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Chapter 1

Introduction

The present thesis is concerned with the initial value problem for semilincar Schrodinger
equations of the form:

Ou—iAu = F(u,Vu) in (0,00) x RN, (1.1)

u(0,z) = wuy(x) in R‘\, (1.2)

where u(t,z) is C-valued, &, = 9/0t, 0; = F/du; (7 = 1, ,N), V - (O, -, dv),

A=0+---4+0%,1=+v—1and N € N is the spatial dimension. Throughout the present

thesis, we deal with the power nonlinearlity. More preciscly. we assume that the nonlinear
term F'(u,q) : C x C" = C satisfics

Flu,q) € =R xR™,0),
[(u,q) = O(u” +1q/”) necar (u,q) =0

with some integer p > 2. The variable ¢ corresponds to Vu = (dyu,---,dyu). In the
same way as the complex analysis, we define d/du, 0/du, 0/dq; and 9/dq; by

9] 170 0 3] 170 )

50~ 3o o) 3w )

a 170 e a 19 0

vo = Rew, wy =Imu, v; = Req,, w; =Imgq,, j=1,--- N

Now we will give a few remarks on the technical terins. In the theory of partial
differential equations. we usually call the nonlinearity of the equation (1.2) and the prob-
lem (1.1)-(1.2) semilinear and the initial value problem respectively. Somcone calls (1.1)
nonlinear Schrodinger equation and another one calls (1.1)(1.2) the Cauchy problemn.
In mathematical physics. the word “nonlincar Schrodinger equation” means scmilinear
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Schrodinger equation whose nonlinear term F(wu, ) 1s independent of ¢. Especially. in the
soliton theory. the nonlinear terin of nonlincar Schrodinger equation is [(1, q) = iy|lulu.
where 3 € R\ {0}. On the other hand, the word " Cauchy problem™ means sometimes the
initial value problemn for kowalewskian-type of partial differential equation:

Tu— 3 ae,(t,2)Fu = f(t,x) in (0,00) x R",

lajtj<m
7om

. N

Hu(0,r) =u,lz) (G=01,---,m~—1) in R .
Here 1 is a positive integer. Kowalewskian-type of partial differential operators requires
that Jor| 4 j is less than or equal to the heiest order of the differentiation with respect to

the tumne variable t.

The past two decades, studies on the completely integrable systems have been very
popular in mathecmnatical physics. Somcone presented or obtained new integrable sys-
tems and another one proved that certain systems were completely integrable formally
or mathematically. Most of partial differential equations and systems appcaring in this
subject model the phenomena of the propagation of disspersive waves. Roughly speak-
ing, the dispersive wave means that its propagation speed changes in accordance with 1ts

frequency.
As typical examples of such cquations and systems, we cite the Korteweg-de Vries

cquation
o+ Pv+evov=0 in RxR,
the Benjamin Ono equation
oo+ [D)dv +vov =0 in RxR,
the Boussinesq equation
02 2 N : .
o+ dto+ Fetodv=0 in RxR,
the nonlinear Schrodinger equation
S — 12w+ ijwefe =0 in R xR, (1.3)
and the elliptic elliptic Davev - Stewartson equation
b oy : . 2
Guw —iAw el + z[if(‘zl‘\ﬁu‘ in RxR,

is the Riesz trans-

where ¢ is Rovalued, w is C-valued. |D] = (=0%)V% and Ry = O,/ |D
forimation. The above equations can be seen as

(Lo + ipt) U FCOU 0" ) in RxR' . (1.1)

n

Introduction

where U(t, r) is R" or C"-valued (n = 1.2.3,---). I, is the n x n identity matix. p(§) is a
n x n matrix-valued symbol satisfying p(£) € (5™)*>" and p(&) — 'p(&) € (S™ )" and
F(U,0U, -~ 0" ') (m > 1) is a nonlinear term. For the definition of the class S™. sce
Section 2.3

To illustrate the dispersive property. we consider the simplest Schrodinger equation
In one space dimension

O — i =0 in RxR, (1.5)
and we will find the plane-wave solution to (1.5). The substitution of
w(t,r) = e (ce C e eR)

into (1.5) imples the relationship between the propagation speed ¢ and the frequency ¢:

c(§) = ~¢*. (1.6)

This asserts that ¢ must be a real number and that the larger the frequency € is, the
larger the propagation speed ¢ becomes. In mathematical physics a relationship like
(1.6) is called the dispersion-relation. Then, let us call equations and systems like (1.4)
nonlinear dispersive equations and systems respectively.

Some of nonlinear dispersive equations and systeins cannot allow the classical energy
estimates. In other words, the regularity of solutions to these equations and systemns
cannot follow from the usual L?-type estimates. This means that it is difficult to solve
the initial value problems for these equations and systems in ("“-category. We remark here
that we can always get analytic solutions to such problems by means of so-called abstract
Cauchy-Kowalewski theorem. More precisely, if the nonlincar terin is real-anaytic with
respect to all variables, and if the initial data is analytic in some product domain of strips
containing real lines, then we can get a unique solution which is analytic with respect to
the spatial variables in the product domain of small strips.

To explain this situation, let us consider the initial value problemn for linear Schrodinger
equations with constant coefficient:

e — i +iadw = 0 in R xR, (1.7
wo(x) = 0 in R, (1.8

S—r e

where « is a positive constant. Let ¢(&) satisfy

MQ_{éj £ e (0.1),

otherwise.

We put ¢,,(£) = ¢(§ —n), n = 1,2,3, . Formally, the solution to (1.7) -(1.8) is written
as

l toe € g el £t - .
witr) / (€ S Rkt € g (1.9)
T J =0
) 1 pc
wolé) — = / e ug(a)dr.
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If we put wo(&) o, (&). then the Plancherel-Parseval forimula imphes

" N o p2
)= el
R e o o D
— / oo (DH(E) (‘]é
./ 0
el
- / =S
> for 4> 0. (1.10)

(1.10) asserts that for any large constant /2 > 0 and for any short time ¢ > 0. there exists
an entire function wo(r) such that {[wgll;2 = 1 and ‘;iu*(/)H[: > . When ecither cvor t is a
negative numnber, the same is true provided that n € 7 is negative and [nl is sufficiently
large. This example shows that if the inaginary part of the cocfficient of the first order
termn o does not vanish. then the initial value problem (1.7)-(1.8) is not L*-well-posed.
Namely. we can solve (1.7) (1.8) only in some analytic function space unless a = (). This
fact is very closed to the method of the abstract Cauchy-Kowalewski theorem.

[n mathematical physics. threre are some nonlinear dispersive equations which do not
allow the classical energy estimates. As examples, we cite the (generalized) Heisenberg
ferromagnetic model

o N
wunamrfﬂfgﬁmvinmxkﬁ (1.11)
1+ luf? S

g1

the Zakharov equation

s D -7 , , _ N ‘
dou = iAu / 1-1“{"-“}'/(5-' “-*'l'}*L\\'II,(T) ‘dru+ |ufu in Rx R, (1.12)
Jo
the long wave short wave resonance equation
! 2 : .
G — i = (/ (‘H(L(T)J’d‘f) u+jul?u in R xR, (1.13)
SO

and the elliptic hvperbolic Davey Stewartson equation

- i(i)f } ().;;’)u, i u)?

RNl .
+ iy (/ (')1lu(f..m.l“é)[%b‘é) u

T

4o (/ h 6)1{(14(1.‘1"1,.1‘2)}2d.rll> « in RxR. (1.14)

where ag. a0y € R oare constants. We remark here that the original Heisenberg ferro-

2
magnetic model is formulated by

N
08 = SAAS in RxR, (1.15)

[ntroduction

where S(40 ) 1= S7-valued and ~ denotes the wedge produet i VR{ When S0y s close
to solne constant Sy € S= uniformly m K x R (1.15) becomes (111 by the stercographic
representation.

The nonlinear terms of these equations contain V.o NMorcover. some of them are
nonlocal as nonlinear operators. Then. 1t is not so casy to prove even local existence
theorems for these equations. Local and elobal existence. stability or instability of special
solutions in which some physists are interested. regularity of solutions (so-called local
smoothing property). and cte are nnportant and mteresting not only in mathematical
analvsis but also In mathematical physies. A ot of authors studied global existence
theorems formally or rigourously front a view point of the mverse scattering thechnigue
(see. e.g.. [131). But there are few works concerned with these problems via the theory of
partial differential equations.

The purpose of the present thesis is to prove local and global existence theorems for
the initial valie problem (1.1)-(1.2). We see it as a typical example of the mntial value
problems for nonlinear dispersive equations and systems. which cannot allow the classical
cnergy estimates of solutions. Because our nonlincar term '(a, V) satisfies the local
property. (1.1)- (1.2) is somewhat casier than nonlocal nonlincar terms like (1.12) and
(1.14). Morcover. we study the initial value problem for (1.11).

The present thesis is a rearrangement of the author's papers |20 310 [ 51 (6] 7]
and contains a few improvenmt of thenr. The organization is as follows. In Chapter 2
we mtroduce the outline of the theory of lincar Schrodinger-type equations. and modify
this theory so that it can be applied to solve semilinear equations. Chapter 2 1s based
on [2]. [3] and [6]. Chapter 3 is devoted to preliminaries: estimates on nonlinear term
and parabolic regularlization. which arc contained in [2]. [3]. [1] [5] and [6]. In Chapter
1 we present local existence theorems which were proved m (2], [3] and [6]. Our proofs
consists of the parabolic regularization and the uniforin estimates of solutions. The later
follows from some linear estimates which are obtained in Chapter 2. In Chapter 5 we
study global existence theorcms which were proved in 1), [5] and [6]. Our strategy of the
proofs is based on the local existence theoremns in Chapter 4 and the a priori estimmates.
where the decay estunates in Chapter 3 play an essential role. Finally, in Chapter 6 we
present local and global existence theoreins of the initial value problem for the elliptic
hyperbolic Davey- Stewartson cquation. For this purpose, we make straightforward use of
the sioothig property of ¢*=. because our linear cstimate developed in Chapter 2 does
not. work well. The material of the final chapter is | 7).
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Notations

Here we summarize notations used thoughout of this thesis except for Chapter 6.
where we make use of another notations.

N={1,23}. 2, ={0,1,2,--}. D, = —id), D = (Dy,---,Dy) = ~iV. d, = 8/I¢,.

85 = (0&1,"',85“\.), for _7 = 1,"',]\/.
']ku’ . fjiri'/4(1+t)21'(l + l‘)(?k (C—~’LIZ_/~'1(1+”,”.) o (l‘k _+ I(l + l)()k)u,
Jiw = e 2utd(e ) = (a4 i(1+ ),

for k = 1,--- N, where 0(t,ry) = xi/4(1 +t). J = (J1,---,JIn). % = a0,
O = 0N, DY = DY DR, 08 = 00 - 0EN, I = 0 I al = ag ! and

\a\ = ay + -+ + an, for any multi index o = (a1, -+, an) € (Z, )\ €) - \/ITlf?
(€)= 1T &.(D) = (1= 472, (D) = (1 - )2

1/r

wer = wer(RY) = {u e S'(RY) | lfulwsr = (/R ]([))'“u\”i:r) < +’x:}

L' =W H*=W*2forseRand | <r < .
wee = W (RY) = {ue $(R) | [lullw = ess.sup|(D)*u] < +0},
L® = W% for s € R.

o = 1 (RY) = {u € 8'(R) | [(2)"{D)*ull 1z < +oo)

for s,s" € R. || - || means (H*)*norm. In particular, || - || and (-,-) mean (L*)*-norm

and (L%)?~inner product respectively. D= ‘D/(R‘\) is the sct of all distributions on

R'. § = S(R‘\) and 8’ = S/(R\) denote the Schwartz class and its topological dual

respectively. The operator (D)* is defined by
(D)su = (2m) //IR YRS TV Sy (y)dydE  for u € S,

- U . . OC N . “ .
and is extended on 8 via the duality. B~ = B™ (R ) is the set of all ("-functions on
N o ,
R . whose derivatives of any order arc all bounded. When X and Y are normed vector

spaces, L(X,Y) and L(X) arc the set of all bounded lincar operators from X to Y and
from X to X respectively. b, = (.- a0, 0,1, 1y), for o € R'\ andj  1,--- N,
&5k 1s Kronecker's delta. 1.e.. & = 1if j =k ¢ - 0 otherwise. [s] means the largest
integer less than or equal to s > (). Different positive constants might be denoted by the
same letter (.
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Chapter 2

Linear estimates

2.1 Theory of linear Schrodinger-type equations

In this section we introduce the theory of lincar Schrodinger-type equations. This
theory plays an essential role to obtain the energy estimates of solutions to semilinear
equations. We start with the inital value problem of the form:

N ,
Su= (0, —iA+ Y bi@)d; + c(@))u — fltr) in RxR (2.1)
-1

N

u(0,2) = wuplr) in R, (2.2)

N

where the coefficients by(x),- -, by (z) belong to B™(R" ).
The purpose of the linear theory is to characterize Schrodinger-type operators. To
explain the detail, we introduce the notion of well-posedness. Let X be a Fréchet space

contained in "D/(R'\). We say that the initial value problem (2.1)-(2.2) is X-well-poscd
in the both direction of ¢t € R if and only if for any ug(x) € X and for any f(t,r) €
LIIOC(JR: X ), there exists a unique solution © € C'(R; X) to (2.1)-(2.2). In view of Banach's
closed graph theorem. this is equivalent to the apparently stronger condition, that is
for any up(z) € X and for any f(t,z) € LIIOC(R;X), there exists a unique solution
u € C(R; X) to (2.1)-(2.2) and the map (ug, f) — wu is continuous lincar operator from
X % [,IIOC(JR:X) to C'(R: X). According to S. Mizohata ([35]). S is a Schrodinger-type
operator if and only if (2.1)-(2.2) is H*-well-posed in the both direction of ¢ € R.

Historically. first J. Takeuchi ([47], [48]) studied the necessary condition of 12-well-
posedness. After some improvement of S. Mizohata ([36]. sce also [35]). the necessary
condition is

4N
sup Im/ ST by + wr)aydr| < +oc. (2.3)
CR,\ 0 i1
fe‘.s*\' 1
Q€R

11
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We note here that when NV = 1. (2.3) becomes

Inl/IMyﬁw <+, (2.4)
JO

sup
N

zcR

where b(x) = by(r). Roughly speaking, (2.3) meansrthat Imb,(x), -, Imby(z) must be
improperly Riemannian integrable for any line in R In particular, (2.4) is the necessary
and sufficient condition for [.2-well-posedness. In fact, if we assume N = 1 and (2.4),
then a gauge transformation

u(z) — v(z) = u(x)ko(x), (2.5)
kol = ex (5 [ blu)ay)
is an automorphism in L%(R), and (2.1)-(2.2) becomes
(@—muwuguz ko(z)f(t,z) in RxR, (2.6)
v(0,7) = wuo(x)ko(xr) in R, (2.7)

Since the first order term b(r)d is canceled out by the commutator [ko(z), —i0?]/ko(z),
one can casily solve (2.6)-(2.7). Thus, this shows that (2.4) is also the sufficient condition
of [?-well-posedness.

Secondly, S. Mizohata ([36]. sce also [35]) studied the sufficient condition of L*-well-
poscdness with general space dimensions. He developed the above idea directly. Under the
appropriate condition which is stronger than the necessary condition (2.3), he cpnstructed
a transformation u = K (t)u such that this was an automorphic in L*(R") and the
commutator [K(t), —iAJK(t)~" coinsided with Z'bj(x)é?j. In this case, K (t) is a pseudo-
differential operator which belongs to ()[’AS'S_()(R\ X RA) (see [33]).

Thirdly. developping the ideas of J. Takeuchi and S. Mizohata, W. Ichinose ([24] and
[25]) studied H*-well-posedness. His results are natural extension of L?-well-posedness

1 a sensc.
We remark here that if Imby (), -+, Iinby(x) satisfy

N
@@mmu»—mﬂmmun:o for reR ,jk=1,,N, (2.8)
then a gauge transformation
1 1
u(ar) —— v(r) = u(r)exp - / Z Imb;(sr).r;ds (2.9)
2.0
is also available in the same way as (2.6)-(2.7). When N = 1, (2.8) is satisfied au-

tomatically. S. Tarama (|46]) obtained the necessary and sufficient condition for -
well-posedness under the condition (2.8) by using the gauge transformation (2.9). In the
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same way. we can prove that (2.3) is the necessary and sufficient condition for L*-well-
posedness under the condition (2.8). Some of semilinear Schrédinger equations satisfy
(2.8). In terms of semilinear equations. (2.8) becomes

Ogr dq

J

oF oF g
0; (Im ——(u, Vu)) — Ok (Im %(u, Vu)) =0 for ue CI(R'\),]', k=1, N,

(2.10)
which is equivalent to the condition: there exists a R-valued function G(u) such that

OF

0,G(w) = Tm - (u, V) for we CYRY),j=1,---,N. (2.11)
In this case, (2.9) becomes
u(z) — v(z) = u(x)exp <—;G(u(x))) : (2.12)

Using (2.12), A. Soyeur ([44]) and T. Ozawa ([39]) studied local and global existence
theorems for such semilinear Schrodinger equations.

As we have seen before, the basic idea for linear Schrodinger-type equations is to find
an automorphism u + K (t)u in L? or H* such that the commutator |K(t), —iAJK(t)!

eliminates the first order term ¥ Im b;(x)d; in a sense. We remark here that [K (t), —i A] K ()

does not have to coinside with 3~ Imb;(z)0; or 3 b;(z)0; necessarily.

Recently, S. Doi ([11], [12]) developed new method to solve lincar Schrodinger-type
equations. His method requires only the integrability of Im b, (z), -+, Imby(x) in any line
in z, which is slightly stronger the condition (2.3). His idea is to find an automorphism
u — K(t)u in LQ(RN) such that [K(t), —iA]K(t)"' is a first order elliptic psueudo-
differential operator which is stronger than the first order partial differential operator
> Imb;(z)0;. We remark here that his transformation operator belongs to the class
OPS?_’O. In general, (1,0)-type operators are casier to handle than (0,0)-type onecs. As
we will show later, his idea is very useful to solve semilinear equations. There are two
advantage of his method. One is the simplicity of the condition on Im b, (x),- - -, Inbx(x),
and another is the type of transformation operator.

When we apply the linear theory to solving semilinear equations, we treat (1.1) as
a system for *(u, @) because the nonlinear term /'(u, Vu) contains not only Vu but also
Viu. Then, in Sections 2.2 and 2.3 we study the initial value problem for some 2 x
2 linear systems, which correspond to the couple of equations (1.1) and its complex
conjugate. Section 2.2 is devoted to one dinensional case, which can be treated by
the gauge transformation. In Section 2.3 we study the case of general space dimensions.
There, the diadonalization technique and S. Doi’s method play essential role. The foriner
is well-known in the theory of regularly hyperbolic systems.
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2.2 Linear estimates in one space dimension
In this scction we study the initial value problem for 2 x 2 linear systeins of the form:

Lyw= (I, +iH())e = f(tx) in (0.7) xR, (2.13)
e(0,x) = wylz) in R, (2.14)

where v = (v, v9) is (Cz-valued, f =S, f2), [ is the 2 x 2 identity matrix and H,(t) is

defined as 2 bi(t,z) by(t,z)
B 9 0 . 1 If,l‘ 2 Z.,I .
Hi(t) = [ 0 0? } —L[bz(tal‘) bi(t, z) }d

bi(t,.r), bo(t,z) € (,fl([o, T]: B¥(R)).

We remark here that it is sufficient to study the forward initial value problem.

The purpose of the present section is to mention the well-posedness of the initial
value problem (2.13)—(2.14). More precisely, we present a certain sufficient condition on
I2-well-posedness. We do not investigate the necessary and sufficient condition on L*-
well-poscedness. However, it is enough to apply to solving semilinear equations. In general,
the necessary and sufficient condition for well-posedness in the linear theory is not enough
to apply to nonlinear problems, because the nonlinearity gives very complex structure as
a partial differential operator. We keep a semilinear equation and its complex conjugate

Do — 1Pu+ by (t,x)0u + by(t,z)0u = fi(t,r) in (0,T) x R,

O+ i%u+4 by (L, x)ou + by(t,x)on = fi(t,z) in (0,7) xR,
in mind. In view of (2.4), we assume

M, = sup I/vlmbl(t,y)dy < 400, (2.15)
Jo

IER

te(o, 1}

M, = sup < +00. (2.16)

rER

te(0,77}

-/‘ [m Oyby (¢, y)dy
0

Because the cocefficients by (¢, r) and b,(¢, r) depend not only on the spatial variable z but
also on the time variable t. we require the second condition (2.16) for the sake of the
boundedness of the cocfficients of the transformed system. In the same way as (2.5) we
define the gauge transforination

) = et o) = k(o) ),
kl(f..r) - (»'"p](L:r)j"

1 T
mit.r) = .)'/ Im by (t. y)dy.

)
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It is casy to sec
O < el < e

D

forany o(t,r) € (('([(), 17: LQ(R))> e 0.7 (2.17)

Multiplying L, by A(t,.r). we have

Lye= (10, +iH())v = g(t.o) in (0,T) xR, 2.18
(2.18)
w(0.r) = we(r) in R, (2.19)

where

glt,r) = k(t,x)f(t, r),
wo(r) = k0, z)ve(x),
H\(t) = A0) —iBi(t,r)0+ C\(1,r),

( [ 0% 0
D) =1 g J ‘
F Reby(t,x)  by(l, x)
Bi(t,z) = L e
1 2) bo(t,z)  Reby(t,x) J

CH([,IZT) - [ (fll(tyl') (712(!,,’1)) J ’

e (t,x) et x)
c(t,r) = —17/0 Im Oby (¢, y)dy
- é(lmb,(t,x))bl(l,x)

1 5 1
+ E(Im bi(t,z))* + alm Oby(t,x),

cp(t,z) = —%bg(t,x)lmbl(t,x),

enlt,z) = —%bg(z,}’jlmbl(z,,x),

colt,z) = —i/ Im O,by (t, y)dy
0

7 o

(Imby (¢, 2))by (¢, )

(Im by (¢, :r))bT(l,,ﬂ.i')

e L P B NG

( 1
(I b, (1, 1))* - -QIm Oby(t, ).

It is easy to sec that
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Proposition 2.2.1 We assume (2.15) and (2.16). Then (2.13)~(2.14) s H*-well-posed
for any s € R.

To prove Proposition 2.2.1, we employ the duality type argument. which is based on the
cnergy incqualities (see [23]).

Lemma 2.2.2 There exists a constant Cp > 0 such that for any
2
e (Co, 1] HAR)) N C((0,1]; L*(R)))

and € [0,7T]. we have

ol < ¢ (o) [
lu(t)]] (Hw )| +/ ‘} Liv)(r ‘d¢>, (2.21)

where L} is the formally adjoint operator of Ly, that is written as

—-0* 0

0 0

[ o) ],
bo(t,x) bi(l,x)

oby(t, x) Obo(t, x)
Oby(t,z) Oby(t,z) |

(Lyv)( dT) (2.20)

A

Proof. It sufficies to prove (2.20). We put w(t,z) = ki (t,z)v(t,z), [(t,z) = (Lyv)(t, x)
and g(t,x) = k(t,z)f(¢t,z). Then we have

welt,x) € (C0.T): HA(R))
fit o), gltx) € (CU0 T AR))
w(t,r) satisfics

Ly = g(tr) in (0,7) xR,
w(0,r) = ki(0,r)w(0,r) in R
Then we have
;;;HU‘(I)H2 : 2Ro</('),11‘(f),u'({))
—2Re (il (1)w(t), w(t)) + 2Re (g(t). w(t))
—2Re ((Ll(())zl‘(l), ll‘(f)) + 2 < Lt x)ow (), w(t ))
b 2Re (iCy (e (). u‘(l)) 2Re (g(t)- )

A

2Re Byttt e(D)) + C By (0O + 2D g(D]]. (2:22)
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where

By (t) = sup/o Tm by (1, y)dy

R
+ 30 Y (sup [, (1, )]+ sup |9, (1, 1))
2--12L 0.1 zeR IGR

We remark here that Bj(t,r) is a hermitian matrix, that is 3,(f,.r) = ‘By(t..r). The
integration by parts yields

2Re (B (t,r)0w(t), w(t))

+o0 koo
. / C(t) By(t, 2)0w(t)dz +/ () By (L, 2)du (1) dr

J =00

- /:’Oa () By ( 2)wt)dr + /W OB (4, 2)du(l)dr

= /_:O A'w(t) By (t, x)w(t)dz + /+oo ! By(t, z)dw(t)dx

- _/_:O w(t) By (t, 2)8w(f)dr + /'OO (1) By (1, 2) (D) dr

+ -/_;Oot'u,’(t)é)tBl(t,x)E(t—)dz

- ~/;Oo‘11)(t)f)‘}?1(t,x)1Lv(t)d:r

< CBy, ()] ()] (2.23)

Substitution of (2.23) into (2.22) gives

d
Elhelt)] < CBy W] + g0 (2.24)

(2.24) plays an essential role when we solve semilinear equations. Integrating (2.24) on
0,t], we get

v "t .
hw()|| < “Hw(0)]| + /0 O () ||dr for te (0,7, (2.25)

Combining (2.17) and (2.25). we obtain (2.20). »

We can prove Proposition 2.2.1 by Lemma 2.2.2. The rigourous proof of it is omitted
here. See the proof of Proposition 2.3.2.
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2.3 Linear estimates in general space dimensions

In this section we study the mitial value problem for the following linear Schrodinger-
type systes

Le= (10, 1 H)e = fltr)  in (0.T) xR . (2.26)

v(0,r) — wel(x) in R‘\V, (2.27)
where © - et ) is o -valued, [ is the 2 x 2 identity matrix and the operator H(t) =
h(t,.r, 1)) is defined by

0
}1,(1‘/73;?6) - “(5) - [)(l‘,,f,,f), ”’(5) - 0 _15‘2 )

bi(t,r,§) bia(t, x,§) i bj(t, ) bt z) 3
bar(t,r, &) bao(l, z,8) L barg(h, 1) bagy(F, ) |

bonj(t,2) € ! ([(), T} 'BOO), m,n=12and j =1,--- N.

b(t,r, &)

For the sake of the convenience, we put

diag i . bll(t'u'l;’g) 0 off, = 0 bl?<t’1‘)f)

When we apply the linear estimates in this section to (1.1)—(1.2), we sec v as v = *(u, u).
For H*-well-posedness of (2.26)-(2.27), we assume the Doi-type condition on bdlag(t, x.§),
that is to say, there exist functions

o,(t.s) € C({0, T BRR)) N[0, T]; LN(R)), j=1,-+,N
such that
{IIU(},L,U(f,J:)| < @;(t,a,) for (t,x) € |[0,1] x ]R'\v7 n=12 j=1---,N (2.28)

Since our analysis is based on the symbolic calculus for pseudo-differential operators,
we quote the minimum fundamentals on them from H. Kumano-go's textbook [33]. Let
m € R and let S™ be a class of symbols defined by

"SR xR = {p(r.&) e (PR xR P < oo, LeZ
where

[)gg))<l E) — ()?[)3])(1, f). Q, j € (Z* )\

(rn) S al
i sup P )y e,

Pt
N

:,SER
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5™ is a Fréchet space with respect to the family of seminoris |- [["", 1 € Z,. If p(r,€) €
S™ 1s given. then p(r,§) defines the operator P’ by

Pu(r) = p(r,D)u(r)
= (27 //R\ ]RN ¢! y)'sp(_zxE)'u,(y)d'z/df

= (2r)"M* /RV (e, E)u(E)dE, for u €S,

Conversely, if the operator P is given, then its symbol ¢(P)(r,€) is calculated by
o(P)(2,€) = ™5 P(e).
The properties of pseudo-differential operators arc the following.

Lemma 2.3.1 (1) Let p(z,§) € S™. Then P = p(x, D) € L(H™™ H*) for any s € R
and therc exist I, = l(m, s, N) € N and C' = C(s, N) > 0 such that

|Pull, < Clp

Nullsom  for we HO™

lrn.

(2) Let p(z,§) € S™ and p'(x,€) € S™. and let o, ', 3,3 € (Z,)¥. We define
ro(z, &) = // - e 77p (I €+ 0n)p' [,, (;r: +y,{)dydny  for 0 € 0,1].

Thcn {ro}ocio) is bounded in S™™=1e el and for any | € Z .. there erist I € Z, and
Cy > 0, which are independent of 0 € [0, 1), such that

ol <l .

(3) Let p(x,€) € Sm,and P, &) € S™ . and let P = p(x, D) and P = p'(x, D). Then
o(PP')(x, &) € S™'™ and

o(PP)(,8) = (2m) ™ [ v e pa,€ 4 gl e+, E)dydy,
(4) (The Sharp Garding inequality) For any p(z, &) € S! satisfying
Rep(x,§) >0 for [ > R >0 with some R >0,

there exist | € N and ' = C'(R,N) > 0 such that

Re(Pu,u)p. > (\1)] Nul2,  for wes.

In this section we prove
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Proposition 2.3.2 We assuine (2.3). Then the initial value problem (2.26)(2.27) 1
H*well-poscd fm any s € R. that is to say. for any vo(x) € (H*)* and fm any f(t, I)

(1’[00<( ), H*» )) (2.26)-(2.27) possesses a unique solution v € < < ))2

We have only to prove Proposition 2.3.2 with s = 0. Our strategy divides into two steps.
At the first step we diagonalize the operator H(t) modulo bounded operators. Roughly
speaking, its symbol

R g bl
e [ bl 6) | I€2 4 baglt, 2. 6) }

has two distinct cigen -values provided that [£] is sufficiently large. Thus we can easily
diagonalize h(t,x,€) and therefore this system becomes a couple of single Schrodinger-
type equations essentially. At the second step we apply S. Doi’s method ([11], [12]) to the
diagonalized systemn.

To prove Proposition 2.3.2, we introduce some pseudo-differential operators. The
diagonalization is carried out by

Aty =1+ A(t), At)=1-A(t), Alt) =Xt ,z,D),

t\)lb—‘

Aty x,€) = Z [ bZIJO(t ) buJE) K }E;‘(S)“z.

=1

The loss of derivatives is rcsolved by

K(t) = k(l,x,D), K'(t) = K(t,z,D),
o~ Pltz€) 0 ) eP(t.z:8) 0
A,(L,I,g) — 0 Cp(t,;r,f) i| ) }b (t717€> - |: 0 ko({)l"g)

N a,
Pt =3 [7 0005y €)

It 1s convenient to use the following notations

Br(t) = [ PO e = 2,
N
By(t) = Z Z Z ( sup. |0 (t, )| + sup. \0,(‘)“bm,lj(t,$)|),
ma 1.2 ) 1 a|<L ,E;R‘\ IQ:R‘\

Z sup l/ (L, y;)dy;|
Iz eR

N e
B Y[ oyt
j 1Yo

N

I
BX) = 3> sup {(’)fq’)l(/‘.rj)f‘

J 1k ”IJF.R
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where [ € N is large enough to be used in this section. To eliminate the loss of derivatives
in (2.26). we use the map v —— K (t)A(f)r. Before we use this map. we verify that this
is automorphic on (L)? in a sense.

Lemma 2.3.3 There exists a constant (' > 0 such that

lel < CBam(1+ Bin) (1+ BYOBE0)Ni(o) (
No(w) < CBg(t)(1+ Blt)) [l (2

NN
Wt
S D
= =

forv e (L*)? and t € [0,T], where Ny(v) = || K()A(L)vl + |lell-.

Proof.  Simple calculation gives

[ = AN)K (KAL) + A(t)? + A1) Ro(t) A1),

o(Bo(t))(2,6) = ol - K'(t)K(1))(x,€)
Nz,
- ;,t'z‘/o 8,(t, 5)ds€, (6,) "

X

1 .
2m) /0 [ /RNXRN eINE | On,) K (L, € 1 On)
X¢i(t,z; + y;)k(t,z + y, &) dydndh.

Then it is easy to see (2.29) and (2.30). 4

We diagonalize . modulo bounded operators by A(t) and A’(t). Here we note [ =
A(0)A(t) + A(1)? and o (A(t)?)(x,€) € (S72)>*2. Operating A(t) on L we have

A Le = 1,(Alt)) = (G A0) v + iAW H (A (A + il (D, (2.31)
I 1Y by (t,
O’<()t/l(f)>(1', ) — ([ x, E — 5] 1 [ dtbg?](f _T) )[ U(f ) £J<£> )

Ri(t) = AW)H()A(1)*.
The simmple calculation yields

AMHOA) = (T+ A) (alD) + bt x, D)) (1 - /i(r))
a(D) +b(t.x, D)+ Altya(D) — a(D)A(L) + Ra(t),  (2.32)
A(Ob(t, e D) = b1, DYA(L) — A1) H (1) A(t).

Ry (1)
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Noting (D) 1D 1= (D) * we get

) I ]
Ahatn) - w0 D)+ 2b‘)ff(z 7, D)D) (2.33)
- 1 1 , 5 X
—alAW) = ) ol e D)+ QbOﬂ“(t,r\ D)D)+ Ry(t), (2.34)
. »1
5 . 9N v oty () | Yo C ,
U(h:}(//))(l,f) = —(2n) ]2:1/0 .//R‘\ R YNaINE + O Ayt o+ y, &)dydndd.

Substituting (2.33) and (2.34) into (2.32), we have

AOHWOAW) = a(D) + b8t 2 D) + Ry(t) + Rs(t) + Ra(t), (2.35)
Rat) = 0T 2 D)y(Dy2

Combining (2.31) and (2.35), we obtain

AL = 10,(At)) +i(a(D) + bdiag(t,x,[)))(/m(t)v)+RS(t),
Bs(t) = —(A()) + iR (t) + i Ralt) + Ra(t) Ra(1)) Alt).
It is casy to sec
o(Rs(1))(x,€) € (5°)2, ||1{5(t)l|L<(L2)2) < CBy(0)(1+ By(1)). (2.36)

Our diagonalization is completed.

We resolve Im bdlag(t,f,f) by K(t). Roughly speaking, a(i[K(t),(I(D)]K’(t))(w,f)
gives a clliptic term which is stronger than Tmb9128(¢, 7 €). Since k(t,z,€), a(€) and
bdlag({,.ﬁ,f) are diagonal matrices, we can deal with them as if they werc scalar-valued
symbols. Operating K(t) on A(t)Lv, we have

KAWL — T (KA() = (9K (1) (Alt))
+ ila(D) + pdiag ;o DY) (K ()AL + il K (t), a(D)] (Alt)e)
o Re() (e + K(H) Ry (), (2.37)

N

(1)) (0,8) = db(1,1,8) Z/ (1, 8)ds€,(€) T Tk (1, 1, €),

P

S I . ' k
I [ 0 1 ] : l\dfh(t>llt(“i_,_),&,) < OB B (1), (2.38)
Bolt) = itk (1) 0P8 (1 r. D)), Il/fo(/>l\L(”_,)2) < CBOBE(Br(l).  (2.39)
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Now we will calculate the commutator

ife=rlts ) 1 D) 0

HK(t).a(D)] = { 0 _1'((;;)(1.:.1)) D2

The simple calculation gives

a(z’[c plt..D)

OP))(z,€)

- 22%% GL&) e et 1, 6)

- 2Z¢j<t,xj)a(D§<DJ>*‘e PR (2, €) 4 ot 2, €) + ot 0, ),
j=1

r(t,z,§) = Z( =00, 2)&;(&) " + ¢ty 05)2 €2 () 2 e PE),
rs(t,7,8) = ~41¢](t,%)€j<€j>

1 .
x¢; (L, x; + yj)e PO dydndo.

In the same way we get

o (il =P 1DP)) (x,€)
= 22@/)3-([,,1‘] ([)2<D Y le (”D’)(I,f) +rh(t,x, &) + rg(t, z,6),

where r3(t, x,§) and rg(t,x,€) are the similar symbols to r+(t, z, ) and ry(t, z, &) respec-
tively. Then we have

IK(). a(D)] = 237 ¢yt DHD,) K (L) + Rolt), (2.40)
l!Rs,(f)l'q(LQ)Q) < CBE()(1+ BX(1) B (1), (2.41)

Substituting (2.40) into (2.37). we obtain

KAWLy = (10, + ia(D) + q(t. . DY) K (A + Ryy(t)e, (2.42)

T ¢ (t,r &) 0
(I(/,I-,\,) - [ 0 QQ([,.’I‘,E)}
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N _
=2 oyt ayeie) T ndiag L)

jo1
i 2,(t, J)fj‘/\fﬂil + ibyyy(t, )€, 0
i 0 208, 2)€2(E,) 7+ byt T)E5 |7
Riolt) — —(2K(0) + Ro() A1) + Ry(DA(L) + K(8)Rs(t).

With (2.36). (2.38), (2.39) and (2.41), we have

”[‘)’l”(l’)HL((w) < C(By(1) + Byt + BE()(1+ Br()(1+ Bb(z))SBK(ty (2.43)

Our deformation of the operator L is finished.

To complete the proof of Proposition 2.3.2, we have only to show the following energy
incqualities. More precisely, Proposition 2.3.2 follows from the duality type arguments
for the forward and the backward initial value problems. The energy inequalities play an
essential role in these arguments.

Lemma 2.3.4 There exists a constant Cr > 0 such that

c(mmm+KWMMﬂwﬂ, (2.44)

T
ol < w(wwm+[uuwwwm) (2.45)

INA

(o))

Jor v (CU0,TEH)ACH0,TILY) . teloT].
Here L* is the formally adjoint operator of L. that 1s
L' = —I0,— ;(au)) h(t,x, D)),
0, bllj( l () bl?_} 4*)
) .

() )21_) () bzg_]( ,l‘)

o(l)(l,.l‘,]))*>(-’7’£) = b(t,r,§) — L; [

Proof.  We put w — K()A(t)r, f(1,x) = (Lv)(t,x) and g = K(t)A(t)f. Then (2.42)
implies
(I'(')t + ia(D) + q(t, r, D))u + Rig(t)v = g.

We have

! le(D)]]* = 2Re ([i?, w(t), zr({))

i
= —2Re (ia(D)w(h). w (1)) = 2Re (q(t. 2. Dyw(t). ¢ w(t))
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—2Re (Rio(H)v(1), w(l)) + 2Re (g(t). w(1))

—2Re (g(t..2, D)uw(t), w(1))
+2<HRW({)H£<(1;)2> @1+ g (] (2.46)

IN

Here we remark that (2.28) yields

Regu(t.7,.6) >0  for (1) C[0.T| xR . |e]>1, n—1,2
Then the sharp Garding inequality implies
= 2Re (g(t, 2, D)w(t), w(t)) < C(Bylt) + BXD) [w(t)|* (2.47)

Substituting (2.29), (2.43) and (2.47) into (2.16), we get
d - 1
el < C(Bolt) + BY() + B (1)) Bege()Ne(v(t)) + a0, (2.48)

5 2 .
Bete(t) = (1+ Bu(t)) (1 + BY)) (1 + BZ (1)) Br(1):
On the other hand, we have

d
SO < CBY0) Bege (0N (v(0) + 1] . (2.49)

Combining (2.48) and (2.49), we obtain

d
V() < C(Bt) + By (1) + BZ () Bete ()N (v(1)) + No(J(1))- (2.50)
(2.29), (2.30) and (2.50) implies (2.44). In the same way we can get (2.45). This completes
the proof of Lemma 2.3.4. 4

We will prove Proposition 2.3.2. As we mentioned before, we prove it by using
Lemma 2.3.4. Basically, we follow L. Hérmander’s text book (23, Section 23.1|, where
he applied such argument to proving H*-well-posedness of the Cauchy problem for the
first order pseudo-differential equations. Of course, such argument is also applicable to
the Cauchy problem for the strictly hyperbolic systems and the initial value problem for
our systems.

Proof of Proposition 2.5.2.
. 2
Uniqueness. Let v € (C({(). T H")) be a solution to (2.26)-(2.27) with v, - 0 and

f = 0. Because
Le(=0) € ((f([()(/']:ff”))z«
Hitpe e (C(o,T:04),
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We suppose that € (l,x(()"l’: H‘”)) 1s a unique solution to (2.54)-(2.55). Let " be a
unique solution to

N2
"~ " in <’D'(((), T) % R‘\),>

00 (DN

Clearly. cach v™ belongs to <(,'°°([(J., T H°°))2. The energy inequality (2.44) yields

¢
o) =m0l < Cr (g~ oll+ [ 107 = roldr).

2
Then. it follows that {v"},-; is a Cauchy sequence in (C([O} T, H‘s)> . The uniqueness
, 2
of the solution implies that v € ((,/'([0, T7; H“’)) and

2
vt — v in (C([U,T];Hs)) as n — 00.

This complets the proof of Proposition 2.3.2. y

Remark 2.3.1 When we apply Proposition 2.3.2 or LLemma 2.3.4 to (1.1)—-(1.2), we take
¢;(t, x;) satisfying

51
Su}zul ({E(U,VU)“‘T) < ¢J(t7 :I:]')7 _7 — 17 e )]V' (256)
I,€ ‘ /
Then we choose ¢;(t,x;) as
b,(t.0,) = M /]RNxI<D>“<N_1)/2}+2u(t,l’)}?di‘j (2.57)

or

byt 0,) = M(1+ t,)*d/@\--l (DY R gy, 1), (2.58)

with some constants M > 0 and d > 0. On the other hand. in {3]. [4] and [5] we chose

Gt r)) as
Oi(t,r;) = ¢(x,) = M{z;)17° (2.59)

or
o, (t,r,) = MO +t) )0 (2.60)

with some constants M > 0. ¢ > 0 and d > 0. (2.57) or (2.59) is applied to the local
existence. To use (2.59), we need the spatial decay of the solution and then we have to
introduce the weighted Sobolev spaces. On the other hand. we make use of (2.58) or (2.60)
to obtain the global existence results. (2.60) causes generally loss of time-decay and (2.58)
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does not. (2.58) has the structural nice property. In 2708 Katavama and Y. Tsutsumi
made good use of this property to studv the global existence theorem for (L.1) (1.2)
one space dimension (N 1), It is more important that o, (.-} is smooth cnongh to be
treated by the symbolic calculus. Unfortunately. when /(. q) is quadratic. (2.57) and
(2.58) are not applicable to (1.1)=(1.2). It scems to be difficult to find sufficiently smooth
functions ¢;(f, r;). j = 1.--+, N. which give no loss of time-decay and are applicable to
the quadratic nonlinearity.
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Chapter 3

Preliminaries

This chapter is devoted to the preliminaries: the estimates of nonlincar term, the
time-decay estimates, and the parabolic regularization.

3.1 Gagliardo—Nirenberg—Moser estimates

In this section we obtain the estimates of nonlinear term F'(u, Vi) in the usual
Sobolev spaces H™ (m € N), in order to prove the local existence theorems. In general.
such nonlinear estimates follow from the Sobolev embedding theorems. Throughout of
the present chapter, the Gagliardo—Nirenberg inequalities play an important role. These
inequalities should be called "the sharp Sobolev embeddings”. Historically, L. Nirenberg
(138]) and E. Gagliardo ({15]) first obatained these inequalities and applied to studying
nonlinear problems. Now, such application is onc of the standard technique in the studics
on nonlinear partial differential equations (see c.g., [37, §2] or [31]). By this technique, we
can sec nonlinear term f(u) as if it were coefficient x u fromn a viewpoint of estimates. And
then, we can treat nonlinear partial diffrential cquations by the theory of lincar partial
diffrential equations.

Now, we introduce the Gagliardo-Nirenberg inequalities.

Lemma 3.1.1 (The Gagliardo—Nirenberg inequality) Lct r, ry and ry satisfy 1 <
T, 71,72 < 00, and let j; and jp be integers satisfying O < j; < j,. Then there crists a
constant Cy = Co(N, j1, J2, 70,72, @) > 0 such that for any v € L' satisfying 0w € L%,
lal = jy. the following inequalities hold

Z 107wl < Cy Z 0" ulif-

Bl-n lal g2

[ (3.1)

u|

where
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for-alla i the ntcreal ,
Ji
J2

< a <1,

with the followmyg coceptional cascs

Ol O gy <2 Ny oo then we make the additional assumption that u(r) — 0
as \1! - OO
iy If 1<

) >c.and j, — jp = N/ry € 72 then (3.1) holds only for a satisfying
JUJ2 < a < L

Proof.  Sece Al Friedman’s text book [14. Theorem 9.3] for instance. g

Following J. Moser's [37] or S. Klainerman's [31], we obtain the estimates on nonlinear
terin F'(u, Vu) to prove the local existence theorem.

. 2 2N A .
Lemma 3.1.2 We assume F(u,q) € C(R xR t :C). Let m be an integer > N/2 + 1.
Then there erists a non-decreasing function A, (+) on |0, 00) such that for any u,v € H™,

“['1(“, VU)HHm—l S /‘1”,,(””“”/1,00)HUHHm, (32)
ST F(u, Vu) = Pu, Vi, 00%u)| 2 < A,,,,(uuuwl.m)Huu,,m, (3.3)
lal
1 (u, V) = (v, Vo) gm-1 < /\m(HuHHm + H’L'H”m) lu—vllgm, (3.4)
where
N OF F
1’(u, Vu, 00" u) Z ——(u, Vu)0,0%u + L (u, Vu)d,0%u.
7 ldq] j= ldq

Proof.  Making strong usc of the Gagliardo-Nirenberg inequalitics. we prove Lemma 3.1.2.

N ‘ A , . L
Since C('§°(R ) 1s densely embedded in H™(R ). the following calculations are valid via
the smooth approximation.

First we show (3.2). We note here that

[ Vet < C1F(u, V)

pe+ Y 0% F(u, V)

welom—1

,) (3.5)
Because 17(0,0) -- 0. the mean value theorem gives

LOF
(u,NVu) - (/ ;\()u ()Vu)dO)w
Jo

Ju

</ o oo, )d()) 7
Jo du
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AY .1 4 ,
; Z (/ — {(Hu 0N 1) /()) Jyu

1\ o ((],
N

+ (G, ON u)d) ) .
: 1(/0 ()(/J i, ) >rJu

Then. there exists a non-decreasing function A(+) on [0. 1 o) such that

) i lar [ A !
VE(u.Vu)l. < sup | — ((u.0Vu)| {osup ’ (V. {)Vu)‘ } e
S

0101 ’()“ e e Ju

N .
O | g !
f Z{ sup ‘ ) (Ou, OV u)|| { sup ’(, ~(0u, 0V u) IVl -
j-1 Lelo] H( oy ‘Lx ocloap |l od, L)
< A(llullwr ) ull - (3.6)

Let a be a multi-index with |a] = n — 1. Using the Leibniz’ formula. we have

BOF( c 6)30 +dg+3 3 5
u, u =
V) Z Auodu g’ dgh 5 (s V)

% H (‘)ao )m (o)

oq ‘E(X

N
% H H (aau(‘)Ju)m((xJ)

j-lo;<a

% H (aag >m (xg)

ap<a

N
% H H ((')aj(‘):’,a)m((x]),

i la,<a

where 3y, 3y, m(a,,), m(ay) € Z. (n 0,1,---,N), 3, 3,0, G € (Z)N (0 = 0, L N),
and Y means summing up on 1 < j@ + 3 + 3] + |3] < | restricted to

*

N
> mlag) = o, DY mley) =14,

ag<a 7 1oy, 7a
— ‘\'
Z m(cg) —= , Z Z m(a;) = |3,
o< a J layTa
N
Z m(ag)ag + Z Z mio,);
g Lo JlayZa

N
+ Z (g )ag + Z Z m(('}J)(xj = (1.

o< 7 lo,<a
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By the Horder inequality. we have

o 1 (u, V)|,

< Allulby=) 2

X H H Ju 'le((:: 1) fagl

ap<a
m(ag)
X H Hdao 7(17(L) 1) lagp!
(1()<(1
m(a
X H H H()a ] I )(ﬂi 1) \aL
7 la]\a
53 a])
X H H |0 0;u H 2(m—1) 60"

7 lag<a

The Gagliardo-Nirenberg inequalities imply

|0 F (u, Vu)l| 2

< A(H“UWI@) Z

H H ||1n. ap)(1—]ag|/(m~-1)) ‘HDI H[ m(ap|ag|/(m=1))

X
g <o
% H H Hm ap) l-\a()l/(m—1))H[l)|ﬂ“rlr/12(a()!un|/(m—1))
ag<a
N
X H H H ”1 (o) (1 =]yl /(m— 1)) HID‘aju||1[r;(a]|a)|/(m41))
J Jaj(a
Y1 =lajl/(m=1) m(@;lagl/(m=1))
x H [T oyul7 Do,
7 1u]xa !
< Allullwe) -
.
X H HZ (m(an)4mlan)- Zm an)|an|+m(an)|anl)/(m—1)
Vi
% H [l‘ Trl(ﬂn”anlwan a,,_)[(,nt) T — 1)
Hm
o+00+13]+]3] 1
- (HUHLVbO)ZH'U.“‘STOCO_H |+]3] HUHHm
< An(flullwre ) lullm.

Combining (3.6) and (3.7). we obtain (3.2).

Secondly we give the outline of the proof of (3.3) and (3.4). The Leibniz formula and

the mean value theorem imply

O F(u, Vu) = P(u, Vu, 00)

! I ,
= Z (i) ('}j(,—/ (u, Vu)o*u

3<a’ ()U'

(3.7)
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a a’) 30F
+ 07— (u, Vu)o* 7 du
_‘)X*‘{ 3<a! ( 3 ()qJ ’
&l a’) or ,
+ 0= (u, V)00,
_?; B<a’ ( 3 g, ’
o (F(u, V) = F(v, vy))
1 OF
- 3;} (g) o (/0 £y (Bu+ (1 —0)v,0Vu+ (1 — O)Vv)d(}) " — )
) 1 ’
+ (a) " ( or —(Ou+ (1 —-0)v,0Vu+ (1 — 0)V'U)d0> 9" (i - 1)
3<a ,[)) 0 a“.
N
+ 0y <a> 0ﬁ< ()F(()u+(1 — 0)v,0Vu + (1 —(})Vw)dﬁ) 700, (u - v)
J-18<a 'd 0 ()QJ
a o YOF
+ JX_; Jz;, (8> o’ (/0 0 —(Ou+ (1 = 0)v,0Vu+ (1 — 0)V¢))d0> 70;(u—v),

where o' € (Z,)" satisfies |a — &’| = 1. Using the above formulac, we can obtain (3.3)
and (3.4) in the same way as (3.2). g

3.2 Decay estimates for cubic semilinear equations

The present section is concerned with the decay estimates of solutions to cubic
semilinear Schrodinger equations. Thourghout the present section, We assume the cubic
nonlinearity:

Fu,q)
Combining the local existence theorem and the decay estimates, we prove the global
existence theorem. The later come from the decay estimates of the fundamental solution
e'? essentially. In fact, we can express the operator ¢ by the explicit formula

= ()(\u,l3 + ]q|3> near (u,q) = 0.

(cit‘ﬂ@)(;ﬁ) = (4mit)™/? ‘/RN e*‘I"y"z/‘m(zﬁ(y)dy for ¢ € S(RN). (3.8)

Immediatly we get

HC”A@H[JOC S Cv

N2l for ¢ e R\{0}. (3.9)

In the next section we make strong use of (3.9) to get the decay estinates of solutions
to quadratic semilinear Schrodinger equations. On the other hand, we employ another
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method which consists of the Gagliardo-Nirenbere inequalities and the operator J =
(Jy.-- /v ) defined by

Jpin - (g 02000 F DO yu — R R0, ( o ”u)

for u € S(R\ ). Such decay esimates are well-known in the studies on the global existence
of small solutions to semilicnar Schrodinger equations. This method suits with our en-
ergy estiinates when we treat cubie semilinear Schrodinger equations. We note here the
ilmportant conunutation relations:

{-}A:s()t — IL\} — (), {/}‘, ][] — )‘, [(’)L7, /[} = (QM (A] = 1‘ R \V)

where & is Kronecker’s delta.
To get the decay estimates we prepare
Lemma 3.2.1 (1) Let N — 1. Foranyu<€ H' 01 HYL.

ull g < CO1 4 8) 72 Syul 22l 2 (3.10)

(2) Let N — 2. Foranyv € H*N HM,

[ollpee < CO4 074 S ([0 I3 ollh4E (3.11)

Ja| <1

3] 1

(3) Let N - 3. For anyw € H* N H"2,
lwllpe < CL+ 023 1 %uwn? Y 1107w (3.12)
|3]--2 [8'=1

Sl el < ST ot e e (3.13)

L1 lal <1

3] =2

Proof.  Let 0 - 0(t,x) = 0t oy) + -+ 0(t,ry) ~ |x]?/4(1 +1).
To show (3.10). we use (3.1) with N = 1.1y = 2. rp =o0c. rp, = 2. j; =0, j, = 1 and
a = 1/2. Then we have
Julle< = fle™ull e
0 (e u) ] e
Clleon (e w2 ul
C(L48) V2 gy

—10 ||1/2

IA

1/2

IN
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Next we show (3.11). By (3.1) with N = 2.1y ~ 4. 7] = 00, ry _ 1. i 0 gy 1

and a = 1/2. we get

o= =

IN

Making use of (3.1) again with N

we have

13 -1
llv]] 1
Combining (3.14), (3.15) and (3.

For (3.12), by (3.1) with N =
we have

*lé)l‘HLx

(O R W VARG e TR (3.14)

[3] 1

Hf‘

=2r0=2r dhry =204, landa=1/2

DN T ety S DASTIHA (3.15)
o 1
< C+07E ST Nl el (3.16)
53] 1

16). we obtain (3.11).
=3, 0 =6, r =00.7 =6, j, =0,j, landa - 1/2,

[wllpee < COL4H 0237 L w6 ol 62

Making use of (3.1) with N = 3.7y = 2, r, =6, 1, - = 2,5 =0,y 1

311

and a = 1 once

again, we can obtain (3.12). Similarly we can show (3.13).

Let F3(u, ) be a homogeneous cubic part of F(u, q) near (u, q) — 0. We put 1y(u, ¢) -
I'(u,q) — F3(u,q). When the spatial dimension N is equal to 2, we make use of this
decomposition. For the sake of convenience, we introduce the following notations

> llon S ult)

A (L0 (., if N >3,

. e 23| <m fa+ 23] <m
Xn\z(” _ [3]<1 ‘ ’ 1302
STl u(t)lle + 3 10 S u(t) ] e, £ N2
la]<m a3

1311

[N+ 4 -
where m > { Mo = =5~ }Jrﬁ, if N >3,

Fo = Plu.Vu,00"u)
aNIa
= > (. Vu)d,du+ Z
=0 q,

wio = Plu.Vu. 90" ) )

7, if N =2

(1,  Nu)d, %,
; 1(qJ
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N N -
ST G, V)it + Z G (0, Vu)d,00 ) ., if N >3,
J 1
I Y OFy
Z( ;(u V), J7u + (—1) ﬂzi— (u.Vu)o, BIWEN
; ()(/J I dq,
+ZG1J w, V)0t J u+Z(:; u, Vu)d, e, if N =2,
g 1

o
Colu, V) :/U (d (G, OV 1) d6), O, OV u)d0),

¥

G, V) :/ . 0V,
JO

Gy(u.Vu) = /

: ()1(
G (u, Vu) = / g}

(Bu, 6V u)do,

7 q/ ) ()(/J
! . OF
Gy, V) = -/0 g, YO, 6V u)do, G (u, Vu) = A o, (Ou, OV u)dl
for j 1,---,N. Using Lemma 3.2.1 and the Sobolev embedding H™/2+H(R"™) < L*(N),
we have
It wes < C(L4 H733XE(), (3.17)
[Ju(t)lwre < CXE(1), (3.18)
for N=2, tel0,T] and we C([0,T);H)ynC([0,T]; H*'),
and
Nt [iyse < C(14 6)7V8XY (1), 3.
C X (3.19
u@llwese < CO+ 072X (1), (3.20)
Ol < OO+ DYVAXE (1), (3.21)

for N >3, te|0,7] and uCﬂ('O]

3=0

Hmo~ 2]])

We use the abridged notations of the nonlinear terms, i.e., we abbreviate F'(u(t), Vu(t))
as ['(t) for instance. The properties of the nonlinear term ['(u, Vu) are the following.

Lemma 3.2.2 (1) Let N > 3. m > mg. p > 3 and R be an arbitrary positive constant.
Then there crists a constant ' = C'(R) > 0 such that

TEO g o+ > HOE =P8 2 < CL4 07X (0 (3.22)

( ! m

[PIAG]IITEEE Z
2B s+ S

M@ F = POl < CO+ XN (3.23)

(T F — P,3)(t) < (140 X ()R (3.24)

3.2. Decav estimates for cubic semilinear equations

2
for ue€ ﬂ C0,7): H"=%9)  satisfying  sup X
J-0 te, 0.7

()< R

ni

(2) Let N =2.m > 7. p > 3. [3(u.q) satisfy the gauge invarance

o i i g0 N
Fy(eu, eq) = ¢ Flu.q)  for (u,q) e Cx C | 0eR,
and R be an arbitrary positive constant. Then there ceists a constant (7 — ('(R) >

that

IE e+ 3 MOMF = POl < CLL+ 07X,
ja|—m
IJE Oz + 32 07T F = Pas)(lee < C(L+ 1) 2VOX2 (1),
St
for we C0, T H™)nC([0,T): H*Y)  satisfying  sup X2 (1) < R.

tel0,T)

Proof. Let us consider the part (1). In the same way as in Lemma 3.1.2 we have

1E(0)]

)0 (008 = Pa)(t)

|aj=m

lee < Clu(Ol?

[y ool O

Then (3.19) yields (3.22).
To show (3.23) and (3.24), we need the accurate formns of JF and J*[ such as
Ji F'(u, Vu)
N N -
= > Gi(u, Vo Jiu+ ) Gi(u, Vu)d, Jeu
71 71

+ EFFu, Vo, Ju) +
]l Ji F(u, Vu)

(14 O FF(u, Vi, V),

N

= Z(;j (u, Vu)d, Jy Ju + ZG/ (u, Vu)o, Jy

1
+ M Vo Ju )+ (1 + 1) I
+ (L4 )P, Vu, Vi, Vi),

M, Vi, Vi, Ju, VoJu, V2 u)

where

Fi(w. Vu, Ju)
= Golu.Vu)Jyu+ Gylu, V) Ju

39

(3.25)

0 such
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- Grlu.Vu)u — Gy (u, Vu)i.
M, Vi, Vi)
21{(&.(}0( w, Vuyu + o Gh(u. V)i

FZ()kC; u, Vu)dju + Z(}k("/ (u, Vu)o, u}

g1

+~12{G(’)(u, Vu)oeu + Z G;(u,, Vu,)(’)j(')k'u},
71

Fék(u, Vo, Ju, J*u)
= Golu,Vu)JJyu + Gf)(u,Vu)I/k—u
— Grlu, Vu)Ju — Glu, V) Jiu
— Gilu, Vu)Jyu — Gy (u, Vu)Jeu,

I"llk(u, Vo, Viu, Ju,VJu, V. u)
= 2i{dGolu, Vu) Ju + 8Gy(u, vuﬁ{d

+ Zdl(’J u, Vu)d; Jpu + Z(),C u, Vu)o, Ju
J-1

()L(r (u, Vu)Jyu+ dk(,o(u Vu)Ju

+de(’J u, Vu)d; Jiu + Z(}k(’ u, Vu)o, ym
J 1 7=1

— G, Vuyu — 0G(u, Vu)a
— Gy, Vuyu — Gy (u, Vu.)&}

N
+ 4[{(}(’,(11, Vu)o S + Z (;’; (u, V'u)(‘)jé)l:]ﬁ
j1
—_— 4\' ——
NEAURNGSATERY G (u, Vu) 0,0 Jyu
j1
— O, V) ~(,l(u Vu)oyu

~Gylu, Vuyudy, — ZC: (u, Vu)o, u(*[k}

lf‘f_ﬁk(_u,. \VATRAVAITS V:"ll)
—~1{(?,(‘)k(,'”( w. Vuyu+ Qo Ghlu. Vu)u

3.2. Decay estimates for cubic semilinear equations 11

N N
}- Z O OG (. Vu)dju + Z (f?l(')k(,';(u‘ Vu)(')J-u}

J 1 J 1

AS
— 8{(’%(1&((1. Vo + Z ()A.(,';(iz.. V)0

J 1l

N
+d[(,0 w, Vu)opu + Z( (e, V)i, 0 u}
J 1
.
- 16{60(11 Vu)o,0cu + ZG (. Vu) ()()H)A“}
jo1

for k,i=1,---,N.
We have only to see JF as
JE = Qolw,Vu, Ju,VJu) + (1 + )Co(u, Vi, V),
Qo = (quadratic term of (u, Vu)) x (u, Vu, Ju,VJu),
(v = cubic term of (u, Vi, VZu).

In the same manner as in Lemma 3.1.2, we have

m—3

v 2- miﬂ-vl m 3 ! 7:‘,}73
1Qo( )l < € 32 )l el | oo o T () [ e T ()
n=0

< O+ ) X,
11+ O)C(O)lgm—2 < C+ )X (1)
Then we get
I E (@) m-a < CO+ 07X, (3.28)

Let o and 3 € (Z, )" satisfy la] = m — 2 and || = 1 respectively. The simple calculation
gives
(')Q,J»BF fﬂg = (() 103 - 13(,3) + Z (('r)ﬂ/cc)“a, 4 (1 4 f,)(l)m(/'()”,)

| om—2

We remark that the structures of Qg, and (s are the same as those of (), and ('
respectively, and furthermore @y, does not contain V.Ju. Then we obtain

S M@ = Pag) (e < O+ 07X (1), (3.29)
ol om—2
[3] -1

(3.28)-(3.29) shows (3.23).
Next we obtain (3.24). We can see J?/ as

Jir = Q1 (u. Vu, Ju. J*u,V.J%u)
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ot Q w.Nu. NV Ju. NV Ju. N )
N TN G TR VAT VAT VA
(2 (( u1dr<m( termn of (1/.Vu.)) < (Ju. J*u.NJ%u).
(2 (qlladmtl( term of (. Vu.V* u)) < (. NVu Ju.NJu.NV*Ju),
(" cubie term of (1, V. V2u, V).
Then we have
QU = < O3 a1 ()
n -0
| \nn—' ‘ l_mnzﬂ
< 175 u(L)]i\yre Z ¥ uf | s
k12 K12
< CH X
(1 +/)c,3 (WMlm=s < CL+0)7TBXN (1)
(1 Y pmes < O+ 073X N (1)
Then we get
[P E O gmen < COL4+ )X (1), (3.30)

For any ovand 3 € (Z,)" satisfy o] = m — 2 and 3] = 1, we have
()“j [ ;[uf — (() }()Lf [uf)
+ > (P Qe+ (14 007 Cor + (14 t)Z(‘)OI(L‘m;).

fo/| m-—1

The structures of Q... Qoo and (', are the same as those of (1. Q2 and C respectively,
and (), does not contain V.J%u. Then we obtain

S I — Pa) ()2 < C(1+ )" AN (1) (3.31)

lex! -
A2

(3.30) (3.31) shows (3.24).

Now we consider the part (2). Let the spatial dimension N be equal to 2. We make
usc of the estimmates (3.16) and (3.18). In the same way as (3.22). we can show (3.26). But
there are soue differences between the proofs of (3.23) and of (3.27). First we remark that
because F4(u, g) satisfies (3.25). the loss of decay does not, take place in [5(u, Vu). because
Jacts on Fy(u. Vu) as if it were a usual differentiation @ in a sense. More precisely. the
forinula like the Leibniz™ one holds

ol Al

JIs(u. V) - *(,—)-“*(u Vu)Ju — 5 (u, Vi) Ju
Al o

F
Z( 4(“ Vu)Jo, u-ZfA(u Vu).Jdu.

; 1 g, 1 04,

3.2 Decav estimates for cubic semilinear equations 13

Then the siinple calculation gives

JE - Qu(u.Vu Ju. N Ju) b1+ 0 V. V).
3 = Qiu.Vu)x («.Vu JuNJu).

(); = quadratic term of (u. Vu),

('3 = the forth order term of (u, Vu. V=u).

In the same way as the evaluation to ('y(1) we can estimate (4(7). On the other hand. if
we try to get the bound of ¢4(¢) by the same technique used for (1), then the lack of
decay occurs. To avoid this difficulty we make usc of another estimates. We have

1Qa( 12 < CIQu e (Iult) e + 1Dl (3.32)
Similarly when we try to obtain
(TP F = Pag) ()| 2 < C(1+ 1) 22 X2 (1), (3.33)
o) =3
13]=1

we need the bound which is like VertQy(t)|lws=. In the same way as (3.2), we get

3 . B )
1Qs(D) s < C 3 Tl ()it < COU+ 072X (12 (3.34)

n—=0

Substituting (3.34) into (3.32). we obtain
Qa2 < C(1+1)72V20X2 (1) (3.35)

Similarly we can obtain (3.33). (3.33)-(3.35) shows (3.27). Proof of Lemina 3.2.2 is
finished.

Remark 3.2.1 Let the spatial dimension N be cqual to 2. In general. if m > 30'/2 + 2,
[ € N, then we can obtain

ITEWO e+ 32 OT7F = Pas)tt) 12
jal -l
[C]

< (1 +t)*“Mm(Hu(z)u,,m } H,/u(l,)u,,l,)3 (3.36)

for wue (.;'([O, T f ’") N C(H), 1, Hl/"l> satisfying

sup (HU,(I,)HHW + H.]u(t,)||”u> < R with some [{ >0,
te 0.7
mo—3l'/2 —

z-z

8(m — 2)

where &) =
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3.3 L'-L" estimates and quadratic semilinear equa-

tions

In this section we prepare the decay estimates to prove the global existence theorem
for quadratic semilincar Schrodinger equations. In this section we make strong use of the

LY L estimate (3.8) of the fundamental solution e¥-. It is easy to see that ¢ is a
N .
unitary group on H*(R ) (s € R), that is
e 2|l ps = ||@llygs for &€ R. (3.37)

Applying the Reisz—Thorin interpolation theorem (sec. e.g., M. Reed and B. Simon text-
book [41]) to (3.9) and (3.37). we obtain the LP-L7 estimates

||()12.L\¢I|Lq < ({v{]v\v‘t'ﬁ\’(l/l’*l/'z)H¢ Lp for te R\{O}’ (338)

where (p, ¢) satisfies 1/p+ 1/¢ = 1 and 1 < p < 2. On the other hand, making use of the
Sobolev embeddings and (3.37), we have

"2l < Cxlle2e)

H*1 < ("vq,nH(bHWS'Z'p (339)

un = Cyxllo]

for t € R, where sy = N(1/2 — 1/q) and s, = [N(2/p — 1)] + 1. Combining (3.38) and
(3.39), we obtain

20| e < Cyn(1+ |t])VVP D)@l yern  for ¢ € R, (3.40)

where p. ¢ and sy satisfy 1/p+1/¢g=1,1<p<2and s, = [N(2/p—1)] + L.

We assume that F(u,q) is quadratic. In this case, our time-decay estimates in the
previous scction is not suited to our method. The cubic nonlinear term has a structural
nice property. In other words, a cubic nonlinear term is easy to treat in the sense that it
is naturally adapted to our symbolic calculus. See Remark 2.3.1. In the present section
we eniploy another time-decay estimates which can be available for the quadratic case. It
was developed by S. Klainerman and G. Ponce ([32]). and J. Shatah ([43]) independently.
Now it is a standard method to study the global existence of small solutions to a lot of
evolutional semilinear partial differential equations, in which all of the coeflicients of their
principal parts arc constant. Using their method. one can make cffective use of the time-
decay of fundamental solutions of various evolutional partial differential equations with
constant coefficients. It is basically depends on the degree of the power of nonlinearity. In
which class we obtain the tiine-decay estimates is decided by the power. For instance. to
put p — 1 would be the best choise in (3.40). The integral equation which is equivallent
to (1.1)-(1.2). is written as

-t .
u(t) = "uy + / e P u(r), Vu(T))dr. (3.41)
Jo

3.3. LP-L? estimates and quadratic semilinear equations 15
If we apply L'=L> estimate to (3.41). then we have

. ) . 't Co
lu()l < C(1+1) A Nugllyy~err +C /0 (Lt —-7) > NEC(T), Vulm Dy~ oo dr

D) LT ") 2
S C‘(l -+ [) \/_HUOHHL\'%l,l + /“ (1 + [ — T) B "HII(T)H;{A\W:(IJT

for t > 0. Even if [Ju(t)||;;~+: is bounded for ¢ > (0. we cannot get the time-decay of
solution u. Certainly. we could choose the exponent p as small as possible. But if p is
smaller than some number decided by the power of nonlincarity. it is difficult to make
good use of the time-decay of the fundamental solution ¢*'=. According to [32] or [43].
p = 3/4 and ¢ = 1 is the best choise of the exponents in the above case. Namely we
employ the estimate

itA \ -N
e olls < CO+ L) pllnj2 1145 for teR (3.42)
for the quadratic semilinear equations. More precisely, p = 2p/(2p — 1) and q = 2pis the
best exponents when the power of nonlincarity is equal to p.

In order that our linear estimates can be applicable to the quadratic semilinear cqua-
tions, we need to solve (1.1)-(1.2) in the class of H™ N H™=%2. We prepare

Lemma 3.3.1 We assume that the nonlinear term F(u,q) is quadratic:
F(u,q) = O(jul* + [q*)  near (u,q) =0.
Let m be a sufficiently large integer. Then

IEOlwm-sa + [FE O m-r + 7 [(0*F = Pa)(1)

L?
laf m

< C(1+t)"w4<)s~’,‘,\£(t))2, (3.43)

[T wm-sas + [TE@) | gm-s + Y (0“7 F = P)(1) 12

la[‘[ﬂm]_?

< COE)T (X)) (3.44)

[T2EO) ym-sas + [ J2F ) gm-s + > (0T = Po)(t)]] 12

|0]\;3't”;4

< IR (RN W) (3.45)

2
for we (YOO, T H™ #9) and t€[0,7),

7 0
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where

XNy STt ul)])

la v 203 ~Im
IR

a2 3m— N 2] =2
3

(L) o T ult) ) s,

Proof. We remmark here that the Sobolev einbedding
N

Jullox < Clluflpis aoa for o€ WNHTLIRT). (3.16)

In the same way as Lemimna 3.2.1. we can obtain the estiimates of nonlinear term in L%~
type spaces. For instance. using the Gagliardo-Nirenberg inequality (3.1) and the Sobolev
cmbeddings (3.46). we get
() g < Clla() =D w1 ] 12

< Cllal) s aval D™ u(t) ] 2
= COH ) YA 0N () mu)H[lf)/”“u,(l‘)l(,;

< O )TN ()
Applying the calculation like the above one to F(1). JF(t) and J?F(t). we can obtain the
L*-type estimates in (3.13). (3.41) and (3.15).

On the other hand. we get the estimnates in L*3-L-type spaces by the Holder inequal-
itv with the exponents 3°1 = 124 1,1 For instance, we have

T s < )] paljut) ]2
< (1414 v ’((1 + /)‘VVqHU(t)Hu) et 12
(1+0) MXN (D

-

Applying the calculation like the above one to F'(t). JF(t) and J?F(l). we can obtain the
LYS-Llotype estiinates in (3.43). (3.41) and (3.15). y

3.4 arabolic regu arization

In this section we are concerned with the parabolic regularization of our semilinear
Schrodinger equations. NMore preciselv. we present the parabolic regularization of (1.1)-
(1.2) and the existence theorem of it This is one of the preliminary leimmata to prove
the local existence theorem for (1.1)-(1.2). Let us consider the initial value problem

O — (i1 5 - FLE.Va) m (0.x) xR, (3.17)
.

w(0.0) - wglr) in R . (3.48)

3.4, Parabolic regularization 1"

where ¢ € (0.1). We remark here that the mitlal data g 15 indepemdent of = € (0. 1).
As far as we consider (3.47) (3.48) in the Sobolev space H™ 1t 1s the same as the initial
value problent for semilincar heat equations

- - - - . AN
Gut —eAu = (. Vu) mo (0.oe) x R
N

w (00r) = uy(r) m R

in the sense of the regularity of solutions or estimates. because 2 is a unitary group
on H". In our casc. the parabolic regularization overcome the loss of derivatives becanse
the heat kernel ¢~ gains the regularity of order 1. Then we can casily solve the mitial

value problem (3.17)-(3.48).

Lemma 3.4.1 Let i be aninteger > N2+ 1. Then for anyuy € M. there carists a fine
1. = T(= Nugll |y, 2) such that the initial valuc problem (3:17) (3.43) posscsses a uniquc

solution u™ € ('([U,’/}); H”’). Moreover the map uy € H™ —— u” € ('(IU,'/;): H”‘) is

continuous.

Proof.  Let S°(t) be a semigroup generated by dJy — (i 4 ) A, (3.47)-(3.48) 1s equivalent
Lo

t
W) = ST (g / S = 7)F(u(7), YV (7))dr

Then, we consider the nonlinear map u —— @°(u) defined by
ot
& (u) (1) = S (f)ug 4 / SE(1— ) F(u(r), Vu(r))dr.
Jo

To solve (3.47)-(3.18), we have only to find a unique fixed point of the wmap ¢° in

By — {” e <(j0.7]: H™)

IIl(l‘( ‘?1 HI/m S 2”’”,()”//::1}7

te|0,7

with some 7' > (. Clearly B} is a closed subset of ('(]0, T} H™) and then it is a complete
metric space. Lemma 3.1.2 yields

W) Nult) ) ggpm < A,,,L<Hu,|,h,,l.x ;;u)”m,H//m,
”F(“(’l)- Vu(l)) — FU’(’)«,V*’U))H//"l—l < ‘/lm.<)[u'(J1:II"‘)‘4;”(/) = ()| pm

foru.v e B and t € [0, 7] where A,,(+) is
the Planchcrel fommla. we have

a non-decrcasing function on |0, ). Using

v
WO ) () < gl + /U 1St = 7)), NVl )|y dT
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NN .

(0.0 o) n = (4.2)

where the nonlinear term () is independent of Vi and satisfies f(u) = —ig(|ul*)u.

and g(+) 1= a real-valued fnction on (0. - x ). It Is the generalization of f(u) = + %

(ece (1.3)). We rernark here that these assumption leads the conservation of L*-norm of

colutions to (4.1) -(12). that is Ju(0)|l e = [lug!t 2o In fact. multiplving (4.1) by @ and
.

inteerating its real part over R we have
:1][ /R\ Iu,(t,)\zd.l.‘ = 0.
Lot G(+) be the primitive of g(+) and satisfy G(0) = 0. Namely we define G(s) by
G(s) = /;g(s’)ds’ s €[0. +o00).

Then we have

17 . dG L, 0 . S
—G(|uf®) = "f(\'UT)Tr\U{Z - f/(}“\g)“ = 1f(u).
o ds Ju

We multuply (41.1) by dy. Its twice imaginary part 1s
— Audyit — Audyu + g((ul?)(udi + udu). (4.3)

N
Integrating (4.3) over R, We have

d |
dt

J(u(t)) =0, where E(u) -~ /]R\ (Vul? + G(|u|*)dz.

I7(u(t)) is called a encrgy function.

Local existence theorein for (4.1)—(4.2) is proved by the contraction mapping theorem
(sce. c.g.. [29] or [45. Chapter 3. Existence]). Using £(u(t)). many authors studied global
existence or blow-up of H or I1*-solutions to (4.1)=(4.2) ([17], [49]. [29] and [18]). Roughly
speaking. these results assert that the initial value problem (4.1)-(-1.2) has a unique global
solution if and only if the convervation laws |[u(f)ll,2 = llugllr: and F(u(t)) = E(ug) give
the a priori estimates of solution via the Sobolev cmbeddings. In other words, if G(lul?)
is negative and its absolute value is large. then one cannot get the a priori estimates
of solution. Morcover. when the global existence of solutions was ensured under soine
asstmption on the nonlincar termn f(u). some authors studied the scattering problem.
In this subject. the solution u(t) is approximated by ¢“uy . and ¢"uy_ as 1 — x50
respectively. They call the mapping from ug - to wy . the scattering operator. In all of
the above works. they delt with the initial value problem (4.1)-(-1.2) as that of ordinary
diffrential equations which were valued some infinitely dimensional Hilbert spaces. We can
sav that the above mentioned works are based on the theory of evolution equations and
are some branches of studies on nonlinear evolution equations: nonlinear wave equations.

1.1, Inrorduction to local existence theorems 51

nonlinear Klein—Gordon equations. Yang Mills equations, and et In other words. the
theorv of partial differential equations is not verv applicable to these works.

Recentlv. however. some authors studied the mitial value problemn (1.1) (1.2) or some
semilinear Schrodinger equations and svstems appearing i mathematical physies. As we
mentioned in Chapter 1. these equations cannot be treated by the theory of evolution
cquations because they cause the loss of derivatives.

In [30]. first. C. E. Kenig. G. Ponce and L. Vega analized the sharp smoothing effect
(which they called) of e'= and applied it to solving (1.1) (1.2). Their analysis is based
on the Fourier analysis. Let (7,€) be the dual valuable of (£, ) under the Fourier trans-
formation. They proved that the oprators whose symbols are &, (7 —[&]7) ( — 1.+, N).
arc bounded in a sense. Using this fact and the method of the Neumann series. they
constructed the inverse of Schrédinger-type operators

N
S =0 —iA > by(t,r)d.

] 1

Clearly, in their work, the smallness of the coefficients b;(f,r) (j = 1,---, N) is essential
to construct the inverse of S. In terms of semilinear equations. the smallness of the cocf-
ficients means that of the solutions to semilinear cquations, because by(f,x), - by (L, r)

< -

(

correspond to E(u./ Vu), -, Eq;(“” Vu). Then they proved the local existence of small
1 N

solutions to (1.1)-(1.2). Moreover, F. Linares and G. Ponce ([31]) applied this sharp

smoothing estimates to solving the elliptic-hyperbolic and hyperbolic hyperbolic Davey-
Stewartson equations. In general, such a method like the above gives only the local
existence of small solutions (see also [10]).

Secondly, A. Soyeur ([44]) studied the local and the global existence for the Ishimori
cquation.

Ou— (02— u = filu,du, dou) + folu, Oyu,dhu) in (0,00) x R, (4.4)
Filu, D, ) = 1#((0111,)2*((z31,,)2),

Salu Oy o) = b(f)l‘#f")Q‘ll. =y ol u,)\
Oy uidyt — Oy inddyu

OF o2 R
or &) (1 + fuf2)?

I

where b is a real constant. Because fy(u.dyu, ihu) does not give the loss of derivatives,
(4.4) can be seen the same as the Heisenberg ferro-magnetic model (1.11) from our view-
point. These cquations arc the typical examnples of (2.10). Then he solved the initial
value problein for (4.1) by mcans of some guantity which played a role of //*-norm and
corresponded to the gauge transformation with (2.12) (sce [41. Scetion 2)).

In this chapter we present usual local existence theorems for the initial value problemn
(1.1)~(1.2) by using the linear estimates developed in Chapter 2 and well-known technique
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for nonlinear partial differential equations. which is prepared in Chapter 3. Section 1.2
is devoted to studving (1.1) (1.2) in one space dimension. In Section 4.3 we prove the
local existence theoremn 1 general space dimensions. Section 4.2 can be seen as a part of
Scetion L3, [ Section 4.2, however. we make good use of the speciality of one dimensioanl
case. More precisely. the loss of derivetives can be overcome by the gauge transformation
developed in Section 2.2, On the other hand. in general dunensional case. we need the
syinbolic caleulus of pseudo-diffrential operators appeared in Section 2.3. Then, one
dimensional case is siinpler than the general dimensional case.

4.2 Local existence for semilinear Schrodinger equa-
tions in one space dimension

In this section we present the local existence theorem for (1.1) (1.2) in one space
dimension. Throughout of the present section. we assume N == 1. Our strategy consists
of parabolic regularization in Section 3.1 and the uniforin estimates of solutions to these
cquations. The later 1s obtained by the linear estimates developed in Section 2.2. Then
the standard compactness argument iinplies the local existence theorem. In view of the
nessccary condition of L2-wellposedness for lincar Schrodinger-type equations, our results
devide into the quadratic case (p = 2) and the cubic case (p > 3). Our results are the
following.

Theorem 4.2.1 We assume the spatial dimension N is equal to 1.
(i)  Let p >3 and let e be an integer which is greater than 3. Then. for any uwg € H™,
there crists a tome 17 - '1'(]]110“”:«) > 0 such that the initial value problem (1.1)-(1.2)
possesses a unique solution

we C([0.1): H™).
(1) Let po 2 and let mobe an integer which is greater than 3. Then. for any uy €
H Oy HYY there exists a time T = ,[‘<‘1U.UH”3 + ?'H()H”UJ) > 0 such that the initial value
problem (1.1) (1.2) possesses a unique solution

we (0.7 " ).

Proof of Part (1) of Theorcm 1.2.1. We assumne that N = 1 and p > 3. We remark here
that
at at ar o dl

. (1), Du (1. q). Ja (u.q). ;)(} (u.q) ()(fu\2 + iq\z) near (w.q) = 0.

Existence.  Let {uf )01 be solutions to (3.-17)-(3.48). We will show that there exists

4.2, One dimensional case 53

a common time 1 = T(HUUHH.a) > 0 such that {17}y s bounded in L0, T H™).
We evaluate the following quantity

1

NTE) = [ (O ey + k() e, (1)
where
ky(t,riu) = exp(pﬂz‘,.r:zf))].
1 o OF
mt,riu) = —- / Im(,—(u,"',(',)zf)(l,,y)dy,
2 Jo Jq
vi (t) = ‘(iﬁmus(t),é)’”iﬁ?j).

It is easy to sce that

it ] < i)

for any u € C({O, T Hl). We remark here that the positive constant ('} is independent
of e € (0,1]. In view of (2.17), N*(u®(t)) is equivalent to |[us(t)||ym, that is

—-C ’UE 2 T I ,‘ 715 ( E £ -
Tt () < NI (F (1)) < 269 O a7 (1) . (4.5)

Scince u(0) = ug is independent of € € (0, 1], NJ*(u(0)) is also independent of € € (0, 1].
Then we put o, — N (u7(0)) = N (ug). (4.5) implies

o~ Crlimoli, o[ <ty < 2(3("”“{’”?’1H'UO”H'“-
Let T7, be a positive time defined by
Ty =sup{ T > 0| N['(uf(1)) < 205, for 1€0,T) 3

The positivity of T¢, is ensured by Lemma 3.4.1.

m

Operating (D)™ ! on the equation (3.47), we have
(DY ) — (i 4 ) ((DY™ ) = (DY I(0f, oned ).

Multiplying (12)™ 'u and integrating the rcal part over R, we get

d. . ‘ G
g1 Ol e+ 280 (1) 7
é 2 ‘[“(/U,c(t), ()7LE(,/))|II[77L I”U:(t)‘l’[,ﬂlfl

Uf(t)||um| w ()] g v,

< 2Am(|mf

)|

where we used (3.2) and the Sobolev embedding H*(R) — W'>=(RR). then we obtain
d

d’. ““’SU)”H”‘*] < A (H”FHII") H“’E(,') HH’"

< A (Il )N (1)) for e (0,7,

| (4.6)

ne
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where we made nse of (L.5). A, () means a incresing function on [0, x) which depends

onlv o mand 17w q). We express such functions by the samne notation A,,(-).
}. Sunple calculation implies that v, satisfies the 2 x 2-system

Yil‘ (17>

Next we estimate {o;

T

(10, ~elA+iH (D)}, =

. AN
i) = [ 0 z)‘z}*'{

, o ) IE
(l,r) = _fda( i o) (L), (L a) = — e (0w (L, 1),

f”l({ E) - t(fvnl(, J)—f::l(t J))
Faltie) — (9"FE o)~ Pl 0uf,00™u) ) (L),

We put us, (£, x) = ky (1, z;u v, (L) and ¢, (¢, z) = ky (¢, 23 u’) [ (t, 2). Multiplying (4.7)
by ki (1, x;u®), we have

(10 = eI A+ H(6))us, = g5.(1, @),

where
ey - —0? 0 o Rebi(t,z) — elmbi(t, x) b(t, x)
=y e b (%, 7) Rebs(t, ) — elm b5 (¢, x)
_ | Aatkn) gt z)
I c(tyxr) o(txr) |’
, 1, . 1,
At,a) = —(i+e) dei(t‘,a?) + E(Imb“l(t,r)) )
1 1 =
+ 5])16 (t,x)hnbie(t,x) + 5 / ST bi(t, y)dy,
| 1 i ‘
c(t,r) = ?Im bi(t, r)b5(t, x).

In the same way as (2.24). we have

d

g MmOl = Co By (Ollur (O + Hlgm (1]
where

By (t) = sup‘/ lin ;b3 (1. y)dy

PR
+ Z(sup Dt} sup b (2 r)|2>
1 f’c’R IER

4.2, One dimensional case .

We remark here that (% 1s a positive constant and 1s independent of ¢ € (0.1, Since
bi(t.r) and b5(f, &) are quadratic terms of v . dum and dut. the Sobolev embedding

vields

2

Z(sup \bi(1 )]+ sup
2 eR reR

) = i)

On the other hand. using the equation (3.47). we get

/ Im O,b1(t, y)dy
Jo

T N
= Im (,A~(us.€)u5)({, y)dy
Jo dq

z 02 E
= /I —{—(1L Ou®)ou® > dy
()?1()(1

-+ Im { ——(u".Ju®) 0t }dy
dud q
)2
+ / Im {( (u®.0u)0,0u’ }dy
Iq?
T ()2
+ Im $ ——(u®.0u®)d,0us 3 dy
0 dqdq ‘
z 2 E ‘
= Im _(,guaq(us.(?'us){(i + )0 + F(uf, ('hf)}} dy
[ OPF S
t /0 Im ()T??[(u .Ou® ){(—2 + €)I°uf + P(ugdw)}] dy
z K
+ / Im (—*(u Ou’ ){(1 be)oPus + (')F(us,(‘)/uﬁ:)}] dy
Jo | J¢*
- C O [
+ A Im 5(}5(;(11 Ou’ ){(—i + ) PPuE + OF(us, Dus )}} dy.
Then we have
sup ‘/ Im ;b (t, y)dJ’ A (Hu Nars ) (1.8)

e R
(3.3) gives
[ gr (O] < AUl () g2 ) 1™ ()] g

Noting (4.5). we obtain

! : ru
i“ll;ﬂ({)u S 14”1( ( (/))) /)) f()[‘ { “ 10 Irr:] (49)
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Combining (1.6) and (1.9). we have

[ _ |
'[le“(ui(/,uv) < Clag) NMGE(L) for e [0.T5).
(

where ('(ay) 1s a positive constant dpending only on m and as. The Gronwall inequality
vields _
N (1) < ape ™ for ¢ e (0,15,

m

This imiplies
log 2 ,
2 <exp(((ag)T" e, T2 > - 2— =T >,
= exp( { 1-3) m) Le m = C'(ag)
Then {u }.cq,; is bounded in L2(0, T H™).
In view of the equation dyu® = (i + €)0°u* + F(u,0u®), {O}.c(01 is bounded in
L0, T H™ 2). Then {u’}.eo,) is bounded in (7'0‘1<[O, T]:Hm’z). The simple inter-

polation implics that {u®}.c, is bounded in (/'0'3<[(), T} H"“”) for any 3 € (0, 1.
The Rellich theoremn and the Ascoli-Arzela theorem show that there exists subsequance
{uw }eco) and we L0, T; H™) such that

ut —YV—; U n LOO(O,T; Hm) (35 €l 0)-,
W u in C([U, T7; H]ngg (as €10) forany J>0.

It 1s casy to sce that u is a solution to (1.1)—(1.2).

Uniqueness.  Let wand v’ belong to L*(0, 7'; H™) and be solutions to (1.1)-(1.2). We

put v = (u—u',u — ). v satisfies the initial value problem
(10, + iHi(t;u. W) = 0 in (0,7) xR,
v(0,z) = 0 in R,

where

) - —* 0 | | bt ziu) byt ziu ) 9
W)= 0 o : bo(t, ziu,u') by(t,ziu,u') |

ot riu,u'y et riu,u')

o { et rucu) eyt riud) } '

Lo
bi(foaiuad) = —/“ %)q(au,+(1 — O 00u + (1 — 0)Du'ydo,
, ol . R
bo(tiariucd)y — — A (,Tq;(()u, + (1 = 0)u',00u+ (1 — 8)ou")do,
/ 1 ()l / . !
alloriud) - — /“ T (Ou+ (1 — 00 00u+ (1 —8)ou")dd,
! ! (‘)ll‘ / B : /
ety - = /“ T (Ou+ (1 =00 00u+ (1 —0)dud")db.

1. 2. One dimensional case -
Because v belongs to the class C'([O. T): HZ) e ([l)\ Tl [ﬁ’). (2.20) implics
flo(t)|l =0 for te|0,7T].

Continuity in the time variable.  Let u belong to L°°(0, T H™) and be a unique solution

to (1.1)-(1.2). We put v = (0™ tu, 0" 1u). We have only to show

2
ve (C(l0.T): 1Y) (1.10)
Clearly, v is a solution to
(100 + iH (tw))e = f(t,z;u) in (0,7) xR, (4.11)
v(0,x) = 19 in R, (1.12)
where
*82 O . bl(t,I:U) bg(t I"lt)
Hy (t; = o | — 1 s s :
(&) [ 0 o J I [ ba(t, ziu) by(t, r:u) v
0F or
bi(t,xiu) = —qu('u, ou), bo(t, r;u) = ——a—q(u,,(“)u),
[tz = (At mw, ), flbso = it ),
Nt ru) = 0" F(u, 0u) — Plu, Ou, 00™ ‘).
Since

we L0, T H™)n C((0,7]; H™%) forany 4 > 0,
1t follows that

bi(t,ziu),by(t, o;u) € (,,'([()7 T): qu) Nt ({(), T);B™ 3),
flt.reiu) € <LO°((), T Hl))z.
Then. Proposition 2.2.2 implies (4.10). 3

Proof of Part (ii) of Theorem 4.2.1. Let the spatial dimension N equal to 1 and let the
power of nonlinearity p equal to 2. In the same way as the proof of Part (i). we can prove
Part (i1). But there are a few differences because of p — 2. In Part (i) the boundedness of
the gauge transformation 5, — & (1, -:u)v?, follows from the boundedness of [[u” (1)), In
Part (ii). however. this does not hold. To overcome this point. we introduce the weighted
sobolev space H"!. This scems to be quite natural from a viewpoint of the nessecary
condition for L*well-posedness for lincar Schrodinger-type equations (see 2.3). It is not
clear whether the weighted Sobolev space is nessecary to solve the initial value problem
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for quadratic semilinear Schrodinger equation or not (see Remark 4.2.1). We will show
mrainly the differences between the proofs.
Let {u} be solutions to (3.47)-(3.48). We estimate the following quantity

NPCED) = e (Ol mms 4 TRy (s e, (014 ka8, e (0],

where

A‘l(l,,.'l'; Il,r) — (‘.Xp( "]h(l,.l‘: 21/5))[

1 pr oF
pilt, e u) = —~/ Im»(, -(w, 0u”)(¢t, y)dy,
2 Jo dg

vi (L) = HOMu(t x), OMuE (L x)),

kot ziu”) = CXD(*Pz(l Jf‘u5)>[
/ Im —(Ou, 00u®)(t, y)dody,
(Ju (tz) (1 ).

We remark here that there exist two constants v;, v, € € such that

polly i) =

v (tr) =

OF 1
Iin (,);(u ,q) = 2% (’ylu = Y1+ Yoq — *E(j)
+ real valued quadratic term of (u, q).
Then, we have
+ oo
17)1(1,,.1':u)‘, pa(t, x; u)l < (' (Hu([)}lbx + /_ lu(t, z)|dx 4 Hu([)lﬁ,l)
00 ‘ 1/2 ;
< (Il + (70 2)autols + o
< C(lu@®llm + o))z + u@)]5)-

In view of (2.17), NJ*(u (1)) 1 uE () gm + [Jzus ()| L2, that is

exp(~<n(uu<r>:|m leu(t) gz + [u(t) Hl))(nuwm bl (2]
< NJU(UE()

2exp( ()l + llrutn)

A

4l ) ) (00 + (0 22).(1.13)
where ('y > 0 is independent of € € (0.1, We put a,, = NJ"(uy). We define 7, > 0 by

Te sup{ T >0 ‘ N () € 20, for

™m

cl0.71)}.

12 (One dimensional case

In the same wayv as (4.6). we have

d < | o THy = s
LGOS < A (Il )N E ) for e 0T

(1. 11)

wi (tor). g (bor) by(torow®) Dot riu®) and B35 (1) are the same as those of the proof of

Y

Part (i). Similarly. we get

d

a“'ll‘;(t}” < (ylfBbi(t)Hu‘fu(/)

Ngm (O for 1€ [0, T7].

It is easy to see

2
Z(sup [b5(2, )| + sup [D5(t, )| ) < A,,L(llzz,“"(t,)ll,,:;),
71 zeR zeR

S (ON < A () e + ()] e ) N3 (7 (1))

Simple calculation yields
V h“aibl(‘?i’?%ug)(t,y)d:‘/l
Jo
T ] P L - -
Slﬁ o (MO =3O+ kDt = a0 ) (1, )

+0 (real valued quadratic term of u© and Ou)(l,, y)dy'

1 i . o e
< S (tn) = 3207 (1,0) — VOt (8 x) + 200 (1, 0)]
+ 5 (’}17() w10 ut +y F(u®, ou’) — 37 F ( ,dus ))([,y)dyl
L JO

Ag (Il (1) [115)

C( O*us (L, o) 4 [0%us (8, 0)] + | F(uf, 0u) (t, z)| + | F(u
C( ou (L, x)| + Ié)us(t,())|> + 43(||u (¢ H.‘]s)

As(“US(t)HHJ)

IN +

S, du)(t, ())’)

IN -+

Then we get

d

leum ) < A (N (U (O)N(u(t)) for L€ ) T

) m

On the other hand. v, satisfies

(10— 218+ iH () s, =[5,
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Theorem 4.3.1 Lt N be an arbitrary positive integer.
(i) We assume p > 3. Loty be a suﬂi’(‘z’('mlu large integer. Then. for any uy € H™
,,r,n) > 0 such that the initial value

(i € B > any). there earsts a tune T = [(|1U

problem (1.1) [1.2) posscsses a unique solution
we C([0, 1] H™).

(i) We assume p 2. Let mny be a sufficiently large integer.  Then. for any uy €
H™ 1 H™ 22 (moe N > ny). there exists a time T = '[’([]’u,()] i+ Hqu\Hmre.z) > 0
such that the wnitial value problem (1.1)=(1.2) possesses a unique solution

we C([0,T): 1™ 0 H™ 22,

Remark -1.3.1 Since our analysis is based on the symbolic calculus of pseudo-differential
operators, it is very troublesome to determine the minimum of m; and ms concretely.

Proof of Part (i) of Theorem 4.5.1.

Existence. Let {u”}.cq; be solutions to (3.47)-(3.48). We show that there exists a
common time 1" > 0 such that {u"}.c(.1; is bounded in L*(0,T; H™). For this purpose,
we make use of the linear estimates developed in Section 2.3. For the sake of convenience,
we introduce the following notations:

= O, ), Vao = HOUe, 07T),  for o] =m,
JaF aF
,5‘t7', - v [Sr‘t’ ; :—';T £7V,E’
hi1,(t, x) ()q](u ut),  big,lt x) dqj(u w)
. OF ) oF
by, (t,x) = ()(IJ( S Vus), byt x) = aq}( , Vus),

N
J Z/ S(tos)dsS (ST

J e
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¢5j(f~~lj) = M Z /R’\ VTt IH dr,  with some M > (),

al< [\217".
A = 1+ AS(1). .i:’(f) = Nt D).
T i B 1 bf. (("I> e Jev-2
A (1,0, 8) = Z [ ~b,1J(/ . 1210 }w@ ‘
NiH(u (1)) = Z K= ( O+ e (Ol pam -+,

o] —

am = NP(E(0)) = Z K5 (0).4°

] =m

f(i - t(f;,l*f;,'&):
f;,l e E f— 13(’[1,5’ V?LE, ()( 1’(LE)-

0)vaoll + [luol[ w1 (ind. of € € (0.1]),

In the same way as in Section 2.3, we introduce

Bge(t) = et } 4 P ()0 5 o
Bye(t) = ) Z Z(sup |0% b5y (8, )| + sup ]dtd‘*bnmj(l,;r)]),
mn=1275=1|a|<i R T€R
0 +00 N
By (t) = Z/ r;)dr;,  Bl(t) = Z sup ‘/ o5 (L, yy)dy,)
Il eR

J—1
N

BE(t) = 3 (sup lafasj(z,mm).
9 1k=0 I]‘ER

We estimate Ni*(u(t)). Let T, be a positive time defined by
N bup{

m

NI (w(1) < 200, for 1 €[0,7) }.

Lemma 3.4.1 ensures T, > 0. In view of the Sobolev embedding, there exists a constant
R = R(am,) > 0 such that [[u*(t)|jwr~ < R for t € [0,T% | and £ € (0,1]. Morcover
there exists a constant C'(m, ay,,) > 0 such that

By (1), Bge(t), Bo (1), B (t), BE(t) < C(in, apm, ),
C'(m, (x,m)“l/\"m( S(t)) < Huf N < Clrrey o )NTH 0 (1), (1.22)
[ E(w (b)), Vus (8)) | ggm-r + Z () A SO < C o, o, )N (17 (1)) (4.23)

faf =

for t € [0,7%) and ¢ € (0,1). where we made use of (2.29), (2.30), (3.2) and (3.3). In the
same way as (4.8), we obtain here only the estimates of /3). (). Simple calculation yields

/o 3L yy)dy,
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