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A note on global dynamics for nonlinear Schrodinger
equations on star graphs

By
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Abstract

In this article, we give an announcement of our recent result on the dynamics of nonlinear
Schréodinger equation on star graphs. We first discuss the related minimizing problem of the
action functional. After that, we present the main statement, and then mention the profile
decomposition for the Schrédinger propagator on star graph, which is the main ingredient of
the proof.

§1. Introduction

The present article is an announcement of our result (Theorem 4.1) in the preprint
[19], which is later published in Partial Diffe. Appl. 5, (2024), no. 5, Paper No. 4.
This article will mainly discuss more technical details about the backgrounds omitted
in [19].

A star graph G with N edges is a union of N half-lines whose origins are joined
at one vertex. This is one of the most simplest examples of metric graphs, which are
simplified models of quasi-one-dimensional region with nontrivial junctions (see [12, 13]).
We identify G with a union of N copies of half-line [0, c0), and formulate a function on
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G by a vector-valued function f : [0, 00) — CV. We express the interaction at the origin
in the definition of the Laplace operator:

f1(0) = - = fn(0),

Y

D(AY) := = (fo)N, € H}0,00)V | XN
(Ag) J={k)e=1 € H(0,00) S H(0+) = NyA(0)

k=1
ALF = (Ovafr)i1<k<n.

When v = 0, the boundary condition at the origin is called the Kurchhoff condition,
which corresponds to the case of free interaction. When v > 0 (resp. v < 0), it is
called repulsive (resp. attractive) delta condition, which corresponds to the case when
the Dirac delta potential is present at the origin. It is known that Ag is a self-adjoint
operator on L%(G), where L?(G) := L?(0,00)" (see [27]). In general, a pair of metric
graph and the Hamiltonian operator defined on it is referred to as quantum graph, and
there are many studies on its spectral properties ([12, 13]). In this article, we particularly
consider the case when v > 0, where no point spectrum of Ag exists.

We introduce some notations here. We define the Lebesgue spaces and Sobolev
spaces on the star graph G as follows:

LUG) := LU(0,00)",  W*(G) := W9(0,00)",

whose norms are defined by

1/q

N 1/q N
£l La(g) == Lz: ||fk||qu(o,Oo)] v N fllweag = Lz: kaHWqu(O,oo)]
—1 =1

for 1 < ¢ < oo and s = 1,2. We use the standard notation H*(G) := W*2(G), equipped
with the inner product

N
(f,9)H:6) = Z(fk,gk)ﬂs(o,oo)~
k=1
We use HZ(G) (s = 1, 2) to denote the set of the functions in H*(G) which are continuous
at the origin.

The study of linear and nonlinear Schrodinger equations on star graphs is a topic
attracting growing interest. The dispersive estimate for the Schrédinger propagator has
been established in [9, 10, 18]. The existence of standing waves and their stability are
investigated, for example, in [1, 2, 3, 24, 23, 6, 5, 22, 17]. There are several recent
studies on the dynamics of nonlinear Schrodinger equation. For example, [7] constructs
a solution with modified scattering asymptotics when the nonlinearity is long-range.
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It is also shown by [8] that no solution scatters to a standing wave for the long-range

nonlinearities.

§2. Nonlinear Schrodinger equation

In this article, we consider the focusing nonlinear Schrédinger equation (NLS) on
G with Kirchhoft boundary or repulsive delta boundary condition:

(2.1) 0w+ Aju=N(u), (t,z) € R x (0,00),

where u(t,r) = (ur(t, 7)) | : R x [0,00) — CV is the unknown function, and where

we suppose p > 5, v > 0, N > 3. We also set N'(u) := (—|ug/P"tur)Y_,. Note that
the condition p > 5 implies that (2.1) is L?-supercritical problem. Also the sign of the
nonlinearity corresponds to the focusing case. If the solution u is in C(R; HX(G)), u
enjoys the conservation laws:

(Mass) M(u(t) = [u®)ll72(g),

1 N~ 1
(Energy) By (u(t)) = 10 u)llzz ) + = lu (0)F - mllu(t)ﬂiﬁl(gy
It is known that (2.1) is locally well-posed in the energy class:

Theorem 2.1 (Local well-posedness of (2.1) [1, 5, 14]). Let p > 1 and v > 0.
For any uo € HX(G), there exist Tyaz € (0,00] and Trnin € [—00,0) such that (2.1) has
a unique solution u € C((Thin, Trmaz); HX(G)), where (Tin, Trnaz) is called mazimal
lifespan of w. For each compact interval I C (Tpin, Trmaz), the mapping HX(G) 2 ug —
w € C(I; H (G)) is continuous. Moreover, the solution w has the following blow-up
alternative: If Tpaw < 00 (1esp. Toin > —00), then

i @l oo (o I @l = ).

Furthermore, the solution uw to (2.1) preserves the mass M and energy E. with respect
to time t.

In this article, we are particularly interested in the global-in-time behavior of the
solutions to (2.1). For the sake of comparison, let us recall the corresponding result in
the R-case:

(2.2) iou+ Afu = —|ulPtu, (t,z) e R xR,

where p > 5, v > 0 are constants, u = u(t,z) : R x R — C is unknown, and A} is
defined as

D(AR) == {f e H'R) N H*(R\ {0}) : f'(0+) — f'(0-) = 2vf(0) },
A%f = Oy f-
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(2.2) also enjoys the conservation of the mass and the energy:

Mline(f) = ||f||2L2(R)7

. 1 1
line . 2 2 +1
Ey (f) = §||axf||L2(R) +7|f(0)]7 - p—l ||f||1L)p+1(R)~

In terms of the dynamics of (2.2), the action S}j‘f and the virial functional Klvine defined
below play an important role:

S (F) = BN (f) + S M),
K™ (£) = 200:f ey + 21 OF = S 117
for w > 0 and v > 0. Let us first consider the following minimizing problem:
(2.3) ngly = f{S,5(¢) - ¢ € H'(R)\ {0}, KJ™(¢) = 0}
Concerning this, the following is known:
Proposition 2.2 ([16]). Lety >0, and w > 0. Then the following holds:

(1) If v =0, n}f’lg 18 attained by
+1 ~1 T

(2) If v > 0, ngnﬁ = n}f}ff holds and ngﬂs is not attained.

Remark 1. (i) w = Qu,o0 is the unique positive solution, up to the translation, of
the elliptic equation:

(2.4) —Opew + ww = |w|P " w.

If w is a solution to (2.4), then u(z) = e“'w(x) is a solution to (2.2) with v = 0.
The solutions of this form are called the standing waves, and @), o corresponds to a
nontrivial standing wave with least action.

(ii) When + > 0, the infimum (2.3) is virtually attained when the function Q¢
lies in one side of the half line. (See [16] for the detail.)

Then the following dichotomy has been proven:

Theorem 2.3 ([15, 4] when v =0, [20] when v > 0).  Letp>5 and v > 0. Let
u be a solution to (2.2) with initial data ug € H*(R). We assume that Siiff(uo) <

ngnﬁ(: ng?oe) for some w > 0. Then the following holds:
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e (Scattering) If Klvine(uo) > 0, then the solution u to (2.2) exists globally-in-time and
scatters in both time directions; Namely, there exist v+ € HY(R) such that
; _ itAY _
N e

e (Blow-up or grow-up) If Kyne(uo) < 0, then the solution u to (2.2) blows up or
grows up in both time directions:

i s [ 8) 1 ey = i [t ey =

The theorem says if the action is less than the (virtual) ground state level, the dy-
namics of the solutions to (2.1) can be characterized by the sign of the virial functional.
(We can show that the sign does not change under the above restriction of action.) If
~ = 0, this threshold is critical since the ground state solutions neither scatter, blow up

NnoTr grow up.

§3. The minimizing problem on the star graph

Let us go back to the star graph case. The action and virial functionals in this case

are

S (F) = By () + S M),
p—1

Koy (f) = 2002 f 72y + NYIAO) — mllfll’iﬁl(g)

for w > 0 and v > 0. From the analogy of R-case, we consider the minimization problem:

(3.1) Ny = inf{Su, () : f € HI(G) \ {0}, K,(f) =0}
Then we have the following:

Proposition 3.1. Letp > 5, v >0, andw > 0. Then n, ., = ng%s holds and
N, ~ 18 not attained.

It is worth noting that the non-attainability happens also in the Kirchhoff boundary
condition. The proof is essentially given by Adami et al. [1], where the constraint is
replaced by the Nehari functional, instead of the virial functional. We present a direct
proof here.

Proof. For simplicity, we only prove in the case N = 3. We divide the proof into
two steps.



42 MAasSARU HAMANO, MASAHIRO IKEDA, TAKAHISA INUI, AND IKKEI SHIMIZU

line

Step 1. We first show n, , = n§. By the constraint, we may substitute S, - by

1

wa(f) = Swn(f) - ZKv(f)

_ Y2 37 2 p—>5 pt1
= §||f||L2(g) + Z|f1(0)| + m||f||m+1(g)~
For later use, we also define the corresponding functional on R as
ine W Y b— 5
UL (f) = S 1 lia @) + 1 FO)F + mllfll’zﬁl(m
Now we introduce the following lemma, which is shown later.

Lemma 3.2.  The following holds:

N,y = f{Uuy (f) « f € Ho(G)\ {0}, K, (f) <0}

Since Uy, ~(f) > U o(f) and K, (f) > Ko(f) hold for all f € HX(G), we have
N,y > Ny o by Lemma 3.2. Therefore, it suffices to show

(A) oy <um and (B) mao > aln
Let x € C*(R) satisfy x(zr) =0 for z < 1 and x(x) =1 for x > 2. We define

{Qu oz — n)x(x)} >0
V() = 0 : (n € 7).
0

Then v,, € H}(G) for any n € N, and we have S,, ~(v,) — SE?VQ(QW,O) = n}f}?{f. Moreover,

(3.2) Ko (vy) = K§"(Quy0) =0,

where we use spatial decay of Q0. By (3.2), there exists A, such that K,(A,v,) =0
and A, — 1 as n — oo. Then we also have S, ., (A\,v,) — ng?g. This means that

Ny, < n}f}?{f, and hence (A) follows. Next we shall prove (B). By Lemma 3.2, we can
take a sequence {(,}, such that U, o(¢n) — 1,0 and Ko(p,) < 0. By symmetric

rearrangement [1, Proposition A.1 and Theorem 6], we get ¢} € Hcl’rad(g) such that

* 2 *
lenlizagy = lenllrag),  N0:nlliaigy 2 1005l L2y,

for ¢ € [1,00), where H} _,(G) is the space of all radially symmetric functions in H}(G).
Therefore, we have U, o(¢}) = Uy 0(p,) and

2 ? * |12 p_]- % (1p+1
Kolen) > 2(3 ) 100010, - 001
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Hence we obtain

2
o 2 (U0 (1) £ £ € HLpaa(@)\ 101, 2 (3 ) 10:F1320) — 251 1152 ) < 00
Setting fia(x) := f()\x) with AFFT = (%)2, we obtain
( ) 100 Fal2ac) - ||fA||§ti1(g)
_ 2 p+1
=2 (2) RSl - D1
— Ko(f)
and
== 2 p—5 p+1 —
Uw,O(fA) - 2>\ - ||f||L2(g) + 4(p_|_ 1) ||f||Lp+1(g) - UW)\i%,O(f).
Thus it holds that
2
BE(U0F): £ € HLaa@)\ 10} 2(3) 10: 70— 21171 ) < 0)
:inf{UwAfgjfl (f) f €H rad( )\{0}7 KO( )S 0}7

+3
where \ satisfies \PrT = (%)2 By the symmetry, we obtain

inf{U o1 (f):f € Hopaa(9)\ {0}, Ko(f) <0}

wh pHL 0
3

S U™, (f): f € Hig(R)\ {0}, Ko™ (f) <0}

WA P+1 ,0

3 llne
p—1
2 WA PTL 0

where we have used the well-known fact that inf {U(f) : f € HL4(R)\{0}, Kime(f) <
0} = ng?g, which is shown in the same way as Lemma 3.2. It is also well-known that

niljn(? _ w2<P 1)1111%6

Therefore, we get
p+3

3 3 P—1\ 2(p— ; 3 pt3 ; ;
line =1 _line line line
-n = 5 ()\ P+1> N0 = 5)\ 2ty 0 =Nn,0-

Therefore, we obtain (B).
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Step 2. Finally we show the non-attainability. Suppose that there exists a minimizer

line

w e HG), ie, S, (p) =1y, and K, (o) = 0. By Lemma 3.2, U, ,(¢) = 1, , = 0.

Recalling U (¢) = 0132, + Fle1O)F + 555 el gy + we have

p_5 p+1

line w 2 37 2
(3.3) ni > ) §||<Pk||L2(o,oo) + Z|80k1 OF + mllwkllmﬂ(o,w)

ke{ki,ka}

for arbitrary two elements ki, ko € {1,2,3}. Suppose that ¢ = 0 on (0,00) for some
k € {1,2,3}. Without loss of generality, we may assume that @3 = 0 on (0,00). Then
©1,2, which denotes the function on the line which is generated by combination of ¢,
and o, satisfies

(3.4) Uity (pr2) <ns and  KJ™(p1) = 0.

By the result of the minimization problem on the line, we get 1 2(z) = €?Qu o(x — y)
for some # € R and y € R. Since Q. o(x) # 0 for any z, ¢ is not continuous at the origin.
This is a contradiction. Hence the function oy is not identically zero for all k € {1,2,3}.
Therefore, the equality in (3.3) does not occur for arbitrary ki, ko € {1,2,3}. By the

result of the minimization problem on the line, we obtain
(35) Kflyine(gpkh%) >0

for arbitrary two elements ki, ke € {1,2,3}, where g, 1, denotes the function on the
line which is generated by combination of ¢, and ¢g,. Then we have

(3.6) 0< Y EN(pr k) = 2K,(0).
1<k <k <3

This is a contradiction. O
Proof of Lemma 3.2. It suffices to show

Ny < IE{ULL(F): £ € HXG)\ {0}, K, (f) <0} = L.,.

By definition, there exists {¢,}nen € HL(G) \ {0} such that K, (p,) < 0 and I, , <
Uiy (@) <Ly + % Now we set

n T p+1

1
<2||axson||%z<g> + 37|90n,1(0)|2>
zT_iH‘PnHLpH(g)
Then we have K, (A,p,,) =0 and A, € [0,1]. Hence it follows that
Yy n

1
Moy € Sy M) = Uiy nn) < Uiy (00) < oy +
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Since n is arbitrary, we get n,, , <[, . U]

§4. Global dynamics for NLS on star graphs

We announce that we proved an analogous result to Theorem 2.3 in the star graph
case:

Theorem 4.1 ([19]). Letp > 5 and v > 0. Let u be a solution to (2.1) with
initial data wo € HX(G). We assume that S, ,(uo) < ny, = nloi?oe for some w > 0.
Then the following holds:

o (Scattering) If uo satisfies K., (uo) > 0, then the solution w to (2.1) exists globally-
in-time, and scatters in both time directions; Namely, w satisfies Tiax = 00 and
Tnin = —00, and there exist ¥+ € H(G) such that

lim Hu(t) — eitAgwi“ 0.

t—too HY(G) -

o (Blow-up or grow-up) If wo satisfies K. (uo) < 0, then the solution w to (2.1) blows
up or grows up in both time directions; Namely,

1tim sup [[w(t)|| g gy = ltim sup [[u(t) | g1 gy = oo

We give a remark on the above theorem. The threshold level of action is that of
the ground state in the R-case. It is natural to ask whether this is the actual threshold
of the dichotomy. Indeed, when v =0 and N > 3, it is known that n}f}ff is strictly less
than that of any of the known standing waves:

Theorem 4.2 ([1]).  Suppose v =0 and w > 0. Then the following holds:
(i) If N is odd, then (2.1) has a standing wave solution *“tp° (x) with

()OSJ = (Spg)]k\]:h Spg(x) = Qw,O(x) (:C > O)

Moreover, we have S, o(¢2) = %n}f’lg (> n}f’lg ,
(ii) If N is even, then there is a one parameter family of standing wave solutions
e“tpde(z) (a > 0), where

Qu.o(r — a) k=1,

N
a 0,a\N 0,a ’ 27
o) oo, N.

Qw’o(.f + Cl) k= + 1

Moreover, we have S, o(¢%%) = %n&{lg (> ng?g ,
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The global-in-time behavior of the solutions of (2.1) with ng?()e < Suolu) < %n“noe
is currently an open problem.

§ 5. Profile decomposition for the Schrodinger propagator

For the proof of the scattering part, we use the concentration-compactness and
rigidity argument by Kenig and Merle [25]. The key ingredient of the argument is the
profile decomposition for the Schréodinger propagator. Let us first recall the R-case. The
underlying fact is that the bounded linear map

(5.1) H'(R) 2 ¢ — "8y € L (R x R)

is non-compact due to the spatial and temporal translation invariance. In detail, let us
consider

{0}, with y, — +oo, or {etr Do) | with ¢, — foo

for ¢ € H'(R), where we denote 7,f = f(- —y) for f : R — C and y € R. Then the
corresponding images of these sequences have no convergent subsequence in L L3°. The
idea of the profile decomposition is to describe how non-compact a bounded sequence is,
and for (5.1), this is expressed by the combination of spatially and temporally shifting

sequernces.

Theorem 5.1 ([26] when v =0, [11] when v > 0).  Let {¢n}nen be a bounded
sequence in HY(R). Then there exist

theR, yleR, W eH'@®), (j>1 neN),

such that, by taking subsequence if necessary, we can write

J
On = Ze_it%%@yﬂj + w;)
j=1
with the following properties:
(i) For each j € N,
either t/, =0 (né€N), or th = 400 (n— o0),
either 3, =0 (n€N), or y) — foo  (n — o0);

(ii) Pairwise asymptotic orthogonality of parameters:

It — 5+ |yl — yk| > 00, (V) #k);
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(i1i) Smallness of remainder:

lim limsup
J—=00 pooo

IT7AN |
e an‘

L,

(iv) Asymptotic orthogonality of norms: For q € [2,00),

J
lenlzoge = Z HWHqu(R) + Hw;ZHqu(R) +on(1), (VJ € N),
j=1

J
el = 22107 Vs + Il e +onD, (7€),
=1

where ||f||H%(R) = H(_A%)l/QfHLQ(R)'

47

Let us turn to the star graph case. We first note that by [18], the same Strichartz

. . ; 2!
estimate is known to be true for e®*4¢

. For simplicity, let us consider the case where

N = 3. The technical difficulty is that it is not clear how to represent spatial translation.

Indeed, we cannot define the spatial shift as an operator on H1(G). For this, we define

such sequences in the following way:

Definition 5.2.  For f € H'(R), we define the operator A} H'(R) — HY(G)

by
Tyf]l>0 —%T—ny]l>o
A f = 0 + | 37—,Rf1ls0 |,
0 27_,Rflso
0 27_yRflso
A;,yf = 7_yf]l>0 + _%T—ny]l>O )
0 27_yRflso
0 27_,Rflso
A f = 0 + | 37—,Rf1ls0 |,
Tyf]l>0 —%T—ny]l>o

where Rf(:) := f(—-) for f : R — C. Moreover, for ¢1,19,1%3 € H'(R), t € R and

y > 0, we define

Ty W1, 02, 05) = €788 (A b + A3 s + A5 1s) .

We announce that we established the profile decomposition for e®2¢.
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Proposition 5.3 (Linear profile decomposition on star graphs [19]).  Let {¢,,}>°,
be a bounded sequence in HX(G). Then there exist

theR, y, >0, ¢,cH'®R), (=1, k=123 neN),

such that, by taking subsequence if necessary, we have

J
(5.2) @n = Ty oWl ) +w],  VIeN,

§=0
where all of the following hold:

(i) For each j € N,

either t =0 (n€N), or tl — 400 (n— o0),

either y? =0 (n€N), or Yyl — o0 (n— o0);
(i) Pairwise asymptotic orthogonality of parameters:
[t = ol lyn —ysl = 0o, Vi # ks

(i1i) Smallness of remainder:
RN

. . v
lim limsup w,

—0 p—oo

oo
Lt,m

(iv) Asymptotic orthogonality of norms: For q € [2,00),

J
1@y = |
j=1

ﬁ%,y%( {7 ¢%7 tpé)

a J|9
‘Lq(g)_l— HwnHLq(g)_l_On(l)7 VJ€N7

2

J
I liyo) = 32 | T W 2 [, o)+ [0 +on(s W €N,
j=1

where ||f||H§(g) = H(_Ag)lmeLQ(R),

The key idea of the proof is to introduce an operator P (denoted by Q in [19])

which maps a function in H}(G) to a pair of two odd functions and one even function
on R, satisfying

(5.3) PALS = AXPS, (€ D(AY)),
and accordingly,

(5.4) Pt f = 2P f (f e H(G), t € R).
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We construct P such that P is invertible and preserves the Lebesgue and Sobolev norms
up to multiples of constants. Therefore, Proposition 5.3 follows from the corresponding
results on R under the restriction of odd/even functions.

The difficulty of the proof of (5.3) is to transform D(A}) to D(AR) with taking care
of the boundary condition at the origin, without losing the regularity and quantitative
information. Keeping this in mind, we define P in the following way. For f € L?(G),
we first define ag(f) : [0,00) = C (k=1,2,3) by

o (f) = —2f1+3f2+f37 o (F) = —fl—J;2+2f37
as(f) = f1+J;2+f3.
Note that if f € D(A}), we have
(5.5) a1 (£)(0) = ax(£)(0) =0,  az(f)'(0+) = vaz(£)(0).

Then, we define Py, : L*(G) — L?(R) by

() ea) @ <0) () en) (2 <0)
Pif(x) = s Pof(x) = ’
fz) {amﬂ@> w0y T {axﬂ@> (&> 0)

PJ@%:{%uxﬂ»<x<o
ag(f)(x)  (x =0
Note that Py(f),P2(f) are odd functions on R, while P3(f) is even. Moreover, (5.5)
implies that if f € D(A}), then P;(f) € D(Ag) for j = 1,2,3. (In fact, P1(f), P2(f) €
H?(R) = D(A}), since the interaction at the origin vanishes due to (5.5).) Therefore,

defining P := *(P1, P2, P3), we are able to prove that P satisfies the desired properties
(see [19] for the detailed proof.) Note that

) .
)

' Ty — T—y Ry
ﬁ,y(/(pl? ¢27 ¢3) - 6—%tAg7)—1 Ty¢2 - T—yR¢2
Ty s + T—yRi)s

fort € R,y >0, vy € L*(R), k = 1,2,3. Thus Tz, (11,12, 13) is defined along with the
corresponding shifting profiles for odd or even functions on R through P (see [20, 21]).

We conclude this section by discussing the idea of the definition of P. For f €
L?(G), we can write

f=a(f)| 1 | +taa(f)|-1|+as(f)|1
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Thus we may interpret that P, f and Ps f correspond to odd functions lying on the first
and second edges of ¢, and on the second and third edges of G, respectively, while P5 f
is a radially symmetric function on G. The radial part is responsible for the boundary
condition for f € D(A}), while the gap from radial symmetry is compensated by the
odd parts. This idea is easily generalized to star graphs with any number of edges, for
which we omit the discussion.
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