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On non-linear ordinary and evolution equations
“ By Haruo Murakami
(Kove University)

Recently F. Browder [1] and T. Kato [5] proved the existence

and uniqueness of (mild) solutions of the ordinary differential

equation
() =3 - r(t,u)

as well as of the evolution equation

(2) ._%%m = A(t)u + £(t,u),

where the unknown function u(t) takes values in a Hilbert space

H, and gﬁ(tj} are densely defined closed linear operators of
hyperbolic type. Their mothods are based on the momotoni?ity
argument; i.e. they assume thzt f(t,u) satisfies the |
monotonicity condition

(%) Re (f(t,u) - £(t,v), u-—v);’;’ M| u-v §2 R

and uvse this property rather extensively. For proving the
existence of a solution of the ordinary differential equation

(1) they use Peano's existence theorem for the finite dimen-
sional spaces and the so-called Galerkin'a method of 8pproxiéating
the space H by a sequence of increasing finite dimensional
spaces.,

Instead of assuming the monotonicity of f£(t,u) we impose

a more general condition as follows. Let IT be an interwval

toézt;é t, + T and X be a Banach space. Suppose that
there exists a real valued continuous function %(t,u,v) on

a set D

This work was done during the author was staying in the University
of Kansas under NSF Grant G17057 and ONR Contract Nonr 583%(12%).
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in ITXTX)<X which satisfies some of the following properties?)

(r) B (t,u,v) >0 if udv; =0 if u-=v,
(Pg) é (t,un,vn)-} O imples u, - v —» O for each ¢%.

(Pé) é?(t,un,vn)«¢ O imples u, - v >0 uniformly in t.

(P5) 35(t,u4v) is continuously (Fréchet) differentiable

and
22 128 2
28 - 55+ pu e + 35 f;tﬂ)é - 5§
(P,) For any positive number M, 3%;, g% Xy 3y X

are continuous in (u,v) uniformly for
 (t,u,v) € D and !x}é M.

We see, in particular, that if f sestisfies the monctonicity
condition (2} then é?{tgugv) defined by é%(twugv} = e“thgu—vge
satisfies all these conditions on ET}<X}iK, On the other hand,
the example 2 of Secticn 1 shows that our condition is more
ceneral than the monotonicity. For proving the existence of
solutions of the ordinary differential equation (1), we don't
need to use Galerkin's method, Instead, we approximate the
solution by a family of suitable plecewlse smooth curves, and
our proofs are short and elementary, |

For the evolution equation (2), however, our results are by

no means satisfactory. To arply our method to the evolution

equation we have Ho assume one more condition, namely,

(P5> %% ACt)u + %—? A(t)vé 0.

M .
Then we

(2]

an prove the existence of a mild solution of (2) under

some conditions on f(%,u).

riginelly inbtroduced by Ckamura for classical ordinary differen-
ial eguations about thirty years ago (9], [101].

N
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J. Uniguness and stability of the solution

Let X Vve a normed space, Ip an interval
(t, t, + 7], D(t), t € Ip, a subset of X, and
D= f(tu); t€Ip ued®)].

Consider the equation

) W . £k,

where f(t,u) is defined on D. Note that f(t,u) need not
be continuous,

We say that u(t) is a golution of (1) on Ip if wu(t)
is defined on IT’ taking values in“ X, strongly differentiable
in t for to(t;§t0+ T, and satisfying the equation on

t <t<t + T. If, moreover, u(t) 4s continuous on Ip and
satisfies u(t ) = u, then u(t) is said to be a solution of

°
(1) on IT taking the initial value u

o.
Theorem 1. Let u  be in D(0), f(t,u) bde defined on the
set {(t,u); £, <tSt+ T, ue€ D(t)} . Suppose that there

exists a real valued continuous function é(t,u,v) on some

g

neighvourhood of A= §(t,u,v); (t,v) € D, (t,v)€ D}' ith the

properties (Pq) and (P}). Then there is at most one solution

of (1) taking the initial value u,. Furthermore, if é?

satisfies (PZ) then u(t) depends continuously on u for

o e———

each &,
Proof. Suppose that there exist. two solutions uq(t),
ug(t) satisfying (1) and uq(to) = uz(to) = u,. Then we have

<49 (t,uq(t),ug(t))!:[)a% . gf £(t,uq () + ‘;év f(t,ug(t)jlzuq(t) |

€0 for t>t,.

() Py (9),u,06)) = Pbuale ) uy(5 )< 0.
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Since @(to’u1(to)’u2(to)) = @(to,uo,uo) = 0, we see that
éi(t,uq(t),ue(t)) = 0, Therefore u,(t) = uz(t).

Since éﬁ(t,u,v) is continuous, {uq(to) - uz(to)i-é 0
implies éﬁ(to,uq(to),ug(to)) > 0. This implies
§(t’u'§(t)’u2(t)) >0 by (4). If é satisfies (PE)' then
we have ‘uq(t) - uz(t)‘ + 0.

Repark, -We.could weaken the condition (P3z) to the following:

(Pé} ,aéé(tgu(t),v(t}) is monotone-increasing in t for.any
- two solutions wu(t) and v(t) of (7).

Then, it turns oﬁt,that tﬁe existence of such a continuous
function“satisfyigg‘_(Pil,,(Pg} and . (Pb‘}-‘is aiso a necessary
condition forAuniqueness,of the solution if f(t,u) is assumed
tQ be bounded and continuous, but weyshall gog go into. the details
hérem ; . |
- .Examples: :i; If X 1is a Hilbert space and f(t u)
'éaulafies the monoton;city condition (%) then, as mentioned
in *ha 1ntroduction, éﬁ(t U,v) = .8 aMtl ~v12 satlsfies our
condltionsa ‘ o
2. If A(%)_ is of hyperbolic type then we have the dissipative

property ‘
Re(A(t)u, u),, 0,

se that 1f we consider

TL = £(t,0) = AGE)u + g(t,u)

where g(t,u) satisfies the monotonicity condition (2%), then
£f(t,u) also satisfies (%) and hence.we have the uniqueness
of the solution, ; ‘

. Let X = R'. Consider the @ifférential equation

2 - r(t,u) = {.1 “Tu uz0

$'_L

n . v u < 0O,
Then the function f(t,u) does not satisfy Lipschitz' condition
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but does satisfy the monotonicity condivtion. On the other hand,

when we consider

au {1 +%u uz2o0
T = f(t,u) =
L u 0,

we see that the second member of this differential equation
does not satisfy the monotonicity ccndition. »But‘there does
exist a function cﬁ(tgu,v) which satisfies our conditions

P

(P, )y - (Pu} for this equation, namely,

g (5 - V% - log(1+4d) + log(14+4F))° w20, vZO

@( \ (Ju - log(1+4u) - --%—v)a w20, v<O
LU, v, = “

' jl { —=u -Yv + 10%(1%’6))2 o u<0, v2O0

4, " Consider the following simple parabolic equation:

2 u 2 %y -
26 52 Fltyx,u)
X

on a resion bounded by. t=t_, t=t + T, x=7A4,(t) and x= AL(8),

5
where A4(t)< At} for £ Ctgt,+ T. The initial and
boundary conditions are: u=g(x) on t=t_, uéhﬂ(’c) and
u=h2(t) on x= A4(t) and x=7\2{t) respectively, where g,
h, and h, are continuous and g 7'\,,\(‘(:0)) = h’i<to>’
g(A (£ )) = (B ). It is known ') that if
F(t,x,u,) = F(t,xu5) & K(u; = u,) holds for u > u, then
the solution is unique. By the argument of Theorem 1 it can
ve proved as follows. Let D(t) be a set of all functions in
x which are continuous on A, (t)(x(}\2(t) belong to ¢ on
A8 x (Az(t and take values n,(t) and he(t) at

=_}\4\t) and x=>\.,)(t) respectively.

) : Ayl
\ -
Define @(t,u,v) . g2kt ju(x) - v(x)}zdx, and
A, (t)
!

1)y [el, (71, -

(¥R}
[
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£f(t,u) = —é—‘%ﬁ + F(t,x,u(x)) for u € D(t)., Then we have

) &% |
2 ‘ 2
Df@ = [(_1__“1_%2(_2 + F(tonU<X)) - g‘—v-éx—l - F(tvxsv(x)))(U(X)-V(X))dx
® B0
- K| ) - v |Pax < - J( aux) = ()2, < o,
X -
(1) A

so that the solution is unique.

Let X be a Banach space and f(t,u) be a mapping from

ITXX to X. We say that f(t,u) is demi—continuousq) if

it is continuous from ITXX with the strong topology to X

with the weak topology.

Theorem 2. Let X be a Banach space and f(t,u) be

defined and demi-continuous on a set DC{(t,u); t <t< t +T, uex}

or which we assume that D(t)= { u; (t,u)€ D} is closed in X

H

|

[

or each t in t, <t < 1:04-’.1‘. Furthermore we assume that

f(t,u) is dominated by a summable function M(t) in such a

way that |f(t,u)| < M(t) for (t,u)€é D. Suppose that there

exists a real valued function é(t,u,v) on a neighbourhood of

the set A = {(t,u,v); (t,u)€ D, (t,v)€ D} and satisfying

(P,), (P,) and (Py). Assume that there is a continuous curve

u =1§”(t) in D for which sup @(t,’}"(t), u)=>0 as t-—>t .
‘ ueDt) ©

Assume furthermore that for t, im t  <t,< t_+T the eguation (1)

has solutions starting to the right from (t,!, \}’(t,z)) reaching to

b )

the plane t = to+ T in D. Then there is a unigue solution

a(t) | = u_ =

u(e) of (1) with wu(t)) = u =Y (t ). |
Proof. Demote by u = ¢(t; t,) a solution starting from

(t,, yk(tq)). Then if we take t, < t, < t, we have
»a%-_@(t,gﬂ(t; £, P(t; £5)) S0 for t, <t <t + T,

so that

[ )N
I

1y [4]. -
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é(t,?(t; t,), @Ct; ty)E @(t? Heos b)), Plegs 8400 |
= B iVt @by 60)>0 as ty=»t.
thus | @(6; t,) - §Cts t)| 20 4f by, €, P b, Tet
j?(t) = 1:m S?(t t,).  Then (%, ?(t))éb and @(%) is a
m)lut.:.on of (1), since fortarbitv*ary 0 {>€: ) we have

Sa(t; t.4) —?(t; tq4) = )(Afc'z ,?(’Z’; £40)aT t 4<%

and hence by mtting t4=> t we get
e (t) - o) - _gf( T, f(’t))d?, Thus ¢ is a solution of

(1) in D. Uniqueness of the solution is obvious, since if

x,(t) is such a solution then

é(t, Qs tq),ﬁ(t))éé(tq, Plqs ), Z(64))
fé(t1§f‘{,.(t4)g Z(t1)> P 0
shows that §>(t; t,) = X(6_ ).

Examgle;” Let. H be a Hilbert space and f(t,u) be a
continuous function on E = {(t,u); t L <+ T iu - “c!é ¢ ;
to H. Suppose that

i) f(t,u) >0 as (t,u)=»0 in E,
11)  Re( £(t,u) - £(t,v), u = v ) £ —E—?:'Ezlu - vlz on E.

Then there is a unique solution So(t) of (1) such that
\ _ _

S(t, >u, as t -t
In fact, take é(t,u,v) =

Yo

= 117 )2 {u - vle. Then Dfég

{(t u,v); (t,u) € E, (&,v) €& E} Let f\{(t) We may
assume by the condition i) that gf( ,u)!< m if
to< £ f,.,:toé T, ( £ o+ ), ‘u - u0(§01 (£ c) and also ml, < L

Now put

ALt) = maxggf(tgu)} i [u - uolg m!t - tog.

1) A generalization and a proof along [9] of Nagumo's

uniqueness condition (81, .
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Then A (£) >0 as t=>t_ . Set

po(t) = §acfz.-)dz-_ .
Then D = {Ft,u) ; t ( t<Lt + T, gu - u, f&t)}' is contained
in E and

sup P (t, Y16, w) = — g‘u,(t)gz ~ 0 as t->t.
we D) (¢ - to)
Since there exists a solution starting to the right from

(tﬁ,*yitq)), for each t, in t < t,{%t,+ T, reaching to the
plane’ t ='t‘+ T‘ by the Theorem 3 below, we obtain the result
by applying the previous theorem. ' e

g. Existence theorems for ordihagg g;fferential eguations.,

Let X be a Banach space and f(t,u) be a mapping from
IT;KfX to X. We assume that f(t,u) sends bounded sets into
bounded sets. Then for any b > O there exists a positive
number M such that ‘f(t wlg M for (t,u) € IpX V., where
vy = {uer; fu - u | £bf. Let a >0 be such that saM< b,

Theorem 2. Suppose that f(t,u) is continuous on Ia}( Vb

and that there exists a real vaslued continuocus function giﬁt,u,v)

on I X Vy X7V, satisfying conditions (P;), (P,), (P;) and

(Py). Then (1) has g solution on I, taking initial value u,
at’ t. |

Proof. ILet A be a subdivision of Iaz t0<_t1<l..<tn= t* a.
For t, _,S$t$t, we deflne

g8 = 4 () +f 2T, G (oAl §Loe) = ue

Then i* Aoy

g(t) ?(t )+ Jf(t ?(t AT+ ... ff(ﬁ <}><t LY A
(e, ?(t _Daz @
£
&

N fff' Z)a

+

L}

£(t, 9(tk 1)) for by 141:( e

g

-
P
<t
N
#
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Let A and A' be two subdivisions of Ia’ and consider. fg(t}ﬁ
and CP‘(t) as above., If t 1is not a subdivision point of
i\ : . : :
either A or A ; t_,<t<t, and ’c_';__q( t< t) say, ther

5 .
-6t ?(t) ?(t)) = gt + aég} (t) + a§ gi;{?s)
- g% + .bﬁf(t go(tk 4)) o+ bé —=r1(%, fy(tji;}
=<g% - 35) .-5-— [(if - 3§> dé’ 10 (t, ?(c )
(2B B, (4300
where v '
2
%% ] &é (%, gp(t) q:(t)), i‘g a--é%—(tyz(tk_q);?'(té_q))s
snd similarly for Fu aﬂd 3V °

By the assumption (Pq), for any £7 © there exists a8 5> C
such that if we take gai: max(, - t,_4) < > and
!A i = max(ta - tg_,%}{gm then we have

2 s |G- Bogales
i( jf? ‘ﬁ )e(s, Cf(t' 1>>%<-3‘?- P
Thus
é(t So(t) 3:0:)) {e.
Therefore

ICACE §(v)- P, § &, gl s, ?cm ?(t ) < ea,

and thls sbows that there ex*sts a g(t} %Jch tnat

?(t) ~>®(4) for each t.

Now fix ¢ in I . Then for each subdivision A there
exists a k such that tk-—’%<té<-‘=tk" Then {?étk—-ﬂ) - ﬁ(t) |
Lt - 5, _4) € ulal shows that ?}(tk 1) = ¢(v). Therefore
£(t, )ﬁ(tkﬂ,!)} d(t)«) (¢, Sa(t)}, and

gs(t} u, + Jf(’?.' ?(’t))dt.
)

0 -9 -

it

t‘éa
[}
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So far we have been assuming that f£(t,u) 1is continuous.

But the conclusion of Theorem 2 is still true under wezker

hypotheses on f.

Theorem 4. Suppose that X 1is g real reflexive Banach

space. Then the conclusion of Theorem % is true if we replace

—

the continuity of f by demi-continuity. In this case, we take

the differentiation in the sense of weak topology.
2

2V
functionals. Therefore by an argument similar to that used in

Proof. Note that 1?%* andb are bounded linear
the proof of Theorem 5 we can prove that

fd (t) — (s, 3?(1;)) ( =» means weak convergence).
30 that we have

59'(1:) = £(t, @(£)). |

Remark 1. If f satisfies the monotonicity condition on
InX X then we may take a = T, for in this case we can prove
that {jZ(t)} is uniformly bounded on Ip.

Remark 2. The assumptions on f(t,u) can be weakend even
further; if f{t,u) 1is measurable in t, demi-continuous in u
~and dominated by a summable function " M(t) for u's remaining
in a bounded set, then we can prove the existence of a local
solution in the same fashion. But, for such a Carathéodory-type
equation, we don't enter into details.

5. Evolution egquations.

First we shall summarize some of the results1) that have

been obtained so far for the linear eguation

(5) S - Abdu + glt) t € I,

/

“where g&(t?} is a family of densely defined closed linear

bed

+3

cperators on a Banach space X and g(t) is s function on

1) (21, (2], (8] anad (5].
- lg -
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taking values in X, Usually A(t) 1is unbounded.

We make the standing assumption that there exists an evolution
operator U(t,s) associated with A(t). This means that
{U(t,s)} is a family of bounded linear operators from X to X
defined for t0§ s§17§t0+ T, strongly continuous in the two
variables Jointly and éatisfying the conditions
U(t,s) U(s,r) = U(t,r),  U(s,s) =1I,

2Ut,s)u AlE) U(t,\s)u

ot for some u€X specified

QTJ%féSZE, = U(t,s8) A(s)u in each case,

We understand that u(t) is a strict solution of (5) on

IT with the initial value u if wu(t) 1is strongly continuous

)
on In = [to, t* T3, u(to) = u,, strongly continuously
differentiable and satisfying (5) on (to,k t o+ T), Then, if

g(t) is continuous, any strict solution is of the form

(6) u () = UCs,50u, + § UCt,8)gCe)as.

Following F. Browder (1] u(t) is said to be a mild solution

of (5) with the initial value u  if u(t) is continuous on
Ip 2nd satisfies (6).
'~ Roughly speaking there are two cases of (5) which are called
"parabolic" and "hyperbolic". The family A(t) is said to be

uniformly parabolic if:

\

i) The spectrum of A(t) 1is in a sector ) ‘
‘ 7T A =1
S, ={z; liarg(z-t)‘(m < —-é-}, \(7!.- A(E)) \ghl/;\ for _?Mt S&),
and \A(t)'q\ggM,,where (@ and M are independent of +t.
ii) PFor some h = 1/m, where m 1is a positive integer,
E}(A(t)h) is independent of t, and
| 2 Pacs)™|Lw - |
h -n . w b Bys € In, 1-ndx <,
|2(6) a(e)™ - 1 <ult - s

where M does not depend on ¢,

- 11 -
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Then it is known that there exists a unique evclution ocoverator
.with the following properties: U(t,s)X gf}(A(t)) for s<t, s
- U(t,s)u is Holder continuous in t and s for u€ %;”=%‘(A(t:o)h),_
and (6) is a strict solution of (5) if g(t) 1is Holder
conﬁinuous on IT, where u, is an arbitrary element of X,

The family ga(t)% is said to be hyperbolic if A4(t), for
each %, is the infinitesimal generator of a contraction |
semigroup, PTA(t)) is independent of " , and A(t)A(to)-ﬁ,
which is 8 hounded operator, is strongly continuously differentia-
ble, Then, it is known that there exists a unique evolution
operator such that U(t,s)%{.&(s})gg{A(t)), and (6) 1is a
strict solution of (5) if g(t)e 3{A(+)) and u € @’(A(to)).

Now we shall go into the non-linear evolution equation

(2) du
dt -

= 4(t)u + £(t,u).
Je assume that the continuous function f(t,u) sends bounded
sets in ITX X  into bounded sets in X, Then there exists a
positive number M = such that ‘f(t,u)\gm if te I and
ué Vb = {usx; (u - uc\éb}. . Take a positive number a so small
~ J ) N\ 1 N

that  [UCt,t du |+ Ml (6 -t )< v if |t - t,|<a, where
|0l = sup|uCs,s)|.

Suppocse that there exists a real valued continuous function

@(t,u,v) on Ia)( Vb)( Vb havine the properties (P’I)’ (Pé),

(P3> y (Py) eand

2
() %—%— A(tu + 2% Ale)v £ o.

Let /4 be a subdivision of I: to<t,}< cee LB = 6t A,

For 5y 4 < t<& 5, we define
ol = t

- \
P = U(t,tk_,‘)sz(tk_,}) + ) Ult,8)£(s,U(s, b o)

A (£, _4))ds,
(4.- ) _ tﬁ'f

? Yo = uo.

4

$
4




Then we can write +

2(1:) = Uk, Juy + Stfd(t,s)ds,
- o
where fé(t,s) = U(t,s)f(s,U(s,ty _03’(*«'3 1)) 8 éL‘C

Hence cp (t) €V

ts
4
<

[

11 @
, Y

zhen {A(t)} is parabolic we assume that u s‘b“’\s(t )y and
_that f(t u) 1is Holder continuous in t and u. Then we have

ga (b ) sg—(A(t _4)), and Ut,t, _ 1)39(tk 4)  is Hajder

contlnuous in t for t, 1_t<t Hence so(t) is differentiable

in (tk_,‘,t ), and we have
(7) cg» (t) = a(£)UCt, by _ 1)3c<t:k 1)+ £(5,U (tk_q))’f?(tk_q)),

When 5A(t)} is hyperbolic we assume that u, G&A(t DR
that  £(t,u) € Q(A(t)) whenever u &%’(A(t)), and that
A%H(t,U(t,tk_,]}g)(tk_n)) is strongly ycontinuous. Then again

k ),k
we have (7). ‘ / v ,

Let A and A' be two subdivisions of Ia' Theg, if t  is
not a subdivision point of either A or A4' , then we can take
k¥ and j such that tk_,;<t< t, and t' ,E<t<t' say.

We have

& i
—%;%(t, 520:), 2’(1\;)): i‘g * 33 (A(t)§>}(t)+f(t,U(t,tk,q>5>(tk_q>>
+ é (A\’c)f{’(t) + £\, U(t, v} 1)cp(t 47)
6 28
= [( ;% -0 ¢t a@ + ‘@A(*)«?(t) + af A(6) @ (%))
. ~ A,,
d o Y3 ,
+ L z% ) igu 1eCe, Ut By 1) G5y 1))
P UEE B2 L 28 00, uC, 8y ) §Uo) )
& J :
wnere 98 b@ (£), () 2 oF (6,0t 8, )P (%
) ? 5’ ’at—yt ’ ’kii“”‘"

P ¥ 2D

zu ' 2u ' D2V

ﬂ(t’té-ﬂ)?ftﬁ-"))' and similarly for
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Since ‘q7(t) - UCt,tk 1)5P(tk 1)‘
= | (U(t s)£(s,U(s, t, 1)(p(tk 1))ds’ M [U) !A),
and 31m11ar1§ ’
[(f(,t) U(t,t'._1)§0(ti_1)!§ w vl (o]

we see that %3’(t{g is a strongly convergent family. Thus there
ex1sts :?(t) such that ?(t) —93Kt) Furthermore, by the
assumpthn (P "), we ‘see that this convergence is uniform.
'Hence |

fA(t,s)—> U(t,s)f(s,f(s))f
Therefore we have +

Q) = ﬁ(t t,u, IU(t s)f(s, ¢ (s))ds,
which shows that f? is a mild solution of (2).

Furthermore, when A(t) is hyperbolic, we can prove that
i?(t) thus obtained is a strict solution under some additional
conditions. Namely, if we assume that [A(t)f(t,u)l is bounded
whenever u ~remains in a bounded set, we see that there is a
positive number L such that ‘A(t)f(t,U(t,tk_q))tg_L. Then

So (£) = A(t)U(t t A ) A(t Ju,

t-
. ES#A(t)U(t $IA(e)a(2)2(s, 5 1) P (65 4))as
R S:A(t)U(t SHORNOHEONEIERMIIL S CHPIILE
k-1

¢ 208,008,y 1)@ (b 1))
shows that 4
l¢' )] £ ‘A(to)uol £ L(s - £ DA + ¥,

where A = sup'A(t}U(t,s)A(s)"‘I .  Thus {A(t)a(t)g is

bounded. Since A(t) is closed, this shows that (%) € B{a(t))
when X is reflexivej> Then by the assumption that A(t)f(tﬁf(t))
is strongly continuous in t if ﬂf(t) Gé@(A(t)), it follows that

1) Lemma 5, (2], p. 274,

-14-



123
50(1:) is a strict solution of (2). Thus we obtain the following

Theorem 5. Let X be a Banach space and £(t,u) be a

continuous function from IT)( L to X which sends bounded sets

into bounded sets. Suppose that theref"exists 8 real valued

continuous function é(t,u,v) having the properties (P,}), (P2’),

(P-j), <P4) and (P5)' Then the evolution equation (2) has a

mild solution on I , where a is a positive number £ T, under

the conditions that, a) when A(t) is parabolic, u, is in

%/(A(to)) and f(t,u) is Holder continuous in t andi u, and

b) when A(%) is hyperbolic, wu, is in ﬁ(A(t )), and
ACt)E(t,u(t)) is defined and strongly continuous whenever

u(t) e Jlas)). Fﬁ‘rtherrmore,' in the latter case, the mild so-

lution thus obtained is actually g's‘crict solution if X is

reflexive and if we assume the additional condition that

e WS et |

A(t)E(t,u) is bounded whenever u remains in a bounded set.
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