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1 Introduction

AR, EHHEEATR (UHEERY), 717 ook (B THERY) & oML [YOT18]
IZHDWTWS . GRAIRIEE T2, ARG-EAHDBE set” DER & EREICEST % Grothendieck
7% Burnside TR & W\ Q(GQ) EFH L, Bsett 2R 2B B2 T, ZOE»SH
RAN—=vH A FEREZBLT 2BDE TV E %25 S D3I Burnside B Q(G) TH 5.

G DI RO IBE 2R DESE O(G) = {(H) | H <G}, WH = Ng(H)/H £33,
PRI 7 D1ERTER

Qe = [ =z
(H)eC(G)
% GO ghost B, W H|(H < G) OKIA#EERE#E

Obs(G)= [[ (z/IWH|z)

(H)eC(@)
% G D obstraction B LML, ZDEE, 7—UHDERS]

Y

0 Q(G) —2=Q(G) Obs(G) —=0,

7272 L, Burnside #R& ¢ I3,
o= (pn): AG) — Q(G)§ [X] = (1X"])mys
V1%, G D ghost BDERDIG 0 = (0(K)) k) ICXF L,

Yu(0) = > 0({g)H) mod [WH]
gHeEWH

TEHEINZIZBDLET S, DMHEET 5. g, LosEadli, Q(G) 23 Burnside HE[HM %
B LT ghost ROINBREMTTH 2 Z 2R LT %, AFETIX, H25M0%0-THE
oSN g Z-MBEZ0 2, LX) RERFIDIET 5 &9 mRIEZ 525 2
ETQG) Dbz 5 L 72w O — 5 DU 2 IR 5 |

i, HoEG»fiRTH 2 L ZHRBLE V). 'L, HAA7RE LB TH 5
(oL, r2*FEMEREEY) L72. [X]% X ¢ T OIS, I(1,X) =
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Homp(I, X), AREA S DHEEZ|S|, [[):={[I]|I € I: irreducible}, ZI' := Z[I'],
zh = 1] z &3 5.
(1e[r]
ZNREZT W, (X)) = |T(1, X)| THA 5N 25 (I ® Burnside #RE & > 9)
o = (¢1) : ZI' — 7V DHERBHERMNTH 2 £ ) RERHEEN G2 515 L & abstract
Burnside 3R (ABR) L W8, AROFEEIU TOMO 1 0E&ME2 5252 L TH 5.

FIRE. Z-MEEZI 23 ABR & 7% % &) B AREINA R I OBERAE2 R0 X,
PN, 2052525700z T 5,

2 REEMH

—EDE T DR T OHAFRRBEOTEDOT RS < Aut(D) IS Leg: I - 1/S %
S C I'(I,I) D& (coequalizer) &> :

1
I—=71—-71/8
- /

L, TEDoeSITNLcgoo=cgPED VL, BL f: ] — XDPTEEDoeSIC
WNUGEM foo=fZM7THROIE, f=Ffocs &Ml T f:1/S — X D —RINIELE
T2 LEERLTWS, KT,

[T(1/8,X)| = |T(1,X)°
A5,
Nz (C) &7 5.
Condition(C) VI € I', Vo € Aut(I), 3 a coequalizer ¢, : I — I/o of the pair (1;,0).

3 ENESNIER

FOTXRTOEHD Y7 7 A% Epi(I), TXRTOHHFD Y 7 A% Mon(I'), §TXTD
WHD 7 5 A% Iso(I) £T5. X e TDTXRTOHACHBOESZ Awt(X) £T5. T'D
WDr 7 A0% (E, M) 3T O&MEZN-T L E T ORRFR (factorization system)
vy
(F1) The classes E and M are both closed under composition.

(F2) Any isomorphism belongs to both of E and M.
(F3) Any f: X — Y admits an (E, M)-factorization

Im(f)

TN

X Y,
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where e € E and m € M.

(F4) The above factorization is unique, that is, f : X N Im(f)" % Y is another
(E, M)-factorization, then there exists a unique isomorphism ¢ : Im(f) — Im(f)" such
that the following diagram is commutative :

Gt (FA) 12K Y f O image Im(f) FFEZ EAGRL T-HNICEE 5. 351, UT
N AV RVASR
EnNM =Iso(I).

Definition 3.1. 73R (E, M) 1%, ROFEM% AT L SEFEHI R (epi-mono
factorization system) LIS

(EM) E C Epi(I") and M C Mon(I").

B rixniR(E,M)%2b287 %, EONMREX, Y DD TRTOHOELE E(X,Y),
M OWRX, Y DM TXRTOFOESE M(X,Y) LT 5, 1591 E,M % ZihZnbL
TOXHITED S:

r (17X, Y))xver)
E = (E(X.Y)
M

Dx.verr)
= (IM(X,Y)|

)Xye[r]
AT D %
1 fX2Y
D = (JAut(X)[6(X,Y))x e, 6(X,Y) :{ 1 .’
0 otherwise
TED D, RBRIZ2ODHIELTIQ, S %
Q = ED' = (lE(X,Y)|/|Aut(Y)])xyerry,
S = DM = (|M(X,Y)|/|Aut(X)])xver|
ET%,

Proposition 3.2. Assume that I' has a factorization system (E, M).
(1) The hom-set matriz I' factors as follows:

I'=ED'M = QDS

(2) If (E, M) is an epi-mono factorization system, then Q (resp. S) is permutation-similar
to a unipotent lower (resp. upper) triangular integral matriz.



4 FEH

Theorem 4.1. [YOT18] Let I' be an essentially finite category. If I' satisfies (EM), (C),

then
P

0 7r —~=7r Obs(I') —=0

1 exact.

Proof. £, LAFD45%/RT. (1) ¢ is injective, (2) |Cok(p)| = |Obs(I)|, (3) Im(p) C
Ker(v), (4) 4 is surjective,
(1) @ is injective,
29, ITPHBETH 2 LT 2. T DEERNLAREOHOEED & %% 275D 4 RXi&
HIRTH 3.
E(X,X) = M(X,X) = Aut(X)

PMEED X e TIZOWTHED Lo 6, LDU-EZE S H W T

det(I') = [ |Aut(X)| #£0 in Z

lel’

2135,

—E DY,

r= Z rx[X] € ker ¢
Xer

EBE, AZry #0%WTIXRTONRD 6425 T DRMRIBE TS, ry #0% A
7o (X AR TH 20 6 B A IAREINARETH 5. 2oL E, [YOTI8, Lemma
L4 &0 A LEFE L 7% 5 A DRBENERESE A BFEL (AN E, AN M) %555
ELTHDIEWDRS, oTr=0%15%.

(2) 1%, Proposition 3.2 X Dt .

(3) () C Ker(v)

EEDOWNER X € IR L, Cauchy-Frobenius DffifH & D 1 o o([X]) D T JRTITD
W

i o p([X])

Z e1/0(1X])

oeAut(T)

= > T(I/oX)

oeAut(I)

= [Awt(D)] Y T(LX)@)]
ocAut(I)

0 (JAut(1)])

WD LD ERbN 5.

(4) v is surjective.
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TR o) %

17;: (17;1)1 : ZF — ZF,

Booxe Y x(i/fo)

oeAut(l)
TEDS, pro =1p, 72721, pr:ZF — Obs(I') 1&, y € ZV %L
pr(x) = x (/) mod [Aut(])]
TEHZINDDS,  Hsurjective TH 2 2 & &2 RFHIZTHTH B,
7' OEHEILRIC BT 52 28T K 13,
K(1.J) =o€ Aut(l)q) | [/o = J}

THZoN5, cy: [ = T[/oDBHIMNTH S Z L L o DBHETRTH D Z EVNftich s
ERIET 5, Bk
X< Y] < BY.X)40
W& D D/ i@ E SN AMIFRRORIE RIERIC X D, 1791 K &, BEZETIcbOT
SMRENINC AR 2, fEoT, KIZTNETH D, o 1 surjective TH 3.
H LI, Cok(p) 2 Obs(I) ZRElE o Ths, ANOAHANAZA}L2:

0——7ZI =7 X Obs(I") — 0.

Cok(y)

(4) X 1 ¢ DS surjective TH B0 5, ¢ bZITH5B. I5I, (2) X |Cok(y)| = [Obs(I))|
THBNS ¢ BAMTH 3. O

Theorem 4.2. [YOT18] Let I' be an essentially finite category. If I' satisfies (EM), (C),

then ZI' is an abstract Burnside ring.

Proof. e o([X]) - o([Y]) € p(ZI)
G o BHGITH 5006 o(ZD) LT DEGIETH 5 Z L 2me i3 Th s, X,V €
I' £ 3%, Cauchy-Frobenius Offifi & DILED [ € TITRL,

Pi(e([X]) - (YD) Y ere(XD) - ers(lY])

ocAut(l)

- Y [FEXO T
oeAut(l)

= Y (I(I.X)x I(1,Y))“)]
ocAut(I)

= TAw(D)[- [T, X) x T(1,Y))/Aut(1)] = 0

TH LD o([X]) - @([Y]) € Ker(v) = Im(p) Z1+5.



o o(ZI) IZHAILHAET 5 Z &
BANTGORER R T 720I1E, 1= (1), € Z B ofRicaEn s 2 L 2R id 9T
b5,

¢r(1)= > 1mod|Aut(J)] =0

gEeAut(J)

& Theorem 4.1 £ O BUFDMES -

ZF 51 =(1); € Ker(v)) = Im(gp).

SE R
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