - a,.(x, t, u, Vu, €) %u_ f(x, t, u, Vu, €) (1.3.4)
ot . &_,1i] 9%, 90X,
i,j=1 i
u(x, t, €) =0 x € bdry Q, 0<t<T,
u(x, 0, €) = G(x,¢) x € 0



where the matrix (aij) is symmetric and positive definite uniformly
in its arguments, and € E'. He suggested that the results obtained
in [Hp.71.2] can be extended to the more general problems, e.g., sys-
tems of parabolic type, higher order parabolic equations with more
general boundary conditions, and parabolic equations coupled with
integro-differential equations.

The method of matched asymptotic expansion can be applied to
partial differential equations (see, e.g., Hendry [Hn.69], [Hn.70],
[Hn.71]) but a rigorous mathematical proof has not yet been derived
for partial differential equations. However a heuristic theoretical
consideration and many numerical experiments on the subject support
the method [Dm.69].

The more general problems, however,

I

4 x(t,e)

dt F(x, y, t, €),

(1.3.5)

e Lyt =66, v, € 0,

have rarely been treated. A certain class of such systems will be

treated in the following Chapter 4.

1.4 Asymptotic solutions and basic theorems

Consider the initial value problem

Ex=f(x ¥, 6 0,  x(0,e) = £(e),
(1.4.1)
€ % y = g(x, y, t, €), y(0,e) = n(e),

where x, f ¢ En, and y, g € E.

In order to construct asymptotic expansions of solutions, we

expand x and y into Taylor series in €:



g2 +
X = XO + sxl +-§ x2 ceceon gy

o2 (1.4.2)
Yy =7 + €Y1 + 5 Yo F oeiieeey

Substituting these series into Eq.(1.4.1), and equating the coeffi-
cients of like powers of €, we derive the recursive equation in the

outer region, i.e., on t ¢ [0 + &, T], 6 = 0(¢e).

d -
dt xo = f(xo’ yO’ t’ 0)’
(1.4.3)0
0= g(XO, YO, t, 0),
4 x =f + f +
dt 'r r y Ye F Proas
(1.4.3)r

V-1 T 8% + gy Vi + -1

mla
T

where the remainders P__; and 9.3 depend only on t, xo(t), yo(t),
- Xr—l(t)’ yr_l(t).

The asymptotic solution (1.4.2) is valid in the interval except
for the boundary layer 0 < t < 0(e). The boundary layer correction
is required here in order to make the solution valid uniformly in the
whole interval considered. The basic idea depends upon Vasil'eva's
method (see Section 3.1) but here we will show simpler results,
following Hoppensteadt [Hp.71.1]. These results are equivalent to
those derived by 0'Malley [0.71.1].

We shall seek a solution of the form

x(t,e) + X(1,¢€),

N
]

(1.4.4)
y(t,e) + Y(1,€),

<
I

where x(t,e) and y(t,e) have an asymptotic expansion (1.4.2) and
correspond to the outer solution which represents "slow mode". And

X(1,€) and Y(1,e) have also an asymptotic expansion

10



e?
_Z'XZ(T) + se00 9

2 (1.4.5)
EYZ(T) + ...,

X(t,€) = XO(T) + aXl(T) +

Y(1,eg) = YO(T) + EYl(T) +

which is valid in the boundary layer and is required to tend to zero
as T > », The quantities X(7,e) and Y(tr,e) are called boundary layer
correction terms and represent 'fast mode'". Substituting the expan-
sions (1.4.2) and (1.4.5) into Eq.(1l.4.4), we have an asymptotic
solution uniformly valid

x = ] [x (0) + X_(0]) kT, |

rz0 (1.4.6)
v =1 0+ v @lEnTE

In Vasil'eva's method, we must construct series solutions of
three kinds, outer, inner, and intermediate solution. The boundary
layer correction term is equivalent to the difference between the
inner and intermediate solution. Then we have recursive equations

for Xi(T) and Yi(r)

4y -0,

a7 Yo = 8(x(0) + Xy, y,(0) + Yy, 0, 0), (1.4.7),

Lx =r (),

ar Yp = 8, (xp(0) + X0, y,(0) + Y, 0, O)X_ (1.4.7)
+ gy(xo(O) + Xy, ¥,(0) + Y4, 0, 0)Y_ + Q_(1).

Here the remainderSPr and Qr are polynomials consisting only of t,

XO(T), YO(T), cerey xr_l(T), yr_l(T), XO’ YO, ceney Xr—l’ Yr—l'

11



Initial conditions for (1.4.6) are determined by the prescribed

conditions (1.4.1), i.e.,
= = .4-
xr(O) + Xr(O) gr, yr(O) + Yr(O) s (1.4.8)

where gr and nr are the coefficients of er of Taylor series of & and

n respectively. It is required that

1lim Xr(T) = 0, 1im Yr(T) = 0. (1.4.9)

T>r® T

Now we can solve Eq.(1.4.3)o under the initial condition
= 4.10
XO(O) €0, 1 )
then from Eq.(1.4.7)0 and (1.4.8), we have
XO(T) = 0. (1.4.11)

Thus we must solve

e - 4.12)
d v = gt +Y., 0, 0), Y, (0)=mn y.(0). (1.4
57 Yo = 8xg(0), ¥ (0 + g 0 0o~ Yo

This problem can be written as

d
g = 1.4.13

where
0,(Yy) = oY D), as [y4]~0.
If the initial data is given in the domain of influence of the
asymptotically stable root y = ¢(x) of
g(x, #(x), t, 0) =0, (1.4.14)

then we can determine the leading terms XO’ YO’ from (1.4.7)0, (1.4.8),
and (1.4.9).

XlCr) can be determined from (1.4.7) as

12



X, (1) = X, (0) + f;Pl(c)do. (1.4.15)

Assertion (1.4.9) requires Xl(O) to satisfy

X, (0) = - [ P1 (0)do. (1.4.16)

This infinite integral exists since the integrand is dominated by
functions of boundary layer type which decay exponentially. Then we

obtain the initial data for the second coefficient of the outer expan-

sion
xl(O) = El - Xl(O). (1.4.17)

Thus we can solve the first correction equation (1.4.3)l in the outer
region. Then yl(O) can be determined from (1.4.3 )1, and we can solve
the boundary layer correction equation (1.4.7)1 for Yl(T). In this
way, recursive equations (1.4.3) and (1.4.7) are solved stepwise.
Several conditions are needed to establish main theorems. First
we state the prerequisite conditions, and then basic results are

offered. These conditions are denoted by Cl, C2, ...., as follows:

Cl. The reduced problem (1.4.3)0 has a continuous solution
X = xo(t), y = yo(t), in some interval t ¢ [0,T].

C2. The functions f, g have continuous derivatives up to the
order n + 2 with respect to their arguments (x, y, t) in some neighbor-
hood of the points (xo(t), yo(t), t), t ¢ [0,T], and € ¢ [O,so].

C3. The initial data £(e), n(e) are smooth functions of ¢ for
£ € [0,80].

The most important condition is from the assertion (1.4.9).

C4. The Jacobian matrix of (1.4.12) satisfies the condition

%%(xo(t), Jo(E)s s 0) < k<0 (1.4.18)
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for each t ¢ [0,T].
We can replace C4 by the following equivalent condition.
c4. All the eigenvalues of the Jacobian matrix gy(t) have nega-

tive real parts for each t € [0,T].

Lemma 1-1 If conditions Cl - C4 hold, then the reduced solution

is uniquely determined.

Note that C4 implies that the solution of (1.4.12) is asymptoti-
cally stable with respect to the root y = ¢(t0,£) of

g(x0’¢(t0,g), 0, 0) = 0. (104019)

C5. The initial data exist in the domain of influence of the

root y = ¢(to,£)-

The following theorem is due to Tikhonov [Tk.52]

Theorem 1-1 If conditions Cl - C5 hold, then the following con-

vergence relations between the reduced solution and the full solution

are satisfied:

2:.3;161 x(t,e) = xo(t), | for t e [0,T], (1.4.20)
14 =
eig y(t,e) yo(t), for t €]0,T]. (1.4.21)

Following Vasil'eva [Vs.63.1] we have an error estimation

theorem:

Theorem 1-2 If conditions Cl - C5 hold, then there exist € >0

and functions Rn(t,e) and Sn(t,s) uniformly bounded in the interval

considered, such that

n
x(t,e) = ) [x () + X (01D e + Bt )™, (1.4.22)

r=0

n
Y(t,E) = X
r=0

[y, (©) + Y_(DIGED T + sPe,e)e™, (1.4.23)
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for ¢ € [O,EO].
If we restrict our attention to the outer expansion, we have the

following theorem as a corollary of Theorem 1-2.

- Theorem 1-3 If conditions Cl - C5 hold, then there exist EO >0

and bounded functions R(t,e) and S(t,e) such that

n+l

x(t,e) = J x ()7’ + Rt e)e™,  for ¢ e [6,T], (1.4.24)

nt+l

y(t,e) = yr(t)(r!)_ler +s%(t,e)e™™, for tel[6,T], (1.4.25)

H
Il o~18 I8
o

[a]
(=

where

§ = -Celoge; C is independent of ¢.

In Hoppensteadt [Hp.71.1] condition C4 or C4' is replaced by the

more general condition, as follows:

Cé6. The matrix gy(t) has k eigenvalues, 1 < k < n, with negative
real parts satisfying Re(A(t)) £ -U, and n~k eigenvalues with poétive

real parts satisfying Re(A(t)) > u for t e [0,T].

1.5 A related topic

In this section, a relation between the Vasil'eva's method and
the method of matched asymptotic expansions is considered with regard
to the determination of the initial conditions of the recursive set of
equations.

For simplicity, we consider the following set of equations:

d
dt X = f(x9 y, t, 8)9
(1.5.1)
€ d - (%, vy, t, €)
dt y glx, y, t, ’

where x and y are scalars. The initial condition is given as follows:

15



x(0) = &, y(0) = n. (1.5.2)

The reduced system is obtained by setting € = 0 in Eq.(1.5.1),
with the initial condition for x. The first order correction of the
outer expansion can be represented as a solution of

d
ar *1 = e iy T py (s V)

d (1.5.3)

E yO = gXXl + gyyl + ql(x09 YO),

where fX denotes the partial derivative of the function f with respect
to x at (xo,yo), similar notations are adopted for the others, and X,
and Yo are solutions determined by the reduced system.

Following Vasil'eva [Vs.63.1], the initial condition for the first

order correction equation (1.5.3) is obtained as follows:

x, (0) = [(IE(xy(0), y(r) - £(x,(0), y,(0))]ldr, (1.5.4)

where y(T) is a solution of the boundary layer system associated with

the full system (1.5.1) with (1.5.2),

d

It y(t) = g(XO(O), y(t), 0, 0) (1.5.5)
with the initial condition
y(0) = n. (1.5.6)

The conditions needed are assumed to hold so that we can apply the
singular perturbation theory to the system (1.5.1) with (1.5.2).
Then the boundary layer system (1.5.5) is asymptotically stable, i.e.,

the condition C4 in Section 1.4 holds

%s(xo(t), o(t)s 0)< -x<0 (1.5.7)
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for each t ¢ [0,T].
Since Lemma 1-1 gives the solvability of the reduced problem, we

may represent formally Yo in the form of a function of Xgs

Yo = ¢(x0) (1.5.8)
which is a solution of

8(xy(£), yo(t), £, 0) = 0. (1.5.9)

If the condition (1.5.7) holds, then we obtain

m 9 1 v = 0. 1.5.10
Considering Eqs.(1.5.9) and (1.5.10) collectively, we have the

following equality relation:

lim y(1) = Y00, (1.5.11)
T>o

if the function g: x >y is one-valued. In the case where g is a multi-
valued function, Eq.(l.S.ll) also holds by taking an appropriate
branch ¢(x) satisfying Eq.(1.5.9).

The matching principle of the method of matched asymptotic expan-
sions is stated as below [Vn.64]:

1lim [the k-th order solution of the inner expansion]

T

= lim [ the k-th order solution of the outer expansion], (1.5.12)
t>0

which is equivalent to Eq.(1.5.11) for k = 0. For the higher order,
the similar argument is carried out. Extensions to the case where x
and y are multi-dimensional vectors are easily obtained.

The outline of the above situation is shown in Fig.1.5.1
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Fig. 1.5.1 A schematic figure of
limit relations.
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Chapfer 2  Near-Optimum Control of Lumped Parameter System

2.1 Introduction

In this chapter, a finite dimensional model is treated, which is
described by a set of ordinary differential equations. Such models

may offer a description of a broad class of realistic physical systems.

In the optimization problem of such a system of the high order,

it is urged from practical points of view to develop an effective
synthesis method based on an approximate model, '"low order model",
obtainable by reducing the system order. Designers usually make the
model order to be lower by neglecting some small parasitic parameters,
e.g., time-constants, masses,moments of inertia, inductance, capaci-
tance, and so forth, whose presence causes the model order higher than
acceptable for practical treatment. For instance the numerical calcu-
lation of optimal control needs increased endeavor with the increase
of the order of the control system, because the generated canonical
system equation is "2n-dimensional" when the original system is "n-
dimensional".

Such a conventional '"low-order design' is made on the basis of
the designer's intuition or his practical experiences. The "low-order
design' has some drawbacks, e.g., that it may destroy original stable
properties of more accurate "high-order design" (see for example [Ko.
68]), or may not maintain controllability and observability of the
original system. Moreover no means are available to improve the low-
order approximation because of the absence of systematic and theoreti-
cal basis.

The singular perturbation theory offers very useful and powerful
tools to the problems. Kokotovié and Sannuti [Ko.68) considered first
the singular perturbations of optimal control problems of certain class.

They analyzed the regular degeneration of control and state vector,
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and constructed the higher correction term in the outer region by using
Vasil'eva's theory [Vs.63.1]. In singular perturbations, the stability
of boundary layer system plays an important role, mentioned on occasion
in the preceding chapter. In the study [Ko.68] of nonlinear regulator
problem it is needed that the boundary layer system be asymptotically
stable as T - ., The result was improved in Sannuti and Kokotovic
[Sa.69.1]1, by removing the assumption on continuity and different-
iability of control with respect to a singularly perturbing parameter
(see also [Sa.69.11). ‘

In Sannuti and Kokotovié [Sa.69.2], another approach is taken by
utilizing the Riccati transformation. They studied linear regulator
problems under the condition that the state matrix of the boundary
layer system should be stable and the full system should satisfy a
special condition. Kokotovié and Yackel [Ko.72] also studied linear
regulator problems by introducing new concepts of boundary layer con-
trollablility and boundary layer observability; the theorem obtained
in [S0.69.2] was refined and generalized by using the new concepts,
and was derived as a corollary of the main theorem in [Ko.72].‘

A quite different approach to the problem was made in 0'Malley [O.
72.1), Hadlock et al. [Hd.70.1], [Hd.70.2], and Sannuti [Sa.71]. 1In
these studies, the so-called boundary layer method proposed in O'Malley
[0.71.1] or in Hoppensteadt [Hp.71.1] was adopted in order to obtain
a temporally uniform approximate solution of the asymptotic expansion
form. The results of 0'Malley [0.72.1] and Hadlock [Hd.70.2] are more
general than those of Sannuti [Sa.71] in that their results correspond
to the conditionally stable case in Section 1.1., which all the eigen-
values of boundary layer system of the state equation concerned, have
negative real part.

Boundary layer method is also applied to matrix Riccati differen-
tial equations in Yackel and Kokotovié [S.73.1],

In this chapter, the author shall show the most generalized results
of the singular perturbation theory of optimal control problems derived

by him. Thechapter treats three problems occuring typically in optimi-
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zation problems, and covers many variations. In the following section,
we derive basic results on tracking problems. The results can be easily
extended to the linear regulator problem, yielding theorem under hypo-
theses different from those of Yackel and Kokotovié [Y.73]. 1In Section
2.3, fixed-end-point, fixed-end-time, minimum energy problems will be
treated. The generalized Riccati transformation is introduced to treat
the ill-conditioned tﬁo—point boundary value problems generated by the
fixed-terminal problems. Section 2.4 deals with the system involving
two singularly perturbing parameters of different orders of smallness.
The results of this section can be easily applied to systems involving
more parameters. The last section is devoted to the study of the

asymptotic behaviour of the performance index.
2.2 Tracking problem

2.2.1 Problem statement

Let the state equation be

%? x(t,e) = A(t,e)x(t,e) + B(t,e)u(t,e), (2.2.1)
ST By "
A = B = X =
-1 —1A e-lB x
€ 3 € 44 2 2|’

where Xy is an n-dimensional state vector, X,y m-dimensional, control
vector u r-dimensional, and Ai's, Bi's consistent dimensional matrices
respectvely. A small positive parameter is expressed by €.

The tracking problem is to minimize the performance index
t

. £
5 =L e(ep Felep +%f le(£)'Qe(t) + u() 'Ru()lde,  (2.2.2)
%o
where
F EF Q Q
Fo| L 2 Q= | L+ 2 (2.2.3)
EFZ €F3 ? Q2 Q3 b
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under the prescribed initial conditions

x(to) = g, (2.2.4)
or in the partitioned form
x50 | &
x(t) | (52

The partitioned form of F shall prove to be logical in the sequel.

The vector e(t) is an error vector of l-dimensional

e(t) = z(t) - y(tv) (2.2.5)

where z(t) is a desired vector of l-dimensional and y(t) is an output

vector of l-dimensional

y(t) = Cx(t) = Clxl(t) + C2x2(t),
(2.2.6)

C= [Cl’ CZ]'

As well-known, the optimal control u* is given, through the

constructing Hamiltonian, as below (Athan and Falb [At.66]):

-1
u* = -R “B'p. (2.2.7)

We have the canonical equation by eliminating costate vector p,

1

A -BR B' | |x

M.

(2.2.8)

1

-Q- -A' P

The equation (2.2.8) is to be solved under the boundary conditions

x(to) £, (2.2.9a)

p(tf) = Fe(tf). (2.2.9b)
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In the course of deriving the canonical equation (2.2.8), we can easily
see that the costate vector P, corresponds to the qﬁantity of %2/8.
Then the form of terminal condition (2.2.9b) supports the partitioned
form of F mentioned previously.

Several methods are proposed to handle such two-point boundary
value problems, e.g., sweep method (Gelfand and Fomin [G1.63]) shoot-—
ing method (Keller [K1.68]), invariant imbedding (Bailey and Wing
[B1.65]), etc.

The Riccati transformation is known well in the field of optimal
control as one of initial value methods which transform the original
two-point boundary value problem into a single terminal value problem.
The Riccati transformation is rigorously based upon the linear space
theory. The validity of the transformation is proved in many articles
(see for instance Meyer [My.73]).

The transformation is defined by
p(t) = K(t)x(t) + g(t). (2.2.10)
By eliminating p(t) in Eq.(2.2.8) by using Eq.(2.2.10), the following
differential equation of matrix Riccati type is obtained:

1

K = -KA - A'K + KBR "B'K - C'QC, (2.2.11)

with the associated differenatial equation

1

g = -[A - BR "B'K]'g. (2.2.12)

The terminal conditions for K(t), and g(t) are given as follows from
Eqs.(2.2.9b) and (2.2.10):

K(tf) C'(tf)FC(tf), (2.2.13)

-c! . 2.2.14
g(ty) = —C' (£ )Fz(ty) ( )
The optimum trajectory is a solution of

1

x = [A - BR "B'K]x + BR_lB'g, (2.2.15)
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under the initial value condition (2.2.9a)

It is to be noted that the partitioned form of F suggests that
the effect of the state vector x2(t) upon the terminal cost should be
little. 1In other words, if the order of each element of F is roughly
equal to each other, the elements F2 and'F3 should take a greater
value than Fl.

2.2.2 Asymptotic expansions

The asymptotic property of the original system (2.2.1) as € +~ 0,

indicates that K has the partitioned form

k= |1 2 , (2.2.16)
€K2' eK3
and for g
g
g = ! ’ (2.2.17)
€8,

where Kl is an nxn matrix, K2 nxm, K3 mxm, and 81 is an n-dimensional
vector, and &y m-dimensional. The partitioning is seen reasonable by
simple manipulations of direct substitutions. Moreover the partitioned
forms of K and g, and the terminal conditions (2.2.12), (2.2.13) for

K and g also support the partitioned form of F.

Equation (2.2.11) can be written for each element Ki as

v = - -— U - - 1 ] ]
Kl KlAl Al Kl K2A3 A3 K2 + K1E1K1+ K2E2 Kl + K1E2K2

+ KyEjK," = C;"Q;Cy5

27372 (2.2.18a)

‘=— — - ' _ 1
EKZ KlAZ K2A4 A3 K3 +-K1E2K3 + K2E3K3 C1 Q2C2

- ' '
+e( A1 K2 + K1E1K2 + K2E2 Kz), (2.2.18b)

- A 'K

K,=-KA, — A" -c.' K"
e Ky + KGEK, - C,'QC, + e(-K,'A, ~ A,'K,

3 3% 4 73 3733
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+ K.E'K_ + K.'E.K) + €2K

372 2

And for gi's, we have

1
2 Eo¥3 2 B1Ry-

(2.2.18c)

g = ~(Ap - EJR) - E)Ry")'gy = (A - Ep'K) - BgKyT)Tgy = €02y
~C,Qy2,, (2.2.19a)
€8y = (A, = €B)K) = E)R)'g, = (A, - €E)'K, = EjK)'g) = C10,'2)
~C,Q42,, (2.2.19b)
where
E, = B,R 'B,', E,=B,RIB E, = B,R 1B, '.
1 "1 1° ™2 1 2 3 2 2
The reduced system for Kg's, is obtained by setting € = 0
kg = —KgAl - Al'Kg - KgA3 - A3'Kg + K%ElKg + KgEz'Kg
+ K%EZKS' + KgE3Kg' +€,'Q;C;5 (2.2.20a)
0= —K(l’A2 - K‘z’A4 - A3'Kg + KgEZKg +C;'Q,C,s (2.2.20b)
0= —KgA4 - A4'Kg + KgE3Kg + C,'Q,C,. (2.2.20c)
For gi's the reduced sysfem is
89 = -(a) - B K] - BRI '8 - (Ay - Ey'K] - EgK)1) g
- €1Qy7; — CyQyzy, (2.2.21a)
0 = -(A, - B,'K]) '8y - (&, - Bk '8y = €1Qy'z) = Cy04z,.

(2.2.21b)

The terminal conditions for these systems are given by, using the

cancellation law of 0'Malley et al. [0.68]

K)(t.) = €)' (£)FC (e,
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and

gy (tg) = —C;'(t)Fy 2 (), (2.2.23)
where zq corresponds to the vector clxl.
The first correction system can be derived by differentiating

Eq.(2.2.17) with respect to e and setting € = 0, as follows:

! = —klA. - A 'kl - kA, - A 'k + KIE.KO + KOE_K! + KLE, 'KO

1 11 171 273 3 72 1711 111 272 1
0 1 1 O 0 1 1 01 + KOE K]", 2.2.'243.)
+ K2E2'Kl + K1E2K2 + K1E2K2 + K2E3K2 2E4Ks (

m kla —kla - A KO - A 'kl + KOE.KO + KOE. 'KO + KOE.K!
0 = -KjA) - KoA, = A 'K = AR + KE Ky + KoE) Ky 7 KyEoRy

- Op w0 _ 20 ' (2.2.24b)
+ KIE,KS + KJEKS - KD,

0 = -k1A, - A, 'k} + RKIE.K? + KOE.K! - KO'A, - A2'K0 + KOE,_"KY

374 4 73 37373 37373 2 72 2 372 73
0 0 _ w0 (2.2.240)
+ K2E2K3 K3. ‘

For gi, we have

1 — _ _ = w0 _ Oyt 1 _ _ w0 - E gOTy?
gy = —(8a; - BK] - ExR)) gy - (A - Ey'Ky - EgKoT) Ty

1 11y,0 1l Lryr,0 2.2.25a)
+ (ElKl + E2K2 )gl + (E2 K1 + E3K2 ) 8)» (

— - 0 1 - A 0 1y ,0
0 = —(A2 E2K3)'gl + (A4 E3K3) g2+ (ElK2 + E2K3) gl

+ (EZ'Kg + E3K§)'gg - ég, ' (2.2.25b)

where it is assumed that Ai's, Bi's, Ci's, Qi's, etc. are_ constant with
respect to € in order to avoid introducing superfluous notations, but
this assumption is not essential. The first correction system (2.2.24)
- (2.2.25) can also be obtained in the following way.

Expanding Ki's and gi's into Taylor series in ¢, we get

9
= k0 1 4 & 2 .
Ki Ki + eKi + 5 Ki & L i=1, 2, 3, (2.2.26)
0 { e? ,
g; = 8] *egf + g2+ ..., i=1,2. (2.2.27)
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Substituting (2.2.26) and (2.2.27) into Eqs.(2.2.17) and (2.2.18b),
and equating the coefficients of like powers of €, we have the reduced
system as a coefficient of €% and the first correction system as a
coefficient of €. The higher correction systems can be derived by
using the same procedures.

The terminal conditions under which Eqs.(2.2.24) and (2.2.25)
are solved are not generally set to be zero. This situation is peculiar
to the singular perturbation theory. Following Vasil'eva's integral
formula [Vs.63.1], we obtain the relations between the terminal condi-
tions and the associate boundary layer systems.

The boundary layer system plays a crucial role in the singular

perturbation theory; in this case, for K it results in

_4d T _ L0, _% - A 'R 0 X. + K.E.K. - C."0.C
a7 Ko = KAy = KAy = ARy + KIE Ky + KHEKy = €1 70,0y,
(2.2.28)
-4 v _x - A'". + KEK. -C.'QC.. 2.2.29
ar K3 = “Kgp, = A Ky KaEKg = €, 704C) ( )

= = — _F®w Y10 _ T ¥ \'o - ' -
By = ~(Ay — ERy)Tey = (& ~ Bk Tgy = C1Qyz) = €052y,
(2.2.30)
where the independent variable is T, and t is regarded as a fixed para-
meter. The above system is considered as a kind of stretched system
derived by the "stretching transformation'" T = [(tf—t)/e], T e [0,2].

The terminal conditions for these equations are

Kz(tf) = Cl'(tf)FZCZ(tf), (2.2.31)

K3(tf) = CZ'(tf)FBCZ(tf)’ (2.2.32)
and

'gz(tf) = —Cz'(tf)F3zz(tf). : (2.2.33)
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Then the terminal conditions for the first correction equations

are given as follows:

= . _ A% T 1170 O 7 ¢V L v v 1wt
Ky (t,) J [(-Kph, - ALK, + K,E, 'K + KIE,K, " + KE,K,")
0
(_w0a A 120 4 k0p 1%0 4 Op kO Op g0
(-K9A, - A;'KD + KOE, RO + ROE,KD + KELKY") Idr,
(2.2.34)
= w1t _ 101y, 0 _ _ 10 _ = N
8y (tg) J [E,(R,)" - Ky")egy - (A3 - E)'K) - EjK,D)g,
- - 10 _ 0t 0
(4, - E,"K0 - E_K)")glldr, (2.2.35)

where Eﬁ, ié and Eé are solutions of the boundary layer systems

(2.2.28) - (2.2.30) with the boundary conditions (2.2.31) - (2.2.33).
A similar procedure is applied to solve the recursive equation

for the higher order, and it is possible to construct an approximate

solution whose accuracy is a desired one.

2.2.3 Basic theorems

We have derived a representation of the approximate solution in
the form of asymptotic expansions. Here the basic theorems are given
upon which the validity of the approximation depends.

In the regular optimization problem, the following conditions are

usually assumed to hold for t e [to’tf]’ and € € [0,80]:

Cl. Ai's and Bi's are holomorphic with respect to t and €.

c2. R and Q are positive definite and holomorphic with respect
to t and €.

C3. F is time invariant, positive semidefinite and continuous
with respect to €.

C4. z is bounded, and holomorphic with respect to €.

We state below the conditions C5 and C6, essential to the singular

perturbation theory.

C5. The éystem (2.2.1) is boundary layer controllable.
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In other words,

2 m-1 -
rank[Bz, A4B2, A4B2 cens A4 B2] m.

Cé6. A4 is a stable matrix.

We first state a main theorem which gives asymptotic accuracy.

Theorem 2-1 If conditions Cl - C6 hold, then there exist functions

U?(t,s) and VE(t,e) bounded in the outer region such that

- SN BT S | Ikl
K (t) = ZKl ()l (GN7™ + Uy(e,e)e , for telty,t 4],
jEO (2.2.36a)
k.(6) = 3 kI@eIGgnt + v, (r,e)eM, for telt,,t -8];
i j=0 1 i 0°"°f
i=2,3, (2.2.36b,c)
k
j PR | K+l
g (£) = P glJ(t)eJ(J!) + Vv (e,e)e’ T, for telty,t 5],
J;O (2.2.37a)
j P k+1
gz(t) = 'Xong(t)eJ(J!) + Vz(t,e)e , for t e[to,tf-G],
1= (2.2.37b)
where
§ = -Celoge; C is independent of €.

The proof of this theorem is carried out by proving the following
three lemmas. In Lemma 2-1 it is shown that the solution K3(T) of the
boundary layer system (2.2.29) is asymptotically stable with respect
to the positive definite root K3(t) of Eq.(2.2.20c) for t = te-
The similar result for KZ(T) is shown in Lemma 2-2. Lemma 2-3 estab-
lishes the existence and uniqueness of the solution of the reduced
system (2.2.20). Lemma 2-2 corresponds to Lemma 1-1 in Chapter 1.
These facts make Theorem 1-3 applicable to this problem.

Lemma 2-1 If conditions Cl- C6 hold, then the boundary layer
equation (2.2.29) has an isolated and asymptotically stable solution
as T -+ «, which is positive definite and is obtained by equating the

right hand side of Eq.(2.2.29) to zero. Moreover, the matrix
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—(—A4 + K ) is stable.

3%
proof The lemma is proved from the results obtained in proper
theorems in Reid [R.63],‘[R.65] (see Appeendix A) dealing with two
point boundary value problems associated with the state regulator
problem. In the boundary layer system (2.2.24), t is considered as a
fixed parameter, so that every coefficient matrix appearing in Eq. (2.
2.29) is time invariant. Conditions Cl - C6 may involve every assump-

tion in the Theorems A-2 and A-3 in Appendix A. Q.E.D.

Lemma 2-2 If conditions Cl - C6 hold, then the boundary layer
equations (2.2.29) and (2.2.30) have, respectively, an isolated and

asymptotically stable solution, which is given as in Lemma 2-1.

proof The Jacobian matrix of Eq.(2.2.28) is given by
- (=4, + K;Q,)

which is a stable matrix as T -+ © by Lemma 2~1. Hence the solution
K2(tf) of Eq.(2.2.28) is asymptotically stable with respect to the

equilibrium K ) obtained in the same manner as in Lemma 2-1. Q.E.D.

2(tg
Lemma 2-3 ([Ko.721]) If conditions Cl1 - C6 hold, then the solution

of the reduced system (2.2.20) exists and is unique on the interval

[to,tf].

roof We can derive the following matrix Riccati equation by mani-
proor g q

pulating Eq.(2.2.20).

20 = _wOA _ A 1%0 0r - 1ln w0 _

K9 KIA) - Ag'K) + KIBRTTBKY - Qs
(2.2.38)
= 1

Kl(tf) Cy (tf)Flcl(tf),

where

= ' '
A0 Al + HlA3 + E2H2 + HlElHZ s
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B0 = B1 + HlBZ’

= - - \ L. 1

Qp = ~Hyfy - AJTH,)' = H,EH,' +Q,,
_ _ ) -1

Hy = (Bjky = A)) (A, - EjR)) 7,

H =

-1
' —
2 = (A3'Ky + Q) (8, - EgKy) 7,

and K3 is a positive definite solution of Eq.(2.2.20c).

The well-known theory of optimal control [At.66] ascertains that if R
is positive definite, Q and F are positive semidefinite, then the solu-
tion K1 exists and is unique in the interval [tO,tf]. In order to show

the positive definiteness of QO’ we derive

v'QOV = w'Q3w + v'sz + w'QZ'v + V'le
= [v', w'] Q1 Q2 v]=>o0, (2.2.39)
Q2' Q|| w

where v is an arbitrary vector and w is given by

' -1
= e ' ! '
w (A4K3 + Q3) (Q2 + A3 K3) V. (2.2.40)
Hence Q0 is positive definite, which completes the proof. Q.E.D.

Lemma 2-1 - 2-3 establish the conditions needed under which
Theorem 1-3 holds. Therefore the proof of Theorem 2-1 is completed.
It is remarked that the result of this section has been deduced under
the conditions different from that Kokotovié and Yackel [Ko.72] who

adopted the following condition C7 in place of our condition C6.

c7. The system is boundary layer observable, i.e.,

m-1
rank[C,"', A4'C2', ""(AA') Cz'] = m.

The boundary layer correction should be added to the outer expan-
sion in order to obtain the uniformly valid solution. But it 1is not

considered here, and shall be investigated in Section 3.2. The result
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of Section 3.2.3 can be easily applied to this problem. If we obtain

the uniformly valid expansion, the similar theorem to Theorem 1-2 holds.

2.3 Fixed-end-point, minimum energy problem

This section deals with fixed-end-point, fixed-end-time, minimum
energy problems, which lead to the so-called ill-conditioned two-point
boundary value problems.

Here is introduced the generalized Riccati transformation, and
the situations peculiar to the fixed-end-point problems are shown.

For the free-end-point problem treated in Section 2.2, it is needed
that the state matrix of the boundary layer system should be stable,
but for the fixed-end-point problem in this section our analysis shows
that the assumption required becomes that it is either positively or

negatively stable.

2.3.1 Problem statement

The state equation having the same form as shown in Section 2.2,

is as follows:

% x(t,e) = A(t,e)x(t,e) + B(t,e)ult,e), (2.3.1)
Ay ) By X
A = B = x =
e_lA e_lA e—lB X
3 412 21’ 2]°

The prescribed boundary conditions are

X (to,e) = g(¢€), X(tf,E) = n(e), (2.3.2)

or in the partitioned form

x) (tgsed | - El(s)] lxl(tf,E) i n, (€)

xz(tO,E) £2(€) xz(tf,E) n,(e) | -

The problem is to minimize the performance index
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t

f
J [x(t)"Qx(t) + u(t)'Ru(t)]ldt. (2.3.3)
t
0

(&
I
o

This problem, as easily seen, leads to the canonical equation

A R 1B' |[x
(2.3.4)
_A' P )

-Q

e
1l

TJe

where p is a costate vector of x. The canonical system (2.3.4) under
the boundary conditions (2.3.2) is ill-conditioned in the sense of
Mufti et al. [Mf.69], i.e., in our case the boundary condition of the
costate vector p is not specified.

Now we define a Riccati transformation [Mf.69]
x(t) = M(t)p(t) + d(t), (2.3.5)

where M(t) is an (n + m) x (n + m)-matrix and d(t) is an

(n + m)-dimendional vector. Notice that (2.3.5) is different from

the conventional Riccati transformation (2.2.9) in control theory.

By simple manipulation, we obtain the.differential equation of Riccati
type for M(t) and the associated differential equation for d(t)

as below:

M = AM + MA' + MQM - BR OB, (2.3.6)

d =(A + MQ)d. (2.3.7)

Equations (2.3.6) and (2.3.7) are solved under the initial

conditions

M(to) 0, (2.3.8)

and

d(to) £, (2.3.9)

or under the final conditions
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M(tf) = 0, (2.3.8")
d(tf) = 1. (2.3.9")
Partitioning M(t) and d(t) into the forms
M M d
M=l 1 -1; a=|1 (2.3.10)
\J
Myt e Mg, dy J»

we get the equations for Mi’ i=1, 2, 3;

M = ' '
M AM +MA +AM + M, A + MlQlMl + M2Q2M1 + MleM2

1 11 11 272 22
v _ -1 '
+ M2Q2M2 BlR Bl s
3 v _1
eM =MA'+MQM + M,A, + M.Q,M, - B.R B,
2 274 2373 13 17273 1 2 (2.3.11)
+ E(Ale + A2M3 + MinMZ + MZQZMZ)"
. -1
= 1 - + 'A L
€M3 A4M3 + M3A4 + M3Q3M3 B2R B2 + E:(A3M2 M2 3
v 1 2 '
+ M3Q2 M2 + M2 Q2M3) + € M?_ Qle,
and for di’ i=1, 2
dl = (Al + MlQl + M2Q2)dl + (A2 + Mle + M2Q2)d2, (2.3 12

ed

9 (A3 + M3Q2' + €M2'Ql)dl + (A4 + M3Q3 + EMZ'QZ)dz,
where Qi's are the elements of

Qy @

QZ' Qg |-

Q=

We call the system (2.3.11), (2.3.12) with (2.3.8), (2.3.9) the
"forward full system" and the system (2.3.11), (2.3.12) with (2.3.8"),
(2.3.9') the "backward full system'.

After M and d are determined under the terminal conditions,

34



we get the optimal control u*

1

ot = R IBME) Tx(t) - d(b)). (2.3.13)

The optimum trajectory is then given by

1 1 1

x= (A - R IB'M YHyx + BRI M Ld, (2.3.14)
where it is assumed that M is invertible, so that Eqs.(2.3.13) and
(2.3.14) hold for t € ]to, tf} for the forward system, or for

t e [to, tf[ for the backward system.

2.3.2 Asymptotic expansions and approximate solutions

The reduced equations for Mi's and di's are obtained by letting
€ = 0 in Eqs.(2.3.11) and (2.3.12),

0 — 0 0 01 Op v 0 0 0 0
MY = A MY + MYA.' + A M + MIA +MQ1M1+M2Q2M1

1 11 11 272 272 1
-1
0 (1T} 0 0r _
+ MlQZMZ + M2Q2M2 BlR 1’
1 (2.3.15)
= MOa 1 0 0 0 0 0 . - v
0= M2A4 + M2Q3M3 + M1A3 + M1Q2M3 BlR B2 s
-1
= 0 0p v 0 0 _ '
0 =AM} +MJA, " + MJQM3 - B,R By,
and
30 = 0 0 0 09 + MO 0
dl (Al + M]_Q1 + M2Q2)dl + (A2 + Mle M2Q3)d
(2.3.16)
= 0n 'y40 0 0
0= (A3 + M3Q2 )dl + (A4 + M3Q3)d s
with the initial conditions for the forward reduced system
0 =
Ml(to) = 0, (2.3.17)
and
0 =
d;(tg) = &, (2.3.18)
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or with the final conditions for the backward reduced system

Mg(to) 0, (2.3.17")

and

df(ty) = n,. (2.3.18")
The superscript zero means that the corresponding variables are of
the reduced system.

Now expanding Mi's and di's into Taylor series in €, substituting
them into Egs.(2.3.11) and (2.3.12), and comparing the coefficients of
like powers of € thereof, we have the first correction system, the
second, and so forth. The deduction is easy to derive as in the
preceding section.

In this case, for the forward system the boundary layer

system is

d —_ —_ —_— —_ P
= My(1) = M,y (0A," + My (1)Q M, (1) + Mlo(t)A3 + Mg(t)QZMB(T),
| (2.3.19)
d —_— J— — —_— — —
T, (1) = aHi (1) + M (DA, + My (DQ M, (1) - BR 132',(2.3.20)

%;-Eé(r) = (8, + H,(0Q,"dN(E) + (4, + M (00T, (1),  (2.3.21)

where the independent variable is T,and t is considered as a fixed
parameter. This system can be obtained by the "left stretching
transformation'" T = [(t—tO)/e], € e [O,EO]. The terminal conditions

for these equations are

My(t = 0) = 0, (2.3.22)
'ﬁ3(T =0) =0, (2.3.23)
d,(t = 0) = t,. (2.3.24)

For the backward system, we can derive easily the backward boundary

layer system in place of Egs.(2.3.19) - (2.3.21) by introducing
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the "right stretching transformation" T' = [(tf -t)/ €], e e [0,80],

with terminal conditions,

'ﬁ2(1'= 0) =0, (2.3.22")
'ﬁ3(Tr= 0) =0, (2.3.23")
'52(11= 0) = n,e (2.3.24")

Then the terminal conditions for the first correction system are

given as follows for the forward system:

My(ty) = J [(AM," (T) + My(TIA, + My (TIQM; + MIQ,M,' (1))
0

—(AZMg + M9, + MO

Oyt + mQ,MY + mdQ,Md") ldr, (2.3.25)

J [y (1) - MDQdd + (A, + M]Q,) (dy(T) - )
0 _ —
+ My (1)Qqd o (1) - ng3dg]dr, (2.3.26)

di(to)

where ﬁb, ﬁé, and Hé are solutions of the boundary layer system
(2.3.19) - (2.3.21) with the boundary conditions (2.3.22) - (2.3.24).
For the backward system, the variable T in Eqs.(2.3.25) and (2.3.26)
should be replaced by T', and instead of the initial conditions
(2.3.22) - (2.3.24), we adopt the final conditions (2.3.22') -
(2.3.24") for the backward boundary layer system, then obtaining
b ep) and 4 ).

A similar procedure is applied to solve the recursive equation
for the higher order. As discussed later, whether the forward or
backward system should be selected depends upon the property of the

boundary layer system.

2.3.3 Suboptimum trajectory

Between the variables M, d in Eq.(2.3.5) and K, g in Eq.(2.2.9),

there are the following relations:
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K(t) = M(e) T, (2.3.27)

and

g(t) = M) tace). (2.3.28)

Expanding M(t)—1 into Taylor series in €, we have(see Appendix B)

K(t) = M()
-1 1 -1 =2 -—lM ' -1
MV 0 M + M, ‘MM -M. M M
|1 + 1 1 273 2 1723 + 0(e2)
- -1 -1
- )
0 0 M3 lM2 Ml M3
= KO + ex! + 0(e?)
K 0 K K
|0 +el T2 |+ oeed), (2.3.29)
1
0 0 K2 | K3
where the superscript zero of Mi is omitted for simplicity.
The optimum trajectory is given by Eq.(2.3.14). Expanding
each variable into Taylor series in e and comparing coefficients
of like powers of ¢ thereof, we have for the reduced system
20 — - 0 0 1y40 130
X1 (A1 ElKO)xl + A2x2 + (ElKO + E2K2 )dl + E2K3 d2,
= - 0 - 0 0 110 (2.3.30)
0 (A3 EZKO)Xl + (A4 E3K3)x2 + E2K0d1 + E3K3 d2,
with
where
=1, -1_, _ -1,
El = BlR Bl s E2 = BlR B2 ’ E3 BZR B2 .
For the first correction system
1 _ 1 1 1y 41 141
x1 (Al ElKO)xl + A2x2 + (ElKO + E2K2 )d1 + E2K3 d2 .
- 0 ' 0 2.3.
ElKZXl + (Ele + ElKl)dl, (2.3.31a)
= - 1 — 1 1 g1 _ 1,0
0 (A3 EZKO)Xl + (A4 E3K3)X + E,K.dy + E,K,'d E.K, 'x

2 27071 373 72 372 71
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0 'k, 49 .3.31b
- E,"K,x + (EjK," + E,K )d + E,'K,d5, (2.3.31b)

with the terminal condition for the forward system

Xi(to) = J [A2(§2(T) 0) + E '(d (t) - dg)]dT, (2.3.32)
0

where §é(T) in the integrand is a solution of the boundary layer system

e = - 0 - - ' 0 '
T XZ(T) = (A3 EZKO)Xl + (A4 E3K3)x2(T) + E2 Kodl + E3K2 dz(T),
’ (2.3.33)
with
x2(T =0) = 62. (2.3.34)

For the backward system, similar conditions are easily obtained by
the same procedure as in the preceding description. It is remarked
that we need to solve the forward system for xi's when we solve the
forward system for Mi's and di's and vice versa. This situation is
different from the case using the conventional Riccati transformation
(2.2.10).

After determining Mi's, d,'s, and X 's, the suboptimal control

Uoub is given as follows:
u . =ul + eyl (2.3.35)
sub > °r
where
0 = ' ' 0 ' 0 _ 40
.u [(B K + B Kzﬁ(x dl) + B2 K3(x2 d2)]’
ul = [(B Ky + B,'K, ')(x dl) + B 'K3(x%_ - dl)

2

x do) + B 'K2<x - d°>]

1 l( 1

2.3.4 A simple example

We shall show the outline of constructing the terminal values
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of higher order system for

- EI.
ac 1 - f1 T ™
(2.3.36)
d
€ — X, = X, - X, +u,

dt "2 1 2

where X5 Xg

prescribed. The performance index to be minimized is given

and u are scalars with xi(tO) = Ej and xi(tf) =0

as follows:
t
f
J (x'x + ru?)dt . (2.3.37)
%o

[
I
o=

The Riccati transformation x(t) = M(t)p(t) + d(t) yields

d - 2 2 _ -1
aE ™ my + 2m2 + m, r T, (2.3.38a)
£ £1—-m =m, — m, +m, + m.m, — r—l 4+ em,m (2.3.38b)
dt 2 1 2 3 273 172
e-g— m, = -2m, + m,? —r_l + 2em., + €2m,? (2.3.38¢)
dt 3 3 3 2 2 cee

}, where m , m, and m, are scalars.

d = oy J— —
T = l(to 9 3 + m2m3 r T, (2.3.39a)

=4
=

and

I
!
N
g1
+
=N
N
1
"

4 3
dt

3 3 3 ‘ (2.3.39b)

Now we have an asymptotically stable point as T + « for Mg,

1 1/2

my(e) =1 - (1+ rf ) <o, (2.3.40)

by equating the right hand side of Eq.(2.3.39b) to zero,

where
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/2

';3 1+ @+ h Lo

is excluded because of Lemma 2-4 inSection 2.3.5. For Eé we get
from Eqs.(2.3.39a) and (2.3.40)

—_ -1 1/2

my (=) = -1 - @+r) (2.3.41)
The initial value of mi(to) is given from Eq.(2.3.25):

ml(to) = J [zEZ(T) +522(T) - zmg(co) - mgz(to)]dr, (2.3.42)
0

Eliminating mz(T) in Eq.(2.3.42) by using Eqs.(2.3.39a), (2.3.39b),
(2.3.40) and (2.3.41), we get

o]

-1.1/2
B 1 — 14+ @A+1r )
m (t.) =j - — m, (1) - m (T)
20 + r 1)1/2 2 1+ L
0
_ -1 -1.1/2
- =2+ 21(1/; r ) , (2.3.43)

20+ 1 )

which can be obtained by a simple manipulation under the asymptotic
stability of Eqs.(2.3.39a) and (2.3.39b), considering 55(0) = 0.

Now we can compute the reduced system for mo(t) and the first correc-
tion system for ml(t), and the similar procedure can be applied to
higher order terms, m (t), for j > 1 and to the recursive equations

for dJ(t), and x (t)

2.3.5 Basic theorems

Some conditions are needed to establish main theorems and lemmas.
Ve first state the prerequisite conditions and then the basic theorems
are offered.

As in the preceding section, the following conditions are usually

assumed to hold for t € [to, tf] and € ¢ [0,60]!
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Cl. Ai's and Bi's are holomorphic with respect to t and e.

C2. R and Q are positive definite and holomorphic with
respect to t and €.

C3. g€ and n are continuous with respect to €.

The conditions Cl - C3 are equivalent to Cl1 - C3 in Section 2.2.

We introduce an important condition in an analogous form to

the observability, as follows:
2 -1
C4.  rank [Qg, A,Qq, AjQg, «ennn, A? Q,] = m.

We add the following two conditions which are essential to

the singular perturbation theory.

C5a. A4 is a stable matrix.

C5b. —A4 is a stable matrix.
These conditions CS5a. and C5b.'are exclusive and main theorems need

either one.

Lemma 2-4 If conditions Cl-C5a (Cl - C4 and C5b) hold, then
the forward (backward) boundary layer equation (2.3.20) has an
isolated and asymptotically stable solution as T + «» (1' > «),
which is negative definite (positive definite) and is given by
equating the right hand side of Eq.(2.3.20) to zero. Moreover

a matrix A, + M

4 1 M3Qy (-A, - M.Q;) is stable.

Lemma 2-4 plays a decisive role in the sequel and directly

leads to Lemma 2-5.

Lemma 2-5 If conditions Cl - C5a (Cl - C4 and C5b) hold, then
the forward (backward) boundary layer equations (2.3.19) and (2.3.21)
have respectively an isolated and asymptotically stable solution,

which is given as in Lemma 2-4.

Lemmas 2-4 and 2-5 lead to the main theorems.
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Theorem 2-2 If conditions C1 = C5a (Cl - C4 and C5b) hold for the

forward system (backward system), then the following convergence
relations between the reduced solutions and the full solutions are

satisfied,

éi%‘ Ml(t) = Mi(t), for te [to,tf] (te [to,tf]),
. (2.3.44)
]éixg Mi(t) = M;(t), for te ]to,tf] (te [to,tf[); i=2, 3,

;Li‘é‘ dl(t) = d;(t). for te [to,tf] (te [to,tf]),
(2.3.45)

éi’é‘ dz(t) = d°2(t), for te ]to,tf] (te [to,tf[).

Following Vasil'eva [Vs.63.1], we have Theorem 2-3 which gives

error estimations.

Theorem 2-3 If conditions C1l - C5a (Cl - C4 and C5b) hold, then

exist bounded functions Ui(t,e) and Vi(t,e) such that

k
. I .
M, (6) =j§0 w3 gnTred + U, (t,e)e .

. . (2.3.46)
MiJ(t)(j!)-leJ + Ui(t,e)ek+1,

; for te [t0+6,tf](te [t

I ~15 |

(=]

M;(e) =
J O’tf_é]); i-= 2,3,

o~

dl(t) ='Zo le(t)(j!)_lej + Vl(t,e)sk+l,

.
P

(2.3.47)

4, (t) ='ZO a, e gnTtd + Vz(t,e)ek+l,

;s for te [t0+6,tf](te [to,tf—é]),
where
§ = -Celoge; C is independent of €.
Now we have similar theorems for x and u, and these are obtained

by simple manipulation directly from Theorems 2-2 and 2-3, so that the
detail is omitted.
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The proofs of these theorems and lemmas are shown directly or by
simple modification from relevant theorems in Refs. [W.65, Vs.63.1,
R63, R65, Lv.54]. Lemma 2~4 is proved from Theorems A-2 and A-3 in
Reid [R.63, R65] (see Appendix A). Note that in the boundary layer
system, t is regarded as a parameter and therefore the matrices in the
matriceare constant, so that all assumptions of Theorem A in Reid are
satisfied. Each Jacobian matrix of the right hand sides.of the
boundary layer systems (2.3.19) — (2.3.21) with respect to MZ’ M3 and
d2 respectively is A4 + M3Q3, hence the proof of Lemma 2-5 is deduced
straight from Lemma 2-4.

Theorem 2-2 is a modified one of the popular theorem [Lv.54] in
the two-point boundary value problem of singular perturbation type.

In this regard, Tikhonov's convergence theorem [Tk.52] in the initial
value problem should be referred to. Theorem 2-3 is an extended one of

Theorem 1-3 of Chapter 1.
2.4 Systems with two small parameters

The singular perturbations of differential equations with'éeverél
parameters were studied in a few papers by Hoppensteadt [Hp.69.3],
0'Malley [0.71.2], Vasil'eva [Vs.63.2], etc. In Hoppensteadt, the
regular degeneration was considered as for the many parameter case.
0'Malley [0.71.2], and Vasil'eva [Vs.63.2] obtained asymptotic expan-—
sion of solutions as to the two parameter case.

But no studies can be found on the subject of singular perturba-
tion approach to optimal control problems of the system involving
several parameters. This section treats state regulator problems of
systems containing two parameters of different orders of smallness.
The results of two parameter cases can be easily extended to many

parameter cases with slight modifications.

2.4.1 Problem statement

Let the state equation be given as below:
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d_ x(t,e) = A(t,e)x(t,e) + B(t,e)ult,e), (2.4.1)

dt
An A A [ B = |
A= feitay elay, 1Ay ls B (B | x =y |
_€£1A31 5 Ay 551A33‘ LEElB3_ %3 ]
where Xy is an n-dimensional state vector, X, ml-dimensional, x3 m2-
dimensional, and
0 << €, << € << 1, (2.4.2)
or
%ig 62/81 = 0. (2.4.3)

Here we consider the state regulator problem to minimize the

performance index

t
| £
J = %—x'(tf)Fx(tf) + %-J [x"(t)Qx(t) + u'(t)Ru(t)]dt, (2.4.4)
o
where
F11 &1F12 &F15 Ay Qy Q5
- ' ' = 1
F=eiFlp 81F0 &Fa3 | 2 Q= {Qp Qyy Qg
4 | | L
€2F13 Eafog EFa4 Qa3 Qg Q3

The elements of a matrix F are expressed as in the above for the sake
of convenience in our formulation. We assume Qi, = 0 when'i = j,
for simplicity, though this is not essential. We can find feedback
control u*, under the usual hypothesis of regulator problem:
-1
u*= -R "B'K(t)x(t), (2.4.5)

where K(t) satisfies the following matrix differential equation of
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Riccati type:

1

K = -KA - A'K + KBR "B'K - Q, K(t.) = F, (2.4.6)
Now partitioning K into
Kip o &1 &%y

= '
K= 16.K35 €189 €9K9q1s

1 1
€)K13 €9Ko3 EpRgg

we get the differential equations for each array

i— = - - 1 - . . .
ar K1 T Kprfig 7 ALK Y KBk T gt £ (LDAALD,
(2.4.7a)
Si— = -— : . . .
My gt Kig = Kpp (g, + EppKyy + Epgiig) + £,(K, )5 (1,1)#(1,2),
) _ (2.4.7b)
a_ = - ' Al '
My e Kag = Kgp(Fhgy + Exgkog) + (FAj) + KoygEpg)Kyy + KypByoKyy
- Q22_ f3(K23)’ v (2-4.7C)
4 _ ) o :
d — -
My g Koz T Kpg(thgy + EggKyg) + £5(K, ), Kyg), (2.4.7e)
d_ - - Al _
MMy qc K33 = Ryghyy — AggRgg + RygBEaqRys = Qg4 (2.4.75)

1

= - ' = = ' i
where Eij BiR Bj s Mg ez/el, apd My €95 and fi s are polynomials

0
of the first order of its argument with respect to the order of My -
For details, Appendix C may be referred to. The terminal conditions

for the full system are

= . i 1 = . 2.4.8
Kij(tf) Fij’ 1’ J l, 2, 3 ( )

2.4.2 Asymptotic expansions

We develop a method simpler than those presented by 0'Malley
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[0.71.2] or by Vasil'eva [Vs.63.2] in different ways. This method is
an extended and modified one of Hoppensteadt's method [Hp.71.1] dealing

with single parameter case.
For simplicity of notations, imbedding each element of Kij into

appropriate dimensional vectors u, v, and w, where u consists of

elements of K13, K23, and K33, we have

d
it f(u, v, w; u, t), u(tf) = uf, (2.4.9a)
d -
Uz EE'V -7 ¢(u, Vs W5 U, t)’ V(tf) = VO, (2°4'9b)
d - 0
HiMo g ¥ = = U(u, v, w; u, t), w(te) = w’, (2.4.9¢)

where y = (ul, uz)', and minus signs of the right hand side of
Eq.(2.4.9) is for the convenience's sake in the arguments below.

It is to be noted that the system (2.4.9) has a hierarchy of boundary
layers, here doubly structured.

Now introducing new independent variables by
Tl = (tf - t)/UlUZ, Tz = (tf - t)/u2’ (2°4°10)
Tl € [O’m[, Tz € [O’M[; as IUI*O’

we have stretched systems of two kinds, the fundamental boundary

layer system

d _ .

E?iu = uluzf(u, vV, Wi U, uluzrl), (2.4.11a)
d _ .

E;iv = ul¢(u, vV, W U, uluzrl), (2.4.11b)
d B .

E;iw = Y(u, v, w3 U, uluzrl), (2.4.11c)

and the secondary boundary layer system

d = .
a;éu = uzf(u, v, W} u,uzrz), (2.4.12a)
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a;év = ¢(u, v, w3 u, usz)' (2.4.12b)
d -
My E;éw = Yy(u, v, w; U, HoTy) e (2.4.12¢)

We seek solutions of Eq.(2.4.9) of the form

v §=éurs(t) UL (T U (r)I(xist) Tuy Ty, (2.4.13a)
lim U - = ) |
Tlig rs () 7 O r;ig rs(T2) = 0 (2.4.14a)

and other variables v and w are also assumed to have the same form
and referred to Eqs.(2.4.13b), (2.4.13c), (2.4.14b) and (2.4.14c).
In the outer region, Zurs(t), Zvrs(t) and Zwrs(t) satisfy
Eq.(2.4.9), then we have a recursive system in the outer region by
substituting the outer expansions into Eq.(2.4.9) and comparing the

. T
coefficent of Bis T = 0, 1, 2, .., thereof,

d -
at Yoo = ~Euggs vogs Wop3 05 ©),
0 = =¢(upys Vops Wggs 05 E), (2.4.15)
0 = _‘p(uo(), VOO’ WOO; 0, t),
and
y - -f - £ f +
dt rs u'rs virs - twrs prs(t)’
d -
dt vr,S—l B ¢uurs - Cbvvrs - ¢wwrs + qrs(t)’ (2°4'15)rs
d
dt wr—l,s—l - _wuurs - lbvvrs - lwars + rrs(t)'

For the fundamental boundary layer system, we have the recursive
set of equations by substituting Eq.(2.4.13) into Eq.(2.4.11)

as follows:

d

-— U =0
00 ’

dTl
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Flvoo =0, (2.4.16)00
d — —
E?iwoo = ¥ (ugyq (Y +Uy o+, (0), Voo &R+ +V50(0)
WOO(t§)+w00+WOO(O); 0, 0),
and

d -
E;iurs - Prs(Tl)’

v =0 ()

drl r,s-1 rs: 17° (2'4'16)rs

d
drlwr—l,s—l - qurs + lpvvrs + I‘bwwrs + Rrs(Tl)'
For the secondary boundary layer system, we obtain
d —_—
=T =0,
de 00
d -— _ J— p—
dT2V00 = @ Cuy o (90, (0)FT (1)) 5 v, RV (0) 4V (T5),
w006g9+w00(0)+w00(12); 0, 0), (2.4.;7)00
0 = Y(uy, @+ (O (1), =++3 0, 0,
and

d — —
U7 =P,
de rs rs
d p— _ p— —_— -_— u—
drzvrs - ¢uUrs + ¢vvrs + ¢wwrs + Qrs(TZ)’ (2'4'17)rs

d — = _ — —_

drzwr,s—l B qurs + 11)ers + lpwwrs + Rrs(TZ)’

where the remainders prs, q 0 r , etc. are polynomials

’P’Q ’R
rs’ "rs’ "rs’ s
involving only the terms known successively in the preceding steps.

The terminal conditions for these systems can be derived in the
initial conditions for the terms with subscript (r,s) = (1,0).

From the secondary boundary layer system (2.4.12), we get
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T1
Ulo(rl) = UlO(O) + J Plo(o)do,
' 21 (2.4.18)
VlO(Tl) = VlO(O) + J Qlo(o)dc.

0

The restriction on the boundary layer correction terms (2.4.14)

makes us choose UlO(O) and VlO(O) as

UlO(O) = - JOPlO(o)do, (2.4.19)

Vlo(O) = - JOQlo(c)dc. (2.4.20)

'As for the fundamental boundary layer system (2.4.11), we can

obtain

[ee]

UlO(O) = - JOPIO(O)dO. (2.4.21)

The integrals (2.4.19) ~ (2.4.21) may exist if the conditioms
¢, S -k <0, (2.4.22)

\Pw_<_=—n<<0, (2.4.23)
hold. Then we can determine the terminal condition for the outer

system of u. . by using Eqs.(2.4.13), (2.4.19) - (2.4.21),

10
= 0 - —-—
ulo(tf) Ui UlO(O) UlO(O). (2.4.24)

Under the condition (2.4.24) we can solve ulo(t), vlo(t), and wlo\t),

and we get vlo(tf) and wlo(tf).

From Eq.(2.4.20), VlO(O) is known then lo(O) is derived

as follows:

ViO(O) = vgo = vo(te) - V100 (2.4.25)

The secondary recursive system (2.4.17)10 is solved with conditions

(2.4.21) and (2.4.25). Thus we have WlO(O), then WlO(O) as follows:
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W 5(0) = wgo - wlo(tf) - WlO(O). (2.4.26)

Using Eq.(2.4.26), the fundamental recursive system (2.4.16)10

is worked out. In this way, every system can be solved thoroughly.

A similar procedure may treat each higher order system satisfac-
torily. This method has the advantage that we need not solve any
differential equation in order to get initial conditions (2.4.25) and
(2.4.26).

2.4.3 Basic theorems

We first state prerequisite conditions for clarity, though they

may be obvious from conditions stated in the preceding sections.

Cl. Ai's, and Bi's are holomorphic with respect to t and €y
Cc2. R and Q are positive definite and holomorphic with respect

to t and ¢..
. i

C3. F is time invariant, positive semidefinite and continuous

in e,.
i

The following conditions are proper to the several parameter case.

C4, The system (2.4.1) is fundamental boundary layer controll-
able, which is defined by

m,-1
rank [B3, A33B3, ceeey A33 2 B3] = m,,

for fixed t ¢ [to, tf].

C5. is a stable matrix.

A
33
C6. The system (2.4.1) is secondary boundary layer controllable,

which is defined by

rank [BZ’ A.B ceesy A ml_le] =m

272° 2 1’

for fixed t ¢ [to, tf], where A, is given by

2

A, = A

9 99 E23K23. (2.4.27)
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Cc7. A2 is a stable matrix.

As discussed before, conditions C5 and C7 can be replaced by the

following C5' and C7' respectively.

C5'. The system (2.4.1) is fundamental boundary layer observ-

able, which is defined as,

' v oAt lm_ly.=
rank [C,', A33C3, . (A33) 2 C3] My,

for fixed t ¢ [to, tf], where C8 is a solution of

' = oG
C4Cy = Qgy- (2.4.28)

c7'. The system (2.4.1) is secondary boundary layer observable,

which is defined as,

' 1t R
rank [C!, A2C2, ceees (AZ) 1 C2] =m

for fixed t ¢ [tO, tf], where C2 is a solution of

€,Cy = Qs (2.4.29)
where

= v _ '
Q = Qpp T Ryghyg + AR5 = KyaBggkos. (2.4.30)

Under these conditions, we now give main theorems.

Theorem 2-4 If conditions Cl - C7 hold, then the following

convergence relations between the reduced solutions and the full

solutions are satisfied,

. _ 00
ﬁ})‘[(;l Kll(t) = Kll(t)’ for t e[to,tf], (2.4.31)
lim K,.(t) = K°%(t), for telt.,t.[; i,i=1,2,3,i#i.
0 1 ij 0°°f

(2.4.32)

As easily seen this theorem gives regular degeneration of the
several parameter case. The succeeding theorem assures the asymptotic

correctness.
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Theorem 2-5 If conditions Cl -~ C7 hold, then there exist

functions Sij(t,u) uniformly bounded in the interval considered,

such that
_ rs rs rs 1 vl T s
Ry 5(6) —r+§<éKi. (£) + M7 (1) + Ny T () 1(etst) Tuguy
+ AN+1Sij(t,u), (2.4.33)

TS rs \

where A = max(ul, uz), and Mij (Tl) and Nij (12) are respectively
fundamental and secondary boundary layer correction terms correspond-
ing to coefficients of the outer expansion Kijrs(t). These matrices
can be obtained through rearranging the elements of corresponding

Urs(rl), UrS(Tz), Vrs(Tl), etc.

As in the single parameter case, if we restrict our attention

to the outer expansion, it is easy to find the following theorem.

Theorem 2-6 = If conditions Cl - C7 hold, then there exist

functions Sij(t,u) uniformly bounded, such that

rs -1 rs N+1
Kll(t) = +z gll () (rls!) My + A Sll(t,u), for te [to,tf-d],
rre (2.4.34)
- N+ . .
K6 = T RIS (elsh) Tt + A s (e, 1,371,2,35 141,
ij r+s<NlJ 172 ij

for te [to,tf—s], (2.4.35)
where '

§ = -Cilogk; C is independent of A.

Proofs of these theorems can be derived by inferences analogous
to those of Section 2.2, and the outline is given here on the proof of
Theorem 2-5. Theorem 2-4, and 2-6, will be proved as corollaries of
Theorem 2-5.

Under the conditions C4 and C5, it is proved that the fundamental

boundary layer equation for K33
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ICL

¥ =X 't - K .. + 2.4.36)
T1K33 Kyghyy + AJgKaq = KygEqgKag + Q34 (

o,

is asymptotically stable as Ty > % which is equivalent to the system
(2.2.29). Thus the following lemma is obtained in the same form as

Lemma 2-1 of the single parameter systems.

Lemma 2-6 If conditions Cl - C5 hold, then the fundamental
boundary layer equation (2.4.36) has an isolated and asymptotically
stable solution as T ~ o, which is positive definite and is given
by equating the right hand side of Eq.(2.4.36) to zero. Furthermore,
(A33 - E33K33) is a stable matrix.

This lemma as usual plays a crucial role in the singular pertur-
bations of matrix Riccati equations, and is directly followed by

Lemma 2-7.

Lemma 2-7 If conditions C1 -~ C5 hold, then the fundamental
boundary layer equations for K13 and K23 have respectively an isolated

and asymptotically stable solution, which is derived as in Lemma 2-6.

The proof of this lemma is obtained easily, since each Jacobian
matrix of the right hand side of the boundary layer equations for
K13 and K23 with respect to .K,, and K,, respectively is A

13 23 33 ~ E33Ka3s
and asymptotic behaviors of K., and K,, are dominated by that of K33.

13 23
The above argument is not seen peculiar to the several parameter
case, if we refer to the results of Section 2.2. But the following
discussions are characteristic of this case.
As for the secondary boundary layer system, we can have the

following lemma.

Lemma 2-8 If conditions C1 - C3, C6, and C7 hold, then the

secondary boundary layer equation for K22
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a_ - ' -
ar, 22 T Faaha T AgKgp T KppBpkyy + 0y (2.4.37)

has an isolated and asymptotically stable solution as T. - o, which is

2
positive definite and is given as in Lemma 2-6. Furthermore, the matrix

(A22 - E23K23' - E22K22) is a stable matrix.

Lemma 2-8 leads to a lemma similar to Lemma 2~7, which assures the
asymptotic stablity of the boundary layer equation for K12’ and is
ommited in order to avoid repeating the same number over again.

Lemmas 2-6 - 2-8 show that every boundary layer equation associated
with the original full system (2.4.7) has an isolated and asymptotically
stable solution respectively, and therefore the conditions that assure
the regular degeneration stated in Theorem 2-4 are all satisfied,
the proof of which can be obtained by using a theorem of Hoppensteadt
[Hp.69.3].

As for Theorem 2-5, we can prove it following 0'Malley's result
[0.71.2], with simple modifications and manipulations.

The results derived above are easily extended to the several

parameters system of the form

§5 % = Agg® Hiihegy + B,
d m
Mmae Y1 T A10* fifrfgYs OBy
(2.4.38)
m
Moo ¥n de I ~ AmOx +i——)ElAmiyi + Bmu’

where Mys Hos eoes B are positive small parameters. It is to be noted
that the system (2.4.38) has a hierarchy of m-fold structured boundary
layers.

It can easily be seen that there is a close relation between
the several parameter case and the time invariant case with t. = «

f
of the single parameter case (see Appendix D).
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2.5 Asymptotic behaviour of performance index

It is natural to investigate the asymptotic behaviour of the
performance index, once we have obtained the asymptotic expansion of
the control and the trajectory.

In this section, we are concerned with the performance index of.
the tracking problem treated in Section 2.2, since the problem involves
the regulator problem as a special case. And it is easy to extend
the result to the other optimization problems, with performance index
of non-quadratic type.

Concerning the terminal free, state regulator problem, the
following theorem was proved in case of excluding the terminal cost

by Werner and Cruz [Wr.68].

Theorem 2-7 It is assumed that the performance index J has

a quadratic form of
e

e'(tf)Fe(tf) + %-J [e'(£)Qe(t) + u' (t)Ru(t)]dt,(2.5.1)
t. )
0

Let the exact optimal control be denoted by ue(t) and the approximate

[
]
N

solution of the control represented in the form of the truncated series

up to the n-th term be denoted by uan(t) as

n n -1
u " (e) = YouTef (e . (2.5.2)
r=0

Expanding the performance index J into Taylor series in

fen (2.5.3)
e=0

J() =
T

T
Ger?
0

Il ~1 8

we obtain the following approximate relations

ac a& n
Tk J(ue(t)) c=0" qek J(ua () c=0 ° (2.5.4)

for k=0, 1, 2, ..., 2ntl.
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The proof of this theorem was originally made for the case that
the terminal cost is not included in the performance index, and the
éystem is of the regular perturbation type by Werner and Cruz [Wr.68].
Sannuti and Kokotovié mentioned first the theorem above as to the
singular perturbations of the regulator problem [Sa.69.1].

It is easy to see that, if we obtain the approximate solutions
temporally uniform, there is little difference between the singular
perturbations and the regular perturbations. The proof can be made
in line with Werner and Cruz, and is omitted here.

As to the case that the performance index is of nonquadratic

type, as for instance

s ,
J = J (|x]| + rlu])de, (2.5.5)
to

we can easily obtain the following theorem instead of Theorem 2-7.
If the problem is restricted to the fixed terminal systems, then the

following theorem also holds.

. . . n .
Theorem 2-8 If we obtain the approximate solution u_~ as given

in Theorem 2-7, and expand the performance index into Taylor series

in e, then we have the following approximate relations

k
I ()| o = ek I, (N | g (2.5.6)

n;lo.
SIS
.

for k=0, 1, 2, ..., n.

This theorem is intuitive and it may be proved when the perfor-
mance index has no singularity with respect to its arguments. Such
a condition holds usually in the ordinary optimization problems.
It is to be noted that if we restrict our attention to the outer

expansion, which is rational from the practical motivation, only the
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slight changes are needed in the theorems described above as to the
interval in which the validity of the asymptotic accuracy holds.
The effect of the boundary layer upon the performance index is the
same order of ¢ width of the boundary layer, unless the size of the
boundary layer jump is the same order of e-l.

O0'Malley [0.72.1] also stated the subject in the same form as
Theorem 2-8 in .case of the state regulator problem with quadratic cost.

A remarkable result is Theorem 2-7 particularly when the quadratic

cost function is considered. The extension to the several parameter

case is easy to be handled.
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Chapter 3  Nuclear Reactor Control with Lumped Parameters

In this chapter, the nuclear reactor control as a lumped para-
meter system is considered. Such a lumped parameter model is well
known in the field of reactor engineering as a '"point reactor" or
"one point approximation'. Small reactors can be treated by the one
point approximation with relatively small errors, if we restrict our-
self to study the case in which the neutron flux changes slowly.
Studies of dynamics and control of a point reactor have been made by
many authors (see for instance Weaver[We.68], or Mohler and Shen [Mh.
701).

The results in the previous chapters are successfully applied
to the analysis and syntheses of suboptimal control of the nuclear
reactor as a lumped parameter system.

This chapter consists of two sections. THe early section is
concerned with the error estimation of prompt jump approximation with
the aid of singular perturbation theory. The prompt jump approximation
is intuitively done by engineers and the singular perturbation theory
can establish the validity of the approximation. The latter section
treats the regulator problem of the reactor. Both sections have some
numerical examples which enable us to understand the importance and

validity of the theory presented.
3.1 Error estimation of prompt jump approximation

3.1.1  Introductiom = g oS TEN e

e
Lo . N

In reactor dynamics, many ideas have been developed to glve an
erron estimation of prompt jump approximation and to improve its
accuracy. Goldstein and Shotkin [Gs.69] proposed the method of using
1ntegrat10n by parts after transforming a system equation into an )
1ntegral eqpatlon of Volterra type. Their method is effectlve 1n tbe

- -*r

outer reglon, but is ndtsuccessful “inm ‘giving- unlformly valid solu—~
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tions in the interval considered. The singular perturbatibn theory,
an outline of which is described in Chapter 1, has been applied to
this aim with satisfactory results.

In this section, we obtain uniformly valid solutions with use
made of Vasil'eva's theory. The basic idea of the theory is different
from that of boundary layer method givén in Section 1.4. But the
resulting series are equivalent to each other. And the singular
perturbation theory has a principal innovation in the treatment of
initial conditions of the generated recursive equationé, quite deffer-
ent from that of the classical perturbation theory, as is mentioned on
occasions.

Our object in this section is to give a refined error estimation
of prompt jump approximation providing a method of improving its
accuracy in preparation for the synthesis of suboptimal control of

a point reactor system.

3.1.2 Prompt jump apprbximation

In the development of the point reactor model, spatial indépend—
ence and one energy grouping are assumed. The kinetic equation of
the model without source term and temperature - dependent reactivity

feedback is given by

d ék = B

a -2 P 1.1
Tt D g ot AC, (3.1.1)
d B

£ =2 - 3.1.2
= n AC, ( )

where n(t) and C(t) are respectively neutron density and precursor
conéentration. Normalization of n(t) and C(t) with respect to their

equilibriuﬁ values n

0’ C0 makes the system (3.1.1), (3.1.2) into the
form of o ' ' '
2 d .
7 ac (e = (p(t) - Ln(t) + c(v), (3.1.3)
T C(t) = an(t) - AC(t), o (3:04),

.

where p(t) is the reactiQity in dollar uﬁits; i.e.,
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p(t) = k{t)/B. (3.1.5)

The initial condition is given by
n(0) =1, C(0) = 1, (3.1.6)

The derivation of the above model can be found in many of the texts,
for example in Weaver [Wv.68]
If the relative rate of the change of the reactor power in the

- mean prompt generation time is sufficiently small so that
&n
B n

holds, then the term (£/8)n(t) in the kinetic equation (3.1.3),

<< |1 = p(t)| (3.1.7)

(3.1.4) can be neglected as compared to (p(t) - 1)n(t). The resulting

approximation is written as follows: ‘

o
I

(p(t) = Dn(t) + C(v),
(3.1.8)

(@]
Il

an(t) - Ac(t).

This appréximation is called the prompt jump approximation. Figure 3.
1.1 is a sketch of the exact kinetic equation and the prompt jump
.approximation to it in case of step reactivity insertion where the

prompt jump approximation is shown by the dashed line.

Fig. 3.1.1 Prompt jump
approximation and the
exact solution.

|
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It is clear that the prompt jump approximation fails near prompt-
critical, as seen in the condition (3.1.7), in which the right hand
side of Eq.(3.1.7), 1 - p(t) = 0. The condition that gives the
validity of the prompt jump approximation is given in various forms

(see for instance Akcasu, Lellouche, and Shotkin [Ac.71]).

3.1.3 Analysis via singular perturbation theory

In Eq.(3.1.1), if we set € = £/B, then € has a relatively small
value, for example ¢ = 0(10_2) for the thermal reactor and e = 0(10_5)
for the fast reactor, theféfore equations (3.1.1) and (3.1.2) are of
singular perturbation type.

Let solutions in the outer region be in the form of asymptotic

expansions

n(t,e) = -n (t)er(r!)—l,
r=0 © (3.1.9)

Cltye) = T (e)el(x) L.
r=0 T

Il ~1 8

Substituting the above into Eqs.(3.1.1) and (3.1.2) and comparing
coefficients of like powers of & thereof, we obtain a recursion set

of differential equations

e0: 0 = (p(t) - L)ng(t) + Cy(t),
. (3.1.10)
Co(t) = A(no(t) - Co(t)),

el 0 = (p(t) - Dn_() + C_(t) - n__,(£),
E_(6) = An_(0) - C_(1)). (3.1.1D)

Equation (3.1.8) for the leading terms no(t) and CO(t) is equivalent
to the prompt jump approximation (PJA).
The classical perturbation theory cannot be applied to this

system, which may allow initial conditions of the form
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CO(O) = C(0), Cr(O) =0; r >0, (3.1.12)

and leads to a wrong result. Therefore we must treat initial condi-
tions by the singular perturbation theory.

.Adopting the current procedure, we first obtain solutions in the
inner region (the boundary layer) and the outer region, and then we
use the singular perturbation theory by Vasil'eva to connect these
solutions [Vs.63.1].

In order to obtain a solution in the boundary layer, we consider

a stretched system based on the stretching transformation(t = t/e),

d

E?'H(T) = (p(1) - Dn(r) + C(1),
L B B (3.1.13)
e C(t) = ex(n(r) - C(1)),

which admits given initial conditions (3.1.6). The solutions of this

problem have convergent expansions in powers of ¢,

0 En

n(t,¢)

H

(3.1.14)

ol
—~
-
~
m
~
”
~

I

=

.E(T,E)

lt~181l0~18

H
o

As the stretched system (3.1.13) has no singularity at € = 0, through
the usual procedure of the regular perturbation method, we have

a recursive set of differential equations

<0, g¥';0(T) = (p(1) - Lny(v) + Co(m),
L (3.1.15)
‘d‘_‘ CO(T) = 09

r d

m
=]
~
-
~
1]

(p(t) = n_(1).+ C_(1),

d — _ _ (3.1.16)
= An, (1) -C__ (1),

()
H
—~
~
~
|
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with initial conditions

ny(0) = n(0), C,(0) = c(0),

(3.1.17)

n(0) =0,  C(0)=0; r>0.
While many authors have proposed various methods in order to

relate the two types of expansions, (3.1.9) and (3.1.14), we expand

the coefficients nr(t) and Cr(t) of series (3.1.9) into formal Taylor

series involving 1t and e€; possibly divergent,

I
93]

=}
[m3
1

nr(t)

=}
=
n

A

™

r
0
o

(3.1.18)

]
w
@]
"
™
9]
.

7]
Il t~181l ~18
o

(@]
as
1
[}

(o]
4]

Il ~1 81 t~18

Cr(t)

~
9]
=
0

o

wn

Substituting Eq.(3.1.18) into Eq.(3.1.9) and rearranging the summations

according to powers of ¢, we have the coupling series in the form

S
T
r-s,s

]
I

n(t,e)

j=]

ﬁr(T)Er, ﬁr(r)

0
N r -
Cr(r)e R Cr(T)

o

T (3.1.19)

I
[92]
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C(t,e)

| ~18 It ~18

[a}
|
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9]

n
o

w
I e~1R 0l 1

=0

The series (3.1.19) are also formal solutions of the stretched system
(3.1.13), but the difference between these two series lies in the
initial values at v = 0.

Thus ﬁr(T) and ér(r) satisfy the differential equations in the form

1

(D = Ty S0l
N (3.1.20)
Co(D) = €0,
and
SR (0 = (D) - Da_(D) + & (D),
) ) (3.1.21)
ac Cr(T) = A(nr_l(T) - Cr—l(T))'

64



. Several papers on the related subjects have been published
[Am.69, Am.71], which have been based on the method of matched asymp-
totic expansions [Ku.67, Vd.64, C1.68], but one of these [Am.71]
leaves some doubt on the author's choice of initial conditions of the
outer region.*

Here, we make use of Vasil'eva's method to determine initial conditions
of outer region equations in such a manner that solutions of inner
region equations (3.1.15) and (3.1.16) and those of Egs.(3.1.20) and
(3.1.21) coincide at Tt = ». Thus we have the initial conditions of
outer region equations (3.1.10) and (3.1.11) and those of Eqs.(3.1.20)
and (3.1.21) as follows:

C.(0) = C (0) = C(0),
0 0 N (3.1.22)
Cr(O) = Cr(O) = J [X;r_l(o) - Anr_l(O)]do; r>0,

0

where nr_l(o) is a solution of the boundary layer equation belonging

to the full system (3.1.1) and 3.1.2):

d —_— —_— —_
- - .2
with the initial conditions

56(0) = n(0), 'Er(O) =0; r > 0. (3.1.24)

* The method adopts the initial conditions nO(O) = n(0), n, = 0.
But it is not logical in the light of the theory of matched asymptotic

expansion, which requires the limit process to decide initial values

for outer expansion.
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It is to be noted that in Eq.(3.1.23) E;_ is regarded as a fixed

1
paremeter, while in Eq.(3.1.15) E;—l is a variable.
After determining successively n_, E-, n s C, E', and C , we
r’ r’ r’ r’ r r
define the functions R(t,e) and S(t,e) by
m — ~ -1 mt+l
n(t,e) = } [n_(£) + 1 (1) - nr(T)]Er(r!) + R(t,e)e —, (3.1.25)
r=0
m — A -1 m1
C(t,e) = 1} [c (t) +C (1) - Cr(r)]sr(r!) + S(t,e)e , (3.1.26)
r=0

where 1 = t/e. Assuming that p(t) - 1 < 0, the functions R(t,e) and
S(t,e) are bounded for 0 St <o 0< e <<1. This mezns that an error

+1
of truncated series up to the (m + 1)-th term is of the order of em .

3.1.4 Numerical examples

For simplicity we restrict.ourselves to a step input of reactivity
(p(t) = Pps time independent).

In Fig.3.1.2 we can see PJA has a boundary layer at t = 0 and
SPA has uniform accuracy with an error of the order of 62 as shown
in Eq.(3.1.25). Figure 3.1.2 also shows that EP is less than expected
in some time interval, and outside it, SP well Approximates EP. Our
study by numerical calculations shows that, as far as step insertion
of reactivity is concerned, SPA has a good accuracy when p < 0.5$.

In Fig.3.1.2 we used constants B = 0.0064, A = 0.078.

(b) =0.1%, /=3X107* 30
\ (a) p=0.1§, [=3X10"° 30 £=0 o
’ -1
&0 10 T2 0.47 1.0

Paln nw —>

¥=Qwa*

10?
104 SP
EP ES
ES
| { { ) 3 1 1 J
107 107 7 10 02 104 1 10 102
TIME (sec) ] TIME(sec)
- PA— : < -0 s 2 T— : .
SP= ISE)A(Ag’g‘A] , hP=%'— and 1IS= IFX]‘?‘)%{CTSPAI where EXACT is an exact solution.

Fig. 3.1.2 Accuracy of PJA and SPA.
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The method developed here can treat arbitrary reactivity inputs
so far as the asymptotic stability of the system for the neutron
density n is preserved, by a simple modification and has close relation
to the matched asymptotic éxpansion method proposed by Kaplun et al.
independently of the method by Vasil'eva. Namely Eq.(3.1.9) corresponds
to the "outer expansion'" of the matched asymptotic expansions and
Eq.(3.1.14) to the "inner expansion".

This method permits us to deal with more complex systems such as
expressed by kinetic equations with multi-group of delayed neutrons,

and furthermore with nonlinear systems.
3.2 Regulator problem of a point reactor

This section deals with the state regulator problem of a point
reactor, which occurs when deviation from the equlibrium occurs.
The same formulation may treat the power level change control in the

sense of tracking problems.

3.2.1 Formulation of the problem

We consider here the same reactor model discussed in Section 3.1.
Linearizing the equations (3.1.1) and (3.1.2) by considering small
perturbations about some equilibrium neutron and precursor concentration

level n, and CO’ we obtain

g—t sn(t) = - % sn(t) + A8C(t) + B0sk(r), (3.2.1)
%E sC(t) = % sn(t) - ASC(t), (3.2.2)

where Sn, 8C, and 6k are small deviations in n, C, and k respectively.
Normalizing quantities 6n(t) and &C(t) with respect to each
steady state values Ny C0 respectively, the reactivity being repre-

sented in dollar units, we obtain the state equation to begin with
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-%-g; 2(t) = - fi(t) + C(t) + p(L), (3.2.3)
,'%E G(t) = Aa(r) - AC(L), | (3.2.4)
where
i = 8w, o - S, (3.2.5)
0 0

and p(t) is the externally applied reactivity. When the system
deviates from the equilibrium, we meet the problem of regulating the
deviation of the power level, or neutron density in a fixed time so

that the performance index is a minimum, which is given here as below:

(
J (12 + rp2)dt, (3.2.6)
t

where r > 0 is a scalar weight. Therefore we assume that the value
of the deviation can be measured at the initial time tO’ and should

be represented in the form of initial conditions, as follows::
- = 0 C =C.. (3.2.7)
n(to) n,, C(to) CO
Further we assume for simplicity the end-terminal is free and the
control may be obtained without constraints.
Letting C = X1s n= Xy p = U and A = a for the sake of conven-

ience, Eqs.(3.2.3) and (3.2.4) become

d = .
T ] + ax,, (3.2.8)
£ d_ X, = X, - X, + u, (3.2.9)

with initial conditions

xl(to) = El’ xz(to) = 52. (3.2.10)

Defining the Hamiltonian function H by
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I P 2 - -
H = 2(xl + ru ? + pl( ax; + axz) + pz(xl X, + u), (3.2.11)

2

where Py and p, are costate variables of x. and X,, we derive the

1

canonical equation

él = - ax + ax,, (3.2.12a)
€ iz =x = X, + T p,, (3.2.12b)
Py = ap; + P,s (3.2.12¢)
€ 52 = %, - ap; + Py- (3.2.124)
The optimal control u* is given by
uk = r_lpz. (3.2.13)
The terminal conditions at both ends of the interval [to, tf]

can be derived by considering condition (3.2.10) and the transversality

condition as follqws:

and

pl(tf) = 0, pz(tf) = 0. (3.2.15)

3.2.2 Asymptotic expansions

Ekpanding each variable into Taylor series in e, and substituting
the resulting series into Eqgs.(3.2.12) and (3.2.13), and comparing
coefficients of like powers of e, we obtain the recursive set of equa-

tions, i.e., the outer recursive systen,

%0 = - axg + axg,
=x0 - x0 + r_lpO
1 2 2°
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0 = 0 _ L0
Pl aPl P2,
= 0 _ 0 _ .0
0 X2 apl Pos
and
sk _ _ k k
1 = ax1 + ax2 s
-1 k o k-1
0 =X - X + r Py ~ Xy s
L ] k = a
0= = k k k « k-1
= = X2 apl p2 p2 ’
for k > 0.

(3.2.16)

(3.2.17)

Following the results obtained in Section 2.2, we can treat the

two point boundary value problem (3.2.12) with (3.2.14) and (3.2.15)

with use made of the Riccati transformation. The resulting matrix

Riccati differential equation is

1

. _ - 2
k] 2ak1 2k2 +r k2 s
. -1

€ k2 = - akl + k2 - k3 +r k2k3 + eak
. -1, .

€ k3 = 2k3 +r k3 1 2€ak2,

with the final terminal conditions

ki(tf) =0; i=1, 2, 3.

Then we have the reduced system as follows:

-1
0 - 0 _ 0 02
kl = 2ak1 2k2 +r k2 s
= - ak? 0 _ 10 -L 0,0
akl + k2 k3 + r k2k3,
- 91,0 -1, 02 _
0 2k3 +r k3 1,

with the terminal condition

and the first correction system in the outer region
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(3.2.18)

(3.2.19)

(3.2.20)

(3.2.21)



-1.0.1

1 _ 1 _ 1
kl = 2ak1 2k2 +'2r k2k2’
. ' -1
0 - 1 1 _ 1 0.1 110 0
k2 = - akl + k2 k3 +r (k2k3 + k2k3) + ak 23‘2.22)
. —-1
0 = 9l 0l - 0,
k3 2k3 +r 2k3k3 2ak2

The final terminal condition for the first correction system is given

as follows:

® — -1— -1
1 = - 2y - (-21.0 02 L2,
ky(ty) = J [(-2k, + 1 "k,%) = (-2kj + 1 k)*)1dr,  (3.2.23)
0

where Eé in the integrand is a solution of the boundary layer system

--g;'EZ(T) = = akd(ty) + K (D) - Ky(n) + r-liz(ryié(r), (3.2.24)
X () = P () +r L2 -1 (3.2.25)
dt 3 3 3 ’
with
Ky(0) = 0, K, (0) =0 (3.2.26)

After solving the Riccati equations (3.2.20) and (3.2.21), we
have a suboptimum trajectory, as follows:

for the reduced trajectory

= 0 0
X, = - ax’ + ax
1 1 2’1 (3.2.27)
= 0 _ <0 - 0.0 0,0
0 = X{ = %, +r (k2xl + k3x2),
with
= . (3.2.28)
x (tg) = &
For the first correction trajectory
el - 1 1
Xy = = ax; + ax;,
1 ! 2 . (3.2.29)
0 - L1 _ 1 = 0,1 0,1 1,0 1,0
Xy = X] = X5 +r (k2xl + k3x2 + kle + k3x2),

with the initial condition

71



x1(ty) = J a[§2(r) - x(ty)1dr, (3.2.30)
0

where xz(r) is a solution of the following boundary layer system

associated with the trajectory equation (3.2.12):

L5, = =0y = %y () + 1S (eI (rg) + K (eI, (1),
| (3.2.31)

with
%y (tg) = £, ' (3.2.32)

- At last we obtain the suboptimum control as follows:

- r“l[(kg + ek G+ exD) + (K + kD) (x§ + exD)].
(3.2.33)

u
sub

3.2.3 Boundary layer corrections

In order to obtain the uniformly valid expansion throughout the

interval [to, tf], we seek a solution of the form

K(t,€) = K(t,e) + H(T,€), (3.2.34)
where 1 = (tf - t)/e. Here the boundary layer correction H(t,e)
vanishes as T tends to infinity, i.e.,

1im H(t,e) = O. (3.2.35)

T>®

Further H(t,e) has an asymptotic expansion in e as € > 0 of the form

H(t,e) = Y

nE (e (et (3.2.36)
r=0

. . e r .
To determine each coefficient H (t), as in the usual way, we

substitute the asymptotic power series
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K(t,e) = § [KE(t) + H (r)]et(e1)™1L, (3.2.37)
r=0

into the stretched system

P T

i kl = e(2akl 2k2 +r k2 ),

-4 o a4k 4k -k +r ek (3.2.38)
ar 2 1 Hky m kg 2Kg

=k, e k2 -1
ar &3 3 3 >

and compare coefficients of like powers of £ thereof, then the following

recursive equations for the boundary layer coefficients are obtained:

24 1o0-=0 _4d. - _ an0 0 _ 10
It h1 s e h8 ahl(T) + hz(T) h3(T)

+ r (e hd(0) + k(e RY(D) + hY(nY(D)], (3.2.39)

d _ =1 0 21 _
- E;—hg = Zhg(r) +r [Zkg(tf)hg(r) + (h3(T)) ] 1,
d -1 0 0 2
-1 i = - 2ahg(r) - Zhg(r) + r [kg(tf)hz(T) + (hz(T)) 1,
d
- hé = - ahi(T) + hé(r) - hé(r) + ahg(T) (3.2.39),
+ (e R (D) + KY(e Y (D) + hY(D)hI(D)],
d - -1.,.0 1 1 0
- E;—hé = 2h§(r) + r [2k3(tf)h3(r) + 2k3(tf)h3(T) +

+ hg(T)hé(T)] - 2ahg(r).

Each recursive equations can be solved under the terminal conditions

derived from the requirement

Kr(tf) + HT(0) = O. (3.2.40)
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3.2.4 DNumerical example

We shall present the results obtained by numerical calculations
according to the method described in the preceding section. The data
used in the example are the same as in Section 3.1.4, namely B = 0.0064,
a=Xx= 0.078 ; mean life time of the prompt neutron £ = 3x10 , and
therefore € = 0.47x10_2.

In Figs. 3.2.1 and 3.2.2, the time behaviours of the solution of
the Riccati equation (3.2.18) and those of the approximate solution
derived via the singular perturbation theory are illustrated for two
values of the weight r. The approximation is taken of the form of
truncated series solution at the second term. The boundary layer ap-
pears in the case of the reduced solution.

In general, it can be seen that the feedback coefficients deter-
mined by solving the Riccati equation change rapidly in the neighbour-
hood of the terminal time, and computational difficulties should be
encountered such as overflow of computers or increased size of the memory
needed. Moreover, in this case the existence of the boundary layer
makes the rate of the change larger and the difficulties should become
more serious. The method adopted can make us avoid the difficulties,
by using the idea of separation of the time scale.

Figures 3.2.3 and 3.2.4 show the time behaviours of the optiﬁum
and suboptimum trajectories of neutrons for r = 10 and r = 0.4 respect-
ively. Table 3.2.1 represents values of the performance index calcu-
lated by using the optimum and suboptimum control.

Our numerical study shows that the reduced solution with boundary
layer corrections (0-th order approximation) givesia satisfactory
result. The error of the O-th order approximation is, except the ter-
minal time, of the order of 0.1 percent for trajectories of neutrons
and 1 percent for feedback coefficients. The first correction term
improves the approximation uniformly in the time coordinate, especially
does in the boundary layers. The memory can be saved about 60 percent

when we adopt our O-th order approximation. This saving is a great
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advantage of the present method.

These consequences show that tﬁe method gives satisfactory results
from view points of computaional labour, computing time, accuracy of
the approximation.

It is to be noted that when the original state equation is stiff,
then the generated matrix Riccati equation will be stiffer because of
the nonlinearity of the Riccati equation. So the method of separation
of the time scale or the method of multiple time scale may be effective
to such a problem. Above all the singular perturbation theory plays

a very important role as seen in this example.

Table 3.2.1 Performance index

r = 10 r = 0.4
-1 -2
exact 0.4173x10 0.8435x10
. ~1 -2
approximate 0.4170x10 0.8437x10
—— Exact
s | -- Reduced.
S0 1.0
s ———First
R L. L1t B
~
x ~- 1 Ky (x10°2)
305 RN | o T m—mm ey
I - K 5F
. \\LSW) ! o ky (x107%) ]
e N A T 4
\\
e ka (x10°2)7"~ ———— ky (x10) !
————————— g T —— I
0 1 1 1 1 z 0 1 1 1 [ il =
0 2 4 6 8 10 v] 2 4 6 8 10
Time (sec) Time (sec)
Fig. 3.2.1 Feedback coefficients for r = 10, Fig. 3.2.2 Feedback coefficients for r = 0.4.
— Exact
> 04 ——— Zeroth 01}
S .
L
©
c
So.05f 005 [
5 - ]
> |
___________________J
0 1 1 [l 1 1 0 | 1 1 1 1
0 2 4 6 8 10 0 2 4 6 8 10
Time { sec) Time ( sec)

Fig. 3.2.3 Suboptimum and optimum trajectories Fig. 3.2.4 Suboptimum and optimum trajectories
of the neutron density for r = 10. of the neutron density for r = 0.4,
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Chaper 4 Near-Optimum Control of Distributed Parameter System

4.1 Introduction

It is true that every realistic physical system is intrinsically
distributed in nature. From practical motivations, however, the system's
spatial distributed parameters are usually assumed to be sufficiently -
concentrated or invariant in form during the course of motion so that
an approximate lumped parameter model may provide an adequate descrip-
tion. Although such a treatment is feasible in many physical systems,
it is obvious that the effects of spatial distribution of practical sys-
tems are lost. In the precise consideration of the effects it is re-
quired to investigate the system maintaining the spatial distribution
of physical parameters, so that a study of the theory of partial differ-
ential equations becomes indispensable. Typical examples of this case
arenuclear reactors, many metallurgical plants, chemical reactors, and

so forth.
Optimal control theory of lumped parameter systems has been devel-

oped powerfully and successfully by many mathematicians and control
engineers, and is almost complete in theory. A maximum principle (and
minimum principle) was obtained by Pontryagin and his students, which
is a generalization of the classical variational theory in a sense
[Pn.62]. Dynamic programming was found by Bellman independently of
the maximum principle [B.57]. Kalman showed that the maximum principle,
dynamic programming, and Hamilton-Jacobi theory are equivalent to each
other, and constructed general solutions of linear state regulator
problem by introducing the Riccati transformation and established the
basic results [K.60]. The treatment adopted by Kalman seems to be
one of the main streams in control theory. Theories above mentioned
are systematic and complete in theory, and provide us powerful gu des.
On the other hand, control theory of distributed parameter system
is not so sufficiently developed, since it is by far complex and diffi-
cult to handle or to analyze partial differential equations. Modern

treatments of partial differential equations have recently made remark
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able progress with the development of functional analysis; see for
instance Dunford and Schwartz [Df.58], Lions and Magenes [L.72], or
Mizohata [M.65]. On the basis of this development, optimal control of
distributed parameter systems has become one of the most productive
areas.

One of the earliest investigators of the subject was Butkovskii
(see references listed in [Bt.69]). Butkovskii extended Pontryagin's
maximum principle to a certain class of distributed systems, and
studied the approximation method with the aid of method of moments.

Another approach was made by Wang [W.64]. His main theme seems
to lie in applying the results of the theory of lumped parameter
systems to distributed ones in line with Kalman, i.e., he obtained
Hamilton-Jacobi formalism, a maximum principle, and Riccati-like
partial differential integral equations. He also devoted himself to
the study of stability, controllability, observability, and approxima-
tion methods.

Some other studies on the subject were made by Axelband [Ax.69],
Brogan [Br.68], Lions [L.71], etc. with use made of functional analysis.
Since it is not our object to review the theory comprehensively, for
general surveys, Brogan [Br.68] or Lions's detailed and extensive
work [L.71] may be referred to.

It is to be noted here that the practical treatment of partial
differential equations cannot be made without involving an approximation,
spatial discretization, modal expansion, etc., since the equations can
be regarded to be infinite dimensional. Considering such a situation,
it is easy to see the importance of the reduction of the number of
independent variables if possible.

As mentioned in Section 1.3, the singular perturbations of abstract
evolution equations are not fully developed, this chapter presents
materials to contribute to the theory concerned: the chapter consists
of two parts, the former one is concerned with the singular perturbations

~of a certain class of a set of evolution equations. The latter deals

with near-optimum control problems on the basis of the results derived
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in the former one. So far as the author knows, the singular pertur-
bations of a set of partial differential equations involving construc-
tion of asymptotic expansions have never been treated. The regular

degeneration of such systems was studied recently by Lions [L.73].
4.2 Evolution equations containing a small parameter
In this section, an investigation is made of the singular pertur-

bation theory of a certain class of abstract evolution equations of

the form

3
5t 2 Az + £,

N
1l
w
g
]
M

where z is a state vector, operators Al and A4 are parabolic, A2’ A3
are bounded, and ¢ is a small positive parameter.
This kind of system does not seem to have been treated with the

closed form.

4,2.1 Mathematical notations and preliminaries

We shall consider functions defined on the sets as follows:

2 : a simply connected, open set in R'.

I' : the boundary of Q.

r =TIx]o,T].
Q = ©x]0,T].
Points of Q are denoted by w_ = (wl, Wos wees wr).

Further some definitions are needed regarding the equivalence>
class of functions considered.

H = LZ(Q) : space of functions square integrable on f.

L2(S;E) : space of functions defined on S with values in a Hilbert

space E, and whose second powers are integrable with
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respect to the Lebesgue measure of S, du(t), i.e.

JMuHHdwo<m
S E

Hl(ﬂ) : Sobolev space of order 1, i.e., space of functions

¢ such that

Bwl sz

b, o, 022,
w
r
1 1 . .
HO(Q) : subspace of H ' (Q), i.e., space of functions ¢ such that

peut@, ol =o.

The inner products and norm of elements f, g ¢ H are defined:

Inner product: (f,g)H J £'(w)g(w)dw.

[

9]
[J | £(w) | 2dw] Y/ 2,

Norm: H f||H o

For elements f, g'¢ L2(0,T;H),

T
Inner product: (f’g)Lz(O,T;H) = Jo(f,g)Hdt.

T
1/2
Norm: 10,200 pomm - [jo £ 112 ae1t/2,

In ordgr to distinguish functions as elements of a function
space and values taken by them, the following notations are adopted:

f(w,t) is a point in Rl, where (w,t) e Q.

f(+,t) is an element of the Hilbert space H.

£(+,+) is an element of the Hilbert space L2(O,T;H).

£(+, t, €) is an element of the Hilbert space L2(O,T;H)

parameterized by a small parameter ¢,

Hence the function f(+) is considered to be an element of some
Hilbert space H. If the function f considered is m-dimensional

vector valued, the minute notation
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f e LZ(Q)XLZ(Q)X...XLZ(Q) - 1.2

should be adopted. In order to avoid notational trouble, it is noted

that
£ e 1.2(0),

when no misunderstanding may occur.

For practical reasons, we consider here only separable Hilbert
spaces; such a treatment is rather general. In a separable Hilbert
space H, there exists a set of known "elementary" functions, countable
and everywhere dense in H. The complete orthonormal system {¢i}, i=
1, 2, .... is adopted as such a set, and we have the following

classical theorems [Km.71]:

Theorem 4-1 In a separable Hilbert space, every complete ortho-

normal system is closed and conversely.
2
For L™ the above theorem becomes more useful.

Theorem 4—2(Ries%;Fischer) Given a numerical sequence {ck} for

. . 2, . .
which the series Z ICk| is convergent, there exists a unique element
f ¢ H such that its Fourier coefficients a, are equal to Cp (k =1,

2, «...) and

(o]

D le |2 = (5,00, = Il || & (4.2.1)
oy k H 'H
Thus for any £ € H,
T 2
Lim || £~} ¢ ¢l ;> 0, (4.2.2)

m-> k=1
where

¢ = (f,¢k) = Jgf(w)¢k(w)dw.
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We use in the sequel mainly a system of complete orthonormal functions

generated by the Strum-Liouville equation:
Ald] = X¢, in @ (4.2.3)

with any one of the boundary conditions

i) ¢(r) = 0, (4.2.4)

1) %%—(r) -0, (4.2.4")
A

1) 2-(0) + o(Me(M) = 05 o(1)>0, (4.2.4M)
A

where

2 N r 3
5-C) =1 a =—()cos(n,x), onrT.

o1 138k,
It is assumed that
T2 3
ALY = = T fo-lag @5 + ag @), (4.2.5)
i,j=1""1 i
' 2 2 teee 2
[agjee, > ad + 2+ +£2) (4.2.6)

holds almost everywhere in Q for all £ = (El, 52, ceny gr) in RT.

The theorem described below is also called the Riesz-Fischer's

theorem, and shall play an important role in Section 4.2.3.

Theorem 4-3(Riesz-Fischer) A necessary and sufficient condition

for the given sequence of functions {fn} to be convergent to an element

f € H is that

[Ifm - fn||H +0 asm n~> o,

4.2.2 Formal construction of asymptotic expansion

We describe the formal procedure of constructing the asymptotic

expansion of the solution of the Cauchy problem of the form
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flu,t,e), (4.2.7)

i(w,t,e) + Ali(w,t,e) + A2§(m,t,e)

9
ot
€ %E~§(w,t,e) + A3§(w,t,e) + A4§(w,t,e) g(w,t,e), (4.2.8)

with initial data

i(w,O,e) = a(w,€),
. on w € 9, (4.2.9)
}’((.0,0,8) = B(w,e),
and boundary condition
B(x, y) = 0, on weg, (4.2.10)

where Al, A2, A3, and A4 are linear operators whose properties are

specified in the succeeding Section 4.2.3.

On the analogy of the lumped parameter case, we seek the solution
of (4.2.7) and (4.2.8) of the form, .

x(w,t;e) + X(w,t/e,e),

i(w,t,e) 4.2.11)

y(w,tye) = y(w,t,e) + Y(w,t/e,€),

where x(w,t,e), y(w,t,e), X(w,t/e,e) and Y(w,t/e,e) are assumed to

have asymptotic expansions with respect to e, as follows:

x(,t,e) = § x(0,0)ef(x) 7T,
r=0 v (4.2.12)
y(u,t,e) = )y (u,e)ef(xnD 7T,
r=0
and : o
X(w,t/e,e) = z Xr(w,t/e)er(r!)_l,
r=0 (4.2.13)
Y(w,t/e,e) = Z Yr(w,t/e)er(r!)—l.
r=0

.It is easily seen that x(w, t, €) and y(w, t, €) represent the outer
solution, and X(w, 1, €) and Y(w, T, €) the boundary layer correction.
Since Eq.(4.2.11) satisfies the given initial data (4.2.9), the fol-
lowing relations hold:

Xr(w,O) + Xr(w,O) ar(w),

r (4.2.14)
B (w),

]

v (w,0) + Y (w,0)
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where ar(w) and Br(w) are coefficients of the Taylor series of the
given initial data (4.2.9). Further the boundary layer corrections

Xr(w, t/e) and Yr(w, t/e) arerequired to vanish as the stretched

coordinate 1 = t/e tends to infinity,

lim X" (w,t) = 0, (4.2.15)
Troo
lim Y (w,7) = 0. (4.2.16)
T

In the outer region, Eqs.(4.2.7) and (4.2.8) are valid for the
outer expansion. We substitute the expansion (4.2.12) into Egs.(4.2.
7) and (4.2.8), and compare the coefficients of like powers of ¢,

obtaining the following recursive set of equations.

%E-xo + Alx0 + Azy0 = f, (4-2-17)0

A3x0 + A4y0 = g, (4.2.18)0
%E’xr NN S (4.2.17)_
Lyt A+ Ay =0 (4.2.18)

For simplicity, we assume here that Al’ A2, A3, A4, f and g are
independent of €. This assumption is not essential.

In order to make the boundary layer correction, the boundary

layer method is adopted. The stretching transformation

T = t/e, (4.2.19)
makes Eqs.(4.2.7) and (4.2.8) to be of the stretched form

3 . N . B
S?-x(w,r,s) + Alx(m,r,e) + Azy(w,r,e) = f(w,T), (4.2.20)
g;—?(w,T,e) + A3i(w,r,e) + Aéy(w,r,e) = g(w,T). (4.2.21)

Substituting the solution (4.2.11) into Eqs. (4.2.20) and (4.2.21),

we have

g;—x(w,r,e) + eAlX(w,T,e) + EAZY(N,T,E) = 0, (4.2.22)
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9 =
5;-Y(w,T,e) + ABX(w,T,e) + A4Y(w,T,€) =0, (4.2.23)

where it is considered that outer solution k(t) and y(t) satisfy Eq.
(4.2.7) and (4.2.8) with t = gr. Putting each ekpansion (4.2.12) and
(4.2.13) in place of x(w, t, €), y(w, t, €), X(u, T, €) and Y(w, T, €)
in Eqs.(4.2.22) and (4.2.23), we have the following recursive equations

for the boundary layer corrections,

~ g;-xo(w,r) =0, (4.2.26)

= ¥0,m) + A,%0 (0, ) + 4,70, 1) = 0, (4.2.25),
XD = P_(w,1), (4.2.26)_

§¥-Yr(w,T) + A3Xr(w,r) + A4Yr(w,T) = 0. (4.2.25)

The remainders Pr(w,r) are known successively in the preceding steps.

The initial data for the reduced outer equation is given by using

the cancellation law, as

x9(w,0) = aOw), we R, (4.2.26)

hence the initial data for the boundary layer correction of the 0-th
order (reduced), obtainedvconsidering Eq.(4.2.13), is as follows:

X0(w,0) =0, we 9 (46.2.27)

1

¥9(w,0) = 8%(w) - y0(w,0); w e Q. (4.2.28)

For the higher order recursive equations, the initial data is

determined as follows. From Eq.(4.2.17) Xl(m,O) can be determined as

l,

T
X (w, 1) = X1 (w,0) +J Pl(m,'r)d'r
0
= X (0,0) - JT A2Y0(w,T)dT. (4.2.29)
0
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Considering the property (4.2.15), we choose X!(w,0) as

X1 (w,0) = J A,¥0(u,7)dr. (4.2.30)
0

This infinite integral may exist if the integrand is dominated by
functions of the boundary layer type which should be ascertained if
Eq. (4.2.23) is asymptotically stable with respect to the root Y = 0.
The conditions needed can be found in the follwing section. Then the
initial data for the outer second coefficient of the outer expansion
is derived by using Eq.(4.2.14) as

oo

x}(0,0) = al(w) - J AZYO(M,T)dT. (4.2.31)
0

A similar procedure may treat successfully the higher order equations.
If we obtain the Green's function G4(m,m') for (4.2.18)0,
then we can solve Eq.(4.2.l8)0 for yo(w,t) as

y9 (0, t) =’J G, (w,0") [g(u',t) - A3x0(w',t)]dm', (4.2.32)

Q
or in the notation of the operator theory
-1 .
79, t) = A, Tlelo,t) - A3X°(w,t)], (4.2.33)
-1, .
where A4 is defined by

a7t = J

The above procedure eliminates yo(m,t) in Eq.(4.2.7) formally, and we

G4(w,w')[-]dw'. (4.2.34)
Y]

can solve Eq.(4.2.7) for xo(w,t) with the initial data (4.2.26).
The same procedure can be applied to the higher order equation.

If the right hand sides of Eqs.(4.2.7) and (4.2.8) depend upon
x and y regularly in the sense that

f, g = O(Iil’ l;") as |;<|’ Ig'l >0
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holds, the resulting recursive set of equations can be solved stepwise

similarly.

4.2.3 Main theorems

The regular degeneration of the system (4.2.1) and (4.2.2), and
the asymptotic accuracy of the result obtained formally above shall be
studied.

Some prerequisite assumptions are offered, first we state consid-

ering Theorems 4-1 and 4-2 in Section 4.2.1:

Assumption 1 A4 is a linear operator which generates an orthonormal

set of eigenfunctions, i.e., there exist a sequence of eigenfunctions

.

{¢i} and a sequence of eigenvalues {Ai} satisfying

- A4[¢] = ¢, : (4.2.35)

with the boundary condition that is any one of the conditions given

above (4.2.4) - (4.2.4™) and denoted here by
B2[¢] = 0. (4.2.36)

And the sequence of eigenfunctions is orthonormal in the space LZ(Q),

that is
J ¢n¢mdw B Gnm’
Q
- {l n=mn
Snm 0, n # m.
Assumption 2 A1 admits the same eigenfunction as A4, e.g., A1 can
be expressed as,
= - (4.2.37)
Al kA4 + h

where k and h are constant with respect to the spatial coordinates.

Assumption 3 A_ and A, are spatially homogeneous.

2 3
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If the Assumptions 1 and 2 hold, we can expand each variable into

an eigenfunction expansion by using Theorems 4-1 and 4-2:

x(w,t,e) = ) £ (t,e)0,;(w),
i=1 (4.2.38)

y(w,t,e) = cf ni(t9€)¢i(w)'
i=1

Substituting the expansion (4.2.38) into Eqs.(4.2.7) and (4.2.8), we
derive the following set of equations by using the orthonormality of

eigenfunctions ¢i’

d .
ac &4 (tse) + (kd; + e (t,e) + A,n, (t,e) = £.(t), (4.2.39)

e %E‘ ni(t,e) + AL (t,e) - A (t,e) = g (t), (4.2.40)
where
fi(t) = I ¢£(w)f(t,w)dw,
Q (4.2.41)
g; (t) = JQ ¢: (w)g(t,w)dw.

For the boundary layer correction terms, the same expansion by the
eigenfunctions is adopted. The resulting set of equations is as
follows:
4 ) _
It Hi(ET,e) + e(kki + h)_i(sr,e) + €A2Hi(€T,€) = efi(ET),(4.2.42)

d -
= Hi(ET,S) + A3_i(€T,€) AiHi(ET,e)

gi(ET). (4.2.43)

Now we introduce an important assumption which ascertains the
asymptotic stability of the boundary layer system, as mentioned on

occasion in the lumped parameter case.

Assumption 4 The Cauchy problem
2 Au=0 (4.2.44)
ot 4 e

is uniformly well-posed in the sense of Hadamard, and the semigroup
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U(t,Tt) of this problem satisfies
| uce,) || < cexp(-8t), for &> 0. (4.2.45)

Now consider theeigenfunction expansion of the reduced system
using the same eigenfunction as used for the full system (4.2.39),
(4.2.40):

d
a £, (£,0) + (KA, + h)g, (£,0) + Azni(t,o) £,(1), (4.2.46)

1

A3£i(t,0) - Aini(t,O) gi(t), (4.2.47)

where fi(t), gi(t) are the same as those given in Eq.(4.2.41).

We have the following lemmas required in the sequel.

Lemma 4-1 If Assumptions 1 - 4 hold, then
Lim £, (t) = £9(t) =£;(x,0), for te [0,T], (4.2.48)
£>0
Lim n, (t) = nd(t) =n (t,0), for te]0,T]. (4.2.49)
Proof Assumption 2 leads to

JQ ¢i(w)A4¢i(w)dw

JQ ¢£(w)ki¢i(w)dw

A, < 0.
i

Hence the boundary layer system for each mode n; is asymptotically

stable, which assures the regular degeneration of the full expanded
i-th mode equations (4.2.39) and (4.2.40) from Theorem 1-1. This
completes the proof. Q.E.D.

Lemma 4-2 If Assumptions 1 - 4 hold, then

n
1im lim ) || Ej(t) - gj(t)ll2 = 0, (4.2.50)

e>0 nroj=1
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lim lim X I n,(6) - (0|2 = o. (4.2.51)
€>0 nrej=1

Proof Assumptions 1 - 3 assure that the eigenvalues of the problem

- A4¢(w) = A (w), Bz[d)] =0,
constitute a sequence of monotonously decreasing
0>)\1;7\2_>__>\3;... > = ®,

furthermore the series § ( 1 )2 converges to a finite value, i.e.
Ai
—_ < o

1 G

i=1 i

Hence we have the following estimate for Ai:

Ai = O(ir), - r>1 as i>o,

Transforming Ai into ui by the relation

3 .r
A =g/,

Eqs.(4.2.39) and (4.2.40) become
. T =
qt Ei(t,e) + (ki Hy + h)Ei(t,s) + Azni(t,e) = fi(t)’ (4.2.52)
e d =
it at n;(£,€) + AgE. (t,e) - uyn,(t,e) = g, (£). (4.2.53)

Therefore Theorem 1-2 can be applied to this case. The result is

as follows:

e, -ef il = o), (4.2.54)
[ ny(e) = n2) || = o F). | (4.2.55)

Then the limit relation
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lim 1im ] (3502 =0
e>0 noo j=1

completes the proof. Q.E.D.

For example, the most typical eigenfunctions we often meet are

those given by

2
2.4+ =0 onlol, (4.2.56)

$(0) = 0, ¢(1) =0, (4.2.57)

namely

{V2 sin VA, w}, i =1, 2,00eee, A, = (im)2,
i i

The sequence of the eigenvalues {Ai} satisfies

_.1__)2< -
2

He~18

i=1

By using Lemmas 4-1 and 4-2, we obtain the desired theorem.

Theorem 4-4 If Assumptions 1 - 4 hold, then the regular degenera-

tion of the system (4.2.7), (4.2.8) is concluded, as follows:

lim x(uw,t,e) = x0(w,t), for te [0,T], (4.2.58)
>0
lim y(w,t,e) = y%(w,t), for te ]0,T]. (4.2.59)
e>0

Proof Lemma 4-2 assures that, as ¢ tends to zero

| &, (e,e) - £d(t) || » 05 uniformly,

[Ini(t,e) - ng(t)” + 0; uniformly.

Hence the series
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X(w9t,€) - Xo(w,t) z
i=1
iZl[ni(t,e) SR HOIENOR (4.2.61)

£, (t,e) = £3(D) 14, (w), (4.2.60)

]

y(m,t,e) - yo(w’t)

converge uniformly to zero respectively, which complete the proof.
Q.E.D.

We expand each variable &i and ny into Taylor series in e, as

e, (e = e an™,

[a]
(=]

(4.2.62)

It

n, (t,e) nir(t)er(r!)'l.

Il o~18 Il ~1 8

o]
o

Substituting the resulting series (4.2.62) into Eqs.(4.2.39) and
(4.2.40), then comparing the coefficients of like powers of ¢,

we derive the following set of equations:

d
a5 (0 F Gy +WET®) + A0 T(0) = p_(6),  (4.2.63)

d _r-1 r T

qr(t), (4.2.64)

where r > 0 and the remainders Pr’ Qr are known stepwise in the
preceding steps.
By the analogous arguments made in the proof of Theorem 4-4,

the following theorem, giving the asymptotic accuracy, is derived.

Theorem 4-5 If Assumptions 1 - 4 hold, then there exist bounded

functions Rn(w, t; €) and Sn(m, t; €) such that

_ T oro0 r -1 n+l
x(,t,8) = J e[ ] &5, @1 + "R (w,t,6),
r=0 i=1
for te[S6,T], (4.2.65)
_ Y or % T -1 n+l
ylw,tse) = J el ] ni (06, IED™ + 78 (u,t,e),
r=0 i=1

for te[§,T], (4.2.66)
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where 6 = - Celoge; C is independent of €.

The proof of this theorem can be made by using the following

lemma.
Lemma 4-3 If Assumptions 1 — 4 hold, then
(0, t) = ) £ (D), (w), (4.2.67)
i=1 * *
v (w,t) = ) 0, S0, (w), » (4.2.68)
2p 1 i

where x= and yr are coefficients of el of their Taylor series.
This lemma is a well-known idea of separation of variables.

As to the boundary layer corrections, we can proceed our argument
in line with the lumped parameter case and derive the results similar
to Theorem 1-2.

The proofs given in this section are constructive when the

eigenfunctions are determined.

4.2.4  Further generalization

The results obtained in the preceding section are applicable
to the restricted class of systems satisfying Assumptions 1 - 4
described therein. Such systems may provide a broad class in view
point of applications, considering the compléxity of computational
treatmeht of distributed parameter systems. For instance, very few
numerical examples can be seen in literatures published, which treat
exceptional systems violating Assumptions 1 - 4.

This section shows the outline of the approach to the more
general systems, time variant systems, systems involving spatially
inhomogeneous coefficients, and so forth.

Consider the Cauchy problem

d

TR Al(t,E)x + Az(t,E)y = f(x, y, t, €), x(0,e) = &E(e),

(4.2.69)
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€ g— y + A (e,e)x + A, (5,8)y = g(x, ¥, t, ), y(0,e) = n(e).
t v (4.2.70)
Systems of this type are intractable, for showing the existence and

uniqueness of the solution. So several hypotheses are made for it.

H1. The operators Aa(t,e) are closed (possibly unbounded) linear
operators acting in H with the domain of definition D = D(AA(t,e))
everywhere dense in H and independent of (t,e) for t ¢ [0,T], and

€ € [O,eo].

H2. The resolvent of —A4(t,a), R(Aa(t,e); A) = [A4(t’€) + AI]_l,

exists as a bounded operator in H for each A, ReX > 0, and

IR, (e,e)s0 | < ¢t + WD (4.2.71)

for ReX > 0 and some positive constant c' independent of (t,e). The
identity operator in H is denoted by I, and the operator norm over H
by

Thus we have:

For each o¢ [0,T], - A4(t,€) generates an analytic semigroup

{exp[—tA4(o,e)]}, t > 0.

There exist positive numbers § and C independent of t, o, and ¢

such that for each o¢ [0,T],

'%E {exp[—tAa(o,e)]x} = - A4(0,e)exp[-tA4(0,e)]x, t i g

< Cexp(- t), t>0,

“ exp[—tAa(O, 8) ] “

” Aa(o,e)exp[—tAa(o,e)]” ;=Ct_lexp(— t), t>0.

Hence Assumption 4 in Section 4.2.3 holds. Also it is assumed that
H3. There is a positive constant o such that
-1
|l 14, (t,e) = A, (1,e) 14, (s,e) || = cglt - |, (4.2.72)
for al1 0 < t, 1, s £ Tand 0 2 € £ €4.
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In order to specify the dependence of A4 on (t,e) we assume

H&4. The operator function Aa(t,e)AZl(0,0) has strongly
continuous derivatives of all orders with respect to (t,e), for
O;tf__T,O;e;eo.

H5. The functions £ and g have continuous derivatives of all
orders with respect to (t, x, y, €) e.[O,T] x § x [0,50] where S is
some sphere about the origin in HxH (see Dieudonne [D.60, P186]).

With hypothesis H5, f and g can be expanded into the formal Taylor

series
£= 1 £ ey, (4.2.73)
i,§,k,1=0 ™
v i J k1
g= ) gijkle?th v, (4.2.74)
i,J,k,1=0
where fijkl and gijkl are kl-linear bounded operators in H, while the
operator A, is linear but unbounded. The above power series converges

4
uniformly in the Fréchet sense, in the sphere "xouz + ]]yOH2 + gz <p.
The following conditions give a specification of the certain

solution of the reduced problem.

H6. There are functions xo(t) and yo(t) which satisfy the

reduced Cauchy problem

4 x0 + Al(t,O)x0 + Az(t,O)y0

dt f(XO, yoa t, 0),(4.2.75)

Ay(t,00x0 + A, (6,00y% = g(x0, y0, t, 0),(4.2.76)
with the initial data

x0(0) = £(0), (4.2.77)

and which has continuous derivatives of all orders.
H7. There is a function y*(t) which satisfies

A3(t,0)x + A4(t,0)y* = g(x, y%, t, 0), - (4.2.78)
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and which has continous derivatives of all orders. Further y*(t) is
isolated in the sense that for each t ¢ [0,T], there is a sphere about
y*(t) which contains no other solutions of this equation.

H8. £x% % £, 00 =0, £ (x% y°, £, 0) =0,
y (4.2.79)

1l

gX(XO, YO, t, 0) 0, gy(x09 YO,»t, 0) = o,

for t ¢ [0,T]. Here fx denotes the Fréchet derivative of f with

respect to x and similar for £ .
p ys gX’ gy

The boundary layer system
%; Y + A5(0,0)X + 4, (0,00 = g(X, ¥, 0, 0), Y(0) = n(0),  (4.2.80)

is derived through stretching transformation t = t/e and setting ¢ = 0.

H9. The boundary layer Cauchy problem (4.2.80) has a unique

solution, Y = YO(T), whichexists for v € [0,=].

H10. The full problem has a unique solution, x(), y))

which exists for t ¢ [0,T]."

H1ll. The linear operator Azl(t,O) takes infinitely differenti-
able functions into infinitely differentiable functions.

Under these hypotheses, the following theorem similar to
Theorem 1-2 holds:

Theorem 4-6 If hypotheses H1 - H1l hold, there exist a constant

€y > 0 and bounded functions temporally uniform, Rn(m, t, €) and

Sn(w, t, €), such that

[x% (w,t) + XF(w,t)]ef(e!) L + Rn(w,t,e)en+l, (4.2.81)

Il

n
)
r=0

u r r r -1 n+l

LIy (@) + Y (w, )1t (e + S_(w,t,e)e” ~, (4.2.82)
r=0

for € € [0,e49], te[0,T].

x(w, t,€)

y(w, t,e)

The proof of this theorem will be possible by using the lemmas

similar to those of lumped parameter cases, and by rephrasing the
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proof given in the lumped parameter cases, e.g., in Wasow [Ws.65] or in

Hoppensteadt [Hp.71.1].

Lemma 4-4 If Hl and H2 hold, then there exist positive constants
€0 § and C independent of t, €, and such that

I exp[—tAa(s,e)/e]” < Cexp[-6(t - s)/e], (4.2.83)

for 0 < s £t < T and g€ [0,€gq].

Lemma 4-5 If HL - H1l hold, then there exists a set of positive

constants Cr and Gr such that

X" @[ + Y] £ ¢ expt-6,1),

(4.2.84)
< Crexp(—GrT),

5 %] + 477

where Xrﬁr) and Yr(T) are solutions of the boundary layer equations

corresponding to Eqs.(4;2.24)r and (4.2.25)r.

These lemmas can be shown in the similar way to those given in
Hoppensteadt [Hp.69.1]. But our present object being the investigation
of the singular perturbations of optimal control problems, with regard

to proofs of these lemmas, Hoppensteadt [Hp.69.1] may be referred to.
4.3 Tracking problem

4.3.1 Problem statement

We are given Hilbert spaces V and H. The dual of V is denoted
by V' and the dual of H is here assumed to be identified with H,
and hence

VCHCV'.

For simplicity we are concerned with the system described by the

following set of equations:
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3
at

b.,u (4.3.1)

X - (alA - az)x + a3y 1Y,

- - = 4.3.2
€ (aaA as)y + a6x b.u ( )

2
ot 7 272
where x ¢ H1 and y ¢ H2 are scalars and ai's are spatially homogeneous

and time invariant parameters, Adopting the matrix representation,

we express the system, in place of Eqs.(4.3.1) and (4.3.2), as

3
IEat z + Az = Bu, (4.3.3)
where )
- X A= - alA + a2 a3
vy |2 ac - aaA + ag ?
\ (4.3.4)
b 0 u
B = 1 , u-= 1
0 b2 u2

Let us denote the Hilbert space of control by U, and we suppose that

= {u, u)ed= L2 x12(Q). (4.3.5)

Then the operator B is given by

Be X (U; V"). (4.3.6)
We define # by
A .2 2
2 = L7(Q)x L7(Q). (4.3.7)
The initial and boundary conditions are given as below:
z(w,0) = zg(w) e H, in Q, (4.3.8)
z =0, on I. (4.3.9)

We also assume that

z € LZ(O,T;V), z € LZ(O,T;V'). (4.3.10)

3
ot
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The notations L2(0, T; V),LZ(O, T; V') are defined in Section 4.2.1.
The problem concerned is the tracking problem to transport the

given initial state zo(m) to the desired state zd(w) given as

xd(w)

2
. zd(w) = 3 zg el ), . (4.3.11)
(w)
4
with minimizing the following performance index:
T
J = J | z(t5u) - z (£)]| .dt + (u,Ru), , (4.3.12)
0 d a0 /4 .
where
# = 12(0,7;9), (4.3.13)

and H is defined similarly as U@ in Eq.(4.3.7).

In this case, we take

<
I

Hp(2) x HE (), (4.3.14)

- 12 x1.2). (4.3.15)

o]
|

[y

The adjoint equations satisfied by the adjoint variables P and q
corresponding to the state variables x and y respectively, are

introduced as follows:

P
i vell (alA - az)p tagq = wx - xg, (4.3.16)

d
-3 4 (84A - aS)q +a,p = W,y - ¥y (4.3.17)

or
9
— — * = —

IEat s + A*s = Wr zy- (4.3.18)

In the case where there are no constraints, that is the optimal
control u* minimizing J(u) when the control U ranges over the whole
space U, is contained in the space of admissible control Uhd’ we can

derive the optimal control u* as
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1

u* = R B's, (4.3.19)
or
-1 -1
* = *
uf =1,y blp, uy =1, b2q. (4.3.19)

Eliminating u(t) in Egs.(4.3.1) and (4.3.2) by using Eq.(4.3.18),

the following canonical equation is obtained:

3 -
Iea_t z + Az = BR 1B's, (4.3.20)
9
- IESE s + A*s = Wz - Z g (4.3.21)
with initial and final conditions
z(w,0) =z, wef, (4.3.22)
.s(w,T) = 0, we. (4.3.23)

We decouple the canonical system (4.3.20), (4.3.21) by using the
Riccati-like transformation: there exist an operator P(t) and a func-

tion r(t) such that

s(t) = P(t)z(t) + r(t), (4.3.24)

where P(t) is given by

3 1

= Iego P(t) + P(t)A + A*P(t) + P(£)BR "B'P(t) = W, (4.3.25)

P(t) e L(H;H). (4.3.26)

An operator P(t) satisfies Eq.(4.3.25) in the sense that

3

[- Tegz P(E)1$+P(t)AD + A*P(£)¢ + P(£)BR *

B'P(t)d = W, (4.3.27)

for any ¢ £ V.

The final terminal data are given by

P(T) = O. (4.3.28)
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which holds in the same sense as in Eq.(4.3.27).
The vector function r(t) satisfies the following linear parabolic

equation

1

- Iaa—t r(t) + A*r(t) + P(t)BR

5 B'r(t) = zd(t), (4.3.29)

r(t) ¢ H, (4.3.30)
with the terminal condition

r(T) = 0. (4.3.31)

The validity of the above derivation of P(t) and r(t) was ascertained
in Lions [L.71], whose approach is a straight extension of the results
in lumped parameter case obtained by Kalman [K.60]. Meyer [My.73] may
also be referred to for Riccati equations in abstract space.

By using the Kernel Theorem due to Schwartz (cf [L.71]), P(t) has

the representation

P(t)¥=|P(w, w',t)P(w)dw’ (4.3.32)
Q .

where P(w, w', t) is a kernel of P(t), which is a distribution on
waQw,, defined uniquely by P(t). The generated kernel P(w, w', t)
can be expressed as

, ePl(w, w', t) st(w, w', t)
P(w, w', t) = R (4.3.33)

ePé(w, w', t) P3(w, w', t)
with
Pl(w, w', t) = Pl(w', w, t), (4.3.34)

P3(w, w', t) = P3(w', w, t). (4.3.35)

Then the kernel corresponding to the operator P(t) characterized by
Eq.(4.3.25) satisfies the following integro-differential equation of

Riccati type
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9 -1. -
- - % ' 2 - - '
Sy Pl (Alm + Alw')Pl(w’ w'y, t) +r bl PloPl wlé(w w')
-1
- 2 2
28a6P2 + e“r b2 P20P2, (4.3.36)
~e P =A%t P, - aP,+r ‘b 2P 0P, -cA, P, + er b 2P oP
ot "2 1w 2 63 12771 4uy 2 2 3772
5 -1, - (4.3.37)
- = = % - : - - w'
v P3 (Aém + A&w')P3 2a3P2 + r bl onP2 w26(m w'),
(4.3.38)
where
Alw = alAw = a, A&w = aAAm - a5
PoQ(w, w', t) = J P(w, o, t)Q(os, w', t)do, (4.3.39)
Q
with the terminal and boundary conditions
Pi =0, on 3(QxQ), - (4.3.40)
Pi(w, w', T) = 0. . (4.3.41)

It is to be noted that we obtained Eqs.(4.3.36) - (4.3.38) by using the

relation

PA$ (w)

J Plw, w', t)Aw¢(w)dw
Q

J A% P(w, w', t)¢(m)dw,
q

hence the kernel of PA is AZ,P(w, w', t). It is added that the kernel

of the identity is 6(w - w').
4.3.2 Eigenfunction expansions

By using Theorem 4-2, there exists an orthonormal system of

eigenfunctions satisfying
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- Alw¢j(w) = Aj¢j(m), (4.3.92)
with
=0, (4.3.43)

where

Alw - a1

Aw_ az.

Then it can be shown that approximations to the state vector z

and the costate vector s may be represented to be of the form,

8
=)

z= ) z (t)¢,, s= ) s.(t)b,, (4.3.44)
m 53 L

2 © 1.2¢0,T), s © 12¢0,1), (4.3.45)

o T

lekjl f llzj(t)n‘Zdt < w, (4.3.46)
j= 0

o0 T ..

) lle J | s.(t) ]| 2dt < =. (4.3.47)

3= o .

These approximations nZ and n° have the properties

lin 2z =z, inL%(2), (4.3.48)
e 2

1lim oS = S in L°(Q). (4.3.49)
>0

An approximation to the kernels Pi(w, w', t) may also be represented

as

mPy (w,u', ©) = ] 5o ()6, (4.3.50)

m
=]
k,1=1

k1

e 12(0,T). (4.3.51)

It is to be noted that the sequence {¢, (*)¢, (+)}
k 1 k,1=1,2,....
constitutes an orthonormal basis in L°(Q x Q) and mPi has also the

property
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lim _P, =P, in L2(2xQ). (4.3.52)
mo 1
If we set
uy = (u,¢j), (4.3.53)
Zoy = (20,¢j), (4.3.54)
and
zdj = (zd,¢j), (4.3.55)
then, we obtain, substituting Eq.(4.3.44) into Egs.(4.3.3) and
(4.3.18):
I 4 z2, + A,z. = Bu (4.3.56)
edt 373 j’ T
- e = -
Iedt s, + Aj sj sz zdj’ (4.3.57)
where
A - Aj a3 ~ a2a4 azah
i % T T 2 % T T agt Ty
a6 alxj + o, 1 1

The performance index (4.3.12) can also be decoupled into each

mode by using the orthonormality of the basis {¢j(w)}, such that

© T T
= ., J. = .-z, ||%2dt + .,Ru,)dt. 4.3.58
J jZlJJ N JOH %3 sz|| ¢ JO(uJ uJ) ( )

It is to be noted that Jj includes only variables with suffix j.

Then we can synthesize the decoupled modal control. The property of
the decoupled modal control ascertains that the time coefficients

Pikl(t) in Eq.(4.3.50) are represented by the form

kl kl
4,3.5
P, (t) GllP. (), (4.3.59)

where dkl denotes Kronecker's delta, i.e., we derive the following
expression in place of Eq.(4.3.50):
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o kk
mPi(w, w', t) = kzlPi ¢k(w)¢k(w'). (4.3.60)

It is clear that Pikl(t) is equivalent to the solution Pik(t),

i =1, 2, 3, of the Riccati equation derived for the k-th mode
canonical equation with the k~th mode performance index Jk.
Considering the situations described above, we give the matrix re-

presentation for {Pikl(t)} i=1, 2, 3, as

4 p _ -1 2 _ _ 2 -1 2
lvs Pl = 2A1P1 +r bl Plpl Wy 2€a6P2 + er b2 P2P2,
d 1 1 (4.3.61)
L = - - 2 _ - 2
s P2 A1P2 a6P3 +r b1 P2P1 eA4P2 + er b2 P3P2,
d 1 1, (4.3.62)
- = - = 2 - -
e P3 = 2A4P3 2a3P2 + r b2 P3P3 + r b PZP2 W)
(4.3.63)

where Ai’ i =1, 4 and Pi’ i=1, 2, 3, are of the diagonal form

A1A 0 0‘1X1+°‘20t - 0

A =| M2 , A, - 127, ,

0 Am 0 alkm+a2

Pill ;

» 22
P, - i
0 .P.mm
1

Thus the Riccati equation for the mode time coefficients Pikl(t) can
be separated into each mode Riccati equation and the generated Riccati
equation of the individual mode can be treated independently of those

of other modes. The Riccati equation of the k-th mode is represented

as

d kk kk -1

_.4 _ 2 kk
£ P 2\ P +r b1 (Pl

- -
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kk

+ ezr—lbzz(P2 )2, (4.3.64)
- e% szk = )\szkk - a61>3kk + r'1b121>2kkp1kk - e(ai)\k + a2)1>2kk
+ er_lb22P3kkP2kk, (4.3.65)
- %E P3kk = 2(agAy + oz2)1>3kk - Za3P2kk + r'lb22(1>3kk)2
+ r"lbl?-(szk)2 - vy, (4.3.66)
with the terminal conditions
pm =0, 1-=1, 2, 3. (4.3.67)

4,3.3 Asymptotic expansions via boundary layer method

As in the lumped parameter case, we are naturally led to

constructing solutions of Eqs.(4.3.36) - (4.3.38) of the form

P(U), w'9 t) = K((D, w', t) + H(‘”) m's T),

(4.3.68)

where T=(T-t) /e,and K(w, w', t) and H(w, w', T) admit the following

asymptotic expansions in € as € tends to zero:

Kw, o'y ) = 3§ K(u, o', )@,
r=0

H@w, o'y 1) = J H(w, o', De )T,
r=0
and

K'(w, o', t) = K'(o', w, t),

Hr(w, w', 1) Hr(w', w, T).

(4.3.69)

(4.3.70)

(4.3.71)

(4.3.72)

The results of the preceding section, i.e., availability of the

decoupled modal control, the kernel corresponding to the "slow mode"

(see Section 1.4), K(w, w', t) and the "fast mode" kernel H(w, w', 1),

can be expanded into the following eigenfunction expansions:
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K(w, o', t) = 6k1Kkl(t)¢k(w)¢l(w'), (4.3.73)
k,1=1

Hw, w', 1) = z leHkl(T)¢k(w)¢l(w'). (4.3.74)
k,1=1

As to the coefficient kernel of £° in Eqs.(4.3.69) and (4.3.70), the
results analogous to Eqs.(4.3.73) and (4.3.74) hold. Thus the coeffi-
cient kernels of the outer expansion Kr(m, w', t) and those of the

boundary layer corrections Hr(w, w', T) can be approximated by

o r,kk
L K7 ()0, (@), (0", (4.3.75)
k=1

T
oK (0 0's )

W (o, o', 1) = ) B (06 ()6, (") (4.3.76)
o Wy, W', T L T ¢k w ¢k w'), . 3.

where mKr(w, w', t) and er(w, w', T) have the property

. r . 2
dm K'(, +, £) =K (v, +, 8), inl7(@xQ), (4.3.77)

. r
lim B (e, *, 1)

#'(-, -, v, inLX@x0). (4.3.78)

The above derivations are founded on the construction of the
solutions of Eqs.(4.3.64) - (4.3.66) with use made of the boundary
layer method developed in the lumped parameter case. We seek the
solutions of Eqs.(4.3.64) ~ (4.3.66) with the terminal conditions
(4.3;67) of the form

kk k
P, (0 = K, ko) + Hikk(T), (4.3.79)

kk kk
where Ki (t) and Hi (1) admit the asymptotic expansions in € as ¢
tends to zero,

o

Kk -
K0 = ] k5o an T, (4.3.80)
kk

+ r:O
1, (1) Zonir’kk(T)er(rz)“l, (4.3.81)
r:

]

the suffix i indicates the position of the element in the original
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matrices such as

K= , H= . (4.3.82)

In order to determine the coefficients Kir’kk(t) and Hir’kk(T),
the same procedure can be adopted as in the lumped parameter case.
The Riccati equation (4.3.64) — (4.3.66) gives the recursive set of
equations of the outer expansion, when we substitute the outer
expansion (4.3.80) into Egs.(4.3.64) - (4.3.66). The construction of
the boundary layer corrections is carried out by stretching the Riccati
equation (4.3.64) - (4.3.66) and by substituting Eq.(4.3.79) into them
with consideration given to Eqs.(4.3.80) and (4;3.81). And the
generated recursive set of equations determines each coefficient of
the boundary layer corrections Hir’kk(T). We have shown here the

complete applicability of the method derived in Chaper 2.

4.3.4 Main theorem

The object of this section is to establish the theorem giving®
the asymptotic atcuracy of..the resulting series solutions derived in
tSry R g a;::’i’.‘,». -

the preceding section. First we state the following important

condition:
Cl. The Cauchy problem
du

Pyl Almu = 0, Alw = alAm - a, (4.3.83)

is uniformly well-posed in the sense of Hadamard, and the semigroup

exp [tA(o)] of this problem satisfies

I exp[tAl(O)]]I;:Cexp(—ét), for 6> 0. (4.3.84)

In this case the inequality(4.3.84) means that

al>-0, a, - a;> 0 (4.3.85)
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holds for te [o,T].

We are led to the next condition, which considers the boundary

layer controllability in the lumped parameter case.

C2. The boundary layer system associated with Egs.(4.3.1) and
(4.3.2)

5 ‘
oT X (alA - az)x + azy = blu1 (4.3.86)
is controllable, i.e.
bl # 0. (4.3.87)

This definition of the boundary layer controllability can be
extended easily to the case where x is a state vector of multi-

dimensional. Then we can offer the following main theorem.

Theorem 4-6  1If conditions Cl and C2 and other specified conditions

in Sections 4.3.2. and 4.3.3 hold, then there exist €0 > 0 and

functions R.n(t,e) bounded uniformly in the t-interval [0,T] such that

RNCRNOR 2 [K,7 w,0',t) + BT 0 ,T)]s @)™+ R (e,e)e” 1
=0 . (4.3.88)
\ K (w,0',t) —k{ KL kk¢k(m)¢k(w'), LH Gyt = 2 52, (m)¢k(w ),

for € € [0,80] where Kir’kk(t) and Hir’kk(T) are determined stepwise
by solving the recursive set of equations derived by using the

procedure described in Section 4.3.3.

The proof of this theorem can be carried out in line with the
proofs made in Theorem 4-5. We state the following lemmas verified
in the course of the derivation of the eigenfunction expansion of the

kernels K(w, w', t) and H(w, w', T), as shown in Eqs. (4.3.73) and
4.3.74).

Lemma 4-6 Under all the conditions specified in the preceding
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Sections 4.3.2 and 4.3.3, the kernels K(w, w', t) and H(w, w', T) can

be expanded into

K(w, w', t)

kZlKkk<t>¢k<w>¢k(w'), (4.3.89)

H(w, w', 1)

1 B (00, W4, ", (4.3.90)
=1

where Kkk(t) and Hkk(T) are derived by

K (e) = J ¢ (WIK(w, w', t)dp(0')dudw'| (4.3.91)
2xQ

B (o) = b (@@, w', 1)¢, (0")dude' (4.3.92)
axQ

K e 20,1y, #% ¢ 12(0,%).

Proof Theorem 4-2 also holds in the case of L2(Q x Q) instead of
LZ(Q) with adequate modifications. (see Phillipson [Ph.71]) Q.E.D.

The truncation series of (4.3.75) and (4.3.76) up to the finite terms

gives the so-called Galerkin approximation scheme.

Lemma 4-7 If the conditions Cl and C2 and other specified condi-

tions in Section 4.3.2 and 4.3.3 hold, then there exist € > 0 and

. n . . . .
functions S (t,e) bounded uniformiv in t-interval considered such that

nPkk(t) - nKkk(t) + nHuh(T) + Sn(t,e)ekn+l
n n
= L e Ten™ ¢ ] et e Tan Tt
r=on n+l r=0
+ S (t,e)sk
n
= ) R + Hr’kk(r)]skr(r!) 1y Sn(t,s)ekn+l,
r=0
where (4.3.93)
€ = e/k2, e€[0,eq].
Proof The singular perturbation theory of the lumped parameter

case can be applied to the ordinary differential equations of the
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Riccati type (4.3.64) - (4.3.66). As in Chapter 2, we can construct
solutions of Eqs.(4.3.64) - (4.3.66) of the form
Kk, . _ = kk = kk
Pi (£) = Ki (t) + Hi (v, (4.3.94)
.2 kk o kk . . , . :
where Ki (t) and Hi (T) admit asymptotic expansions in e as e tends
to zero (see the proof of Lemma 4.2)
- kk
K, ()
i,
i

Pl

ir’kk(t)sr(r!)_l, (4.3.95)

a]
o

ir’kk(r)er(r!)—l. (4.3.96)

oo

(1) =

I o~18 Il 1 8

=
o

The coefficients Rikk(t) and ﬁikk(T) are identical with those derived

in Section 4.3.3, which completes the proof. Q.E.D.

The connection of Lemma 4-6 with Lemma 4~7 completes the proof
of Theorem 4-6.

We restrict ourself to the investigation of the Riccati equation
(4.3.36) - (4.3.38), and the same procedure adopted in the proof of
the main theorem can be applied to the associated parabolic eqﬁation

(4.3.29) by using the eigenfunction expansions as

rw,t) = )

. 4.3.97
J rj(t)¢j(w) ( )

1

With regard to the construction of coefficients rj(t), the result of

Section 4.2 may be referred to.

110



Chapter 5 Nuclear Reactor Control with Distributed Parameters

5.1 Introduction

This chapter treats the nuclear reactor control involving spatially
distributed parameters. The importance of this treatment has been
increasing, since the size of reactors is becoming larger and the
spatial effects cannot be neglected. For instance, control of the
neutron flux distribution, burnup control with consideration of hot-
spot~factor, Xenon oscillation, etc. can be treated by considering
distributed parameters.

Many studies have been made on the subject via various approaches,
i.e., modal expansion method with use made of various types of mode;
clean reactor mode, Kaplan mode(natural mode), lambda mode, etc.,
nodal expansion method, function space method, dynamic programming,
and so forth. For a more precise survey, Iwazumi and Koga [I.73], or
references listed. in it, may be referred to. ‘

The method proposed in this chapter is the singular perturbation
theory connected with one of the modal expansion method, by using the
Helmholtz mode. The Helmholtz mode gives the complete base in the
space Lz. The theoretical foundation, upon which the validity of the
method presented relies, is given in the preceding chapter.

It is to be noted that the criticality of the reactor considered
violates the asymptotic stability of the equation for the prompt
neutron. Hence we can not neglect time derivative term of the prompt
neutron in the original partial differential equation. But the
resulting equation using the modal expansion can be reduced in dimen-
sionality except for the fundamental mode. Such a situation shows
that the dimension of the dynamics governing the spatial control can
be reduced and that of the power control cannot, since the power control
is dominated by the fundamental mode and the spatial control is by the
higher mode (see Wiberg [Wi.67]). Thus the singular perturbation

theory is effectively applied to the spatial control system.
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The system described by multi-group diffusion equations with multi-
group of delayed neutrons has a different aspect. In this case, it
is possible to reduce the dimensionality of this system in both power
control and spatial control. Considerations of the situation are

found in Sections 5.2.3 and 5.3.2.

5.2 Formulation of the problem

5.2.1 Derivation of the state equation

We consider here an infinite slab reactor described by the
following set of equations, the one-group diffusion equation with one

delayed neutron group:

22 (0, 0) = oD@ @, 0] = E (@) (o, 1)
+ (1 = BIVI (@)Y (w,t) +AC ~ 2 (0,t)¥(0,t),
(5.2.1)
20,0 = BVI (@¥(, 1) = AC(u,t), (5.2.2)

where w is the spatial coordinate, Y (w,t) is neutron flux, C(w,t) is
precursor density, and Zc(w,t) is the absorption cross section which
is used for control variable, and assumed to be distributed in this
case for simplicity. This system is bilinear form as in the lumped
parameter model dealt with in Chapter 3. Hence linearization is made
as in Chapter 3 by expanding each variable about the initial steady
state.

The spatially dependent coefficient D(w) prevents usfrom con-
structing analytical eigenfunctions. The approximation'made to avoid
this trouble, is the separation of the coefficient D(w) into two
parts, spatially variant and invariant parts. To ensure the finality
of the expansion series (see Kaplan [Ka.6l]), the other coefficients
are also separated in the same way. The spatially independent parts

should be chosen so that the fundamental mode may sustain the initial
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steady state and the effects of the spatially variant parts are taken
into the control as the initial distribution of the control. This
approximation was proposed by Iwazumi and Koga [I.73]. If the system
behaves well in the course of motion, the approximation gives satis-
factory results. The validity depends upon the property of the
problem considered. In this chapter, we consider the tracking problem
which shall give the validity, i.e., the desired state is given not

so far from the initial state.

The linearized state equation can be obtained by considering
small deviations from the steady fundamental mode, which is determined
by the system at the initial time involving only spatially invariant
parameters, and by normalizing with respect to the fundamental mode of

neutron flux wlO’ as

3
Ie 3 d(w, t) = Swé(m,t) + Bu(w,t), (5.2.3)
where
SY(w, t) /Y1
d(w,t) = s u = - W(w,t)zc(w,t)/wlo,
_6C(w’t)/¢10
[ 2 2
. 318 J3w® + a, a, . > 0 . 1
o - ’ - ’
| a4 a5 s € 0 1 0
(5.2.4
a; = D, a, = a - B)vZf - Za, ay = A,
a, = BvZf, ag = - ﬂg = v"l‘

The resulting equation (5.2.3) is of the same form that Kuroda and
Makino [Kd.69] treated. The difference lies in that Kuroda and
Makino first assumed the spatial homogenity of the system parameters,
but the treatment presented takes the effects of spatially varying

parameters into consideration.

The problem to be considered is the terminal cost problem to

minimize the following performance index:
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L

J =1 [o(w,T) - Qd(w)]' Ql¢(w,T) - ©d(w)]dw
07,2
+ J J rlu(w,t) - uo(w)]zdmdt, (5.2.5)
0° 0
where
q 0
Q= 1 ; ql’ q3’r>0’
0 q3

éd(w) is the desired state, and uo(w) is the initial value of the
control determined beforehand so that the spatial homogenity of the
system parameters holds. As to the construction of this initial

value, Iwazumi and Koga [I.73] may be referred to.

5.2.2 Modal expansion

In the case of one dimensional space, i.e., an infinite slab

reactor, the Helmholtz mode is defined by

42

E$2¢ + A = 0, (5.2.6)
With

$(0) =0, ¢(2) =0, (5.2.7)

where £ is an extrapolated thickness, Xi eigenvalue, and ¢i eigen-

function;
¢; = v2/% sin/X;Q, (5.2.8)
= (LT 52 .2,
A = SR | (5.2.9)

. . 2
The sequence {¢i} constitutes an orthonormal set in L, i.e.,

%
Jo¢i(w)¢j(w)dw = 6ij, (5.2.10)

where 6ij is the Kronecker's delta.
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"If the existence of the solution has been proved, it can be
shown that the system {/2/% sin/Ai w} can be replaced by other
suitable orthonormal systems chosen in infinite ways (see Green
[cr.531).

The state vector & can be expanded into infinite series with

respect to the eigenfunctions generated above,

é(w, t)

L o (£)V2]% sinrw, (5.2.11)
i=1
cr

P (w,t) E £, (1)

2/% sin%?w .
i=

clw, )] T n, (0)

The control rods are physically concentrated, which should be
represented mathematically by the Dirac measure 8. Then the control
term is given by

M

u(e,t) = ) u (£)8(w - @), (5.2.12)

_ - k=1
where M is the number of control rods and Wy is the position of the
k-th control rod. 1In the case where there are lots of control rods,
however, the spatially concentrated control can be represented
approximately by the spatially distributed control, which is simpler
to analyze. The spatially concentrated case will be considered later.
Here we restrict ourself to the spatially distributed case for
simplicity.

The control term u(w,t) can be expanded with respect to the
eigenfunction of the Helmholtz mode, if the control u(-,t) is given

in LZ(Q).

w(,©) = [ u (0)V27L sinla. (5.2.13)
i=1

In order to obtain a set of equations for the modal coefficients,
Ei(t), ni(t) and ui(t) which are functions of time, the expansions

(5.2.11) and (5.2.13) are substituted into Eq.(5.2.3) and the
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orthonormality (5.2.10) is used, yielding

er%g Ei(t) = [-alc%§>2 + a2]€i(t) + a3ni(t) + ui(t), (5.2.14)
%; n;(€) = a, g, (€) + asni(t)- (5.2.15)

It is to be noted that the modal equationé (5.2.14) and (5.2.15) are
decoupled with each of the other modes, which results from the
approximation made beforehand about the spatial homogenity of
parameters.

To synthesize the optimal feedback control in the modal space,
the performance index should be expanded into modal form. Thus the
desired terminal distribution @d(w) and the initial control uo(w)

are expanded by using the same spatial eigenfunctions, as follows:

g im - gdi — im
? (w) = Z d,..V2/% sin—uw = X V2/8 simr—uw,
d Loodi I3 . n,. L
i=1 i=1] di
o0 in : (5.2.16)
up(w) = Z uoy 2/% sinafw .
i=1

Then we obtain the modal expansion of the performance index, as

=) T o
J= ) ¥I(DQY (T) + rJ ) G;(t)dt (5.2.17)
i=1 0i=1
where
wi(t) = @i(t) - @di(t),
ﬁi(t) = ui(t) - uoi(t).

Hence the performance index for the i-th mode Ji becomes

1 1 (T
J =5 Mo (M +5r J a? (t)de. (5.2.18)
0

It is easily seen that optimal control theory for lumped para-

meter systems can be applied to each mode, since coupling between the
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other modes does not occur in total system including the performance
index.

The state equation of the i-th mode and the corresponding i-th
performance index are given in Eqs.(5.2.14), (5.2.15) and (5.2.18)
respectively. Applying the well known results in optimal control
theory of lumped parameter systems, the following control law is

derived in the form of feedback type:

u *(t) = - r”le[Ki(t)¢gc) +g,(6)] + u g (5.2.19)

where Ki(t) is a solution of the matrix Riccati differential equation
of the i-th mode

R;(6) = = R (DA, - A'K (6) + r-lKi(t)BB'Ki(t), (5.2.20)

and gi(t) is a solution of the following linear differential equation

associated with the Riccati equation derived above:

° - _ _.'l ' ' _ '
g;(t) = -(A; - r "BB K, (£))"g, (1) Ky (t)BuOi, (5.2.21)
where
: 2
al(lﬂ/z) + a, a3
A, =
+ a a
4 5

As the partitioning similar to Eqs.(2.2.16) and (2.2.17) holds

also, then we obtain the following Riccati equations for each element,

. 1

= - - : 2 - 2 -
ek; 2[ al(1n/2) + a2]kl +r kl 2€a4 2
. —l
- - - TI.. . 2 -
ekz = a3k1 [ al(lﬂll) + az]k2 a4k3 +r klk2
(5.2.22)
- gaskz,
|
A - =12
ky 2a3k, = 2agky 47N,

and for gi(t)

117



-1
€gy = - [—al(iﬁ/l)2 + a, -t kl]gl T a,89 ~ klu09
(5.2.23)

= - - "'1 -— .
82 T 7 238 T 358y 4r ky8y7Kyl

These equations should be solved under the terminal conditions

K(T) = Q, (5.2.24)

g(T) = - Q@d. (5.2.25)

In the above expressions of Eqs.(5.2.22) - (5.2.25) the subscript of
each variable representing the modal order is omitted, and the same

expressions are adopted in what follows unless confusions may occur.

5.2.3 Consideration on the criticality condition

From the fact that the decoupled modal control is applicable to
the system (5.2.3), the resulting infinite set of differential equa-
tions can be treated separately. Hence the technique of constructing
asymptotic expansions of solutions developed in the lumped parameter
systems can be applied to the i-th mode system of ordinary differen-
tial equations respectively, within the i-th mode system.

However, the distributed parameter reactor described by the
kinetic equation of one-group diffusion with one delayed neutron or
multiple-delayed neutron, has a distinct situation from the one-point
reactor. The fundamental mode (the first mode) should be considered
separately from the other higher modes, since the criticality of the
reactor requires that the eigenvalue corresponding to the first mode of
the clean reactor mode should be set to zero, which sustains the
steady state of the initial state under consideration. The critical
condition is thus obtained in the Helmholtz mode as

aya; - aja, - alas(n/z)2 =0 (5.2.26)

The criticalily condition is assumed to hold at the initial time,

so the asymptotic stability of the boundary layer system of the first
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time coefficient of the neutron flux is not' ‘concluded' [Hn. . 69]. "So the
technique of the singular perturbations cannot be applied to.the first
mode system. The separation of the control system into two systems,
the power control system and the spatial control system,gives a physi-
cal meaning of the above situation. The contributions of the higher
modes to the power control are minor, and the reactor can be controlled
by one feedback system represented by the fundamental mode. And the
other feedback systems detect and control the other higher modes which
determine the spatial shape of the neutron flux (see Wiberg [Wi.67,
P322]). Hence we can say that the power control system should be
treated in the original form, and the spatial control system can be
dealt with by using the singular perturbation theory. In other words,
singular perturbation theory is effectively applied to the spatial
control system with reduction of the dimensionality.

The stability theory of the reactor with distributed parameters
are found in literatures [S.68], [Ks.69], etc. The situations consid-
ered above is consistent with the result described in Kastenberg
[Ks.69], which gives an extensive survey on the asymptotic stability
of distributed systems adopting several approaches, Lyapunov method,

semigroup theory, etc. The theory is a flourishing field.

5.2.4  Construction of asymptotic expansions

Applying the boundary layer method developed in the lumped

parameter systems, we seek solutions of the form

Ej(t,e) = kj(t,e) + hj(r,e); j=1, 2, 3, (5.2.27)

where 1t = (T - t)/e, and kj(t,e), hj(T,e) admit asymptotic expansions

in €, as € tends to zero of the form

k (t,e) = J k,.T(e)eF(en) L,
J r=0 J (5.2.28)

h,(t,e) = } h.(r)ef (et
] Lo 3
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The subscript j represents the position of the element such that

k=] + 2 g=| 1 2|, (5.2.29)

It can be easily seen that the sequences IIK, T (t) and LIH, ()
ir 1 ir 1,] ’

converge to the solution of the Riccati integ;o—differential equation
and that of the stretched Riccati equation associated with it,
respectively, which are obtained directly by using the Riccati-like
decoupling shown in the preceding chapter.

Substituting the outer expansion Zkger(r!)_linto (5.2.22), and
comparing the coefficients of like powers of e, we have the following

set of equations:

for the higher mode i>1

-1
= - - 1 2 0 . 02
0 2[ al(lﬂ/l) + a2]k1 +.r k1 s
- _ 0 _ [-a (i 2 0 _ 0 -1, 040 .
0 34k3 [ al(lﬂ/Q) + az]k2 a3kl +r klk2’ (5.2.30) ¢
0 = _ 0 _ 0 -1.0
k3 2agky = 233k w7l ad)?,
and
-1 _ o . 2 r -1l 0. T r
kl = - 2] al(ln/k) + az]k1 + 2r klk1 + Py (),
» r-1 _ r . 2 r _ r -1l.9,. T
k2 = a3kl [ al(lﬂ/z) + az]k2 a4k3 +r klkz
‘ -1, 1,0 r (5.2.30)
+ r kl k2 + P, (), r
T _ r _ r -1.0,r, Y t
kg 2azky - 2a 5k g3 +2x k2k2+p3(, s

where the remainders pi(t), i = 1~3 are polynomials involving the
known terms in the preceding steps.

In order to construct a uniformly valid expansion, the boundary
layer corrections are considered. The recursive set of equations

satisfied by the boundary layer correctors is obtained by using the
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stretched system as in the lumped parameter case in Section 3.2.3.

The resulting recursive set of equations thus becomes

4 .0 _ _ . 2 0 -1 01,0 0
I hl 2[-al(1n/2) + a2]hl +r hl[hl + kl(T)],
-4 h0 = - anl - [-a, 2 4 0 _ 4 p0
dr 12 ashy = [-a, (An/2)% + a,]h; - a,h, (5.2.31)
+ r_l[hoho + h0k Y (1) + k0(T)n?1] e
12 172 1 27
d .0 _
dt h3 =0
For the higher order
_4 . r_ _ 5 . 2 T -1. ¢ r r r
el 2[ al(ln/z) + a,lh, "+ r “hilh "+ k) (D] + 9y (),
d r _ _ r _ . 2 4 r _ r
T h2 = a3hl [-al(lﬂ/Q) + a2]h2 aah3
-1 g5 T r -1 g T T +p T
+r hl[h2 + k2 ()] +r hz[h1 + kl (D] Py (),
d r (5.2.31)r

r
_d_’fh3 _p3 (T)a

where the remainders pg consist only of functions decaying exponential-
ly. Hence the terminal condition of the first boundary layer correction

h;(O) can be determined by the following semi-infinite integral formula:
" _ ) ] |
h3 (0) JO ( 2a3h2 2a5h3)d1. (5.2.32)

The integrand involves only the terms determined in the O-order Boundary
layer equation (5.2.31)0 with the terminal condition derived by using
the given data by setting e to zero. Thus the terminal condition of

the first coefficient of the outer expansion kg(tf) can be derived by

using the followng relation:
k,(T) +h,(0) =q;; 1 =1, 2,3, (5.2.33)

where q; are given in Eq.(5.2.24). Hence we obtain
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1 =9_ - -

k3 (T) ZB J ( 2a3h2 285h3)dT, (5.2.34)
0

under which the first correction system of the outer expansion can be

solved thoroughly. Then we calculate the value of each coefficient of

the first outer expansion at the terminal time t = t The values of

£
the boundary layer correctors at the terminal time T = 0 directly

follow by using the relation (5.2.33),

— - _ 1
hll(O) =q, - kll(T), h21(0) = - k, (D). (5.2.35)

Thus we can carry out the computation of the first boundary layer
correctors given in Eq.(5.2.3l)l.

The above procedure determines the total system of the reduced
and first order completely. A similar result can be derived by using
the same algorithm, for the higher order systems.

As to the linear differential equation for g(t), the same
procedure can be applied as in Section 2.2.

The practical computation can not be carried out with regard to
the infinite terms of the modal expansion, hence the truncated series
is adopted at finite N-th mode. The suboptimum distributed control

is given by

N .
ug (05 t) = izlui*(t)/Z/l sin%?u>, (5.2.36)

and the suboptimum trajectory, spatially dependent, is obtained by

N )
. 1T
o p (@) = izlei(t) V273 sin—-w , (5.2.37)

where the optimal trajectory @i of the i-th mode can be derived as

a solution of the i-th mode trajectory equation
ek, = [-a (in/02 + a, - r Tk 16, + a.n —r_lg + u
i 1 2 i1°%i %374 i1 © T0¢
(5.2.38)
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ng = a8 +ann, p (5.2.39)

with the initial conditions

£4(0) = [-a, (/92 + a, - a,/a )™ uy,

n;(0) = -a,/a £ (0) (-2:40)

i 4°75 21t
which can be obtained by equating the differential terms in Egs.(5.2.14)
and (5.2.15) to zero. The above procedure to compute the initial
condition (5.2.40) is reasonable from the requirement of the steady
state sustenance at the initial time. Equations (5.2.38) and (5.2.39)
can be treated approximately by the singular perturbation theory as

shown in Section 2.2.3.

5.2.5 Numerical example

The results obtained by numerical computations are presented.

The data used in this example are listed in Table 5.2.1.

Table 5.2.1 Data used in the example.

A 0.078 sec'-1 A 100 cm
I, 0.0202 cm T 10 sec
I 0.05 em ! r 1000
D 0.5071 cm 9 1
v 2.2 x105% cm/sec q3 78

Figure 5.2.1 shows various time behaviours of the first mode:
the elements of the feedback coefficient matrix, 8> viz. the solution
of the equation associated with the Riccati equation, and the amplitude
of the neutron flux. This figure presents the exact solutions derived

by using Runge-Kutta-Gill method.

Figure 5.2.2 presents the time behaviours of the elements of the
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Fig. 5.2.2 Feedback coefficlents.
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feedback coefficients matrix of the second to fourth mode; each figure
shows both the exact and approximate solutions. The approximate solu-
tions are derived of the form of truncated series at the second term.

As mentioned in the lumped parameter case, the feedback coeffi-
cients of each mode change rapidly in the neighbourhood of the termi-
nal time, and computational difficulties should arise. The difficulties
are much more serious in distributed parameter cases, because many modes
equations must be treated and the existence of the boundary layers
appearing in every mode makes the change more rapid. The present me-
thod can make us avoid the difficulties in the same way as in Section
3.2 except the fundamental mode.

The approximation to each feedback coefficient has as good accu-
racy as expected except k3 of the second mode.. But the error of k3 of
the second mode is of the order of 10_14 which is consistent with the
theoretical results in the preceding sections. The order of k3 itself
is small relatively. Such situations show that the approximations

except k, of the second mode is particularly good in this example.

Figire 5.2.3 shows the time behaviours of 85 of the second to
fourth mode. These results for 8; do not give so good approximation
as those for ki’ The cause of this situation is that the order of 81
itself is not sufficiently large compared with the order of the perturb-
ing parameter € . The truncated series approximation at the second
term seems to be insufficient in appearance; but it is good enough
from the practical point of view, considering the small effects of the
higher modes to the motion considered.

In Fig. 5.2.4, the time behaviours of the amplitudes of the neut-
ron flux of the higher modes are illustrated. It can be seen in this
figure that the error of 85 of each higher mode is compensated.

Figure 5.2.5 shows the exact and approximate transients of the
neutron flux shape.

Our numerical study shows that the computing time can be reduced
to 21 percent of that in the case of the exact solution (the original

modal solution). These savings prove that the method presented is
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very efficient in various points.

In this example, we have treated the terminal cost problem in
order to eompare with the results obtained by Iwazumi and Koga[I.73].
The method can be extended to the regulator problem, in which the
rapid change of the feedback coefficients in the neighbourhood of the
terminal time is relaxed more than this example. But as mentioned in
Section 3.2, the existence of the boundary layer and the nonlinearity
of the Riccati equation of each mode also cause the rapid change which
leads computational difficulties. Of course, the singular perturbation
theory is effective in the regulator problem.

It is to be noted that Iwazumi and Koga[I.73] and Asatani, Iwazu-
mi and Hattori[A.73.1] used the Kaplan mode. The results of [A.73.1]
are incorrect in that the modal expansion via the Kaplan mode is not
of the singular perturbation type, and the method presented is not
applicable. The modal expansion equation via the Kaplan mode appr-

oaches asymptotically to that via the Helmholtz mode.

Neutron flux
o
w
T

o 20 40 60 80 100
Length (cm)

Fig. 5.2.5 Transient shape of the neutron flux.
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{??t »in the case of reactor kinetic equation of one-group diffusion
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5.3 Additional remarks

5.3.1 Spatially concentrated control

In the case of the‘spatially concentrated control the representa-
tion (5.2.12) by the birac measure gives the modal expansion form of
the original system coupled with each other modein place of Egs.(5.2.
14) and (5.2.15), as

\ . ) . 3
egl —al(nll) + a, a,. 0 0 l gll
n a a.. E n
1 . 4 5. i 1
4 Egz } :—a1(2ﬂ/1)2 + a, a3§ 0 €2
dt | n, 0 : 3, 3g: 2
) 0 0 : :
L | e
(17 [ sin(n/l)ml, cereee sin(ﬂ/l)wM . 'uli
0 in(27/2)W. sy eceees i
51n(2ﬂ/2)wl, . . 31n(2n/2)wM u
+] 1 ) ) :
0 : 1, (5.3.1)
. . . UM
. . 0

or in the matrix notation

M
d im
I — 9, = in(— + i = ©
P B Brzos1n( e Ju(6); 1=1, 2, ...,
:‘Where L t-r.‘e *,J.O‘.M. B O A LI A
' 1 = .
¢ 0 1

[Sak)
e

1 .
;Ifhwe truncate at the N-th finite mode, the matrix T becomes

e Y
EORPS TSR
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sin(?/l)ml,.... R sin(ﬂ/l)wM

: : - (5.3.2)
sin(Nﬂ/l)ml, ey sin(Nn/Q)wM

The matrix T violates the modal decoupling in the case of spatially

distributed control, hence the individual mode cannot be treated

separately. The transformation

v(t) = T-u(t), (5.3.3)

gives the decoupled modal control formally, where v(t) is a new control

vector [I.73]. The controllability in the modal space requires that

N > M '

v

(5.3.4)

where N is the number of the modes considered, and M is the dimension

of the original control rods. The existence of the original M-dimen-

sional control vector u(t) is ascertained through Eq.(5.3.3) by
the following requirement :

rank(T) = M, (5.3.5)

which imposes a restriction upon the positioning of the control rods.
The decoupled modal control can be carried out if the following
performance index is given:

‘ 9
J = J [o(w,T) - Qd(w)]'Q[®(w,T) - ¢d(w)]dw
0
T

‘]

where v(w,t) is a distributed new control vector determined from the
vector v(t) of Eq.(5.3.3).

. .
J riv(w,t) - vo(w)]zdwdt, (5.3.6)
0°0

Then the technique of the preceding
section is applicable to the spatially concentrated control case.
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5.3.2 Multi-group diffusion equation

The results obtained in Section 5.2 can be extended to the more
general systems than that described by Egs.(5.2.1) and (5.2.2), such
as multi-group diffusion equations, which approximate better the
accurate Boltzmann equation describing the balance of the neutrons in
the reactor.

The form of the equation for one fast and one slow groups of

neutrons and one group of delayed neutrons is given as follows:

1 3 _ _
—Vf 5t Vg = [VDLVv - (2 + ) + ,B)\)ZfF]wF
+ (1 - B)vzfsws + ACC,
1 3 (5.3.7)
;;'SE lps B ZRwF + (VDSV - Zas)l‘bs’
a — 3 -—
Y c = BvZwaF + vafsws ACC.

In this case the criticality condition can be sustained with considera-
tion to both the fast group and slow group neutrons. This situation
should affect the result of the criticality condition in the case of
one group diffusion equation (5.2.1), derived in Section 5.2.3.

The fundamental modes of the fast and slow neutrons cannot
sustain the steady state without the other, which ascertains that the
eigenvalue corresponding to the fundamental mode should be negative.
Hence the asymptotic stability of the boundary layer system belonging
to Eq.(5.3.7) is established. We conclude that the singular pertur-
bation theory can be satisfactorily applied to the multi-group
diffusion equation with multi-group delayed neutrons, in both the
power control systems and the spatial control systems with reduction

of the dimensionalities.
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Chapter 6 Conclusions

Near-optimum control of the singularly perturbed systems has
been investigated. The results obtained are summarized in this
chapter. Additional remarks involving suggestions to the future
works remaining to be done, are also made.

Chapter 1 is concerned with the singular perturbation theory
with the view point of historical survey. Further, a supplementary
relation between the Vasil'eva's method (the method of inner and outer
expansions) and the method of matched asymptotic expansions has been
shown.

Chapter 2 deals with the near-optimum synthesis of controls
arising in lumped parameter systems. The results obtained in each
section are similar to each other in a formal sense. Indeed, the
results of Section 2.2 and those of Section 2.4 are related closely
in that, the results of Section 2.4 (two small parameters case) is a
generalization of those of Section 2.2(single parameter case). The
extension to more parameters case can be made easily in the same
way as in Section 2.4.

The situation in Section 2.3 is rather different from that in
Sections 2.2 and 2.4. It is to be noted that the full system
expressed by Egs.(2.3.6) and (2.3.7) can be solved consistently with
the initial conditions (2.3.8) and (2.3.9) or with the final condi-
tions (2.3.8") and (2.3.9'). The recursive system, however, can be
solved not in the forward direction but only in the backward direc-
tion and vice versa, according to the properties of the boundary
layer systems (2.3.28) - (2.3.30).

Without loss of generality, we can fix the end-value to be zero,
and then we have the advantage that we need not solve the equations
for gi's of the backward system because these have only trivial
solutions.

Recently, 0'Malley and others(e.g. [0.72.1.]) developed another
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technique to treat the singularly perturbed linear regulator problem
from a differnt point of view via Turrittin's works [Tu.52] and Harris's
[Hr.60, Hr.62] on two-point boundary value problems of the singular
perturbation type. Their method may be applied to the fixed-terminal
optimization problem and allows a more general property of the boundary
layer system, viz. that its matrix of canonical system

-1,
A4 B2R B2

should have m-eigenvalues with negative real part and m-eigenvalues
with positive real part, which includes obviously our condition C5 of
Section 2.3 as a special case. However, the generated recursive
system must be solved under two-point boundary value conditions, and
since the boundary layer occurs at both ends of the interval consid-
ered, it must treat both of them in order to make the "boundary layer
corrections".

The results obtained in Section 2.3, fixed terminal optimization
problems, can be extended to the several parameters case in the same
manner as made in Section 2.4.

Chapter 3 is concerned with the application of the results
derived in the preceding chapter to nuclear reactor control. The
numerical examples show that the approximation by the singular pertur-
bation theory is uniformly satisfactory in the interval considered.
We restrict ourselves to the problem of the state regulation.

The method presented can be applied to the more general control
problems such as power level change with minimum control energy,
regulator problem of reactors involving temperature feedback, etc.
(Weaver [Wv.68]).

Chapter 4 deals with near-optimum control of systems described
by a set of partial differential equations of parabolic type. To the
author's knowledge, the theory of singular perturbations of the systems

described by evolution equations has not been developed sufficiently.
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In Section 4.2 the singular perturbation theory for the restricted
class of evolution equation is considered in respect of the regular
degeneration and the construction of asymptotic expansions. The con-
ditions assumed here are rather more rigid than necessary.

But from the practical point of view, the derived results offer us
with powerful tools to attack a broad class of realistic distributed
systems. Further extensions to the more general systems can be made
in line with the method of Section 4.2.4.

In Section 4.3, asymptotic expansions of controls by extending the
technique for lumped parameter systems was obtained. The advantage of
this technique lies in that the result obtained is directly construc
tive. As suggested in Section 4.2.4, the results derived in Section
4.3 can be generalized to the more general systems. Lions [L.73]
studied also the regular degeneration of control systems of singular
perturbation type with construction of the boundary layer corrections
only of the 0O-th order. He also studied the Riccati equation of
singular perturbation type, but his result is not consistent with the
author's, and there remains some doubt in the partitioning of the
Riccati equation. While the author adopted Eq.(4.3.33), Lions's
partitioning is as follows: '

(Eq. (3.36) P563 of Lions [L.73])

(w, ', t) P w', t)

P11 12¢0s

P(w, w', t) =

P21(w, w', t) Pzz(w, w', t)

which is not logical seeing that the reduction of dimensionality of
the original state equation causes the reduction of that of the
Riccati equation generated.

The theory presented is seen to be applicable to the problems
considered in Chapter 2, such as regulator problems, fixed-end-point
problems, and optimization problems of systems involving several
parameters.

Chapter 5 is concerned with the regulator problems with terminal
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cost of the reactor with disgributed parameters. The state equations
(5.2.1) and (5.2.2) are not the same as treated in Chapter 4. Equation
(5.2.2) does not involve any spatially différential operator, but
this situation does not violate the applicability of the results
obtained in Chapter 4, looking at it from the point of functional
analysis (cf. Riesz-Fischer's Theorem, Theorem 4-2). Some numerical
examples show the efficiency of the theory presented. The error
estimation (Theorem 4-6) should be made with the consideration of the
error estimation of the modal truncation. The error due to the
truncation is estimated by Phillipson [Ph.71], or referred by Green
[Gr.53].

Throughout this thesis, the case where the terminal time is fixed
is treated, but the extension to the free-terminal time problem can be
made in line with Kao and Bankoff [Kao. '73). The system with small
delay can be treated by the singular perturbation theory, constructing
asymptotic expansions. Other interesting subjects are differential
games of singular perturbation type, filtering theory of singularly
pertubed system, etc. The theory is very widely applicable since the
real physical system is often described by stiff differential equations,
if the system is large in dimensionality.

It should be noted that the singular perturbation theory can be
adopted in modéling, in order to select state variables essential to
the motion considered, and this may offer us tools to avoid the knotty
problem of exceeding dimensionality.

We add that the interesting field remains to be studied in respect
of the deduction of the '"canonical system of singular perturbation

type" from the system of arbitrarily given form.
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Appendix A Theorems Related to Matrix Riccati Equations

The fundamental theorems due to Reid [R.63, R.65] are offered
here.
The linear vector differential systems to be treated are of the

form

'%E u = Au + Bv, v = Cu + Dv, (A.1)

dt
where u(t) and v(t) are n-dimensional vector functions, and A, B, C,
and D are nyn matrices with time-invariant elements which are Lebesgue
integrable on the interval considered. The theorems due to Reid are

stated for the corresponding matrix differential equations
4 U = AU + BV il—-V = CU + DV (A.2)
dt ? dt ?

where in general U(t) and V(t) are matrices of rxn, and here we con-
sider the case where they are nXn.

We adopt the following matrix notations in the sequel; the symbols
E and O are used for the identity and zero matrices respectively of
any dimensions; the conjugate transpose of a ﬁatrix M is denoted by
M*. The notation M>N or N<M, (M>N or N<M), is used to signify
that M and N are Hermitian matrices of the same dimensions and M -N
is non—negative, (positive), definite.

By definition, a system (A.l1l) is identically normal if the only
solution (u(t), v(t)) of this system with u(t) = 0 on a nondegenerate

interval is the identically vanishing solution u(t) = 0, v(t) = O.

Theorem A-1 ([R.63]) A system (A.2), identically normal and non-

oscillatory on ]-w«,o[, has a principal solution at « (at -«) if and
only if the solution (UO(t), Vo(t)) of (A.2) for which UO(O) = 0,

V,(0) = E is such that W (£) = V()0 (t) " converges to a limit W_
(w_m) as t > -o(t > «); the corresponding distinguished solution of

the associated Riccati equation
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- %E’W - WA + DW + WBW - C, (A.3)

at t = oo(t = _00) is woo(t) = Wm(W_oo(t) = w_oo)°

Theorem A-2 ([R.63]) A system (A.2) with coefficient matrices

satisfying A* = D, C* = C, B* = B > 0, and which is identically normal,
is non-oscillatory on ]-«,»[ if and only if there exists an Hermitian

constant matrix W satisfying the algebraic matrix equation

WA + A*W + WBW - C = 0; (A.4)

moreover, if such a system is non-oscillatory on ]-=,~[ then there
exist Hermitian matrices W_ and W__ which are individually solutions
of Eq.(A.4), and are extreme solutions for Eq.(A.3) in the sense that

if W(t) is any Hermitian solution of Eq.(A.3) on ]-»,»[ then W 2 W(t)

< W__; in particular, if W is any Hermitian solution of Eq.(A.4) then
WoSWZW .
Theorem A-3 ([R.65]) If A and B are constant nxn matrices with
B Hermitian and B >0, while the nxn? matrix
2 n~-1
[B, AB, A°B, ...., A "B] (A.5)

has rank n, then there exist Hermitian matrices W < O and W__ > 0

that are extreme solutions of the matrix equation

WA + A*W + WBW = 0 (A.6)

in the sense that W=W_and W =AW_°o are individually solutions of
Eq.(A.6), while if W is any Hermitian matrix satisfying Eq.(A.6) then
W, <W<W__. Moreover, W__ >0, (W°° < 0), if and only if all eigen-
values X of A, (-A), have Re(})) < 0.

Theorem A-3 are related to the system (A.1l) through the following

lemma.

Lemma A-1 ([R.65]) The system (A.l) with constant coefficient
matrices is identically normal if and only if the matrix (A.5) is of

rank n.
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Appendix B A Matrix Inversion Formula

The well-known inversion formula for a partitioned matrix leads

to
-1
[ MM, A B ]
-1 = (B.1)
M2 € M3 C D }
where
L. ,,-1 _ -1 2 -1, 2
A= [Ml eM2M3 M2 ] Ml. + eMl M2M3 M2 + 0(e?),
- - -1 ' -1 - - _ -1 -1 2
B = [Ml €M2M3 M2 ] [eM2M3 ]l = eMl M2M3 + 0(e“),
- -1 - 1,071 _ _ -1 oy 1 2
Co= - eMy M [M) — eMMTTM)T] T = - eMy TM)'My T+ 0(e?),
_ -1 _ 1 -1 -1 - - 2
D = [e M3 M2 M1 MZ] = €M3 + 0(e%4).
Then we have
1 Ml'l + eM1_2M2M3_1M2' - eM1'1M2M3'1
ML= + 0(e?). (B.2)
-1, ,, -1 -1
eM3 M2 Ml €M3

Substituting Taylor expansions for Mi's (see Section 2.3.2) into

Eq.(B.2), we derive Eq.(2.3.29).
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Appendix

ulu2
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23

33

— ' — —
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K11E11K
L | \]
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- - 1
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The Detailed Expression of Eq.(2.4.7)

+
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1 1
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Appendix D Time-Invariant Regulator Problem [Y.73]

Consider the regulator problem when tf—+w and all the system and
weighting matrices are time-invariant. The solution of this problem
is

u = - R_l[(B H, + B

')x + (gB H )x ]. (D.1)

2 ) 2

The matrix

is the positive definite root of the following algebraic equation

(cf. Eq.(2.2.18):

= - - A 'K - - A'K_ + K_E + KE 'K +K-EK.'
0 KA o &K K2A3 A3 % 15151 2721 17272
v '
+ KyE4K, C;'Q;Cys
= - - - ' - '
0 = - KjA, = KyA, = AJ'Ky + KiE Ky + KyEaKy = C,'Q,C,
(D.2)
- 1] - - 1
e(A;'K, - K EK, - K)E, K))s
- - _ ! — ' - ' + 1
0 Kyh, = A, 'Ky + KJE K, = C,'Q,C, e(K,'A, + A 'K,

' ' 2 U
K3E2 K2 + K2 E2K3) + € K2 ElKZ.

This algebraic equation can be written compactly in the vector form as

F(H;e) = 0. (D.3)

It defines the vector H as an implicit function of €. If the Jacobian
matrix 3F/9H at € = 0 is nonsingular, the differentiability of the
coefficient matrices in Eq.(D.2) is concluded. It was shown that the
nonsingularity of 3F/0H at ¢ = 0 is guaranteed by the controllability
of A, ﬁ and the observability of R, E, where
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-1
-1

s, = [EX

273 A 108,

S, = [A;'Ky+ Q,114,

- _ 1

A = A +8A; + E,8," + S ES,,
C = a solution of C'C = 6,

- - - - te ' _ '

(cf. Section 2.3.4). Hence the following theorem.

Theorem D-1 In addition to letting conditions C1 - C5 and C7 of

Section 2.2.3 be satisfied for the time-invariant system considered,

assume the following:
cpl. rank[C', A'C', ...., AHPLEr] =, (D.4)
cD2. rank[B, AB, ....., (A 18] = n. (0.5)

Then there exists an g; > 0 such that, for g¢ [0,50],

Z H, J(0)(3') +H, ooy (nr1) 1™, i-1-3, (D.6)

J_.
where 0 £ 6 < 1. The coefficients HiO are the solutions of Eq.(D.2)

Hi(E)

and H30 is the positive definite root of Eq.(D.2c) at € = 0. Higher
order coefficients satisfy the linear equations resulting from the

successive differentiation of Eq.(D.2) with respect to E.
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