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Blow—-up of Solutions for Semilinear Parabolic Equations
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Section 1. Main results.

In this paper we consider the following initial boundary valus

problems

U Gt = Au +oa et in @ x (,T),
(IBVPD) Y udx,t) =@ on 8 x (0, Ty,

ulx,0) = (x> in £,

ut(x,t) = Au + 0¥, in 2 x (G,D,
(IBVP2) ulx,t) =0 on 89 x (0,7,

ulx, 0 = ox) in &Q.

Here § < R™ (n22) is a bounded domain with smooth boundary 989 ,
x>0 and 1 < p < (+2)/(~2) =23, p > 1 (=2).
Throughout the present paper we assume that an initial value

¢ satisfies the following conditions:

1y o € Cl(ﬁ) N CQ(Q) 3 (2) ox) =20 x € @ , ox) =3 (x € IV,
3 Ap+ 2?20 e ( resp. Ap + o2 0 (x € © ).
Then,by the maximum principle, it follows that ulx, t> > 0,
ut(x,t) >0 for (x,t) € @ x (O,D.
Suppose that the solution udx,t> blows up as 1=T (< =),
i.e., lim max u(x, t) = = We are interested in the behabior of
t-T x€Q



the limit function 1lim u(x,t) near a blow—up point. ( A point x€Q
t-T

is ,by definition, a blow—up pointkif there exists a sequence
(xn,tn)e Qx(0,T> such that X X, tneT, and u(xn,tn) —»©  as n 9w, )

If @ is a ball with center 0 and if ¢ satisfies the conditiong
13, (25, 3 and if
O @ is radially symmetric with ¢, < o,
then a blow—up point is a single point x = 0 ((5)) and the
follgwing estimates are known. Upper estimates for (IBVP1) ((4)):
There exists a constant C such that v
(3 ulx,t) < -2 1n |x] + 1In |ln Ix|]| + C C {x| >00>.
The inequality (5) cannot be improved as follows

ulx,t) < -2 1In |x!| + C.

In other words there does not exist such a constant C (see (33).

Upper estimates for (IBVP2) ((5B)): For any 0 < g < p, thare

exists a constant Cq such that

2/¢q=1) CIxl > 0.

ulx, t) < Cq<1/1x{>
Lower estimates for (IBVP1) (@) et n 2 3. Then there
exists ry > 0 such that
lim udx,t> > 1In ( 2(n~2)/(1{x{2)) (0 < |x! < r,).

t-T

Lower stimates for (IBVP2) ((3)): Let n 2 3 and let p>n/(n—-2.
Then there exists £y > 0 such that C 8 = 1/0G-1

lim udx, ) > (—48GB+@-m//1x1%8 (0 < |x] ST
t>T ,

We shall investigate lower estimates for solutions to (IBVP1,2)




: . . no. .
in the case that a domain in R (n = 2 ) is not necessary

a ball. Our results on lower estimates are as follows.

Theorem 1. Let § be a bounded domain in Rz with smooth
boundary 29 . Assume that ¢ satisfies the conditions (1), (2>, (3).

Suppose that the solution udx, t) to (IBVP1) blows up at a point

Xg €9 as t - T. Then there exists ry > Q0 and the following
inequality holds. « For any r with 0 < r < ri

- 2m .
& Lim {1/ com 5 o Ulxg*t(rcos®, rsin®), /2,52 5 -1 -2

t->T L Jo

As a direct consequence of Theorem 1 we have

Corollary 2. Let & be a ball with center 0 in Rz ., Assume
that o(x) is radially symmetric and satisfies the conditions (1), (2),
(3). Suppose that the solution u(x,t) to (IBVP1) blows up at x = Q0 as

t - T Then there exists ry > 0 and the following inequality holds.

For any x with 0 < [x| < r,

. lim ulx, ) > =2 1n |x| + 1n¢ 227 1.
t-T

Next we state the results on (IBVP2).

Theorem 3. et @ be a bounded convex domain in R" (n22)
with smooth boundary 8%9. If Xg is a2 blow—up point with a blow—up

time T, then for any k > 0, there exists re > 0 such that
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2 - .
lim utx, ) = kC 1/]x = x| > 2/®7D {

0
t-T

for any x with 0 < | x - X9 | < e -

LLastly we state results on the Hausdorff dimension of the set M’
blow—up poinis of the solution to (IBVP2). Let , |
= { ¥ : the solution u(x,t) blows up in LY as t > T

and set vy = inf T . | |
By the result of Giga and Kohn (93, it follows that n({—-12/2 €T

and so Y < n(-1>/2 .

Theorem4. Let @ be a bounded convex domain with smooth
boundary o0%. Then the Hausdorff dimension DH of the set of

blow—up points for (IBVP2) satisfies the following inequality

DH < -2 YO/(p—l) + n.

For the proof of Theorem 1 we use Bandle’s mean value theorem,
which is proved by using Bol’s isoperimetric inequality. In SectioJ
2 we recall her result and prove Theorem 1. For the proof of
Theorem 3, Giga.and Kohn’s results ({10)) play an essential role. As

a consequence of Theorem 3 we obtain Theorem 4.




Section 2. Proof of Theorem 1.
For the proof we use Bandle’s mean value theorem. Before
proceeding to the prodf we recall her result.

Let D be a domain in Rz, and let v satisfies a differential

inequality A v + x e¥ >0 in D. Let B(r,xy <D be the disk of
radius r with center Xq € D. We define a Riemann metric do in
D by do? = V¢ dx% + dx% ). Then the length of 8B(r,xg

and the area of B(r,ko) are respectively

1(r) = Sg" V(T 872 g and a (r) sjg”_fg eV (1) Larde

[
where we write vd{(r, 8 for v{xJ ( x = Xg + (rcos8,rsind) ).
Bol’s isoperimetric inequality says that

2

(8) 2(r)% 2 4w ale) - G2 alm?Z.

By the Schwarz inequality we have 2nr ar(r) b-3 £2.

Hence this
together with (8) yields a differential irnequality

ore a_(r) = 4m a(r) - /) alr)?

The equality holds if and only if

a(r)=ao(r)znbr2/( 1+1br2/8 ) (b : a positive parameter J.
Note that ao(r) is the area of B(r,xO) with respéct to a Riemann
metric dog = eVOCX)( dx% + dxg )7, where
(9 Vo) = 1n (b/C 1 + abr?/8 3% )
and it satisfies A vg + 1 e’0 = 0.

We denote the length of SB(r,xo) with respect to doO by lo(r).

Now we state Bandle’s mean value theorem ({1, 2)).
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Lemma 1 ¢ Bandle’s mean value theorem ).
Let v be as above. Let B(rl,xo) < D. Suppose that there
gxists b > 0 such that

10> 2(r,) = 2,(r .

1 01
Then if A a(rl) < 4;x , then
i) al(r) < ao(r) for 0 <r < £y
iid v(0> < 1In b.

For the proof see (1J.

Lemma 2. Let £y > 0 be fixed. Suppose that X a(r1) < 4r, |
Then if
eV = caramf2T V824652 < 2 ar? ),

then there exists b > 0 such that (10) holds and

(1 X ao(rl) < 4m .

Proposition. Let u(x,t) be a continuous function in QXCO,TOX
Assume that for each 0 < t <Tg, u(x, t2 satisfies a differential
inequality Au+ et =20 in . Suppose that
A a(rl,O) < 4ré and that for each 0 < t < TO
T(r,, tJ. 2 A .

e 1 < 2/(lr1) . Then the followings hold for each 0 < t < TO
id X a(rl,t) < 4m, and
G WX ) oy U, )
u{x, tJ
where a(rl,t) gB(rl’xo)e dx,
(12> eUlr,t o <<1/2n)5§“ e (ry» 8,172 44 42

¥




[k
w
@

u(rl,t,e) = udlx, to ¢ X=X + (rcos@,rsiné) ).

Proof of Theorem 1. Since u, > 0, we have differential
inequalities Au + a2 et > o0 Let 'rl > 0 be so small that
(i Aale, 0 < 4 ;G P10 <2 0D
We prove that there exists TI‘< T such that eﬁ(rL’Tl? = 2/(Ar%).
Suppose that there does not exist such a Tl‘ Then we have for
0<t<T, 11D < 9/ardH . Hence by (i) of Proposition we have
ulxg, ) < In TWlry, ) + 2 In 2 (0 <t <T)H,

and so we have

u(xo,t) < -2 In ry + 1In(8/20 (0 < t<T>,

contradicting the fact that Xg is a blow—up point and that T is a

blow—up time.

Proof of Proposition. First we prove that (i) holds for 0£t<TO.
Suppose that it does not hold, fhen there exists 0 < Tl <’TO such
that ‘ X a(rl,t) < 4x (0 < t< T1 ) , and
13> Rt a(ri,Tl) = 4w .
Since eG(rI’Tl) < 2/(Ar§),we get by Lemmas 1,2 that x alr,,T,)> < 4m

This contradicts (13>.

Next we prove that (ii) holds for 0 < t < TO . Since
(14 GrZ/pet T P o<,
there exists b = b(rl,t) such that Q(rl,t) = lO(rl,t) s

where l(rl,t) is the length of aB(xO,rl) with respect to a

2 = eu(x,t)( dx? + dxg 5 ( it equals to

Ulry, 72 5y 04 Lglry, ) = 2nr1b1/2 e 1+xbr§/8 ).

Riemann metric do

Zﬁrle



=
]
1w

Indeed b is a solution of a quadratic equation

a2cb2 + (2AC - Db + C = 0,
Tflr,, t)
where A = kr%/8 ; C = eu rl ,
We choose b= ¢ 1 - 2ac - J1 = 4AC ys@ao)

Hence by (i) and by Lemma 1 we get
15y u(xo,t) < In b(rl,t).
On the other hand, we have by (143, b(rl,t) < 4C. Hence by (15

we obtain

u(xo,t) < 2 1ln 2 + ﬁ(rl,t).

Thus we have proved Proposition.

Proof of Lemma 2. Set A= Ar%/S and C = eﬁ<r1't?
Since 4AC < 1, there exists b such that Q(rl) = io(rl).~ We
choose b = (1 — 2AC - JT = 4AC )/ (2A2C).  Then an inequality

xan(r) (= maAbr2/(1+1br2/8) ) < dx
01 , 1 i
holds if and only if Ab < 1. On the oher hand this inequality
holds if and only if (1 - X *Jl - 2X )/ X <1 C X = 2AC >

i.e., 4AC < 1 . Thus we have proved‘Lemma 2.
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Section 3. Proofs of Theorems §,4.

Proof of Theorem 3% We prove that for any k > 0 there exists
r, > 0 such that for 0 < [x] < ry ( xo=0)

lim up_l(x,t) > k/{x]| 2 .

t-T

Let k>0 be fixed. Suppose that there does not exist such Ty
Then there exists a sequence { xi'} with Xp 2 0 such that

. -1 2" '
lim o® " x,, ) < k/0x, |7 .
tsT v oo
Since u, > 0, it follows that
(16 x| log, o <k for t > 0.
Choose € > 0 with
am g < B/k ( 8=1/G-1) ) and set t, =T - elx,|%  Then
by (18) we get
-1 ,~_ p—1
as) g (T tl)u (Xl'tl) < k.
On the other hand by the result of Giga and Kohn it follows that
- p—1 ‘
(T tl)ll (ng tl) - 8.
Hence by (18) we get B8 < gk. This contradicts (17).

Proof of Theorem 4. Before proceeding to the proof we recall
the definition of the Hausdorff dimension. Let X be a metric
space and let Y be a subset of X. For € >0 and D > 0 we set

ap (¥ = inf S (diam Bj)D ,

' & diam B,<e YcUB,
un YD =z lim &> = sup u (Y>.
D gio D08 g>0 Di®

Then “D(Y) is called the D-dimensional Hausdorff measure of V.

The Hausdorff dimension of Y is defined as follows:
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inf {D uD(Y) < « } = inf (D uD(Y) =0} .

We prove the following proposition. Theorem 4 is an immediates
consequence of it.

Proposition. Suppose that u does not blow—up in LY as
t > T, i.e., lim W u HLY < e, Let D= -2vy/ (-1 + n. Then

=T
the D-dimensional Hausdorff measure up of the blow—up points
satisfies
(19 My < ¢ lim  u HEY ( ¢c: some constant).
t->T

Proof of Proposition. Let € > 0 be fixed. Let Xq be a
blow—up point. Since @ is convex, it follows that Xg € Q (B>,
Hence by Theorem 3, there exists 0 < r. = 2/3 ¢ such that

0
B(xo,rX ) {x : | x - Xq | < I } ¢ Q ,
0 0
limuG, ) = | x — xo |727®D o e Bx,r ).
0 0’ "x

t-T

0

Since the set of blow—up points is compact ((B)), there exists a

finite subset { xj1

0 < rj < 2/73 & such that

B(Xi’3/2 ri) c Q
Qo B(x.,r.> n Bx.,
1 1 J
{ blow—up points }
@n lim u¥ (x, t)dx

>
t-T ‘
By (21) we get

Lim u? (x, t)dx
t=>T ‘

(22) |
|x=-x.|<r,
i i

of the blow—up points and r:

j with

rpo= e < i=j )
c u B<Xi’3/2 ri) :
i
| x - Xq |“2Y/(p‘1) , X € B(x.,,r.).
it i
> f:r 2y nmly 46 = C r?
Osrsri

10 -




Hence by (20), (22) we get

S (3,2 ri)D < @t o3 j lim u¥ (x, ) dx

i i _ t->T
| x xilsri

< (/P c‘lf lim u¥(x, t) dx
Q t-T-

= a2 ¢! lim j W ix, ) dx < = .
t>T J @ :

Since C- is independent of £ , we obtain (193). .



[t
e

(1

(23

(33

42

(53

(6]

n

(83

(3

(1988).

References

Bandle,C., Mean value theorems for functions satisfying the

U, g, Arch. Rational Mech. Anal., 51|

inequality Au t+ K e

70-84 (1873).
Bandle, C., Isoperimetric Inequalities and Applications,

Pitman (London, 1980).
| {

Bebernes, L.,A. Bressan,and D.Eberly, A description of blowup;

for the solid fuel ignition model, Indiana Univ. Math. J., 38,

285-305 (1887). !

Bebernes, J., A. Bressan, and A. Lacey, Total blow—up versus

single point blow—up, J. Differential equations 73, 30-44

Friedman, A. and B. McLeod, Blow-up of positive solutions of
semilinear heat equations, Indiana Univ. Math. J., 34, 425-44]
(1885).

Fujita, H. and Y.-G. Chen, ©On the set of blow—up points and
asymptotic behavior of blow—up solutions to a semilinear
parabolic equation, preprint.

Galaktianov, B.A. and C.A. Pusashkov, Application of a new
comparison theorem to the study of unbounded solutions of
nonlinear parabolic equations, Diff. Uravnen. 22, 1165—1173
(1886).

Giga Y. and R. Kohn, Asymptotically self-similar blow—up of
semilinear heat equations, Comm. Pure Appl. Math. 38, 297-318

(1985).

Giga Y. and R. Kohn, Chéracterizing blowup using similarity




(103

an

€
D

14
13

variables, Indiana Univ. Math. J. 36, 1-40 (18987).

Giga Y. and R. Kohn,® Nondegeneracy of blowup for semilinear
heat equations, Hokkaido Univ. Preprint Series in Math. #46
(1888).

Weissler F.B., Single point blowup of semilinear initial value

problems, J. Differential Equations b5, 204-224 (1984).

Department of Pure and Applied Sciences
College of Arts and Sciences

University of Tokyo



