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Abstract 

I shall report my recent results which endows some algebra-geometric invariant interpretations for the 
descrepancies reflected in counter-examples of the (integral) Hodge conjecture, l) 

1 Background 

1. 1 The cycle map and related maps 

For a smooth projective complex variety X, we have the usual cycle map clHdge(X) and related maps, 

whose cokernels shall be denoted as follows: 

CH'(X) 
叫 (X), Hdg2i(X,Z):= 

砂 (X,Z)nHi,i(X,C)

(M:.ot((Xx:lMu/--二□□-□ 炉 ([XZ) 

⇒ 

Z恥(X){tors}←—7Z肱(X);= Coker (cl五(x))

［ 
Z魯etti(X){ tors}三 Z魯etti(X);= Coker (cl'ketti(X))--------)t z界ham(X); = Coker (Thom2i(X)) 

Of course, we have various conjectures concerning these cokernels: 

• ~, which predicts Z恥(X)= 0. (This is well known to be 
false in general, ever since the famous Atiyah-Hirzebruch topological counter-example [AH62].) 
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• ~, whichpredictsZ肱(X){tors}（竺Z魯etti(X){tors})
= 0. (This is also known to be false in general. Actually, all the known counter-examples of the 

integral Hodge conjecture are actually counter-examples of this weak conjecture.) 

• codimension i Hodge conjecture predicts Z合dg(X)RIQ= 0, the famous conjecture. 

1.2 The motivation of this work 

| The Quetion| 

Are there any algebro-geometric invariant interpretations of 

Z脊dg(X),Z脊dg(X){tors}e竺Yz魯etti(X){tors},Z脊dg(X)@Q, and Z界~om(X)?

In this paper, I shall announce my recent results on this question. 

2 K nown cases and a warning 

2.1 The codimension i = 1 case 

The codimension 1 integral Hodge conjecture is known to hold by Lefschetz and Hodge [KS53, p.876, 

Theorem 4]. The essense may be summarized by the following commutative diagram arising from the 

short exact sequence 0→ Z →Oxan竺髯 0い→ 0of sheaves on the corresponding complex analytic 
manifold xan : 

叫 X,Ox)=CH尺X)

Serre's GAGAII lcycl1 

か (xan,Oxan)-----+ H2 (X竺 Z)-----+ H2 (xan, Oxan) 

This meansが(X)= 0, and so not interesting from our point of view. 

Warning: The above proof made use of analytic technique. Such is the case, the case i = 1 of the simarly 
defined Tate conjecture is still unknown, because of the lack of such analytic technique in its setting. 

2.2 The condimension i = dimX -1 case (the so-called "curve case") and the 

codimension i = 2 case 

• Thanks to the Hard Lefschetz theorem, we find the usual Hodge conjecture for the curve case follows 

from the codimension 1 case: 

ZJidge(X) = 0 ⇒ Z合dge(X)Q= 0 
Hard__I,<afschetz,,-2(dimX-1) = ZHdge (X)Q = 0 

We should be warned that there is NO integral Hard Lefschetz theorem. Actually, Kollar [K92] found 

a counter-example to the integral analogue for the curve case: 

z盟；？x-1¥X){tors}=I=〇（withdim X = 3) 
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2(dimX-1) 

These facts imply whereas Z 
2(dimX-1) z 
;;1~i;x-i\X)Q = 0 is not interesting. Z仇悶？x-1）（X) Hdge = （X)Q=0 

2(dimX-1) z ~~;•;•~-'J(X){tors} is interesting from our point of view. 

• The usual Hodge conjecture for the codimension i = 2 case Zifdge(X)@Q ~ 0 is still unsolved. How-
ever, many counter-examples of its integral analogue Zifdge(X)=I=0 have been constructed ever since 

the Atiyah-Hirzebruch first counter-ex皿 ple[AH62], including the aforementioned counter-example 

of Kollar [K92]. 

Concerning these interesting invariants, Soule-Voisin and Voisin proved the following important theorem: 

Theorem 2.1. [SV05, p.113, Lemma ll[V07, Lemma 15] か 2dimX-2 ifd9(X) and zt~~mA-~(X) are birational 

invariant. 

With the weak factorization theorem at hand, the proof is an immedaite corollary of the blowup 

formula. 

2.3 Warning 

Whereas Theorem 2.1 might prompt readers to look after the birational invariance of other Z弘(X)
also. However, for general i, Z肱(X)is not birational invariant. For instance, the integral Hodge 
conjecture of a smooth projective X, which is regularly e唖eddedin lP'凡isequivalent to the integral 
Hodge conjecture of the rational smooth projective variety lP'凡obtainedas the embedded blowup of lP'凡

centered at X. [→:． Z肱(X)＝0⇔ Z加，（節）＝ 0 

XL—ァ JP'N

3 The codimension > c birational equivalence and Schreieder's 

work 

In order to generalize Theorem 2.1 to other codirnensions, the appropriate equivalence relation is not 

the birational equivalence, but the following hierarchical analogue: 

Definition 3.1. Let us say smooth projective equi-dimensional k-schemes X, Y are 

codimension > c bimtional equivalent (or isomorphism in codimension c), 

if there are closed subsets Zx C X and Zy CY  s.t. 

• codimx Zx > c, codimy勾＞ c.

• X ¥ Zx ~ Y ¥ Zy. 

(The case c = 0 is the usual birational equivalence.) 

Now, Stefan Schreieder generalized the torsion analogue of Theorem 2.1 for smaller i's including the 

case of i = 2: 
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Theorem 3.2. [823, Theorem 1.6.(i)] [822, Corollary 6.12] Z訂dg(X){tors}is codim > (i-2) birational 
invariant. ロ

(Schreieder's argument appears to be inapplicable to obtain similar results for Z肱(X),Z厖(X)RIQ),
and Z名~om(X). Also not so useful when i is large, e.g. Z昇はX-2(X){tors}.)

4 Main Theorem 

Contrary to Schreieder's Theorem 3.2, my main theorems, which I now state, are especially useful 

for large i, and, also cover Z脊dg(X),Z恥(X)0 IQ), and Z今~orri(X):

Theorem 4.1. (i) Z厖(X)is codimension > (dime X -I) -i bimtional invariant. 
(When i = dime X -I, thi -1. this recovers the birational invariance of Z 2dimcX-2 Hd, （X)，which was first 
observed by Soule-Voisin and Voisin.) 

(ii) z肱(X)0 IQ) is codimension > (dim Xe -2) -i bimtional invariant. 
(When i = dimcX -2, thi -2. this recovers the birational invariance of Z 2dimcX-4 Jr~~mc A-"(X)IQ!, which should be 

well-known to experts as this too can be immediately observed from the blowup formula, under the 

weak factorization theorem.) 

(iii) Each p-primary component zthom(X)(p) of the finite abelian group zthom(X) is codimension > 

[dimcX -~] bimtional invariant. 

(When j = 2dimcX -2p,2dimcX -(2p + 1) this recovers the birational invariance of 
z~~imcX-2p(XL,. z~~imc X-{2p+l) Thom (X)（P), zThom (X)(P), which appear to be new.） 

The above Theorem 4.l(iii) turns out to possese a "chromatic hierarchy." 

Theorem 4.2. Z~hom(X)(p) admits a "chromatic" filtmtion of codim > [dimcX -四芋叫 bir.inv.: 

z;hom(X)(p) = z;hom(X)(p)〈O〉こ z;hom(X)(p)〈1〉

;:i zthom(X)(p)〈2〉;:izthom(X)(p)〈3〉;:i...'

叩 singfrom the "(cohomological) chromatic tower", given by the Johnson-Wilson spectra BP〈n〉:

MU*(X) ®Mu• H* H*(X,Z) 

↑ l 
MU*(X)-----+ Bた (X)----+...一BP〈n+l〉*（X)一BP〈n〉*（X)----+---BP〈O〉*(X)= H*(X, Z)(v) 
by setting 

z~hom(X)(p) <n>:=
Im(BP〈n〉*（X)→H*(X,Z)(p))

Im (Thom2i(X)(p): (MU*(X) @Mu• 研→ H*(X,Z)(p))

My proof of the above theorems is some very careful analysis of the correspondences together with 

Hironaka. 

In particular, my analysis also leads to some other higher codimensional birational invariants also. 

The detail will appear elsewhere. 
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