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Remarks on the paper "On the infinite dimensionality of 

the middle L 2cohomology of complex domains" 

Kazuhisa Miyazawa 

1．邸liminai肉

In this note, we will give an outline of the proof of Theorem in [Oh] and remark on the paper. Then we 

will describe conditions and some properties for infinite dimensionality of the middle L 2 cohomology. 

Let D c en be a domain with the smooth bound叩 inthe n-dimensional comlplex Euclidean space. 

Then ao denotes the boundary of D and D denotes the topological closure of D. 

Let cp: en→ R be a defining function of D satis飼 gD = {z E cn1血(z)<o}.For a subset A C C庄let

cv,q (A) be the restriction on A for the space of smooth (p, q)-forms on the complex Euclidean space. 

For x E ao, let {U, ((i, …, ~n) I u C en, (~i, ．．．ふ） E en} be a local coordinate of x. We assume that 

dcp -=f:. 0 holds on万． Let{Tzh=l~n be a set of C1・0(D nu) such that {Tk(y）｝k=l~n are an ortho・ 

normal basis with respect to the complex Euclidean metric at y E百nU with巧＝ acp/1acplE- Here 

I • IE denotes the pointwise norm with respect to the complex Euclidean metric. For a differential form 

0, let e(S) be the exterior product e(S) : u ~ 0 Au and e* (0) be the adjoint of e(S) with respect to 

the complex Euclidean metric. 

Fora smooth (p,q)・form u E Cp,q(D n U), th ere are unique four differential forms { uk} k= 1 _4 

satis飼 g

Moreover, the following holds. 

Proposition 1 (cf: [We]) 

u=叫＋acp^ 四＋acp^ 四＋acpAacpAU49 

e*（巧）既＝が（て）れ＝ 0 (k = 1~4). 

For p + q = n, we assume that Levi form R. a函cpis not non・degenerat.ed on U. Then we have the 
following. 

(1) For w E [P,q (D n U), there are unique four forms on (D n U) such that巧 ECP-1,q-1（百nu)，巧 E

cP-1,q(D n U), v3 E cp,q-1(0 n U) 匹 ECP-i,q-i(D n U) satis:fies that 

(i) w = aacp^ 巧＋acp^ 巧＋50^ 巧＋acpA恥AV49
(ii) が(-r1)匹＝が（百）吹＝ 0(k = 1~4) hold. 

(2) For vt E c0,1(0 nu) and u1 E cp,q-1(D n U), we put w = vt I¥ u1 E Cp,q(D n U). assume that 

e*（巧）w=が（fi)w= O hold. Then there exist u11 E cp-i,q-1(0 nu), u12 E cp-i,q-1(0 n U) 

This work was supported by the Research Institute for Mathematical Sciences, an inter-
national Joint Usage/Research Center located in Kyoto University. 
E-mail address: kz・miyazawa@ezweb.ne.jp 



25

KAZUHISA MIYAZAWA 

uniquely satisfying the following: 

(i) w=a励AU11 -acp A i1cp A U12, 

(ii) e*(T1)u11 = e*（百）U11=0, e*（巧）U12= e*（ii)u12=0. 

Especially, the form u11 may have a divisor v1 in general. 

2. Theorem ofOhsawa 

We will explain Theorem of Ohsawa and describe an outline of the proof [Oh] by using the argument of 

Ohsawa in view of Proposition 1. 

Let ds2 be a complete hermitian metric on a domain D with the smooth boundary and Lp,q (D) be the 

space of square integrable (p, q)-forms. 

From now on, we assume the follo面ng:

(i) There exist positive constants C0 and a, b satisfying 

c討ds2<（一；）aI「=2必 Adft+（一；）bacp̂万cp< C。ds2on D n U, 
(ii) 1 ~ a, 1 ~ b, a < b + 1 hold, 

(iii)如， d位 ..., d~n are linearly independent on D n U. 

Then we have the follo而ngtheorem about unreduced L 2cohomology. 

Theorem([Ohl) 

For p + q = n, we have that 

dime-;= 
｛ uEL四 (D)I au= o} = +oo 
{au E Lp,q(D) I U E LP,q-l(D)} 

holds. 

Proof of the theorem is as follows. 

For p + q = n, we set u = f d~ I¥…A d-e;; A d~2 A…I¥ d~p+l which is a smooth(p, q)-form on百nu.

Then there exist four forms｛既｝k=i-4uniquely from Proposition 1 satisfying 

枷＝蒻0 巧^＋acp^ 巧＋恥＾巧＋acpA acp A V4. 

Weput 

w=w(u)=u-acpAv1. (*) 

Then we have aw = acp A (Vz —恥）＋ aQ^ 巧＋ acpA iJcp A V4. By calculating, the following hold. 

Proposition 2 

(1) acp A v2 E L四 (D)

(2)恥 Av3EL虹 (D)

(3) acp A励Av4 E Lp,q(D) for b -a> -1 

(4) acpAiJV1ELp,q(D)forb-a>-l 

Then the following proposition holds from Proposition 2. 



26

REMARKS ON THE PAPER "ON THE INFINITE DIMENSIONALITY" 

Propositi.on3For w E cp,q-l(D) in (*)， aw E [P,q (D) holds. 

Next step is to find conditions such that aw is L 2 ・cohomologous to 0. We assume that there exists 

wp,q-i E [P,q-1(D) satisfying the following: 

(i) Wp,q-1 = LIIl=P,IJl=q-1 wll 1d~1 I¥ d万

`/\こ妬KLd~K /\d~L 
IKl=p-1,ILl=q-1 

＋恥^（⑳/¥,.|＝ぶ1=q-2W3MN叩心）
＋う0^（こ w4PQ収p/¥d百

|P|＝p,|Q|＝q-1)  

(ii)万W= awp,q-l 

For a defining function cp of the domain D and t < 0, we put Dt := { cp < t} and dSt denotes the 

volume element of Dt with respect to the complex Euclidean metric. 

Then we have the following by Fubini's theorem. 

Proposition 4 

(1) liminf f | WlI州dふ＝ Oforb:2:1
tl'O 

DtnU 

(2) Ii四しnff |w疇 dふ＝ Ofora:2:1
DtnU 

By comparing万wwith万Wp,q-i,we have the following from Proposition 4. 

Proposition 5 

We assume that aw is L 2 ・cohomologous t,o O with respect t,o the complete metric ds2. Then we have the 

following: 

(1)励A(v2 —恥） ＝o holds on ao nu. 

(2) a<p I¥ aw= 0 holds on ao n U. 

Here we will prove Theorem of Ohsawa by using previous propositions. 

Proof ofThoorem of Ohsawa 

Let p be a real-valued smooth function which has the support in a neighborhood U of x E ao and 
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p = 1 on a neighborhood V c U. We put 
7 - -

如：＝ pら心A…Adg Ad(2 A…I¥ d~p+1 for kEN 

and wk:= w (uk) in accordance with(*). Then we see that函Wk―示w1is not to L2・cohomologous to 0 

if k * I from Proposition 5. Hence our claim holds. ロ

3. Remarks 

For p + q = n, we put u = f dfi" I¥…AdCA d(2 A…I¥ d~p+l which is a smooth (p, q -1)-form with 

the support in D n U. Then we see that au = af I¥ d~2 I¥…Ad(q A d(2 ̂…I¥ d~p+l is the smooth 

(p,q)-form. 

On the other hand, by using four forms {u1c} (k = 1~4) with e*(T1)四＝が（百）既＝ 0,we can 

uniquely describe 

dし2̂…A dし1A d(2 ̂…A d§P+1 = U1 + aQ AU2 + aQ AU3 + aQ ̂  a0 ̂U4 
from Proposition 1 (I). From now on, we will describe 

af= f万い神＋vf

for any smooth function f by using a (0,1)-form v1 with e*（巧）vf＝が（百）v1= 0. The we have 

うu=Vf ^ 叫＋如A(-Vf^ 西）＋袖Afa訊1+ a0 ̂ a① ̂  （f竺四＋vf ^ 四）

On the other hand, there exist u11 E cv-i,q-i (D n U) and u12 E cv-i,q-i (D n U) uniquely such that 

Vt^ 叫＝ a万c:pAu11-ac:pA百c:pA U1z, 

satisfying e＊に）U11=e*（百）u11= 0 and e＊い）叩＝ e*（百）叩＝ 0from Proposition 1 (2). 

Especially, u11 may have a divisor v1. 

Then we have 

au = a °ac:p A U11 + ac:p A (-vf^ 西） ＋函c:pAf西叫＋ac:pA励＾（f励四＋VtA U4 -U1z). 

Weput 

巧＝ u11,v2 = -v1 A u2,巧＝fa訊19四＝f恥西＋VtA U4 -U1z-

Then we have 

au = aacpA巧＋acp A巧＋aoA巧＋ acpA0cpAV4• 

Remark6 

In our situation, both巧 and巧 mayhave a divisor v1. Rene we should claim that 

恥A（巧ー恥） ＝ 0 
holds if示wis L2-cohomologous to O from Proposition 5 (1). 

Remark7 

In [Ohl, assumptions about the claim for complete metrics is the following: " 1 ~ a ~ b < a + 3". The 

condition b <a+ 3 is needed for L2・integrabilityof cpv4 in [Oh] p.107. In our argument, this term does 

not appear. 
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4. Iminit.e dimensionality of reduced L 2 oohomology 

Let X be an n ・dimensional non-compact complex manifold and (X, ds2) be a complete hermitian 

manifolds. Let (・, ・) (resp. II • II) be the inner product(resp. norm) of (p, q)・forms on X. Let I • I be 

the pointwise norm of (p, q)・forms on X. Let C炉(X)be the space of (p, q)・forms on X with compact 

supports and Lp,q (X) be the space of L2・integrable (p, q)・forms on X with respect t.o ds2. Let 

ti: Lp,q (X)→Lp,q+1 (X) be the万operat.orand か：Lp,q+l(X)→Lp,q(X) be the adjoint operat.or. Then 

叩翌(X):=｛(/J E Lp,q(X) I和＝ 0,a•(f} = O} 
denotes the L 2harmonic space with degree (p, q). We put 

N召'q(X)== {u E Lp,q(X)ltiu = o},R;'q(X) == {au E Lp,q(X)I U E £P,q-l(X)} 

and 

HP,q(X):＝N『(X)/R『(X)

, where R『'q(X) denotes the t.opological closure of R『'q(X)in Lp,q(X). Let Hp,q(X)denotes the 

reduced L 2 cohomology with degree (p, q). These are isomorphic t.o each other. 

In general, it is well known that the following holds for the closedness of R『(X).

Proposition 8 ([H]) For any cp E C炉(X),there is a constant C > 0 such that the following holds: 

||両||2+||咋||2> C|仰||互

Then Rf'q c Lp,q (X) and Rf'q+t 
a a c Lp,q+1(X) are closed subsets. 

Infinite dimensionality of the middle L 2 cohomoloy has been investigated by many articles. It is expected 

that this property will play important roles in various situations. If an n -dimensional complex manifold 

satisfies四hlerhyperbolicity([Gr]) or strictly恥 hlerconvexity([Mc ]), it is well known that Proposition 8 holds 

for p + q -:f:. n. 

In 2006, B. Y. Chen had claimed that infinite dimensionality of the middle L 2 cohomoloy holds for any non・ 

compact囮 hlerhyperbolic manifolds([ Ch]). However, unfortunately, the claim has counterexamples in the 

case offurite volumes and bounded curvatures([YeD. 

5. Localimtion 

For non vanishing L 2 cohomoloy, it is known that the following holds. 

Proposition 9 (cf: [G-T] Proposition 8.4) 

Let Xe a complete hermitian man:ifold. Let a be an element of N-,『(X).Weassumethatthereexista y E 
N;-p,n-q(X) such that fx a/¥y * 0 holds. Then a fl. N/'q(X) holds. Especially, the L2 cohomoloy 
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HP,q(X)is nonvanishing. 

For the unit ball B= {(z1互） EC2 1 llzll < 1}, wewillinduceacompletehermitianmetric ds孟satisfying

the following conditions by using a differential automorphism低

(i) For p = (1,0) E as and a sufficiently small neighborhood p E U c C互weput ds孟＝ ds~YP on U, 
2 where dsL_ denotes the Poincare metric of B. This metric satisfies conditions in Theorem ofOhsawa. hyp 

(ii) We put ds孟＝ ds;on the hemisphere 8_ == {z EB I Re z1 < O}, where ds; denotes the complex 

Euclidean metric of C 2. 

For the complex Euclidean metric (C汽ds;},it is well-known that H四 (en,ds;) = {O} holds for O ::; 

p ::; n, 0 ::; q ::; n ([Lo], p345). Therefore H1・1(B, ds孟）＝ ｛O} holds. Then the following claim holds by 

using Proposition 9. It is a Serre duality-like proposition. 

Proposition 10 

1.1 Let a E Ni'i(B, ds知） bea representative of non匹 roL2 cohomologywith supp a c[Jand y bean 

element of Nl'1cB, dsん） suchthat fx aAy =/:-0. Then supp y == {z EB I y(z) =/:-O}<t. [Jholds. 

6.Exam.ples 

We will give examples which have infinite climensionality of the middle L 2 cohomology by Theorem of 

Ohsawa. 

Example 11 Let D = { z E cnl lzl < 1} be the unit ball and ds5 be the Poincare metric. Then (D, ds5) 

satisfies conditions for Proposition 8 and any point of a D has a neighborhood satisfying conditions for 

Theorem ofOhsawa. Therefore dimcH四 (D)= +oo holds. 

Example12Let D = ｛z = （z1 Z2)|l t-
Zz Z3 

2 -Z t t > 0} c C3 be the bounded symmetric domain and 

ds5 be the Bergman metric of D. Then(D, ds5) satisfies conditions for Proposition 8 ([Do]) and almost 

everywhere point of av has a neighborhood satisfying conditions for Theorem ofOhsawa. Therefore 

dimcH四 (D)= +oo holds. 
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