STUDIES ON DYNAMIC CHARACTERISTICS OF SMALL-SIZED DC MOTOR
AND TRANSIENT BEHAVIORS OF MAGNETIC FLUXES

IN ITS COMMUTATING ZONE AND SO ON

BY

TSUGUO ANDO

DECEMBER 1985

DEPARTMENT OF ELECTRICAL ENGINEERING

KYOTO UNIVERSITY



STUDIES ON DYNAMIC CHARACTERISTICS OF SMALL-SIZED DC MOTOR

DOC

1986

—
o

&
X
)

AND TRANSIENT BEHAVIORS OF MAGNETIC FLUXES
IN ITS COMMUTATING ZONE AND SO ON

BY
 TSUGUO ANDO

DECEMBER 1985

DEPARTMENT OF ELECTRICAL ENGINEERING
KYOTO UNIVERSITY

7Ry

BN S




ACKNOWLEDGMENTS
9

’

The author would like to fully appreciate Professor Juro?gggggpof Kyoto
University for supervising and completing this thesis. His enthusiastic guidance
and continuous encouragement enable the author to accomplish the work.

The author also wishes to express his thanks to Associate Professor Takehisa
Hara of Kyoto University and Associate Professor Masaharu Yoshida of Gifu
University for their useful discussions concerning the numerical solution of the
work.

The author is deeply indebted to Mr. Satoshi Okabayashi of IBM, Japan and Mr.
Shinichiro Mori of Nippon Steel Co. for their efforts concerning the work of Part
I in this thesis. Concerning the work of Part II, the author is mu&h. indebted to
Mr. Minoru Takemura of Toshiba Co. and Mr. Kiyoshi Yoshida of Kansai Electric
Power Co. for their help in the experiments and the numerical computations.

The author wishes to express his thanks to Associate Professor Motoo Ishikawva,
Instructor Yoshitaka Inui, and other members of Professor J. Umoto’s Laboratory,
Department of Electrical Engineering, Kyoto University, whose encouragement help
the author for qomplet@ng the work.

All humerical computations were performed at the Data Processing Center, Kyoto

University, of which the staffs must be appreciated.



el ad

7

ACKNOWLEDGMENTS

The author would like to fully appreciate Professor Juro Umoto of Kyoto
University for supervising and completing this thesis. His enthusiastic guidance
and continuous encouragement enable the author to accomplish the work.

The author also wishes to express his thanks to Associate Professor Takehisa
Hara of Kyoto University and Associate Professor Masaharu Yoshida of Gifu
University for their useful discussions concerning the numerical solution of the
work.

The author is deeply indebted to Mr. Satoshi Okabayashi of IBM, Japan and Mr.
Shinichiro Mori of Nippon Steel Co. for their efforts concerning the work of Part
I in this thesis. Concerning the work of Part II, the author is much indebted to
Mr. Minoru Takemura of Toshiba Co. and Mr. Kiyoshi Yoshida of Kansai Electric
Power Co. for their help in the experiments and the numerical computations.

The author wishes to express his thanks to Associate Professor Motoo Ishikawva,
Instructor Yoshitaka Inui, and other members of Professor J. Umoto’s Laboratory,
Department of Electrical Engineering, Kyoto University, whose encouragement help
the author for completing the work.

All numerical computations were performed at the Data Processing Center, Kyoto

University, of which the staffs must be appreciated.



CHAPTER 3 DYNAMIC CHARACTERISTICS OF DC MOTOR CONTROLLED BY
THYRISTOR CHOPPER CIRCUIT .

3.1 Introduction

3.2 Fundamental Theory
3.2.1 Chopper circuit and fundamental equations
3.2.2 Circuit modes
3.2.3 Electrical equivalent circuit and mode analysis
3.2.4 Analysis of circuit performances'for one cycle and steady ones

3.3 Analytical Method of Dynamic Performances
3.3.1 Transfer function
3.3.2 Pulse transfer function

3.4 Numerical Calculations and Experimental Results

" 3.4.1 Experimental circuit

3.4.2 Steady characteristics
3.4.3 Transient characteristics e e e e e e e e e e e e
3.4.4 Transfer function e e e e e e e s e e e e s
3.4.5 Frequency responses

3.5 Conclusion e e e e e e e e e e e e e e e e e e e

o PART II TWO-DIMENSIONAL ANALYSES OF TRANSIENT BEHAVIORS OF
MAGNETIC FLUXES IN COMMUTATING ZONE AND SO ON
OF SMALL-SIZED DC MOTOR

CHAPTER 1 GENERAL INTRODUCTION
1.1 Research Trend and Problem
1.2 Purpose and Synopsis of Part II
- CHAPTER 2 TWO-DIMENSIONAL NUMERICAL SOLUTION OF TRANSIENT
MAGNETIC FLUX DISTRIBUTION IN ELECTRIC MACHINES

2.1 Introduction C e e e e e e e e e e e e e e e e e e

iii

41
41
42
42
45
47
49
52
53
56
58
58
62
66
71
73

76

79
79

83

86
86



2.2 Fundamental Equations e e e e e e e e e e e e e e
2.3 Numerical Solution of Fundamental Equations e e e e e e s
2.3.1 Application of nodal method to basic equations
2.3.2 Numerical method for time derivative
2.3.3 Numerical determination of nonlinear reciprocal permeability
2.3.4 Basic nodal equations considering boundary conditions
2.3.5 Numerical calculation process
2.4 Conclusion
CHAPTER 3 APPROXIMATE ANALYSIS OF TRANSIENT MAGNETIC FLUX
IN DC MOTOR BY USING BQUIVALENT MAGNETIC CIRCUIT
3.1 Introduction e e e e
3.2 Equivalent Magnetic Circuit Model of DC Motor
3.3 Theoretical and Experimental Analyses e
3.3.1 Experimental circuit
3.3.2 Assumptioﬁs for numerical calculation and boundary conditions
3.3.3 Experimental and éalculated results
3.3.4 Influence of conductivity of yoke on transient responses of
magnetic fluxes
3.3.5 Influence of magnetic hysteresis on transient responses of
magnetic fluxes
3.4 Conclusion
CHAPTER 4 TRANSIENT BEHAVIORS OF MAGNETIC FLUXES IN DC MOTOR
4.1 Introduction
4.2 DC Motor for Experiment
4.3 Commutation Characteristics
4.3.1 Commutation mechanism
4.3.2 Experimental circuit for study on transient commutation
characteristics

4,.3.3 Experimental results and discussion

iv

87
90
90
95
96
99
101

104

105
105
106
112
112
113

115

122

126
132
134
134
135
139

141

144

146



4.4 Theoretical and Experimental Analyses of Transient Response and

Distribution of Magnetic Flux -, . . . . . ., . . . . . . . .. 150
4.4.1 Experimental circuit e e s s e e e s e e e e e e . . 150
4.4.2 Assumptions and boundary conditions for nu;erical solution . . 152
4.4.3 Experimental and calculated results * ¢+ ¢ 4+ e o 4 e« « « « . 156

4.4.4 Improvement of transient response of magnetic flux by using
partially laminated yoke . . . . ., . . . . . . . . .. « . 175

4.5 Conclusion e s e e e e 4 e 4 4 e 4 s 4 e e e e e e e e . 188

REFERENCES . « « v« v o v v o v o e e e e e e e e e e, . 191






PART I

DYNAMIC CHARACTERISTICS OF SMALL.-SIZED DC MOTOR
CONTROLLED BY THYRISTOR CIRCUITS



CHAPTER 1

GENERAL INTRODUCTION

1.1 Research Trend and Problem

In a direct current(dc) motor, the driving torque is efficiently generated by
means of interaction between the main pole flux excited by the field current and
the mechanically commutated armature current. Therefore, the dec motor has
inherently a superior speed-torque characteristic and a strong starting torque,

wvhich can't be obtained by ac motors such as an induction motor and a synchronous

one. Also, the rotating speed of the dc motor can be more flexibly controlled than
the one of ac motors, because the field current and the armature current can be
independently controlled. Thus, dc motors are widely applied to iron manufacturing,
electric car, industrial servomotor, etc. which need precise speed control.

There are three types of control methods of the dc motor speed, namely, the
field, the armature rheostatic and the armature voltage control methods.[1]:[2] The
field control method, in which the exciting field current is regulated by changing
the resistance or the impressed voltage of the field circuit, has an advantage that
the motor speed can be controlled with a small dissipation of the electric pover.
However, this method can be used only for a limited range of speed control, becausc
the quick regulation of the field current is made impossible by large inductance of
the field circuit. Especially, the unstable motor performance may occur in the case
wvhere the main pole flux excited by the field current is too small. The rheostatic
control method, in which the resistance of the armature circuit is varied, is now
seldom used because of the large ohmic power loss. The last voltage control method,
in vhich the large power supply voltage of the armature circuit is regulated, is

now used most widely, because by this method the motor speed can be quickly and
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Before about 1960 year, the Ward-Leonard system[l] or the mercury rectifier

——

circuit[31,[4] yas hainly used for regulating the voltage supplied to the armature
circuit. Ever since the thyristor was put to practical use in 1957, thyristor
circuits, by which the supply voltage can efficiently and quickly be regulated,
have been applied to the speed control system of the dc motor. Also, the other
power semi-conductor devices such as a power transistor, a gate-turned-off
thyristor, etc. were improved.[5]“[8]

In addition to the improvement of power semi-conductor devices, the application
technique of those was rapidly progressed by the aid of the automatic control
theory and the actual analog and digital control systems. Specially, since the
digital control circuit was practically used in 1980, the precisely regulated ac

\) ,
supply voltage with variable frequencies, which was impossible SSQ realizgiigg in

former years, were put to practiéal use, too. By using the regulated ac supply
voltage, at present, the ac machines, such as an induction motor and a synchronous
motor, were driven as the fairly precise variable speed machines.[9],[10],[11]

As the speed control techniques of the ac machines are largely improved, the dc
motor must be used as the best precise machine in which wide and quick change of
the speed is required. While the present dc motor has been controlled fairly well
by using the application technique of the thyristor rectifier or the chopper
circuit, for the improvement of the control it is necessary to analyse the motor
performance exactly.

There are many studies on performances of the dc motor controlled by the
thyristor circuits, but they have mostly investigated the performances under the
assumption that the fluctuation of the motor speed can be ignored. Namely,
Harris,[lz] Ishizaki, [13] Nittal14] and others(4],[15]-[18] analysed firstly the
steady performances of the motor controlled by the rectifier circuits under the
above assumption. Next, they derived the Egggé_gggg_mghgggggg_of the armature

resistance from the calculated results of the steady speed-torque characteristics,



and so estimated the rough dynamic characteristics by using the appearance
increased armature resistance. Also, Parrimelalagan,flg] Ishizaki [20] and
others(21]-[25] roughly analysed the steady and the dynamic performances of the
motor controlled by the chopper circuit with the above same processes.

Next, the analysis of the motor performances considering the fluctuation of the
motor speed, when the motor 1is controlled by the grid controlled thyratron
rectifier circuit, was done by Togino.[zsl Also, he presented the transfer function
of the motor in the speed control system. However, he failed to introduce the
approximate time constant of the transfer function by treating the motor speed
periodically controlled by the rectifier circuit as the same as the one
continuously controlled by the dc source voltage.

As mentioned above, the theoretical and precise transfer function of the motor,
vhich 1is effective to analyse the dynamic characteristic of the motor whose

rotating speed fluctuates, is yet introduced.

1.2 Purpose and Synopsis of Part I

The recent dc motors are required to be used as the more precise variable speed
machines than the ac motors. Those dc motors are mostly controlled by the variable
dc voltage regulated by the rectifier or the chopper circuits, in which the
thyristors or the other semi-conductor devices are used. However, the theoretical
investigatibn of the performance of the motor controlled by those circuits has not
carried out sufficiently well.

In Chapter 2, the author first shows the theoretical method to analyse the
dynamic and steady performance characteristics of a separately excited dc motor
controlled by the single-phase half-wave thyristor rectifier circuit, in which, to
analyse exactly the motor performances, there are considered the periodically
interrupted armature current, the fluctuation of the motor speed, the voltage drops

on the brushes, the friction torque of the motor with the load, etc.. Next, by



investigating the small fluctuation of the motor speed during the period of one
cycle of the ac supply frequency, he introduces approximately the time constant of
the motor in the control circuit. Also, transfer and pulse transfer functions of
the motor control system are introduced to present the good approximate method, by
vhich the dynamic characteristics can be easily analysed, and it is shown that the
dynamic characteristic of the motor can be evaluated by an equivalent first order
sampled data system. And the steady and dynamic characteristics are investigated in
detail theoretically and experimentally. In this connection, the validity of the
presented theoretical method is ascertained by showing the good agreement between
the calculated results and the experimental results.

In Chapter 3, first, a theoretical method to analyse the dynamic and steady
performances of a separately excited dc motor controlled by a chopper circuit is
introduced by using the theory of periodically interrupted electric circuit. [(Z7] In
the method, the fluctuation of the motor speed, the friction torque of the motor
with a load and the voltage drops on the armature brushes are considered as in
Chapter 2. These factors have not been considered by the conventional theory, but
they are important for researching the motor performances. Also, as in Chapter 2,
transfer and pulse transfer functions of the motor control system are introduced to
present an good approximate method of the above precise motor performances. And it
is shown that the dynamic characteristics can be evaluated by an equivalent second
order sampled data system. Next, the steady and the dynamic characteristics are
investigated in detail theoretically and experimentally. In this connection, the
author confirms the appfopriateness of the theory by showing that the calculated

results agree sufficiently well with the experimental results.



CHAPTER 2

DYNAMIC CHARACTERISTICS OF DC MOTOR CONTROLLED BY
SINGLE-PHASE HALF-WAVE THYRISTOR RECTIFIER CIRCUIT

2.1 Introduction

A thyristor rectifier circuit is widely used to obtain a adjustable dc voltage
from a commercial ac supply voltage. For example, the circuit is often used to
drive the dc motor as a precise variable speed machine such as a mill motor, an
industrial servo-motor, an electric traction motor, etc.. Therefore, it is
necessary to research not only the static characteristics of the motor in the
steady state, but also the dynamic ones including the circuit performances in the
transient state.

Since the motor speed is efficiently controlled by regulating the armature
terminal voltage, many studies on the speed control of the dc motor, of which the
armature power is regulated by a thyristor rectifier circuit, were
presented. [12]-[18] However, the analysis of the motor performances were mostly
carried out under the assumption that the fluctuation of the motor speed is
negligible, and the papers that dealt with the dynamic characteristics considering
the fluctuation are rarely found. Also, in order to improve still more the control
characteristic of the mdtor, the exact analyses of the dynamic and the steady
performances are desired.

In this chapter, first, there is introduced a theoretical method to analyse the
dynamic characteristics of a separately excited dc motor controlled by a
single-phase half-wave thyristor rectifier circuit, in which the armature current
flows interruptedly. Here, though the motor is usually controlled by a polyphase

rectifier circuit to reduce the ripples of the armature current and the motor



speed, the armature current sometimes flows interruptedly, when the armature
circuit inductance or the motor load is small. Then, the dynamic characteristics of
the motor are different from the case of the continuous current. So, the influences
of the interrupted current on the motor performance are investigated by using a
single-phase half-wave rectifier circuit.

In the analysis, there is considered the fluctuation of the motor speed for one
cycle of an ac supply frequency, which has not been considered in the conventional
analysis. Also, the effects of the friction torque of the motor with load, the
motor brush voltage drop and the added inductance of the armature circuit on the
motor characteristics are considered. [28]-[38]

Next, transfer and pulse transfer functions of the motor control system are
introduced to present a good approximate method, by which the dynamic
characteristics of the motor can be easily analysed. And it is shown that the
dynamic characteristics can be obtained by an equivalent first order sampled data
system.

Also, the steady and the dynamic characteristics are investigated in detail
theoretically and experimentally. In this connection, the appropriateness of the
theory is confirmed by ascertaining that the calculated results agree well with the

experimental ones.

2.2 Fundamental Theory

2.2.1 Single-phase half-wave rectifier circuit and fundamental equations
Figure 2.1 shows the circuit diagram of a single-phase half-wave thyristor
rectifier circuit for the speed control of the separately excited dc motor, where
e : output voltage of rectifier circuit,
E, : maximum value of ac supply voltage,

i : armature current,



1y . fixed field current of motor,

n . motor speed,

v, . input voltage to controller,

w=2rf . angular frequenc& of ac supply,

f  frequency of ac supply,

L : total inductance of armature circuit,
R : total resistance of armature circuit,

T : thyristor.

—~ Controller

Load

Fig.2.1. Control circuit of separately excited dc motor.

In the figure, the output voltage e is regulated by changing the firing angle
of Ty. The firing angle of T, is changed by v,. When the motor speed n is fed back
to the controller, the motor is more precisely controlled.

Now, there are three types of friction torque to be considered in the analysis
of the motor with load, namely, static, Coulomb and viscous friction torque. The
static torque Q, is the one which is needed to rotate a stalled motor. The Coulomb
torque Q is the one that is independent of the speed in a rotating motor. The

viscous torque is the one which is approximately proportional to the speed n and
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Fig.2.2. Approximate speed-torque characteristic.

expressed by Fn, where F is the viscous friction coefficient. Figure 2.2
illustrates the relation of the friction torque vs. the motor speed n.
The performances of the dc motor in Fig.2.1 can be now analysed by the
following fundamental equations:
e=Ldi/dt+Ri+K,n+Ey,
2.1)
Kii=Jdn/dt+Fn+Q, J
where
‘EL : brush voltage drop including thyristor voltage drop,
J : moment of inertia of motor contained load,
K; : torque coefficient of motor,
K, : counter emf coefficient of motor.
In this connection, in the conventional analysis, where the fluctuation of the
motor speed and E;, are ignored, the following equations
e=Ldi/dt+Ri+K,N,
] 22
K:I4=FN+Q,
vhere

Ig4 : average value of 1,

N : constant motor speed,



have been used, and by these equations the steady characteristics have been
investigated. Also, the dynamic characteristic is approximately evaluated by using
those results. In this paper, in order to obtain the precise characteristics, we

use the exact equations shown in Egs. (2.1)

2.2.2 Circuit modes
Let us consider performances of the circuit shown in Fig.2.1. The current i
begins to flow at the instant when T, is turned on by the gate signal generated in
the controller, and the driving torque K;i is added to the motor. The stalled motor-
begins to rotate when K;i exceeds Q;. On the other hand, when i decreases to zero,
1 is blocked by a revefse blocking characteristic of T, and the motor rotates by
inertia. But when the average value of K,i is smaller than Q, the motor can’t keep
rotating and stops.
Therefore, we can divide the circuit performances into the four fundamental
modes, which depend on the situations of i and n, as follovs:
mode O : 1 is zero and motor is at a standstill,
mode 1 : i is supplied, but motor can’t rotate because lack of K,i,
mode 2 : motor is driven by 1,
mode 3 : 1 is blocked and motor is rotated by inertia.
The situations of 1 and n in each mode and the criteria for the mode transitions
are shown in Fig.2.3, where
I,=Q;/K: : equivalent constant current of Q,
v=K,n : counter emf of motor,
12=1,(t) : current 1 in mode m,
Vp=Up (t) : voltage v in mode m,
t. : duration of interval of mode m,
m= 0, 1, 2, 3 : mode number.
In Figs.2.1 and 2.3, T, can be turned on by the gate signal when the following

condition
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e=FE,sina=wE,. 2.3)

where
a : firing angle of Ty,

is satisfied.

Mode 0 r ; Mode 1
i=1,=0 b s 20
v=y =0 |« - v~y =0
° i,(t,)=0 -
o of |, =
A A 1
4 ] o
>n >'" :_
v

1,70 |-t tunon
v=v 20 [ (t,0-0 v=v,20
Mode 3 Mode 2

Fig.2.3. Circuit, modes.

2.2.3 Electrical equivalent circuit and mode analysis

(1) Equivalent circuit

Although the system performances of the electromechanical system in Fig.2.1 can
be analysed by using Eqs. (2.1) and Fig.2.83, in order to simplify the analysis, we
use the electrical equivalent circuit of the system. By neglecting a motor armature
reaction and a nonlinearity of a circuit parameter, the fundamental equations (2.1)
can be transformed to the following electrical ones:
e=Ldi/dl+Ri+v+E,

@2.4)
i:CCIU/dt+GU+ Iq ’

vhere

11



C=J/(KiK,) . equivalent capacitance of J,
G=F/(K:K,) : equivalent conductance of F,
I,=Q/K: : equivalent forced current of Q.

From Eqs.(2.4), we can derive 'the electrical equivalent circuit as shown in

Fig.2.4.

Ve —{Controller

Epsinut I

Fig.2.4. Electrical equivalent circuit.

(2) Mode analyses
Let us show the fundamental relations among e, i and v in each mode obtained by
the above equivalent circuit.
(1) Mode O
We can readily arrive at the following equations
e=0, 1i=0, v=0. 2.5)
(i1) Mode 1
By assuming that mode 1 starts at the phase angle a; and replacing e, 1 and v
by e;,1; and vy, respectively, Egs. (2.4) are transformed as follows:
e|=Epsin(wt+ap),
=Ldiy/dt+Ri+Ey,

2.6)
v;=0.

12



Solving Egs. (2.6), we can obtain

11=p; (t)+x1 (1)17°, .7)
where

1 (1)=Ea {sin(ot+a-8)-x1 (t)sin(a-8)} / RP+PL%)2-Ey {1-x1 ()} /R,

21 ()=, s=tan™ (uL/R).

ij® @ initial value of iy, which is determined by value of i at instant when
mode transition from mode O or 2 occurs.
This mode is kept for the duration t;, and, of course, t; is determined by 11=0 or
11=Is .
(iii) Mode 2

The circuit equations for this mode are given by Egs. (2.4), as follows:
ezx=E,sin(wt+az)
=sLdiz/dt+Riz+ v2+Ep, @.8)

12=Cdvp/dt+Gue+ 14,
vhere

e2, 12 and w»» ! e, i and v in this mode, respectively,

a2 . starting phase angle of this mode.

Solving Egs. (2.8), we can obtain the following solution in the following matrix

notation

ek mellE] e
vhere

@21 (t)=Ia {sin(wlt+az+01-02)~x211 (t)sin(az+01-02)} ~Vaxzi2 (t)sin (a2—02)
+(Iq—GEp) {1-g3(1)} /(RG+1)+Epx212 (1),

@22 (1)=Va {sin(wt+ez-02)~g3 (1 )sin (az-02 )-wgz (t )cos (az-02 )}
—Iqxz21 (t)- RIq+Ep) {1-g3 (1)} /(RG+1),

x211 (1)=g1 (t)~0g2(t), x212(t)=-g2 (1 )/L,

x221 (t)=g2(t)/C, x222 (t)=g1 (1 )+0g2(t),

g1 (t)=eMcoshut, gp(t)=cHsinhut/u, g3(t)=g (t)+igz(t),

13



L=Va GP+0®C)12,  Vu=E,/ { (RG+1-oPLC)2+e? (LG+CR)?} /2,

01=tan™ («C/G), Bz=tan”! {0 (LG+CR)/(RG+1-0LC)} ,

2=0.5(R/L+G/C), 0=0.5(R/L-G/C), u={d?-1/{C)} 2,

i2°=0 or I : initial value of i,

v5° ! initial value of wv.
The uninﬁerrupted duration {2 of this mode is determined by i=0 or w=0 in
accordance with Fig.2.3.
(iv) Mode 3

The circuit equations for this mode are given by

s } | (2.10)

13=0=Cduz/dt+Guz+ 1,4,
where

e3, i3 and v3 : e, 1 and v in mode 3.
Solving the above equations, we can get

e3=u3=g3 (t)+x3 (t)v3°, @2.11)
where

p3=-Iq {1-x3(1)} /G,
y3=etC/C,
v3° @ initial value of wv3.

The duration t3 of this mode is determined by the criteria shown in Fig.2.3.

2.2.4 Analysis of circuit performances for one cycle and steady ones
The steady and dynamic characteristics of the electromechanical system 1in
Fig.2.1 can be explained by analysing the circuit performances for any one cycle of
the ac source frequency. Referring to Fig.2.3, we can readily think of the
following four cases concerning the circuit performances during one cycle:
case 1 : motor doesn't rotate,
case 2 : motor, which stops, begins to rotate,

case 3 : motor rotates continuously,

14



case 4 : motor, which is rotating, stops.
Figures 2.5 (a) to (d) show the illustrative waveforms of e, 1 and v for cases
1 to 4, respectively, where
a : firing angle of thyristor T},

U™ ! initial value of v, when T, is turned on,

y .,
Av® : variation of v during any one cycle,
ta : duration of interval of mode m,
m=0, 1, 2, 3 : mode number.

In addition to Figs.2.5 (a) to (d), we can think of other mode transitions from
Fig.2.3. However, these transitions rarely occur and so can be ignored for the
analysis of the motor characteristics.

w
e e
/ / ," ;"(
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/ ,,' / i v ’,' AV’O
7 ’ / 4
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’ Yi (4 [
+- 1 L4 : [ :l ! H | "'
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L]
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e e
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w0 — / P
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’ ’
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[] / [] ]
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Fig.2.5. Illustrative waveforms of e, i and v in cases | to 4.
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In this article, let us introduce the method analysing the circuit performances
for one cycle in only the case 3 as shown in Fig.2.5(c), which is closely concérned
to the dynamic and the steady characteristics of the motor. In this connection, the
analyses of the circuit performances in cases 1, 2 and 4 are ignored, because the
motor speed is too small to investigate the dynamic characteristics of the dc
motor.

The circuit performance in the case 3 is represented by modes 2 and 3, as shown
in Fig.2.5(c). In mode 2, e=ez, i=i2 and v=w» can be obtained by substituting co=a,
1°=0 and v5°=v*° into Egs. (2.8) and (2.9). Then, the relation between v*° and to is
obtained by putting i2=0 at t=t», namely

e21 (t2)+x212 (t2)v™=0. 2.12)
In next mode 3, v=v3 is given by substituting v{°=w(t2) in Eq. (2.11 ). Therefore,
the voltage v=w3(l3) and the variation Av*° are given by |
U3 (t3)=03 (t3)+x3 (t3) {022 (t2)+x2e2 (£2)0"°} }

AvP=u3 (13)-v"°,

2.13)

vhere
to+ts=7,
T=2rn/w : period of ac source frequency,
and v3(i3) becomes the initial voltage in the next cycle.

" However, when v°>E, sina, the thyristor T, can’t be turned on and the circuit
performance is represented by mode 3 only. Accordingly, 'v3, t3 and Av*® are given
by substituting t2=0 and t3=t into Egs.(2.13). Also, in the case where w3 reaches
to zero in mode 3, as shown in Fig.2.5(d), 1v3=0 at t=t3; and Au*°=v*° are obtained.

Now, in the steady state where Av*® becomes zero, the relations among iz, i3
and v are derived from Egs. (2.12) and (2.13), as follows:
@3 (t3)+x3 (13)022 (t2)+ {x3 (E3)x222 (12)-1} v2=0,
U =UD=-gpy (t2)/%212 (12), @.14)
to+ts=T7,

where

16



Uy : initial voltage in steady state.

Also, with respect to the average values Ey, Iy and V4 of e, i and v, the following

relations

E,
Ed=§ {cosa—cos (wtr+a)} ‘%16 {t3Iq+C(ut2-v5°)

=R1d+vd+iT%Eb , > 2.15)

Id=GVd+Iq ’

where

Ea=L dt—lftzE in (otro)dt ‘ft” dt
d—;oe —-_{—_0 xSin(wt+a) +?0 udt,
_1f’.dt_1f‘2. }
Id—;ol —;0 12d ’

v lfrvdt ‘ftz t ‘fta dt
=2y —;OUZCI‘F'I:OU?» ,

UE° =22 (t2 )+x2ze (t2)UL2,

are derived from Eqs. (2.8) and (2.10).

2.3 Approximate Method for Analysing Dynamic Performances

The detailed circuit performances of the electromechénical system in Fig.2.1
can be analysed by using the criteria shown in Fig.2.83 and the results of mode
analysis given by Egs. (2.5), (2.7), (2.9) and 2.11). In this section, there is
shown an approximate method of the dynamic characteristics in the case 3 where the
motor rotates continuously and the circuit performance is represented by modes 2

and 3 in every cycle of the ac source frequency.

2.3.1 Transfer function

When the dc motor is driven by the dc voltage e=E, under the assumption that

17



J/F>L/R, Ep=0 and I,=0, the transfer function Gy(s) of the motor
expressed by[39]’[40]

is usually

_u(s) Ky
Ca(s)=p iR =sy 2.16)

where
Kqa=KiK,/ (RF+K;K, )=1/(RG+1) . gain,
Tq=JR/ (RF+KiK, )=CR/ (RG+1) : time constant of dc motor,
E(s) : s-function of E,
v(s) ! s-function of v,

s . Laplace operator.

Then, the expression of v is easily obtained by the inverse Laplace transformation

of u(s)=Gy(s)E(s).
However, since the armatufe current flows discontinuously in our circuit, the
expression of v becomes very complex as described in the previous section. So, let

us introduce the appfoximate method, by which we can easily evaluate v and the

dynamic performance of the motor.

(V)

av*°

Fig.2.6. Illustrative relation between v and Av' .
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Now, we assume that the relations between the initial value v of v and its
variation Av*® during one cycle are represented by the curves as shown in Fig.2.6
for the various firing angles a; to .

Next, let us study on the process of the change of v*° in the case where the
firing angle is a2 in Fig.2.6. When we express the initial value and the variation
of v in the first cycle by ui{° and Auj®, respectively, the initial voltage v5° in
the next cycle is given by v5°=vj°+Av{°. Repeating a similar treatment, the -initial
value is finally should arrived at the one u!? in the steady state.

Approximating the v™- AU curves by the dotted straight lines as shown in
Fig.2.6, the above mentioned process is simplified and the following linear
difference equations

U1 =u*+Ay°,

AU =Aui®-m (Ut°-vi°),

c.17)
k=1,2,.... ,
where
m=-dAv*®/dv*°,
y® and Ay® : initial value and variation of v in k-th cycle,
are obtained. Solving Eys. (2.17), we can obtain
uS=US (1= (1-m)*} +uie (1-m)k, 2.18)

where
UZ3=%}°T v§°=v7°+AvT°/m,
O<m<2 : convergence condition of v*® when k tends to infinity.

Here, with respect to the value of m, we can find it graphically from the
v'°—Au*® curve for a specific firing angle a. However, in the case where the motor
rotates continuously as shown in Fig.2.5(c), it is convenient that we look for the
value of m in the following manner. As t» is the function of v*°=u® as seen in
Eq. (2.12), we have

m=-dAv*° /du*®=- (8 Av*° /3 t2 ) (dl2/du*® )— B Av*° /D u*°. 2.19)

Calculating 6Av*°/0t2 by using Egs.(2.14) and (2.15), we can obtain
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0AU™ /3 ta=x3(t-t2)i2(t2)/C=0 . Consequently, m can be expressed as follows:
m=-3Av*°/Qv=1-x3 (T-12 )xe22 (t2). (2.20)

From the exponential functions y3(r-t») and x222(t2) given in Fas.(2.9) and
(2.11), the condition O<m<1 is derived for the usual dc motor, in which J/F>L/R is
satisfied. Also, replacing the term (1 - m) in Eq. (2.18) by exp(-t/Ty), % is
rewritten as

U =U (-7 Ty yjfoe kT, @.21)
in which T, is an equivalent time constant of the motor and is given by
Ta=-t/log(1-m)=-1/1log {x3 (v-t2)x222 (t2)} , (2.22)

Consequently, we can see that the initial value v*° changes discretely wiih the
time constant T, and the period T. In this connection, there was a paper[EBJ in
which the change of 1f° is represented by a continuous function of the time t, but
the one should be done by the discrete function as shown in Eq. (2.21).

Next, let us consider the dynamic pérformance of the motor when a is changed to
a+tAx. In this case, the changes of the values t2 and t3 given by Egs. (2.14) are
assumed to be very small for Aa, and the change of T, given by Eq. (2.22) can be
neglected. The gain K, of the motor for Aa can be obtained by using Egs. (2.14), as
follows:

Ka=Av""/AcE O U2 /0 (A2 /D t2) (dta/da), 2.23)
where
Av°=Av} : variation of v for a due to Aa.
From Egs. (2.21) and (2.23), the relation between Av*™® and Aa is now expressed

by the following transfer function

AV (s) K '
G )= 3als) ~STorl” @.24)

where
Au*°(s) : s-function of Av*°,
Aa(s) : s-function of Aa.

This transfer function G(s) is very useful to analyse the dynamic characteristic of



the motor. Now, the one in Fig.2.1 is evaluated by the equivalent sampled data
system, as shown in Fig.2.7, where

Av : change of voltage v,

Av™ ! change of initial value of v,

Av, : change of input voltage v,,

Ao=K.Av, @ change of «,

H(s)=(1-¢™°)/s : zeroth order holding circuit,

K. : gain in controller,

Ss ! sampling switch with period T.
The holding circuit H(s) and the sampling switch S; are used, because «a is
periodically given to the rectifier circuit and is kept constant during t. This
sampled data system is easily applied in the case‘where the motor is driven with
the speed feedback. Figure 2.8 shows the equivalent system with the speed feedback,
where |

Aa=K. (Av,.-KpAu'®),

e=Av,-KyAv : offset,

Ky, ' gain in feedback circuit.

S
S b
8 O—AV+°
Ay, —K J— T s ) |22 G(s)—J—/—AV

r

Fig.2.7. Equivalent sampled data system without speed feedback.

r

S,
[—o‘ o——AV+°
dv, —o-2k "ol 51 -2 1605 ) Av

Ky

Fig.2.8. Equivalent sampled data system with speed feedback.
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2.3.2 Pulse transfer function

To analyse the motor performance by using Fig.2.7 or 2.8, it is convenient to
use a pulse transfer function.[41] We first introduce the pulse transfer function
of the control system with the speed feedback, as shown in Fig.2.8. The total pulse

traﬁsf‘er function G; (z) is given by

A (z)_ KHG(z) p1-b

Gt )= 3o (@) TR (2) Kb @.25)

where
HG(z) : z-function of H(s)G(s),
Av*°(z) : z-function of Av'™,
Av, (z) : z-function of Av,,
z=exp(st), a=exp(-t/Ta), b=a-Kpk:K,(1-a)=a(1+KK Ky )-KsK:K,,
K=K Ka/ (1+KpK.K, ) : total gain,

Here, let us consider the characteristics of the system given by Eqs. (2.25). As
the value of K. increases, K and € approach closely to 1/Ky, and zero, respectively.
However, b becomes negative and the motor performance becomes oscillatory.
Especially, the instability of the motor performance may happen when |bl<1. Then,
the useful value of K. is limited. There is another limitation for K. that the
firing angle a+Aa of thyristor must satisfy the conditions of Eysin{a+Aa)>v™® and
0=a+Aa<180" , where Aa=K.c€. |

The pulse transfer function G,(z) is useful when we wish to calculate the
transient or frequency response of the motor. The transient response can be
obtained by reversing the z-function Av* (z)=G; (z)Av, (z) to the time function. On
the other hand, when Av, is varied sinusoidally with the angular frequency w,, the
frequency response is derived as follows:

Gt (2)=Re+iln, 2.26)

where

U

V-1,

z=exp (jo,T), J



=K(::ggégzzaizgéb) . real part of G;(z),

R

9__K(l—b)sinw,r

= . imaginar art of G; (z).
" 1-2bcosw, T+b? ag yp t(2)

And the vector trajectory of G;(z) is plotted by the following circular equation

_bK 2 g2 K 2 |
((Re l+b) +9u —(1+b) . (2.27)

Next, in the control system without the feedback, as shown in Fig.2.7, the
pulse transfer function and the frequency response are obtained by putting K,=0

into Egs. (2.25) to (2.27).

2.4 Numerical Calculations and Experimental Results

In the previous sections, we presented a theoretical method, by which we can
analyse the dynamic and the steady performances of the motor control circuit in
Fig.2:1. So in this section, in order to investigate the appropriateness of our
method, let us compare the results of the numerical analysis with the experimental
results, and also add some new contributions to the speed control technique of the
motor by the thyristor rectifier circuit. Next, when the motor is controlled by the
rectifier circuit, some inductance is usually added to the armature circuit to
reduce the abrupt change of the armature current, because the abrupt change of'ten
gives a bad influence on the commutation characteristics of the motor, such as the
commutation spark. [42],[43] Therefore, we also investigate the influence of the

inductance on the characteristics of the motor.

2.4.1 Experimental circuit
Figure 2.9 shows the schematic diagram of the experimental circuit, where
g : gate signal for thyristor T},

I : ammeter to measure average value Iy of current i,



V . volt meter to measure average value Vy of counter emf v,
v, . input voltage to contrdller,
Uy=U/K;q © output voltage of Ty,
Kig : voltage coefficient of T,
G. '@ generator to regulate load of M,
M : supplied dc motor,
Ri ! load resistor of G.,
Ty : tachometer generator,
T, . transformer.
In the circuit, the firing angle a of T} is regulated by v,, and the load of M is

adjusted by changing the one R; of G,.

3

Ve —{Control lar |+ Fuz Field
T NN T
I

AC
Source e
Voltaoge

1 J

Fig.2.9. Schematic diagram of experimental circuit.

In the controller, there is prepared the linear relation between E,cosa and the
offset €, because the term E,cosa is involved in the average value E; of e as shown
in Egs.(2.15). Figure 2.10 shows the operation block diagram of the controller to

generate the gate signal g, where



.

e=v,-Kpv : offset,

E,sinwl : ac supply voltage and w=2zf,

e, . bias voltage for comparator,

ec : output of comparator, which determines «,

e1=Kie . output of limited amplifier and O=e;=ej, ,

el - maximum voltage of ¢,

e, . output of half-wave rectifier circuit,

e;i=KoE, (coswt-1) for Oswtsr : output of integration circuit,

f : ac source frequency,

Ky and Ki; : gains in feedback circuit,

Ki : gain of limited amplifier,

K> . gain in integration circuit.
The gate signal g and the firing angle a are given by e., which is obtained by
comparing ep, e; and e,; . The illustrative waveform of each signal is shown in
Fig.2.11. We can now obtained the linear relation between E,cosx and e; as follows:

KoL, (cosa-1)=-ep+ey , (2.28)
vhere

e1=K1e=Kj (v,-Kpv'°®) ,

0=¢e1=e

v ! value of v at phase angle a.

Figure 2.12 shows the relation between e; and « in our controller, where

er=5.4 V and e(,=4.8 V. Now, the gain K. shown in Figs.2.7 and 2.8 is replaced by

K.=K\Ky, (2.29)
where

K=Ao/Ae; ,

Ae; and Aa : va}iations of e; and «,
in which K, is evaluated from Fig.2.12.

According to Figs.2.9 to 2.12, we can change the firing angle «a by regulating

vy, where 15 =a=140° . Also, we can drive the motor M with or without the speed
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feedback by setting K,>0 or Kp=0.

Next, Table 2.1 presents the specification of the servomotors which are used
for both M and G,, and Table 2.2 the values of circuit parameters, where we assume
that the impedance of the transformer T, and the forward resistance of Ty, are

negligible. The actual waveforms of e, i and v are measured with a synchroscope or

Y.
a photo-recorder.
150
©
v
| 559
o
O
o
~ 100
8
¥
50
1 1 | 1 )]
0 1 2 3 4 5
e (V)
d Fig.2.12. Relation between e; and a.
Table 2.1 Specification of dc motor
Type(maker) ID13-5
(Sanyo Electric Co.)
Rated power 200 W
Rated voltage ' 100 v
> Rated current 2.7 A
Rated speed 3000 rpm
Rated field current 250 mA




Table 2.2 Circuit paramers

Mechanical parameters Electric parameters
J =0.00214 kg-n C=14.0 oF
Qs = 0.263 N-n Is = 0.672
Q =0.168 N-n Iq = 0.430
F = 0.000364 G =2.38
to 0.0299 to 195.6 nS
N-m-s/rad Em = 141.4 v
Kv = 0.391 V-s/rad f =60 Hz
Kt = 0.391 N-n/A R’= 14.1 Q
Ktg = 5.038 L =6.3,46.9,
108.7 oH
Eb = 2.48 v

2.4.2 Steady characteristics[36],[37], [38]

The fundamental characteristics of the motor in the steady state is
investigated, where Ky,=0 is set in the controller shown in Fig.2.10.ana so the
motor is driven without the feedback.

(1) Instantaneous waveforms

Figure 2.13 shows the examples of instantaneous waveforms of i and v for
a=60" , G=20.9 mS and some values of L, which are calculated by using Egs. (2.9),
(2.11) and (2.14). From the figure, we see that the fluctuation of the motor speed
is negligible, because our dc motor has a large value of inertia of moment as shown
in Table 2.2. Furthermore, when the value of L increases, the conducting duration
of 1 increases but the peak values of i1 and v decrease. In Fig.2.13, the
experimental results which are measured with a synchroscope are added, too. By
comparing the calculated results with the experimental ones, we see that the good

agreement is obtained.
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Fig.2.13. Instantaneous waveforms of 1 and v for G=20.9 mS and «a=60"

(2) Speed-torque characteristics

In Figs.2.14 to 2.16, the calculated Ig—-V4 curves, corresponding to the
speed-torque characteristic ones, are presented for several values of « and L, and
also some experimental results are plotted. The small difference between both
results 1is surmised to be caused by the armature reaction of the motor, the
nonlinearities of circuit parameters and the measurement errors. From the figures,
we can see that Vy for a specific firing angle decreases steeply according to the
increases of Iy and L. We think that this is owing to the ohmic voltage drop RI4
and the large decrease of the terminal voltage Eq in Egs. 2.15).

Now, the fluctuation of v is very small as shown in Fig.2.13, so we can suppose
that the conventional analysis, in which the motor speed is assumed to be constant,
is available occasionally in the analysis of the steady characteristics. As it is
assumed that v=Vy is constant in the conventional method, so this method is
convenient to analyse the relations among V4, Iy and «. However, the method is not

useful to investigate the precise dynamic characteristics of the motor.
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2.4.3 Transient characteristics[32],[37],[38]

Figure 2.17 shows the representative oscillograms of e, i and v in the
transient state, where a=60" , L=6.3 ml, G=20.9 mS and K,=0.

In Figs.2.18 and 2.19, we plot some examples of the calculated relations
between v*® and Av*® and also some experimental results, which are measured from
the oscillograms of v. Comparing the calculated results with the experimental ones,
fairly good agreement is obtained.

As described in Article 2.3.1, we can easily see the transient performance of
the motor from the characteristic curves in Figs.2.18 and 2.19. In this connection,
when v exceeds E,sina , for example «=20 and v™°>48.4V in Fig.2.18, the
thyristor is not turned on and v*® drops from the right end of the curve for «=20
to the one for a=180" . The curve for a=180" shows the relation in the case where
T, is not turned on and the motor rotates only by its inertia.

As shown in Figs.2.18 and 2.19, it can be seen that the v*°-Au*® curves are able
to be fairly well approximated by the straight lines independently of the values of
L, G and a. Then, we can evaluate T. given by Eq. (2.22). In Fig.2.20, we plot the
relation of T, vs. a for some values of L and G. From the figure, we see that Ta 1is
much influenced by G rather than L, because the mechanical time constant J/F=C/G is
much larger than the electric one L/R in our motor. Next, let us compare the value
of T, plotted in Fig.2.20 with the one of T4 given in Eq. (2.16). The former is
several times larger than the latter, as, for example 0.63<T,<1.42 s and
T4=0.191 s for G=2.38 mS or 0.27<T,<0.51 s and T4=0.152 s for G=20.9 mS, because
there can exist a duration when the armature current is blocked and the motor is
decelerated in our rectifier circuit.

In Fig.2.21, we plotted the calculated transient values of v for a=60" ,
which are found by putting the values of T, obtained from Fig.2.20 into Eq. (2.21),
and the experimental ones which are acquired from the oscillograms of v. It is seen

that the calculated results agree well with the experimental ones.
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2.4.4 Transfer function(31]-[38]

In Figs.2.22 and 2.23, there are plotted the relations of Ky' =K.Ka=AU*°/Ae;, T,
and u? vs. e; and a for several values of L and G, which are obtained from
Egs. (2.14), (2.22), (2.23) and (2.29), and Figs.2.12 and 2.20. By using Figs.2.22
and 2.23, we can easily estimate the dynamic characteristic of the motor, such as a
frequency response, for the variation of v, or e;=K; (vr-Kpv™) in the controller.

Next, the term K.K, in the pulse transfer function G: (z) given by Egs. (2.25) or

(2.26) is replaces as

»
o
3 1100
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~ —~—
b
>
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/
a (degree)
fo /0w e R .
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a (V)
Fig.2.22. Relations of K., T,, w° and a vs. e; for G=2.38 mS.



K.K.=K\K, ', _ 2.30)
where
K.=K\K, ,

Ky =KsKs .
From Fig.2.22, we can see that K,’ and T, are fairly influenced by el, in the

case where the motor load, namely the value of G, is small. Thus, we can partially
use the block diagram shown in Fig.2.7 or 2.8 and G: (z) given in Egs. 2.25) or
(2.26), vhere the parameters K., K, and T, are assumed to be constants independent
of the variation of e; or a. In order to limit the variation of e; shown in

Eq. (2.28), we set K;=1.06 in our controller shown in Fig.2.10.
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Fig.2.23. Relations of K,, T.,, v and a vs. e; for G=20.9 mS.



2.4.5 Frequency responses (331, [34], [37], [38]

The caluculated frequency responses of the motor for G=20.9 mS and L=6.3 and
108.7 mH are presented in Fig.2.24, where K,=0 and the motor is driven by a basic
firing angle a=80" , which is obtained for e;=2.6 V, without the feedback. Here,
for numerical calculation of the frequency responses by Egs. 2.26), (2.27) and
(2.30), we use the following conditions

K,"=11.9 and 10.9,

T,=0.422 and 0.515 s, . 2.31)

Ki=1.06.
where most values of these parameters are derived from F ig.2.23. The experiment is
made by regulating v, in Fig.2.9, where we have 1,=2.45+0.283sin(@rf,t) to prepare
e=2.6+0.3sin(@rf,t) . Also, the actual frequency responses are measured by using a
transfer function analyser.

In Fig.2.24, the gain (®%+92)/2 of the pulse transfer function G;(z) is much
decreased for the input frequency f,>1 Hz, so we can see that the motor can't
respond to the abrupt change of v,. This is causéd by the large value of the time
constant T, . Also, by our numerical conditions shown in Egs.(2.81), the relation
0.96<b=a=exp (-7/T, )<0.97 1is satisfied, and the relation bK/ (1+b)=K/2 1is obtained
bfor 6.3<L=<108.7 mH , where 11.5<K=K|K,<12.7 .

Next, the calculated frequency responses for G=20.9 mS, a=80 and L=6.3 and
108.7 mi are shown in Fig.2.25, where the motor is driven with K,=0.5. The
experimental results are obtained by driving the motor, where v, 1s regulated to
give ¢)=2.6+0.3sin@xf,t) V. From Fig.2.25, we can see that both loci of the
frequency response for L=6.3 and 108.7 ml draw considerably near each other, since
b and K in Eq. (2.27) are

b=0.717 and 0.785,
} 2.2)
K=1.73 and 1.70,
for L[=6.3 and 108.9 ml, respectively, although the values of K, and T, differ as

shown in Egs. (2.31).
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Fig.2.24. Frequency responses for G=20.9 mS, K»=0, a=80" and ¢;=2.6V .
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Fig.2.25. Frequency responses for G=20.9 nS, Ky=0.5, a=80" and e;=2.6 V.
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From Figs.2.24 and 2.25, we can also see that the motor with the feedback
responds faster to v, than the one without the feedback. However, we must take care
that the small vibration of the motor speed may increases when the motor responds
very fast to v,. When this vibration is too large to satisfy the relation given by
Eq. (2.28), the motor performance in the actual control circuit shown in Fig.2.9 may

become unstable. Hence the usable values of K; and K, are limited.

2.5 Conclusion
The main results derived from the above investigations are as follows:

(1) The fundamental equations to analyse dynamic performances of the motor
controlled by the single-phase half-wave thyristor rectifier circuit were
introduced. In the equations, the fluctuation of the motor speed, the friction
torque of the motor and the voltage drops on the brushes were considered, which are
important factors for researching the motor performances. Next, the theoretical
solution of the equations were obtained by using the four fundamental circuit modes
which depend on the situation of the motor speed and the armature current which
flows interruptedly.

(2) The transfer function of the motor controlled by the half-wave rectifier
circuit was approximately derived from the‘analysis of change of the motor speed
during one cycle of the ac supply frequency. By using the transfer function, the
equivalent first order sampled data system, by which the dynamic characteristics of
the motor can easily be calculated, were introduced. Also, in order to analyse the
dynamic characteristics, the pulse transfer function and the frequency response in
the rectifier control circuit were obtained.

(3) From the calculated results of the steady characteristics, which were
obtained by the mode analyses, it was made clear that the average value of the
motor speed decreases steeply with increases of the armature current and the

inductance in the armature circuit. This is caused by the ohmic voltage drop and
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occurrence of the large decrease of the armature terminal voltage.

(4) The influence of the inductance on the transfer function of the rectifier
control circuit was investigated. The approximate time constant and the gain in the
transfer function vary very much with change of the firing angle of the thyristor,
wvhen the inductance is small and the change of the armature current during one
cycle is large.

(9) It was made clear that the approximate time constant Ta of the motor
controlled by the half-wave rectifier circuit is several times larger than the
analytical one T4 of the motor driven by the continuous direct current.

(6) It was shown from the calculated results of the frequency responses that the
response speed of the motor can be accelerated by using the speed feedback control
system.

(7) Appropriateness of the theoretical analysis was verified by ascertaining that
the calculated results of the steady characteristics, the transient and the

frequency responses agree well with the respective experimental ones.
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CHAPTER 3

DYNAMIC CHARACTERISTICS OF DC MOTOR
CONTROLLED BY THYRISTOR CHOPPER CIRCUIT

3.1 Introduction

A thyristor chopper circuit is available for obtaininga regulated voltage from
a constant dc voltage source, and so the circuit is often used for the speed
control system of a dc motor such as the one of an electric motor car. As described
in the preceding chapter, the speed of the dc motor is efficiently controlled by
regulating the armature terminal voltage of the motor. When the terminal voltage is
regulated by a thyristor chopper circuit, the armature current flows intermittently
and so the motor fluctuates a little.

Until now, a considerable amount of information describing the performance of a
motor controlled by a chopper circuit has been published.[19]"[25] However, the
analysis of the characteristics in the steady state has been mostly carried out
under an assumption that the fluctuation of the motor speed is negligible. Research
reports that have analysed the dynamic characteristics considering the fluctuation
are rarely found.

In this chapter, first, a theoretical method to analyse the dynamic and steady
performances of a separately excited dc motor controlled by a chopper circuit is
introduced by using the theory of periodically interrupted electric circuit.[27] In
the method, the fluctuation of the motor speed, the friction torque of the motor
with a load and the voltage drops on the armature brushes are considered as in the
preceding chapter. These factors have not been considered by the conventional
theory, but they are important for researching the motor performances . [44]-[49]

Also, as in the preceding chapter, transfer and pulse transfer functions of the
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motor control system are introduced to present an good approximate method of the
above precise one. And it is shown that the dynamic characteristics can be
evaluated by an equivalent second order sampled data system.

Next, the steady and the dynamic characteristics are investigated in detail
theoretically and experimentally.

In this connection, the author confirms the appropriateness of the theory by
showing that the calculated results agree sufficiently well with the experimental

results,

3.2 Fundamental Theory

3.2.1 Chopper circuit and fundamental equations
Figure 3.1 shows a circuit diagram of a thyristor chopper circuit for the speed
control of a separately excited dc motor, where
e : output voltage of chopper circuit,

E . dc supply voltage,

Ve —Controller

—
T

Load

Fig.3.1. Chopper control circuit of separately excited dc motor.
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1 ! armature current,

n : motor speed,

v, . input voltage of controller,

L : total inductance of armature circuit,

R : total resistance of armature circuit,

C. : condenser in commutation circuit,

L. : inductor in commutation circuit,

Dy : freewheeling diode,

Thi : main thyristor,

Tz and Tp3 : auxiliary thyristors in commutation circuit.
In the figure, the armature terminal voltage e is varied by changing the conduction
interval of the main thyristor Ty . The conduction interval of Tnt is regulated by
v, of the controller. When the motor speed is fed back to the controller, the motor
is more precisely controlled. The thyristor Ty is periodically turned on by gate
signals generated by the controller, and then the armature current i is supplied to
the dc motor from the dc voltage source E. Just after the auxiliary thyristor T
is turned on, Thf is turned off by the aid of the reverse voltage charged in the
condenser C., and then the current i transfers from Tj; to T . After a short time
i.e. the commutation interval, C, is recharged with E and so Tj» is turned off.
Subsequently, 1t circulates through the freewheeling diode D; until 1 decreases to
zero, or Tp 1is turned on again. The polarity of the voltage of C. is reversed in
the resonance circuit consisted of C. and L. when Tj and another auxiliary
thyristor Tj3 are turned on. The reversed voltage of C. helps to turn Thi off. In
this connection, many other types of chopper circuit containing the variou:
commutation circuits were proposed.[5]'[6]’[7] Also, in recent years, the chopper
circuit without the commutation circuit were devised,[71:[50] in which a
gate-turned-off thyristor or a power transistor is used in place of such main
thyristor as Ty in Fig.3.1.

The performance of the dc motor in Fig.3.1 can be analyse by the following
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fundamental equations:

e=Ldi/dt +Ri+K,nt[Ey, @.1)

Kii=Jdn/cdt+Fn+Q, }
where

e : output voltage of chopper circuit,

Ey : brush voltage drop,

F : viscous friction coefficient of motor with load,

J : moment of inertia of motor with load,

K: : counter electromotive force coefficient of motor,

K, @ torque coefficient of motor,

Q : Coulomb friction torque of motor with load.

In this connection, in the conventional analysis, where the fluctuation of the
motor speed is ignored, the following equations
e=Ldi/dt+Ri+K,N,

}> 3.2)

Ky I4=FN+Q,
where

I4 : average value of 1,

N . constant motor speed,
have been used. By Egs.(3.2), the steady characteristic of the dc motor can
approximately be evaluated, but the dynamic one can’'t be done accurately.

We nov assume that the turn-on and turn-off intervals of the thyristors and the
commutation interval of the chopper can be neglected. Also, for simplifying
analysis of circuit performances, we neglect an armature reaction of the motor and
the nonlinearity of the circuit parameters. Then, Eqs. (3.1) are transformed to the
following electrical equations,

e=E\H(t)-EalI(t")

=Ldi/dt+Ri+ v+ By, 3.3)
1=Cdu/dt+Gu+1g,

where



E\=E-Esny,  E2=E+Egqp, ' =t-ton,

E:., : voltage drop in T}, ,

Eqy : the same one in Dy,

H(t) : unit function,

I1,=/Q/K: '@ equivalent forced current of Q,
v=K,n ! counter electromotive force,

ton : conduction interval of Ty ,

o=ty /T . duty factor of chopper,

T . chopper period,

C=J/(KK,) : equivalent capacitance of J,

G=F/(K:K,) : equivalent conductance of F.

3.2.2 Circuit modes.
We can divide the circuit performances into four fundamental modes depending on
the situations of i and v as follows:
mode O : 1 is zero and motor is at a standstill,
mode 1 : 1 is supplied, but motor can’'t rotate because lack of K;1i,
mode 2 : motor is driven by 1,

mode 3 : i is blocked and motor is rotated by inertia.

-y

The situations of 1 and v in each mode and the criteria for the mode transitions
are shown in Fig.3.2, where

I:=Q;/K: @ equivalent constant current of Q,

Qs - static friction torque which is needed to rotate a stalled motor,

v=K,n : counter emf of motor,

ia=ip(t) : current 1 in mode m,

Ua=U, (1) : voltage v in mode m,
\d t, . duration of interval of mode m,

m=0, 1, 2, 3 : mode number.
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Fig.3.2. Circuit modes.
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Fig.3.3. Electrical equivalent circuit.
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The circuit performances in Fig.3.1 can be analysed by using Egs.(3.3) and Fig.3.2.

3.2.3 Electrical equivalent circuit and mode analysis
(1) Electrical equivalent circuit
From Eqs. (3.3), we can derive the electrical equivalent circuit as shown in
Fig.3.3. In the figure, the switch S, which corresponds to the main thyristor Ty
in Fig.3.1, operates periodically with the chopper period T and the conduction
interval l,,. The diode D; in Fig.3.1 is replaced by an ideal diode and the
equivalent voltage Ej to the internal voltage drop of Dy .
(2) Mode analyses
Let us derive the fundamental relations among e, i and v in each mode from
Figs.3.2 and 3.3.
(1) Mode O
We can readily arrive at the following equations
e=0, 1=0, v=0. (3.4)
(ii) Mode i
Replacing e, 1 and v in mode 1 by e, i; and v; , respectively, Egs.(3.3) are
transformed into
er=Ldv /dt+Ri+Ey,
} (3.5)
v1=0.
The above equations can be solved easily by the Hayashi theory of periodically
interrupted electric circuit, [27] and the solutions are expresscd by the following

matrix form

Lo Jmeoronan| ] @.6)

where

(Ey-Ep) (1-e" LUt ) /R-E2 (1~ RIS ) /R }
O *

(& (1)) [

(X (8)) =L Uy H(L),
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11° and v{® : initial values of i and v.
(iii) Mode 2
y The circuit performance in this mode is analysed by Egs. (3.3). By using the

Laplace transform and putting e=ep, i=ip and v=v», Egs.(3.3) are easily solved and

the solutions are obtained as follows:

i2 ] _ i%°
[1}2]—[¢2(t)]+[xz(t)][v§o] @7
where
_e-l__ 1 [ sC+G -1 ez2(s)-Ey(s)
(&) ] G ]| “Io(s) ]
=|: (E1-Ep) {Gagy (1)/ (RG+1)+g2 (t)/L} +quz(t>/(RG+l):|
(E1-Eb )1 (t)/ (RG+1)-I4 {Rg1 (1 )/ (RG+1 )+g2(t)/C}
_[Ez{ng(t’V(RGH Mgz (t7)/L} ]
Ezg2(t° )/ (RG+1) ’
_o-i_1 [ stG/C -1/L T_[ 93(t)-0g2(t) -g2(t)/L
@) =5 Ve sk | Potte gs<t>+ogg<t>]
in which
! D(s)=s2+ (R/1+G/C)s+ (RG+1)/ (LC),
g1 (1)=H(t)-Rg2(t)-g3(t),  g2(t)=eMsinhptH(t)/u, g3(t)=e coshutH(t),
2=0.5(R/L+G/C), 0=0.5(R/L-G/C), p={d*-1/1C)} 2,
e2(s), Ep(s) and I,(s) : s-functions of ez, Ep and Iq,
s : Laplace operator,
e inverse Laplace transform,
i3° and v5° : initial values of iz and .
v
(iv) Mode 8

The circuit equations are given by



>«

-y

e3=v3,

(3.8)
13=0=Cduv3/dt+Gus+1,,
and the solutions are given by
13 13°
= (¢ X .
[ 5] [3<t>1+[3<t>1[v§o] 3.9)

vhere

) 0
(83(t)) —[ T, (1-€7/C) Qi (1) ] '

(X3 (t)) =*%C (U H(t),
e3, i3 and 13 : e, 1 and v in mode 3,

13°=0 and v3° : initial values of i3 and u3.

3.2.4 Analysis of circuit performances for one cycle and steady ones
The dynamic and steady characteristics of the electromechanical system in
Fig.3.1 can be obtained by analysing the circuit performances during one cycle of
the chopper frequency. We can readily think of the following four cases concerning
to the circuit performances during one cycle
case 1 : motor doesn’t rotate,
case 2 : motor, which stops, begins to rotate,
case 3 ! motor rotates continuously,
case 4 ! motor, which is rotating, stops.
These circuit performances can be analysed by using the criteria in Fig.3.2 and the
results of mode analysis for the equivalent circuit shown in Fig.3.3. Here, we
analyse the circuit performances, in the case 8 where the motor rotates
continuously, which are concerned closely with the motor speed control.
We first analyse the circuit performances where i flows interruptedly. In the
k-th cycle from the first cycle when the duty factor a of the chopper is settled,
modes 2 and 3 appear successively, as shown in Fig.3.4. In the figure,

1; : current in j-th cycle,
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K——— k-th cycle ——>
mode 3-¢—mode 2 —%¢ mode 3 M mode 2

Vk-1 Vk \ Vk+1
\/ |

g

. ix+1
1k-1
—
t3,x-1 — 12,k ——e—t3,k t2,x+1
e— T

Fig.3.4. Illustrative waveforms of i and v in k-th cycle.

v; : voltage in j-th cycle,
t2,; : duration of mode 2 in j-th cycle,
t3,; : duration of mode 3 in j-th cycle,

j=k-1, k or k+1.

By using Egs. (3.7) and (38.9), the current i=i; and the voltage. v=uyx 1n the k-th

cycle are expressed as follows:

for O=si<tr =7,

[ 3] 2r = e + oty [:}z’;]

Uk w2k

for O=st=t3 =7,

(8] 8] con s e [ ]

where
t2x and i3 : durations of modes 2 and 3, respectively,

Also, 12k, 13k, 2k and usy - must satisfy the following conditions

3.10)

@3.11)
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*

[ ié‘.’k]z[ 13,k-1 ]t : [ 3% :lz[ 12 k ]: ,
V5% U3 k-p | U3% V2 k 27

12%=13%=0,

to k+t3 k=t.

3.12)

In the steady state when k becomes infinite, the following equations for the

initial values are obtained,

:éo = { (U] - (e (t2)) (Xs(ts)) } ™' { (85(t3)) + (Xa(ts)] (#2(ta)) )
_£°_=[¢2(t2)]+[xz(t2)] [:;]

where
1,°=0 @ initial value of i in steady state,
1p° ! initial value of v in steady state,
t2+t3=T ’
ta : duration of interval of mode m in steady state,

m=2, 3 : mode number.

(3.13)

3.14)

From Eqgs. (3.13) and (3.14), the values of ta, 13, v2° and v§® are determined.

Therefore, we can calculate the instantaneous values of i and v by substituting

those values into Eqgs.(3.10) and (3.11). Also, the average values Ey4, I4 and V; per

T of e, i and v can be calculated easily by using Egs. (3.3) and (3.8). The results

bring the following relations
Ea=at(E-Eth, )= (B-cOEqs~ (1-8)I o (v3°-1%° )C/ (<G),
=RI4+Vy+ By,
Iq=GVgtI,,

vhere

1fr 1t lftzl?dt 1[“ dt
Ed_?oec'_;o 1 +;0v3 ,

I—lft'lt—lft2'dt
d—-_c—_olC *-'E() 12 »
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v, ‘ft 1t 1ft2 llfta t
d—;ovc ") vod -k?o uvsdt,

a=ton/T, B=t2/T.
Next, when 1 flows continuously and only mode 2 appears, i=ij and v=ux in the

k-th cycle are expressed by

[:f;]{ 'ZH:E%UHHXZ(U]I:ziégt:l' 3.16)

in which the initial values i%% and 1% are given by

[i?k]_[i?bl]t )
- s
V% V%1 1 ?

={ (V) - (Xe@) {0 = K@ *'} (8207)) 1 @3.17)
s | B,
V21 J
In the steady state, the initial values are obtained by
[ ]-rw- ce@n) 7 @, (3.18)

and the instantaneous values of i and v are calculated by using Egs. (3.18) and
(3.18). Also, by putting =1 and v{°=v%° into Egs. (3.15), the average values Eq, I4
and V4 are obtained as follows:
Eg=a(E-Esn )- (1-a)Eys
=RI4+Vyt+Ey ,

(3.19)
I4=GVg+I,.

3.3 Analytical Method of Dynamic Performances

The detailed circuit performances of the electromechanical system in Fig.3.1
can be analysed by using the criteria shown in Fig.3.2 and the results of mode
analyses given by Egs. (3.4), (8.6), (3.7) and (3.9). In this section, we show the

analytical method of the dynamic characteristics in the case where the motor
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rotates continuously and the circuit situation is represented by modes 2 and 3 in

every cycle of the chopper frequency.

3.3.1 Transfer function.
When the dc motor is driven by a dc source, the transfer function Gy(s) of the

system is usually expressed as follows: [39], [40]

_Au(s)__ 1 _Rer
Cd($)=he () RO LOD(S)” 8.20)

where
D(s)=s%+(R/L+G/C)s+ (RG+1)/(LC)
Ae(s) : s-function of increment of dc source voltage E,
Av(s) : s-function of increment of v caused by Ae (s).
Here, let us introduce the theoretical transfer function G(s) in the case where
the dc motor is driven by the chopper circuit and « is changed by oa+Ax. When 1
flows continuously and only mode 2 occurs, the characteristic equation D(s)=0 is
the same in Eq. (83.20). However, when i flows interruptedly, D(s) is not decided
exactly, because the circuit performances are divided into modes 2 and 3. Hence, we
introduce the approximate characteristic equation and then the transfer function.
Let us assume that the circuit situation for « is in the steady state, and so
the values of i'°=i3°, v™°=1%°, t» and t3 are determined by Egs. (3.13). We also
assume that the variation Aa is very small and so the durations t2 and t3 for a+Ax
are nearly equal to those for a. Then, we can solve the following gradual equations

for o+Ax

ié‘.’k:l [ 13, k-1 ] l: iﬁ‘.’k]_[ iz.k] 3.2
= ey = =ta. .21
l: V%K vz -1 11710 V8% w2 { )

By using Egs. (3.10) and (3.11), the following result is derived, [Z27]



[ ey ]= ((U) - (Xs(ts)) (Xe(t2)) } ™' { (U) = (Xa(ta)) ! (Xa(to)) K1} )

 { ($3(t3)) + (X3(t3)) ($2(12)) a-astal) r (38.22)

T k—l[ 159 } .
+ (X3 (t3)) 7 (X2 (12)) )

In the above equation, the transient term can be given as follows:

(X3 (t3)) T (K ()1 K= (X (k=Tt3)) (Xo(k—1t2))

3.23
g~ k=1)#C/C {E—(k-l)tzsl[ s1+G/C -1/L ]_8_(k_1)t232[ s2+G/C -1/L :I} . ( )

T s1-s2 1/C s1+R/L 1/C  s2+R/L

vhere
s; and sz . solutions of D(s)=0.
By using the parameters
s17=Bs1-(1-B)G/C,  s2"=Bsz-(1-B)G/C,
C'=C/8, G'=G/B, L =L/8, (3.24)
R*=R+ (1-B)LG/ (BC), B=tz2/T,

Egs. (83.23) are transformed into

(X3(t3)) 5! (Xa(t2)) k1= {€-<k—1)rsl'[81’+G'/C’ “1/L ]

S|-S2 1/C st"+R" /L’
Y (3.25)
_e-(k-Dsy’ [ s2"+G /C0 -1/L° ]}
1/C so"+R /L’ ’ J

Thus, the above transient term can be expressed by the following inverse Laplace

transformation
k-1 k-1_ -1 1 s+G' /C" -1/L°
(s (4 (X (t2)) =2 (s | LS ok ) vaene, 3.26)
in which
D’ (s)=(s-s1" )(s~s2")
8.27)
=2+ (R /L 4G’ /C Y)s+(R'G +1)/(L"°C").

In the equation, D’ (s) is the same form with D(s) in Eq. (3.20), and D' (s)=0 is

nov an approximate characteristic equation in the case where i flows interruptedly.
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In this connection, in the case where i flows continuously, by putting t3-0 and
t=t i.e. B=1, in Egs.(8.24) and (3.27), we can get D’ (s)=D(s).
Next, the gain K, of the motor for Aa can be obtained by using Egs.(3.13) and
it is expressed as
Ka=AU" /A= U3° /3 o+ (B U5° /8 t2) (dta/da)+ (3 U/ t3) (dis/da), (3.28)
where
Av°=Av3® : change of initial value of v due to Aa.

Now, the transfer function G(s) between Auv*® and Ax is written by

_Av°(s) ,, R'G+1 '
G(s)= Aacs) KT e D Sk (3.29)

where
Av™® (s) : s-function of Av* ,
Aa(s) : s-function of Aa.

This is transformed to the following expression

_ Kpod
G(S)_sz+2§mns+m§’ (3.80)

where
¢=(R'/L"+G’ /C" )/(2w,) : attenuation constant,
0= { R°G+1)/L"C )} Y2 . natural angular frequency.

The - transfer function G(s) is very useful to analyse the dynamic
characteristics of the motor. The dynamic characteristics in Fig.3.1 is now derived
from the equivalent sampled data system as shown in Fig.3.5, where

Av @ change of v due to v,,

Av™ : change of initial value of v,

Av, : change of input voltage v, ,

Aa=K_ Av, ,

H(s)=(1-¢7*)/s : zeroth order holding circnit,
K. . gain in controller,

Ss : sampling switch with chopper period .
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Fig.3.5. Equivalent sampled data system without speed feedback.

Se
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Kp

Fig.3.6. Equivalent sampled data system with speed feedback.

The switch S; and the holding circuit H(s) are used, because a is periodically
given to the chopper circuit and is kept constant during 7. This sampled data
system 1is easily applied in the case where the motor is driven with the speed
feedback. In Fig.3.6, there is shown the equivalent system with the speed feedback,
where

Aa=K.€,

e=Av,-KpAv : offset,

K, : gain in feedback circuit.

3.3.2 Pulse transfer function

To analyse theldynamic characteristics of the systems as shown in Figs.3.5 and
3.6 which show the equivalent sampled data systems for the dc motor speed control
system controlled by the thyristor chopper circuit, it is convenient to use a pulse
transfer function. We first introduce the pulse transfer function of the control
system with the speed feedback as shown in Fig.3.6. The total pulse transfer

function G; (z) of the system is given by
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A (z)_ KHG(z) KKy (Niz+N2)
Av, (z) 1HGKHG(Z) MyZP+Moz+Ms

Gt (z)= (3.31)

where
HG(z) : z-function of H(s)G(s),
Av'°(z) : z-function of Av™ ,
Av, (z) : z-function of Av,,
Z=exp(sT),
Mi=s1"=s2",  Ma=-My (€7V +£%2 WK KNy,  Ma=Mye™Ct'*s2 )4 JG K KuNo
N|=S|’(l-c’”')—SZ'(l—e’“'), A&=sz’e’”'—sl'£’“'+(31'—sz’)e’“'usf),
si"==Canten ($P-1)172, 52" =~Con-wn (¢3-1)"2.

Now, in the speed control system shown in Fig.3.6, the stable control can be
carried out in the case where the solutions z, and z» of the equation M 22 +Mpz+M3=0
satisfy the following conditions

lz 1 <1, l 221 <1, 38.32)
where

z1= {-M+ QRP-4M1M3 )2} /@My ),

zo= {-Mp~ QP-4M1M3 )2} / @My).
¥When the above conditions are satisfied and the input voltage Av.=AV, is constant,
Av™® in the steady state is readily derived from Egs. (3.31) as follows:

Au”’:i_i)r}) (1-z"Gy (2)Av; (2)=KKahVr/ A +K KK ) 3.33)
where

Av, (z)=AV,/(1-27"),
and also the offset ¢ is evaluated by

e=AV, / (1+KpK Ky ) . (3.34)

Furthermore, we can now obtain the frequency response of the system by
substituting z=exp(jw,7) into Eq. (3.31) as follows:

Gt (z)=0c+j 3, (3.35)

where
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_ KKaly
My (P?+12 ) (P +12)

: real part of G, (z),

g = KCKMIZ
"My (PP12) ()

! imaginary part of G;(z),
fr @ frequency of input voltage v,,
w=2nfy, z=exp(jo,T), j=&/-1,

Li=(Nicosw,T+N2) (a-r2 )N 2 (0+q),  La=Nir (pq-12)-r (Nicose, T+N2 ) (p+q ),
pP=COSw;T-Z{,  Q=COSW,T-Z2, T=Sinw,T.
Next, in the control system without the feedback as shown in Fig.3.5, the pulse
transfer function and the frequency response are easily obtained by putting K;,=0

into Egs. (83.31) and (3.35), respectively.

3.4 Numerical Calculations and Experimental Results

In order to ascertain appropriateness of the above theoretical method, we
compare the results numerically calculated by it with the experimental results.
When the motor is controlled by the chopper circuit, to the armature circuit some
inductance is usually added to reduce the ripple of the armature current, because
the ripple often gives a bad influence on the commutation characteristic of the
motor . [42] , [43] Therefore, we also investigate the influence of the inductance on

the dynamic characteristics of the motor.

3.4.1 Experimental circuit
.Figure 3.7 shows the schematic diagram of the experimental circuit, where
g1, g2 and g3 : gate signals for thyristors Ty, The and T3 ,
I . ammeter to measure average value I, of current 1,
V ! volt meter to measure average value V,; of counter emf v,

v, . input voltage of controller,



Ve —{Control ler

9,{92{9,
TthJ ’

10 Vi

wF | The Ny —]

Fig.3.7. Schematic diagram of experimental circuit.

Table 3.1 Specification of dc motor

Type (Maker) JKMM-6EM
(Yasukawa Electric Co.)
Rated power : 190 W
Rated voltage 0V
Rated current 6 A
Rated speed 3000 rpn
Field excitation Parmanent magnet

-r

Table 3.2 Circuit parameters

Mechanical parameters Electrical parameters
Kt =0.096 N-w/A E =40 )
Kv = 0.096 V-s/rad Eb = 1.02 )
F=10.180 to 4.62 Edf = 0.757 v

oN-»-s/rad Eth = 0.792 v
J =0.000282 Kg-» C = 30.6 wF
Q = 0.0837 to 0.0433 G =0.0195 to 0.502
Nem Ig = 0.872 to 0.451 A
Ktg = 1.44 L =1.4, 42.6, 108 o
R =5.96 9.
7= 1/60 S
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Utg=U/Kig : output voltage of T,,

Kig : voltage coefficient of T,,

G. . generator to regulate load of M,
M : supplied dc motor,

Ry : load resistor for G,,

T, @ tachometer generator.

We can control the speed of M in Fig.3.7 by regulating vy . Also, our experiment
is carried out by a small-sized motor. The specification of the motor and the
circuit parameters are shown in Tables 3.1 and 3.2, respectively. The waveforns of
e, 1 and v are measured by using a synchroscope or a photo-recorder.

Next, Fig.3.8 shows the operation block diagram of the controller to generate
the gate signals g, g2 and g3, where

e, . bias voltage for comparator,

e. : output of comparator, which determines «a,

e;=Kje : output of limited amplifier and 0=e;<e,, ,

eln - maximum voltage of e,

ere : output of rectangular wave oscillator with chopper frequency f=1/T,

esx . skew-wave output of integration circuit,

e=u,-K,v . offset,

Ky, and K;, : gains in feedback circuit,

Ky . gain of limited amplifier,

T . chopper period.
In the figure, g; and g3 and T are given by e,, . Also, g» and a are done by ec,
which 1is obtained by comparing e,, e; and ey . The illustrative waveforms of the
signals is shown in Fig.3.9.

By Figs.3.8 and 3.9, we can get « expressed as following relations

a=Kz (cr1ey )=Ka (K (up-Kyv)+ep ) }

=Ky (v, -Kpv)+0.13,

(3.36)
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Fig.3.8. Block diagram of

controller.
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Fig.3.9. Signal waveforms in controller.
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where

0.132a=0.95, e,=0.13 V, ¢,=0.82YV,

K2=1 : gain in comparator.
The above condition 0.13=0=<0.95 for « is set to acquire the stable operation of
the chopper. Using Eqs.(3.36) and Fig.3.8, the gainAK; shown in Figs.3.5 and 3.6
can be obtained as follows:

K.=K1K2=Kj . (3.37)

3.4.2 Steady characteristics[44], [48], [49]

Here, we investigate the fundamental characteristics of the motor in the steady
state. For this purpose, the motor is driven without the feedback, namely K,=0 is
set in the controller shown in Fig.3.7.

(1) Instantaneous waveforms

In Figs.3.10, 3.11 and 3.12, the calculated steady state waveforms of 1i‘and v,
wvhich are obtained by using Egs.(3.7), 3.9), (3.13); (3.14) and (3.18), are

presented

30r — Calculoted results 76
° Experimental results

>20F,— o —3 143
< [ﬁf Y -
> O —O —U =

10 12

0 . 1 L 0

0o 0.5 1.0

t/T

Fig.3.10. Steady state waveforms of 1 and v for L=1.4 m/l and «=0.4.
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Fig.3.11. Steady state waveforms of i and v for L=42.6 mH and a=0.4.

30 — Colculated results 6
o Experimental results

t/T

Fig.3.12. Steady state waveforms of i and v for L=108 mH and a=0.4.

for L=1.4, 42.6 and 108 mll, respectively, where a=0.4, G=0.0489 S and I,=0.84 A. In
Figs.3.10 and 3.11, the current i flows interruptedly, but in Fig.3.12 it flows
continuously and is fairly smoothed by the aid of the large inductance L. From the
figures, it is seen that the fluctuation of v is very small and the relations of
v=Vqg are satisfied. This is caused by the large value of J, i.e. C. In those
figures, some experimental results measured with a synchroscope are marked, which

agree well with the calculated results.
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(2) Speed-torque characteristics

In Figs.3.13, 3.14 and 3.15, there are plotted the calculated relations between
Iq and Vg for several values of L and «a, which correspond to the speed-torque
characteristics of the motor, where the relations for a=1.0 are obtained by driving
directly the motor with E=40 V.

From Fig.3.13, we can see that V; for «a<1 decreases more steeply with the
increase of Iy than the one for a=1.0. This is owing to the large variation of the
terminal voltage Ey in Egs. (3.15), which occurs in the case where L is small and i
flows interruptedly.

In Fig.3.15, the relations are shown by straight lines parallel with one
another, which are expressed by Vy=E4-RI4-E, . In this case, L is large and i flows

continuously, and so Ej is uniquely determined by a, as shown in Egs. (3.19).

40 ['
—— Colculated resulis
o Experimental results
a=10
—_ 060
>
20 o
o 0.4
>
QZ}k
0 2 4 6

lg (A)
Fig.3.13. Relation between Iy and V4 for L=1.4 nH.
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Fig.3.14. Relation between Iy and Vg3 for L=42.6 ml.
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0
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Fig.3.15. Relation between I4 and V3 for L=108 nll.
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From the relations for a=0.4 and 0.6 in Fig.3.14, we can see that V4 changes in
different manners depending on the situation whether i flows interruptedly or
continuously.

In Figs.3.13 to 3.15, some experimental results are marked, which agree well

with the calculated ones.

3.4.3 Transient characteristics[47],[49]

We investigate the transient characteristics of the motor driven under the
conditions of G=0.0483 S and 1,=0.84 4A.

In Figs.3.16 (a) and (b), we show the calculated and experimental transient
waveforms of e, 1 and v for L=108 mH, a=0.56, and u'°=12 V, where Kp=0 and the
motor is driven without the feedback. The actual input voltage v, is regulated to
get a=0.56 and v=Vy4=12 V in the steady state. We can see that i reaches the steady
state quickly after v, is impressed, but v increases slowly.

Next in Figs.3.17 (a) and (b), there are plotted the calculated and
experimental waveforms e, i and v for v,=12 V and K,=0.18, where Ky=1 and the motor
is driven with the feedback in Fig.3.7. The waveforms in Fig.3.17(a) are calculated
by substituting the relation =K, (v,-v)+0.13 into Egs. (3.16) and (3.17). Some
offset e=v,-K,v remains in the steady state, which was given by Eq.(3.34). In the
figure, the limited operations for « given by «=0.13 or 0.95 occur in early time
after v, is supplied.

Comparing the transient waveforms in Figs.3.17 with the those in Figs.3.16, we
can see that the motor responds to v, more quickly in the case with the feedback
control system than in the case without the one.

Next, in Figs.3.18 (a) and (b), we show the waveforms for K.=1.8. In this case,
we can see that ¢ becomes very small, but the circuit performance is unstable.

In Figs.3.19 (a) and (b), the waveforms for L=1.4 mll are plotted. In this case,
i flows pulsatively and the considerable ripple is observed in the waveform of wv.

These are undesirable phenomena for the precise control of the motor speed.
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Fig.3.16. Transient vaveforms of e, i and v for L=108 mH, Kp=0 and o=0.56.



|

-y

e(V)
| Sm—
 E—
S
)
I
I
—
I
I—
I
—
I
I
I
—
| E—
 I—
| E——

o t—i——— U U UL LI QL L L Ll i i Ui L L L g
12
”~
< =
S
e— v
~~ -
> s
S
>
- i
. "\ AANMNVMNVVVVWVWVAAANAANA
0.0 0.2 0.4
t(s)
(a) Calculated waveforms.
!!01¥L!l!gL!lgglggllchgILtlllpl!ll
¥ Y { X 1 A, 1 1 A 8 ' & —
-
S
o
0 — =
12
v
Py P gt B S—
< — = g — —— —~_~= —
e - I’
P Az
IL
> r—
-~~~
5 ya
3 Lﬁﬁu
> IL’ ITI le
L, j’ 7 VAI‘ i
Il T “{l P C—
—= e e B e e e o e e s S e
o II IL “_IL‘X?I-:% ‘;‘].U_I'lx_‘;};":ll h ¥4 1L A @ § AL A & AL b 9 4 b ¢ 4 e b ¢ 4 b ¢4 b @ gemb
(i ! 1 1 1
0.0 0.2 0.4
t(s)

(b) Experimental waveforms.

Fig.3.17. Transient waveforms of e, i and v for L=108 nH, Ky=1, K.=0.18, v,=12 V

and a=0.18(v,~v™ )+0.13 .
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(b) Experimental waveforms.

Unstable waveforms of e, i and v for L=108 m/l, Kp=1, K.=1.8, v, =12V

and a=1.8(v,-v"°)+0.13 .
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Fig.3.19. Transient waveforms of e, i and v for L=1.4 nll, Ky=1, K.=0.18, v, =12 V

and a=0.18(v,-v"°)+0.13 .
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In this connection, as seen in Figs.3.16 to 3.19, the good agreement between

the calculated results and the experimental ones are obtained.

3.4.4 Transfer function(49]-[49]
The relations of K., Ka, V4, ¢ and @, v.s. a for G=0.0489 S, I,=0.84 A, L=1.4,

42.6 and 108 n#H, which concern to the transfer function G(s) shown in Figs.3.5 and

3.6, are given in Figs.3.20, 3.21 and 3.22, respectively. In these figures, K. is

the critical value of K, to control the motor without instability, which is

caluculated for Ky=1 under the conditions given by Egs. (3.32). As seen in Fig.3.22,
Kee» Koy ¢ and w, for L=108 mlH are independent on «, where i flows continuously. On

the other hand, Figs.3.20 and 3.21 show that those values fairly change with a,

vhere i flows intermittently. Also, from the relations of Va=v" v.s. a, we can see

that the motor can't keep rotating and so Va=0 because of I4<I,, when

0<0.13, a<0.16, or a<0.18 in Figs.3.20, 3.21 or 3.22, respectively.

R
¥

Vg (x2
wn(x4rad/s), xi(L$Q>

Kee (x02),

C.

Fig.3.20. Relations of K,, ¢, w, and K. vs. a for L=1.4 mil.
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Fig.3.22. Relations of K., ¢, w, and K. vs. a for L=108 ml,
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3.4.5 Frequency responses[49]

We investigate the frequency responses of the motor driven under the conditions
of G=0.0489 S, 1,=0.84 A and K.=0.18.

The calculated frequency responses of the motor for L=1.4 and 108 m} are shown
in Figs.3.23(a) and 3.24(a), respectively, where K,=0 and the motor is controlled
without the feedback. The numerical calculation by Eq. (3.35) is carried out by
using respective values of K,, ¢ and w, for the duty factor a to prepare Vyg=12 V
in Figs.3.20 and 3.22. In Figs.3.23 and 3.24, some experimental results are shown,
which agree fairly well with the calculated results. The experimental results are
obtained by using a transfer function analyser, where the input voltage v, in
Fig.3.7 is regulated to get V4=12 V and the variation Ax=0.05sin(@rf,t).

Next, the calculated frequency response for L=1.4 and 108 mH are showvn in
Figs.3.23(b) and 3.24(b), where the motor is driven with the feedback control
system, and K,=1 and v,=12+sin(@nf,t) V. The values of Ky, ¢ and «, are now
evaluated for wv,=12 V. 1In the figures, the experimental results deviate a little
from the calculated results. This is mainly caused by the measurememt error due to
the existence of the ripple component of v, which can be observed froh the
waveforms of v shown in Figs.3.17(b) and 3.19(b).

From the frequency responses in Figs.3.23 and 3.24, we can see that the motor
controlled by the circuit with the feedback system responds to v, about ten times

quicker than the one without the feedback system.
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Fig.3.23. Frequency responses for L=1.4 nfl.
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(b) Kv=1, K.=0.18, K,=31.1, ¢=1.44 and w,=19.9 .

Fig.3.24. Frequency responses for L=108 nll.
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3.5 Conclusion
The main results derived from the above investigations are as follows:

(1) The fundamental equations to analyse dynamic performances of the motor
controlled by the thyristor chopper circuit were introduced. In the equations, the
fluctuation of the motor speed, the friction torque of the motor and the voltage
drops on the brushes were considered, which are important factors for researching
the motor performances. Next, the precise theoretical solutions were acquired by
using the four fundamental circuit modes which depend on the situation of the
armature current and the motor speed.

(2) The transfer function of the motor controlled by the chopper circuit was
analytically derived from the analysis of the transient motor performances. By
using the transfer function, the equivalent sampled data system, by which the
dynamic characteristics of the motor can easily be calculated, were introduced.
Also, in order to evaluate the dynamic characteristics, the pulse transfer function
and the frequency response in the chopper control circuit were obtained.

(3) From the calculated results of the steady characteristics, which were
obtained by the mode analysis, it was made clear that the average value of the
motor speed decreases more steeply with the increase of the average armature
current in the case where the inductance of the armature circuit is small and the
armature current flows interruptedly, than the one in the case where the inductance
is large and the current flows continuously. This is caused by large decrease of
the armature terminal voltage in the former case.

(4) When the armature current flows continuously, the natural angular frequency,
the attenuation constant and the gain in the transfer function are constant. On the
other hand, when the current flows interruptedly, the above parameters considerably
vary with the duty factor of the chopper circuit.

(®) Through the studies on the transient and the frequency responses of the
motor, it was clarified that the speed response of the motor driven with the

interrupted armature current is later than the one driven with the continuous

[(]
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current. Also, it was shown that the speed response of the motor can be accelerated
by using the speed feedback control system.

(6) Appropriateness of the theoretical analysis was proved by ascertaining that
the calculated results of the steady characteristics and the transient and the

frequency responses agree well with the experimental ones.
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PART II

TWO-DIMENSIONAL ANALYSES OF TRANSIENT BEHAVIORS OF
MAGNETIC FLUXES IN COMMUTATING ZONE AND SO ON
OF SMALL-SIZED DC MOTOR
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CHAPTER 1

GENERAL INTRODUCTION

1.1 Research Trend and Problem

As already described in Part I, the dc motors have a better speed-torque
characteristic than the ac motor, and so it is widely applied as the precise
variable speed machines, such as mill motor, traction motor, industrial servomotor,
etc. And the torque and the speed of the dc motor are accurately, widely and
quickly controlled by using the thyristor rectifier or chopper circuits. Here, in
order to make the best use of the superior characteristic of the dc motor, it is
essential to maintain always a good commutation characteristics not only in the
steady state where the armature current is constant but also in the transient state
where it abruptly changes.[l]'[z]»[3]

As 1is well known, to keep the good commutation, the ohmic and the reactive
voltage drops in the commutated armature coils and the contact voltage drops
between the brushes and the commutator segments must be immediately compensated by
the speed electromotive forces(emf's) induced in the coils, that is called the
commutating voltages. Here, the ohmic, the reactive and the contact voltage drops
concern directly the armature current. On the other hand, the commutating voltage
concerns the so-called commutating magnetic flux in the commutating zone containing
the interpole airgap, which is mainly governed by the interpole exciting
magnetomotive force(mmf), the armature reaction mmf, the magnetic reluctances of
the interpole airgap and core, the armature and the yoke, and the eddy currents
induced in the yoke and the interpole liners.

Therefore, even when the good commutation is maintained in the steady state, it

is often deteriorated when an abrupt change of the armature current is occurred by
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the fluctuations of the motor speed or load and so a regular distribution of the
magnetic flux is disturbed. Especially, a serious commutation spark can occur when
a large transitional delay of the response of the commutating flux to a change of
the armature current is brought by the transient eddy currents induced in the yoke,
the interpole liner and core, etc.. Because, due to the above delay of the
commutating flux, the commutating voltage can't immediately compensate the voltage
drops in the commutated coils.

Now, in large-sized and special small-sized dc motors, the laminated cores are
used not only in the armature, the main poles and the interpoles but also in the
yoke, in order to decrease the eddy current which delays the transient response of
the commutating flux. On the other hand, in usual small-sized dc motors, the yoke
is made of a solid core by economical and industrial reasons. Therefore, it is very
important to analyse the transient response of the commutating flux of the usual
small-sized dc motors, in whose yoke the eddy current is induced.

However, the study on the transient response of the commutating flux has not
been done sufficiently because of difficulty of the analysis due to a complicated
configuration of the dc motor, nonlinear magnetization characteristics of the
structual cores, complicated influences of the transitional eddy current, etc..
Namely, in the early studies, the commutating flux in the steady state was
analogically solved by using the analytical methods such as the images method, the
mapping one, the separation of variables, etc. in a two-dimensional cross-section
perpendicular to the motor axis, on the assumptions that the structual cores have a
infinite permeability and so the magnetic circuit of the dc motor can be simplified
very much. [4],[5] In this connection, even now, the Carter coefficient[4], which is
introduced by Carter in 1901 year, is used to estimate the influence of the
armature slots on the commutating flux. Also, the graphical mapping methods
introduced by Stevenson et al.[6] in 1927 year and others[1], (5], [7] yere used to
obtain the approximate flux distribution of the interpole flux, by which, though

the troublesome handworks are needed, the complicated shapes of the interpole, the
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main pole and the yoke can be fairly considered.

In the recent studies, the two-dimensional steady flux distributions in not
only the interpole airgap but also the interpole core, the armature, the yoke and
the main pole were analysed approximately by using a large-sized digital computer
and the finite difference(8].[9] and the finite element methods, (10] in which the
complicated cross-section of the dc motor and the nonlinear permeability of the
iron cores are considered. The fairly precise steady flux distributions obtained by
Erdelyi, et al.[8] in 1970 may be used to investigate the commutation
characteristics in the steady state.

Next, with respect to the transient response and distribution of the
commutating flux, which relate closely to the commutation characteristics in the
transient state where the armature current abruptly changes, many studies were
carried out, too. However, those studies are mostly done on the assumption that the
magnetic circuit containing the interpole can be simulated by a simplified single
magnetic circuit model with some constant permeabilities. The calculated results of
the commutating flux and the eddy current, which Rﬂdenberg,[ll] évajcr,[lz]
Sakabe, [13]) and others (5], [14] obtained by the model and the two-dimensional
analytical method of separation of variables, are at present used for rough
estimation of the commutating flux, the eddy current and the commutation
characteristics in the transient state.

However, the actual dc motor has the iron cores with nonlinear permeabilities,
which is caused by the magnetic saturation and the hysteresis, and the complicated
configuration. And it is thought that these factors have large influences on the
transient flux responses and distributions in the dc motor and its transient
commutation characteristics. Therefore, it is needed to analyse the transient
response and distribution of the commutating flux in consideration of the nonlinear
permeabilities and the complicated configuration.

Next, as seen from the above-mentioned, it is little impossible to calculate

the transient responses and distributions of the magnetic fluxes in the motor by
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the conventional analytical methods in consideration of the nonlinear permeability
and the complicated configuration. Furthermore, though the fluxes distribute
three-dimensionally in the motor, it is too difficult to get the precise
three-dimensional solutions, because abnormal much handwork and computation time
are needed. Accordingly, two-dimensional numerical solutions, to which the finite
difference, the finite element methods, etc., are applied, should be used.

However, the finite difference method, in which the physical law about the
magnetic fluxes can be approximated at any grid of the rectangular meshes, is
difficult to apply to the complicatedly shaped magnetic circuit of the dec motor.
The finite element method, in which arbitrary triangular meshes are usually used
and the variational principle is used to approximate the physical law at each node
of the meshes, has flexibility to be able to apply to the complicatedly shaped
magnetic circuit. However, Hannalla, [15] Dermerdash(16] pointed out that the finite
element method has weak points for treating the rectangular conductor such as the
an armature coil carrying uniform current, and for doing rapidly varying currents
or voltages such as the surge in a transmission line, eddy current induced in a
iron core of the dc motor, etc.. Accordingly, the nodal method was presented by
Hannalla, et al.,[19]) in which the acute-angled triangular meshes are used and the
physical lav is épproximated by the principle in the finite difference method. This
method 1is a superior one, but it has a weak point that the usable triangle must be
acute-angled. Therefore, it is needed to increase the flexibility of the nodal
method.

Furthermore, the nonlinearity of the permeability of the iron cores of the dc
motor depends not only on the saturated magnetization curve but also the hysteresis
one. However, in the conventional two-dimensional analyses, influences of the
hysteresis on behaviors of the magnetic fluxes in the motor was not investigated at

all.
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1.2 Purpose and Synopsis of Part II

In the recent dc motors which are used as the precise variable speed machines,
it is the most important to maintain the good commutation independent of the abrupt
change of the armature current. Then it is needed to analyse experimentally and
theoretically in detail the transient behaviors of the commutating flux and so on,
vhich relate closely to the commutating voltage. Also, for the theoretical
analyses, it is necessary to improve satisfactorily the usual two-dimensional
numerical calculation, so that the influences of the magnetic fluxes in the
interpole airgap and core, the yoke, the armature, etc., the eddy currents induced
in the yoke and the interpole liners, and the magnetic saturation and the
hysteresis on the commutating flux can be investigated accurately.

In Chapter 2, first, there are introduced the two-dimensional fundamental
equations with respect to the vector potential from the Maxwell equations in the
elctromagnetic field, where the one is used to obtain easily both the magnetic flux
and the eddy current distributions in the dc motor. And in order to solve
numerically the above fundamental equations, the nodal equation at each node of the
triangular meshes, by which the region to be analysed is subdivided, is got by a
nev nodal method, which is more improved than the conventional nodal method by
using any shape of the triangle. Next, the time derivative of the vector potential
in the nodal equation, which is needed to calculate the eddy current, is
approximated by the Crank-Nikolson finite difference method. [17]1,[18],[19] Also,
the author shows a numerical method for deriving the nonlinear reciprocal
permeabilities from the magnetization and the hysteresis curves of the iron cores,
in which the Frélich formula is used. Furthermore, from every nodal equation with
the above approximated time derivative and the boundary conditions, the final
fundamental nonlinear simultaneous nodal equations are derived. Lastly, the
calculation processes to solve numerically the nodal equations are shown.

In Chapter 3, first, the author introduces a new equivalent magnetic circuit

model, by which the transient responses of the magnetic fluxes in the usual
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small-sized dc motor containing the solid iron yoke can be researched, that can’t
be done by the conventional model. (5], [11]-[14] Next, he gets experimental results
to study on the transient responses of the fluxes in the interpole airgap, the
interpole core and the yoke to the abrupt change of the armature current. Also, by
using the numerical solution shown in Chapter 2, he evaluates the transient flux
responses, and ascertains the validity of his solution by showing that the
calculated results agree well with the experimental ones. It is made clear that the
magnetic flux and the eddy current concentrate in the inner skin region of the yoke
for an initial duration after the change of the armature current. Furthermore, it
is shown that the magnetic hysteresis has a large influence on the transient
behavior of the flux near the surface of the yoke, and that the conductivity of the
yoke has a large one on the same behaviors in not only the yoke but also the
interpole core and airgap.

In Chapter 4, there is first introduced the theoretical commutation equations
to clarify close relations between the commutating flux and the commutation
characteristics. Then, by using a small-sized dc motor, the author experimentally
confirms that the initial delay of the transient response of the commutating flux
density to the abrupt change of the armature current deteriorates the transient
commutation characteristics. Next, through the experimental and the calculated
results of the transient responses of the flux density in the interpole airgap and
the fluxes in the interpole core and the yoke, it is shown that the above flux
density and the fluxes delay to the change of the armature current by the eddy
currents induced in the yoke and the interpole liners. Also, the calculated
distributions of the magnetic flux and eddy current density present that the much
magnetic flux and the large eddy current density concentrate in the inner skin
region of the yoke and they delay the flux response in not only the yoke but also
the interpole airgaps and cores. Furthermore, it is shown that the magnetic
saturation and the magnetic hysteresis in the inner skin region of the yoke have

considerable influences on the transient responses and distributions of the
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magnetic fluxes. Finally, the effect of lamination of the region near the inner

surface of the yoke on improvement of the transient responses of the fluxes

quantitatively investigated by the numerical analyses.

is
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CHAPTER 2

TWO-DIMENSTIONAL NUMERICAL SOLUTION OF TRANSIENT
MAGNETIC FLUX DISTRIBUTION IN ELECTRIC MACHINES

2.1 Introduction

As described in Chapter 1, it is little impossible to calculate the transient
responses and distributions of the magnetic fluxes in the motor by the conventional
analytical methods in consideration of the nonlinear permeability and the
complicated configuration. Furthermore, though the fluxes distribute
three-dimensionally in the motor, it is too difficult to get the precise
three-dimensional solutions, because abnormal much handwork and computation time
are needed. Accordingly, two-dimensional numerical solutions, to which the finite
difference, the finite element methods, etc. are applied, should be used.

However, the finite difference method, [8]5 (9] in which the physical 1law about
the magnetic fluxes can be approximated at any grid of the rectangular meshes, is
difficult to apply to the complicatedly shaped magnetic circuit of the dec motor.
The finite element method,[10] in which arbitrary triangular meshes are usually
used and the variational principle is used to approximate the physical law at each
node of the meshes, has flexibility to be able to apply to the complicatedly shaped
magnetic circuit. However, Hannalla et al. [15] pointed out that the finite element
method has weak points fér treating the rectangular conductor. So, they presented a
new nodal method, in which the acute-anglec triangular meshes are uscd and the
physical lav is approximated by the principle in the finite difference method. This
method is a superior one, but it has a weak point that all usable triangles must be
acute-angled ones. Therefore, it is needed to remove the weak point of the nodal

method.
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Furthermore, the nonlinearity of the permeability of the iron cores of the dc
motor depends not only on the saturated magnetization curve but also the hysteresis
one. However, in the conventional two-dimensional analyses, influence of the
hysteresis on behaviors of the magnetic fluxes in the motor was not investigated at
all.

In this chapter, first, there are derived two-dimensional fundamental equations
with respect to the vector potential from the Maxwell equations in electromagnetic
field, where the vector potential is used to obtain easily both the magnetic flux
and the eddy current distributions in the dc motor. And in order to solve
numerically the above fundamental equations, the nodal equation at each node of the
triangular meshes, by which the region to be analysed is subdivided, is introduced
by a new nodal method which is more improved than the former nodal method by using
any shape of triangle.[zo]"[253

Next, the time derivative of the vector potential in the nodal equation, which
is needed to calculate to the eddy current, is approximated by wusing the
Crank-Nikolson finite difference method.[17],[18],[19] Also, the author shows the
numerical method for deriving the nonlinear reciprocal permeabilities from the
magnetization and the hysteresis curves of the iron cores, in which the Frdlich
formula is used.

Furthermore, from ever& nodal equation with the above approximated time
derivative and the boundary conditions, the final fundamental nonlinear
simultaneous nodal equations are derived. Lastly, the calculation processes to

solve numerically the nodal equations are shown.

2.2 Fundamental Equations
The magnetic flux distribution in electric machines can be obtained by solving
the following Maxwell equations of electromagnetic field

rotH=J, @.1)



12

-

4

rot.E:—%l—t?f, 2.2)

divB=0, (2.3)

and the additional relations

B=pH, - @2.4)

J=Js+0E, (2.9)
where

B : magnetic flux density,

E : electric field intensity,

H : magnetic field intensity,.

J ! total current density,

Js : current density supplied to conductors of exciting winding,

oE : eddy current density induced in iron cores,

i permeability which may vary with magnitude of B and H,

o . conductivity,

t : time.
In the equations, the displacement current and the free-space charge are ignored.
Also, we assume that the density of the eddy current induced in the conductors is
negligible compared with Jg ;nd the conductivity in each core is uniform.

By using the magnetic vector potential A which is given by

rotA=B (2.6)
so that Eq. (2.3) may be satisfied, where

divA=0, @.7)

we can derive

E=—§%% 2.8)

from Egs. (2.2). Then, by Egs. (2.2) to (2.8), Eq.(2.1) is transformed into the

following equation with respect to A and Jg



rot(vrotA)=J§—o§?%, (2.9)

where vy=1/u is the reciprocal permeability.

If A can be obtained by solving Eqs. (2.7) and (2.9), B, H and J are evaluated

by
B=rot4, 2.10)
H=yrot4, 2.11)
_7 _ 94
J=Jg 057 2.12)

Then, the magnetic flux ¢ passing through an arbitrary cross-sectional area S with

the contour C is calculated by

d>=fB-dSz SBA-dl. 2.13)
s c ‘ : .

For simplifying the -analysis, let us investigate the two-dimensional flux
distribution in an x-y cross-section, which is perpendicular to the rotor axis, of
the magnetic circuit in the electric machine. We assume that B and H don't vary in
the z direction perpendicular to the cross-section, and that A and Js have only
their respective z components. Then, by using the following relations

A=kA (x,y, t)=kA, 2.14)

Js=kJs (x,y, t)=kJs, | (2.15)
where

k . fundamental unit vector in z direction,

Eq. (2.9) is reduced to the following two-dimensional equation

rot (urotkd )=k (Js—o% ), 2.16)

where the condition
divA=divkA=0 2.17)
must be always satisfied.

Substituting Egs.(2.14) and (2.15) into Egs.(2.10) to (2.13), the following



equations are obtained:

yv axy
94 __ .94
Hovgy gy
-1 _a0A
J=Jg 06t’~

@4210\ -dl=MI1.,

where
B; and B, : x and y components of B,
H. and H, : x and y components of H,

J ¢ z component of J,

(2.18)

(2.19)

(2.20)

2.21)

AA : difference between vector potentials at some two points on contour C in

x-Yy cross-section of magnetic circuit,

l. : length of magnetic circuit in z direction.

Next, an equi-vector-potential line shows the corresponding magnetic flux line,

because the following relation

is derived from the condition of the derivative

dA= (%’% v+ (2—‘!‘! Ydy=0

on the line and Egs. (2.18).

2.3 Numerical Solution of Fundamental Equations

2.3.1 Application of nodal method to basic equations

2.22)

2.23)



In order to obtain an approximate numerical solution of Eq. (2.16) under some
given boundary conditions, we use a nodal method as already mentioned.

Now, the domain where Eq. (2.16) should be solved is subdivided into a large
number of triangular elements, in which J;, v and o can be assumed to be constant.
Then, Eq.(2.16) is transformed to simultaneous discrete nodal equations with an
unknown vector potential at each vertex of every triéngular element.

In this section, we study on the case where the vector potential is assumed to

be expressed by a first order function of position in each element.

Fig.2.1 Node i and adjoining elements holding 1 in common.

At any point (x,y) in a triangular element e, with nodes i, j and k as shown in
Fig.2.1, the vector potential A=A,(x,y,t)=A, is assumed to be . given by the
following linear approximation

A=a,+b,x+c,y, r=1,2,...,m, 2.24)

in which
ar 1 Qr; Qrj Qpk Ari
br :D_ by brj brk Arj ’
Cr "L cri Crj Crk Ak
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Ari=TrjUrk~TrkUrj>  Ori=Urj=Urk, Cri=Xrk—Trj,

Qrj=TrkUri=Xrilrk>  Orj=Usk=Yri»  Crj=Xri=Xrk,

Qrk=Trilrj=TrjUris  Bk=Uri-Urj, Crk=Trj=Xyis

D,=a;i+a,j+ak,

Argy ZTrq and yrq ¢ A, x and y at node q in e,, where, q=1,j,k,
and we can find the following relations about Fig.2.1,

Ari=Ai,  Xri=xi, yr=y; for r=1,2,...,m,

Arj=Ar- k=Aj,  Tpj=Xe-) k=X5, Yrj=Ur-y k=Yj>

Ark=Are), j=Aks  Trk=Tpe), ik Urk=Ure,.j=Uk»
where

Aq» xq and y;, * A, x and y at common node q.
From Egs.(2.18), (2.19) and (2.24), the x and y components B, By, H, and H, of B

and H in element e, are derived as follovs:

k k
Bi=p-CreAras  By=-p-) bradra, (2.25)
rg=1 rg=i
v k Yy k
Hx:D_rZerArqy Hyz-D_rzbrqArq’ (2.26)
Tg=1 rg=i

which are constant, where v=p, is determined by the relation between B,=(B,%+By2ﬂ/2
and Hf:Gb2+}@2ﬂ/2 in e, (see Article 2.3.3).

When the expressions similar to Egs.(2.24) to (2.26) are applied to every
element, the continuity of the normal component B, of B on the boundary line of two
adjoining elements is maintained. For example, B, on both sides of the boundary
line ik of elements e, and e, in Fig.2.1 is given by the following same

expression
Bu= (Ai-Ak)/ { @i~z )+ (wi-ue )} 2 @.27)

where A;, Ay, xi, xx, y; and y, are A, x and y at nodes i and k.
On the other hand, the continuity of the tangential component [, of H on the

boundary line can’t be expressed by the equation similar to Eq. (2.27). So, to keep



the physical law, in our nodal method the above boundary condition for H is

replaced by the following Ampére circuital law

5511 cdl= f (Js-094 Yaray 2.28)
c S at

around each node, where the integral path C is a specific one, for example, as
shown by the broken 1line in Fig.2.2, and S is the domain enclosed by C. In this
connection, i’, j' and k' in the same figure are the middle points of three sides
jk, ki and ij, respec£ively, p is the outer center of element e,, and the node i is

had in common by elements e, ez,..., e, .

Fig.2.2 Integral path C around node 1.

From Eqs. (2.24), (2.26) and (2.28) in element e, we can derive the following

discrete nodal equations

k
f Hll= e Z (br'ibrq+cricrq )Aer 2.29)
k'pj’ 2qu=i
f s ".Jsdl‘dy:«]srs,-i ’ (2.30)
ik'pj'i
BAv, o BAi_ o OA
‘/:k_pi.i (oat Ylxcdy=0,S,; 31 =0,Sy; 31’ | (2.31)
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for node 1, where

Srizﬁ { Fbribik+cricyk | (br§+cr?)+ I bribrj+cricrj| (brE'*'CrE)} ’ }
r 2.32)

S, /4<8S,i=8,/2.

In these equations, J;,, v, and o, are the values of J,, v and ¢ in element er»
respectively, and S,=D,/2 is its area. Here, we must notice that the contributions
of 0Aj/0t énd JAx/dt to the integration result of Eq.(2.81) were neglected,
because those contributions may disturb the resultant eddy current density at node
1 to approximate the exact one oaAi/at.[lﬁl»[le’[Zzl Also, when the element is an
obtuse-angled triangle, of which the outer center lies outside itself, as the
element ez in Fig.2.2, ve must put S,;=S,/4 or $,;=S,/2 into Egs. (2.30) and 2.31)
according to whether the vertical angle of the element at node i is smaller or
greater than n/2.

In this connection, in the conventional nodal method, every element must be an
acute-angled triangle. Hence, it is difficult for the conventional one to be
applied to a complex field region as in electric machines. Also, the finite element
method, in which §;;=S,/3 is substituted into Eq. (2.30) instead of Eq. (2.32), has a
weak point for treating the rectangular conductor carrying a uniformly distributed
current such as the one in the armature slot of a dc motor. [15]

Next, by using the integration results in Egs. (2.29), (2.30) and (2.31) and
completing the Ampére circuital law (2.28) around node i shown in Fig.2.2, the

following nodal equation is obtained

JA;
hi—fi“CJi"a—t-y 2.33)
vhere
LI k
e HAL Y53 bt orsera Arghish ir L s, | @.34)
r= rg=i .
fJ dxdy= ZJern , (2.35)
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g.-=‘[soc11‘c1y=20,$,<,-, 2.36)
r=1

in which

LJ
v
hii Z S b n+Cr1 ’
2D

r

hl,—i (b,,br,+c,,c,, )+2D - br-y,ibr-y k+Cr-y LiCr-p k) } .
r=| 1
In Eq.(2.34), A,q is the vector potential at node q in e;, and A,;=A; 1is defined in
common for r=1,2,...,m.
When b., ¢4, D,, etc. approach infinitely zero, Eq. (2.33) may sufficiently
approximate the two-dimensional fundamental equation (2.10) at node i. In this
connection, as previously stated, if the terms 0A;j/81 and A9Ar/8t were considered

in the integration result in Eq. (2.31), those terms should disturb the resul tant

eddy current ¢;94;/8t in Eq. (2.33) to approximate 00A;/01 accurately.

2.3.2 Numerical method for time derivativell7],[18],[19]

In Eq.(2.33), for node i of g;>0, there is contained the time derivative
gi0A;/31. Therefore, in order to numerically solve the equation, we apply the
Crank-Nikolson finite difference method to ¢;94;/8t, by which a sufficiently
accurate approximation of ¢;3A;/dt can be obtained.

When the value of g;A; at time t is obtained, the value at t+At is calculated

by the following equation
OA; OA;
(9iA; Deaat=(giAi ) +AL { g (Qigt— dsar+ (1-€ )(Qi—a—t I (2.37)

vwhere g; is a weight factor of the time derivative and O0<¢;=1. From Eqgs. (2.33) and
(2.37), we can get the following nodal equation

(GiAit+eibthi eaae= {9idi=(1-€ )Ath;} o+ AL (&0 (Fi deane+ (1-€: ) (Fi e} . (2.38)

Next, for node i of ¢;=0 and h;=f; , the nodal equation at t+At can readily

obtained by putting g;=0 and ¢;=1 in Eq. (2.38).
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2.3.3 Numerical determination of nonlinear reciprocal permeability
When the element e, belongs to the region consisting of the air or the winding
conductors, the reciprocal permeability v=y, in Egs. (2.26), (2.29) and (2.34) is
assumed to be equal to the one of the vacuum, namely
vr=09=10"/(47)  m/H. (2.39)
However, when e, belongs to the iron core region, vy, is determined by the
nonlinear and multivalued relation between B and H, which are the magnitudes of B
and H, respectively. And the relation is usually given by the B-H curves such as
the initial magnetization curve and the hysteresis one. Here, let us introduce the
numerical method for obtaining v, corresponding to B=B, in e,, whereB, is

determined by Eq. (2.25) as follows
' . k k
Br=B:4B,2 ) 2=p- { (2 ,braArg )+ (Q1CraArg 2} 2. (2.40)
roog=i =i

(1) Derivation of vy, from magnetization curvel18], [19], [23]

When B=B, increases from an initial unmagnetized value, the B-H curve is
expressed by the initial magnetization curve OP;PoP3P; as shown in Fig.2.3. Then,
H=H, corresponding to B, is found by the curve, and sequentially the exact value
v,=H,/B, can be obtained. However, this process is too complicated to be used for

practical calculation.

B
P
P3
| Bro_____
P ’
2 '
P] ': Vr=8ﬁt
' r
2 ]
il ' >H
0 Ho Hr

Fig.2.3 Frolich formula for obtaining reciprocal permeability p, by initial

magnetization curve.



-k

i)

In our numerical method, the following Frdlich formula

B- H-Hy

0% H-Ho) e.41)

is adopted to obtain the approximate value of vy, where 7, ¢ and Hy are the
coefficients determined by the B-H curve. By applying Eq. (2.41) to the segment

P\P:P; of the curve in Fig.2.3, p, is expressed by

Hr__ n HO

Vg Tep tp  BisBisBs, @.42)
where
0= (B1-Bp ) (B2-B3 ) (B3-By ) (Hi~Hz ) (Ho-H3 ) (H3-Hy ) (2.43)
BBz (H-H2 )+B2B3 (H2-Hs )+B3B, (H3-H; ) ’ '
___Bi (H3-H> )+Bp (Hy-H3 )+B3 (Hp-H ) @.44)
B1Bz (Hy~Hz )+ByB3 (H2-Hs3 )+B3By (H3-H, )’ :
Ho=B1Batls (t~Hp )+BoBsHh (Ha-H )}+B3BiHy (Hs-Hy ) 2.45)
B\Bz (Hi~Hz }+BB3 (Ho-H3 )+B3By (Hz-Hy ) ° ’
in which

B; and H; : B and H at P;, i=1, 2, 3.

By the above process, we can get vy, for any value of B, on the B-H curve. 1In
this connection, when B, given by Eq. (2.40) is estimated over the saturation value
of B, for example B,>B;, v, is calculated by vr=Hy/By , where B=B; and H-=H,; at point
Py .

(2) Derivation of vy, from hysteresis curve[24]

When B decreases from the point P; on the initial magnetization curve, the B-H
curve is expressed by the hysteresis segment P\PP3Py as shown in Fig.2.4. Now, v,
for B=B, on the one P\P;P3 is obtained by substituting the values of B and H at

three points Py, P; and P; into Egs. (2.42) to (2.45) as follows:

Ho

i, @.46)

b
"1-¢B,

where
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p={Be=BU) Hh-H3)H; equal to slope dB/dH at Ps, (2.47)
B1BaH,
_BiH3+B2 (H)-H3)
¢= B BoH, (©.48)
Ho=H3<0, (2.49)

in which
B; and H; : B and H at P;, i=1, 2, 3.
In this connection, B=B; at P, and H=H; at P; are called the residual magnetism and
the coercive force, respectively.
When B=-B, becomes negative on the hysteresis segment P3Py, n and Hy keep the

values given by Egs. (2.47) and (2.49), and so only the value of ¢ in Eq. (2.46) is

replaced by

_Hy-H3-nBy
"By (Hy-H3)’ (2.50)

vhere

B4=-By and Hy=-H; : B and H at Py.

B
T A
Br
Pz ~ :
i P’o V :.H—r
Ps Ps ,/// rBr
!
P3 l. % R H
0 Hr
Pg
R,
.

Fig.2.4 Application of Frolich formula to hysteresis

curve for obtaining reciprocal permeability v,



Next, let us consider v, in the case where B stops to decrease at some point on
the hysteresis segment and inversely increases from the point. When B=B, 1increases
from point Ps on the segment P\P;P3 in Fig.2.4, B=B; at point Ps is first evaluated
under the assumption that the line segment PsP; is parallel to the one PP, so
that n, ¢, Hy and v, may be obtained by using the values of B and H at three points
Ps, P and P as well as in Egs. (2.42) to (2.45).

When B=B, increases from point P; on the segment P3P, , the segment P7PgPgPyy  is
evaluated by Eq.(2.41) under the assumption that the segment P;Pg is parallel to
PP, and dB/dH at Py is equal to the one at P3. Then, v, for B=B, is obtained by

the similar computation process to the one given by Egs. (2.46) to (2.90).

2.3.4 Basic nodal equations considering boundary conditions
Here, let us introduce the nodal equation for node i which exists on the

boundary line, as shown in Figs.2.5 (a) and (b). On a boundary line where the
normal component B, of B is zero, the relation A=A;=Ax , which doesn't depend on x
and y, is obtained by substituting B,=0 into Eq. (2.27). Then, the nodal equation
(2.38) for 1 is rewritten as follows:

AL )reae=ht (fi deane » ~ (@.51)
vhere

hi=A;, 9i=0, g;=1,

fi=Ac : vector potential given on boundary line.

. Bn
'

(a) B.=0 (b) H,=0

Fig.2.5 Typical boundary conditions.
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On another boundary where the tangential component H, of H is zero, the nodal
equation for node i is derived from integrating Eq.(2.28) in a circuital integral
region given by the broken line in Fig.2.5(b), where Cout and C;, are the outside
and the inside paths of our integral region, respectively. In this case, the line
integration along C,; vanishes because of H,=0, and the one along C;, is easily
carried out by Eqs. (2.29) and (2.34). As a result, we can get the discrete nodal
equation similar to Eq.(2.38), where f;=0 and g;=0 because of Js=0 and 0=0 near the
boundary line.

Finally, from Eqs.(2.38) and (2.51), the basic nonlinear simultaneous nodal
equations for all nodes are readily derived as follows:

([G)+At[e] [H] )[Altvae= { [G1-At ([UI-[€] )[H]} [A]:
+At { [e] (F]eept+ ([UI-[€))(F1¢} 2.52)

in matrix form, where

Ay [ f17] g1 O . . . 07

A2 f2 0 g . . .. 0
[Al=| Ai |, [F1=| fi |, (@< O 9i o,
| An | | fn | 0 . . On_|
[ hyy hi2 . . . .. hi ] ey O . . . 07
hot hoo . . . e 0 e . . . 0
(H]=] hi hii hin |, [el=] O €i 0
 ha .. . . . hp | O . . €n

In these equations,
n : total number of nodes,
[A] : row matrix constructed with unknown vector potentials at all nodes,

[F]1 : row matrix derived from f; in Eq.(2.35) and f;=A. in Eq. (2.51),

100
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[G] : diagonal coefficient matrix derived from g; in Eq. (2.36) and g;=0 in
Eq. (2.51), |
[H] : nonlinear and sparse coefficient matrix, in which coefficients hi; @
and j=1,2,...,n) are derived from coefficients for A; and A, in
Eq. (2.34), and hj;=1 and h;;=0 for i=j in Eq. (2.51),
[e] : diagonal matrix constructed with ¢; in Eq. (2.38) and g;=1 in
Eq. (2.51),
(U] : unit matrix.
By numerically solving Egs. (2.52), the transient values of [A] at all nodes are
obtained. Also, by putting At=1, g;=0 and £;=1 for i = 1 ton in Egs. (2.52), the
values of vector potential in the steady state, where the eddy current vanishes,

can be obtained.

2.3.5 Numerical calculation process

In Fig.2.6, there is shown the flow chart of a calculation processes for

'numerically solving the nonlinear simultaneous equations (2.52) and obtaining the

transient responses of the vector potentials [A] for the change of the exciting
current. The calculation processes are as follows:

(1) We provide the input information about the shape, the dimensions, the
structural materials, etc. of the machine, and the boundary conditions.

(2) The analysed domain is subdivided into a large number of triangular elements.

(3) We provide the initial values of the vector potentials [A] at all nodes of
the elements.

(4) The supplied current density J, at time t+Al is calculated by dividing the
current in the conductor of the exciting winding by its cross-sectional area, where
At is determined enough small to obtain the accurate transient responses of [A].

(5) By using the already determined [A], and J,, the calculation of the right
side terms of Egs. (2.52) is carried out.

(6) The approximate values of [A],.a: are estimated.
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(7) By using approximate values of [A] t+at the nonlinear reciprocal
permeabilities y,'s in elements within iron core are calculated by the method shown
in Article 2.3.3.

(8) By solving Egs. (2.52), the approximafe solutions of [A];.ar are determined.

(9) The processes (6) to (8) are iterated till the convergence of LA],M, is
ascertained. In this connection, the approximate values in a next iteration are
evaluated by the successive relaxation method, by which repetition time can be
fairly decreased.[17],[18],[19]

(10) The above processes (4) to (9) for the next successive time t=t+At are
repeated till t=t,,,, where t,,, is the calculation interval needed to investigate
the transient responses of [A].

Next, when the transitional change of [A] by the one of the current density Jg
proportional to the exciting current are calculated, the transitional distribution
of the magnetic flux can be shown by the equi-vector-potential lines, namel& the
flux lines. The distribution of the flux density is derived from Egs. 2.25). Also,
by Egs. (2.33) and (2.36), the eddy current density in the iron core can numerically

be evaluated

_ _+ =io ___f__.-—; 2.53)
where

AA; @ increment of A=A; at node 1 during At,
m

S; :ZIS,,- .
=

Furthermore, the transient response of the magnetic flux & in a cross-section

of the magnetic circuit can easily be calculated by Eq. (2.21).
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|(5) Calculation of right side terms in Egqs.(2.52) ]
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LS}O) t > tmax I
yes

[ End 4]

Fig.2.6 Flow chart of calculation processes for solving Egs. (2.52).
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2.4 Conclusion
The main results obtained by the investigation of the numerical solution in
this chapter are as follows:

(1) By using the magnetic vector botential, the two-dimensional fundamental
equations, by which the transient flux distribution in electric machines can be
analysed, were derived from the Maxwell equations for the electromagnetic field. In
the equation, the eddy current induced in iron cores and the nonlinear permeability
were considered.

(2) The nodal method, which is known as the finite difference method using
triangular elements, was applied to solve the two-dimensional equations, and the
nodal equation at node of the element was introduced.

(8) The time derivative ¢;8A4;/8t contained in the nodal equation was
approximated by the Crank-Nikolson finite difference method, and then the final
discrete nodal equation was introduced.

(4) The numerical method for deriving the nonlinear reciprocal permeability y,
from the magnetization and the hysteresis curves of iron cores was obtained by
using the Frolich formula.

(5) The nodal equations considering the basic boundary conditions concerning to
the magnetic flux density and the magnetic field intensity were obtained.
Furthermore, the nonlinear simultaneous nodal equations for all nodes were
introduced.

(6) The calculation processes to solve the nonlinear simultaneous equation were
shown. In the processes, the successive relaxation method should be used for

decreasing repetition time required to solve the equations.

104



-\

CHAPTER 3

APPROXIMATE ANALYSIS OF TRANSIENT MAGNETIC FLUX
IN DC MOTOR BY USING EQUIVALENT MAGNETIC CIRCUIT

3.1 Introduction

Many studies on the transient response of the interpole flux and so on were
reported. However, those studies have been performed mostly on the assumptions that
the magnetic flux doesn’t leak out from the structual iron cores of the dc motor
and the magnetic circuit containing the interpole can be simulated by a simplified
single equivalent magnetic circuit model with some constant permeabilities. The
calculated results of the commutating flux and the eddy current, which
Rﬁdenberg,[11] Sakabe, [13] and others[12],[14] obtained by the above model and the
two-dimensional analytical method of separation of variables, are at present used
for rough estimation of the interpole flux, the eddy current and the commutation
characteristics in the transient state.

However, the actual motor has iron cores with nonlinear permeabilities, which
is caused by the magnetic saturation and the hysteresis. And it is thought that the
nonlinear permeability has large influences on the transient behaviors of the
commutating flux and so on in the motor and so its transient commutation
characteristics. Also, it is wanted that the more suitable equivalent circuit than
the above old one is found out for grasping more clearly the above transient
behaviors.

In this chapter, first, the author introduces a new equivalent magnetic circuit
model, by which the transient response of the magnetic flux in the usual
small-sized dc motor containing the solid iron yoke can be researched, that can't

be done by the conventional model. Next, he get experimental results to study on
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the transient responses of the fluxes in the interpole airgap, the interpole core
and the yoke to the abrupt change of the armature current.

Next, by using the numerical solution shown in Chapter 2, he evaluates the
transient flux responses, and ascertains the validity of his solution by showing
that the calculated results agree well with the experimental ones. Also, it is made
clear that the magnetic flux and the eddy current concentrate in an inner skin
region of the yoke for an initial duration after the change of the armature
currént.

Furthermore, it is shown that the magnetic hysteresis has a large influence on
the transient behavior of the flux near the inner surface of the yoke, and that the
conductivity of the yoke has a large one on the same behaviors in not only the yoke -

but also the interpole core and airgap.

3.2 Equivalent Magnetic Circuit Model of DC Motor
In Fig.3.1, the simplified paths of magnetic fluxes in a dc motor are shown by
the broken lines, where
A, . armature core,
I, : interpole,
M, : main pole,
Y, ' yoke,
I, @ current flowing in armature and interpole circuits,
®a, 95, ¢; and ¢, : magnetic fluxes in armature core, interpole airgap,
interpole core and yoke.
In this connection, the current in the armature coil to be mechanically commutated
by the brushes is I,/2 as showing in the figure.
When it is assumed that the influence of the main pole and the armature slots
on the interpole flux can be neglected, the magnetic circuit equation in Fig.3.1

can be simplified as follows:
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Fig.3.1 Simplified paths of magnetic flux in dc motor.

AT -ATo=R o+ By P +R; & + R, D,y 3.1)
vhere

AT; : magnetomotive force(mmf') due to interpole exciting current I,,

AT, : counter mmf due to armature coil current I,/2,

®u» &, & and ®, : magnetic reluctances of armature, interpole airgaps,

interpole cores and yoke,
When the relations among &,, ¢;, ®; and ¢, are found, we can obtain the transient
response of ¢, to any change of AT;-AT,, namely to that of I,. Here, the flux $, 1in
the interpole airgap may correspond to the commutating flux, and so it relates
closely to the commutation characteristics of the dc motor.
Next, when the leakage flux can be ignored, the following relations

$o=04=0;=20, 3.2)
are obtained. Then, Eq.(3.1) is rewritten by

AT -ATy= (R 8@y + R +R, /2 ), . 3.3)
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The conventional equivalent magnetic circuit model shown in Fig.3.2 has been

derived from Egs. (3.2) and (8.3) for a dc motor, of which the armature and the yoke

are made of laminated cores and the interpole done of a solid core. In Fig.3.2,

Ar

W

! laminated core corresponding to armature core,
: airgap corresponding to interpole airgap,

: solid core corresponding to interpole core,

! laminated core corresponding to yoke,

exciting winding to supply mmf AT;-AT,.

About this model, where the transitional eddy current may be induced

in the

interpole, the numerical analysis of the transient response of the interpole airgap

flux ¢, to the abrupt change of the armature current I,
considerably achieved. [11]-[14],[18], [19]

However,
interpole of a laminated core, and the eddy

but in the yoke. Therefore, for example, an

Fig.3.2 Conventional single magnetic

circuit model.
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has been already and

the usual small-sized dc motor has the yoke of a solid core and the

current is induced not in the interpole

another model such as shown in Fig.3.3

',_‘Pz___Y_O___: =_____-___9>J__:
.‘ Ip | vy i
: O |
| o w |
': Ga :' E (Dg 5
! — :
1 [+ I [}
| b !
: ¥ :
o Ar it o i

Fig.3.3 Magnetic circuit model considering

yoke of solid iron.
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must be used, because the eddy current in the yoke disturbs the relations (3.2). In
Fig.3.3,

A, ! laminated core corresponding to armature core,

G, '@ airgap corresponding to interpole airgap,

I, : laminated core corresponding to interpole core,

Y, @ solid core corresponding to yoke,

W : exciting winding to supply mmf AT;-AT, .

In Fig.3.4, there is shown the magnetic circuit model to be used for the
author’s experimental investigation of the transient responses of the magnetic
fluxes and to examine the validity of our numerical calculation described in
Chapter 2. Figure 3.5 shows the settlement of search coils and GaAs Hall cell to
record the transient responses of magnetic fluxes. In Figs.3.4 and 3.5

Wi1 and W2 : exciting windings to supply AT;,

Wai and W2 : exciting windings to supply AT,,

H, : GaAs Hall cell to record transient response of &,

Sct, Sc2 and Sc3 : search coils to record transient responses of ¢, & and
®3, respectively,

¢y, 2, &3 and ¢; : magnetic fluxes to be measured.

Here, the fluxes ¢&;, & and &; correspond to the fluxes $;, &, and &, in
Fig.3.1, fespectively, and 3 corresponds to the flux through the inner part of
20 % of the yoke. In our experimental magnetic circuit model, A; and I, are made of
laminated silicon steel plates, and Y, of a solid wrought iron, and the windings
Wit, Wiz, W and lf,» are bound by 2000 turns, respectively.

The B-H magnetization curves of the used cores are shown in Fig.3.6. In this

figure, the representative hysteresis curves are shown, too.
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Fig.3.4 Magnetic circuit model in experiment.

110



Sc2
______ \ IJ;E;L>¢2
§¥Yb /éb' f; 4?¢_?b3
II P,’
7
Sci ‘/ 1&
Ip Scs
ki
Hdég
Ga
Ar
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Fig.3.6 Magnetization curves.
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3.3. Theoretical and Experimental Analyses

3.3.1 Experimental circuit
Figure 3.7 shows a schematic diagram of the experimental circuit, where

E : direct current source voltage,

I © supply current of W;;, W2 and Wy ,

61 : terminal voltage of shunt resistance 5 Q,

R : variable resistance,

S : switch.
In the circuit, an exciting current I is suddenly supplied to Wi1 » Wi2 and W4 from
E by closing S. The magnitude and the time constant of I are varied by changing E
and R. Then, the transient response of fluxes &;, & and &; in Sc1, Se2 and S.3 are

measured as follows:

t
q>,=if vdt, r=1,2,3, (3.4)
N, 0

where

v, : induced voltage in search coil S, ,

N,=3 : number of turns of S, .
Also, the flux &; in G, is evaluated by

$4=S¢By, 3.5)
vhere

B, @ magnetic flux density measured by H,,

S4=0.04x0.1 m* : cross-sectional area of airgap G,.

The experiment must be started after the sufficient decrease of the residual

magnetism in the magnetic circuit model. The measured data are processed by the

personal micro-computer.
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Circuit Amplifier  micro-computer
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Fig.3.7 Schematic diagram of experimental circuit.

3.3.2 Aséumptions for numerical calculation and boundary conditions

The transient response and distribution of the magnetic flux, the eddy current
etc. in the magnetic circuit model as shown in Fig.3.4 are calculated under the
following assumptions:

(1) The two-dimensional analysis is carried out in the rectangular region OP\PyP3
as shown in Fig.3.8, where éﬁg is the center line of the cross-section of our
magnetic circuit, and the magnetic flux distributes symmetrically with respect to
the line. In the figure, the leakage fluxes from the boundary lines OP;, PP and
PoP; are assumed to be negligible. The rectangular region is subdivided into the
many triangular elements as shown in Fig.3.9.

(2) In I, and A, made of laminated cores, the induced eddy current can be
neglected, and so the conductivity is assumed to be zero. The conductivity o=0, of
a solid core Y, is assumed to be uniform, and oy=1 MS/m 1s measured.

(3) It is assumed that the current density J; in the exciting windings W;, Wi

and W, 1is uniform and Js=2000xI/(0.058x0.054) A/m°.
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(4) The reciprocal permeability v=p, in element e, made of iron éores is
calculated by the B-H curves in Fig.3.6 and Egs. (2.40) to (2.50), as described in
Article 2.3.3. Also, v=y, of the airgap and the winding conductors is assumed to be
equal to that of the vacuum and is given by Eq. (2.39).

(®) Initial values of the vector potentials at all nodes are zero under the
assumption that the residual magnetism is sufficiently decreased.

Next, let us consider the boundary conditions on boundary lines OP;, PP, and
PP; in Fig.3.9. From the assumption (1), the normal component B, on the lines

vanishes. Also, we can put B,=0 on the line OP;. Then, on those lines, we have A=A;

P2
P3 P3 P2

Yo

Wi

S

Ip
Wiz

Oys

L

Ga

Wai

Waz2

Ar

0 P "X 0 P

Fig.3.8 Cross-sectional view to Fig.3.9 Meshes of triangles for

investigate flux distribution. nodal method.
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which is independent of x and y. Furthermore, the additional constraint to A, is

given as follows:

JA;
at

0, Lfeco, | (3.8)

on the line OP;, on which the eddy current must be vanished. Accordingly, A,
becomes independent of not only x and y but also t, and so we put A.=0 for
simplifying the analysis.

Now, the transient value of the vector potential A; at each node in Fig.3.9 is
obtained by numerically solving the nodal equations (2.52) in Chapter 2 under the
above assumptions and the boundary and initial conditions. As a result, the
transient response and distribution of the magnetic flux, the eddy current etc. can

be evaluated.

3.3.3 Experimental and calculated results(24],[25], [26]

The experimental results of the current I and the fluxes ®) to ¢, are shown 1in
Fig.3.10(a), when the switch S in Fig.3.7 is suddenly closed, where T,=0.051 s is a
measured time constant of I. In Fig.3.10(a), a ripple is seen in the waveform of
d,, ‘which is caused by the Hall cell H,. In Fig.10(b), the calculated results by
Egs. (2.52) and (2.21) are shown, where I=0.5 {1-exp(~t/Ta)} A and o,=1 MS/m. Though
the actual magnetic flux distributes in Lhe three-dimensional space, the calculated
results by our‘two—dimensional analysis agree fairly well with the experimental
ones.

In Figs.3.10 (a) and (b), the relations &;=%,/2 and $o=d,/2 are satisfied,
and these show that the flux leaks out considerably from the side surfaces of I,
but doesn't do so much from the side surfaces of Y,. We can also see that the
relation &3=0,/2 is satisfied in Y, immediately after the supply of I and also
this relation is be kept in the steady state where the induced eddy current
vanishes. These phenomena are thought to be caused by the early eddy current

induced in Y, and the magnetic hysteresis, which are discussed more fully in the
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(b) Calculated results.
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following Articles 3.3.4 and 3.3.5.
In Figs.3.11 (@) to (f), the calculated flux distributions at t=T,,
2l,, 4T,, 6T, and 10T, and in the steady state(t—c ) are shown, where M., 1is a

contour interval of A between neighbouring equi-vector-potential lines, which are

‘flux lines. Figures 3.12 (a) to (f) show the magnetic flux density distributions

corresponding to Figs.3.11 (a) to (f), respectively. We can see that the magnetic
saturation is brought about in an inner skin region of Y,. Also, the induced eddy
current density distributions, which correspond to Figs.3.11 (@) to (e) are shown
in Figs.3.13 (a) to (e), where the eddy current densities are calculated by
Eq. (2.53) in Chapter 2. We can see that the eddy current density concentrates in an
inner skin region till t=2T, and thereafter gradually decreases.

It is made clear from Figs.3.11 to 3.13 that the magnetic flux through Y, made
of a solid core inclines to be concentrated in the inner skin region of Y, by the
induced eddy current and the magnetic hysteresis. Consequently, the relations in
Egs. (83.2) are now not satisfied. Therefore, the conventional numerical calculation,
in which the linear theory and the single magnetic circuit model in Fig.3.2 are
used, is not useful for analysing the transient magnetic flux in the dc motor of
which the yoke is made of a solid core.

Next, in Figs.3.14 (a) and (b), there are shown the experimental and calculated
results of the transient response of the fluxes &, to & for Ta=0.116 s and
o0y=1 MS/m. There is seen a fairly gooq agreement between both results as well as in
Figs.é.lo (a) and (b). The fluxes ¢, to &, respond a little faster to I than those
in Figs.3.10. We can also see that the ratio &;/d> is somewhat lower than that in
Figs.3.10, because the eddy current and the flux concentration in the inner skin

region of Y, become small,
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o (a) t=T, and I=0.316 A. (b) t=2T, and I=0.432 A. (¢) t=4T, and I=0.491 A.
| .
¥ as ——
v
(d) t=6T, and I=0.499 A. (e) t=10T, and I=0.5 A. (f) t— and I=0.5 A.
* Fig.3.11 Magnetic flux distributions for T,=0.051 s and 0,=1 MS/m and

Meg=1 mlb/m .
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Fig.3.13 Eddy current density distributions for T,=0.051 s and oy,=1 MS/m.
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Fig.3.14 Transient responses of magnetic fluxes
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3.3.4 Influence of conductivity of yoke on transient responses of magnetic
fluxes [24]

The calculated results of the transient responses of the magnetic fluxes for
T,=0.051 s and 0=0, 1 and 5 MS/m are plotted in Fig.3.15. We can see 'that the
conductivity o, has a great influence on the flux ¢3 through the inner skin region
of Y,.

In the case of 0,=0, the fluxes & to &; respond to I without delay time and
also $3 approaches $,/5 when the time t tends to infinity, because the eddy current
is not induced and so the magnetic flux is apt to be uniformly distributed in Y, as
shown in Figs.3.16 (a) to (f).

In the other case of 0y=5 MS/m, the fluxes respond most slowly to I. As shown
in Figs.3.17 (a) to (f), the strong concentration of the flux occurs near the inner
surface of Y,. Also, the eddy current density distributions are shown in Figs.3.18
(@) to (e). It can be seen that the eddy current becomes about five times larger

than the one for o,=1 MS/m in Fig.3.13 (a) to (e).

20r —— Oy= IMS/m

¢ (mWb)

Fig.3.15 Influence of 0y on transient responses of magnetic fluxes.
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(a) t=T, and I=0.316 A. (b) t=2T, and I=0.432 A. (c) t=4T, and I=0.491 A.

/|

/

* =

(d) t=67, and I=0.4939 A. (e) t=10T, and I=0.5 A. (f) t—oo and I=0.5 A,

Fig.3.16 Magnetic flux distributions for T.=0.051 s and o0,=0 MS/m and
Meq=1 mib/m .
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(@) t=.'I'. and 1=0.316 A. (b) t=2T, and I=0.432 A.  (¢) t=4T., and I=0.491 A.

= —

(d) t=6T, and I=0.499 A. (e) t=10T, and I=0.5 A. (f) t—eo and I=0.5 A.

Fig.3.17 Magnetic flux distributions for T,=0.051 s and o0,=5 MS/m and
Meq=1 mido/m .
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Fig.3.18 Eddy current density distributions for T,=0.051 s and 0,=5 MS/n.
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3.3.5 Influence of magnetic hysteresis on transient responses of magnetic
fluxes [24], [27]

Let us make clear that the magnetic hysteresis has a large influence on the
flux distribution in the solid iron yoke of the dc motor. In Fig.3.19, the
transient responses of the magnetic fluxes for T,=0.051 s and o,=1 MS/m are shown
for two cases, namely the one where the magnetic hysteresis is taken into
consideration, and the other one where it is not considered and only the magnetic
saturation curve in Fig.3.6 is used for computation. We can see that the magnetic
hysteresis has a large influence on only &3 and not on ¢, &2 and &. Till t=2T,
when the fluxes ¢3°s in both cases pass their maximum values, ®3 ‘s are nearly equal
to each other. In the case considering hysteresis, for t>2T,, ¢3 decreases only a
little, and it agrees well with the experimental result as already shown in
Figs.3.10(a) and (b). On the other hand, in the case neglecting hysteresis, &3
decreases with the lapse of time_and becomes &;/5 in the steady state, because the

flux distribution in Y, becomes gradually uniform as shown in Figs.3.20 (@) to (f).

2()( —— Considering hysteresis
g ............... Neglecting hysteresis
E B e ¢|
1S

LTS
.....
oy
.y
.....
.......
-----
........
...............
cee

o) 5 10
t/Tm

Fig.3.19 Influence of magnetic hysteresis on transient responses of magnetic

fluxes.
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~(a) t=T, and I=0.316 A. (b) t=2T, and I=0.432 A.

(d) t=6T, and I=0.499 A. (e) t=107, and I=0.5 A.

(c) t=4T, and I=0.491 A.

B

_

(f) t—o and I=0.5 A.

Fig.3.20 Magnetic flux distributions in case neglecting hysteresis for T.=0.051 s

and o,=1 MS/m and AMeg=1 mlb/m .
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Also, comparing Figs.3.20 with Figs.3.11, we can see that the magnetic
hysteresis has little influence on the flux distrbutions in I, and A, of the
laminated cores. Therefore, we can say‘that the analysis of transient responses of
the magnetic fluxes can be achieved by solving the equations (2.52) under the
assumption that the magnetic hysteresis can be ignored in I, and A, of the
laminated cores. |

Next, in order to decrease the calculation time needed to solve Egs. (2.52), let
us study on the cases where the magnetic hysteresis is considered only in some
partial region near the inner surface of Y,.

In Fig.3.21, the transient responses of the fluxes $; to & are shown for
T,=0.051 s and o,=1 MS/m in the cases, where the hysteresis is considered only 1in
the partial region of 5=10, 15, 20 , 25 or 30 % of the cross-sectional area near
the inner surface of Y,. In the figure, there is also plotted the flux responses
already shown in Fig.3.10(b), where the hysteresis is considered in I, and A, , too,
and 1n=100 %. Figure 3.21 shows that the responses of ¢, & and ¢; in all cases
agree well with one another and the ones of &3 for n=20 % agree well with one

another, too.
20

n=10 to 100 %

—_— qb'

(xO.5A)
mWb)

— B

10 to 100 %

10 to 100 3

0 ‘ 5

t/ Tm

F1g.3.21 Influence of n on transient responses of magnetic fluxes.
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(a) t=T, and I=0.316 A. (b) t=2T, and I=0.432 A. (c) t=4T, and I=0.491 A.

(d) t=6T, and I=0.499 A. (e) t=10T, and I=0.5 A. (f) t—oo and I=0.5 A.

Fig.3.22 Magnetic flux distributions for T,=0.051 s and o,=1 MS/m, n=20 % and
AMeg=1 mhb/m .
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(a) t=T, and I=0.316 A. (b) t=2T, and I=0.432 A. (c) t=4T, and I=0.491 A.

(d) t=6T, and I=0.499 A. (e) t=10T, and I=0.5 A. (f) t—eo and I=0.5 A.

Fig.3.23 Magnetic flux distributions for T,=0.051 s and 0,21 MS/m, n=25 % and
Meo=1 miib/m .
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(a) t=T, and I=0.316 A. (b) t=2T, and I=0.432 A. (c) t=4T, and I=0.491 A.

(d) t=6T, and I=0.498 A. (e) t=10T, and I=0.5 A. (f) t—o and I=0.5 A.

Fig.3.24 Magnetic flux distributions for T,=0.051 s and o,=1

AMeg=1 mitb/m .
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Next, let us investigate the flux distributions in the magnetic circuit .for
n220 7%. In Figs.3.22 to 3.24, the flux distributions are shown for n=20, 25 and
30 %, respectively. By comparing their distributions with the ones for n=100 % 1in
Fig.3.11, it can be seen that they are in good agreement with one another at t=T,
and 2T, . However, at t=6T, there arises in Y, the visible difference of the flux
distributions for #=20 and 25 % from the ones for =100 %. On the other hand, the
flux distributions for =80 % agree well with the ones for n¥100 %.

Furthermore, we were able to ascertain that the magnetic flux density and the
eddy current density distributions for 5=30 % agree well with those for =100 % in
Figs.3.12 and 3.13, too.

Consequently, the sufficiently accurate analysis of the magnetic flux can be
achieved by considering the magnetic hysteresis in the limited inner region of
about 30 % of Y,. This makes it possible to decrease in large degree calculation

time required for solving Egs. (2.52).

3.4 Conclusion
The main results obtained by the above numerical calculation and experiment are
as follows:

(1) The author introduced a new equivalent magnetic circuit model, by which the
transient responses of the magnetic fluxes in the usual small-sized dc motor
containing the solid iron yoke can be analysed, that can't be done by the
conventional model.

(2) From the experimental results by the new magnetic circuit model, it was made
clear that the responses of the magnetic fluxes in the interpole airgap, the
interpole core and the yoke are delayed for the change of the armature current.
Also; it was ascertained that the considerable magnetic flux leaks out from the
sides of an interpole core and the magnetic flux in the yoke concentrates in the

inner skin region. It can't be obtained by the conventional magnetic circuit model .
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(3) The wvalidity of author’'s two-dimensional nodal method for numerical
calculation described in Chapter 2 was ascertained by showing that the calculated
results of the transient responses of the magnetic fluxes agree well with the
experimental ones.

(4) From the calculated distributions of the magnetic flux, the magnetic flux
density and the eddy current density, the author made clear that the magnetic flux
and the eddy current concentrate in an inner skin region of the yoke for an initial
duration after the supply of the exciting armature current, and also that the
concentrated magnetic flux, which brings about the magnetic saturation near the
inner surface of the yoke, is kept its magnitude for a long time by the magnetic
hysteresis.

(3) It was made clear that the conductivity of the yoke has a great influence on
the transient response of the magnetic flux, the flux distribution and the eddy
current density in the yoke.

(6) It was shown that the magnetic hysteresis has a large influence on the flux
distribution near the inner surface of the yoke, but has little influence on the
ones in the interpole and the armature.

(7) We made it possible to decrease in large degree calculation time needed to
solve the equations (2.52) for analysing the transient flux responses by
considering the magnetic hysteresis in the limited inner region of about 30 % of

the yoke.
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CHAPTER 4

TRANSIENT BEHAVIORS OF MAGNETIC FLUXES IN DC MOTOR

4.1 Introduction

* The approximate analyses by using the magnetic circuit model are very useful
for a rough evaluation of the transient commutation characteristic of the dc motor.
However, in order to get more practical and accurate evaluation, it is necessary to
analyse accurately the transient response and distribution of the magnétic flux 1in
consideration of the actual complex configuration of the motor, such as arrangement
of the armature coils, shapes of armature slots, interpoles, main poles, etc.. In
this connection, the two-dimensional investigation of the flux distribution in the
motor, which is driven by a constant armature current, was already carried out by
Erdely, Fuch, et al..[8],[9] They used the finite difference me@hod for numerical
calculation of the flux distribution in the complex cross-section of the motor.
However, up to now, the transient flux distribution was little investigated,
although it is necessary to clarify the transient commutation and the speed—torque
characteristics of the dc motor.

In this chapter, there is first introduced the theoretical commutation
equations to clarify close relations between the commutating flux in a commutating
zone in the interpole airgap and the commutation characteristics. Then, by using a
small-sized dc motor, the author experimentally confirms that the initial delay of
the transient response of the commutating flux density to the abrupt change of the
armature current deteriorates the transient commutation characteristics.

Next, through the experimental and the calculated results of the transient
responses of the flux density in the interpole airgap and the fluxes in the

interpole core and the yoke, it is shown that the above flux density and the fluxes
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delay to the change of the armature current by the eddy currents induced in the
yoke and the interpole’liners. Also, the calculated distributions of the magnetic
flux and the eddy current density present that the much magnetic flux and the large
eddy current density concentrate in the inner skin region of the yoke and they
delay the flux response in not only the yoke but also the interpole airgaps and
cores. Furthermore, it is shown that the magnetic saturation and the magnetic
hysteresis in the inner skin region of the yoke have considerable influences on the
transient responses and distributions of the magnetic fluxes.

Finally, the effect of lamination of the region near the inner surface of the
yoke on improvement of the transient responses of the fluxes is quantitatively

investigated by the numerical analysis.

4.2 DC Motor for Experiment
For the experimental and theoretical analyses of the commutation characteristic
and the magnetic flux distribution of a dc motor in the case where the armature
current changes abruptly, the author made the small-sized dc motor specified as
shown in Table 4.1
Next, the cross-sectional view perpendicular to an axial direction of this
motor is shown in Fig.4.1, where
A; and Y, : armature and yoke cores,
Iy, Ip2, Ipz and I,y @ interpole cores
Mpts My2, Mp3 and M,y : main pole cores,
I, @ armature current equal to interpole exciting current,
I,/2 : armature coil current,
I; : main pole exciting current,
Bugts Bag2s Bigt» Bigz and B,s : magnetic flux densities in main pole airgap,
interpole airgap and armature slot, respectively,

Hai. Hy2, Ha3z, Huy and Hgs @ GaAs Hall cells to measure above flux densities,
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Table 4.1 Specification of supplied dc motor

Rating
Power . ¢ 3kw Speed : 1800rpm
Terminal voltage : 220V Number of poles : 4
Armature current : 16A Field excitation : external excitation
Armature
Type of winding : wave Number of parallel circuits : 2
Nuaber of coils : 15 Number of slots : 25
Number of turns of coil : Nc=5 Number of conductors/slot : 30
Outside diameter of core : Da=170mm Inside diameter of core : 60mm
Axial length of core : la=%0mm Cross-sectional area of conductor : 28.3mw

Material of core : silicon steel plate of thi

kness 0.5mm

Brush and Commutator

Number of brushes : 4 Number of commutator segments : 15
Width of brush : 12nm Width of segment : 4mo
Axial length of brush : 25mm Width of insulating mica : 0.4xmm
Outside diameter of commutator : 110m»

Main Pole
Number of turns of coil/pole : 1000 Height of core : Gbnm
Width of core : 50mm Height of liner : 1em
Axial length of core : 1=90mn Ratio of pole arc : B7%
Airgap under center of pole : 3mm Cross-sectional area of conducter : 3.14ms?
Material of core : cast iron plate of thickness lmm

Interpole
Number of turns of coil/pole : 70 Number of turns of auxiliary coil/pole : 10
¥Width of core : 18mm Axial length of core : 1i=80mn
Height of core : 62.5nm Hight of liner : 2.5m

' Airgap under center of interpole : 3.5am

Material of core : silicon steel plate of thic

Cross-sectional area of conductor : 28.3an
kness 0.5mm '

Yoke

Outside diameter : 347mn Inside diameter : 312w
Axial length s ly=225zm Thickness : ty=17.5mp
Material of yoke : solid cast iron

Search coils GaAs Hall cells
Scl, Sc? : yoke Hal, Ha2 : airgap under center of main pole
Sc3, Sc4 : interpole core Ha3, Ha4 : airgap under center of interpole
Number of turns of Scl to Scd :4 Hab : arpmature slot
Ci, Cc2, C3 : armature coil Hall voltage : 1.55 V/1
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Fig;4.1 Cross-sectional view of supplied dc motor.
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dyr = dyrl + dyr2 + ¢yr3

Scry Scrz Scr3
Lw;l TL dyr2 L dyr3
i Yoke N
_N ----------------- .L
Main Pole
Armature
- { - - l -

Fig.4.2 Subdivision of search coil S,

axial expansion of yoke flux.

(r=1 and 2) due to

Fig.4.3 Settlement of search coil G (g=!, 2 and 3) on

armature coil.
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lel» iz and 13 : currents in three coils of which sides are placed in top
of one slot and bottom of another slot,

Ci, C2 and C3 :@ search coils to measure i, ic2 and i.3 , respectively,

$y1, ®y2, &y and &;2 @ magnetic fluxes through yoke and interpole cores
neighbouring yoke,

Scts Se2, Sc3 and S,4 : search coils to measure by1s dy2, &1 and d;2,
respectively.

Here, the fluxes &, to &; are obtained by integrating the electronotive
force(emf) induced in the respective search coils Sc1 to S.4 . In this connection,
wve must think of the axial expansion of ¢,1 and ¢,2 , because the axial length l, of
Yo 1is 2.5 times as long as the ones I, an& la of A, and M, to M. Then, $,; and
®2 in Fig.4.1 are measured by using S., (r=1 and 2) which are divided into
Serts Ser2 and S.,3 as shown in Fig.4.2, where

®yr=®yr1+®9yr2+dy,3, r=1,2 : flux through S., in Fig.4.1,
®yr1, by2 and &,,3 : fluxes through divided coils S.y, S.;2 and Ser3 .

Moreover, the armature coil currents i.;, i.2 and i.3 are obtained by measuring

the respective ohmic voltage drops by C;, C> and C3 which are set on the armature

coil as shown in Fig.4.3,

4.3 Commutation Characteristics

Commutation characteristics are the most important ones for the dec motor as
well as the speed--torque one. So, we first describe the commutation mechanismn in
the dc motor. Especially, we touch upon the relation between the magnetic flux or
its density in an interpole airgap and the commutation characteristics. Next, we
try to do an experiment on the transient commutation characteristic by using the dc

motor specified as shown in Table 4.1 and Figs.4.1 to 4.3.
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Fig.4.4 Armature coils short-circuited by brushes and

commutator segment.
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4.3.1 Commutation mechanism

¥hen an armature slot passes the interpole airgap, which is called the
commutating zone, the armature coils in the slot may be short-circuited by the
brushes and the commutator segments. Then, the directions of the coil currents are
reversed during a short-circuited period which is called the commutating period.
This mechanism is well known as the commutation one. (1], [7],[28]

In our dc motor introduced in the preceding section 4.2, the 13 coils out of 75
are short-circuited at the same time as shown in Fig.4.4, where

Abt, Ab2, Ap3 and Ay : brushes,

Ivi, Iz, I3 and Iy : direct currents in above brushes,

Bigk » k=1,2,3,4 : airgap flux density of Ipk »

Bygk » k=1,2,3,4 : airgap flux density of Mok .
In the figure, the numbers of 1 to 13 are assigned to the short-circuited coils,
and the ones of 1 to 15 to the commutator segments, which are connected with the
coils. Also, the directions of currents are shown by the arrows.

Now, we can find an electric circuit equation for each short-circuited coil in
Fig.4.4. For example, the equation for coil 1 is found by the circuit of
Ap) -segment 1 -coil sides in airgaps of I,3 and I,z -segment 3 -Ap3 ~Ap;. Ultimately,
vhen the dc motor is driven in the steady state and I, is constant, we can obtain
the following equations for the 1-st to the 13-th short-circuited armature coil

currents i; to 13

[ BisatBi2g ] [ Liav L2z Liz . - LT [ a T
Bis 2+Bi3,2 L2y Lz22 L23 . . L2.3 12
Bi1,3+Bis.3 L3 L322 L33 . . L33 d 13
Nelau| Bi2a+Birg |=| Lagy Ls2 Ly3 . . Liqs q 14
|_Bi313+Biz13 1 L Lisg Liz2 Lizz . . Lizasd L iz
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1] [ Ip3-Int | [ Vsi-Vs3 7]
12 Ip2-Ipy Vs2-Vs4
13 Ivi-Ip3 Vs3-Vss
+Re| 14 [+Ro| Ins-Inz |+| Va-Ves |. ‘ 4.1)
| 143 | Iea-Ipy | L Vs13-Vsi5

In the equations,

Bik,r : airgap flux density of I, , which links to coil r,

NelauBik,r : speed emf induced in one coil side of short-circuited coil r,

N.=5 ! number of turns of armature coil,

la=90 mm @ axial length of armature core,

u . peripheral velocity of armature surface,

L, , : self-inductance of coil r,

L;p : mutual-inductance between coils r and p,

R, : resistance of brush,

R. : resistance of armature coil,

Vsq © contact voltage between segment g and brush,

k=1,2,3,4 : interpole number,

q=1,2,....,15 ! commutator segment number,

rand p =1,2,....,13 : coil number.
Also, from Fig.4.4 we can derive the following additional equations for the brush
currents Iy to Iy

Ipy=-Io/2-11+13~15+i7-19+1 1~ 113,

Iv2=la/2-12+14-16+1g-110-1a/2-112,

Ipz=Ia-Iu, “.2)

Ipa=Ia-Ip2.

Equations (4.1) and (4.2) are often called the commutation equations. Also, the

left-side and the first term in the right side of Egs.(4.1) are called the
commutating and the reactance voltage matrices, respectively.

As is well known, when the commutating voltages are too small to overcome the
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reactance voltages in Egs. (4.1), the reversions of the current directions in the
short-circuited coils are decelerated. This kind of the commutation is called the
under-commutation. On the other hand, when the commutating voltages are too large
and the reversions are over-accelerated, it is called the over-commutation.
Especially, when the commutating voltages are suitable to overcome not only the
reactance voltages but also the ohmic drops and the contact voltages in Eq.(4.1),
the reversions may be done in a constant time rate. This commutation is called the

straight-line one, and the r-th coil current i, is given by the following equation

I, 15-2r ,, 2t
2 13 T

1, r=1,2,3,...,13, (4.3)

where
-1,/2=1,=1,/2,
T. : commutating period.

Also, it is well known that commutation spark may occur in the cases of the
under- and over-commutation. To prevent the occurrence of the spark, it 1is very
important to obtain the smooth reversions of the currents, such as the ones in the
straight-line commutation.

For getting the smoothed reversions, it is needed to analyse the commutation
characteristics by solving Egs.(4.1) and (4.2). However, it is too difficult to
solve the equations exactly, because the parameters L, p, Bik,r» Vsq» etc. vary in
both time and space, even when the motor is driven in the steady state. Nowadays,
approximate analyses are carried out by giving some practical assumptions to the
above variational parameters.[@91-[33] 1In this connection, for simplifying
estimation of the commutating voltage, the speed emf NelouBi., in Egs.(4.1) is

often replaced by the following approximate expression

Ne lauBix v =Ne lauB—_iq:NC—':/E‘%ﬂE, (4.4)
c

where
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Z;;EééégéiBun, . average magnetic flux density in interpole airgap,
3§;=ldﬂj§; . average magnetic flux through interpole airgap,
N=60u/(nD,) : revolutions of dc motor per minute,

D, : outside diameter of armature core,
We : width of commutating zone,

under the assumption that every coil in Fig.4.4 crosses equally EE; or ¢4 .

By the above discussions, we showed that the magnetic flux density Bik,r or the
magnetic flux Eﬁ; in the interpole airgap has a great influence on the commutation
characteristics of the dc motor which is driven in the steady state. Furthermore,
with respect to the dc motor driven in the traﬁsient state such as in the case
where the armature current I, changes abruptly, the theoretical analysis of the
transient commutation characteristics is an important subject for the future study,
although the variations of L, ,, Bi.r, Vsq » etc. are much more complicated than the
ones in the steady state. In order to bring light on the subject, it seems to be
suggested that transient responses of the magnetic flux density distribution or the
average magnetic flux in the interpole airgap to the sudden change of ia must be

sufficiently analysed.

4.3.2 Experimental circuit for study on transient commutation characteristics
Figure 4.5 shows the schematic circuit diagram for the experimental

investigation of the transient commutation characteristics of the motor supplied in

" Section 4.2, where the motor is driven as the generator for simplifying the

investigation. In the figure,
G. : dc motor driven as generator,
M : dc motor for driving G, ,
Ef=100 V, Ry and I;=1.3 A : supply voltage, resistance and field current of
exciting field circuit of G,

E, and R,; : variable supply voltage and starter of armature circuit of M,
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Fig.4.5 Scheme of experimental circuit for studying on transient commutation
characteristics.
»
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Fig.4.6 Measurement system for circuit in Fig.4.5.
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Ea=220 V and R, : supply voltage and resistance of field circuit of ¥,

0.11, : terminal voltage of shunt resistance 0.1Q,

N : revolutions of G, and M per minute,

Ry, Vo and I, @ load resistance, output voltage and armature current of G.

S : switch,

T, : tachometer generator,

Vo : output voltage of T,.

¥hen the abrupt change of I, is brought on by closing S in Fig.4.5, the

transient commutation characteristics of G, can be investigated by measuring the
changes of the armature coil currents i, ic2 and i.3 and the magnetic flux
densities Bug1, Bag2» Bigi» Bigz and B, in Fig.4.1. Here, the electromotive forces
induced in search coils S., S.2, S.3 and Ek4'are fluctuated by the influences of
the armature slots and the commutating currents, and so the fluxes ®y1, b2, b;; and
$;2 can’'t be measured accurately. Figure 4.6 shows the measurement system, in which
quantities measured by the search coils, GaAs Hall cells, etc. are processed by a

personal micro-computer.

4.8.3 Experimental results and discussion(34]

Figures 4.7 (a) and (b) show the response waveforms of let » 12, 1c3s Bagl
Bug2, Bigt, Bigz and B,s to the abrupt change of I,, which is generated by closing S
under the initial éonditions of Iy=1.3 A, N=2100 rpm, V,=162 V and I,=0 in Fig.4.5,
vhere R;=8.96 Q, which gives I,=16 A, N=2000 rpm and Vo=145 V in the steady state
for Is=1.83 A, and T,=1.15 ms that is the time constant of I,.

We can see in Fig.4.7(a) that i, i, and i.3 are under-commutated for the
initial duration O0<i<57,, and at about t=57, those currents turn to good
commutating states. The under-commutation for 0<t<57, may be brought forth by the
initial lack of the commutating voltage, which is occurred by the delays of the
responses of Big and By to the rapid increase of I,, as shown in Fig.4.7(b). It

is thought that the delays are caused by the eddy current induced in the yoke Y, .
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(b) Transient responses of magnetic flux densities.

Fig.4.7 Experimental results of transient commutation

characteristics for T,=1.15 ms,N=2000 rpm and I;=1.3 A,
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On the other hand, as is well known, B, and B,;z are not influenced by I, as
shown in Fig.4.7(b). Also, from B, plotted in Fig.4.7(b), we can see that the flux
density distribution in the peripheral airgap of the armature is fairly disturbed
by I,. This is well known as an armature reaction by I,. In Fig.4.7(b), some
visible differences between Bugt and B,z and between Big and B;;z may depend on
the errors of measurement by the GaAs Hall cells and the residual magnetism.‘

Furthermore, from Figs.4.7 (a) and (b), it is suggested that the t;ansient
commutation for the abrupf increase of I, may be improved by intensifying B;; and
Bigz during the initial duration 0<t<5T,. For this purpose, we usually strengthen
the interpole magnetomotive force(mmf) by using an auxiliary interpole exciting
winding as given in Table 4.1.

Figures 4.8(a) and (b) show the experimental results, where the 10-turn
auxiliary winding is added to the 70-turn usual interpole winding, and T,=1.58 ms.
In the experiment, the initial conditions are the same as the ones for Figs.4.7,
but T,=1.58 ms and R;=9.46 Q, N=2000 rpm, V,=153 V, I;=1.3 A and I,=16 A in the
steady state differ a 1little from the ones for Figs.4.7, that is caused by
intensifying the interpole mmf. Now, we can see that Bigt and B;p in Fig.4.8(b)
are about 1.2 times stronger than those in Fig.4.7(b), and so that the commutation
of ic), ic2 and i3 for the initial duration 0<t<5I, are much improved more than the
ones in Fig.4.7(a). However, with the lapse of time, the over-commutation arises as
observed in Fig.4.8(a).

From the experimental results shown in Fiés.4.7 and 4.8, we can affirm that the
transient responses of the flux densities, such as Bigt and Bisp, in the interpole
airgaps to the abrupt change of I, have a great influence on the transient
comnutation characteristics of the dc motor. Therefore, it is very important to
analyse the transient response of the magnetic flux in the interpole airgap. Also,
in the analysis, we must take account of the eddy current induced in the solid iron
yoke and the interpole liner, because the eddy current delays not only the

responses of the fluxes in the yoke and the interpole core but also the ones in the
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(b) Transient responses of magnetic flux densities.

Fig.4.8 Improvement of initial transient commutation by intensifying

interpole exciting mmf for T.=1.58 ms,N=2000 rpm and Ij=1.3 A.
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interpole airgaps.

In some of the latest dc motors, the responsibility of the flux in the
interpole airgap is improved by the automatic control of the interpole exciting
mmf. Also, the partial inner surface region of the yoke is oftén laminated so as to

reduce the initial large eddy current induced in its region.

4.4 Theoretical and Experimental Analyses of Transient Response and Distribution of

Magnetic Flux

4.4.1 Experimental circuit
By using the search coils S;; to S and the Hall cells H, to Hy in Fig.4.1,
we experimentally study on the transient responses of the fluxes b1, Py2, ;1 and
®;2 and the flux densities B,q, Bag2, Bigi and By to the abrupt change of the
armature current I, in the dc motor specified in Table 4.1. Here, the experiment is
performed under the condition that the dc motor stands still at the position shown
in Fig.4.1, because it is too difficult to obtain the transient responses of the
fluxes, when the dc motor is rotating and so the induced emf’s in the search coils
are fluctuated by the influences of the armature slots and the commutating armature
coil currents.
Figure 4.9 shows a scheme of the experimental circuit, for studying on the
transient responses of the magnetic fluxes and the magnetic flux densities, where
G. : supplied dc motor specified in Table 4.1,
Es, Io and R, : variable supply voltage, armature current and resistance in
armature circuit of G,,
Es=100 V, Ry and I;=1.3 A @ supply voltage, resistance and field current in
exciting field circuit of G,,
0.11, :@ terminal voltage of shunt resistance 0.1 Q,

S : switch. .
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Fig.4.9 Schematic experimental circuit for transient
responses of magnetic flux ahd flux densities.
X Termina!l voltage
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Fig.4.10 Measurement system for Fig.4.9.
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In the experiment, I, is suddenly supplied to the armature and the interpole
exciting windings by closing S. In this addition, the measured data are processed

by the personal micro-computer as shown in Fig.4.10.

4.4.2 Assumptions and boundary conditions for numerical solution

Theoretical analysis of the transient responses and distributions of the
magnetic fluxes, the eddy current, etc. by the two-dimensional nodal method
described in Chapter 2 are carried out under the following assumptions: .

(1) It is assumed that the armature stands still at the position shown in
Fig.4.1, because the numerical analysis is too difficult when the relative position
between the armature and the stater is being varied by the rotation.

(2) In the armature, the main pole and the interpole cores, which are made of
laminated steel plates, we assume that the induced eddy current can be ignored and
their conductivities are zero. The conductivity o=0, of the solid iron yoke and the
one g¢=0; of the interpole and the main pole liners are assumed to be constant, and
0y=01=5 MS/m are the measured values. In this connection, when it is assumed that
the yoke 1is partially laminated in the numerical analysis, we put ¢=0 in the
laminated region.

(3) It is assumed that the supplied armature current I, and field exciting
current Iy flow uniformly in the respective winding conductors. Then, the current

density Js; in each winding conductor is evaluated by

_current flowing in each winding conductor
Js= - (4.5)
cross—-sectional area of conductor

Furthermore, the currents i; to ij;3 in the armature coils short-circuited by the
brushes as shown in Fig.4.4 are assumed to be in the straight-line commutation
states, and they are obtained by putting t=0 into Eq. (4.3).

(4) It is assumed that the reciprocal permeabilities p's of the iron cores are
calculated by the Frolich formula described in Article 2.3.8, which is derived from

the B-H curves shown in Fig.4.11. However, by referring to the conclusion (7) in
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Fig.4.12 Experimental results of transient responses of

magnetic fluxes in yoke for T,=1.15 ms.
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Fig.4.13 Arrangement of triangular mesh for nodal method.
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Section 3.5, the magnetic hysteresis is considered only in the inner skin region of
about 30 % of the yoke, so as to reduce the memory and the computation time of the
digital computer for solving the nonlinear discrete equations (2.52).

(5) As shown in Table 4.1, the axial length l, of the yoke is 2.5 times longer
than the ones l, and I, of the armature and the main pole cores. Correspondingly,
we must consider the flux expansion of the axial direction in the yoke. Figure 4.12
shows the transient responses of &1, &2, ®,3 and $,) to I, of T,=1.15 ms, which
are obtained by using the search coils in Fig.4.2. In Fig.4.12, ®,11 and &,3 show
the flux expansion of the axial direetion, and ¢,;2 the flux through the part of
the yoke, which has the same length as I, and l,. Here, the following relations

Dy11+Py13=dy12, }

Dy1=0y11+Py12+Py13=2D,12,

(4.6)

are obtained. By the relation of b,1=2b,12 in Egs.(4.6), our two-dimensional
analysis is performed under the assumption that the axial length la=1,=1,=90 mn and
the above flux expansion can be taken into account by doubling the actual thickness
t,=17.5 mm.

(6) With respect’to the interpole core of the axial length 1;=80 mm, it is made

equal to 1,=1,=90 mm by changing v=y; to v;’ given by the following equation

Vi . 4.7)

@l

V'35

Figure 4.13 shows the cross—sectional‘area of the dc motor with triangular
meshes for numerical calculation, in which the thickness of the yoke is doubled by
the assumption (5). In the figure, very small triangles are applied to the regions
near the outer surface of the armature and the inner one of the yoke, the airgap
around the armature, etc., in which the flux may distribute very variably.

Next, let us give the conditions on the boundary of the motor in Fig.4.13 as
follows:

(1) The leakage flux from the inner surface of the armature core to the shaft is

assumed to be negligible, and we put the vector potential A=0 on the boundary
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P\P2P3P4P; .
(2) Neglecting the leakage flux out of the outer surface of the yoke, we put A=0
on the boundary Q@:Q:Q:Q; .

Now, under the above assumptions and the boundary conditions, the vector
potential at each vertex of a triangle in Fig.4.13 can be obtained by solving the
simultaneous nodal equations (2.52) for given Iy and 1I,. Furthermore, using the
results, the transient response of the flux, the flux distribution, the induced
eddy current density, etc. can be evaluated by the numerical method described in

Chapter 2.

4.4.3 Experimental and calculated results[22], (23], [35], [36]

Figure 4.14 shows the experimental transient responses of Bagl s Bag2, Bigt and
Bigz to the abrupt change of I,, where T,=1.15 ms and I;=1.3 A. We can see that
Bist and B,z respond late to the change of I,, but Bagt and B,y are scarcely
influenced by I,. Though the results shown in Fig.4.14 are obtained under the
condition that the supplied dc motor G, stands still, they agree well with the ones
in Fig.4.7(b) under the condition that G, is rotating.

Figure 4.15 shows the experimental results of the transient responses of
Py, 42, ®;1 and &;» to the change of I,. In the figure, the steady fluxes by Iy
are not plotted, because the above results are obtained by integrating the change
of the induced emf’'s in search coils S.; to S, in Fig.4.1. In Fig.4.15, we can
find the visible delay of the transient responses of the fluxes in the yoke and the
interpole cores to I,. That is caused by the eddy current induced in the yoke and
the interpole liners.

In Figs.4.14 and 4.15, though the fluxes ®y1, dy2, ®;1 and ¢;2 need long iime to
reach the respective final values owing to the large influence of the induced eddy
currents, the flux densities Big and B , which closely relate to the commutating
voltage, reach the respective steady values at about t=107,.

Next, the numerical analysis is performed by the following processes, as
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described shortly in Article 2.3.5. The initial values of the vector potentials
A;'s at all nodes are calculated by Egs. (2.52) under the conditions that Is=1.3 A,
I,=0, 0y=01=0, and the residual magnetism is zero. Subsequently, the numerical
solutions of A;’'s at successive time are derived from Egs. (2.52) under the
conditions of I;=1.3 A4, 0y=01=5 MS/m, I,=16 {1-exp(-t/Ty)} A, T,=1.15 ms and
0={=<10T,. Also, the solutions in thec steady state(t—oo ) are obtained under the
conditions of Iy=1.3 A, 0y=01=0 and I,=16 A.

Figure 4.16 shows the transient responses of the fluxes dy1, Py2, ®;y and 9o
and the flux densities B;; and Bigz to the change of I,, which are obtained by
using the solution of A;'s and Egs. (2.21) and (2.25). Though the actual fluxes in
the dc motor distribute three-dimensionally, the results by our two-dimensional
method agree well with the experimental results shown in Figs.4.14 and 4.15.

In order to study more fully on the transient responses of the fluxes, let us
investigate the flux, the flux density and the induced eddy current density
distributions in a cross-section of the supplied motor, too.

Figures 4.17 (a) to (e) show the calculated flux distributions at t=0,
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Fig.4.16 Calculated results of transient responses of

magnetic fluxes and flux densities for T,=1.15 ms.
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ZTa, STy, 10T, and oo, where AA.4=1.5 mlb/m is the contour interval between two
neighbouring equi-vector-potential lines, which are called the flux lines. Here,
the figure (a) 1is the initial flux distribution, and the one (e) 1is the
distribution in the steady state where the eddy current vanishes. We can see that
the flux distribution changes with time. Especially, the fluxes in the interpole
and the inner skin region of the yoke vary violently. In this connection. the
approximate study on the concentration of the flux in the inner skin region of the
yoke, which is caused by the eddy current induced in the region, was already
performed in Chapter 3.

In Figs.4.18 (a) to (e), the flux density distributions corresponding to
Figs.4.17 (a) to (e), respectively, are presented. We can see occurrence of the
magnetic saturation in some part of the inner skin region of the yoke, which is
kept after a lapse of time by the magnetic hysteresis. The magnetic saturation
decelerates the change of &,; much more than the one of &, in Fig.4.186.

Figures 4.19 (a) to (c) show the eddy current density distributions in the yoke
and the liners at t=2T,, 5T, and 10T,, which are approximately calculated by
Eq.(2.53). We can recognize the large eddy current densities in the inner skin
region of the yoke and the both outer ones of the interpole liners for the initial
duration O<t=21, . Those large eddy current densities cause delays of not only the
fluxes &, , ®,2, ¢;; and ®;2 but also the flux densities Bigt and Bz as showvn in
Fig.4.16. We can also see that the small eddy current may be remained after t=10T,
and so the fluxes in Fig.4.16 need long time to reach their steady values.

Next, in Figs.4.20 (a) to (e), we show the flux density distributions in the
commutating zones in the interpole airgaps of I, I,2, I,3 and Iy, which
correspond to (a) to (e) in Figs.4.17 and 4.18, respectively. As already shown in
Egs. (4.1), these distributions relates closely to the transient commutation
characteristics of the dc motor. And the delay of the flux densities to the change
of I,, especially the large delay for 0<t=5T,, cause the bad under-commutating

states as shown in Fig.4.7().
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Fig.4.17 Transitional magnetic flux distributions for

T,=1.15 ms and AA.q=1.5 mWD/m .
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Fig.4.17 (b) t=2T, and 1,=13.8 A.
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Fig.4.17 (c) t=5T, and I,=15.9 A.

162




o |

Fig.4.17 (d) t=107, and I,=16.0 A.
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Fig.4.18 Transitional magnetic flux density distributions

for T,=1.15 ms.
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Fig.4.19 Transitional eddy current density distributions
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Fig.4.19 (b) t
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Fig.4.19 (¢) t

172 .



. 4///// 0.2 0.2

-0.2 -0.2 -0.2 -0.2

Fig.4.20 (a) t=0 and I,=0.

[ I, | l L, | l I, | l | l
B,m (T) B'DI(I) B“p (T B,‘H(T)
0.2 0.2 0.2 0.2
.\’--\ s s . \"—"\ N . .
-0.2 -0.2 -0.2 -0.2

Fig.4.20 (b) t=2T, and I,=13.8 4.

Fig.4.20 Transitional magnetic flux density distributions

in commutating zones for T,=1.15 ms.
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Fig.4.20 (¢c) t=5T, and I,=15.9 A.
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Fig.4.20 (d) t=10T, and I,=16.0 A.
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0.2 0.2 0.2 0.2
-0.2 -0.2 -0.2 \ -0.2

Fig.4.20 (e) t—o and I,=16.0 A.
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4.4.4 Improvement of transient response of magnetic flux by using partially
laminated yoke

In Chapter 3 and in Article 4.4.3 we made clear experimentally and
theoretically that the delay of the transient flux responses to an abrupt change of
the armature current is mainly caused by the eddy current induced in the inner skin
region of the yoke. Also, in Section 4.3, it has been shown that the delay has a
bad influence on the commutation characteristics of an actual dc motor. Recently,
in the small-sized dc motor for the special application, the laminated core is
often used in the inner skin region of the yoke, as shown in Fig.4.21, so as to
decrease the induced eddy current and improve the transient flux responses and so
the commutation characteristics. In the figure, L, is the thickness of the
laminated core. However, the quantitative grasp of the lamination on the above
decrease and the improvement has been yet done.

Therefore, we investigate quantitatively effects of the use of the laminated
core in the yoke by numerical analyses. Here, it is assumed that thin iron plate of
the thickness 1 mm is used for the laminated core, of which the conductivity is

zero. However, in the analysis, its actual thickness L, is doubled by the

Solid iron

ty'17'5 e Laminated iron

o

\:\}\

Fig.4.21 Laminated iron in inner skin region of yoke.
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assumption (5) shown in Article 4.4.3, as follows
L, =2L,. 4.8)

Also, for simplifying the analysis, it is assumed that the magnetization
characteristic of the iron plate is the same as the one of the solid iron yoke
shown in Fig.4.11 and the initial flux distribution is the same as shown in
Fig.4.17(a). .

Figure 4.22 shows the calculated responses of b1, dy2, by, @2, Bigt and By
to the change of I,, where L,"=2 mm, I;=1.83 A, I,=16 {1-exp(-t/T,)} A and
T,=1.15 ms. In this case, the flux in the yoke, which is excited by I,, incline to
be concentrated mostly in the laminated region, because the penetration of the flux
into the residual solid iron is obstructed by the induced eddy current. Then, the
magnetic saturation and the hysteresis phenomena are arose without delaying to I,
in the laminated region in which the eddy current is not induced. As the result, a

large difference between ¢,; and &, is occurred. However, in comparison with the
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Fig.4.22 Calculated results of transient responses of
magnetic fluxes and flux densities for T,=1.15 ms

and lamination L, =2 mnm.

176



-

results in Fig.4.16 for L,=0, we can see that the delays of the responses are
fairly decreased by the use of the laminated plate of L, =2 mm.

In Figs.4.23 (a) and (b), we show the flux density distributions at t=2T, and
5T, in the commutating zones for Ly'=2 mm. We can readily see that the flux density
distributions are much improved in comparison with the ones in Figs.4.20 (b) and

(¢) for L,=0.

=0.2 -0.2 -0.2

\—\0/2\ :0.2 ..ﬁ \o/zv\ :0.2 .ﬁ
~U/ \ /_b/

-0.2 -0.2 -0.2

Fig.4.23 (b) t=5T, and 1,=15.9 A.

Fig.4.23 Transitional magnetic flux density distributions
in commutating zones for T,=1.15 ms

and lamination L,'=2 mm.
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Figure 4.24 shows the calculated results of the transient flux responses for
L,"=4 mn, where the other parameters are the same as the ones in Figs.4.16 and
4.22. In the yoke, the flux by I, mainly passes through the laminated region and so
the eddy current induced in the other region is decreased very much. Therefore, the
responses in Fig.4.24 are considerably fastened than the ones in Figs.4.16 and
4.22. And, the fastened responses of B, and Bigz may improve the initial
commutation characteristics of the dc motor. However, from visible difference
between &, and ¢, for the initial duration 0<t<2T, in Fig.4.24, it is seen that
the magnetic saturation and the hysteresis phenomenon occur in the laminated region
of the yoke. Now, it is needless to say that the flux density distributions in the
commutating zones, which are nearly equal to the ones for L,"=6 mm as shown late in

Figs.4.29, are much improved more than the ones for L,=0 and L,=L,"/2=1 mm.
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Fig.4.24 Calculated results of transient responses of
magnetic fluxes and flux densities for T,=1.15 ms

and lamination L, =4 mm.
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Figure 4.25 shows the same calculated results for L,’=6 mm. We can see that
responses of &y, &2, &1, ®i2, Big1 and Bigz to I, is sufficiently improved, since
the values at t=6T, exceed about 96 % of their final ones. From these results, it
may be suggested that a good commutation of the dc motor specified in Table 4.1 can
be obtained for L,=L,’/2=3 mm .

In Figs.4.26 (a) and (b), there are shown the flux distributions at t=2T, and
ST, , where AA.4=1.5 mib/m . We can see that the flux change in the yoke is mainly
occurred in the laminated region. Also, we can see that the fluxes through the
interpole cores and its airgaps are more increased than the ones in Figs.4.17 (b)
and (c) for L,;=0. Figures 4.27 (a) and (b) give the flux density distributions at
t=2T, and 5T, . In the laminated region of the yoke, the flux density is smaller
than 1.1 T, and so the magnetic saturation is not occurred.

Also, the eddy current density distributions are shovn in Figs.4.28 (a) and
(b), from which it is seen that the eddy current densities induced in the yoke is

much smaller than the ones in Figs.4.19 (b) and (c) for L,=0.
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Fig.4.25 Calculated results of transient responses of
magnetic fluxes and flux densities for T,=1.15 ms

and lamination L, =6 mm.
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Fig.4.26 (a) t=2T, and I,=13.8 A.

Fig.4.26 Transitional magnetic flux distributions for

T,=1.15 ms, lamination L," =6 mm and Ad.q=1.5 mlfb/m .
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Fig.4.27 (a) t=2T, and I,-13.8 A.

Fig.4.27 Transitional magnetic flux density distributions

for T,=1.15 ms and lamination L,"=6 mm.

=> 2.0 T
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Fig.4.27 (b) t=5T, and I,=15.9 A.



Fig.4.28 (a) t=2T, and I,=13.8 A.

Fig.4.28 Transitional eddy current density distributions

for T,=1.15 ms and lamination L,"=6 mm.
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Fig.4.28 (b) t=5T, and I,=15.9 A
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In Figs.4.290 (a) and (b), there are shown the flux density distributions for
L,"=6 mm at t=2T, and 5T, in the commutating zones. We can see that those
distributions respond well to I, and are improved enough to get the good

commutation characteristics of the dc motor.

| L, J l Ipz J l IP‘ J l IP‘ J
Bigy (T) Byge (T) Bigs (T) Bgs (T)
0.2 0.2 0.2 0.2

-0.2 -0.2 -0.2

Fig.4.29 (a) t=2T, and I,=13.8 A.

l Ipl J | Ip: J l Ips | l Ip4 J
Bigy (T) By, (T) Bigs (T) Brgs (T)
0.2 0.2 0.2 0.2

~0/ \/}/

-0.2 -0.2 -0.2

Fig.4.29 (b) t=5T, and I,=15.9 A.

Fig.4.29 Transitional magnetic flux density distributions
in commutating zones for T,=1.15 ms

and lamination L,'=6 mm.
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Figure 4.30 shows the transient responses of the fluxes and the flux densities
for L, =8mn. Now, the results are almost equal to the ones for the next case where

the yoke is fully laminated.
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Fig.4.30 Calculated results of transient responses of
magnetic fluxes and flux densities for T,=1.15 ms

and lamination L, =8 mm.

Next, we investigate the transient responses of the fluxes and the flux
densities for the dc motor whose yoke is fully laminated and Ly"=35 mm. In this
case, the eddy current is induced only in the liners, and so the fluxes and the
flux densities can fast respond to I, as shown in Fig.4.31. We can readily find the
relation of ¢,=®, . This means that the flux in the yoke, which is excited by I,
may distribute wuniformly in the whole yoke and so the magnetic saturation and: the
hysteresis can't occur. Also, we can see that the responses of the flux densities
Bigt and B, are nearly equal to the ones in Fig.4.25 for Ly,"=6 ma. In this
addition, the flux density distribution at t=27, and 57, became much the same as

the ones in Figs.4.27 and 4.29.
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Fig.4.31 Calculated results of transient responses of
magnetic fluxes and flux densities for Te=1.15 ns

and lamination L, =35 mn.

4.5 Conclusion
The main results, which were obtained by the above experiment and numerical
calculation, are as follows:

(1) The specification of a smal)-sized dc motor to be used for an experiment was
shown, in which the search coils and the GaAs Hall cells are set to measure
transient commutation characteristics of the armature coil current and the
transient responses of the magnetic flux and the flux density in important regions
of the motor when the armature current changes abruptly.

(2) The theoretical commutation equations for the specified dc motor for
experiment were introduced. Then, it was suggested that the transient responses of

the magnetic flux density distribution and the average magnetic flux in the
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interpole airgap are closely concerned to the transient commutation characteristics
of the dc motor whose armature current I, changes abruptly.

(3) From the experimental results of the transient commutation characteristics,
it was affirmed that the under-commutation arises for the initial duration O<t=5T,
after an abrupt change of I, because of the initial delay of the trénsient response
of the magnetic flux density in the interpole airgap.

(4) From the experimental results of the transient responses of the magnetic flux
and the flux density when the dc motor stands still and I, is sﬁddenly supplied, it
was seen that the responses of the magnetic fluxes in the yoke and the interpole
cores are considerably delayed by the eddy currents induced in the yoke and the
interpole liner, and so that the one of the magnetic flux density in the interpole
airgap is delayed, too, for the initial duration o<t=10T, .

(5) The numerical analysis of the transient distribution of the magnetic flux was
carried out by the two-dimensional nodal method derived in Chapter 2, where the
magnetic hysteresis was considered only in the inner skin region of about 30 % of
the yoke by referring to the conclusion (7) in Section 3.5, and the actual
thickness t, =17.5 mn of the yoke was doubled in the numerical analysis.

(6) The validity of the above anaiysis was ascertained by showing that the
calculated results of the transient responses of the magnetic fluxes in the yoke
and the interpole, the flux densities in the interpole airgap, etc. agree well with
the experimental results.

(7) From the calculated results of the transient distributions of the magnetic
flux, the flux density and the eddy current density, it was made clear that the
much magnetic flux and the large eddy current density concentrate in the inner skin
region of the yoke and the outer skin one of an interpole liner for the initial
duration. Also, in the skin region of the yoke, the concentrated magnetic flux,
wvhich brings about the magnetic saturation, is kept its magnitude after a lapse of
time by the magnetic hysteresis.

(8) It was denoted that the initial large eddy current density delays not only
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the transient responses of the magnetic fluxes in the yoke and the interpole but
also the one of the magnetic flux density in the interpole airgap. Also, it was
pointed out that the eddy current density slowly decreases and so that the magnetic
fluxes need a long time to reach those final steady values.

(9) The effect of the partial lamination of the yoke on the improvement of the
transient response of the magnetic flux was numerically investigated. As a result,
wvhen the partial lamination was applied in the inner skin region about 3 mm out of .
the whole thickness 17.5 mm of the yoke, the transient response was enough improved

to obtain the good transient commutation characteristics of the dc motor,
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