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1 Hochschild cohomology and dominant dimension

3, &ED Hochschild cohomology B HH*(A) % #ilAT 5.
PR 2 B HE (A) 1, aAa & A @y A-DIBEY 57 Ext-RIXTdH 5

HH* (A) = EXtZ@;cAD (AAA7AAA) = EXtZr:(A7 A)

ZITA ADKETH 5. i iD7zH Ay A° % A° 523 . Happel, J. Rickard (Z & » Hochschild
cohomology BRIFERAZETH 25 Z D oNTW\W5S:

Theorem 1 (Happel, Rickard [Ric91])
=AM E LT DY (A-mod) 2 D¥(B-mod) ® & EREUS &AL LT HH*(A) 2 HH*(B) . & <ITHLHH
Mries: Z(A) = Z(B). Y

DEIZ A @ dominant dimension dom.dim(A) %E#HT 5.

fRAOREETE U Af H/E AR A DEFINT CRADHYM PO ARKNMEEL 255D LT 5.
ARTEf 2 AT EREFTL WS ZLIZT 5. f ABMFETIUXEBINT FAF IXE S AFNARE L
55,

*miyachi @ csi.osaka-cu.ac.jp #ikIE 2 HARREICEH LT ZE W,
DEEDMAR L, 220, FAHLTIIH 24, 152 LA SH D % 5 x5 % seek T2, HERER, ELAZRIZETEHT 501
ERTHD.



Definition 2 (L - 32)I1)
Fi A-INEE M @ dominant dimension ( ZELHIRIT ) dom.dim(M) &, IROETHZ 6N

dom.dim( 4 M) feN M @ minimal injective resolution 0 — M — [0 — ' — ...
om.dim = su
A P Cl DBEDSB IO, I BN TS B, ie. add(DfA) KIET .

AMEHZR LT AICER S NS, FiX, dom.dim(4A) & dom.dim(Ax) EADKFNRL 425 2
dom.dim(A) = dom.dim(4A) = dom.dim(Ay).

dominant dimension O HERDFEIEIL, ENHFEE DKRE - VIS IZE DL ZADRKE.

DABE A, B 13HEEAZIY (quasihereditary) &9 5. [EMEZEFRIE [Don98] D appendix 2 S iz L. HEIRY
RIEE DRI OHIE, (B T)Schur REITH 5. [loc. cit.] T DHUEE(ZM] &\ S5 P, Cline,Parshall,Scott
512 & 0 & H T 0L Lie 320 BGG B O R REBEEOH BT RFE O homology FABIMIZ & R\l HE
ol TNz EETIE, 1 ORESRITB T 2 EFHEOBRIRICEIEX affine Lie B Kazhdan-Lusztig
O, ZD[A U Lie BB L 72 X 512K ERWIHT O % rational Cherednik fAEDE O, cyclotomic Schur
FRE, quiver Schur AR EAEFIZISE I N T WS, ZORETIE, A, B DRIBIRTIIERTH 5.

Al -REXBCAM w: A — AZFD LT 5. 78 A-NEE M IR U T DM B FEA BN R 505 B
B L & LAk

(a- f)(m):= f(w(a) -m) forac A, f € DM,m e M

IZ& D DM 3K ANBEE 225, wld, IRD 2 R 2729 & & dudlity 2051 () w? =1 5D (i) wid A
DIFIRM R EETORKREEET 5.

Definition 3
A D class AIZIET 5 &%, IRD 35:M4: %2572 L &2 0D

(i) A%, HEEIEH,
(ii) A& duality 2.

(iii) A 1% gendo-symmetric, i.e. & 2XFZ Il C EOIIE M 2FAEL AT HSHERBER Endo (M) &
CIETRpA

ZDEE domdim(A) >2 L7 >TW5.

T % A O standard A-JlIEE L costandard A-fIEE T filter N2 A-NEET, 222 T O I B & BEA 1 A
T OfHEA A OFEFRLBER B RBHDO (A L HE L <2255 D& T 5. Ringel IZ KD HEEEZ VT —
RITIHET 5 Z LB SNTWTE B tilting £ W5 HDIZ#4R-> T, [Don98] D tilting module O %

Proposition 4 (Fang-Konig [FK11])
AlZclass o IZIBT 2RE LT 5. T 2T AT 25 B tilting A-IIEEL 35, 20L&
dom.dimA = 2 - dom.dimT AL T 5.

DREET f & refine LizbDHH D, Af & AFRICHRAICE > TWARWE EELITEVDH 5.
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fEADOREETLEL TS, Schur BliF M — fM = Homa(Af, M) O WilliiE#= 2 5 & (A, A)-ilfhngEt
MIZTRHUT fMf o8 INns HRBIRBN ERHEZZ DN TES:

& =1{&}:  HH(A) - HH*(fAf).
€ BUBIFIT AR 25 6 DEH RS-
wy =sup{s | €),€},..., € FAR Y
<.

Theorem 5
n>2%HARKE U Al gendo-symmetric T dominant dimension 1347 < & H n A EE 95, ZDL &,
Schur BT

(f@ f)A*@ae—:  A°-mod — (fAf)®-mod

RO ETL e 5 HSERH A2 FHET 5
& HH'(A) = HH'(fAf) for 0 <i <n—2
ExtYy.(D(A), A) = HH'(fAf) for 0 <i < 2n —2

n—1 n

g
0 — HH""'(A) L— HH""'(fAf) — Homa: (A4, Ext};;(fA, fA)) — HH"(A) L HH™(FAf)
&I, Ky >n—2.

Z MU Grothendieck ® 227 NURFIZ IS (#12) EMEMARRRIZ L 2075, BMIZHLDIES 2581
xn7L.

Remark 6
Hochschild cohomology {Z dominant dimension 235\N724 284> 3 iAW & 3 5. Hochschild coho-
mology DWFFLH & BRI READIEHOAHEMNS K2 5.

Wit key L2 5METH 20, GEAPRVOTEHET . FEMIEHHIDIFS 22 hizL.

Proposition 7

Al class o IZ/T AL T 5. ZOH;
Hom e (A,Ext?Z}(fA, fA)) # {0}

MRS B, ZZ T n=dom.dimA.

Theorem 8
Al class o (2@ T 5L T 5. ZOWF rp = dom.dimA — 2 or dom.dimA — 1 AT 5.

Theorem 5 & Proposition 7 #ffi-> T f} 120 <i < dom.dimA — 2 TIXFE, 5}171,5}1 IZRBL & 722 570
DTEBENG NS,



Corollary 9
Al class o/ \ZJ& S % dominant dimension 78 n DE L T 5.

HH (fAf) = HH*(fAf)/N OBTRFRERITIE, W0 25D H 5 0IEDAML LB n — 1 25
D. ZITNITHH (fAf) DREFILRIRD ideal 2R . vy = n—2 O, BEFRFRERICOESIT
PR — 1 DEFEIGER22 < TR 5220,

WHEHTHRARGE P o722 b0, ZORDEHLRFIHEZRAS. HH (A) & HH*(fAf) 1&, REUNZ WIZ
55 & E THALZ 5 72 (Theorem 5). HH*(A) A BIRICZ 5 725 5 F DFIRIGDUWIA 0 TiHRWE &
F, NEFETYRHE (FAS) ~NDBEIZ N IZA-TUES. EW0WS 2 e, HH (fAf) DIEDREDFIRE
BIGIRFAETE > TZaWnWe 2 XD mWREEZ R DEZ L WS 28 TH D,

Theorem 10
A, B % class & BT 2R T 5. ZAEE LT DY(A-mod) = DY(B-mod) 75 1%, dom.dimA =
dom.dimB.

fE AT ZREET, f % BILHBT2REEL T2 EREO=MBEFEEE, D(fAf-mod) =
D(f'Bf'-mod) \ZHilfR S % Z £ HRE T, Theorem 1 & &b TIRO AN %15 5.

HH'(4) =~ HHY(B)
L& L&
HH'(fAf) = HH'(f'Bf’)
Proposition 4 & » dom.dim(A), dom.dim(B) & &M TH 5 Z LIZiHEFE L, Theorem 8 IZ X DI D
5 % dom.dim IZHIEAH 2 DT, LOKRDFEE DS dom.dim(A) = dom.dim(B) TH 2 Z LA 5.

Remark 11

(£2®) fRIZ dominant dimension (&, HRAZE TRV class A TIRERAL L5 Z 2R 0ho
7z. ¥ 7z, Hochschild cohologoy ® Schur BT T DR % £\ MZ dominant dimension DRI NTNWEZ & H
Dholz.

2 UuiE

U,(gl,,) % parameter 7% ¢*/2 @ Lusztig @ divided power quantum general linear group £ 3 5. Z 4l
Hopf (REXTH 2 Z e HoNTWS. DO DREBUKIE, k=C &3 5. V % Uy(gl,) D vector(natural)
KB T5. S(n,r) & (B1)g-Schur RE im(p) &5, ZITpld REPOTEHMRBHERT p -
Uy(gl,) — Endg(VO). FiZ, Schur-Weyl O D g FBAFIEL TW5: A BUSTE Hecke B H BMFIEL T
S(n,r) ZEndy (V) 725 TW5. 3 S(n,r) 1%, MBEERRBTHEZ e BT WS.

en>rdD&E, S(n,r)-mod=S(n,n)-mod.
e n<rD&E, S(n,r)-mod ik S(r,r)-mod D pHE.

INSDHHEIZE D E L DAXDHIn L5 r B> TWD S(r,r) ZIFZELTNS.
AFTH S(r,r) WL, PAE block R E S 2, 5 r > 012359 5 S(r,r) ORHIEBEF ideal %7
R 5.

3)[Don98] & BHADH 5 A% 5 D T,
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Theorem 12 (Chuang-Rouquier[CRO08])
A, B % g-Schur fRED block k¥ L 3 5. A & B QMO FEEDOEBAE L W T5, Znr &, =
faE e LT

D*(A-mod) = D*(B-mod).

Theorem 13
q FEREEMN e 2RO LT 5. A % g-Schur fRELD block [REXTLHH TR VWET S, ZDE &,
dom.dimA = 2(e — 1) BT 5.

Chuang-Rouquier DEH A% % D T Theorem 10 % i\ ESR[FEERETE 2 — D D block %D dominant
dimension Z M T IUX I NI L2k 5. MEPRVOEGIRT 5 Z £I12X D Theorem »F 5N 5.
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