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Abstract—Analyzing multiple networks is important to understand relevant features among different networks. Although many studies

have been conducted for that purpose, not much attention has been paid to the analysis of attractors (i.e., steady states) in multiple

networks. Therefore, we study common attractors and similar attractors in multiple networks to uncover hidden similarities and

differences among networks using Boolean networks (BNs), where BNs have been used as a mathematical model of genetic networks

and neural networks. We define three problems on detecting common attractors and similar attractors, and theoretically analyze the

expected number of such objects for random BNs, where we assume that given networks have the same set of nodes (i.e., genes). We

also present four methods for solving these problems. Computational experiments on randomly generated BNs are performed to

demonstrate the efficiency of our proposed methods. In addition, experiments on a practical biological system, a BN model of the

TGF-β signaling pathway, are performed. The result suggests that common attractors and similar attractors are useful for exploring

tumor heterogeneity and homogeneity in eight cancers.

Index Terms—Boolean networks, attractors, multi-layer networks, TGF-β signaling pathway.

✦

1 INTRODUCTION

Analysis of biological networks plays a critical role in un-
derstanding the underlying mechanisms in many fields in-
cluding bioinformatics, systems biology, and neuroscience.
To execute computational analysis of biological networks in
a holistic manner, various mathematical models have been
proposed and utilized, among which the Boolean network
(BN) has been one of the most well-studied models. The BN
is a discrete mathematical model of genetic networks [1], [2],
and neural networks [3], in which each node takes either 0
(inactive) or 1 (active) at each time step, and the states of
nodes change synchronously or asynchronously according
to regulation rules given as Boolean functions. Although BN
is a simple model with automated generation tools available
[4], it captures significant dynamic properties of the mod-
eled system [5], and can contribute to our understanding
of disease mechanisms [6], [7]. Therefore, various studies
have been done on BNs. In particular, extensive studies
have recently been done on identification and control of
BNs and related models [8], [9], [10] using the semi-tensor
product [11], [12] and similar approaches. Among various
studies, attractors gathered special interest of researchers.
An attractor is a set of the system’s states satisfying that any
two states in this set can be reached from each other. An
attractor is called a singleton attractor if it consists of only
one state, otherwise it is called a periodic attractor. As stable
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states of the system, attractors in gene regulatory networks
are hypothesized to characterize cellular phenotypes [1].
Therefore, extensive studies have been done for detecting
and analyzing attractors in BNs [13], [14], [15], [16], [17],
[18], [19].

Compared to extensively studied analysis of character-
istic properties on BNs and other network models, compar-
ison of multiple networks has not yet been addressed in
the literature so far except the work on control (but not
detection) of singleton attractors in two BNs [20]. Since
there exist differences in the structure of genetic networks
not only between individuals but also between different
cells [21], research on similarities and differences among
networks could provide important insights of biological
systems [22]. Of course, there exists a tool to examine the
robustness of attractors against random perturbations (e.g.,
see Section 3.5 of [23]). However, our purpose is not to
examine the robustness but to examine the similarities and
differences among specific cells (e.g., normal and cancer
cells). Therefore, we study the detection of common and
similar attractors in multiple BNs focusing on singleton
attractors. Since we consider networks in different types of
cells in the same organism, we assume that the sets of nodes
in the input networks are the same. Even if there exist some
genes not appearing in other networks, the corresponding
nodes in those networks can be regarded as isolated ones
(i.e., nodes with self loops only).

In this paper, we propose three problems, ComAttBN,
SimAttBN, and SimAttWBN, to detect common attractors
in BNs, similar attractors in BNs, and similar attractors
in node-weighted BNs, respectively. Next, we theoretically
analyze the expected number of common and similar at-
tractors. Then, we propose four methods for solving these
three problems using recursive algorithms and integer linear
programming. To evaluate the efficiency of our proposed



TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS 2

methods as well as to demonstrate the usefulness of the
proposed approach for casting new light on the understand-
ing of similarities or differences among multiple networks
across eight cancer types/subtypes, we perform computa-
tional experiments on random BNs and on a BN model of
the TGF-β signaling pathway. Note that some figures are
given as Supplemental Material (PDF), and the main codes
and data are also given as Supplemental Material (tar file).

2 PRELIMINARIES

A Boolean network (BN) G(V, F ) consists of a set of
nodes V = {v1, . . . , vn} and a set of Boolean functions
F = {f1, . . . , fn}, where each node takes the value of either
0 (inactive) or 1 (active) at each discrete time step t. In this
paper, we consider the synchronous BN, in which the state
of each node at time t+1 is determined by the state of other
nodes (and/or itself) at time t. We use vi(t) to denote the
state of node vi at time t, and ki to denote the number of
input nodes of vi, which is called the indegree of vi. We use
v(t) = [v1(t), . . . , vn(t)] to denote the state of the whole
network at time t. A Boolean function fi is assigned to
each vi and the state of vi at time t + 1 is determined by
vi(t + 1) = fi(vi1(t), . . . , viki

(t)), where {vi1 , . . . , viki
} is

the set of input nodes to vi, We also use vi(t+1) = fi(v(t))
to denote this function. Then, the state of the whole BN at
time t+ 1 is determined by v(t+ 1) = f(v(t)), where f is a
vector of Boolean functions f1, . . . , fn.

The network structure of G(V, F ) is represented by a
directed graph on the set node nodes V in which there
exists a directed edge (vj , vi) if and only if vj is an input
node to vi. The maximum indegree over all nodes is denoted
by K , which has a strong correlation with the complexity of
BN and significantly affects the computational complexity
in many BN problems [13]. The dynamics of a BN is well-
described by a state transition diagram in which a node corre-
sponds to a state of the BN and there exists an edge from a
node corresponding to x to a node corresponding to y if and
only if y = f(x). If a state x satisfies x = f(x), it is called
a singleton attractor. If a sequence of states (x1,x2, . . . ,xp)
satisfies xi+1 = f(xi) for i = 1, . . . , p − 1 and x1 = f(xp)
for p > 1, it is called a periodic attractor.
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Fig. 1. (A) Network structure of BN G1(V, F1). (B) State transition
diagram of G1.

Example 1. The network structure and the state transition
diagram of the following BN (G1(V, F1)) are given in Fig. 1
(A) and Fig. 1 (B), respectively, where V = {v1, v2, v3} and

F = {v1(t+1) = v2(t), v2(t+1) = v1(t)∧v3(t), v3(t+1) =
v1(t)∧ v2(t)}. This BN has two singleton attractors [0, 0, 0] and
[1, 1, 0] and one periodic attractor ([0, 1, 1], [1, 0, 0]).

3 PROBLEM DEFINITIONS

As mentioned in Section 1, we consider three problems,
ComAttBN, SimAttBN, and SimAttWBN. First, we define
a basic problem, ComAttBN.

Definition 1. [ComAttBN]
Instance: BNs G1, . . . , GN with the same set of nodes V =
{v1, . . . , vn},
Problem: decide whether or not there exists a singleton attractor
common to G1, . . . , GN and output one if it exists.

Example 2. Consider BN G1(V, F1) given in Example 2.1.
Suppose that two more BNs G2(V, F2) and G3(V, F3) are
given as F2 = {v1(t + 1) = v2(t) ∨ v3(t), v2(t + 1) =
v1(t)∨v3(t), v3(t+1) = v2(t)∧v3(t)}, and F3 = {v1(t+1) =
v2(t), v2(t + 1) = v1(t) ∧ v3(t), v3(t + 1) = v1(t)}. G1

has two singleton attractors:[0, 0, 0] and [1, 1, 0], G2 has three
singleton attractors: [0, 0, 0], [1, 1, 0], and [1, 1, 1], and G3 has
two singleton attractors: [0, 0, 1] and [1, 1, 0]. Then, the solution
of ComAttBN(G1, G2, G3) is [1, 1, 0].

It is not plausible that many BNs share exactly the same
attractors. Furthermore, to be shown in the next section,
the expected number of common singleton attractors among
random BNs is quite few. Therefore, it is reasonable to con-
sider similar attractors among multiple BNs, which might
also be useful to reveal hidden features in multiple BNs.
Before defining the detection problem, we need to define the

similarity among multiple attractors. Hereafter, xj
i denotes

the i-th element (i.e., i-th bit) of a vector xj .

Definition 2. [Similarity of attractors]
The similarity of N singleton attractors x1, . . . ,xN is defined as
s(x1, . . . ,xN ) = |{i|x1

i = · · · = xN
i , i = 1, . . . , n}|.

In other words, the similarity is defined as the number
of bits that are common to all given attractors. A tuple of
singleton attractors (x1, . . . ,xN ) is called a similar attractor
tuple if its similarity is no less than the given similarity
measure. Now we define the detection problem of similar
attractors.

Definition 3. [SimAttBN]
Instance: N BNs G1, . . . , GN with the same set of nodes V =
{v1, . . . , vn}, and an integer S,
Problem: decide whether or not there exists a similar attractor
tuple with similarity s ≥ S for G1, . . . , GN and output one if it
exists.

Example 3. Consider a BN G4(V, F4) with singleton at-
tractors [0, 0, 0, 1] and [1, 1, 0, 1], and a BN G5(V, F5)
with singleton attractors [0, 0, 1, 0] and [0, 1, 0, 0]. Sup-
pose that S = 2 is given as the similarity measure.
Then, there exist three similar attractor tuples for G4 and
G5: ([0, 0, 0, 1], [0, 0, 1, 0]), ([0, 0, 0, 1], [0, 1, 0, 0]), ([1, 1, 0, 1],
[0, 1, 0, 0]).

In SimAttBN, every node in a BN is equivalently con-
sidered in the measurement of similarity among singleton
attractors. However, distinct nodes (e.g., distinct genes) in
practical networks usually play distinct roles thus have
different significance. For instance, the output nodes in the
Boolean model of TGF-β (see Section 6.2) are considered
to be more critical compared to other nodes for deciding
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the cellular phenotype. Therefore, we give a definition of a
weighted BN to reflect the importance of respective nodes.

Definition 4. [Weighted Boolean network]
Let w = [w1, . . . , wn] be a vector of weights. A weighted Boolean
network G(V, F,w) is a Boolean network in which each node vi
has a weight wi assigned to it.

According, the similarity for attractors in weighted BNs
is re-defined as below.

Definition 5. [Weighted similarity of attractors]
The weighted similarity of N singleton attractors x1, . . . ,xN is

defined by sw(x
1, . . . ,xN ) =

∑

{i|x1
i=...=x

N
i ,i=1,...,n}

wi.

Based on this similarity measure, the detection problem
of similar singleton attractors in weighted BNs is defined as
follows.

Definition 6. [SimAttWBN]
Instance: N weighted Boolean networks G1, . . . , GN with the
same set of nodes V = {v1, . . . , vn} and the same weight vector
w = [w1, . . . , wn], and a positive real number W ,
Problem: decide whether or not there exists a singleton attractor
tuple with weighted similarity sw ≥ W for G1, . . . , GN and
output one if it exists.

Example 4. Consider weighted BNs, G6(V, F6, w) with sin-
gleton attractors {[0, 0, 0], [1, 1, 0], [1, 1, 1]} and G7(V, F7, w)
with one singleton attractor [0, 1, 0], where w = [0.3, 0.1, 0.5].
Suppose W = 0.7 is given. Then, SimAttWBN(G6, G7,W ) has
a unique solution ([0, 0, 0], [0, 1, 0]) with sw = 0.8.

4 EXPECTED NUMBER OF COMMON ATTRACTORS

In this section, we theoretically analyze the expected num-
ber of common attractors and similar singleton attractors
with assuming random BNs. The first result is on the ex-
pected number of common attractors, which is an extension
of the result on the expected number of singleton attractors
in a random BN [24], [25]. Note that in a random BN with
the maximum indegree K , for each node, K input nodes are
randomly selected and then a Boolean function is randomly

selected from 22
K

possible functions, where this assignment
procedure is done independently for all nodes. The results
in this section hold for random BNs with any fixed K ,
including the case of K = n.

Proposition 1. The expected number of common singleton at-
tractors for N random BNs is 1

2n(N−1) .

Proof. Suppose that N BNs with the same set of nodes
G1, . . . , GN are given. Here, we define the state of i-th
node of Gj at time t by vji (t), and the state of Gj at
time t by vj(t). Assume without loss of generality (w.l.o.g.)
that the initial state is v1(0) = · · · = vN (0) = [0, . . . , 0].
Therefore in G1, the probability that v1i (1) = 0 is 1

2 because
the Boolean function assigned to v1i is randomly selected
thus the probability that v1i (1) = 0 (resp., v1i (1) = 1) is 1

2
regardless of input node values. Since the Boolean function
assigned to each node of G1 is independently selected, the
probability that v1(1) = [0, . . . , 0] is 1

2n , thus the probability
that [0, . . . , 0] is a singleton attractor of G1 is 1

2n . Similarly,
for each BN, the probability that [0, . . . , 0] is a singleton

attractor of Gj is 1
2n . Therefore, the probability that [0, . . . , 0]

is a common singleton attractor is 1
2nN . Since there are 2n

possible initial states, from the linearity of expectation, the
expected number of common singleton attractors is given
by 1

2nN · 2
n = 1

2n(N−1) .

The next result is on the expected number of similar
attractor tuples and is based on novel and non-trivial ideas.

Theorem 1. The expected number of similar attractor tuples with

similarity S for N random BNs is

(

n
S

)

(2N−1−1)n−S

2n(N−1) .

Proof. Suppose that N BNs with the same set of nodes
G1, . . . , GN are given. Assume Gj has a singleton attractor
xj . Consider an n-dimensional vector x = [0, ǫ, . . . , ǫ] where
ǫ represents a bit that can be either 0 or 1, and thus x has
2n−1 different forms. Since we are considering random BNs,
the probability that [0, 0, . . . , 0] is a singleton attractor of
G1 is 1

2n . From the linearity of expectation, the probability
that x is a singleton attractor of G1 is 1

2n · 2
n−1 = 1

2 , thus
the probability that x1

1 = 0 is 1
2 . Similarly, for each BN Gj ,

the probability that xj
1 = 0 is 1

2 . Hence the probability that
x1
1 = · · · = xN

1 = 0 is 1
2N . Then as well, the probability that

x1
1 = · · · = xN

1 = 1 is 1
2N . Therefore,

Prob(x1
1 = · · · = xN

1 ) = Prob(x1
1 = · · · = xN

1 = 0)

+Prob(x1
1 = · · · = xN

1 = 1)

=
1

2N
+

1

2N
=

1

2N−1
.

From the complement rule for probability,

Prob
(

x1
1 = · · · = xN

1

)

= 1−
1

2N−1
.

Similarly, for each node vi, Prob(x1
i = · · · = xN

1 ) = 1
2N−1

and Prob
(

x1
i = · · · = xN

i

)

= 1 − 1
2N−1 . Assume I =

{1, 2, . . . , S} and I = {S + 1, S + 2, . . . , n} where S < n.
Then,

Prob(x1
i = · · · = xN

i | i ∈ I) = (
1

2N−1
)S ,

P rob
(

x1
i = · · · = xN

i | i ∈ I
)

= (1−
1

2N−1
)
n−S

.

Thus, the probability that s(x1, . . . ,xN ) = S where x1
i =

· · · = xN
i for i ∈ I is

(
1

2N−1
)S · (1−

1

2N−1
)n−S =

(2N−1 − 1)n−S

2n(N−1)
.

Since there are
(

n
S

)

possible combinations of choosing S
nodes from n nodes, from the linearity of expectation,

Prob
(

s(x1, . . . ,xN ) = S
)

=
(2N−1 − 1)n−S

2n(N−1)
·
(

n
S

)

=

(

n
S

)

(2N−1 − 1)n−S

2n(N−1)
.

It has been proved that the expected number of singleton
attractors in a random Boolean network is 1. Therefore, the
expected number of similar attractor tuples is given by

1 · 1 · ... · 1 ·

(

n
S

)

(2N−1 − 1)n−S

2n(N−1)
=

(

n
S

)

(2N−1 − 1)n−S

2n(N−1)
.
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5 ALGORITHMS

The problems defined in Section 3 can be solved by a trivial
approach: Separately enumerating singleton attractors for
given BNs. However, the number of singleton attractors is
O(2n) in the worst case and may also be large in practical
networks, although the expected number for a random BN
is small [24], [25]. Furthermore, enumeration of singleton
attractors is known to be computationally difficult (#P-hard)
[26]. Therefore, we need to develop efficient algorithms for
solving the three problems defined in Section 3. Indeed,
to be shown in theoretical analysis of the average case
time complexity for random BNs for the first problem,
the algorithm for two BNs is faster than that for one BN.
This result suggests that it is worthy to develop algorithms
for detecting common and similar attractors for multiple
BNs because the trivial approach cannot provide such an
interesting theoretical result.

5.1 RecComAttBN

For ComAttBN, we develop two algorithms, RecComAttBN
and IlpComAttBN. In this subsection, we present RecCo-
mAttBN (Algorithm 1), which is an extension of the recur-
sive algorithm for enumeration of singleton attractors for a
single BN [18].

Algorithm 1 RecComAttBN: Recursive algorithm for com-
mon attractor enumeration

Input: N Boolean Networks G1(V, F1), . . . , GN (V, FN )
Output: all common singleton attractors

Initialize i := 1 and x := [ǫ, . . . , ǫ]
procedure RecComAttBN(x, i)
if i = n+ 1 then

output x
return

end if
for b = 0 to 1 do
xi ← b
if it is found that f j

k(x) 6= xk for some k ≤ i and
j ∈ {1, . . . , N} then

continue
else

RecComAttBN(x, i+ 1)
end if

end for
return

The basic idea of RecComAttBN is to build a system state
in a node-by-node manner by checking that each node’s
update function is consistent with the current state in every
one of the models. For example, consider the case of n = 3.
Then, it examines the system states in the following order:
[0, ǫ, ǫ], [0, 0, ǫ], [0, 0, 0], [0, 0, 1], [0, 1, ǫ], [0, 1, 0], [0, 1, 1],
[1, ǫ, ǫ], · · · , where ǫ means that the value of this element
is not yet determined. Once it is found that some function
outputs the value different from the current state, the states
obtained by replacing (some of) ǫ with 0 and 1 are skipped.
For example, if inconsistency is found at [0, 0, ǫ], it next
examines [0, 1, ǫ] with skipping [0, 0, 0] and [0, 0, 1].

As explained above, RecComAttBN outputs all common
singleton attractors in multiple BNs by extending a partial

global state x = [x1, . . . , xn] one by one in a recursive
manner. Here, xi denotes the value of node vi in a common
singleton attractor and xi ∈ {0, 1, ǫ}. Denote the Boolean

function assigned to node vi in Gj by f j
i . At the i-th

recursion level of RecComAttBN where i ≤ n, values of the
first i−1 nodes (i.e., x1, x2, . . . , xi−1) are already determined
and the algorithm extends x by letting xi = 0 first. If

either f j
k(x) = xk holds or its value is not yet determined

for each k = 1, . . . , i and each j = 1, . . . , N , then the
algorithm proceeds to the next recursion level. Otherwise,
the algorithm lets xi = 1 and executes a similar procedure.
After examining both xi = 0 and xi = 1, the algorithm
returns to the previous recursion level. If the recursion level
reaches n+ 1, the algorithm outputs the current vector and
then returns to the previous recursion level.

Here, we approximately analyze the average case time
complexity of RecComAttBN (Algorithm 1) when two ran-
dom BNs with the maximum indegree K are given. To
this end, we extend the approximate method developed
for analysis of the recursive algorithm for enumeration of
singleton attractors of a single BN [18].

Assume that we have tested the first m out of n nodes,
where m ≥ K . The probability that f1

k (x) 6= xk or f2
k (x) 6=

xk holds is given by

Prob(f1
k (x) 6= xk or f2

k (x) 6= xk)

= Prob(f1
k (x) 6= xk) + Prob(f2

k (x) 6= xk)

−Prob(f1
k (x) 6= xk and f2

k (x) 6= xk)

=
1

2

(

(

m
k1

)

/
(

n
k1

)

)

+
1

2

(

(

m
k2

)

/
(

n
k2

)

)

−
1

4

(

(

m
k2

)

/
(

n
k2

)

)(

(

m
k2

)

/
(

n
k2

)

)

≈
1

2

(m

n

)k1

+
1

2

(m

n

)k2

−
1

4

(m

n

)k1+k2

≈
1

2

(m

n

)K

+
1

2

(m

n

)K

−
1

4

(m

n

)2K

=
(m

n

)K

−
1

4

(m

n

)2K

.

If f1
k (x) 6= xk or f2

k (x) 6= xk does not hold, the algorithm
can proceed to the next recursion level. Therefore, the prob-
ability that the algorithm examines the (m + 1)-th node is
no more than
[

1−
((m

n

)K

−
1

4

(m

n

)2K)]m

=
[

1−
(m

n

)K

+
1

4

(m

n

)2K]m

.

Hence the number of recursive calls executed for the first m
nodes is at most

f(m) = 2m ·
[

1−
(m

n

)K

+
1

4

(m

n

)2K]m

,

Let s = m/n. Then, f(m) is written as f(m) = (g(s))n

using g(s) defined by

g(s) = [(2− 2sK +
1

2
s2K)s]n.

Since the other factors are polynomially bounded, the order
of the average case time complexity is estimated by comput-
ing maxs∈[0,1] g(s).

Table 1 compares the average case time complexity
between the recursive algorithm for a single BN [10] and
RecComAttBN. It is interesting that the complexity of Rec-
ComAttBN is lower than the algorithm in [10]. However,
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it is reasonable because RecComAttBN puts a more strict
condition to proceed to the next recursion level.

TABLE 1
Comparison of the order of the average case time complexity.

K 2 3 4 5 6
single BN [18] 1.35n 1.43n 1.49n 1.54n 1.57n

two BNs 1.25n 1.34n 1.40n 1.46n 1.50n

5.2 IlpComAttBN

IlpComAttBN (Algorithm 2) is based on integer linear
programming (ILP) and is an extension of an ILP-based
algorithm for detection of a singleton attractor for a single
BN [27]. Although detection of an attractor is already a
computational difficult problem (NP-hard) [26], ILP has
been widely used to solve NP-hard problems and thus it
is reasonable to apply ILP to detection of a common attrac-
tor. Different from RecComAttBN, IlpComAttBN does not
enumerate all common attractors but outputs one common
attractor (if any).

The basic idea of IlpComAttBN is to represent each
Boolean function using a set of linear constraints on binary
variables (i.e., 0-1 variables). Recall that the purpose of ILP
is to maximize (or minimize) the objective linear function
subject to linear constraints (linear equalities and inequali-
ties) under the condition that each variable takes an integer
value. For example, z = x ∧ y can be represented by the
following set of constraints:

z ≥ x+ y − 1,

z ≤
1

2
(x+ y),

x ∈ {0, 1},

y ∈ {0, 1},

z ∈ {0, 1}.

The main difference between IlpComAttBN and the ILP-
based algorithm in [27] is that variables xi,bi1 ...biki

s in [27]

are replaced with xj

i,b
j
i1

...b
j
i
k
j
i

s to reflect intermediate states

of the j-th network.
Before presenting details of IlpComAttBN, we need

some definitions. A literal is a variable (x) or its negation
(x), and a term is AND of literals (e.g., x ∧ y). It is well-
known that every Boolean function can be represented in a
disjunctive normal form (DNF), which is OR of terms. Here,

we define σb(x) by σb(x) =

{

x, if b = 1,
x, otherwise.

Then, any

Boolean function f(x1, . . . , xk) with k inputs can be repre-
sented as a DNF formula given by

f(x1, ..., xk) =
∨

{b1,...,bk}∈{0,1}k

(

f(b1, . . . , bk) ∧ σb1(x1) ∧ · · · ∧ σbk(xk)
)

.

Recall that an ILP problem is a mathematical optimiza-
tion problem in which the objective function and constraints
are linear and all the variables are restricted to be integers.
In order to represent Boolean functions by linear constraints

(i.e., linear equalities and/or linear inequalities), we intro-

duce τb(x) defined by τb(x) =

{

x, if b = 1,
1− x, otherwise.

Here, we use vji to denote the i-th node of Gj , kji
to denote the indegree of node vji and f j

i (x
j
i1
, ..., xj

i
k
j
i

)

to denote the Boolean function assigned to vji . For each

[bji1 , . . . , b
j
i
k
j
i

] ∈ {0, 1}k
j
i , if f j

i (b
j
i1
, . . . , bji

k
j
i

) = 1, we add

constraints

xj

i,b
j
i1

...b
j
i
k
j
i

≥
(

k
j
i

∑

l=1

τ
b
j
il

(xj
il
)
)

− (kji − 1),

xj

i,b
j
i1

...b
j
i
k
j
i

≤
1

kji

k
j
i

∑

l=1

τ
b
j
il

(xj
il
)

(1)

to force xj

i,b
j
i1

...b
j
i
k
j
i

to be 1 if and only if σ
b
j
i1

(xj
i1
) ∧ · · · ∧

σ
b
j
i
k
j
i

(xj
i
k
j
i

) is satisfied, otherwise we simply add a constraint

xj

i,b
j
i1

...b
j
i
k
j
i

= 0. (2)

Constraints (1) and (2) ensure that xj

i,b
j
i1

...b
j
i
k
j
i

= 1 if and only

if f j
i (b

j
i1
, . . . , bji

k
j
i

) ∧ σ
b
j
i1

(xj
i1
) ∧ · · · ∧ σ

b
j
i
k
j
i

(xj
i
k
j
i

) is satisfied.

To determine the state xi of a node vi in a common
attractor, we add the following constraints for each xi.

xi ≥
1

2k
j
i

∑

[bji1
,...,b

j
i
k
j
i

]∈{0,1}k
j
i

xj

i,b
j
i1

...b
j
i
k
j
i

,

xi ≤
∑

[bji1
,...,b

j
i
k
j
i

]∈{0,1}k
j
i

xj

i,b
j
i1

...b
j
i
k
j
i

.
(3)

Putting together constraints (1)-(3), we obtain IlpComAt-
tBN as Algorithm 2 shown below. It is to be noted that
ComAttBN does not need an objective function. However
“Maximize x1” is given in IlpComAttBN since an objective
is required to utilize any ILP solver.

As for the time complexity of IlpComAttBN, it is quite
difficult to analyze because analysis of the detailed time
complexity of ILP-based methods is almost impossible in
general. Therefore, instead of the time complexity, we an-
alyze the numbers of variables and constraints in the ILP
instance generated by IlpComAttBN. Suppose that the maxi-
mum indegree of a given BN is K . Then, the number of vari-

ables (in particular, xj

i,b
j
i1

...b
j
i
k
j
i

) is clearly O(2KnN). Since

at most two constraints with length O(K) are generated

per xj

i,b
j
i1

...b
j
i
k
j
i

, the number of constraints with length O(K)

is O(2KnN). In addition, since 2N constraints with length
O(2K) are generated for each xi, the number of constraints
with length O(2K) is O(nN). Note that ILP solvers need
exponential time of the size of the ILP instance in the worst
case.
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Algorithm 2 IlpComAttBN: ILP-based algorithm for com-
mon attractor detection

Maximize x1,
Subject to

xj

i,b
j
i1

...b
j
i
k
j
i

≥
(

k
j
i

∑

l=1

τ
b
j
il

(xj
il
)
)

− (kji − 1),

xj

i,b
j
i1

...b
j
i
k
j
i

≤
1

kji

k
j
i

∑

l=1

τ
b
j
il

(xj
il
),

for all i ∈ {1, . . . , n}, j ∈ {1, . . . , N}

and[bji1 , . . . , b
j
i
k
j
i

] ∈ {0, 1}k
j
i

such that f j
i (b

j
i1
, . . . , bji

k
j
i

) = 1,

xj

i,b
j
i1

...b
j
i
k
j
i

= 0,

for all i ∈ {1, . . . , n}, j ∈ {1, . . . , N}

and [bji1 , . . . , b
j
i
k
j
i

] ∈ {0, 1}k
j
i

such that f j
i (b

j
i1
, . . . , bji

k
j
i

) = 0,

xi ≥
1

2k
j
i

∑

[bji1
,...,b

j
i
k
j
i

]∈{0,1}k
j
i

xj

i,b
j
i1

...b
j
i
k
j
i

,

xi ≤
∑

[bji1
,...,b

j
i
k
j
i

]∈{0,1}k
j
i

xj

i,b
j
i1

...b
j
i
k
j
i

,

for all i ∈ {1, . . . , n} and j ∈ {1, . . . , N},

xj

i,b
j
i1

...b
j
i
k
j
i

∈ {0, 1},

for all i ∈ {1, . . . , n}, j ∈ {1, . . . , N}

and[bji1 , . . . , b
j
i
k
j
i

] ∈ {0, 1}k
j
i ,

xi ∈ {0, 1},

for all i ∈ {1, . . . , n}.

5.3 RecSimAttBN

For both of problems SimAttBN and SimAttWBN, we mod-
ify the recursive algorithm RecComAttBN. The basic idea
of RecSimAttBN is to examine system states for all net-
works in a node-to-node manner with checking whether the
similarity among partial system states is not smaller than
the given threshold. For SimAttBN, the pseudocode of the
algorithm, RecSimAttBN, is given as Algorithm 3. For the
simplicity, we present the code only for the case in which
two BNs are given, where the extension to a general case is
straightforward.

For SimAttWBN, it is enough to replace “if s(x1,x2) ≥
S” with “if sw(x

1,x2) ≥ W” and remove ”s(x1,x2) < S
or” of RecSimAttBN, where W is a specified lower bound of
the weighted similarity. The resulting algorithm is referred
to as RecSimAttWBN.

Algorithm 3 RecSimAttBN: Algorithm for SimAttBN prob-
lem

Input: Two BNs G1(V, F1), G2(V, F2)
similarity S

Output: all similar singleton attractor tuples
Initialize i := 1 and xj := [ǫ, . . . , ǫ] for j = 1, 2
procedure RecSimAttBN(x1,x2, i)
if i = n+ 1 then

if s(x1,x2) ≥ S then
output (x1,x2)

end if
return

end if
for b1 = 0 to 1 do
x1
i ← b1

for b2 = 0 to 1 do
x2
i ← b2

if it is found that s(x1,x2) < S or f j
k(x

j) 6= x
j
k for

some k ≤ i and j ∈ {1, 2} then
continue

else
RecSimAttBN(x1,x2, i+ 1)

end if
end for

end for
return

6 COMPUTATIONAL EXPERIMENTS AND DISCUS-

SIONS

In order to evaluate the efficiency of the algorithms pro-
posed in Section 5 as well as to demonstrate the significance
of common attractors and similar attractors in BNs, com-
putational experiments were performed on both simulated
BNs and a biological model. We employed random BNs for
the former one and a Boolean model of TGF-β signaling
pathway [28] for the latter one. Computational experiments
on random BNs were done on a server with an AMD EPYC
7742 3.4GHz CPU and 512 GB RAM running under the
Ubuntu 20.04.3 LTS operating system, where ILOG CPLEX
(version 22.1) was utilized to solve integer linear programs
with the single thread mode. Computational experiments
on TGF-β pathway were done on a PC with an Intel Core
i5 2.7GHz CPU and 8 GB RAM running under the macOS
Mojave (version 10.14.5) operating system, where ILOG
CPLEX (version 12.9) was utilized to solve integer linear
programs.

6.1 Comparison of RecComAttBN and IlpComAttBN

For solving ComAttBN, we proposed a recursive algorithm,
RecComAttBN, and an ILP-based algorithm, IlpComAttBN.
We compared their performances to see which one is su-
perior, using all combinations of N = 2, 3, 4, K = 2, 3, 4,
and n = 10, 15, 20, 25, 30, 35, 40, 45, 50, 55. The results are
shown in Fig. 2 (for the case of (N = 3,K = 2)) and
Figs. S1-S8 in Supplemental Material (PDF). Furthermore, in
order to examine the efficiency of IlpComAttBN for larger
n, we examined cases up to n = 100 on IlpComAttBN. The
results are shown in Figs. S9-S11 in Supplemental Material
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(PDF). For each case, the average CPU time over 100 trails
is shown.

We can see the following tendencies from the results.

• RecComAttBN performs better when n is small,
while the advantage rapidly narrows down as n
increases. This tendency is reasonable because Rec-
ComAttBN is based on a simple recursive procedure
whereas IlpComAttBN utilizes a state-of-the-art ILP
solver.

• CPU time of RecComAttBN increases exponentially
with the size of BNs (n). Although CPU time in-
creases as K increases, it decreases as N decreases.
As discussed in Section 5.3, the latter tendency is
reasonable because inconsistency would be detected
at earlier steps as the number of BNs increases.

• The results suggest that IlpComAttBN works near
linearly for the case of K = 2 with large n, but it
needs exponential time for K ≥ 4. For the case of
K = 3, it seems that IlpComAttBN takes more than
linear time although it is unclear whether IlpComAt-
tBN needs exponential time. A similar tendency was
also observed in a previous study [27] on an ILP-
based method for detecting a singleton attractor for
a single BN. It is a bit strange because the singleton
attractor detection problem remains NP-hard even if
K = 2 [13]. As discussed in [27], one of the reasons
might be that 6 among 16 possible Boolean functions
of K = 2 are constant or unary functions and thus
the values of many nodes are determined quickly.
Another possible reason is that randomly generated
BNs for K = 2 may not have large connected com-
ponents or may have small connectivities and thus
detection of a singleton attractor may be easy.

The comparison suggests the potential of IlpComAttBN
for being applicable to practical instances with large size.
However, RecComAttBN has an advantage when n is small
and/or enumeration of all common singleton attractors is
required.
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Fig. 2. CPU time (ms) of RecComAttBN (orange lines) and IlpComAttBN
(blue lines) for (N = 3,K = 2).

6.2 Experiments on TGF-β Pathway

The transforming growth factor-beta (TGF-β) pathway is
involved in the regulation of cell growth and differentia-
tion [28], and plays an essential role in maintaining tissue
homeostasis through its ability to induce cell cycle arrest,

Fig. 3. BN model of the TGF-β pathway proposed in [28].

differentiation and apoptosis, and to preserve genomic sta-
bility [29]. The TGF-β signaling pathway is correlated with
activation or inhibition processes of many proteins and thus
of great significance in human diseases including cancers
[30].

6.2.1 BN Model of TGF-β Pathway

A Boolean model of the crosstalk between the TGF-β, p38
MAPK and cell cycle checkpoint pathways was proposed
in [28] with taking into account the effect of dysfunction
(e.g. mutation and abnormal expression) that lead TGF-β
to present its dual behavior and was validated by being
consistent with several related experimental works. This
model focuses on describing the dual role of TGF-β in cancer
that while being able to block proliferation for the wild-type
case, its deleterious dysfunction can impair cell cycle arrest
promoting cellular proliferation.

The model is given in Fig. 3, where each node represents
a molecular component such as a protein family comprising
the pathways, except for the input and output nodes. Dam-
age to the DNA (i.e. node “Damage”) and TGF-β signaling
(i.e. node “TGFbeta”) are treated as input signals which are
transmitted and processed in the network and eventually
connected to the output proteins. This model has three
output nodes corresponding to Apoptosis, Cycle Arrest,
and Proliferation. Besides, green lines represent activation
interactions while red lines represent inhibitions in this
directed interaction network.

This BN model has three singleton attractors as listed in
Table 2. Each singleton attractor (i.e. a stable state of the
system) indicates one possible cell fate under a different
input combination of TGF-β and DNA damage.

Here we performed several experiments on the BN
model of TGF-β pathway in order to demonstrate the po-
tential of ComAttBN and SimAttWBN problems as well as
our proposed algorithms in exploring tumor heterogene-
ity and homogeneity. Eight cancers with cancer subtypes
were considered in our experiments, including Breast in-
vasive carcinoma (BRCA), Colon adenocarcinoma (COAD),
Rectum adenocarcinoma (READ), Kidney Chromophobe
(KICH), Kidney renal clear cell carcinoma (KIRC), Kidney
renal papillary cell carcinoma (KIRP), Lung adenocarcinoma
(LUAD), and Lung squamous cell carcinoma (LUSC). The
RNA-seq profiling data in these eight cancers containing
3,360 tumor and 371 normal samples were assembled by
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TABLE 2
Singleton attractors in the BN model of TGF-β signaling pathway.
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0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 Proliferative state
1 0 1 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 1 0 Cycle Arrest state
1 1 1 1 1 1 1 0 0 1 1 1 1 0 0 0 1 1 0 1 1 1 0 Apoptotic state

TABLE 3
Weights for the BN model of TGF-β signaling pathway.
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the TCGA Data Coordinating Center [31]. The counts were
log2-transformed before being used for further analysis.

To obtain the modified BN of a cancer, we firstly re-
covered the simplified model by identifying all involved
molecular components in the network. For example, node
“SMAD2/3” consists of two proteins, Mothers against de-
capentaplegic homolog 2 and Mothers against decapentaplegic
homolog 3.

Then, a modified t-statistic was utilized to measure
up- and down-regulated genes between tumors and corre-
sponding normal samples in each cancer type for TCGA
RNA-seq sets. The adjusted P value was used for multiple
hypothesis testing using Benjamini and Hochberg’s method
[32], and the false discovery rate was controlled at 5%. Here,
we used adjusted P values ≤ 0.05 and log2 (fold change)
≥ 1 or≤ −1 to identify three groups, in which 1, 0, x denote
that the gene with up- (≥ 1) or down- (≤ −1) regulation or
no differential expression as described in [33], [34]. In other
words, up- and down-regulated genes could be regarded as
a gene with overexpression (i.e. status=1) and knockdown
(i.e. status=0) in each cancer, respectively; whereas other
ones belong to unchanged genes (i.e. status=x) or genes
without expression data (i.e. status=-; Fig. 4). Recall that
multiple genes may be associated with a single node. We
further hypothesized that each gene associated with node vi
equally contributes to the Boolean function of vi. Therefore,
the Boolean function assigned to vi is modified depending
on the status of genes associated with vi. Intuitively, if
the majority of genes associated with vi are overexpressed
(resp., knocked down), the Boolean function fi assigned
to vi is modified as fi(t) = 1 (resp., fi(t) = 0) for all t,
otherwise fi is not modified. The detailed rules are given
below.

For node vi having m (m ≥ mo + mk) associ-
ated genes, we assume w.l.o.g. that vi has mo overex-
pressed genes, g1, g2, ..., gmo

, and mk knockdown genes,

gmo+1, gmo+2, ..., gmo+mk
, in cancer I based on differen-

tial expression between tumor and normal samples. Here,
the differential expression for each gene is hypothesized
to continuously occur during signaling transduction [i.e.,
f I
i (t) = f I

i (t + 1) for all t] since it has been known that
the timescale of tumor progression (or gene expression)
is longer than signaling transduction. Then, the modified
Boolean function of vi for cancer I (denoted by f I

i ) is
defined as follows.

• the node vi could be regarded as overexpression
and knockdown when all its genes belong to over-
expressed and knockdown ones, respectively; thus,
f I
i (t) = 0 if mo = 0 and mk 6= 0, while f I

i (t) = 1 if
mo 6= 0 and mk = 0;

• the genes of node vi lack consistently differential ex-
pression; thus, when mo 6= 0 and mk 6= 0, f I

i (t) = 1
if mo > mk, while f I

i (t) = 0 if mo < mk;
• the genes of node vi lack consistently differential

expression and the numbers of overexpressed and
knockdown genes are the same; thus, when mo =
mk 6= 0, f I

i has two modification forms, f I
i (t) = 1

and f I
i (t) = 0, and would be respectively used in the

experiment;
• otherwise f I

i = fi (i.e., the Boolean function is not
modified).

Based on the above rules, modifications on the BN for each
cancer are shown in Fig. 4. It can be seen that many nodes
have multiple genes. For each gene and each cancer type,
the differential expression result (0,1,x,-) obtained from gene
expression data is shown in the ’Status’ column. For the
column fi, 0 and 1 (in red color) mean that the Boolean
function assigned to a node vi should be modified to fi(t) =
0 and fi(t) = 1 (for all t), respectively. Note that the third
rule is applied only to the case of I =READ, for which there
exist two fi columns.
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Fig. 4. Modification on BN for eight cancers (BRCA, COAD, . . ., LUSC).
For each cancer type, ‘Status’ means whether the corresponding gene is
regarded as overexpressed (i.e., status=1), knockdown (i.e., status=0),
unchanged (i.e., status=x), or unclear (status=-). For the column fi, 0
and 1 (red color) mean that the Boolean function assigned to a node vi
is modified to fi(t) = 0 and fi(t) = 1 (for all t), respectively, whereas
the blank item means that the Boolean function is not modified.

For the SimAttWBN problem, a weight vector w =
[w1, . . . , wn] is required. We define wi as the length of
the shortest path from node vi to three output nodes. The
weight of an output node is set to be 1. Weight of each node
is shown in Table 3.

6.2.2 Common attractors in cancer subtypes

We first applied IlpComAttBN. Note that since there were
two modifications of v14 in I =READ, we respectively
performed the experiment twice for fREAD

14 (t) = 0 and
fREAD
14 (t) = 1 (red bold letter, Fig. 4). The results are shown

in Fig. 5, where only half of the results are shown for each
case since the matrix is symmetric.

Each light blue box denotes that a common attractor
was detected between a cancer cell and itself, which is
obvious as long as the BN has singleton attractors. Each
navy blue box denotes that a common attractor was detected
between two different cancers including (BRCA, LUAD),
(BRCA, LUSC), (KICH, KIRC) and (LUAD, LUSC) when v14
was knocked down in READ, and (BRCA, LUAD), (BRCA,
LUSC), (COAD, READ), (KICH, KIRC) and (LUAD, LUSC)
when v14 was overexpressed in READ. The result (shown
by thick red boxes) that common attractors were found
in (COAD, READ), (KICH, KIRC), and (LUAD, LUSC),
indicates that high similarities are shared between cancer

subtypes. Another observation from Fig. 5 is that it shows
high similarity between breast cancer and two lung can-
cer subtypes, as common attractors were found in (BRCA,
LUAD) and (BRCA, LUSC). This result is reasonable be-
cause breast cancer is known as second cancer that develops
in lung carcinoid cancer survivors [35]. A second cancer
is a new cancer that is irrelevant to any previous cancer
diagnosis and also not the same as a cancer recurrence.

Fig. 5. Result of common attractor detection for eight cancers, where
blue boxes mean that common attractors were detected.

Fig. 6. Result of similar attractor detection for eight cancers.

6.2.3 Similar attractors in cancer subtypes

From Fig. 5, the result that no common attractors were
found in (KICH, KIRP) or (KIRC, KIRP) is a bit surprising
because these two pairs are subtypes of kidney cancer
(highlighted by thick black boxes). One possible reason is
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that the expected number of common singleton attractors
is quite few as we discussed in Section 4. Hence we ap-
plied RecSimAttWBN to pairs of eight cancers, utilizing the
weights given in Table 3. Here, the result is represented by
a score defined as sw∑

i wi
to intuitively describe how similar

two attractors from different BNs are. Results are shown in
Fig. 6 where sw∑

i wi
= 1 if a common attractor exists between

two BNs. Note again that the result is the average of two
trials where the only difference is on fREAD

14 . For example,
sw(GCOAD, GREAD) = 1 when v14 is overexpressed and
sw(GCOAD, GREAD) = 0.76 when v14 is knocked down,
thus we get sw(GCOAD, GREAD) = 1+0.76

2 = 0.88.

It is seen from Fig. 6 that all pairs of two cancer subtypes
including (COAD, READ), (KICH, KIRC), (KICH, KIRP),
(KIRC, KIRP), and (LUAD, LUSC) got higher scores (≥ 0.88)
than other pairs except the five pairs surrounded by two
boxes. This result indicates high similarity in (KICH, KIRP)
and (KIRC, KIRP) even though no common attractors were
found. Combined with the result in Section 6.2.2, we can
observe that BNs of two cancer subtypes usually share com-
mon attractors or at least have higher similarity compared
to pairs not belonging to the same cancer type.

Interestingly, we further found that five cancer type pairs
showed high similarities (highlighted by thick black boxes
in Fig. 6). As a possible reason for common attractors found
in (BRCA, LUAD) and (BRCA, LUSC) that we discussed in
Section 6.2.2, the high similarity in (BRCA, COAD), (COAD,
LUAD) and (COAD, LUSC) is also understandable because
colon cancer is known as the second cancer after both breast
cancer [36] and lung cancer [37].

7 CONCLUSION

In this paper, we studied the problems of finding common
attractors and similar attractors in multiple Boolean net-
works (BNs), and proposed four methods, RecComAttBN,
IlpComAttBN, RecSimAttBN, and RecSimAttWBN, Theo-
retical results on random BNs show that the number of
common attractors and similar attractors decreases as the
number of BNs grows. This result is reasonable because
different BNs tend to have different attractors. Interestingly,
the theoretical result on the average case analysis of Rec-
ComAttBN suggests that it may be easier to find a com-
mon attractor for multiple BNs than for a single BN. This
observation gives a justification of the proposed approach,
compared to the trivial approach that computes attractors
separately for respective BNs and then finds common or
similar attractors. The results on computational experiments
on random BNs show that the integer linear programming
(ILP)-based algorithm (IlpComAttBN) is much faster than
the recursive algorithm (RecComAttBN) for large size BNs,
although RecComAttBN has an advantage that it can enu-
merate all common singleton attractors. Therefore, develop-
ment of ILP-based methods for finding similar attractors for
multiple BNs is important future work.

We also demonstrated the potential usefulness of the
proposed approach by applications to the analysis of a BN
model of the TGF-β pathway. The results suggest that net-
works corresponding to subtypes of same cancer or closely
related cancers tend to have common or similar attractors,

implying our models could further provide clues to explore
tumor homogeneity and heterogeneity.

Tumor heterogeneity is often observed at the phenotypic
level. That means that a tumor appears to be different across
types and patients, suggesting heterogeneity also at the
genetic level, and vice versa for tumor homogeneity. In our
case, an attractor refers to a computational phenotype which
directly translates to cellular behavior: Proliferation, apop-
tosis, and cell cycle arrest. We can detect similar or homoge-
nous attractors (phenotypes), using the approach presented
in this paper. Although these phenotypes appear to be the
same or similar, our method offers the possibility to study
similarities and differences at the level of the underlying
network, corresponding to the genotype. For example, the
four, respectively five pairs of BNs with a common attractor
(Fig. 5) suggest homogeneity on the phenotypic level. The
underlying structure of the BNs however is not always the
same: The BRCA BN is different from the LUAD and LUSC
BNs. Hence, our method can assist in detecting genotypic
heterogeneity based on phenotypic homogeneity. These in-
sights can furthermore assist in hypothesis-generation for
the selection of drug targets.

In this paper, we have focused on singleton attractors.
However, periodic attractors also play important roles.
Unfortunately, no scalable method is known for detec-
tion/enumeration of periodic attractors even for a single
BN [13]. Therefore, development of efficient methods for
detection and/or enumeration of common and/or similar
periodic attractors in multiple BNs is a challenging future
task.

Another important issue is to consider the effects of noise
and uncertainty because biological systems often contain
noise and show probabilistic behaviors. In order to cope
with such effects, probabilistic Boolean networks (PBNs)
have been extensively studied [8], [38], [39]. In a PBN,
multiple Boolean functions can be assigned to each node
and one function is selected per node at each time step
according to a specified probability distribution. Therefore, a
PBN can be considered as a set of constituent BNs. Although
there is no strong consensus on the definition of attractors
of a PBN, the most common one would be that the set of
attractors of a PBN is the union of the sets of attractors
of the constituent BNs [40], [39]. However, it is difficult
to extend the theoretical results presented in Section 4 to
PBNs by the following reasons. The proofs of the results
heavily depend on the random BN model. However, no
consensus model is known for random PBNs. The analyses
also heavily depend on the fact that the next system state
will be uniquely determined from 2n possible states with
probability 1

2n for each BN. However, we cannot utilize
such property for PBNs. Of course, we can consider all
possible combinations of the constituent BNs. Then, the
upper bounds of the expected numbers of common and
similar singleton attractors might be given by multiplying
the number of combinations to the numbers given in Propo-
sition 1 and Theorem 1, respectively. However, the number
of combinations might be too large. For example, suppose
that two Boolean functions are assigned to each node. Then,
there would be 2n constituent BNs and the number of
combination would be 2nN . To multiply 2nN might give too
loose estimates and thus would be meaningless. Therefore,
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theoretical analysis of the expected number of common and
similar attractors for PBNs is left as future work.

In dynamical evolution of genes, it may encounter per-
turbations like knock-out or knock-in perturbations. There-
fore, it is important to extend the results of this paper to
include the effect of such events. However, it is difficult
to extend the theoretical results for that purpose because
we need to consider probabilistic models of knock-out and
knock-in perturbation, for which difficulties similar to those
for PBNs would arise. On the other hand, if all occurred
knock-out events are known, it might be possible to modify
the algorithms to take the effect of such events into account.
For example, if the ith gene of BN Gj is knocked out, the
resulting common attractors may be obtained by adding a
new BN obtained from Gj by letting vi(t) = 0 for all t to
the set of input BNs. For the case of knocked-in events, the
situation would be different and more difficult because we
need to know the effect of knocked-in events to other genes
(e.g., how Boolean functions are affected by introduction of
knocked-in genes). Therefore, in order to study the effect of
perturbations, we need to develop appropriate models as
well as novel analysis and computational methods.
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