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The Zariski closure in a space of 2-tensors on

irreducible representations of the complex general

linear group of degree 4
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Abstract

We consider the irreducible representations of the complex general linear group of degree 4 as
polynomial mappings from the set of all complex square matrices of degree 4 to a tensor product of
spaces of alternating 2-tensors on 4-dimensional complex vector spaces. We obtain the result that
the Zariski closure of the image of such a polynomial mapping is either a singleton, the entire target
space, or a non-trivial affine algebraic variety. Furthermore, we find that the image of the polynomial
mapping is a dense subset of its Zariski closure.
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4 AR RAIUBE GL4(C) DEHIEBZ (o \FCH 235, BHEIZ0<k<4%2AH1THDLT 5.
IDYE, GL(C) DFEBZEH A C o7 > i AT Cte \¥CHIcB1F B Zariski BIERES p(M4(C))
&, Z D Zariski B0 p(My(C)) ZRDZELITFDOE 1 DL ST 5:

K 1: M,c,(C) KB 2PERES L ZD Zariski PTL

[0 [ . z | ; ]
p(My(C)) | {1} | Mu(C) | V(I16) i U THBRES | My(C) 1ot L THEBRES | Mi(C)
p(My(C)) | {1} | My(C) V (116) M,(C) My (C)

2L, BREMAC* 0F v AR A Cr o A\FCHiE M, (C) & CRABIRBTH 205, 7> VL
BA"C* @ \"C* % M,e, (C) ¥ B2, Zariski fiflE AN 3. F72, HEL LT, k=20 %, D%
GL4(C) D 6 KTEEBL (p, N2 C) DX =, 1§ p(My(C)) WEIEMHIRT 7 4 Y REEHEA V (116) 103 25
ERENEEL RS [KH]. 271, ZOIEEWLT 7 4 RIS V(1) & Me(C) ORISR 2 AN

- BT H 5.
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BEDERETIRD D) EWHIHWERNT, HEAZBEEH L. ik =20t %, #U%ER Ms(C) I<B
JBETERE p(My(C)) 4&, Me(C) ioxt L THERE R E L 853, ALY 7 4 Y REEHEIK V (116)
NS 2 BB R L 0%,

AR, # 1 ORREAHT 2. DT, L1 HTHDTE 1 O FREBR, 2 HTIAHE G52 5. £,
FHCIED D372 0BR D | AR Zariski fiAHE 5 2.

1.1 FER
EE1

4 RGEHE WV ORIRBIZ (), \"CH 52, 2R LB EIZ0<k<4%2k7ETH0OLrT5.
DL &, ,Cp ZILRB p: GLy(C) = GL,c, (C) % 4 KEHRIEHTTHIRIADES My (C) 225 GL4(C) DX
BIZEM A" Ct D7 ¥ AR A" C oo AT CH 2 Mo, (C) ~NDOBHER G L H72F

p: My(C) —s M,c,(C)
w w
A —  AFA

ZorE, & p(My(C)) C M,c, (C) & ZD Zariski B p(Ma(C)) € M,c, (C) i&KDHEDTH %

k=0D¥ &, p(My(C)
k=1D¥ % p(My(C)

©) = M4(C)) = {1},

©) =
k=20t %, p(My(C)) = V(116)7

€)=

©) =

/\/\

k=30t %, p(Mi(C))
k=40 %, p(My(C)

2 FHEROEA

ZZTE 11 BTl EH LIS LT, ifHE 52 5.

SR k=0Yr7¥3.

GL4(C) DIBIZEBL (p, \° CH) IR LT, 4 KUK SATHIRRD LS My(C) 5 GLy(C) DERBIZEN
N C* 7o N\ Ct o N\°C* = M) (C) NDZIHREGE2ED S &,

p: My(C) — M;(C)
W W
A — 1

%2185, DY E BIE p(My(C)) = {1} TH 3. L1=b3->T p(My(C)) D Zariski [ELIZ, p(My(C)) = {1}
ThH5.

k=133,

GL4(C) DHREDL (p. \' CH) 1T LT, 4 REHEIEFTITHRIEDIES My(C) 55 GLy(C) DFEBIZRM
AN CLoFY Y AR N CH o A\ C = My(C) ~NOZHEAESEED 3 &,

W W
A — A
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218%. ZOrE, pIZLHHTH 20551 p(My(C)) = My(C) TH 2. 1§ p(My(C)) D Zariski I,
p(M4(C)) = My(C) TH 5.

k=2v%3.

GL4(C) D 6 JITEBL (p, \> C*) 1Th LT, 4 KEHESATHIRIKDES My(C) 525 GL4(C) DEBIZN

N C*DF > YR N\’ CH o AP C* 2 M(C) NDZUIR GG ZED B &

p: My ((C) — Mg ((C)
W W
A — NA

185, 2L, A2A = (det A( ;i ;3 ))1§i1<i2§4,1§j1<j2§4 TH5 [IJJ$] ZZT, 4XEHRESFTI
A DG % aij € Cet L,

1 2 3 4
= det A =, ... 15 = det A ,
o1t = de (12) g0 = do <34)

4?7}1/]%12@311—(161’“4( i ; ),...,.r66—detA( ; 3 )) C(C[an,...,EL44,1‘11,...,.7366} BT
5¥ 16 RIBEA T 7V L = IQ(C[.IH, e ,a344] DIV T F—HE Gie 1

G T63T64 — T62T65 + T612665 - - -
16 =
2 .2
—X14%22%24%51252L55%62 1+ -+ — L1 T53052053263%66
= {917 .- .,g772}.

k5T, 16 RDWEA 77 Iig = (Grg) DB LK,

g1(z11,. .., w66) =0,

V(Ilﬁ) = (.117...,%36) EM@(C)

grr2(z11, - -5 Te6) =0

& o T, ZHEAPEEHFRE [COX] & D, p(My(C)) D Zariski BIEIZ, p(M4(C)) = V(I15) TH 3.
k=3¢95.
GL4(C) D 4 KITTEBL (p, \* C*) 1T LT, 4 KUK ESATIIRIKDYE My(C) 525 GL4(C) DEBIZEIN
N Cr 7> VLR NP CH e \PC4 = My (C) NDZIHXEBREED S &,

p: My(C) — My(C)
\% w
A — A4
%?&é 71;’_73 L, /\SA = (det A( 2 2 ;3; ))1§i1<i2<i3§4,1§j1<j2<j3§4 VG%% [IJJZIK] Z :T, 4 ;j_\r*ﬁi‘

72

EF751 A DS % ai; € C & L,

12 3 2 3 4
r11 =det A =,..., 244 =det A ,
M (1 2 3) “ <2 3 4)

4?7/1/I;EI:<$11*C1€1}A( } ; 2 ),,..,%44*(161’“4( Z 2 : )> C(C[au,...,a44,9c11,...,a:44} B
<- TZ) X 16 :j(?ﬁf/f 7_3711/ 116 Gi -[16 = IﬂC[zu,...,x44] = <0> VC@%} J:’)T, %Iﬁﬁ@%ﬂﬁi—{ﬂ:

[COX] &1, & p(My(C)) @ Zariski BIEi&, p(M4(C)) = V (I1s) = V/(0) = M,(C) TH %.
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k=4%35%.
GL4(C) DFTFIREEL (p, ' CH H LT, 4 RERIESATHIRRDES My(C) 225 GL4(C) DFHIZR
AN CroF > YA CLo N\ CH 2 My (C) ~NDLIEREG R ED S &,

p: My(C) — M;(C)
w w
A — A4
2135, 72720, AA = (det A( BB M ) ) cis<ig<is<d,1<j1<ja<js<ji<a = det A. T ZT, 4 X8
KIEAITI ADHA % a;j e C2 L, 21y =det AL T 7N % I = (x11-det A) C Clagn, ..., a4, T11, - - -, Taa)
EBL.TBHLI6RKHEATTN L151d Il = INClz11, ..., 744) = (0) THS. koT, LXK R
b [COX] & b, & p(M4(C)) @ Zariski FITLZ, p(My(C)) = V(I15) = V(0) = M;(C) TH 5.
7, 18 p(MA(C) 3 My(C) ¥ 55 2 L BFF. 5 (My(€)—{0}) = GLs(C), p(Ma(C)~CL(C)) = {0}
THLH 5, p(My(C)) = p(GL4(C)U(My(C) — GL4(C))) = p(GL4(C)) U p(Ms(C) — GL4(C)) = M1(C) —
{0} U {0} = My (C). EED, p(My(C)) = p(My(C)) = My(C).
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