Remarks on the paper “On the infinite dimensionality of

the middle L?cohomology of complex domains”

Kazuhisa Miyazawa

1.Preliminaies
In this note, we will give an outline of the proof of Theorem in [Oh] and remark on the paper. Then we
will describe conditions and some properties for infinite dimensionality of the middle L?cohomology.
Let D c C™ be a domain with the smooth boundary in the n-dimensional comlplex Euclidean space.
Then 0D denotes the boundary of D and D denotes the topological closure of D.
Let ¢: C® — R be a defining function of D satisfying D = {z € €*|¢(2) <0}. For a subset A c C", let
CP4(A) be the restriction on A for the space of smooth (p, q)- forms on the complex Euclidean space.
For x € aD, let {U, ({y, ...,¢y) | U € C*, (Ly, ..., () € C™} be alocal coordinate of x. We assume that
dp # 0 holdson U. Let {T,};=1-n be asetof Cl'o(ﬁ n U) such that {t(y)}x=1~n are an ortho-
normal basis with respect to the complex Euclidean metricat y € D n U with t; = d¢@/| d@|;. Here
| <|g denotes the pointwise norm with respect to the complex Euclidean metric. For a differential form
0, let e(B) be the exterior product e(0) : u = 6 Au and e*(0) be the adjoint of e(0) with respect to
the complex Euclidean metric.
For a smooth (p, q)-form u € C?9(D N U), there are unique four differential forms  {t,}=1-4
satisfying
U=u; +0@AU, + 0@ Auz + 3@ AIP AUy,
e" (), =e" (T u =0 (k= 1~4).
Moreover, the following holds.
Proposition 1 (cf : [We])
For p + q = n, we assume that Levi form V=13 d¢ is not non-degenerated on U. Then we have the
following.
(1) For w € €P4(D n U), there are unique four formson (D N U) such that v, € P~ (D N U), v, €
CP~14(D N U),v; € CPI1(DNU), v, € CP~191(D N U) satisfies that
(i) W=00Q AV, +0@ AV, + 09 Avs+ 0@ AD@ Ay,
(i) e*(t)vg = e*(T; )vy = 0 (k= 1~4) hold.
(2) For v; € C*1(DNU) and u, € CP4"1(D N U),weput w = vy Ay, € CP4(D N U). assume that
e*(ty)w = e*(f; )w = 0 hold. Then there exist u,; € C”'l'q'l(ﬁ NU), u, € cP~1a-1(D N V)
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uniquely satisfying the following:
(1) w=00@ Auy, —0Q AIQ Ay, ,
(i) e*(t)uy; = e* (T Juy= 0, e*(tug, = e* (T Jug,=0.

Especially, the form u;; may have a divisor v; in general.

2. Theorem of Ohsawa
We will explain Theorem of Ohsawa and describe an outline of the proof [Oh] by using the argument of
Ohsawa in view of Proposition 1.
Let ds? be a complete hermitian metric on a domain D with the smooth boundary and LP%(D) be the
space of square integrable (p, q)-forms.
From now on, we assume the following:
(1) There exist positive constants C, and a,b satisfying

—13.2 1\ a 1\’ 3 2
Cylds? < (—;) Zl=2d(l/\d(l+(—;) @ A < Cyds? on DN U,

(i) 1<a,1<b,a<b+1 hold,

(iii) d¢, diy, .., dy, arelinearly independenton D N U.
Then we have the following theorem about unreduced L Zcohomology.
Theorem([Oh])
For p + q = n, we have that

, {ueLPa(D)| du=0]}
dim;— =
{ou € Lra(D) | u € LPa~1(D) }

holds.

Proof of the theorem is as follows.

For p+q=n,weset u=fd{, A-A dZ/\ dy A -+ A dG,,ywhich is a smooth(p, q)- form on DNnU.
Then there exist four forms {v;};-,., uniquely from Proposition 1 satisfying

ou=00QAV; +0Q AV, +0@ Av3+ 0P AIP AV,
We put
w=w)=u— 0@ Av,. (%)
Then we have dw = d A (vz - 5171) + 3@ Avs+ 0@ A D@ A v,. By calculating, the following hold.
Proposition 2
(1) d¢p Av, € LPI(D)
(2) d@Avy €LPA(D)
(3) dpAdQ AV, €LPAD) for b—a>—1
(4) 9@ Adv, € LPA(D) forb—a > —1
Then the following proposition holds from Proposition 2.
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Proposition 3 For w € CP971(D) in (%) , dw € LP(D) holds.

Next step is to find conditions such that dw is L?-cohomologous to 0. We assume that there exists
Wpq—1 € LP971(D) satisfying the following:

(1) Wpgo1 = Zipj=pisi=q-1 Waryd% AdT;

+0p A Z Wak A0k AdT,
|K|=p-TTLl=g—1

+ 5(,0 Al dpA W3y ndly A dZ_N
[M|=p-1,N|=q-2

+ dp A Wyp odCp /\dz
IPI=p.lQl=q-1
(i) ow = dw, 4y
For a defining function @ of the domain D and t < 0,weput D, :={¢ < t} and dS; denotesthe
volume element of D; with respect to the complex Euclidean metric.

Then we have the following by Fubini’s theorem.
Proposition 4

(1) liminf j | wiy|?dS; =0 forb=>1
0 Jpau

(2) liminf | wog 112dS, =0 fora=1
t DU

By comparing dw with Ewp,q_l, we have the following from Proposition 4.

Proposition 5
We assume that dw is L?-cohomologous to 0 with respect to the complete metric ds?. Then we have the
following:
(1) dp A (vz - 5171) = 0 holdson aD N U.

(2) 3¢ Adw = 0 holdson dD N U.

Here we will prove Theorem of Ohsawa by using previous propositions.
Proof of Theorem of Ohsawa
Let p be a real-valued smooth function which has the support in a neighborhood U of x € dD and
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p = 1on aneighborhood V c U. We put
W= pEdG A A dly A dly A+ Adlyy, forkeN
and wy:= w () in accordance with (). Then we see that 9w, — dw, is not to L?-cohomologous to 0

if k # 1from Proposition 5. Hence our claim holds. O

3. Remarks

For p+q=n,weput u=fd{ A-A dgl\ dl, A+ A dC,,,whichis a smooth (p,q — 1)-form with
the support in D N U. Then we see that du = af Ad{, A - A dz A dCy A+ AdG,,q 1s the smooth
(p, q)- form.

On the other hand, by using four forms {u,} (k = 1~4) with e*(t)u, = e*(T; )ux = 0, we can
uniquely describe

Al A Adly A dly A Adlyy = Uy +0Q Ay + @ Auz + QA I A,
from Proposition 1 (1). From now on, we will describe
of = fg(p 5(,0 + vy
for any smooth function f by usinga (0,1)-form vy with e*(t;)v; = e"(; )vy = 0. The we have
du = Ve AUy + 0@ A (—Vvp Auyp) + ¢ /\fa(pul + 3@ Adp A (fgwuz + v A u4)
On the other hand, there exist u;; € CP~24"1(D N U) and u,, € CP~2471(D N U) uniquely such that
Ve AUy = 65@ Au — 0@ /\5(p/\u12,

satisfying e*(ty)uy; = e*(f; )ug; = 0 and e*(ty)u;, = e*(f )uy, = 0 from Proposition 1 (2).
Especially, u,; may have a divisor vj.
Then we have

du = 65([)/\u11 + 0@ A (—vrAuy) +5(p/\f5¢)u1 + 6(p/\5(pA(f5(Puz +vrAu, —ulz).
We put

Vi = Ugg, Vp = —Vp AUy, V3 = f5¢u1' v, = fgq,uz + Ve Ay — Ugp.
Then we have
du = 65(()/\171 + 0@ Av, +5<p/\v3 +6(p/\5(p/\v4.
Remark 6
In our situation, both v; and v, may have a divisor v;. Hene we should claim that
@ A (v, —0v,) = 0
holds if dw is L2-cohomologous to 0 from Proposition 5 (1).
Remark 7
In [Oh], assumptions about the claim for complete metrics is the following: "1 <a <b <a+ 3". The
condition b < a + 3 isneeded for L?-integrability of ¢v, in [Oh]p.107. In our argument, this term does

not appear.
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4 Infinite dimensionality of reduced L? cohomology
Let X be an n-dimensional non-compact complex manifold and (X, ds?) be a complete hermitian
manifolds. Let ( +, - ) (resp. || <|| ) be the inner product (resp. norm) of (p, q)-formson X. Let | | be
the pointwise norm of (p, q)-forms on X. Let C}"?(X) be the space of (p, q)-formson X with compact
supports and  LP?(X) be the space of L?-integrable (p,q)-formson X with respect to ds?. Let
3: LP1(X) » [P+ (X) be the d operatorand 9*: LP?*1(X) = L”9(X) be the adjoint operator. Then
HANX) ={p € LX) | dp =0, "¢ = 0}
denotes the L “harmonic space with degree (p, q). We put
NPAX) = {u € LP9(X)|0u = 0}, RFI(X) = {du € LP9(X0)| u € LP971(X)}

and

HPAX) = N3 (X) /RS (X)
,where RZ(X) denotes the topological closure of RZ(X) in LP9(X). Let HP9(X) denotes the

reduced L “cohomology with degree (p, q). These are isomorphic to each other.
In general, it is well known that the following holds for the closedness of RE?(X).
Proposition 8 ([H]) For any ¢ € C}(X), there is a constant € > 0 such that the following holds:

l3e|” + |370]” > Cllol?.

Then REY c LP9(X) and RY¥* ¢ [P} (X) areclosed subsets.

Infinite dimensionality of the middle L?cohomoloy has been investigated by many articles. It is expected
that this property will play important roles in various situations. If an n-dimensional complex manifold
satisfies Kahler hyperbolicity([Gr]) or strictly Kadhler convexity([Mc]), it is well known that Proposition 8 holds
for p+q #n.

In 2006, B. Y. Chen had claimed that infinite dimensionality of the middle L?cohomoloy holds for any non-
compact Kihler hyperbolic manifolds([Ch]). However, unfortunately, the claim has counterexamples in the

case of finite volumes and bounded curvatures([Ye)).

5. Localization
For nonvanishing L2cohomoloy, it is known that the following holds.
Proposition 9 (cf : [G-T] Proposition 8.4)
Let Xe a complete hermitian manifold. Let a be an element of ng “1(X). We assume that there exista y €
NF7P"9(X) such that [, aAy #0 holds. Then a ¢ NJ“(X) holds. Especially, the L* cohomoloy
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HP4(X) is nonvanishing.
For the unitball B:={(z,,z,) € C? | ||Z|| < 1}, we will induce a complete hermitian metric ds}, satisfying
the following conditions by using a differential automorphism ¢:
(i) For p = (1,0) € 9B and a sufficiently small neighborhood p € U c C2, we put dsl = ds,fyp on U,
where ds,zlyp denotes the Poincaré metric of B. This metric satisfies conditions in Theorem of Ohsawa.
(i) We put ds2 = dsZ on the hemisphere B_:={z € B| Re z; < 0}, where ds? denotes the complex
Euclidean metric of C2.
For the complex Euclidean metric (C?,ds2), it is well-’known that HP4(C",ds2) = {0} holds for 0 <
p<n, 0<q<n ([Lol, p345). Therefore H*(B,ds3) = {0} holds. Then the following claim holds by
using Proposition 9. It is a Serre duality-like proposition.

Proposition 10

Let a € Ng’l(B, dsﬁyp) be a representative of non-zero 12 cohomology with supp @ € U and y bean

element of Ng’l(B, dsf, ) suchthat [ aAy #0.Thensuppy ={z€B|y(z) #0} ¢ U holds.

6. Examples
We will give examples which have infinite dimensionality of the middle L? cohomology by Theorem of
Ohsawa.
Example 11 Let D = { z € C"| |z| < 1} be the unit ball and ds3 be the Poincaré metric. Then (D, ds3)
satisfies conditions for Proposition 8 and any point of dD has a neighborhood satisfying conditions for

Theorem of Ohsawa. Therefore dim HP*(D) = +oo holds.
zZ, Z

Example 12 Let D = {Z = (Zz 2

z) |12 -Z'7> 0} c €3 be the bounded symmetric domain and
ds3 be the Bergman metricof D. Then(D,ds2) satisfies conditions for Proposition 8 ((Do]) and almost
everywhere point of dD has a neighborhood satisfying conditions for Theorem of Ohsawa. Therefore

dimcHP4(D) = 4o holds.
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