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Vertex Operators of the Elliptic Quantum Toroidal Algebra and 

the Elliptic Stable Envelopes 

Hitoshi Konno and Andrey Smirnov 

1 Introduction 

This is a review of the works given in [12]. The main result is a new formulation of 

the vertex operators of the elliptic quantum toroidal algebra (EQTA) Ut1 ,ts,p(gl1,tor) by 

combining its representations and the notions of the elliptic stable envelopes (ESE) for the 

instanton moduli space M(n, r). 

The EQTA Ut1 ,ts,p(gl1,tor) is an elliptic quantum group associated with the toroidal 

algebra of type g[1 [11]. The Hopf algebroid structure associated with the Drinfeld comul­

tiplication allows us to construct two types of vertex operators, the type I and the type II 

dual, as intertwining operators of Uti,t2 ,p(gl1,tor)-modules [11]. It turns out that they give 

a realization of the affine quiver W-algebra associated with the Jordan quiver varieties [8]. 

In addition, the same vertex operators realize the refined topological vertices [7], which 

are relevant to the calculation of the instanton partition functions of the 5d and 6d lift 

of the 4d N = 2* U(M) gauge theory [13, 14]. However their relations to the elliptic 

stable envelopes [1] and to the vertex functions [15] of the corresponding quiver variety 

were missing. These relations have been observed in the case of the elliptic quantum group 

Uq,p(irN) [9, 10] and expected to be possessed in the intertwining operators w.r.t. the 

standard comultiplication, which preserves the RLL-relation. 

We here propose a new formulation of the vertex operators. We realize both the type 

I and the type II dual vertex operators as screened vertex operators, i.e. operator valued 

integrals with the ESE's for Er(M(n, r)) as their integration kernels. We then make several 

checks on their consistency such as 

• a derivation of the shuffle product formula of ESE's [2] by considering a composition 

of the vertex operators 

• a construction of the K-theoretic vertex functions for M(n, r) as the highest to 
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highest expectation values of the corresponding vertex operators 

• exchange relations among the vertex operators, whose coefficients are given by the 

elliptic instanton R-matrices defined as transition matrices of the ESE's for Hilbn(IC2) 

• a construction of the £-operator L + ( u) satisfying the RLL-relation by combining the 

type I and the type II dual vertex operators 

• exchange relations between the £-operator and the vertex operators. 

The last relations indicates that our new vertex operators are the intertwining operators 

of the Ut,,ts,p(g(1,tor)-modules w.r.t. the standard comultiplication. 

2 Elliptic Quantum Toroidal Algebra Ut1h,p(gl1,tor) 

The elliptic quantum toriodal algebraUt,,t2 ,p(g[1,tor) was introduced in [11]. The parameters 

t
1

, t
2

, n = t
1
t

2 
in this paper correspond to q- 1

, t, t/q in [11], respectively. 

2.1 Definition 

Let us consider the Heisenberg algebras generated by c, A0 , c1-, A~, h, o:, P, Q satisfying 

the commutation relations 

[c,A0] = 1 = [c1-,A~], [h,o:] = 2 = [P,Q], (2.1) 

the others are zero. We set 'Y = ncj_/2 , C = nc/2 , 3* = fi,P and 3 = fi,P+c_ We call 3* the 

dynamical parameter. Let IF be the field of meromorphic functions of 3 and 3*. We have 

Set 

lim = -(1 - tf)(l - tf)(l - n-m), 

c±(z) = (1 - tf1z)(l - tf1z)(l - n±1z). 

'vg(3,3*)EIF. 
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Definition 2.1. The elliptic quantum toroidal algebra U = Ut1 .t2,p(9(1,tor) is a topological 

associative algebra over lF[[p]] generated by am,x;', (m E Z\{0},n E Z) and C, 1 1/ 2 . Let 

x± ( z), 7/J± ( z) be the fallowing generating functions1 . 

nEZ 

We call them the elliptic currents. The defining relations are given by 

+permutations in z, w, u = 0, 

+permutations in z, w, u = 0, 

where we set p* = p,-2 and 

( K, Sm ) g(z; s) = exp '°' ___!.:':. __ zm E C[[z]] 
~ m l-sm 
m>O 

for s = p, p*. The dynamical parameters 3, 3* commute with am, x;. 
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It is convenient to set 

a/ m 

Through this paper, we treat t1, t2,p,p* = p,-2 as generic complex numbers with lt1I, lt2I, IPI, IP*I < 

1. In particular, we have 

( . ) - (pt11z;p)oo (pf:;1z;p)oo (pnz;p)oo 
g z,p - (pt1z;p)oo (pt2z;p)oo (pn-lz;p)oo' 

where 

00 

(z; p)00 = IT (1 - zpn) lzl < 1. 
n=O 

Let V be a U-module. For (k, l) E (('.2 , we say that V has level (k, l), if the central elements 

1 and C act as2 

\/~EV. 

2.2.1 The level-(1, N) representation 

Let h, a satisfy [h, a] = 1 and commuting with the other generators. Define for v E ex 

(2.2) 

We assume 1 1/ 2 • 1 = C • 1 = e±h • 1 = 1 and eQ • l = eQl. One has 

Let FP•N) = C[o:_m (m > O)]I0)~1'N) be a Fock module of the Heisenberg subalgebra 

{ O:m (m E Z,,eo)}. 

2We changed the definition of the level of representation from the one given in [11] so that our level 

(k, l) is the level (k, -l) there. Note also our C = nc/2 is 'lf'ci in [11]. 
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Theorem 2.2. The following gives a level (l,N) representation ofU on F~l,N)_ 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

2.2.2 The level-(0,-1) representation 

For u E ex, let FI,O,-l) be a vector space spanned by l>.)u (.XE P), where 

P = {A = (>-1, >-2, • • ·) I .Xi 2 .Ai+i, .Xi E Z>o, .Az = 0 for sufficiently large l }. 

We denote by f(.X) the length of .X E P i.e. .A£(,\) > 0 and .A£(,\)+l = 0. We also set 

l>-1 = ~i:c:1 >-i-

Theorem 2.3. The following action gives a level-(0,-1) representation ofU on Fio,-i)_ 

£(,\)+l 

x+(z)I.X)u = a+(p) L At,;(p)c5(u;jz)I.X + li)u, (2.7) 
i=l 

£(,\) 

x-(z)l>-)u = a-(p) LA;\,Jp)c5(t1ui/z)I.X - li)u, (2.8) 
i=l 

(2.9) 

(2.10) 

where 
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This is an elliptic analogue of a representation given in [5, 6]. In [11] it is conjectured 

that this gives a geometric action of U on the equivariant elliptic cohomology of the Hilbert 

schemes EBn::::o Er(Hilbn(C2)) under the identification of l>-)u with the fixed point class [>.] 

in EBn::::o Er(Hilbn(C2)). 

3 Elliptic Stable Envelopes for Er(M(n, r)) 

The elliptic stable envelopes for the equivariant elliptic cohomology of the instanton moduli 

space Er(M(n,r)) were constructed in [4,16]. 

3.1 The instanton moduli space M(n, r) 

Let M(n, r) be the moduli space of framed rank r torsion free sheaves S on JPl2 with 

c2 (S) = n. One has a natural action of G = GL(r) x GL(2) on M(n, r). Let T be the 

maximal torus of G and set A= T n GL(r). The parameters ti, t2 are identified with the 

generators of the character group of T / A. The rank 1 case is isomorphic to the Hilbert 

scheme of n-points on (C2 . 

Let us consider the case r = 1, the Hilbert scheme Hn = Hilbn(C2), A = (CX. We 

denote the coordinate on A by u such that 

There are a finite number of the A-fixed points of Hn labeled by partitions of n. Let 

We regard>. E Pn as a Young diagram with n boxes. For a box □ = (i,j) E >., we deine 

co := i - j, ho := i + j - 2, P□ := co - Eh□ 

with O < E « 1. We introduce a canonical ordering on the n boxes of >. by 

a< b B Pa< Pb a, b E >. 
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and define a bijection i : .>.. -t [1, n] if a E .>.. is the i(a)-th box in this order. In the 

following we often denote the box a by □,(a) or simply i(a). 

Let us consider the following presentation of the equivariant K-theory of Hn-

where 6n denotes the symmetrization in xa's, and R the ideal of Laurent polynomials 

vanishing at all fixed points in 1i;,. We often loosely use Xa as x,(a) for a E .>.. and vice 

versa. For □ = (i,j) E .>.., we set 

>,. -(j-1) -(i-1) K ( ) 
cp□ = t1 t 2 E T pt . 

The restriction of a K-theory class f(x 1, • • • , Xn, t1 , t2 ) to a fixed point labeled by.>.. E Pn 

is given by 

Here i>,. : .>.. -t 1in denotes the canonical inclusion of a fixed point. 

Let V be the rank n tautological bundle on Hn- We present Vas 

regarding x1 , • • • , Xn as the Chern roots of V. 

For r E Z>o, fixed points in M(n, r) are lebeled by ar-tuple partition A= (,X(ll, • • • , )._(r)) 

with I.XI = ~;=1 I.X(ill = n. We denote the Chern roots of the rank n tautological bundle 

Von M(n, r) by x = (x1 , • • • , Xn) and a coordinate of A= (cxy by u = (u1 , • • • , ur)- We 

define a canonical ordering on the n boxes of A by extending the one for each partition 

,X(i) with adding the following condition, for i < j 

3.2 Elliptic stable envelopes 

The elliptic stable envelopes for Er(1in) was constructed in [16]. Let r 1/ 2 E Kr(1in) be a 

polarization of 1in satisfying 
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For A E Pn, let us set 

Sfll(X1, • • • , Xn, u) 

TI a,bE).. 0(tixa/xb) TI a,bE,\ 0(t2xb/xa) TI aE,\ 0(xa/u) TI aE,\ 0(nu/xa) 
•- Pa+l<pb Pa+l>pb Pa~O Pa>O 

• TI a,bE>. 0(xa/xb)0(rixa/xb) 
Pa<Pb 

(3.1) 

Let t be a A-tree, see Definition 1 in Section 4.2 of [16]. Namely, t is a rooted tree 

in a Young diagram A with vertices corresponding to boxes of A, edges connecting only 

adjacent boxes and the root at the box (1, 1) EA. Let us set (formula (54) in [16]): 

X cp>,. 
W,Ell (t ) ( l)"'•,J,(Xr n(t t )Vr) rr ,J,( h(e) t(e) We(t t )Ve) Tl/2 ; X1, • • • , Xn, U, Z = - <p - , Z 1 2 <p ),. , Z 1 2 

U eEt Xt(e)'Ph(e) 

with 

0(xy) 
¢(x, y) = 0(x)0(y)' 

where the product runs over the edges of the tree t and h( e) E A, t( e) E A denote the head 

and tail box of the edge e. And, K:t, We, Ve E Z are certain integers computed from the tree 

in a combinatorial way, we refer to Sections 4.2-4.5 in [16] for definitions of these integers. 

The symbol z denotes the Kahler parameter in Er(Hn) [1]. In the below we identify the 

dynamical parameter 3 with the Kahler parameter z. Finally, let Y >. be the set of A-trees 

without J-shaped subgraphs, see section 4.6 in [16]. Then, we have: 

Theorem 3.1. {16} The elliptic stable envelope of a fixed point A E 1-l~ is given by 

StabQ:,Tl/2(A;z) = Sym (sfll(x1, ... ,Xn,u) L W#};2(t,5;x1, • •• ,Xn,u;z))' (3.2) 
oEY>. 

where the symbol Sym stands for symmetrization over x1, • • • , Xn- The chamber It is taken 

as a stability condition tift2 > 0. 

The elliptic stable envelope for Er(M( n, r)) is constructed by taking the shuffie product 

[2] of those for the Hilbert schemes. Let X, A11 be two partitions with IA'I = n', IA"I = n" and 

consider the elliptic stable envelopes Stabr1/2,dX; z') and Stabr1/2,l!:11(X'; z") for Er(Hn') 

and Er(Hn") with the equivariant parameters u1, u2 , respectively. Here one takes It' = It" 

as tift2 > 0. We take the canonical ordering on the n' + n" boxes in the double partition 
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(X, >..") as defined in Sec.3.1. Then the following Stab1t,r112((X, >.."); z) gives the elliptic 

stable envelope for Er(M(n' +n",2)) with the chamber <t given by lu11 « lu2 1. 

Stab1t,r1/2 ( ( >..', >.."); z) 

( IT 0(t1x:f xi)0(t2x:f xi) IT ( / ") IT ( , / ) 
= Sym{xa}aE(>-',>-") 0(x' /x")0(fix' /x") 0 fiu1 xb 0 Xa U2 

aEN ,bE>..11 a b a b bEN' aEN 

x Stab,,,r,1,( Y; z'h-' )Stab,",T'/' (Y'; z")) . (3.3) 

Here x: (a E ).') and xi (b E >..") are the Chern roots for the tautological bundle on 1-ln' 

and 1-ln", respectively, and we set {xa}aE(N,>..") = {x:}aEN U {xnbE>..''· The formula (3.3) 

is called the shuffle product [2]. By taking the shuffle product r times, one obtains the 

elliptic stable envelopes Stabct,ri/2 (.~; 3) for Er(M(n, r) ). Here A= (>..( 1), • • • , >,.(r)) denotes 

a r-tuple partition with IAI = I:;=1 i>..(i)I = n. An explicit formula for Stab1t,r112(A;3) is 

given in Proposition 3.2 in [12]. 

In the next sections, we use ~1t,r112(A;3) defined by 

r 

where c(A,r) = L L land 
i=l aEA 

Proposition 3.2. The shuffle product formula for ~ct,r112 (A; 3) 's is given by 

~ct,Tl/2 ( ( A1) X'); 3) 

_ Byrn ( IT 0(xi/x:)0(t2x:1-'Ei) ITr' IT (- 0(nuUxn) 
- {xa}aE(,X',>-") 0(t X11 /X1 )0(riX1 /x") 0(x"/u') 

aE.>.' ,bE.>." 1 b a a b i=l bE.>." b i 

(3.4) 

x St,tl,,,,r•I' (>.'; ih-"-"'")St,tl,,,,,r,1' (>."; ;) ) . (3.5) 
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We also use the elliptic stable envelopes for Er(M( n, r)) with the opposite polarization 

rJ,f; = n(T112 ) V' the elliptic nome p* and the Kahler parameter 3*-1: 

and its hatted version defined by 

r 

where c*(.X, r) = L L 1 and 
i=l aEA 

PaS:.Pri 

(3.7) 

We first define the basic vertex operators which correspond to Hilbn(CC2) and then construct 

the ones for general M(n, r) by composing the basic ones. 

4.1 OPE of the elliptic currents 

Let us consider the level (1, N) representation given in Sec.2.2.1, on which p* = pn-1. 

For the elliptic currents x+(u),x-(v), one gets the following operator product expansion 

(OPE). 

with 

Here we set 
M 

(a1,··· ,aM;P)oo = IJ(ai;P)oo-
i=l 

(4.3) 

( 4.4) 
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4.2 Vertex operators for Hilbn(CC2) 

Let us define 

<l>0(u) := (-u)-c,e-Ao exp {- L K,l a'_m(/i1l2ur} exp {I::--}--a'm(n1l2u)-m}' (4.5) 
m>O m m>O m 

W0(u) := (-u)°'eAo-Q/2 exp {I: K,1 °'-m(n1l2ur} exp {- L --}--am(n112u)-m}. (4.6) 
m>O m m>O m 

One can show the following commutation relations. 

Proposition 4.1. 

w*(u)x+(v) = - 0*(v/u) x+(v)w*(u) (4.7) 
0 0*(nu/v) 0 ' 

_ 0(nu/v) _ 
<l>0(u)x (v) = - e(v/u) x (v)<l>0(u), (4.8) 

x+(v)<l>0(u) = <l>0(u)x+(v), x-(v)w0(u) = w0(u)x-(v), (4.9) 

3<!>0(u) = n-1<1>0(u)3, '110(u)3* = n 3*w0(u), (4.10) 

[x±(x),3] = ['110,3] = 0, [x±(x),3*] = [<1>0(u),3*] = 0. (4.11) 

Definition 4.2. We define the type I <l>(u) and the type II dual w*(u) vertex operators to 

be the following linear maps. 

<l>(u) : F,(1,N) --+ F,(o,-1)®F(1,N+1) 
v u -v/u ' 

w*(u) : FP,Nl@F~o,-1) --+ F~~;:-1)' 

with 

<1>,>.(u) = 1 II dxa: II x-(xa): <l>0(u) II < x-(xa)x-(xb) >sym 8Wil!'.,T1/2(>.;3), 
C aEA aEA Pa<Pb 

and 

w;(u)~ = w*(u)(~@l>-)J, V~ E F~1,Nl, 

w;(u) = 1 II dxa SWi~,r;J;(>.;3*-1) : II x+(xa): w0(u) II < x+(xa)x+(xb) >sym. 

C* aEA aEA Pa <Pb 
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The integration cycles C, C* are chosen appropriately depending on the situation of the 

application. We call <1>;,(u) ( resp. w~(u) ) with A E Pn the type I ( resp. type II dual) 

vertex operator for Hilbn ( C2). 

4.3 Vertex operators for M(n, r) 

Let .X.', .X." be two partitions with IXI = n', IX'I = n". Let us consider the following compo­

sition of the two type I vertex operators for the Hilbert schemes. 

<I> N ( u1) <I> ;,11 ( u2) 

= 1 IT dx~ 1 IT dxZ: IT x-(x~): <l>0(u1) IT < x-(x~)x-(x~) >sym Stah<t,,T1/2(.X.';3) 
C aEN C bEN' aEA' Pa <Pb 

X : IT x-(xZ): <l>0(u2) IT < x-(x~)x-(xJ) >sym Stah<t",r112(.X.";3). 

Here the chambers ct', ct" are the same and taken as the stability condition ti/t2 > 0. We 

also assume lu1 I « lu2 I. In a similar way to the type A linear quiver case studied in [9], 

let us arrange the order of the elements in the integrand as follows. 

1. Move Stah<t,,T1;2(X;3) to the right of all operators. 

2. Move: TibEN' x-(xZ) : to the left of <l>0(u1) by using the formula (4.8). 

3. Make: TiaEN x-(x:) :: TibEN' x-(xi) : totally normal ordered product by the formula 

aE(N,N') 

Here we set {xa}aE(N,>-") = {x:}aEN u {xnbEN'· We define the order of boxes in the 

different partitions by Pa < Pb for a EX, b E X'. 

4. Divide< x-(x:)x-(xZ) > into the symmetric and the non-symmetric parts as (4.2). 

5. Symmetrize the integrand over {xa}aE(NY')· 

One thus obtains 

1 IT dxa : IT x-(xa) : <I>0(u1)<l>0(u2) 
CxC aE(NY') aE(NY') 

X IT < x-(xa)x-(xb) >sym Stah<t,T1/2((.X.', .X.");3), 
a,bE(),.',>..11 ) 

Pa<Pb 
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where we set 

~ , " ( II 0(xUx~)0(t2x~/xn II ( 0(nuifxi)) 
Stabe:,r112((A 'A );3) = Sym{xaLEC>-'Y'l 0(t x"/x' )0(nx' /x") - 0(x"/u) 

aEN,bE>-." 1 b a a b bEN' b l 

X SW,,, ,T'i' ( >,'; jh-') SW,,,, ,T'i' ( >,''; j)) · 

Then it is remarkable that Sta1e:,r1/2 ((X, X'); 3) coincides with the hatted version of the el­

liptic stable envelope for Er(M(n' +n", 2)) given in (3.3). We hence regard the composition 

<I>N(u1)<J>;..,,(u2) as a vertex operator for M(n' +n",2). 

In general, one obtains the type I vertex operator for M(n, r) by composing the basic 

vertex operators repeatedly. 

(id®··· ®id@<I>(u1)) o • • • (id@<I>(ur-1)) o <I>(ur) 

: F_(l,N) -+ F_(0,-1)® ... @F,(0,-l)@F,(l,N+r) . 
v Ur u1 (-Jrv/u1···Ur 

Defining the components <I> .x. ( u1, • • • , Ur) by 

one finds 

nEZ2 o .X=(.>.(1), ... ,>.(r)) 
i.>.l=n 

<I>.x.(u1,··· ,ur) =<I>wi(u1)···<I>;..crJ(ur) 

(4.12) 

= 1 II dxa: II x-(xa): <I>0(u1) • • • <I>0(ur) II < x-(xa)x-(xb) >sym Sta1e:,r112(.X;3), 
er aEA aEA a,bE.>. 

Pa<Pb 

(4.13) 

where Sta1e:,r1/2 (.X; 3) is the hatted version of the elliptic stable envelope for Er(M(n, r)) 

satisfying the shuffie product formula (3.5). We hence regard <I>.x. ( u1, • • • , Ur) as the type I 

vertex operator for M ( n, r). 

We also have a similar construction for the type II dual vertex operators. 
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5 The K-Theoretic Vertex functions for M(n, r) 

A vertex function for a quiver variety X is a generating function of counting quasi maps 

from JID1 to X [15]. We show that the vacuum expectation value of the vertex operator 

constructed in the last section gives the K-theoretic vertex function for X = M(n, r). 

Let .\µbe two partitions with I.\I = lµI = n. There is a bijection c;- from boxes in.\ to 

those inµ defined by c;-(a) = b E µfora E .\ if i(a) = i(b). Here i is defined in Sec.3.1. For 

a box a= (i,j) E µ, we set cp~ = t~(j-l)t~(i-l) as before. For the Chern root Xa (a E .\) 

we take the Jackson integral 

in the vertex operators for Hilbn(C2). Let IO)~l,N) be the vacuum state (2.2) in FP,N) and 

(l,NJ(0I be the dual state satisfying 

One finds that the following normalized vacuum expectation value gives the K-theoretic 

vertex function for Hilbn(C2). 

(pcp~(a)f 'P~(b); P )da-db (t2'P~(a)f 'P~(b); P )da-db 

(pt"1 1'P~(ai/'P~(b); Pk-db (ncp~(ai/'P~(b); Pk-db. 

Here we take Nµ as the the specialization of the integrand of -v/u(0l<I>.x(n-1u)I0)~1,N) to 

Xa = 'P~(a) (a E .\). We also use the following quasi-periodicity of the ESE. 

8W}Q'. Tl/2 (.\; 3) I xa=<,P pda = 3- ~aE.\ da X 8W}Q:,Tl/2 (.\; 3) Iµ' 
, ,(a) 

(aE.\) 

where 

The special caseµ = >., hence c;- = id, of this expression coincides with the formula obtained 

geometrically in [17]. 
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In the same way, the vertex function for M(n, r) is obtained from the vertex operator 

(4.13). One obtains the following result. 

Vµ( /ic . . . /ic ) . __ 1 ll,N-r) (Olm. ( /tc . . . /tc)I0\(1,N) A U1 n, ,Ur n,3 .- N, (-fi)'v/ui•··Ur '±'A U1 n, ,Urn Iv 
µ 

= L tr (t,,-(r-2)pr-N-l3)- ~aE.x(i) da tr II (ncp~a/:i:P)da 

dENn i=l i=l aEA (P'P,cail i,P)da 

II (pcp«.ail 'P«.b); p )da-db ( t2tp~(ai/ 'P«.b); p )da-db 

X ( -1 µ I µ ) ( µ I µ ) • 
a,bE-" ptl 'P,(a) 'P,(b);p da-db ntp,(a) 'P,(b);p da-db 
Pa#Pb 

Here d = (da), a E .X = (>.Cl),••• , >,(rl). This agrees with the formula in [4]. 

6 Exchange Relations of the Vertex Operators 

Let (P2 )n = { a = (o:', a") E P x P I lnl = lo:'I + lo:"I = n }. For a = (a', a"), 

let a= (o:",o:'). We define the elliptic dynamical instanton R-matrix Rr,112(u1,u2;3) E 

EndIF(Fi~,-l)®Fi~•-1)) as the following transition matrix of the elliptic stable envelopes. 

For a, {3, 1 E (P2 )n, 

Rr1/2 ( U1, u2; 3) l,B')u1 ®l,B")u2 = L Rr,1;2 ( U1, u2; 3)! lo:')u1 ®lo:")u2, (6.1) 
o.E(P2 )n 

Rr,1;2(u1, u2;3)! = µ(ui/u2)Rr112(u1, u2;3)!, (6.2) 

Stalil!'.,r112(a;3)1 1 = L Sta1e:,r112({3;3)1 7 Rr112(u1,u2;3)!- (6.3) 
/3E(P2 )n 

Here µ( u) is a scalar function defined by 

It is explicitly calculated by using ( 4.5) as 

( ) r(nu; t1, t2,P) 
µ u = ' 

f(pu; t1, t2, p) 

where r(z; t1, t2 ,p) denotes the triple Gamma function defined by 

00 

( t t ) II (1 _ztm1 1tm2 2pm3). z; 1, 2,P oo = 

(6.4) 
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By definition, Rr112(u1,u2;3) preserves the representation level w.r.t. C = t;,c/2 : 

(6.5) 

In addition, we assume the property 

(6.6) 

We use this in Proposition 6.1, 6.3 and as a consistency condition in a derivation of the 

dynamical Yang-Baxter equation (6.12). See [12] for detail. Note also that Stabe:,r112(a;3) 

is depend on u1, u2 only through the chamber I!: : u1 « u2 essentially. Hence for any 

a E ex 

(6.7) 

Proposition 6.1. The type I vertex operators satisfy the following exchange relation. 

where w = (w', w") E (P2 )n-

Similarly, let us define R* 112 ( u1, u2; 3*-1) E EndIF(.F~~,-l)®.F~~,-l)) as the following tran-
Topp 

sition matrix of the elliptic stable envelopes Stab:r.112(•;3*-1). For a,{3, 1 E (P2 )n, 
, opp 

R;112 ( u1, u2; 3*-1 )~ = µ*( uif u2)R;112 ( u1, u2; 3*-1 )~, 
opp opp 

Sta1i:r.112(a;3*-1)I- = " Stab:r.112(/3;3*-1)1 RT* 112(u1,u2;3*-1)~, 
' opp I L-t ' opp I opp 

/3E(P2 )n 

where µ* ( u) is a scalar function satisfying 

Explicitly it is given by 

Proposition 6.2. 

(6.8) 

(6.9) 

(6.10) 

(6.11) 
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Proposition 6.3. 

where w = (w', w") E (P2 )n-

Proposition 6.1 and the associativity for the composition of three type I vertex operators 

yield the following dynamical Yang-Baxter equation under the assumption (6.6). 

(6.12) 

Similarly, Proposition 6.3 and the associativity for the composition of the type II dual 

vertex operators yield the same dynamical Yang-Baxter equation for R;112 (u1 ,u2 ;3*). 

Finally, the type I and the type II dual vertex operators exchange by a scalar function. 

Proposition 6.4. In the level (1, N) representation, one has 

Here r(z; t1 , t2 ) denotes the elliptic Gamma function given by 

00 

(z; t1, t2)00 = IT (1 - zt;_'11t;'2). 

m1,m2=0 

Combining the type I and the type II dual vertex operators, we construct the £-operator 

L + satisfying the RLL-relation. We then derive the exchange relations between L + and the 

vertex operators, which can be regarded as the intertwining relations w.r.t. the standard 

comultiplication ~-
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7.1 £-operator on FP,N) 

Let a 0 P : (®17 --+ 17®( and consider the following composition of the type I and type II 

vertex operators. 

F_(O,-l)cfi)F,(1,N) ~ F(l,N)cfi)F,(0,-1) <l>(ll~®id F,(O,-l)®F(l,N+l)®F(0,-1) id~u) F(O,-l)cfi)F,(1,N) 
u /jl/2v /jl/2v u /jl/2u -v/u u /jl/2u v • 

Hence we have the operator 

for NE z, VE ex. Here we set g = (n; t1, t2)00- Define the components of L+(u) by 

L lµ)n1/2u®L!,_,(u)(, 
µ, 

for lµ)u®( E F~O,-l)®F~~;~}- One finds 

L!,_,(u) = gw:(u)<I>µ,(n 112u). (7.1) 

Now let us consider the following elliptic dynamical R-matrices. 

(7.2) 

where Rr112 is given in (6.3) and R;;12 = R;112 lp>--+p*. 

Proposition 7.1. The£+ operator satisfies the following relation. 

'°' R+ ( • )111
"

1£+ ( )L+ ( ) - '°' £+ ( )L+ ( )R+* ( • *) 1111
"

11 

~ Tl/2 u, V, 3 µ,v µ, 1µ,11 U v'v" V - ~ vv' V µ,µ,' U Tl/2 u, V, 3 µ,'v' · 
µ',v' µ',v' 

7.2 Intertwining relations 

Proposition 7.2. The type I and the type II vertex operators satisfy the following relations. 

µ'v' 

L!11"( u)w:"( v) = L w:,( v)L!11,( u)R;;12 ( u, v; 3*)~;:;,". (7.4) 
µ'v' 

Assuming the existence of the universal £-operator ,C+(u) E EndIF(F~O,-l))® U, which 

coincides with R;112 (u,v;3*) for U = F~O,-l) and with £+(u) for U = F~l,N), one can 

define a comultiplication ~ as a matrix tensor product of ,C+(u). Then the relations in 

Proposition 7.2 turn out to be the intertwining relations w.r.t. ~-
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