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The statement AN is equivalent to the statement n(fW\W) >c
‘Shizuo Kamo (Univ. of Osaka Prefecture)

1. Introduction aﬁd results. A filter F on w is said to be
ample, if there is an infinite subset a of w such that,
whenever xe %, a\x is finite. A filter F on w is said to
be weakly ample, if for each free ultrafilter (uf) U -on w, there
is a function f on w such that f£(U)DF. Let us denote by
AN the statement: "every free weakly ample filter on W is ample."

In (21, we showed

PROPOSITION 1.

(i)‘ AN implies the existence of ¢ Ramsey ufs on W, where
¢ denotes the cardinality of 29,

(ii)  The existence of ¢ Ramsey ufs on wW does not imply AN,

(i) C) implies AN, where C) denotes the: statement: "every
free filter on w generated by a set cardinality less than c¢ 1is

ample."

It seems to be interesting to consider how strong the state-

ment AN is. As to this, we first show

THEOREM 1. AN is equivalent to the statement that BW\W
can not be covered by a family of ¢ nowhere dense sets, where

Bw denotes the 5ech—Stone compactification of w .



Letvus denote by n(fw\w) the Baire number of Bw\W
(i.e. the minimal cardinal of a family of nowhere dense sets
covering BwN\w ). As to the Baire number of Bw\wW, the system-
atical éstimation was given and several consistencies were shown

s

in U11. In {131, it 1s shown

PROPOSITION 2 (5.2.V in [13) The statement n(Bw\w) > ¢

does not imply that Vk<ec ( |25 <c ).

Since (P) implies that Vik<c ( |2 <c ) ([31), by
Theorem 1 and Proposition 2, AN does not .imply (@

Define the pseudo-ordering <* on w™ by £ <* g .iff
lim € g(n) - £(n) ) =c. A family F of subsets of w¥ is

said to be unbounded, if there does not exist g e w* such that,

whenever f € F, f <* g. Then, it holds

PROPOSITION 3 (4.6 and 4.7 in [1])
(1) The statement n(BW\W) >c implies the statement():
"every unbounded family of subsets of wW" has the cardinality c."

(ii) C) does not imply that n(pw\w) >c.

By Propositions 1~ 3 and Theorem 1, the following diagram holds.

®

W

AN T VYk<e ( 12% < ce)
o7

3t Ramsey ufs on



The only interesting in the above diagram which is not
mentioned is whether AN + VYk<ec ( [2%] < ¢ ) implies (®) or

not. As to this, we show
THEOREM 2, AN + Vk<e ( |2 < ¢ ) does not imply (®.

We shall prove Theorem 1 in the following section and

Theorem 2 in section 3.

2. Proof of Theorem 1. We first show that n(pw\w) > ¢
implies AN. So, assume that n(ﬁw\ﬁu)> ch Let % be any
weakly ample filter on w. For each f € LUw, set
D, = { Wepmw ;5 £(U)>F ].

Since Fr is weakly ample, it holds that

Hy

\){Df;few“’.} = pww.
So, there is some f € w® such that Do is not nowhere dense
in BWN\W.. Take an infinite subset ag of W such that
(*) Vxcay (Ix]=w =>3UeD, ((xeW) ).
Set a, = flay. Then, by (%), it holds that a, is infinite
and VWV x € F ( a;\x is finite ). Hence, Jr is ample.
Now, we_shall prove that the inverse implication holds. The

following fact which we shall use in the proof is well-known and

easy.

FACT 1. There is a family W of subsets of w such that
(1) W] = ¢,
(2) VxeWw ( [|x]=w ),

(3)  VYx, yeW ( x#y=xNny is finite ).
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Assume that AN holds. Let o = {Dy: o<c} be any
family of nowhere dense subsets of Bw\w. Let {ay | o(<c)
be a monotoné enumeration of a family W of subsets of W
which satisfies (1) v (3) in Fact 1.  For each o < ¢, take
fx € w® such that fq ' W — a one-to-one and onto. Define
the filter Fr on w Dby

x€F iff Vod<cVUWUeD, ( xef (W) ).
Thén, it is easy to see ﬁhat Fr is free and not ample. So,
by AN, there is UL € BW\W such that
Vgew®( gl > F).
Then, it holds that, for any « < ¢, U & D, since £ (W) P T .
Hence, -U & Uol. =

3. Proof of Theorem 2. Let M be a countéble transitive

modél of ZFC + GCH. We shall show that a generic exfension
of M. on the poset fPX Q which will be defined below‘satisfies
that AN + VKk<e ( |2K]<c)+_l®. The poset PXQ is alike
the poset used in 5.V of (113, Let P Dbe the Sclovey-Tennenbaum's
poset used for the consistency of MA + [2%] = lDZ. Defihe the
poset Q €M by, in M,

Q=9{q;s 3oA<w, (q:o —>2) I,
- Let GxH be /M-generic on PxQ and m. = MG x H]. Then,
similar arguments in [1] show that

/rrﬁ}:"{z‘“l:lz W, + AN V.
We shall show that &K,F—WC) Since CH holds in ML, it holds

w,l -

that, in M., there is a dence embedding from Q to P(w)/finite.
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So, we may assume that H ié M. -generic on (P(w)/finite) .
Definel F e ﬁﬁ by

ﬁﬁ E"F = { xcw ; Ja/finite€H ( a\ x is finite Y.on
Since /&ﬁ E " |H| = (D1 ", it holds that

ﬁﬁ E " v is an tvj-generated free filter on w."
Moreover, since H is not in MLLG], we have that

/,T?'L E" % 1is not ample. "
Hence, ﬁﬁ.#‘TCD. m
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