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21 ¥ INntr=TV
Edwards-Anderson &%
Hea{li;} = — Z Jijoioj — /.I.BHZO’, ‘ (2.1)
<iy> ’
KDWT, B5HMI 527 —IKBFBEHN IV =T v EUTOLS FRT 5 (S TH
K F Jij R, 390K - T hEnRLIcERIH L TW3), HRRONINV =T
T AECRE Z{Jij} 2. B 55— Q (1) OARAIDR E /DWW TDA L —
ZFBIEIE>T, HININV =T Y Heg i |
e~ PHlJi} = const. Trg e~ PHeallis} (2.6)

eiﬁfééo:oaéaazy—@@mﬂaQ@xEymm\7axy—oﬂm@$ykﬁﬁ
IARTF LU CHERS R B3 ER I > TW B,

2.2 1&HFHHEL

- ETRRIEWRICR AR, BHOR EIZhPrEEEROFMENEEINT WS, Cho%

FTARTKS DIRAAIFER DT, LIT TR 1 (AOFRH Heg DA EIOH L. ThEEHCOHEER
HERLTRD 30 1o, BRAITIREPEOBERLSHIMIIN Y 23HTH S LV IREEE
< (K2)o

HCO M EE Rz, Edwards-Anderson OFFELEHMN 7 5 R 9 —OA L E B TE LW,
E3)) :
[(00)2]“ = [<0i)2]av ) vy € N (2 15)
CEBIFE IV ETRRIARER EEZRVWHIL, %ﬁfﬂ']'@liﬁx_@mﬁ%m H BXU Hen
IZDOWTER T 5 EMTET,

Y ijlHea(5)lav. = H?*B; + O(H*), Viedn | (2.25)
JEOQ v
&1 %, 72720, 1751 (o) {:’*’7 kv (B) iX
’ aij = [(”i"j)?m]aw - [(anj)?)o]av_, _ (2.26)
Bi = Z{[(anl)?m]ew- —[{oios)0)av.}- '(2~27)
JEQ

EERENT VB, R Tsg 13 WIVNOBUS H o33 L CHROEMBA [Hila. SR
FTHRELT

det a = det I[’(o;oj)fm]av, - [(anj)szlo]av.l =0 - (2.32)
BORDBCENTES, AEY YT REMBIZ. COHEBAEE T - Tsg +0 T
Tsa

Xsg &= ?SG . T — TSG (2.33)

LW O GBI R ERT o
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3.1 SEFT o—ytyisgRit

HEBOEBAITIE. RIXFMEEE 2 & 5 BRI OER/NORENC L TREEIR B> TW3
(K 3), SHERTIR. P Z OIEFOREIZRI L TW3, REROPESEERTIZ,
IN =T VDRI L > THPZERE IR 5 L LT, [RAVS - oo @HERPAIERTII.
FBOREEWETIRD 1-HDHMEE LT ad hoc IIB%BAT 2, HABFER (Q)#0ick-

THMo bhé*ﬁiﬁf?’&?ﬁ]'\é ity JTTOXIMHIZ NIV b =T v HO adﬁ‘f MR 5 IE%
'JD‘TJDK.'C '
H=H® - AQ - (3.3)

EWI NI =T UEERT Bo BFEEH Q BIERFIZ 6D (H4 544 —5—1x&M)
TOhEDbE,

RO F TRIRABVDOT, AROI S 25— QI A & THEWR] Aa 20T
mo-1(p 4), HOMEERM

(Qo) = (Q:), Yieon, | (3.5)
%é‘%d‘o ﬁﬂ@ﬁﬁﬁﬁ‘i\ EZE{H"—C‘& A t Aeff T@Bﬁ?gfs
> wijAj = A +0(A%),  Vieodq (3.11)
JEIQ .

DIEDR%1G 50 HEVNDIG A 1o U CTHRBLLEICRD ., BIROEEMNE A, i)f%’l*'d'éf—ibf

IEBAIZERBIRTE 3, D plion)
det o = det (Qi@j)ﬂo - (QOQj)QO =0 ‘ (3‘18)

b SEFER T H5RD 5N B0 Q Ittd ZIEBIH bERTE T, T — T THHEMIBRIER S,

3.2 SEFT ozavbvy752~0NH

b QB W T Tl K FOEIRE -7 BlL22D7 5 Ry — (EL 7y o
THBELT (R5). ILLWEFEER

Q= Z Qi = Z oo (3.22)

RMAT B, CNEHGIIBA I3, 22oDLTYH (1) & (2) Guif_baz,iﬁﬁf’ﬁﬁil‘_néc =0
D& X

(oo™ _Tov. = (PN )| _Tov. = (o)L (3.24)

& 723D, Edwards-Anderson &% zﬂ&l—]—-“_fé %, LIF. _t'C“JZE’\‘f‘.-—'ﬂx,.mlc_ L= AL
FomiTErERE T o FEILbDEEL & LiTE 310
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DT OB T NT 2 IRTTEAET & SIRTTUAET LD £ BRITIT 720 $0bBRE Y
34 Crr2aErE L, Ry FPRIEERTHI & -J DfEELSbDETS (H6)

K707528— (LAY ERAER EYDA) ERIVIAERIR, ESICX->TRHILES
NTVBR—FRF EDRE V7 5 ROFERPON Lmic—d 5, & ST, B £ ok
%ﬂ@ku?%@m”m%&ék(@8)~&thﬁmﬂwn®$ﬁ%ﬂ FOERM, o % v
SK &Il A8 3,

EASICKEVWI SR~V TREFNFNX 13 &KX 14 i, o HEERIIER 1 &K
2 ¢C7U$ Lf:o

5 ae—-—v Yy rREBEE (CAM) iz @ir (KkE)

51 CAM mE®B
—RZIC 2 KRAFBERE RS TSV Oififs T — T + 0 Cid. LMo EREEDS

C
ONTY o — 5.1
X ( ) (T _ Tc('))" | ( )
DOFTREL. £ OREBOIEHKII HERIGTED TTy > 1 L13-TW5, —h. B2 HPH3
B TR GBS ORLICIk. EREEE T - T > T BT,
(n)

(n) 'X'(n)

X (5.3)

T-1™
EVWSEDFEL (v=1) LIREIIV, L LK, FHE&RELT T™M & x™ 2BDb
DiESFRUE, R (5.1) &R (5.3) ORBDOIEH DBV O BIc, R (5.3) OFE X™ A8
() o oU T(ﬂ)
(T(") T(*))¢ T — T(")
EWIIRBOARY C EMWIEE BT, ColRBuEIE—L Y h;'?';'.‘%‘&ﬂ?&o CDEE.H
fROA X« 25 —Y v PR BNBERILER 7 — Y v 72 HWT, akb—v v FREH
7T

(5.10)

X

=9 +1 (5.11)
2L EWTE S,
;@ﬁmaﬁxm\&5ﬁﬁmnﬁuw%mer\%nu¢orkbbn5ﬂWJf%ﬂ”,~,
EXO, XD, %D, & B R® = CT T w7 gy bTBIEICE ST, HOBE
T T & BEREM Y = v + 1 2L CEHliT 5 LM TE B, |

5.2 ¥ — 5 @b

Lo—fEGmiciEn., B4EITHEONIHUEERE CAM Bif L1 F— 7 DBUHEEZ
T XFEXFERT7 40 MLl BRIERI ER1ICEX o 1o, 749 FORER 15-19 i
g‘fflo
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6.1 2\rckicHT 4R

2RTRIC BT, T =0 LIRES 3 LEHHDO XY 15 b2STET ([ 15), HEFRIE

i |
Vs =5 (6.4)

1810 Chit. E 5 ICHIBELIOFEOHIEOERZ-SIL p uw—FER LTV,

6.2 3XRxHKicXT 54

ST BTl T ~ 13(Jofkp) 218705, 57— 5 55U 50TV B 7 HIc TS
HAEC . BRI O W THEERIEEE2 & LB TE T To S, BoTcs 5 X5 —
DKRKEEBTHRTRIEDL - EBbh s,

6.3 F&¥

R E VTS5 2 L CHWMSE R L. SEIRERE X —F IR A 28R EHE L 72
X5ICKRENWT 5 R —TOFTHEICK > T CAM HROISHPERHTH B 2 &b -7, FFiT
2RTTHRTRE o SiBEEE L. T2 COBRRIEHARBE L (HfTcE /. JoERIE. tho
HRICEBDDEIV—BERLTWS, 1 L3RTRIBL TR, E5ICKERI SRS —
TOFHHEPMLEL SN 5,

A »Y—vamt (KB
FREBEE D 7 — SRR ML v T,

[{oroTrs Ok Oks) - {Tk 20k WOk Ok, )av. = 0, ko # kn (A.16)

EWHMEFAIRE S (& 22)0

B S®&E®E (KB)

23 DEIIC1ERJ THLTWSE22D2 53X9— Q4 & Qp icE 28 24>
T, RO LS RSHRERAIT 2 &M TE B,
EH 4 (FEH) Qa & Qg DA P07 RE Y75 RRICBWT, FNEFNR EVREF
QEREEXD, HABET|QN L1 E R L1DBEDIL->TVWEHDET S, CDEE
Z DREETI

(@)alae. = (B2, = [(o)aae. = [(o5)alev. =0 =
(QR)dar. = [(Qo;Vila (i R)Blev,  Yn € N. (B.22)
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- Master Thesis:
Effective-Field Theory of Spin Glasses

Naomichi HATANO
Department of Physics, Faculty of Science, University of Tokyo

1 Intro duction

Since Edwards and Anderson! proposed a mean-field theory, many theoreti-
cal studies!? of spin glasses have been made. Among others, the Sherrington-
Kirkpatrick model®, which is a model with infinite-range interactions, is well
explained by Parisi’s solution!! of the replica symmetry breaking. On the other
hand, as concerns a more realistic model, not all the properties of the short-
range Edwards-Anderson modell!] have been clarified yet. Non-classical critical-
exponents of the spin-glass transition of the model is one of the most inter-
esting problems. Since applications of the renormalization-group technique to
the spin-glass transition have a difficulty: because the upper critical dimension-
ality is dy = 6°), we cannot rely on the e-expansion to know the exponents
of the 2- and 3- dimensional systems. For this reason, numerical-simulation
approaches(?3-27,29,31-34] have been made mainly.

Recently, a new approach to critical phenomena, the Coherent-Anomaly Method
(CAM)[E-8111 was proposed by Suzuki. Usually, an approximation of a mean-field
type yields a singularity of the response-function with the classical, or Landau-
type exponent, but the residue of it grows larger as the singularity point of the
mean-field theory approaches the true critical point of the infinite system by an
improvement of the approximation, reflecting the discrepancy between the clas-
sical exponent and the non-classical one. The CAM is the method for obtaining
the non-classical critical exponents from a “coherent-anomaly”, or the way of the
residue to grow as the approximation is improved systematically, for example, as
the treated cluster is enlarged. So it becomes important to construct a systematic
series of approximations to the spin-glass transition. -

In the present thesis, we construct a cluster-effective-field theory of spin
glasses. In Section 2, formulae for the spin-glass transition point and the spin-
glass susceptibility are obtained. They can improve in numerical values system-
atically in accord with enlargement of the cluster. In Section 3, it is mentioned
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that these formulae agree with the results of Suzuki’s Super-Effective-Field The-
ory (SEFT)[!%-12], Section 4 shows some examples of calculations, and also all the
numerical results obtained are listed there. In Section 5, the critical exponents
in the 2- and 3-dimensional 'systems are obtained from CAM-analyses. These re-
sults are discussed in Section 6, by comparing them with previous results by some
other authors. Recent studies®®34] of the critical exponents of the +J model are

listed there.

2 The Formulation of Effective-Field Theory of
Spin Glasses

In the present section, an effective-field-approximation of the spin-glass transition
is proposed. An -expression for the spin-glass susceptibility in this approximation
is obtained. The zero of the denominator of it gives the spin-glass transition point
Tsc,. v '

2.1 Effective Hamiltonians

First, an effective Hamiltonian is defined for each sample. It contains effective-
fields which themselves have their probability distributions.
Consider, as an original Hamiltonian, the short-range Edwards-Anderson model

HEA{J,'J'} = — Z J,'J'O','OJ' - ,UBH ZG,’, (2.1)
<ty> :

where o’s denote Ising spins. Each interaction J;; has its probability distribution
P(J;;) over samples. The free energy of the total system is defined as follows:

F =log Z{J;; }av., (2.2)

where Z{J;;} denotes the partition function of a system of a bond configuration

{Ji}: |
Z{J;} = Trx e PHeallii} | (2.3)
1
p= T (2.4) |

and [ - -],y. denotes the quenched-average:

[ = / -+ II P(Ji;)dJs;. (2.5)

<>

For a system of a given bond-configuration, an effective Hamiltonian of a
relevant cluster Q (Figure 1) is defined by
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on
Figure 1: The cluster §2.

e—BHea{Jii} = const. Trg e"'ﬂHEA{Jij}, (2.6)

where Trg denotes the trace with respect to spins which do not belong to the
cluster 2. This effective Hamiltonian can be written generally in the form

Hete = Haq

~ us Y, HPG)o
1€ANY

— wp Y, HZG,j k)ow;on
i, k€BN

— Y IR, §)oio;

t,)EAN
- Y IR 5,k Yook
1,5,k 100
- s ey (2.7)
where ,
HQE— Z JIJO'IUJ—/LBHZO-I (28)
<li>eq =

denotes the original Hamiltonian of the cluster Q. Each of the effective-fields H 4,
Jeog itself has its probability distribution due to the distributions of bonds of the
outside of the cluster. Two lemmas can be proved.

Lemma 1 Let the bond-distribution P(J;;) be symmetric. In the paramagnetic
phase with no magnetic fields, the quenched-averages of all the odd effective-fields
wvanish:

[H®).,. =0 forn=1,3,5,... (2.9)

owing to the “gauge symmetry”[lé'l“].
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" Lemma 2 Conszder a spin operator S on the cluster Q. In the paramagnetzc
phase, a quenched-average can be decomposed as follows:

[(S)a B = [(S)alw. - [HG Lav.s  (2.10)
where T Se-#Mo
(S)a = Trg o—FHa (2.11)

and Trq denotes the trace with respect to spins which belong to the cluster €,
because the probability distributions of the bonds of the inside of the cluster and
that of the outside of the cluster are independent with each other.

These lemmas are used in Section 2.2.

2.2 The One-Body-Effective-Field Approximation

Since it is impossible to determine the probability distributions of all the effective-
fields, approximations must be introduced. In the present thesis, as an approxi-
mation, we neglect the “multi-body-effective-fields”:

H(”) = 0 for n=3,57,..., (2.12)
JW = 0 for n=246..., (2.13)

and determine the probability distributions of the “one-body-effective-fields H éflf)(z')”
- with a self-consistency condition. In the following, Hgf) are abbreviated to H.4.

Let the bond-distribution be a symmetric function to use the gauge symmetry.
An assumption must be made.

Assumption 3 The probability distributions of the one-body-effective-fields in

the paramagnetic phase can be assumed to follow nearly Gaussian distribution, 1.

e. |
[Hglav. ~ [HgL,. ~ O(H?). (2.14)

av.

On this assumption, it is sufficient to obtain the second moments of the probabil-
ity distributions of the effective-fields for treating the paramagnetic phase. Then
we make the self-consistency condition for the effective-fields as follows:

[(00)%]ay. = [{0:)?]ay. for ¥i € 09, (2.15)

where g¢ denotes the spin at the centre of the cluster Q. In the spin-glass phase,
this assumption probably does not hold*>!°l and we will have to determine also
higher moments. (Figure 2)
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P(Her) - P(H.g)
! § lr

— Hop — H.q
T > Tsqg T < Tsq

Figure 2: Schematic forms of the probability distribution of Hg.

To obtain an expression for the spin-glass susceptibility, we must discuss Equa-
tion (2.15) only of the order of H2. For a given bond-configuration, we can expand
in an applied magnetic field and effective-fields as follows: ‘

(o0) = (00_)|H=Heff=o + Z (0001>|H=Heﬁ=o K

JEQ
+ Z (aooj>|H=Hfo=0 LJ
J€EN
+ O(K? KL, L%, | (2.16)

(o)) = (C’i)lH=H,,f=o + Z (C’iUJ)'H:Heﬂ___O K

JEQ |
+ D (00 gmprigmo L
J€E3Q
+ O(K?* KL, L?), (2.17)
where :
K = PugH, ' (2.18)
I, = B Haa () (2.19)
Since multi-effective-fields are neglected, we can set
<. : .>IH=He”=0 = ( : .>QIH=0 : ' (220)
These thermal-averages can be calculated analytically. Especially we obtain
(o0)aly=o = (di)aly—o = 0. (2.21)
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In the following, (---)a|_, are abbreviated to (- - -)ao. The expansion of [(gq)?]ay
gives

[(o0)lov. = 3 [{000s)g0lav. K

JEQ
+ > [(UOUI)QO(UOUJ)Qo]avI 2
I#J€R
+ Z [(aOUj)QOng‘]aV-
7€6Q |
+ Y [000i)a0(000;)a0 Li Ljlav.
C i#je00
+ 2 Y. [0001)a0{000;)a0L;lav. K
JEN, €80
+ O(K*)+ O(K?*[L%...) + O([L*).y)- (2.22)

The quenched-averages included in the third, fourth, and fifth terms can be de-
composed owing to Lemma 2: (2.10). In addition to that, the second and fourth
terms vanish owing to the gauge symmetry!!>!4 (see Appendix A) and the fifth
term vanishes owing to Lemma 1: (2.9). Terms O(K?[L?],,.) and O([L*].,.) are of
the order of K* owing to Assumption 3: (2.14). Also [{(0;)?].v. can be expanded
similarly. Consequently, the remaining terms are |

[(00>2]aw = Z[(aoal}go K2+ Z UOUJ>Qo]aV[ ]av. + O(K*), (2.23)

JEQ JEN

(o). = 2_[{oi00)0lan K2 + 3 [{0i0)G0)av.[L]]av. + O(K*).  (2.24)

JEQ JEIN

Substitution of (2.23) and (2.24) in the self-consistency condition (2.15) yields
the set of the equations: :

Z oi;[Heg () ]av. = H?B: + O(H*) {for Vi € 09, (2.25)
VVhere .
a;; = [(0:05)dolav. — [{905)d0)av. - (2:26)
pi = 12;){[(0001)?10]“. ~ [{0:05)30)ev. }- (2.27)
€

Equations (2.25) give the second moments of the effective-fields Hg(j) in the
form

[HCff(j)z]av. = H? Z o, 18 + O(H?Y)
1€

H? B |
Tt o > &b+ O(H?), (2.28)
€N
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where the matrix (&) denotes the cofactor matrix of the matrix («):
-1 (& | |
(a77) = —. (2.29)

As previously mentioned, it is sufficient to determine the second moments of
the probability distributions of the effective-fields for obtaining an expression for
the spin-glass susceptibility in the paramagnetic phase. Substitution of (2.28) in
(2.23) yields

[(00)ev. = {3 [000)a0)av.

JEQ
1 3 y .
det o Z [(aoai)%o]av.aijﬂj}]iz + O(IX4) (230)
1,7€90

Then we arrive at the formula for the spin-glass susceptibility:

~ 0
— 2 2

= NBuz{>_[{o0os)a0lav.

JEQ
Y [000i)a0lav. @i 55} (2.31)

1
1,7 €962

+deta.

The spin-glass susceptibility diverges with the critical exponent ; = 1. This
divergence can be understood to correspond to the transition from the param-
agnetic phase to the spin-glass phase. The spin-glass transition point Tsg is
determined as follows:

=0 a,thng. (

S

32)

det @ = det |[(a,-aj)§m]av, — [{000;)20)aw.

Near and above the transition point, this spin-glass susceptibility of the type of
the effective-field theory shows the following behaviour:

Tsa v ' -
Xsa = Xsg * __3G as T — Tsg + 0, (2.33)
T — Tsq

with ,
s E [<000i>00]av.&i1ﬂj
Tae, = Nug ijea0
SG — 1273
k§Tsq ideta
dT T=Tsg

This quantity (2.34) plays an important role in the CAM: See Section 5.

(2.34)
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When all the z5q sites 1 € 9Q are located in equivalent positions in view of
geometrical symmetries of the cluster 2, we can set

d [Hzﬁ(i)]av. = [He2ff]aV-- (2.35)

Then the expressions (2.31), (2.32) and (2.34) take the rather simple forms

Co=C, at T ="Tsg, (2.36)
' CoB, — C, B
2 4 “0401 14820

- 2.37

XSG N/B MB CO _ Cl ) ( )

. N[.L% ) (C()Bl - ClBo)

XsG = 72 d
k3TSa  #(Co—C1) |pip,’

(2.38)

respectively, where

B, = JZG%[(O'()O'_])?IO]AV‘, (2.39)

Bi = Yl (2.40)

Co = jgﬂ[(aoai)?zo]w.=Zan[(aoae)?zo]av., | (2.41)
and

G = % ool = :zi‘fl[(ma»aolm (2.42)

for 37 € 9Q. It can be understood!™ that Equation (2.36) with (2.41) and (2.42)
represents balance between “ordering effects” and “disordering effects”.

These are the results of the one-body-effective-field approximation for the
cluster Q. It is expected that the approximation is improved gradually as we
calculate on larger clusters.

3 The Super-Eﬂ'ectiVe-Field-Th_eory (SEFT) and
Its Application to Spin Glasses

The formulae obtained in the previous section agree with the results of the Super-
- Effective-Field Theory (SEFT)['%12 proposed by Suzuki. In the present section,
the general formulation of the SEFT and its application!!® to spin glasses are
reviewed. '
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3.1 The General Formulation of the SEFT

A phase transition is none other than spontaneous symmetry breaking. In the low-
temperature phase, an infinitesimal perturbation of a symmetry-breaking type
causes instability and the whole system falls into a non-symmetric state: See
Figure 3. In a usual effective-field theory, the effective-field plays a role of such
a perturbation. It has been, however, always justified to introduce the effective-
field by some modifications of the original Hamiltonian of the system. In the
SEFT, the super-effective-field is introduced ad hoc as an extra degree of freedom
to examine the stability of the system.

Consider a phase transition characterized by an order parameter (@) # 0,
where @ is the sum of local or semi-local operators {Q;} with a modular factor

Q= Zéi’ | (31)

€0s-

where

. Q.’ = €0i@:- (3.2)
The operator Q; is defined on a support S;, which may be a site, a plaquette
or something else. The modular factors!!®!l are introduced here to discuss, for
example, staggered magnetization. A conjugate field A of the operator Q is
applied on the original symmetric Hamiltonian H® as follows:

H=HO - AQ. (3.3)

It is expected that, because of instability, the limit operation A — 0 after the
‘thermodynamic limit yields (@) # 0 in the symmetry-breaking phase, and that
the response of (@) to A shows singular behaviour at the transition point.

Of course, for the system of this Hamiltonian cannot be solved exactly in most
‘cases, we must make an approximation of it to the “super-effective” Hamiltonian!!%11l
of the cluster Q (Figure 4):

F

G2\

L - (@)

Figure 3: A “potential” of a system in its low-temperature phase.
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Figure 4: A cluster constructed of supports.
I€Q €80

The “super-effective-fields” A; are determined by the self-consistency conditions:
(Qo) = (@) for“iedq, (3.5)

where Qg denotes the operator on the support Sy at the centre of the cluster.
To obtain an expression for the response-function o, we have only to discuss
quantities of the order of A. Expansions of (@) and (Q;) in A and A, give

{Qo) = 3 (QoQ)a0 K+ Y (Q0Q;)a0 A; + O(K? KA N2,  (3.6)

JEQ JEBN
(Q;) = Z(Qié])ﬂo K + }: (Q.‘Q,’)ﬂo A; + O(KZ, K, )\2); (3.7)
JeQ jEAQ ‘
where
K = pA, (3.8)
Ai v: ,BA,', | (3.9)
and

(0)
rI‘I'Q .« o e"ﬁHQ

(. . ')QO = - e_ﬂ'}-(g)) - (310)
Substitution of (3.6) and (3.7) in (3.5) gives
Z a;,-AJ- = AB; + O(Az) for Vi € 011, (3.11)

JEIN
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where o _
a5 = (QiQ;)a0 — (QoQ;)ao, (3.12)
Bi = JZQ{(QOQJ)QO —(Q:Q)a0}- (3.13)
The super-effective-fields are jetermined by
A; = ﬁ&- ieza:Q &;:5: + O(A?), (3.14)
where we write .
o = d:;ja. (3.15)

By substituting (3.14) in (3.6), (Qo) generated by A is written in the form

(Qo) = {X{(QuQ;)a0

JGQ

Y (QoQi)aodi; B} K + O(K?). (3.16)

d to 1,7 €05

The expression for the response-function of the order parameter (@) to A is, in
this approximation, given!!®11 by

_ 0
X‘Q‘ = N‘é‘K(Qo)

A=0

NB{D_(QoQ )0 + 7-— d Y- (QoQ:)aod; B;}- (3.17)

JESY ta 1, EN

The function (3.17) diverges at det o = 0. This divergence is expected to mean
instability of the symmetric state and a transition to a symmetry-breaking phase.
The transition point is determined by the following equation!%-!1:

deta = det [{(Q:Q,)a0 — (QQ,)a0| =0 at T=T.. (3.18)

At the transition point, the “susceptibility” (3.17) has a singularity with the
classical exponent v = 1 as follows:

Xe=Xg m as T —>T.+0, (3.19)

with(10-11] .
N Z (QOQ;‘>90&:'J'/BJ' _
— 1,) €N
XQ = 'T—z : d . . (3.20)
d—TI- et o _—

Formulation'®1! for quantum systems are quite similar. The SEFT has been
already applied to the chiral transition[*?): See the refernces of Ref.[11].
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3.2 Applications of the SEFT to Spin Glasses

It is another problem how to apply the SEFT to spin glasses. In Suzuki’s paper(®,
two “real replicas” are introduced. The reason why the number of the replicas is
two is that we need only the second moment of (o).

The original Hamiltonian is given by

=~ 3 3 JolPel, (3.21)

a=1,2 <i3>

where « denotes each replica, and 0@ denotes a spin on the a-th replica. The
bond-configurations of two replicas are the same as each other. The operator @
of (3.1) is defined as follows:

Q=3 Q= Z o Me?. (3.22)

Then, corresponding to (3.3), the Harrulton‘lan which includes the conjugate field
A is described'® by ,
| H=Ho— Aza“) 2 (3.23)

The field A is an interaction between two rephcas. When A = O,Athe two replicas
decompose into two independent systems of the same bond-configuration, and we
obtain the Edwards-Anderson order parameter from Q:

[0, _Juw = (o)D), _Jov. = (o)l (3.24)

The super—effective Hamiltonian for spin glasses is defined as follows (Figure
5):

HI

o= S HY A Y o6 - 3 AoV, (3.25)
a=1,2 Ieq 1€
A f
0,(1) PP T .. at?
I
replica 1 | replica 2

Figure 5: Two real replicas and super-effective fields between them.
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where A
HP=- 3 J0®6. (3.26)
<1J>eQ

The self-consistency conditions for A; are given by (3.5):

(o0, = (oo™, for ¥i € 0. (3.27)

The same calculations as (3.6) - (3.17) yield the response-function x %

Xe = N illof o]
= Nﬂ{z (JOUJ)Qo]av + d 1ta [( OOi)?IO]aV-&ijﬂj}' (3'28)
JEQ 1, €60

This expression for the response-function agrees with that for the spin-glass sus-
ceptibility of the effective-field theory (2.31) in Section 2 except a factor. Also
Equations (3.18) and (3.20) agree with (2.32) and (2.34) correspondingly. |

4 Examples of Some Clusters and Numerlcal
Results

In the following, we restrict ourselves to the +J model, or the model with the
following probability-distribution function of interactions (Figure 6):

P(J) = {80 — Jo) +8(J + Jo)} (4)

with Jo > 0. Examples of the effective-field approximation in Section 2 for two
clusters and all the results obtained are mentioned in the present section.

P(J)

A

—~Jo 0 Jo
Figure 6: The £J model.
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4.1 The First Approximation (the “Bethe Approxima-

tion”) and the Mean-Field Approximation as a Limit
of It

First, consider'® a site and the nearest-neighbouring sites of it as the cluster Q:
See Figure 7. This is the cluster used in the well-known Bethe approximation for
the ferromagnetic phase transition. The Hamiltonian of this cluster is given by

Ho = - Joiooo:. (4.2)
i=1 :

The correlation functions with respect to this Hamiltonian can be easily calculated
as followsl!%l:

(000i)q0 = tanh BJy;

= At fori=12-.-, 2z, (4.3)
(gig;)00 = (0i00)a0{000;)00
= AjAt’ fori# je€ on, (4.4)
where
Ao,' = sgn Jo,', ‘ » (45)
t = tanh 8Jy, > 0. (4.6)

Taking the quenched-averages of (4.3) and (4.4) with respect to the probability
distribution (4.1) results in

[(000:)30lev. = t* for Vi € 09, (4.7)

[(0i0;)20)ev. = t* for Vi # j € 0Q. (4.8)
A
09

L O-i oo
Figure 7: The cluster used in the “Bethe approximation”. The symbol “o” de-
notes the boundary sites, at which the effective fields are applied.
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The equation which determines the spin-glass transition point is (2.36), or

£=14+ (z=1t* at T=Tsg, (4.9)
which gives : | A
Jo 1 ~
tanh (k T(B)) — (4.10)

The spin-glass susceptibility is obtained from (2.37) in the form('®

(B) _ 1+ t2

Xsa = NB°ut Bl—( e (4.11)

" These expressions agree with that obtained by Katsura®®2! using the method of
the distribution function. Near the transition point, xg?} behaves as (2.33) with

4
7B = yHB z 4.12
Xso =N 2 ot ® 22V T (4.12)

The numerical results of (4.10) and (4.12) are as follows{!%: In the 2-dimensional
system,

tanh ( Jo ) 1 )
an = —
kTSR ) V3
T8 = 1. 51865(Jo/kB) »  for 2z =4, (4.13)
1
={(B) 4 /72
XsG = B — 0.38017(ug/Jo),
\/§ TS(,G) J
and in the 3-dimensional system,
Jo ) 1 )
tanh = ,
(k'BTS(g) V5
TE®) = 2.07809(Jo/ks), , for z=6. (4.14)
—(B 3 .
X(SG) = 4\/— (B) = 0'16140(,“‘113/‘](?%
In the limit of z — oo, the asymptotic forms of (4.10) and (4.11) givel®¥
: J J J
T7W)  ~ 20 tanh ' —2 )~ 0. 4.15)
SG kB an /C T(w) kB \/z—; ( )
1+ K?
Xsa = Nﬁzﬂﬁl—_;ﬁ, (4.16)
4
1
Xsa) = NEB. - (4.17)

J¢ 27
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, or the Sherrington-Kirkpatrick model.

where

Jo
Pl
These expressions agree with that obtained from the mean-field theory by Ed-
wards and Andersonl!, which correspond to the Weiss approximation of the fer-

romagnetic transition (Flgure 8), or the solution of the Sherrington-Kirkpatrick
modell®l, The numerical results of (4.15) and (4.17) are as follows: In the 2-
dimensional system, we have

T = 2(J0 /ks),
w
and in the 3-dimensional system, ‘we obtain

T = \/E(Jo/kB), f 3 (4.20)
or 2z =06. 4.2
R = (b I3),

By comparing the results of the mean-field approximation (4.19)-(4.20) with
that of the Bethe approximation (4.13)-(4.14), it can be concluded that the tran-
sition points of the latter are lower than those of the former and the coefhi-

cients {Xsg} are greater accordingly. This observation can be expected from the
CAMI®8]; See Section 5.

K = (4.18)

for z=4, | (4.19)

4.2 The Second Approximation (the “Square Approxi-
mation”)

Next, as the second approximation[!%, consider the four spins around a plaquette
and the nearest-neighbouring 51tes of them: See Figure 9. The Hamiltonian of
this cluster is as follows:

Ho= — (Jo10001 + J120102 + Ja 30503 + J300300)
3 2—-2

Z Z Jg,,-ka;a,-k. , (4.21)

1=0 k=1
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0902 (g)l ' acl?l 039
T0,:-2C . o O Ty, -2
0 1
g o4
03,:-2 O 3 2 -0 072,;-2
0] o]
932 gy, 09 922

Figure 9: The cluster used in the “square approximation”.

The effective-fields are applied on the boundary sites

0N = {onli=0,1,2,3, k=12 --,2z—2}

(4.22)

As the following calculations involve a “frustration” explicitly, in some sense,
properties of spin glasses emerge after this approximation for the first time.

Some correlation functions with respect to this Hamiltonian are obtained as
follows or diagrammatically shown in Figure 10:

(0001)90

(0002)q0

Apat + Ag3Asz 2401t
1+ AgyAy2A23A30t!
t + ®t3

- —_— 4.23
011 1 + (I)t49 ( )
Ag 1A 912 + Ag3A; .12
1+ Ag1A1,2A23A30t*
12 + &t
Ap1A190 —m—— 4.24

where ® denotes whether a frustration exists on the plaquette at the centre of

1+ U

1+

(UoCTz)Qo =

Figure 10: Diagrams for some correlation functions.
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non-frustrated frustrated

Figure 11: A non-frustrated plaquette and a frustrated one.

the cluster:
b= A0,1A1’2A2’3A3’0. (425)

When ® = +1, the four spins on the plaquette do not frustrate, and when & = —1,
they do: See Figure 11. We obtain from (4.23) and (4.24)

t+ ®t3\2
. 12 4+ d12\ > -
(0002)q0 = (_I-T@_t‘*_) : (4.27)

These expressions mean that the squares of the correlation functions do not de-
pend on configurations of interactions perfectly, but depends only on ®, or on
configurations of the frustration. This statement holds for more general system:
See Appendix A.

To take the quenched-averages of (4.26) and (4.27), we must know only the
probability of ® = +1 and that of ® = +1. They are easily obtained as

P(®=141) = % (4.28)
P(®=-1) = % (4.29)

Also in larger systems with the probability distribution of interactions in the form
(4.1), the probabilities that a frustration exists or does not exist on a plaquette
are, in general, % independently of configurations of frustrations on the other
plaquettes except a restriction in the 3- and higher dimensional systems. Now we

obtain(9]
a (t) _ [(00)2} _}_ t+ 3 2+ t—¢3 2 (430)
01 = Olgoav.—2 1+t4 . 1-—t4 ) “OH
| 1({ 262 \?
Gult) = Kowonlloh = 3 Toze) - - (a3)
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rﬁ%

g1

......................

Figure 12: Decomposition of a correlation function.

Another correlation function is given!!] by

[(00m1)aolav. = [o001)go0lav.{o101:)00]av.
Gos - 7, (4.32)

or diagrammatically shown in Figure 12. In general, for a system which consists
of two clusters contacting with each other at only one site, the quenched-averages
of the squares of correlation functions between one site on one cluster and one on
another cluster can be decomposed!? in the paramagnetic phase as (4.32): See
Appendix B.

Now we can calculate (2.39)-(2.42) explicitly as follows:

By, = Z [(UOUJ)?IO]M-

Jen
= {1+ (2 —2)*H1 + 2Go; + G2}, (4.33)
B, = Z[(Jial)?zo]av; »
JeQ
1- t4 + {1 + (Z - 2)t2}{1 + 2G01 + Gog}t2, (434)
Co = D [000i)d0lav.
j€8Q .
= (z—=2){1+2Gp + Go2}t?, (4.35)
and
Cl = Z [(Ui%')?zo]aw
JEIN
= 1—t"4 (2 - 2){1+ 2Go, + Go2}t*, (4.36)
respectively. The transition point is determined by the equation

Co=0C, atT =Tsq. (4.37)

Also the spin-glass susceptibility is given by Equation (2.37). The numerical
results of them are as follows!’!: In the 2-dimensional system, we have :
TieY = 1.
5o 45543(]2/ sz)’ for z =4, (4.38)
Xsa = 0.48918(ugp/J5), ,

— 200 —



AK YT T ADEREER
and in the 3-dimensional system, we obtain

TED = 2.06404(Jo/ks),

: 4.39
X = 0.16880(u /), (439

} for z =6.

Comparing these values with (4.19)-(4.20) and (4.13)-(4.14), it can again be ob-
served that improvements of the approximation cause successive decrease in Tsg
‘and increase in Ygg.

4.3 Numerical Results of the 2- and 3-Dimensional Sys-
tems

Further calculations were done by the brick-laying transfer method® on comput-
ers.

The treated clusters of the 2-dimensional system are listed in Figure 13. All
the results obtained from them are listed in Table 1. Also the treated clusters of
the 3-dimensional system are listed in Figure 14, the results in Table 2.

Table 1: Results of the 2-dimensional system.

cluster! | Tsa(Jo/ks) | Xsa(ib/I8) | logTse | log¥sq

2D —a 2.00000 0.12500 0.693147 -2.07944
b 1.51865 0.38017 0.417822 -0.96714
c 1.45543 0.48918 0.375301 -0.71503
d 1.34379 0.77969 0.295494 -0.24886
e 1.23795 1.31524 0.213457 -0.27402
f 1.17823 1.77188 0.164013 -0.57204
g 1.04629 3.76646 0.045251 1.32614

- 1) The symbols a,b,-- - denote the clusters in Figure 13.
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2D=-a b
o
o 97 o o
QG. O o, Qj’)
o——o—¢ o +r—o—o—¢
o9 o —e—e¢ 4 L
o—4—¢—3 T O—e— 35
O O 19 SO o
d *——o—¢ f
o— *—d—¢ —O"
— ¢
o——
o 9

- Figure 13: Treated clusters of the 2-dimensional system. The symbol “0” denotes
the boundary sites of the clusters. ' .
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“o” denotes

Figure 14: Treated clusters of the 3-dimensional system. The symbol
the boundary sites of the clusters.
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Table 2: Results of the 3-dimensional system.

cluster! Tsa(Jo/kB) | Xsq(uh/J3) | log(Tsa — 1.2) | log¥sq

3D — 1 2.44949 0.08333 0.22274 -2.48491

pl10] 2.07809 0.16140 -0.13000 -1.82385

cl10] 2.06404 0.16880 -0.14614 -1.77907

d 2.03051 0.18825 -0.18572 -1.66999

e 2.00434 0.20459 -0.21773 -1.58719

f 1.97693 0.21892 -0.25241 -1.51904

q 1.92534 0.27110 -0.32112 -1.30528

h 1.79015 0.50646 -0.52738 -0.68030

it 1.892(4) 0.304(3) -0.368(6) -1.189(4)
i 1.710(5) 0.725(18) -0.674(10) | -0.321(26)

" 1) The symbols a,b,- - - denote the clusters in Figure 14.
1) For these clusters, we take the quenched-averages of samples which are randomly
chosen out of all, because of the limit of the computational time and memories; about
0.03% out of all for the cluster 7, and about 0.17% for the cluster j are chosen.

5 Analyses by the Coherent-Anomaly Method
(CAM)

In the present section, data listed in Section 4 are analysed using the Coherent-
Anomaly Method!®®! proposed by Suzuki. The spin-glass transition points and
“the critical exponents «y; of the 2- and 3- dimensional systems are mentioned.

5.1 The Theory of the Coherent-Anomaly Method

First, the CAM is briefly reviewed.

Consider a critical phenomenon. Near and above the transition point 7:*),
the response function of the order parameter to an applied field is expected to
show such behaviour as

C

NPy~ — & |
X"NT) ~ T~ 1) (5.1)

as T — T™ 40,

with the fractional exponent

v > 1. (5.2)
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On the other hand, ordinary effective-field theories, which pay attention only
to the linear response, yield the “classical”, or “Landau-type” behaviour of the
response function as shown in Section 2:

e

(n) o~ n), _“c (n)
X~y T 1™ as T —-T™+0, (5.3)
with
™ > T, (5.4)
v =1, | (5.5)
where n specifies a type of the approximation.
Consider a series of approximations; n = 1,2,3,... If the series converges to
the true system, or |
lim 7 = 76, (56)
lim x™(T) = x"(T) for YT >T®, (5.7)

n—+00

the discrepancy between the exponents (5.2) and (5.5) is expected to cause the
anomaly of ¥:

¥ =00 as n—o0, or T™ - TM 4o (5.8)

For not only the spin-glass but general phase-transitions, Suzuki proposed that
there may exist some systematic series of approximations for which the residue %
can be written in the form!®7)

C’ ,
X" = (T8 — 7Oy as n— oo, or T — T 40, (5.9)

and correspondingly, the response function takes the form

C' Tc(n) Tc(n) — Tc(*)+()’
a3 T — T®4o.

(5.10)

This behaviour is called the “coherent-anomaly”, and the series which shows this
anomaly is called a “canonical series”. After some discussions!®"! using the “enve-
lope theory” or the “finite-degree-of-approximations scaling”, which is analogous
to Fisher’s finite-size scaling theory!??, the “coherent-anomaly relation” can be
derived as follows!®7: |

y=1+1. (5.11)

According to the above discussions, fitting some numerical data

Tc(l), Tc(2)’ TC(3), e

: 5.12
X0, ¥, 3@, (5.12)

)
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to the function (5.9) may give the true critical-exponent v with rather good
accuracy using the relation (5.11). The CAM has been applied to such critical
phenomena as the ferromagnetic and the chiral transition'?, and yields the good
results: See the references of Ref.[11].

5.2 Data Analyses

In the following, the results of applications of the CAM to the data listed in
Section 4 are mentioned.
Consider a temperature-dependent variable z(7T'). If this variable can be ex-
panded as
T — Tgg = x(T) - m(TSG) o~ a(T - Tsc;) (513)
near T' ~ ng, then the spin-glass susceptibility near and above the transition
point, ' — TSG) + 0, can be written using the variable z in the form

C
(*)
T) =~
<= T
Ca]
l.’L —_ :L.SG

The same discussion as in Section 5.1 can be appliedi®] to the variable z too. The
spin-glass susceptibility derived i in Section 2 and Section 3 can be represented in

the form &( )
=P F )

Then near and above the spin-glass transition point zsg, which is determined by

(5.15)

F(:Bsg) = 0, ‘ (516)
the spin-glass susceptibility behaves as
1 G(CIISG)
xsa(z) = :
sa () Tszc (z - mscs)zd;F(ﬂ?sc;)
1 G(CESG) 1 '
= -— as €—0, 5.17
TS2G Isg %F(ﬂ}sg) € ( )
where . :
-z
€= >3 (5.18)
TsSG
The coefficient X5g can be defined as follows!®:
_ 1 G(:Bsg)
= . 5.19
Xsa(ese) Tés |2sa %F(xse) ( )
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Of course, this can be transformed from Xs(7sc) easily by the formula

_ Tsg _ :
XSG(,xSG) Ialﬁ XSG(TSG)~ (5-20)

According to the CAM theory, Xs; may show(®! the coherent anomaly:

(n) ()

n CII
X )( (n)) = Isg — Tsg| —

Xsg\Z
|25 — =

as n — 00, Or

— 0. (5.21)

When a series of apprommatlons is canonical enough to show the coherent-
anomaly, data of T ) and ¥ derived from the CAM-analyses are expected not
to depend on the chmce of the variable z. In the following analyses of the 3-
dimensional system, the variables

1
z =T, tanh (T)’ e~ T (5.22)
are used.

5.2.1 The 2-Dimensional System

In the 2-dimensional spin-glass system of Ising spins, the conclusion that T, éé) =0

is now quite acceptable. By the way, there are two types of the definition of the
response function; the Edwards-Anderson susceptibility as

1
XEA = N Z[(U:’Uj>2]a.v.; (5.23)
6
and the spin-glass suscepﬁbility as

: N ” 19,5/ lav.- . |

In the case of TSy = 0, there exists discrepancy between the critical exponents
of the singularity of (5.23) and (5.24) as follows: |

1

XEA X s ? (5.25)
. ,
XsG X e _ (5.26)
with
F= Y + 2. | (5.27)
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0.0 0.2 0.4 0.6 0.8
logTsc;

Figure 15: The data points b-g are fitted to the function

log Xsqg = —5.16log(Tsc) + 1.6.

1.2 I g
= !
> f
c>n<|_0.4 ol
Q. e
3 !
[#p]
o °
~— .0.4 | | d
b o OC
_1.2 L b l A l 'l l -t
0.7 0.8 0.9 1.0
1
Tsg

Figure 16: The data points b-g are fitted to the function

log')ZSG = 7-1/TSG — 5.4.
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Table 3: The CAM-analyses of the 2-dimensional system.

data pointst logx = ~¢log(Tsg — (x ) + C || fitting with TS(G) =0
7= +1} (*)(JO/AB) 7=y — 1%
atog 3.7(3) " 0.68(7) 4.3(3)
btog H 76.0(3) 0.22(7) 5.16(5)
boe fig | 6.2(2) 0.20(4) 5.14(4)
de f,g 701) 0.03(22) 5.28(4)
b,e, g 6.32 0.171 5.15(5)
. d f 471 0.510 5.11(1)
e f, g 4.84 0.439 5.27(7)

1) The data-points-a,b, - - - denote the clusters in Figure 13.

1) Errors of these data are estimated from the errors appearing in the
least-square-fitting to the functions.

x) ¢ =9, — 1 =7, + 1: See the relation (5.27).

In the present thesis, we use the definition xsg, but generally the definition xga
is used. |

The results of the least-square-fitting of the data on the 2-dimensional system
(Table 1) to the function (5.21) are shown in Table 3.  Also some examples
of the fitting are plotted in Figures 15 and 16. The variables tanh(1/T'), and
exp(—1/T') cannot be used to analyse them, because of the impossibility of the
expansion (5.13).

5.2.2 The 3-Dimensional System

The results obtained from the data on the 3-dimensional system (Table 2) are
also shown in Table 4. In the least-square-fitting of data on the 3-dimensional
system, a difficulty arises: Data only on the clusters & and j have statistical errors
~ because of the Monte-Carlo-sampling. The present analyses are made using the
statistical errors for data on the clusters h and j, and using the errors appearing
in the least-square-fitting for data on other clusters. This method is, however,
still open to discussions, because they are of different types of errors. Some plots
are shown in Figures 17, 18, and 19. |
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Table 4: The CAM-analyses of the 3-dimensional system.
The fitting function used here is '

=n) (n) (n) (+)

log Xs¢ (zsa) = —-1/)log|:cSG — 56|+ C.
used variable z
data jpointt =T -z = tanh (%) w r=eT
o @] o | 1@t | o | 1
ato 2.46(6) | 1.51(2) ] 3.0(1) | 1.45(2) ] 3.9(2) | 1.39(2)
bto g 3.2(2) | 1.36(5) | 4.5(6) | 1.22(9) [ 5.8(8) | 1.15(9)
bye,d, ftoj || 3.2(2) 1.35(5)
b,e,d, g, 4.70(1) | 0.913(3)
bc,d,h,j || 3.30(3) | 1.343(8) | 5.2(1) | 1.14(2) | 6.8(2) | 1.06(2)
foa.hiini ] 69(3.9) | 0.5(8)

) The datd—poillts a,b,--- denote the clusters in Figure 14.
1) Errors of these data are estimated from the errors appearing in the
least-square-fitting to the functions.

.2.6 ek 'y i A 1 1 Y ‘2 L 1 ..
-0.7 =0.2

Iog-(TSG — 1.36)
Figure 17: The data point b-g are fitted to the function

logysc = —2.210g(TSG — 136) - 2.5.
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DS.L
I

(

-2.0 » -1.5
log(tanh 5% — tanh Tic—) |
Figure 18: The data point b-g are fitted to the function

log X¥sq = —3.5log{tanh(1/1.22) — tanh(1/Tsg)} — 7.2.

-0.5
R -15F
>
w
«
0y
|
- -25 F
: a
_3.5 2 3 L l 2 A 4 l ' A 2 l 014
-1.9 «-1.7 -1.5 -1.3

log(e—Ts;_G -~ e"T."\'ﬁ)

Figure 19: The data point b-g are fitted to the function

- logXsg = —4.8log{exp(—1/Tsg) — exp(—1/1.15)} — 10.3.
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6 Discussions and Summary

6.1 Conclusion for the» 2-Dimensional System

In the 2-dimensional system, it can be concluded that the assumption of TS(G) =0
yields a better conclusion.

1. Figure 15 suggests that we had better excluded the point a of the “Weiss
approximation”. The Weiss approximation may not take part in the “canon-
ical series” of the effective-field theory.

b

Taking the point d into account reduces the degree of the fitness.

3. We can fit the points b, e, and g well. Each of the series b-e-g and c-f may
be a part of different canonical-series.

4. When we set both 1 and Téé) being free parameters and fit the data to the

function
log Xs = —log(Tsa — T$3) + ¢, (6.1)
we may obtain
TS ~ 0.2 (Jo/ks), (6.2)
and
¥s ~ 6. : (6.3)

5. When we set Téé) = 0 as in most studies and fit the data to the function (

6.1 ), we obtain
Yo =5, (6.4)

and especially, using the points b-e-g we obtain
s = 5.15(5) for TS =0 | (6.5)

See Figure 15. These are in good agreement with the datal? of the high-
temperature-expansion: See Table 5

6. The data are also fitted to the function

c .

See Figure 16. The linearity of this ﬁtting is worse than that of the fitting
to the function ( 6.1 ). The last two data-points f, and g yield the values

Ca 5.41. (6.7)

{01 = 7.05,
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Table 5: Recent studies of the 2-dimensional +J model.

authors method! conclusion
Morgenstern- : (5 —
Binder(’79-’80)23] MC sim. Tsa
™ + (%)
80y 24] _
Morgenstern(’82) MC calc. Tsg =0
exponents® assuming Tég) =0
Vs v n
Binder('82) MCsim. | ~4 | ~2 —
Young(’83)[?¢l MC sim. ~ 4 ~ 2 e
McMillan(’83)[27] MC sim. | 4.5(5)% | 2.64(23) | 0.28(4)
Cheung- | '
MCMﬂin(,%)m] TM + FSS | —— |2.59(13) | ——
Young(’84)[2] {6‘483 f‘zrgg' 4.1 2.75 —
Singh- HTE
Chakraverty(’86)1° up to w!® 5:3(3)
Bhatt- : .
Yojng(’SS)[M] sim. + FSS || 4.6(5)% | 2.6(4) | 0.20(5)

1) “MC” denotes Monte Carlo. “TM” denotes the transfer-matrix method. “FSS”
denotes the finite-size-scaling. “HTE” denotes the lugh temperature expansion in
w = tanh?(1/7).

1 ) These v, are obtained from the scaling relation v, = (2 — n)v.

» ) To know the definition of the exponents, see Appendix C.

Recent studies!?>3! concerning the critical exponents of the 2-dimensional +J
model with Ising spins are listed in Table 5. For this system, the result éG) =0
had been almost confirmed till 1982, and after that, studies on this assumption
have been developed. As the error bars of data in the last two rows[3%31 of Table
5 overlap with each other, it is plausible that «, ~ 5. The present result confirms

this conclusion.

6.2 Conclusion for the 3-Dimensional System

Results of the 3-dimensional system have ambiguity. It is difficult to conclude
them with a firm value.
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1.

X

53

| TS
Figure 20: The values 1 ﬁtted under the fixed values TéG) Flttlng variables are

Tsq (the solid line), tanh 51~ (the dotted line), and e “hg (the broken line). The
symbols “e” indicate the values of the best fittings.

As in the 2-dimension system, the data of the “Weiss approx1mat10n” do

‘not seem to fit to the other data: See Figure 17 .

On the other hand, also the data point 7 does not seem to fit to the other
data. It is a posmble case that the series of approx1mat10ns has not con-
verged enough to show the coherent-anomaly.

As for fitting the data using the variable 2 = T, it seems to be plausible to

conclude that , 7
7§83 ~ 1.3 (Jo/ks), (6.8)

and .
Vs > 3) ) (69)

but the data using the variables tanh(1/T) and e~/7 suggest some other
values: See Table 4 and Figures 17, 18 and 19 The values ¢ fitted for some
fitting variables under the fixed values T are plotted in Figure 20. The
curves do not agree with each other. ThlS indicates that the series of the
approximations is not canonical enough. Besides, these data do not agree
with the recent results by other authors: See below. |

The fractional behaviour which characterizes the 3-dimensional system may
emerge after more body-like clusters such as the cluster j for the first time.
In other words, calculations of larger clusters may be needed to observe
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o Tz;,ble 6: Recent studies of the 3-dimensional +J model.

authors e m-ethodJr Tsc (fg—) exponents*
‘ h Vs v n
Young(’84)[29] 2{5 St <10 | 29 | 1.2° | -—04°
~ Ogielski- MC sim. | - t
~ 2. . —0.
Morgenstern(’85)[3% 643 1.20(5) 4+ | 1.2(1) 0.1(1)
Bhatt- MC sim. +0.1 of
Young(’85)B3 33 ~ 203 1.2Z0 3.2+ | 1.3(3) 0.3(2)
Ogielski(’85)[34] gﬁisgjg 1.175(25) | 2.9(3) | 1.3(1) | —0.22(5)
Singh- HTE

Chakl'averty(’8-6)[3°] up to w!? 1.2(1) 2.9(5) | 1.3(2) | —0.25(17)

1) “MC” denotes Monte Carlo. “HTE” denotes the high-temperature expansion in
w = tanh?(1/T).

1 ) These ;s are obtained from the scaling relation v, = (2 — n)v.

o ) These exponents are obtained on the assumption that Tsg = 1.2.

* ) To know the definition of the exponents, see Appendix C.

the coherent—anomaly. Then a more efficient algorithm must be developed,
because it comes now near the limit of the computational time.

Recent studies[®*3%32-34 concerning the spin-glass transition point and the
critical exponents of the 3-dimensional +J model with Ising spins are listed in
Table 6. |

After some oscillations between the positive conclusion and negative conclu-
sions, some studiest®®*>34 on Monte-Carlo simulations of large scale concluded
that the lower critical dimensionality is

2<d <3, (6.10)

i. e. the spin-glass transition occurs in the 3-dimensional Ising-spin-glass system.
As shown in the last two rows of the Table 6, in 1986, the datal®* by the method of
the high-temperature expansion, which seems to be quite independent of methods
of simulations, agreed with the Monte-Carlo datal**! very well. Their conclusion
is as follows:

TS ~ 1.2 (Jo/ks), (6.11)

and

ye = 2.9. | (6.12)
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6.3 Summary

An effective-field theory was constructed and the results of the mean-field and
Bethe approximations were re-derived. Further calculations and application of
the CAM to them show usefulness of this theory. Especxally for the 2-dimensional
systems, we obtain the spin-glass transition point TSG) = 0 and the critical ex-
ponent 7y, near TéG = 0, which agree with the results by other authors well, by
calculations of rather small clusters. As for the 3-dimensional systems, however,
we may have to treat larger clusters to evaluate accurate critical values by using

the CAM theory.
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‘A The Gauge Symmetry

The “gauge symmetry” property!!>14 of the Edwards-Anderson model was used
in Section 2. In the present appendix, correlation functions which vanish in taking
the quenched-averages of them, and “gauge-invariant” finite correlation functions
are discussed.
Consider the Edwards-Anderson model with Ising spins; (2.1). The local
“gauge transformation” of a state of a spin-configuration {o;} and a bond-configuration
{A;;}, where A;; = sgn J;;, is defined as follows:
{ o —> o T;05,

T; AT

LV A )

Ay oAl (A1)

where
T = +1. | (A.2)

The Hamlltoman with no magnetlc fields H, is invariant under this transforma-
tion:

Ho{oi, Ai} = = Y |JiyloiAijo, —
<i3>

Ho{o}, A — Y |l oiAlol = Ho{a:, Ay} (A.3)

LV ]
<i3>
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The partition function of a given bond-configuration {4,;} is also invariant:

Zo{Ai} = Ty, e PPolondi)
Zo{ AL} = Trp e~PMolobtil = 7,4}, (A.4)

In consequence, the set of all the bond-configurations are classified into “gauge-
invariant” subsets, in which samples can be transformed to each other, and sam-
ples of the same subset have the same physical properties. In the following, two
samples {A;;} and {A];} of the same gauge-invariant subset are denoted in the
form

(A} ~ {40}, ‘ 4
Owing to (A.4), we obtain for {A;;} ~ {A];} |
F{A,J} = —]CBT lOg Zo{AiJ‘v}
1
= Ty ) .. —BHo{ai,Aij}
<S>{Au‘} = Zo{Aij} Tr S{GHA']} € !

= (S)ay) (A.7)
where S denotes such an operator as
S{oi, Ai;} = S{o}, A} (A.8)

Each gauge-invariant subset can be characterized by the configuration of the
frustrations {®;;,}, where ¢, j, k, | are four sites around a plaquette and

Qi = AijAjvaklAli D | (A.9)

‘See Figure 21. First, the configuration of the frustrations {®,;} is gauge-
invariant:
(I)ijkl — q),'jkl - A:JA’kA;ClA;z = (I)ijkl' . (A].O)

k¢ J

' L g
__l" Akl +k__

Al Py | Aj

—-.-’ : ’:——
A Y

Figure 21: The definition of the frustration.
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-t} 4--
k: N -f
S A | I ]
[ (B ] (] P . ] 1
Eq.(A.12)

Figure 22: Gauge-invariant quantities.

Next, it is easily shown on small clusters that the partition function of the sam-
ples which belong to different gauge-invariant subsets are not equal to each other.
Consequently, the gauge-invariant subset and the configuration of the frustrations
have one-to-one correspondence. Quantities such as (A.6) and (A.7) can be writ-
ten as functions of {®;;u}.

Usual correlation functions are non-invariant:

(oro){ar) = Tt - (Ok01) (a5} (A.11)

The quenched averages of them with respect to a symmetric probability distri-
bution vanish. The following quantities!!! are, however, gauge-invariant:

HA ) ol) {4y} — (Tkox - TL(HA,, T‘a‘>{Au}
Ty | 'y .
= {or- (J] 4ij) - o) qaiy» (A.12)
Y]

where T'y; denotes an arbitrary path of the bonds connecting the site £ and the
s1te [, and I_IA,J denotes the product of all the A; accompanied by the bonds

Y]
| along the path I'y;: See Figure 22. Owing to the property
JM45="1II ®ym, - (A13)
EY) <ijkI>€N 4

it can be shown from (A.12) that such a product of correlation functions as follows
is also gauge-invariant, i. e. a function of {®;;}:

(o Tk Ok Oy} (O k2 Ty MOk Oko )5 (A.14)
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see Figure 22. Especially, the squares of correlation functions
(oxor)? ' (A.15)

are invariant; for example Equations (4.26) and (4.27).
On the other hand, with a symmetric probability distribution, quantities such

as follows vanish:

[(akoak\)(akl Uk,) T (akn-zakn—x)<aku—1akn)]av- =0 for ko 7& k. (A'16)

This property is used in the discussion below Equation (2.22).

B Decomposition Theorem

As Equation (4.32) in Section 4 , a simplification of calculations is possible. This
simplification is essential to solve the Edwards-Anderson model on the Bethe
lattice exactly in the paramagnetic phase. The following theorem 4 is mentioned
in Suzuki’s paper!!® but the proof of it is not very trivial.

Consider the two finite or infinite clusters Q4 and Q 5 which contact with each
other only at the articulation point j: See Figure 23. Some notations are defined
as follows: :

HA = - Z J,’J'O','.O'J', (B])
<ij>€EQ
HB = - Z \ Jk;akag, (B2)
<kli>€fl
Hcot = Ma + HB, ' (B3)
. ’I‘I' .o e—ﬂHﬂ'
(. . ')a = Ty o—Fia , (B4)

— & " {9 V) «pNn
where o = “tot”, “A", “B".

Figure 23: The two clusters 24 and Qp.
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Theorem 1 Consider an arbitrary Ising-spin system on the clusters defined above.
Let Q and R be spin-operators on the clusters Q4 and Qp correspondingly. The
following identity holds: '

(QR)tot — <Q)A(}12>_f ;J()fz;Z;IEUJR)B | (B.5)

The proof: Let Tr_; denote the trace with respect to all the spins except o;.
The partition function of the total system can be written in the following form:

Ziot = Tr e Phu
Y (Tro; e PHa)(Tr_, e_m?f’). (B.6)

oj=*x1

In the case of 0; = £1 correspondingly,

1:tOj

(Tr_, e"ﬁH“‘)(Tr_j e™PMB) = (Tx 1£9; :;aje_BHA)(Tr e FHB)
- 1xA{o; 1+ {o;
= ZAZB . <OJ>A : <GJ)B) (B7)
2 2
where
Zo=Tr e P fora= A, B. (B.8)

lztaj

The operators in Equation (B.7) pick up only the case ¢ = %1 corre-

spondingly. Substitution (B.7) in (B.6) yields

ZaZp

Ztot - 9

(1 +(05)a(o;)5). (B.9)
The similar calculation gives

(@R)iy = D (Tr—; Q e7PM4)(Tr_; R e™PM7)
o;==1 ,
ZAZB

= —5 (Qa{R)s +(Qa))alo;R)s).  (B.10)

From Equations (B.9) and (B.10), we obtain

(QR)ior = ——= (B.11)
in the form (B.5). Q.E.D.

Lemma 2 Consider a spin operator S of an arbitrary Ising spin-glass system,
which satisfies the condition that the inequality |(S)| < 1 holds for all the bond-
configurations at a temperature.
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1, It holds at that temperature that
[(5)]ar. =0 = [(S)]av. =0 for"n>2. (B.12)
2. Especially, it holds ﬁt an arbitrary temperature that
(). =0 = [(6)"]e. =0 for¥n>2. (B.13)
The proof: The condition |(S)]| < 1 gives |
{S)*| < (S)? for"n>2. (B.14)
Taking the quenched-averages of it yields
TS ] S TUS)™ Jav. S [(S)av. = 0. (B.15)
Q.E.D. | |

Lemma 3 Consider a spin operator S and a real non-singular function f of an
arbitrary Ising spin-glass system.

1. It holds that
[(5))v. =0 = [(S): flav.=0. (B.16)

2. In the case that the operator S satisfies the condition that the inequality
|(S}| < 1 holds for all the bond-configurations at a temperature, it holds at
that temperature that '

[(S>2]aV- =0 = [(S)" - flav. =0 for Yn > 1. (B.17)
The proof: From Cauchy-Schwarz’s inequality, we obtain

(S)™ - 12, < [(S) 2 av. - [F v (B.18)

1. For n =1, it gives
[(S) - f12, < [(5)]av. - [f*]av. = 0. " (B.19)

2. Besides, for the operator S which satisfies the condition mentioned above,
Lemma 2 yields

()" M2y S HSP™ov. [l =0 for™n>1  (B20)

" Q.E.D.
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Theorem 4 (Decomposition Theorem) Consider the spin operators Q and
R of the Ising spin-glass system on the previously defined clusters 24 and Qp
correspondingly.

1. At a finite temperature, it holds that
[(@alav. = (R)Elav. = [{03)2]av. = [(0;)3]ev. =0 =

. [(QR>tot]av. = [<QUJ)A]aV-[<UjR>B]av_,
{ QRN = [(Q0;)alav [(0;R)5)u.- (B.21)

2. In the case that the operators @ and R satisfy the condition that the in-
equalities |(Q)| < 1, and |(R)| < 1 hold at a temperature for all the bond-
- configurations, it holds at that temperature that :

(@)2]av. = [(R)2)av. = [(0,)2)ar. = [(0,)2)r. =0 =
[(QR)?ot]aV- = [<Q0j>:;]av.[<ajR)g]av. fOT Vn €EN. (B22)

The proof: At finite temperatures, we can set for all the bond-configurations
|{o;)a] < 1, and l(aj)B_I < 1. (B.23)
Therefore the expansion of Equation (B.5)

_ (Qa(R)p +(Qa;)al0; R)p
e Y CANCAT

= {(@a(R)5 +(Q0;)alo;R)5}
{1+ LD ehest (B.24)

converges absolutely. This expansion yields for Yn € N

(@RI = |3 S (@A RY Q055 o, Ry

=0 m=0

x{i(—n*(a,-)'z(a,-)z}m . (B2)

av.

1. In the case of n = 1 or 2, the terms | = 1 or m =1, 2 of Equation (B.25)
vanish owing to Lemma 3. The term that | = 2 and m = 0 vanishes because

of
K@Y R Eav. = [(@)alav.[{ RYEav. = 0. (B.26)

The remaining term gives (B.21).
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thermodynamic limit
: ————————

(o) (0)

Figure 24: The fraction of the samples of (¢) # 0 in the paramagnetic phase.

2. Besides, for the operators Q and R which satisfy the condition mentioned
above, all the terms | > 1 or m > 1 vanish for ¥n € N owing to Lemma 3,
and Equation (B.22) holds. |

Q.E.D.

Though the ferromagnetic transition may occur on some samples even in the
paramagnetic phase, it seems that Theorem 4 can be derived from Theorem 1
formally on the assumption of (¢) = 0. This observation suggests that the fraction
of the samples of (o) # 0 is vanishing in the thermodynamic limit: See Figure

24.

C Some Definitions of Critical Exponents

The definitions of the exponent 1,7 and v are listed here. The exponent 7 is
defined as follows:

- e~ Tiil€EA
[(0','0']‘). ]av. (o ¢ —d_—-2—-i-1—;— as ry; — O0. (Cl)
3]
The exponent ~, is defined as follows:

_ 1 \2 1
XEA = N %:[(010]) ]av. X (T _ TSG)% as T — Tsg+0. (CQ)

The exponent v is defined by the behaviour of €ea appearing in (C.1) as follows:

1 .
Epa X m as T —Tsg+0. (C.3)
The following scaling-relation holds:
n=@-np | - (ca)
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