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ABSTRACT: Single state saturation of the temporal correlation function is a key condition
to extract physical observables such as energies and matrix elements of hadrons from lattice
QCD simulations. A method commonly employed to check the saturation is to seek for a
plateau of the observables for large Euclidean time. Identifying the plateau in the cases
having nearby states, however, is non-trivial and one may even be misled by a fake plateau.
Such a situation takes place typically for a system with two or more baryons. In this
study, we demonstrate explicitly the danger from a possible fake plateau in the temporal
correlation functions mainly for two baryons (EE and NN), and three and four baryons
(®*He and *He) as well, employing (2+1)-flavor lattice QCD at m, = 0.51GeV on four
lattice volumes with L = 2.9, 3.6, 4.3 and 5.8fm. Caution is required when drawing
conclusions about the bound NN, 3N and 4N systems based only on the standard plateau
fitting of the temporal correlation functions.
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1 Introduction

In lattice QCD, observables such as the energies and the matrix elements of hadrons are
commonly extracted from temporal correlation functions at large Euclidean time where
ground state saturation is expected to be realized. For example, a two point correlation
function C(t) for the operator O12(t, %) is related to physical quantities as

C(t) = (0]01(t, £)02(0,0)|0) = > (0]Ox(t, Z k) (k| 02(0,0)]0) = Zzne—mnt
T T k=1
(1.1)
where |n) is the n-th one-particle (zero momentum) eigenstate of QCD with mass my,
which couples to the operator Oi2, and Z, is the corresponding pole residue, Z
(0]01(0,0)|n)(n|O2(0,0)|0). The ellipsis represents contributions from two or more par-
ticle states. Assuming the ordering that 0 < my < mg < mg---, we can extract the mass

and the matrix element for the lowest energy state from the large ¢ behavior of C(t) as
C(t) ~ Zie”™! + O(e™™2h), t — o0, (1.2)

where contributions from two or more particle states are suppressed for t — oo.
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In practice, we take large but finite ¢, so that e~ becomes negligibly small. If
mg —m1 = O(Aqcp), which is generally true for single hadron states in QCD, it requires
t > O(1)fm. Therefore, one can safely extract single-hadron masses as long as C(t) is
accurate enough at t ~ O(1) fm. To check whether C(t) is dominated by the ground state,

the effective mass, defined by

. 1 C(t+a)
m(t) = —alog <C(t)) , (1.3)

is often employed, where a is the lattice spacing. If m®®(¢) becomes almost independent of
t at t > tmin (“the plateau”), C(t) is considered to be dominated by the ground state and
the mass is extracted from C(t) by using the data at ¢ > tyip.

For multi-hadrons, the energy shift of the whole system on the lattice relative to the
threshold defined by the sum of each hadron masses is of interest, since it has information
on the binding energy and the scattering phase shift [1]. For the energy shift of the two-
baryon system, AEgpg = Egp — 2mp, where Epp is the lowest energy of the two-baryon
system and mp is the baryon mass, one introduces the effective energy shift defined by

Rpp(t+ a)) 7

Ron(D) (1.4)

1
ABg(0) = Eifp(t) - 20 () = o

where Rpp is the two-baryon propagator Cpp(t) divided by the one-baryon propagator
Cp(t) squared as

CBB(t)
t) = 1.
Rpp(t) Cu()? (1.5)
with
Cpp(t) = (B(1)’B(0)*),  Cp(t) = (B(t)B(0)), (1.6)
and the effective energy of two-baryon system E%5(¢), which is defined by
1 Cpp(t+ a))
ES()=—"1o ( . 1.7
BB( ) a g CBB(t) ( )

In actual numerical simulations, it is often observed that the statistical error for A ESL ()
is substantially reduced from the individual errors for ES(¢) and 2mSi(¢) due to their
mutual correlations. In addition, AES(¢) shows a plateau-like behavior at relatively
earlier time ¢ than it is supposed to be, so that one may be tempted to extract physical
information from such a behavior.

In this paper, we address the issue whether the plateau-like behavior observed for
the effective energy shift of the multi-baryons system is reliable or not. Indeed, it was
previously claimed, by fitting the plateau-like behavior of the effective energy shifts, that
dineutron, deuteron, 3He and *He are all bound for heavy pion masses, m, ~ 510 MeV [2]
and m,; ~ 300MeV [3]. For making detailed comparisons with such previous results,
we employ the same lattice setup as ref. [2]. We perform more measurements of baryon



correlation functions than those in previous studies to investigate the reliability of the
plateau-like behavior from the point of view of statistics, while we take two different source
operators (the smeared source used in [2] and the wall source!) as well as two different
single-baryon operators (the non-relativistic type used in [2] and the relativistic one) to
study the reliability of the plateau-like behavior from the point of view of systematics.

This paper is organized as follows. In section 2, we give general considerations on the
plateau identification in multi-baryon system, and explicitly demonstrate the danger of the
fake plateau using the mock-up data. In section 3, lattice simulation parameters used in
this paper are summarized. In this paper, we consider the effective energy shift for == as
well as NN,3N,4N systems. In section 4, we study the Z= systems in detail, since signal
to noise ratio (S/N) in lattice QCD is better for = than N. This is due to the fact that =
contains two heavier strange quarks, while N consists of lighter up and down quarks only.
As demonstrated in section 2, we observe plateau-like behaviors in the effective energy shift
around t ~ 1fm, which however disagree between the smeared source and the wall source.
We then discuss that it is difficult to judge which plateau (or neither) is true only from the
information of time correlation functions. In section 5 and 6, we analyze the NN,3N,4N
systems in a similar manner. Although statistical errors are larger, we observe similar
disagreements between two sources as in the case of == systems. In section 7, conclusions
in this paper are given and some discussions follow. In appendix A, we present the study
on the sink operator dependence for effective energy shifts. Disagreements are observed
among plateau values from different sink operators for the smeared source, but not for the
wall source. In appendix B, we collect the figures for effective energy shifts on various
volumes.

2 General considerations

2.1 Difficulties in multi-baryon systems

Even though the plateau method works in principle, and indeed in practice for, e.g., the
ground state meson masses, the method sometimes suffers from difficulties, in particular,
in the case of multi-baryon systems.

First of all, we note that the requirement of the ground state dominance encounters
a fundamentally new challenge when one studies multi-hadron systems instead of single-
hadron systems. In fact, i, required for the ground state dominance becomes much larger
for multi-hadron states, since 6 E = Fs — F1 is much smaller where E; is the ground state
energy while Fs is the lowest excited state energy. For example, in the case of bound states,
SF is a few MeV for deuteron and a few tens of MeV for *He. With the absence of bound
states as is the case for dineutron or diproton, there exist only continuum states and thus
no intrinsic energy gap exists. In lattice calculations, the energy spectrum is discretized

!The wall source has been adopted in the HAL QCD method [4-8], which utilizes the space-time cor-
relation functions instead of just the temporal correlation to study multi-hadrons. In this method, bound
states for dineutron and deuteron are not found at similar values of pion masses [9-11]. Detailed comparison
between the HAL QCD approach and the approach discussed in this paper by using the same lattice data
will be given in independent publications under preparation and will not be discussed in the present paper.



in a finite box with the spatial extension L, leading to JE =~ (27)%/(L?my), which is also
small as, for instance, 6FE < 25MeV at large enough L 2 8fm for two baryons at the
physical quark masses. These small splittings are in sharp contrast to the single-hadron
systems, where 0E ~ O(Aqcp)-

The requirement of taking large ¢ causes a serious difficulty in lattice QCD, since the
data at larger ¢ are in general accompanied with much worse S/N. The situation is severe
in particular for multi-baryon systems at large ¢, for which we have [12, 13]

Mol )] e

where mp and mj; are the ground state baryon mass and the meson mass coupled to the
BB annihilation channel, respectively. The signal Sa(t) is given by a propagator for an
A-baryon system, schematically denoted as

Sa(t) = (BOI'[B0)]*) (2.2)

with (zero momentum) baryon creation and annihilation operators B(t) and B(t), while
the noise N4(t) is given by

Na(t)? = (|[BOI*BO)]) — 1S4 (2.3)

The asymptotic formula eq. (2.1) says that S/N becomes worse for bigger ¢ as well as larger
numbers of baryons and/or smaller quark mass (i.e. lighter meson). This may prevent us
from taking sufficiently large ¢ to guarantee the ¢ independence of Ejﬂ(t), so that we can
not reliably control systematic errors from excited state contaminations.

In order to demonstrate the danger of such excited state contaminations, we consider
the mock-up data given by

R(t) = bie AFBBt 4 poem0Fal | ¢ e0Fmat (2.4)

where AEpp = Epp — 2mp with the ground state energy Epp, while 0Eq = Ejp — 2mp
and 0Finel = Einel — 2mp with the first excited elastic state energy E5p and the lowest
inelastic state energy FEi,e1, respectively. Thus the effective energy shift becomes

o))

AESL (1) = —élog < 0]

1 14 (bo/by) - e 9Ee(t+a) b1) - e~ Einei(t+a)
:AEBB_a10g< t o) € *le/by) e , (2.5)

1+ (ba/by) - e 0Bt + (¢q /by) - e~ 0Fimeit

so that AEYL (1) — AEpp corresponds to the deviation in AE4L(¢) from its true value.
Note that both be/by and ¢;1/b; can be negative if source and sink operators are different.
As an example, we consider §F, = 50 MeV, which is the typical lowest excitation energy
of elastic two-baryon scattering states in our numerical setup with La = 4.3fm lattice
(see section 3), while we take ¢ Ei,e) = 500 MeV, which is roughly the order of m, in our
simulations. In lattice QCD, one often tries to tune the interpolating operator so that



excited state contaminations are suppressed. Since the difference between inelastic states
and the ground state is expected to be intrinsic in QCD, one may ideally take a good
operator for baryons which have small overlaps with inelastic states. We therefore adopt
a small value ¢1/b; = 0.01 as the contamination from the inelastic state. On the other
hand, it is much more difficult to separate the ground state from the elastic excited state
by tuning the operator, since the difference between these states do not originate from
QCD, but from the use of a finite lattice box. Accordingly, we take bs/b; = £0.1 as well
as by /by = 0 for a comparison, as the contamination of the excited elastic state.

In figure 1 (left), we plot AESY(t) — AEpp as a function of ¢ for the above choice of
parameters. Let us consider the case with be/b; = 0 (black line) first. In the absence of the
excited elastic state, the effective energy shift AE%% (t) smoothly approaches to the plateau
(from above for the positive ¢1/b1) and ¢ < 1fm is sufficient to reduce the systematic error
from the contamination to the level of accuracy we need for AEggp. Unfortunately, this
ideal situation cannot be realized in practice, and for a more realistic cases with 10 %
contamination of the 1st excited elastic state at ¢ = 0, we need ¢t 2 8-10fm to achieve
the level of accuracy we need, as shown by red and blue lines. In practice, however,
tmin ~ 8-10fm is too large to have a good signal due to the exponentially decreasing
signal to noise ratio for multi-baryons as mentioned before. Shown in figure 1 (right)
are AES (1) — AEpp as a function of the discrete time (integer ¢/a with lattice spacing
a = 0.1fm) for ¢ < 2.5 fm, which would appear in typical numerical simulations. To obtain
the data in this demonstration, we assign random fluctuations to R(¢) whose magnitude
increases exponentially in time and is comparable to that of our lattice data, and then
calculate the central value and statistical error of AESL(¢) at each t. This figure clearly
demonstrates that it is almost impossible to have data with enough accuracy at ¢ ~ 8-10fm
in current simulations.

Another point which is noteworthy in figure 1 (right) is that the plateau-like behaviors
show up at t ~ 1-2fm. Provided that ¢ ~ 1-2fm is the region where statistical errors for
two-baryon system may be controlled in present-day lattice simulations, one may easily
misidentify this plateau-like behaviors as a real plateau. The estimate for AEpp then
contains the systematic error of £4 MeV (by/b; = £0.1), which is significant to the typical
value of AEpp, 10 MeV or less, for the two-baryon system.

The behaviors demonstrated in figure 1 certainly depend on parameters such as § F,
0FEinel, €1/b1,b2/b1, and a fake plateau may or may not appear in a specific lattice QCD
simulation. There exists a potential danger, however, that a fake plateau appears during a
search of a plateau at accessible ¢, by tuning, for example, the interpolating operators. Thus
it is always necessary to find the explicit evidence that the obtained plateau-like structure is
not fake. Due to the exponentially increasing noise in time, this task is extremely difficult,
and becomes even impossible practically at physical quark masses with a larger lattice box,
since § F,; becomes much smaller as discussed before.

2.2 Fitting range for temporal correlations

In the following sections, we will analyze the lattice data to show explicitly the problem
raised in section 2.1. In the time correlation analysis of the actual lattice data for two



baryons, one can only utilize the data at the moment up to t = tmax ~ 2fm in the
temporal direction due to the exponential decrease of S/N in ES(¢) for large t. Also, the
lower limit of ¢ = tu;, is constrained by the ground state saturation by a single hadron
in m%ﬁ(t). Therefore, a practical procedure adopted in many of the previous works are
to look for the plateau of AESL (1) = ESL(t) — 2m$ (1) under the expectation that some
cancellation of systematic as well as statistical errors. We will adopt the same practical
procedure below for choosing the fitting window in the temporal direction, and show that

the procedure leads to inconsistent results as expected.

3 Lattice parameters

In this paper, we employ the same gauge configurations in ref. [2], i.e., 2+1 flavor QCD
with the Iwasaki gauge action at 5 = 1.90 and the nonperturbatively O(a)-improved Wilson
quark action at cgw = 1.715 [14]. The lattice spacing determined from mq = 1.6725 GeV
is @ = 0.8995(40) fm (a=! = 2.194(10) GeV). While we take the physical value of the
strange quark mass, we employ heavier degenerate up and down quark masses with hop-
ping parameters (Kqyq, ks) = (0.1373316,0.1367526), which corresponds to m, = 0.51 GeV,
my = 1.32GeV and mz = 1.46 GeV. We use four lattice sizes as adopted in ref. [2],
L3 x T = (323,403,483) x 48, and 64> x 64, corresponding to La = 2.9,3.6,4.3 and 5.8 fm,
respectively.

For measurements of multi-baryon correlation functions, we employ two different
sources, one is the smeared quark source, the other is the wall quark source, to check
whether plateau-like behaviors agree between two sources. For the smeared source, we
take exactly the same smearing function and parameters used in ref. [2]: quark propaga-
tors are solved using the exponentially smeared source of the form that?

Ae=Br for0<r < (L—-1)/2,

gs(#1) =Y f(Z—gla(g,t)  with f(r)=141 for 7 =0,
Il 0 for (L—1)/2 <,
(3.1)

after the Coulomb gauge fixing is applied to gauge configurations. For the wall source,
we take

() =D a(7,1). (3:2)

Relativistic interpolating operators for proton, neutron and = are given by

Pa = eabc(uaTCVSdb)ugv Ng = eabc(uaTC'YEJdb)dgu

Eg = eabc(saTC’yg,ub)sfl, =, = eabc(S“TC%db)sg, (3.3)

2Smearing function in eq. (3.1) is slightly different from the one written in eq. (12) of ref. [2]. In reality,
we were notified that the one in eq. (3.1) is the actual formula used in ref. [2]. We thank T. Yamazaki for
the information.
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Figure 1. (Left) AE%% (t) — AEpp as a function of ¢ for 0E, = 50 MeV, 6 Eiuel = 500 MeV and
c1/b1 = 0.01 with b2/b; = 0 (black solid line), bo/by = —0.1 (red dot-dashed line) and bs/b; = 0.1
(blue dashed line). (Right) Discrete data with fluctuations and errors for ¢ < 2.5 fm.

where C' = 7479 is the charge conjugation matrix, a and a,b, ¢ are the spinor index and
color indices, respectively. Non-relativistic operator exclusively used in ref. [2] is obtained
by replacing Cys in eq. (3.3) by Cvs5(1 + 74)/2. We employ both non-relativistic and
relativistic operators in this paper to estimate the systematic errors from the different
choices.

For the source operators, we insert g5 or ¢, in each flavor of eq. (3.3) or its non-
relativistic variant. In the case of the smeared source, we take the same & for all quarks
in eq. (3.3), as is done in ref. [2]. For sink operators, on the other hand, each baryon
operator is composed of point quark fields, and projected to zero spatial momentum by
averaging over the spatial position. For the choice of relativistic and non-relativistic baryon
operator, we consider the same choice at both source and sink in this study. In the case of
4He, however, the non-relativistic nucleon operator is used for the source regardless of the
choice for the sink operator, in order to reduce the numerical cost. Altogether, we consider
four different combinations for each multi-baryon system, two from wall and smeared quark
sources times two from relativistic and non-relativistic baryon operators.

Quark propagators are solved with the periodic boundary condition in all directions
using the quark source described above. Correlation functions (with relativistic and non-
relativistic baryon operators) are then calculated accordingly, where we use the unified
contraction algorithm (UCA) [15]. UCA significantly reduces the computational cost of cor-
relation functions, in particular for those of 3He and *He. (See also related works [16-19].)

On each gauge configuration, we repeat the measurement of correlation functions for a
number of smeared sources at different spatial point and time slices and a number of wall
sources at different time slices. For the 483 x 48 and 643 x 64 lattices, correlation functions
are calculated not only in one direction but also in other three as the time direction on
each configuration using the rotational symmetry. In order to reduce the computational
cost for the quark solver, the following stopping conditions |rqi¢| for the residual error
are employed: |reit] = 1074(10712) for smeared (wall) source on the 323 x 48 lattice,



size La # of conf | # of smeared sources (A, B) # of wall sources
323 x 48 2.9fm | 402 384 (1.0, 0.18) 48
403 x 48  3.6fm 207 512 (0.8, 0.22) 48
483 x 48 4.3fm 200 4 x 384 (0.8, 0.23) 4 x 48
643 x 64 5.8fm 327 1 x 256 (0.8, 0.23) 4 x 64

Table 1. Lattice size, # of configurations, # of smeared sources and wall sources on each config-
uration, and smearing parameters (A4, B). The factor of 4 in # of sources for 48* and 64* means
that all 4 directions (x,y, z,t) are used as the time direction.

7erit] = 1076(107%) for smeared (wall) source on the 403 x 48 lattice, |rene| = 1076(107%)
for smeared (wall) source on the 483 x 48 lattice, |reit| = 1076 for smeared source on the
643 x 64 lattice and |reic| = 1076 (for half of the total statistics) or 107! (for the other
half) for wall source on the 642 x 64 lattice. In all cases, we check that systematic errors
associated with the choice of the stopping condition is much smaller than the statistical
fluctuations in this study. Nonetheless, we correct these errors by using the all-mode-
averaging (AMA) technique [20, 21] with the translational invariance.® Here, the AMA
corrections for relaxed stopping conditions of |res| = 107* or 107¢ data are obtained
by the corresponding computations with “exact” solver (|rers| = 10712) with the following
measurements: 1 source for smeared source on the 323 x 48 lattice, 1 (2) sources for smeared
(wall) source on the 403 x 48 lattice, 4 x 1 (4 x 2) sources for smeared (wall) source on the
483 x 48 lattice and 1 x 1 (4 x 1) sources for smeared (wall) source on the 64 x 64 lattice,
where the factor of 4 or 1 for the 48 x 48 and 642 x 64 lattices denotes the enhancement
factor in statistics by the rotational symmetry.

The lattice parameters, and the number of configurations as well as the number of
smeared sources and wall sources are tabulated in table 1. As noted above, the number
of measurements for the 482 x 48 and 643 x 64 lattices can be increased by exploiting
the rotational symmetry, and the factor of 4 in table 1 represents this enhancement. In
addition, for each measurement on any lattice volumes, we calculate correlation functions
in forward and backward propagations (¢ > 0 and ¢ < 0, respectively) and take an average
to improve the signal. The corresponding factor of 2 is not included in table 1. We note
that the numbers of configurations and measurements for the smeared source in this work
are much larger than those in [2]. As [# of conf. x # of smeared sources] in ref. [2] is
[200 x 192], [200 x 192], [200 x 192] and [190 x 256] on a lattice volume with La = 2.9, 3.6,4.3
and 5.8 fm, respectively, the ratio of the number of measurements in this work to ref. [2]
amounts to be about 4.0, 2.8, 8.0 and 1.7 for each volume.

In our analyses, statistical errors are estimated by the jackknife method. We find that
the auto-correlation in terms of configuration trajectory is small by observing that the

3Rigorously speaking, there exists a possible bias in our AMA corrections associated with the numerical
round-off errors [20, 21]. Such bias, however, is expected to be negligible since the magnitude of AMA
correction themselves are already small in our relatively conservative choice for |rerit|.



statistical errors are almost independent among the choices of bin-size of 2, 5, 10, 20 con-
figurations. Hereafter, we show the results obtained with the bin-size of 10 configurations
(100 trajectories), unless otherwise stated.

4 =X systems

4.1 EE (15p,2 S1) with smeared source

Let us first consider the Z= system in the spin-singlet channel with zero orbital angular
momentum, Z=(15y), where the interpolating operator is given by EIQEQQ - EEQEIQ with
@ = 0,—. The reasons to choose this channel are twofold: firstly, the signal to noise ratio
for strange baryons is better than non-strange baryons. Secondly, in the flavor SU(3) limit,
it belongs to the same 27 multiplet as the NN (15p), so that one may obtain some insights
into the bound dineutron suggested in previous works. To make a firm connection to
previous works, we start our analyses with the smeared source eq. (3.1) and later consider
the case with the wall source.

Figure 2 (upper left) shows 2m&(¢) (black cross) and E&L(¢) (blue triangle) for non-
relativistic interpolating operators on the 482 x 48 lattice, while figure 2 (middle left) shows
the errors and fluctuations of the effective energy shift, AESL(t) = E&L(¢) — 2m&(¢).

One finds a plateau-like behavior in figure 2 (middle left) for 10 < t/a < 18 before
the explosion of the noise over the signal for larger t. As we have argued in section 2 by
the mock data, such a plateau is likely to be fake due to the contamination of the higher
scattering states. Nevertheless, following the practical procedure taken by the previous
works, let us try an exponential fit of R==(t) in this “plateau” region and to take a large
volume extrapolation. The fitted result is shown by the horizontal bars (the thick line
and the thin lines are the central value and the 1o statistical errors, respectively). We
perform similar analyses for other volumes and also for relativistic interpolating operators,
and results for AE==(1Sy) are summarized in table 2. The numbers in the first parenthesis
denote the statistical error, while the numbers in the second parenthesis denote systematic
errors from the fit. Taking the same criterion adopted in ref. [2], we estimate the systematic
errors by variations among the fitting window as [tmin & 1, tmax £ 1].4

In figure 2 (lower left), plotted as a function of 1/L3 is AFE==(1Sp), with statistical and
systematic errors added in quadrature, together with the value at infinite volume obtained
by linear extrapolation. At L — oo, we find AEzz = —[7.70(0.89)(*0:37)] MeV (non-
relativistic operator) and —[5.44(0.82)(10:25)] MeV (relativistic operator). They indicate
the existence of a ZZ bound state in the 'Sy channel, which is qualitatively “consistent”
with previous studies finding dineutron bound state at this quark mass. Obviously the big
question is whether such conclusion is reliable or not as we have discussed in section 2.

To answer the above question solely in terms of the lattice data, let us move on to
analyze ZZ(35]) with the same fitting procedure. In this case, the interpolating operator
is given by 2=, — 252 with a = 1,2. In the flavor SU(3) limit, this channel is in the

10 multiplet where no NN channels belong to.

4We have checked that the window [tmin + 2, tmax 2] gives almost the same results as far as the fit is
stable.
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Figure 2. (Upper left) Effective mass 2m&f(¢) (black cross) and effective energy EL(¢) (blue
triangle) in the Z=(1.5y) channel as a function of ¢/a on the 483 x 48 lattice from the smeared source
with the non-relativistic operator. (Middle left) Effective energy shift AEL (1) = EEL () —2mt(2),
together with the fit (statistical only) in the Z=(1Sy) channel. (Lower left) The energy shift AEzg
in the Z=(1Sy) channel as a function of 1/L3 from the smeared source with the non-relativistic
operator (open square) as well as the relativistic one (solid square), together with their infinite
volume extrapolations. The errors are obtained from statistical and systematic errors added in
quadrature. (Upper right, middle right, lower right) Same quantities in the Z=(3S;) channel.
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Z=2(1S)) smeared source wall source
volume operator AFE [MeV] fit range AFE [MeV] fit range
323 rela. ~857(1.79)133% 1116 | —5.85(2.54)F 130 12-16

non-rela. | —10.98(1.96)7037  11-16 | —5.83(2.69)T0%  12-16
403 rela. ~7.20(1.23)"0%8 1117 | =5.19(0.98)"017  11-16
non-rela. | —9.25(1.24)"01%  11-17 | —5.84(1.09)701%  11-16
483 rela. ~7.98(0.73)1037 1219 | —1.99(1.02)T018 1418
non-rela. | —9.36(0.54)537  10-18 | —2.68(1.04)75%7  14-18
643 rela. —4.79(0.81)%527  10-18 | —1.26(0.28)502  13-18
non-rela. | —6.93(1.05)70%  11-17 | —1.34(0.29)700%  13-18
00 rela. —5.44(0.82) 1528 —0.31(0.42) 1063
non-rela. | —7.70(0.89)705¢ —0.31(0.44)"352
EZ(391) smeared source wall source
volume operator AE [MeV] fit range AFE [MeV] fit range
323 rela. 10.24(1.61)7072  11-15 5.24(2.09)1332  11-16
non-rela. | 2.84(1.86)702 1115 | —1.07(3.17)9% 1216
403 rela. 10.49(2.01) 7030 12-17 0.37(2.06) 703,  12-16
non-rela. 4.76(1.89)109%  11-16 | —3.38(2.24)10%  12-16
483 rela. 11.00(0.80)"023  12-19 1.04(1.75)70 5% 15-19
non-rela. | 5.59(0.75)%93%  11-18 | —0.69(1.26)2F  14-18
643 rela. 12.60(1.05) 7540 11-18 0.10(0.39)703%  14-18
non-rela. 6.38(1.28)T0:5  11-16 | —0.71(0.33)T09%  13-18
00 rela. | +12.20(0.94) 5% —0.56(0.53)" 033
non-rela. | +6.81(1.04)*532 —0.48(0.54) 9%

Table 2. Summary of AE=zz for both 1Sy (upper) and 3S; (lower) channels from smeared and
wall sources with range of an exponential fit, together with infinite volume extrapolations. On each
volume, results from both relativistic and non-relativistic baryon operators are given.
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One finds again that a “plateau”-like behavior in 11 < ¢/a < 18 before the explosion
of the noise over the signal in larger ¢ as shown in figure 2 (middle right) in the case of non-
relativistic operator on the 483 x 48 lattice. We perform the same analysis in other volumes
and also for relativistic interpolating operators. In figure 2 (lower right), AE=z=(351), with
statistical and systematic errors added in quadrature, is plotted as a function of 1/L3,
together with the values at infinite volume obtained by linear extrapolation. The results are
summarized in table 2 with the infinite volume limit, AFB==z(3S1) = 6.81(1.04)(T053) MeV
(non-relativistic operator) and 12.20(94)(*0{3) MeV (relativistic operator).

These results in the 3S; channel clearly indicate that the procedure to analyze the data
was wrong as expected. If one could correctly identify the ground state energy of a two
particle system on the finite lattice, its infinite volume extrapolation must be either zero
(for the scattering state) or negative (for the bound state): positive definite AE==(391) as
seen in figure 2 (lower right) cannot be allowed. Therefore, we conclude that the plateaux
seen in AE%% (t) for spin-singlet and spin-triplet channels are fake and are likely to be the
mirages of true plateaux located in much larger ¢ as we have discussed in section 2.

4.2 EE (180,2 S1) with wall source

To backup the conclusion obtained with the smeared source, let us now analyze the lattice
data with the wall source. Figure 3 (upper left) shows 2m&(¢) (black bar) and E&L(t)
(red triangle) in the 1Sy channel for non-relativistic interpolating operators on the 483 x 48
lattice, while figure 3 (middle left) shows the errors and fluctuations of the effective energy
shift, AESL(¢) in the same channel. Again we fit the “plateau” in the range 14 < t/a < 18
just before the explosion of noise over the signal. Lowering ¢,,;, of the window does not
change the result, although it is not recommended from the stability of m&f(¢).

We perform the similar analysis in other volumes as well as for the relativistic operators.
Shown in figure 3 (lower left) are AE==('Sp) as a function of 1/L3, together with the linear
infinite volume extrapolations in 1/L3, where statistical and systematic errors are added in
quadrature. The results of AE==(1Sp) are given in table 2 with the infinite volume limit,
AFB=z=(1Sp) = —[0.31(0.44)(15:59)] MeV (non-relativistic operator) and —[0.31(0.42)(*0:99)]
MeV (relativistic operator).

For the AF==(39]) channel, one finds again that a “plateau”-like behavior in 14 <
t/a < 18 before the explosion of the noise over the signal in larger ¢ as shown in fig-
ure 3 (middle right) for the non-relativistic interpolating operators. We perform the same
analysis in other volumes and also for the relativistic operators. In figure 3 (lower right),
AE==(381) with the wall source is plotted as a function of 1/L3, together with the values
at infinite volume obtained by linear extrapolation. The results are summarized in table 2
with the infinite volume limit, AE=z=(3S1) = —[0.48(0.54)(T097)] MeV (non-relativistic op-
erator) and —[0.56(0.53)(*0:33)] MeV (relativistic operator).

In table 3, we summarize the results AFE== in all four cases which we have studied
in this section. The positive AF==(3S5;) for the smeared source is not allowed physically,
and there are apparent inconsistencies between the results of the smeared source and those
of the wall source. These are convincing enough that the previous works on temporal
correlations have been looking at the fake plateaux just before the explosion of the noise
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smeared source wall source

(1Sp) | < 0 (bound state) ~ 0 (no bound state)

AFE
AFE

[1]
[1]

(3S1) | > 0 (physically not allowed) | ~ 0 (no bound state)

[1]
[1]

Table 3. Comparison of AF=z for different channels and different sources at infinite volume. Those
are obtained by fitting “plateau”-like structure of AFEL(¢) in the region of ¢ just before explosion
of the signal to noise ratio.

over the signal as discussed in section 2. The effective energy shift AE%%(IS) are summarized
in figures 8 and 9.

5 NN systems

After clarifying the problem of fitting fake plateaux in =ZZ systems, let us now turn our
discussions to the NN systems in the NN (1Sg) and NN (35;) channels to show that the
same problem takes place. Interpolating operators for these channels are given by N1 Ny —
NoN; with N = p,n for NN (1Sp), which belongs to 27 in the irreducible representation
of the flavor SU(3), and by pana — napa with a = 1,2 for NN(3S7), which belongs to
10* representation. Note that the NN(1Sp) is in the same flavor-SU(3) multiplet with
ZEZ(1Sp), while NN (3S1) belongs to the different flavor-SU(3) multiplet with Z=(35}), so
that we do not expect qualitative resemblance between NN (35;) and Z=(35).

The upper two panels of figure 4 shows 2mSI(¢) and the effective energy ES (t) for
the smeared source with the non-relativistic nucleon operator on the 483 x 48 lattice in the
NN(1Sp) channel (left) and in the NN (3S;) channel (right).

The effective energy shifts from the smeared source on the 483 x 48 lattice are shown
in the middle two panels in figure 4: left (right) panel for the 'Sy (3S1) channel with the
non-relativistic nucleon operator. The explosion in the noise to signal ratio takes place
for smaller ¢/a than that for AEE%(t) due to larger statistical errors in the NN case.
We try to fit the plateau-like structure just before the explosion typically in the range
12 < t/a < 16. Obviously, we already knew from the discussions in the previous sections
that such a plateau-like structure is fake. Our aim here (as in the case of the Z=) is to
show that the results of such fitting procedure adopted in previous literature do not make
much sense.

In table 4, results of AEyy on four volumes for the smeared source and for non-
relativistic and relativistic operators are summarized in the middle column. The fitting
range for NN is relatively earlier than that for Z= due to larger statistical errors. System-
atic errors are estimated by changing the upper and lower limit of the fitting window by
one unit of t/a as we have done in the case of Z=.

The lower panels of figure 4 shows AEyy in the 1Sy channel (left) and in the
361 channel (right) as a function of 1/L3, together with the linear extrapolation in
1/L3 to the infinite volume. In each figure, results of the non-relativistic and rel-
ativistic operators are plotted with the numerical data given in table 4. The re-
sult of the smeared source for non-relativistic operator turns out to be AExy(1Sy) =
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N(tSy) smeared source wall source
volume operator AFE [MeV] fit range AFE [MeV] fit range
323 rela. —11.37(2.79) "3 11-16 | —10.57(3.61)1532  11-15

non-rela. ~12.68(2.30)"123  10-16 | —6.07(3.68)T13%  11-15
403 rela. —8.02(1.72)13 %2 11-15 | —8.57(2.08)75%7  11-15

non-rela. ~10.91(1.89)*9%  11-17 | —9.30(2.15)7075  11-15
483 rela. ~8.27(1.09)108  12-16 | —2.16(1.21)75%0  12-16

non-rela. —9.96(1.14) 7042 12-16 —2.64(1.24)7032 1216
64° rela. —3.25(1.28) 1057 10-16 —0.97(0.39)7037  12-16

non-rela. ~5.87(1.39)70 15 10-16 | —1.18(0.42)*0%  12-17
00 rela. —3.85(1.28) 7053 +0.68(0.62) 029

non-rela. —6.54(1.29) 1006 +0.10(0.65) "9 0Y

ref. [2] (non-rela.) —7.4(1.3)(0.6) —

N(3S) smeared source wall source
volume operator AFE [MeV] fit range AFE [MeV] fit range
323 rela. ~11.31(1.85)"0%  10-14 | —9.35(2.09)"115  10-14

non-rela. ~14.38(2.12)T3%  10-15 | —9.86(2.27)7155  10-14
40° rela. —11.64(1.410)TL% 1115 | —3.11(249) 757 1115
non-rela. —14.46(1.40)T378 1115 —3.84(2.44)T0%%  11-15
483 rela. ~13.60(1.39)7038  13-18 | —3.17(0.99)*052  12-16
non-rela. —14.78(1.18) 0% 12-18 —3.72(1.10) 7095 12-16
643 rela. ~8.08(0.82)7018  10-16 | —1.85(0.53)*010  13-18
non-rela. ~10.91(1.01)*332  10-16 | —1.77(0.56)*555  13-18
00 rela. ~8.68(0.92) 7012 —0.80(0.66) 7007
non-rela. ~11.60(1.06) "33 —0.69(0.71)+3:97
ref. [2] (non-rela.) —11.5(1.1)(0.6) —

Table 4. A summary of AEyy for smeared and wall sources with both relativistic and non-
relativistic operators on four volumes and corresponding exponential fit ranges, together with infi-
nite volume extrapolations. The result of the previous work with the same lattice setup is shown
in the column [2] (non-rela.).
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—[6.54(1.29)(*3i) ) MeV and AEnx (381) = —[11.60(1.06)(F335)] MeV, which agrees with
AENN(1Sy) = —[7.4(1.3)(0.6)] MeV and AEyN(3S1) = —[11.5(1.1)(0.6)] MeV in the previ-
ous work [2]. This agreement simply implies that the our present analysis and the previous
analysis are consistent with each other and does not necessarily imply that there is indeed
a bound state in these channels. This can be seen explicitly by the results of the wall
source as shown below.

We now repeat the same analyses by changing the smeared source to the wall source.
The results are summarized in figure 5 with the data in the right column in table 4. The
lower panels of figure 5 indicate that (i) the numbers are significantly different from those
with the smeared source and (ii) there is no strong evidence of the bound states in both
1Sy and 3S; channels. In fact, we obtain, for the wall source with non-relativistic operator,
AENN(1S0) = +[0.10(0.65)(F19)] MeV and AENN(3S1) = —[0.69(0.71)(F397)] MeV. The
effective energy shift AESL, () are summarized in figures 10 and 11.

6 3He and *He systems

We now consider *He (2 protons and 1 neutron) and “He (2 protons and 2 neutrons). Since
my = mq in 2+1 flavor QCD, He is identical to triton, *H (1 proton and 2 neutrons), as
far as its mass is concerned.

Upper left (right) panel of figure 6 shows the effective energy shift AEg'fge(t) = Egge(t)—
3msi (1) (AEfge(t) = Eflf_fle (t) —4mSE(¢)) on the 48% x 48 lattice for both smeared and wall
sources with the non-relativistic operator. The explosion in the noise to signal ratio from
even smaller ¢/a than that of the two-nucleon case. We try to fit the plateau-like structure
just before the explosion typically in the range 10 < ¢t/a < 14. In table 5, results of AFEsy,
and A FEig, on four volumes for smeared as well as wall sources and for non-relativistic as
well as relativistic operators are summarized. Systematic errors are estimated by changing
the upper and lower limit of the fitting window by one unit of ¢/a.

Middle left (right) panel of figure 6 shows AEsy, (AFEuy,) from the smeared source as
a function of 1/L3, together with the linear extrapolation in 1/L? to the infinite volume, for
both non-relativistic and relativistic operators. Lower left (right) panel of figure 6 shows
AFsy, (AEsy,) from the wall source as a function of 1/L3, together with the linear extrap-
olation in 1/L? to the infinite volume, for both non-relativistic and relativistic operators.
As in the case of NN, the result of the smeared source and that of the wall source do
not agree: the former indicates the bound states for both *He and *He as suggested in [2],
while the latter shows no strong evidence of such bound states. The effective energy shift
AESE (#)(AESE (1)) are summarized in figures 12 and 13.

7 Conclusions

In this paper, we have addressed the issue of the single state saturation of the temporal
correlation function for the multi-baryons by employing (2+1)-flavor lattice QCD at m, =
0.51 GeV on four lattice volumes with L = 2.9, 3.6, 4.3 and 5.8fm. A major difference
between the single baryon and multi-baryons on the lattice is that there appears energy
levels corresponding to the elastic scattering for the latter. The level spacings become
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SHe(=%H) smeared source wall source
volume operator AFE [MeV] fit range AF [MeV] fit range
323 rela. —25.14(6.40)T338  10-14 | —28.66(5.05)T530  9-13

non-rela. —-33.57(7.13)1188  10-14 | —27.16(4.93)732%  9-13
403 rela. —22.41(4.75)139F 1116 | —13.75(3.97)%55)  9-13
non-rela. -30.55(5.20)"0e8  11-16 | —16.78(4.03)718  9-13
483 rela. —27.52(4.90)733%  13-17 —-8.84(2.02)5 72 11-15
non-rela. —28.35(3.85)T058 1217 | —10.80(2.22)*099  11-15
643 rela. —-9.59(247) 1 9-13 —4.42(0.99)T538  12-15
non-rela. —18.85(2.33) T34 813 —4.91(1.11) 155 12-16
0 rela. —9.64(2.85) 7742 —1.02(1.32) 7596
non-rela. ~17.83(2.73) 302 —1.77(1.42)*-4¢
ref. [2] (non-rela.) —20.3(4.0)(2.0) —

‘He smeared source wall source
volume operator AFE [MeV] fit range AFE [MeV] fit range
323 rela. —59.09(7.25) 7950 811 | —64.68(17.95)138  9-12

non-rela. —46.47(12.37) 158 9-13 | —48.52(16.61) T332 9-12
40° rela. —57.39(4.59)T31% 812 | —47.51(12.98)*3%  9-13
non-rela. —48.48(5.54) 7912 9-12 | —39.74(11.99)T57% 913
483 rela. —45.60(6.66) 590 10-14 | —30.83(4.43)T157  10-14
non-rela. —-39.62(6.35) 7572 10-14 | —24.64(4.42)750  10-15
643 rela. -36.47(5.79) T35 812 ~17.63(1.66)T06 1113
non-rela. -23.94(5.19)T52L 811 —~11.27(1.24) 7035 10-13
00 rela. —37.81(5.45) 500 —9.79(2.85) 1099
non-rela. —24.24(5.63) 7559 —4.25(2.37) 1599
ref. [2] (non-rela.) —43(12)(8) —

Table 5. A summary of AFsy, and AFEuy, for smeared and wall sources with both relativistic and
non-relativistic operators on four volumes and corresponding exponential fit ranges, together with
infinite volume extrapolations.
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smaller as L becomes larger, since they correspond to the continuum states for L — oo.
Therefore, it is required to take large temporal distance ¢ between the source and sink
operators to isolate the ground state of multi-baryons. This is, however, very difficult
due to the exponential growth of the noise over the signal which has been known to be
a characteristic feature of the multi-baryon correlations. In such a situation, one may be
misled by a fake plateau of the effective energy shift AET(¢) at intermediate values of t
before the explosion of the noise takes place.

We have demonstrated, by using the mock data, that the above situation can easily
happen with a slight contamination of the elastic scattering state. Then we analyzed the
lattice data in Z=(1Sy) and ZZ(35]) channels to show explicitly that the same situation
indeed takes place for the real data. By adopting the smeared source operator used in [2]
and the wall source operator, we fit the plateau-like structure around ¢/a ~ 15 and find that
the results of AF== at each L as well as those extrapolated to L — oo turn out to disagree
with each other between two sources. This implies that the ground state saturation is not
achieved in such intermediate values of t. Moreover, we found that AFE==(3S1) > 0 for the
smeared source at L — oo, which is not physically acceptable.

One may suspect that the above disagreement originates from slower temporal conver-
gence of single baryon for the wall source than the smeared source. However, this is not
necessarily the case, since the plateau of the effective energy shift shows much stronger de-
pendence on the change of the two-baryon sink operators for the smeared source as shown
in appendix A. In fact, one can explicitly show, by using the HAL QCD method, that the
smeared source has significantly larger contamination from the two-baryon excited states.
The details will be reported in a forthcoming paper [22].

We have applied the same analysis also to NN (1Sp), NN (3S), 3He and *He, although
the statistical errors become lager for non-strange baryons than those for =Z. Again, the
results of the two sources do not agree with each other: the smeared source indicates that
there are bound states in all these channels, while no definite signatures of the bound states
are found for the wall source.

By combining the general theoretical considerations and the numerical evidences, we
conclude that the plateau-like structure seen at the moderate values of ¢ in the temporal
correlation for multi-baryons should be considered as a “mirage” in the sense that the true
signals are located in much larger ¢ with different values of AE®(¢). This also casts strong
doubt on the recent works on the basis of the plateau fitting of the temporal correlations [2,
3, 16, 23-36], almost all of which claim the existence of bound multi-baryons (such as
dineutron, deuteron, *He, “He, and other strange multi-baryons). At least, one should
use more sophisticated approaches than the plateau fitting, such as the Bayesian fitting,
Black box, or variational methods to extract the ground state energy from the temporal
correlators (see e.g. ref. [37] for the review of these methods and the applications to single-
hadron spectroscopy.) A trustable way to examine the validity of these results is to study
the L-dependence of AFE a la Liischer’s finite volume formula. Detailed analysis along this
line will be reported in another forthcoming paper [38].

It should also be noted that the use of the full space-time correlations (HAL QCD
method) instead of only the temporal correlations has been shown to solve the single-state
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saturation problem discussed in this paper [9]. Detailed examination between the results
from the temporal correlation alone and those from the space-time correlation by using
the same lattice data as those in the present paper will be also reported in a forthcoming
paper [22].
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A Sink operator dependence

In the main text, we investigated the reliability of the plateau-like behavior using different
source operators. In this appendix, we make similar analysis by using different sink oper-
ators. We consider the ZZ system in the 'Sy channel as a representative case and start
with the following temporal correlation function,

CL(1) =32 g7 D(E(R + 7, 0)3(R, ) Te=(t = 0). (A1)

R

The interpolating operator for =(Z, t) is given by eq. (3.3) and we consider only the relativis-
tic operator in this appendix. The source operator, J==, is taken to be the same as those
used in section 3, with either of the smeared source or of the wall source. The sink operator
is a combination of the two local E operators with a smearing function g(r) [46, 47]. The
temporal correlation Cz=(¢) in section 3 corresponds to the case g(r) = 1. The effective
energy, FEL(t), and the effective energy shift, AESL(t) = EEL(¢) — 2md(¢), are obtained
from CégE) (1).

In the following analysis, we adopt g(r) with the following form,

g(r) =1+ Aexp(—Br), (A.2)

- 29 —



o= 0
: )
— L — ¥ & ® ¥ £
> | > _ |
v I " . 43 v
s " s g % =
S =10t = T N 4 5 -10
= 1 % } iL =]
10} o]
R -15; X X X % % % ¥4 B -15
< W smeared src. Z=('Sy) (g(r)=1) <4 @ wallsrc. Z2('Sy) (9(r)=1)
-20 A smeared src. g(r) =1+0.3exp(—0.18r) | -20 A wall src. g(r)=1+0.3exp(—0.18r) |
+ smeared src. g(r) =1— 0. 5exp( —0.20r) +  wall src. g(r) =1 - 0. 5exp( — 0. 20r)
X smeared src. g(r) =1—0.9exp( — 0.22r) X wall src. g(r) =1-0.9exp(—0.22r)
TP qp 11 1z 13 14 15 16 TS 10 11 12z 13 14 15 16
t[a] t[a]

Figure 7. The effective energy shift AESL(¢) of Z2(1Sy) for L3 = 483 with the smeared source
(left) and the wall source (right).

where four different parameter sets, (A,B) = (0.3,0.18),(—0.5,0.20),(—0.9,0.22) and
(0,0), are considered.

In figure 7 (left), we plot AEZL(¢) for four different sink operators in the case of
the smeared source. Although we find a plateau-like behavior for each sink operator, the
values of AE%% (t) do not agree among different sink operators. Such a large sink-operator
dependence indicates that the contamination from the elastic scattering states in the finite
volume causes fake plateaux as demonstrated in section 2. The true plateau may be
identified at much larger values of ¢, but the explosion of the noise prohibits to extract
sensible signal at large ¢ as we discussed in the text. Shown in figure 7 (right) are A %fé(t)
for four different sink operators in the case of the wall source. For each sink operator,
we find a plateau-like behavior: in this case, it happens that the values of AEE% (t) agree
among different sink operators within statistical errors.

B Effective energy shifts on various volumes

In this appendix, we give effective energy shifts for various channels on various volume.

~ 93 -



15 TT T T T T T T IO T 15 I I
§ smeared src. NR 22(1S)) B smeared src. ZZ(1S;)
g 10f 7 & wall src. NR Z2('Sy) 10 . & wallsrc. ==('S,)
I Il
Lo i |
- m i y
%J 0 1 i % 0 . 1 IJ.
= Po v = ° ‘
= ® o = e i
= -5t @ = -5 e
E=Tl o] E=10 @
l °s%443¢17 111 = Y
4 -10 B E]J 4 -10
~15% 5 10 15 20 ~13% 5 10 15 20
t [a] t [a]
15 T T T T 15 T T T 1T
fi  smeared src. NR Z2(1S,) u B smeared src. Z2(1S,)
= 10} o ® wall src. NR Z2(1S,) = 10 @ wallsrc. Z=('S)
I I .
~ 5t o ~ 5 -
3 0 " 1 3 o °, = il
Z Fe o Z “e B ol l]"
— — ®ep "
= NO) +>
T -5 %gé%% m E -5 i;lﬁ .
Ej] 10 %EIHIHIJ cﬁ] 10 1 !
—15 EFEHEH I —15 ]i’
0 5 10 15 20 0 5 10 15 20
t [a] t [a]
15 T 15 [ ] T
= f smeared src. NR ZE('S) B smeared src. ZZ(1S;)
%2 10 & wall src. NR Z2('S,) % 10 - & wallsrc. ==('S,)
Il Il
~ 5 = ~ 5 n
'; 5] I;[lﬂl '; ) -
§ 09 o ° 5] + g 0 e @ °n é T L i
= ee®|§®®®®m®¢‘i’%<{z = Qoeceod *+
%—/m -5 |;|:| m %_H/} -5 l-. + |
L]
S -10 mmqurllfllq’fll 3 -10 4 {'
~13 5 10 15 20 ~13% 5 10 15 20
t [a] t [a]
15 T 15 - I
=] § smeared src. NR ZZ(S) B smeared src. ZZ('S,)
2 10 ® wall src. NR Z2('S,) 3 10 - @ wallsrc. Z2('Sy)
I m Il
~ 5 ~ 5 o h
— o —
o 0b—o 7 o 0 ° % I8Pl
Z Uee@@%eeecx)@@@@mmq)%? ) Fe00o00°
— m — L]
5 S o0, st T[] & -5 st ,
Eaum [pq”p E’I[Jll
< -10 < -10
~15% 5 10 15 20 ~13 5 10 15 20
t [a] t [a]
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