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A SURVEY OF RESULTS ON THE INVERSES OF TOEPLITZ AND BAND
MATRICES

by De S. Meek
Department of Computer Science
Univarsity of Manitoba
Ainnipeg, Canada

ABSTRACT

This survey:meﬁtions sume of the effcrfs wvhich have been
made tecgntly in finding the inverses of Toeplitz and band
maﬁrices. Many authors have <concentrated on properties of
the inverses in casés whefe finding the actual elements of
the inverse seems too difficult. Some variations on the
strict Toeplitz form, all elements identicél on every

diagonal, and on the fixed baniwidth form are included.



1. INTRODUCTION
Toeplitz and band aatrices arise in many probleas. The
inverses of these m@matrices and: the properties of their
inverses are useful. The test survey of the recent work is
by Roebuck and Barnett {2591, Trench [34] reports that
Toeplitz wmatrices play an important role in discrete randon
processess. Fischer ani Usmani {7] show how to find accurate
error bounds on aprroximations to solutions of some boundary
value problense. They'uée the infinity noram of the inverse of
a tridiagonal @a£rix. |
Toeplitz.matrices have the same element repeateﬁ on each

diagonal. An exampla of a Toeplitz matriz of bandwidth
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Variations which have irregular corner elements are included
in this survey.
A circulant matrix is a Toeplitz matrix but would not

usually be <considered a - band wmatrix. An example of a -
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circulant is

(1-2)
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The variocus papers included here are classified according
to the type of matrix which is dinverted or studied. The
first group 1is the +tridiagonal iy@e. These matrices can
easily be inverted even whe§ not of Toeplitz type. The
second group 1is the fiva"band type., 211 the results in this
group are for Toeplitz or nearly Toeplitz amatrices. Most
authors further restrict theamselves to symmetric matrices.
The third group is the Toeplitz fixed bandwidth type where
the elements of the matrix are special numbers or have
special properties. Finally, the fourth group is the general
Toeplitz band type. There is a variety of teChniques used
here and thé form of the answer varies a great ‘deal fronm

paper to paper.



2. TRIDIAGONAL FOR

#any authors have f£ound the 1inverses of tridiagonal or
slight variations of tridiagonal matrices with and without
the restrictioa of Toeplitz forme The general appearance of

such matrices is
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Tridiagonal fora would have zero in the lower left and upper
right corners. It is difficult to make a complete 1ist but a
representative set of papers 1is collected here in an
approximate order froam the most general matrix first to the
nost specific matrix last. It may seem strange that s0 many
papers have been writt2n on the same problem. The reason is
that slight specializations in the problem make tremendous
changes in the formulae for thae inverse and in how explicit
a formula can be given for the inverse. The references give
the author!s name, yeir of publication and a description of
the aatrix treateds. Soae coammeats on the method used and the

form of the answer are includeld.



Rick {1973/9) invercs the genmeral matrix {(2.1), [271. A
three t2rm recurrence ai1st be =solved before the formula for
the elements of the inverse can be written explizitlye. Thae
tridiagonal 15 treated as a1 special case and the elemants of
its inverse are written in teras of Lucas polynomnials.

Torii (1966) and Ikabe (19795 toth invert the tridiagocnal

form, [321,0331,016]},

Torii expresses elem2ats of +the inverse in teras of
fundamental soluticns of two difference eguations. Ikabe
inverts a general Hessenbaerg matrix and applies the result
to a tridiagonal matrix. He show#s that eéch element of the
inverse is an inner product of two vectors. Ia the proof,
the matrix is partitioned a certain way to give iaforamation
about the inverse.

Kershaw {(197C) fiands upper and 1iower bounds on the
elements of the inverse of a tridiagonal in which the

super~diagonal is related to the sub—diagonal, {181,

dl = dn = 03 c; = 1- a;, i=2,3, ... ,n-1.
The bounds are easily calzulated from the elements of the
tridiagonal.

Clement (1959) inverts a tridiagonal which has zeros on

its diagonal, {41,

The inverse exists for evan n and many of 1its elements are



Z2TCe The noa~zerc

products of the elements

a2lements are

given as a guoctient of

of the tridiagonal.

Schlegel (15703 inverts a syametric, persyametric
tridiagonal, [(3C]),
dl = dn = Q;
a; = i,i=2, 3, ... , n;
c; =1, £ =1, 2, +¢v. 4. n ~ 13
_ bi =b i+1° i=1,2, ..., [n/Z] .

After n values are calzulated

each element of

three of these values.

Searle {(1979) inverts a
ai =a, i
b, =b, 1
1
c; =c, 1

Explicit formulae for the

Since any <circulant can

term circulants, thes=2

inverting any circulante.

solving a three tera

equation.

from a three term recurrence,

the inverse can be written as a procduct of

three tera circulant, (311,
=2, 3, ... , 1} dl = a;
=1, 2, ..., nj

=1, 2, . , . — 1; dn = c

2lements of the inverse are given.

be written as a product of three

results provide an algoritaam for

The formulae are obtained by

constant coafficient differencs
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Uppuluri and Carpentar {1970) invert a Toeplitz

tridiagonal matrix, (351,

d. =d =
1 n Q;
ai=a, £t=2,3, ..., n;
b, =h,1=1, 2, ... , n;
i
,ci=c,i’=l, 2, e yn~1,

They f£ind elenents of the inverse by solving a three tera
constant coefficient 1ifference eguations. The elemants of
the inverse are express2d in teras of elements of the powers
of a certain Z x Z matrix.

Vvalvi (1977) invarts a syammetric tridiagonal - which

depends on two parameters, {381,

¢l= %1= 0;
ai=a,i=2,_ 3, «.. 5, N3}
c,=¢c,1i=1, 2, . , n — 1;

The elements of the inverses are given explicitly. This
paper also gives the lanverses of two other special matrices.

Meek {1980) inverts a matrix which is symmetric, Toeplitz



and tridiagonal except for the coraer elements, {231,
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The matrix is partitioned to sepaéate the <corners from the
more regular central portion. The solution of a three tera
constant coefficient difference eqguation is needed to
express the elements of the inverse. Some conditions that
the inverse is positive are . given.

Kershaw {1969) inverts tvo symaetric matrices, " One is
Toeplitz and tridiagonal, except fot corner eleaments, and
the other is  a three term circulant, except for <corner

elements, {171},

¢L= ﬁl= 0;
a, = 1, i =2, 3, ... , ng
b, =b,1i=2,3, ... ,n-1;
i
c.=1,1i=1, 2, ... ,, n—-1;
i
and
d1= %1= 1;
a; = 1, i =2, 3, ... , n;
bl=bn;bi=b’i=2’ 3, «¢v ,n - 1;
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The  formulae are obtained from difference eguaticn
considerations and ar2 expr2ssed in <terzs of Chabyshev
polynomials.

Fischer and Useani {1959) invert a symmetric Toeplitz

tridiagonal watrix, [71,

s

[

The methed used is Gaussiaﬁ elimination and the elements of
‘the<inverse are expressed in terms of the solution of a
three term constant coefficient difference egquation. The
norm of the inverse is calculated and used in an ‘error
an}lysis of the approximate solution of a boundary value
probiem.

Ford (1975) inverts a spacific thgee tera circulant which

arises from periocdic cubpic¢ spline interpolaticn, {81,
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c,=1,i=1,2, ... ,n—-1.

He finds limiting wvaliaes, as n becomes large, for the
elements of the inverse matrix. It 1s then easy to solve a

set of linear =2quations involving this matrix.



3. TOEPLITZ FIVE-BAND FORM

Five~pband matrices are significantly harder to invert
than tridiagonal matrices. A few authors have studied
syametric Toeplitz five-band matrices with soae anomolous
corner elements. Even this restricted class of matrices is
fairly difficult and aost papers give rpropertias of the
invetse matrix, not explicit formulae for the elements. The

general matrix of this type is

A b c B

/b a b c O
c b a

. (3-1)
c
a b/
C c b D nxn

The references listed below are in an approximate order frona
the most general matriz first to the most specific matrix
last.

Meek {1980) 1inverts (3.1), [22]. The method is to
partition the matrix in order to separate the corner
elements‘from the more regular central portione The formula
for elesents of the 1inverse Jdepends on the solution of a

fourth-order constant zoefficient difference egquation.

11
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Meek {1976) inverts a Toeplitz five-band matrix, [21],
A=1,B=O,C=O,D=]_?a’;l,

The top rdw of the inverse is found and a condition tnat the
entire inverse is positive is jiven. A fourth~order constant
coefficient difference’equation is used to express élements
of the top tow of the 1invers2 and partitioning is used to
relate them to elemrents elsewhere in the matrixe.

Hoskins and McMaster (1976,1377,1973) discuss propérties
of the 1inverse of a symmetric Toeplitz five~band nmatrix,
{121, 1131, (151,

A=a,B=0,C=0,D=a, c=1.

The matrix is 2xpressedl as a‘ product of matrices of smaller
bandwidthne. Propertie2s such as the sign  pattern of the
inverse and bounds on the infinity nora of the invérse are
studied. Some variations on the Toeplitz form are included.
Usmani (19713 inverts a symametric five~band wmatrix with

one parameter, [371,

He solves a fourth-orler constant coefficient difference
equation to find the 2lements of the 1inverse. A4 sinple

condition that the inverse is positive is given.



4, ~ SPECIAL TQEPLITZ FORMS OF UNRESTRICTED BAND¥WIDTH

A few Toeplitz matrices of unrestricted bandwidth have

been inverted  explizitly. Tha methods are - generally.

combinatorial in natur2 and rely heavily on the specialized
form and elements 0f»tha matrix which isrneing inverted. The
papers are listed in ilphabetical order by author*s last
name.

Aadres, Hoskins 'and,~Stahton [21 invert a class of
skew«sym@etric fce?litz bahé matrices whOSé coefficients are
derived fron finite éifference opefgtors.' An example of the
matrices treated is

Q. 2--1

-2 0 2 -1 O \
1 -2 0 S ‘

B

Hoskins and 'Meek {141 find an éttainable bound on the

infinity norm o0f a class of circulant matrices. This class
includes wmatrices which arise from periodic polynonial
spline interpolaticn. X2rshaw [19] qivés the bound for those
matrices which aris2 from o0dd order pericdic spline

interpolationa.

13
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Hoskins and Ponzo [11] invert a class of syasmetric
-Toeplitz - band matrices whose entries are binomial

coefficients. An example of the class of matrices treated is

6 -4 1

NN
I\

Rehnqvist [28) inverts the symmetric Toeplitz band matrix

1
4

6 /nxn

kK k-1 k-2 ... 1

\O\

e

1...k1 k nxn
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5. GENERAL TOEPLITZ 3AND FORY

Many authors have founc formulations for the inverses of
Toeplitz band matrices without restricting the bandwidth or
assuming any special :zoefficisnts in the matrixe. The many
papers which treat the solution of linear equatiocns which
have ‘a Toeplitz or band @=matrcix will pe omitted here in
favour of thcse papers which attezmpt more explicit
.formulations far the lnverse omatrizxe. While most of the
results are for Toeplitz cand wmatrices, three papers treat
more general cases. Yamamoto and Ikebe [39)] and Oohashi [261]
invert a band wmatrix without assuaming Toeplitz fora and
Trench {341 inverts a Toeplitz matrix without assuming a
fixed bandwidta. Another paper (9] expresses the inverse of
Toeplitz and nearly Toeplitz matrices ty means  of
recursionse. The papars listed below are 1in alphabetical
order by author*s last naa=.

Allgower [1] inverts a syasertric Toeplitz tand matrix of
bandwidth 2k~1. He proves a useful result that it suffices
to ﬁind only k{(k~1)/2 elements of the inverse. The remaining
elements <can be computed by elementary calculations.
Unfortunately, the process of finding those k{k=-1)/2
elements can Dde rather difficult. - The cases k=3 and k=4,
five~band and seven~band matrices, are discussed in detail.
‘A constant coefficient difference equation of order 2k~1
mu st be solved after which the elements of the inverse can
be caiculated with a simple formula. Hany examples of the

inverses of spacial five and seven~band matrices are given.
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Baréiss {31, while not actually looking for ths inverse,
glves an interesting  formulation for ~the solution of a
linear system whose matrix’isvToeplitz. 4is method iavolves
recurrences with detersinantse. The foraulae in Meek [24] are
similar to those found by Bareiss.

Meek [241 dnverts a Toeplitz band matrix "of bandwidth k
and wiﬁh s super~diagonals. A <constant coefficient
difference eguation of*order k must be solved before the
elements of th2 inverse can be written. Each element of ‘the
inverse - is an  s+% x s+1 determinant divided by an s ¥ s
‘determinant. Thus, +the formulae are simple if there are a
'small number of super~diagonals. Some <conditions on the
solution of the differencde equation that imply the inverse
matrix is positive are Jiven for small s.

Mentz [251  inverts a symametric Toeplitz band ‘maftix~of
bandwidth 2k~ 1. The matrix is first written as a linear
coabination of k simple matrices whose elements are all
zeros except £or at most two symmetrically placed diagonals
of ones. The inverse an be expressed as the solu£ion of a
system of linear difference eguations. The cases k=2 and
k=3, tridiagonal and five2~band matrices, are. treated in
detail and there 1is some discussion on the elements of the
inverse for larqé De

Oohashi [26] inverts a band matrix of bandwidth k+1+1 an@
exprasses the elements of the dinvers2 1in terms of the

solutions of some linear difference eguations of order k+l.
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Each elemant of the iaverse 1is an inner product of two
vectors.

Trench [34] inverts a positive definite Toeplitz matrixe.
4 partitioning cf the original matrix by separating the left
coluan and the top revy shows how the inverse of ann x n
matriz is related to the inverse of an 2”1 x n~1 matrix.
This recursion. 1is then sinmnplified considerably to Jive an
algoritaa to find the inverse of just the n x n matrix.

Trench [{35] inverts a Toeplitz band matrix of bandwidth
ke The same partitioning 1is used as in [34]. A fixed
bandwidth means that some of the recursions in the earlier
work can be solved in terms of the solutions of 1linear
difference equations. Two ‘constant coefficient difference
egquations of -order kfi-must ‘be solved. Some exanmples are
worked and an algoritha is given.

Yamamoto and Ikebe [39] invert a band matrix of bandwidth
. 8 The formula for the ’elements of the inverse is
essentially a sum of products of determinantse. ~ The
determinants are of ‘orler k=1 x k=1 and s x s where s is the
number of super-diagonals and their entries are ‘produced
from k™1 recurrences. The development o©f the formulae is
based on difference equationse. The general tridiagonal is

given as an example.
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6. PROPERTIES OF INVERSE IN GENERAL CASE

This short section will survey papers whica find
properties of inverses of Tcoeplitz or band matrices withocut
finding the elements of the inverse.

Demko [51, (61 gives some rTesults for the inverses of
band matrices. The first paper shows that the elements in
each diagonal of the inverse of a diagonally dominant patrix
are pbounded by guantities whizh exponentially decay as one
moves away from the main diagonal. The second paper gives a
method to bound the infinity norm of the inverse of a band
matrix.

Grenander and Szego {10] are not concerned with inverses
but give so0 many interesting thecrems -on the location of
eigenvalues of Toeplictz wmatrices that it would be a‘shame
not to mention their work here.,

Lorenz and Mackens [20] give a condition that the inverse
of a Toeplitz matrix of bandwidth k ls totally non~negative,
which means tnat all of 1its aminors are non~negative. The
condition is that the zeros of a polynomial of degree k are

positive or 'nearly' positive.

Results on the inverses of Toeplitz and band  matrices
have aroused considerable intersst. However, 1t appears that
the results of one worker are not known-to another so that

many results are rediscovered. This survey has attempted to



13

collect the various papers aad give brief summaries of their
results. It 1s hard to say at present wihich results will be
most useful as many are very conmplicated algebraicallye.

One direction which needs more attention is the inversion
of matrices )which are slight variations on Toeplitz band
matrices, These matrices arise mnaturally in boundary value
probleas and appear to have properties, 1like +the infinity
-norm of the inverse, which are very close in value to the

corresponding property of the Toeplitz band matrizx.



Te

5.

6

7

G

9

10,

1.

12,

REFERENCES

Rllgower, £+ Le. ¥Exact inverses of certain band
matrices?' Numer. ¥dath. 21(1973), 279-284,

Andres, . Te He, #e Do Hoskins and R. Ge. Stanton *The
elements of the inverses of a family of difference
matrices?® Ars Combine 3(1577), 31973265.

Bareiss, E. He 'Computational solations of matrix
problems over an integral domain® JIMA 10(1972),
68~104., ‘ : :

Clement, P. Ae A class of triple diagonal amatrices for
test purposes? SIA® Rev. 1(1359), 50-52.

Deako, Se 'Inverses of band matrices and local

convergence of spline projections?! 5IAM J. Numer. Anal.
14(1977), 6167619,

Demko, S. '0n bounding llA-le for banded A? Math.
Comps 33{1979}, 128371253

Fischer, T+ F. anl Re. A. Usaanil *Properties of sonme
tridiagonal matrices and their application to boundary
value problems® SIAM J. Numer. Anal. 6{1969), 127-142.

Ford, We Se "Algorithm 90 =- periodic cubic splines,
equidistant knots?! Coape. Jo 18{1975), 133~184.

Friedlander, Be., %+ Morf, T. Kailath and L. Ljung ?New
inversion formulae for matrices classified in terms of
their distance from Toeplitz matrices® Lin. Alg. Appl.
27{1979), 31=60.

Grenander, U. and G. Szego *'Toeplitz Forms and Their
Applications' Berkeley, Uaniversity of California Press,
1958,

Hoskins, 4+ Ds and Ps Je Ponzo 'YSoame properties of a
class of band matrices' Mathe. Comp. 26{1972), 393-400.

Hoskins, We Ds and G. Es HMcMaster 'On the inverses of a

class of Toceplitz matrices of band width five?' Lin.
Multilin. Alg. 4{(1978), 103-106.

- 19 -



13.

14 .

15.

16.
17,

18.

19.

20.

27

224

23.

26.

Hoskins, We De and Ge Ee ¥cMaster 'Properties of the
inverses of a set o9f band matrices* Lin. Multilin. Alg.

- 5(1977), 1837196,

Hoskins, We D» and Ds. S. Meek "The infinity norm of a
certain type of syametric circulant matrix' Math. Comp.
31(19773), 7337737,

Hoskins, We Des anil Ge. Ee ¥cMaster 'On the infinity norm
cf the inverse of a class of Toeplitz smatrices of band
width five? Lin. #dultiline. Alge. 6{(1978), 1537156,

Ikebe, Y« 'On inverses of Hessenberg matrices® Lin.
Alg. Appl. 24(1973), 93=97.

Kershaw, Do 'The 2xplicit inverses of two commonly
occurring matricest?! FHath. Comp. 23{1969), 189191,

Kershaw, D. 'Inequalities on the elements of the
inverse of a certain tridiagonal matrix' Math. Comp.
24(1970), 1557158,

Kershaw, De *A bound on the inverse of a band matrix
which occcurs in laterpolation by perilcdic odd order
splines® JIMA 20(1977), 227226

Lorenz, J. and We. Yackens *'Toeplitz matrices with
totally nonnegative inverses' Lin. 3lg. Appl. 24{1979),
133“"141 [

Meek, De Se 'A new class of matrices with positive
inverses?® Lin. Alg. Appl. 15(1976), 253 26Q0.

Meak, D S» '0n the inverses of some matrices differing
slightly from a symmetric, five~band, Toeplitz foram®
Proc. £ighath Manitoba Conference on Numerical Math. and
Computing, 1978, 4057412.

Meek, D.n'The invarses of some matrices deviatinq
slightly from a syametric, tridiagonal, Toeplitz form?
S5IAM J. Numer. Anal. 17(1980), 39-u43,

Meek, Ds 5+ "The iaverses of Toeplitz band matrices?
submitted to Lin. Alg. Appls. 1982.

Mentz, Re Pe 'On the inverse of some covariance
matrices »of Toeplitz type! SIAM J. Appl. Kath.
31(1976 ), 426-437,.

Qonashi, T. 'Some representations for inverses of band
matrices! Tokyo Rika University, Tokyo, Japan
14=-2{1978), 39-47.



27 .

28 «
29.
30

37,

32.

33.

34.
35.

36,
37.

38.

39.

22

Rack, He. J. 'The oxplicit inverse of a guasi~
tridiagonal matrix' Matrix Tensor guart. 23(1378/9%),
27-28, 31-34.

Rehngvist, L. *Inversion of certain syametric band
matrices?' BIT 12{(1%72), 90-98.

Roebuck, P+ Ae. and S. Barnett A survey of Toeplitz and
related matrices' Inte. J« Systems Sci. 9{1978},
321-934, :

Schlegel, P. 'The 2xplicit inverse of a tridiagonal
matrix® Mathe. Ccumn. 24(1970}, 665.

Searle, Se Re *On inverting circulant matrices?® Lin.

Torii, T. *Inversion of tridiagonal matrices and the
stabillity of tridiagonal systems of linear equations?
Technology Reports of the Osaka University, Osaka,
Japan 16{1666), 403~414,

Torii, T. 'Inversion of tridiagonal matrices and the
stability of tridiagonal systems of linear equations?
Information Processing in Japan 6{13966), 41-45,

Trench, We Fo 'An algorithm for the inversion of finite
Toeplitz matrices?y J. SIA® 12(1964), 515=-522.

Trench, We Fs ®*Inversion of Toeplitz band matrices?
Mathe Compe. 28(1974), 1039-1095.

Uppuluri, V. Res and Je BRe Carpenter 'An inversion
method for band matrices' J. Mathe. Anals Appl.
31(1970), S54-558.

Usmani, Re Ae 'Properties of a five-band matrix and its
application to boundary value prcbless' Lin. Alg. Appl.
4(1971), 101-115.

vVvalvi, F. *Explicit presentation of the inverses of
some types of matrices? JIMa 19{(1977), 107-117.

Yasnamoto, T» and Y. Ikebe 'On inversion of band
matrices?® Lin. A13. Apple. 24{1579), 105111,

- 27 -



