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A space-time finite element method is developed for the eddy-current analysis that enables temporally-variant spatial finite elements
arising in the analysis of moving conductors. We discuss the relationship between coordinate transformations and the space-time finite
element in treating moving conductors. The space-time triangular-prism and parallelepiped finite elements are found to represent
successfully the eddy current field with a moving conductor in space-time.
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1. INTRODUCTION

THE MAGNETIC field analysis including moving conductors
requires the addition of the motional electromotive force
(emf) or the combination of fixed and moving coordinate
systems [1], [2]. This is based on the space-time nature of the
Maxwell equations. However, time is usually formulated
independently of space in the finite element electromagnetic
field analysis. To obtain the time evolution for the
electromagnetic field, a sequential scheme is generally used in
a step-by-step manner with a uniform time step. With respect
to the space-time nature of the Maxwell equations, however, it
seems natural to generate the computational finite elements in
space-time to handle temporally-variant spatial finite elements
arising in the analysis of moving conductors.

Previous studies [3]-[5] have successfully introduced a
temporal convolution for the symmetric formulation of space-
time finite element (FE) eddy-current analysis. However, the
temporal convolution was only applied to the temporally
uniform space-time elements and its application to the analysis
of moving conductors is not straight forward.

We first construct the space-time finite elements and
discuss the relation between the coordinate transformation and
the motional emf in the finite element space-time. Second, a
Galerkin-type space-time FE analysis is formulated to develop
general polygon-type finite elements such as space-time
prismatic and parallelepiped elements.

II. SPACE-TIME FINITE ELEMENT EDDY-CURRENT ANALYSIS

This section discusses the relationship between the space-
time finite element and the coordinate transformation in
handling moving conductors.

A. Coordinate transformation

The governing equation for the eddy-current field including
moving conductors is given as:
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where A is the vector potential, ¢ the scalar potential, ¢ the
conductivity, v the reluctivity, B = curl A the magnetic flux
density, Jo the imposed current density, and V the velocity of
the moving conductor. For simplicity, V is assumed constant
and much smaller than the velocity of light. Using the Galilean
transformation

(r,2)=(-Vt1 3)

(1) and (2) are written in the moving coordinate system [1] as
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The two-dimensional eddy-current analysis is discussed in this
paper, where
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Consequently, from (6) and (7), we have
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For simplicity, gauge condition ¢ = 0 is assumed throughout.
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Fig. 1. Space-time triangular prismatic element

B. Space-time finite elements

Fig. 1 illustrates a prismatic element in (x, y, f) space-time
used in this study; here the node coordinates are given by
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The basis functions are given as
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For simplicity, the Galilean transformation with (V, V) = (V,
0) is assumed here. The basis functions N’; (i = 1,...,6) in the
transformed coordinates are similarly given by coefficients
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Hence, we have
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The two-dimensional eddy-current field is governed by
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The vector potentials 4 and A’ are assumed to represent
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From (13) and (15), it follows that
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Consequently, (14) is equivalent to
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even under the restriction to the space of functions (15).
The equivalence above under Galilean transformation holds
generally for V, # 0. This is because

N(r,0)= N(r+Ve',t') = N'(r',1) (18)
is satisfied and consequently
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holds, where N and N’ are basis functions in the coordinate
systems (r, £) and (r’, ) = (r-V¢, f). If the space-time finite
element satisfies (18), the addition of the motional
electromotive force V x B to the electric field —0A/0t is
equivalent to the Galilean transformation r’ = r—Vzr.

C. Formulation of space-time finite element method

The Galerkin finite element method (FEM) is used to derive
the weak form of (14). Multiplying (14) by the basis function
N; as weighting function and integrating gives
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Integrating the left hand side by parts yields
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is obtained. Hence (22) produces the linear system of
equations
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III. ANALYSIS RESULT OF EDDY-CURRENT FIELD

A. Square iron bar

The magnetic flux of a square iron bar [Fig. 2(a)] is
analyzed using the 3D space-time FEM, where the
conductivity and relative permeability of the iron bar are 10°
S/m and 300; the excitation frequency is 50 Hz. The natural
boundary condition is imposed at the symmetric boundaries,
and 4 = 0 at the outer boundaries.
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Fig. 2. Schematics of the square iron bar: (a) geometry and (b) magnetic flux
lines obtained using the space-time FEM

The magnetic flux lines [Fig. 2(b)] were obtained using the
space-time parallelepiped element. Fig. 3 shows the relative
error compared with the analytical solution given by the
Fourier expansion, and gives a comparison with the error
given by the conventional FEM using the rectangular element.
The space-time FEM is more accurate than the conventional
FEM because for time integrations the latter uses the
backward Euler scheme, which has lower-order precision than
the scheme with space-time elements.

-+ Space-time FBMConventional FEM

10°

1071

Relative error

-3
10°—% 10 20 50 100
Number of time divisions

Fig. 3. Relative error given by the space-time FEM and the conventional
FEM compared with the analytical solution
B. Iron-cored inductor

The iron-cored inductor (Fig. 4) is analyzed using the 3D
space-time FEM, where the conductivity and relative

permeability of the iron core are 10° S/m and 5000, and the
excitation frequency is 50 Hz. The natural boundary condition
is imposed at the symmetric boundaries, and 4 = 0 at the outer
boundaries.

Figs. 5(a) and (b) shows the magnetic flux lines obtained by
the conventional FEM and by the space-time FEM using the
triangular prism element. Fig. 5(c) illustrates the temporary-
variant spatial grid where the two spatial grids drawn by the

iron

coil coll | coil coil
® @e ® [ ,,,,,,
’ air
analysis domain

Fig. 4. Diagram of the iron-cored inductor
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Fig. 5. Magnetic flux lines obtained by: (a) the conventional FEM, and (b)
the space-time FEM using the triangular prism element. (¢) Shape of
elements (d) obtained by the space-time FEM using elements as in (c)



solid and dashed lines alternate along the temporary direction
and are connected by the space-time hexahedral elements.
This space-time grid yields flux lines depicted in Fig. 5(d).
The vector potential distributions corresponding to Figs. 5(a)
(b) and (d) along the x-direction at y = 0.038 m are compared
in Fig. 6. The flux lines and vector potential given by the
space-time FEM agree with those simulated by the
conventional FEM.
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Fig. 6. Distributions of vector potential along y = 0.038 m corresponding to
Fig. 5

C. Moving conductor

The field of a moving conductor (Fig. 7) was analyzed
using the 3D space-time FEM, where the conductivity and
relative permeability of the moving conductor are 59x10° S/m
and 1; the velocity of the moving conductor is 100 m/s. The
natural boundary condition is imposed at the symmetric
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Fig. 7. Field with a moving conductor

Fig. 8. Representation of a moving conductor by triangular prism elements

boundaries, and 4=0 at the outer boundaries. Fig. 8 shows how
to represent the moving conductor using the triangular prism
element.

Fig. 9 depicts magnetic flux lines when the moving
conductor reaches the center of the coils. The lines were
obtained using conventional FEM with fixed and moving
coordinates and using the space-time FEM with triangular
prism elements. The vector potential distributions
corresponding to Figs. 9(a)-(c) along the x- direction at y =
0.003 (m) are compared in Fig. 10. The space-time FEM
yields very similar flux lines and vector potential to those
obtained using the conventional FEM with a moving
coordinate system. The flux lines concentrate in front of the
conductor giving a deceleration force. The conventional FEM
with a fixed coordinate system yields slightly different flux
lines from other methods. This is because the moving
coordinate system gives a more accurate result than the fixed
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Fig. 9. Magnetic flux lines obtained using: (a) conventional FEM with a
stationary coordinate system, (b) conventional FEM with a moving
coordinate system, and (c) the space-time FEM
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Fig. 10. Distributions of vector potential along y = 0.003 m corresponding to
Fig. 9.

system [2]. In contrast, the space-time finite element is
independent of the coordinate system.

IV. CONCLUSION

The relationship between the Galilean transformation and
the space-time finite element was considered in regard to
treating a moving conductor with an electromotive force and a
temporal-variant spatial grid. The space-time FEM using
triangular prismatic elements reproduces accurately the eddy
current field with and without a moving conductor.
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