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ABSTRACT. Let lxJ denote the integer part of x. In 1947, Mills constructed a real 
number A > 1 such that l A3k J is a prime number for every k E N. Let W be the set of 
all such real numbers A. It is known that W is uncountable, nowhere dense, closed, and 
has Lebesgue measure 0. In this paper, we give a simple proof of this fact. 

1. INTRODUCTION 

Let N be the set of all positive integers, and l x J denotes the integer part of x. In 1947, 
Mills showed the following theorem. 

Theorem 1.1 ([8, THEOREM]). There exists a real number A> 1 such that 

(1.1) l A3k J is a prime number for every k EN. 

The following fact is already known. Before stating it, a subset X of IR is nowhere 
dense if X n U is not dense in U for all non-empty open subsets U of IR in the sense of 
the Euclidean topology. 

Theorem 1.2. Let W be the set of all real numbers A> 1 satisfying (1.1). Then the set 
W is uncountable, nowhere dense, closed, and has Lebesgue measure 0. 

We note that the uncountability, nowhere denseness, and zero measure of W are con­
sequences of [13, THEOREMS 5,6,7] and the closedness is deduced from [4, Lemma 3] or 
[12, Theorem 1.2]. 

After Mills' work, several mathematicians are interested in the existence of A> 1 such 
that l Ack J is a prime number for every k E N, where c is a fixed positive real number. 
For instance, Kmpers [7] showed the existence of such A for every integer c 2: 3. Ansari 
[2] extended the range to real numbers c > 77 /29; Niven [9] independently presented a 
similar extension, but it is for c > 8/3 = 2.666 • • •. 

Wright [13] first considered a set of such numbers A, and he investigated its geometric 
properties. To exhibit his result, let K > 1 and (Dk)k=O be a sequence of positive real 
numbers. Suppose that ( .Xk)k=l is a sequence of real functions satisfying that for all k E N 

• .Xk(x) is positive and continuous on [Dk-l, oo); 
• .Xk(x') - .Xk(x) > K(x' - x) for all x' > x 2: Dk-l· 

We further define <Pk(x) =Ako Ak-l o • • • .X1 (x) for all x 2: D0 , where f o g(x) = f(g(x)). 
Let B be a subset of N. Then, Wright studied the properties of 

W((¢k)k=1) ={A> 1: l</>k(A)J EB for all k EN}. 

He gave sufficient conditions on B and (.Xk)k=1 to obtain W( ( ¢k)k=1) is uncountable, 
nowhere dense, and has Lebesgue measure 0. It is hard to follow the proofs for beginners 
because his paper is highly generalized. Thus, by focusing only on the case as .Xk(x) = x 3 , 

this paper aims to give a more accessible proof. 
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Deschamps [4] studied more details on the geometric properties of W( ( <Pk)k=l) in the 
case when ..\1 (x) = ..\2 (x) = • • • = ..\(x), that is, 

k 
,..--"--,.. 

<Pk(x) = ..\ o .. • o ..\(x). 

He gave sufficient conditions so that W( ( ¢k)k=1) is closed, totally disconnected, and has 
no isolated points. The author and Takeda [12] also gave a similar result when ..\k(x) = xck 
for every k E N and ( ck)k=1 is a sequence of integers satisfying suitable conditions. 

We refer to [5] for more details on the early research of this topic. Recently, the author 
[10] showed that min Wis irrational. We refer to [1, 12] for the readers who want to know 
the arithmetic properties of elements in W. 

2. UNCOUNTABILITY 

Throughout this paper, let W be as in Theorem 1.2, and P denotes the set of all prime 
numbers. This section aims to prove that Wis uncountable. Before that, we show Mills' 
result (Theorem 1.1) for practicing. To prove it, we should apply a suitable result on 
prime gaps. Actually, Mills applied the following result given by Ingham. 

Theorem 2.1 ([6]). For every E > 0, there exists x0 = x0 (c) > 0 such that for every real 
number x 2 x 0 , we find a prime number p satisfying that x S p S x + x 5/s+e. 

We remark that Ingham asserted a stronger statement, that is, for every E > 0, there 
exists x 0 > 0 such that for every x 2 x 0 , we find a prime number p satisfying that 
x s p s x + x577/ 925+e. Baker, Harman, and Pintz [3] proposed the best-known result 
which states that we may replace 577 /925 + E with 21/40. 

We choose E = 1/24 and let x 0 be as in Theorem 2.1. By this theorem and 15/8+3c = 2, 
for every integer n 2 x0 there exists p E P such that 

(2.1) n3 Sp S n3 + n 15!s+3e < n3 + 3n2 + 3n = (n + 1)3 - 1. 

Proof of Theorem 1.1. Let p1 be a sufficiently large prime number so that p1 2: x~13 . By 
(2.1) with n = pr, we find P2 E P such that Pi S P2 < (P1 + 1)3 - 1. Similarly, by (2.1) 
with n = pg, we find p3 E P such that p~ S p3 < (p2 + 1)3 -1. By iterating this argument 
(more precisely, by induction), we find a sequence (Pk)k=l of prime numbers such that 

(2.2) P% s Pk+l < (Pk+ 1)3 - 1 

for every k E N. This leads to 

(2.3) p~;31 S p~;32 S p~;3a S ... < (p3 + 1)1;3a < (P2 + 1)1;32 < (P1 + 1)1/31, 

and hence 
lim Ptk =: A and lim (Pk + l) 1/ 3k =: A' 
k➔oo k➔oo 

exist. In addition, AS A' holds1 by (2.3). Therefore, for every k EN, we have 

A 3k A'3k Pk S S < Pk + l, 

which implies that Pk = l A3k J for every k E N. □ 

Theorem 2.2. The set W is uncountable. 

1 Actually, A = A' holds, but A ::; A' is enough for this proof. 
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The inequalities (2.1) are not strong enough to prove this theorem. For instance, we 
prepare the following auxiliary lemma. 

Lemma 2.3. There eixsts x1 > 0 such that for all integers n 2 x1 , we find prime numbers 
p(0) and p(l) such that n3 ~ p(0) < p(l) < (n + 1)3 - 1. 

Proof. Let E = 1/24, and let x0 be as in Theorem 2.1. Let x1 be a sufficiently large positive 
real number. Take an arbitrary n 2 x1 . We may assume that n 2 x1 2 x0. Then, by 
Theorem 2.1 with x = n3, there exists p(0) E P such that 

(2.4) n3 ~ p(0) ~ n3 + n2 . 

Furthermore, by Theorem 2.1 with x = n3 + n2 + 1, there exists p(l) E P such that 

(2.5) n3 + n2 + 1 ~ p(l) ~ n3 + n2 + 1 + (n3 + n2 + 1)213 , 

where 2/3 = 5/8 + 1/24 = 5/8 + E. Furthermore, we observe that 

(2.6) 

by replacing x1 with larger one so that (1 + x11 + x13) 213 ~ 2 if necessary. By combining 
(2.4), (2.5), and (2.6), we obtain 

n3 ~ p(0) ~ n3 + n 2 < n3 + n2 + 1 

~ p(l) ~ n 3 + 3n2 + 1 < n3 + 3n2 + 3n = (n + 1)3 - 1, 

and hence n 3 ~ p(0) < p(l) < (n + 1)3 - 1. □ 

Proof of Theorem 2.2. Let X1 be as in Lemma 2.3. Take prime numbers p(0) and p(l) 
with x1 ~ p(0) < p(l). For every i E {0, 1}, Lemma 2.3 implies that there exist prime 
numbers p(i, 0) and p(i, 1) such that 

(2.7) p(i) 3 ~ p(i, 0) < p(i, 1) < (p(i) + 1)3 - 1. 

Thus, we obtain prime numbers p(i1, i2) ( (i1, i2) E {0, 1 }2). 
For every (i1, i2) E {0, 1 }2, Lemma 2.3 implies that there exist prime numbers p(i1, i2, 0) 

and p( i1 , i2 , 1) such that 

(2.8) p(i1, i2)3 ~ p(i1, i2, 0) < p(i1, i2, 1) < (p(i1, i2) + 1)3 - 1. 

Thus, we obtain prime numbers p(i1, i2, i3 ) ( ( i1, i2, i3 ) E {0, 1 }3). 
We now define ik = (i1,i2, ... ,ik) for all i = (i1,i2, ... ) E {0,l}N. By iterating the 

above argument, we obtain a set { (p(ik) )k=1: i E {0, 1 }N} of sequences of prime numbers 
so that for every i E {0, 1 }N and for every k EN, we have 

(2.9) p(ik)3 ~ p(ik, 0) < p(ik, 1) < (p(ik) + 1)3 - 1. 

In a similar manner to the proof of Theorem 1.1, for every i E { 0, 1 }N, there exists a real 
number A(i) > 1 such that l A(i) 3k J = p(ik) for every k E N. Therefore, we have 

{A(i): i E {0, l}N} ~ W. 

Since {0, l}N is uncountable, it suffices to show that A(i) # A(j) for all i,j E {0, l}N with 
i # j. Take arbitrary i,j E {0, 1 }N with i # j, and let m = min{k EN: ik # jk}. 

Suppose that m = 1. Then, it is clear that A(i) # A(j) since 

lA(i)3J =p(ii), lA(j)3J =p(ji), and p(i1) #p(j1)-

Suppose that m 2 2. Then, by (2.9) with k = m - 1 and the definition of m, we have 

(2.10) p(im-1, 0) < p(im-1, 1), im-1 = jm-1, and im # jm . 
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Therefore, we obtain A(i) #- A(j) since there are distinct integers im, Jm E {0, 1} such 
that 

lA(i)3J = p(im-1, im), lA(j)3J = POm-1,Jm), 

p(im-1, im) = p(jm-1, im) #- POm-1, Jm), 

where we apply (2.10) to obtain the latter formula. 

3. TOPOLOGICAL PROPERTIES 

□ 

In this section, we prove that W is nowhere dense and closed. It is also known that W 
has no isolated points (See [4, 12] for more details), but we do not give a proof of this 
fact in this paper. 

Theorem 3.1. The set W is nowhere dense. 

Proof. Take an arbitrary non-empty open set U ~ IR. We may assume that W n U #- 0. 
Then, let I = (a, ,B) be an open interval such that I ~ U and 1 :S a < ,B. We take a 
sufficiently large k E N so that ,B3k - a 3k 2': 100. Then, there exists a composite number 
M such that a 3k < M < M + 1 < ,B3k. 

Let x = M 113k EI~ U, and let E = min(l, 3-k(x + 1) 1_ 3-k). Then, (x, x + c) n W = 0. 
Indeed, for all A E (x, x + E), we have 

M = x3k < A 3k < (x + Et < x3k + 3kc(x + 1t-1 :SM+ 1, 

and hence l A3k J (/_ P, that is, A(/_ W. Therefore, W n U is not dense in U. □ 

Remark 3.2. For all X ~ IR, X is totally disconnected if X is nowhere dense. Thus, 
Theorem 3.1 yields that W is totally disconnected. 

Theorem 3.3. The set W is closed. 

Proof. Let (Aj)~1 be a sequence of W such that limj➔oo Aj =: A exists. Suppose that 
there is a subsequence (AjJ~1 such that Aj1 2': A12 2': • • • 2': A. Then, for any fixed k EN, 
by the right-side continuity of the floor function, we observe that 

lA3kJ = llim A3kJ = lim lA3kJ. 
r--+oo Jr r--+oo Jr 

We note that l Af J E P since AJr E W for all r E N. Therefore, l A3k J E P since Z is a 
discrete topology ( or P is closed). 

We may suppose that there exists Jo > 0 such that 

1 < Aja :S Aja+i :S Aja+2 :S • • • :S A. 

Take an arbitrary positive integer k. If A3k (/_ Z, then the continuity of the floor function 
leads to 

Suppose that A3k E Z. If Aj = A for some J 2': Jo, then (A3k) 3 = Af+1
, and so 

(A3k) 3 = l Af+i J E P. This is a contradiction since the left-hand side is a composite 
number. Thus, we may assume that Aj < A for all J 2': Jo- Then, there exists J 2': Jo such 
that 
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by combining Aj < A (for all j EN), limj➔oo Aj = A, and A 3k+i E Z. Therefore, we have 

(A3k)3 - 1 = l Af+l J' 
a contradiction since the left-hand side is a composite number but the right-hand side is 
a prime number. □ 

If a topological space X is non-empty, compact, totally disconnected, and has no iso­
lated point, then X is homeomorphic to the middle third Cantor set. Therefore, the set 
W n [0, a] is homeomorphic to the middle third Cantor set for every sufficiently large 
a E IR\ W. See [4, 12] for more details. 

4. LEBESGUE MEASURE 

Let µ denote the Lebesgue measure on IR. In this section, we show the following 
theorem. 

Theorem 4.1. The set W has Lebesgue measure 0. 

Lemma 4.2. Let A E W. Let Pk= lA3kj for every k EN. Then for every k EN, we 
have pf S Pk+l <(Pk+ 1)3. 

Proof. Take an arbitrary integer k E N. Since Pk = l A3k J, we have Pk S A3k <Pk+ 1, 
and hence pf S A3k+i < (Pk+ 1)3. Since pf EN, we obtain pf S lA3k+iJ < (Pk+ 1)3, 
which implies that pf S Pk+l < (Pk+ 1)3. D 

Lemma 4.3. For every E > 0, there exists x 2 > 0 such that for every x 2: x 2 , we have 

#([x3

, (x + 1)3) n P) s (~ + E) x 2

• 

Proof. Let E be a positive real number. Let x2 be a sufficiently large real number depending 
only on E. Take an arbitrary real number x 2: x2. Then since ( x + 1 )3 - x 3 = 3x3 + 3x + 1, 
we have 

3x2 + 3x + 1 3 3 
#([x3 , (x + 1)3) n P) s 2 + 1 s 2x2 (1 + 2x-1 ) s 2(1 + 2x21)x2 , 

where the first inequality follows by counting odd numbers in [x3 , (x + 1)3). By choosing 
x2 > 0 as x2 > 3/E, we complete the proof. D 

Proof of Theorem 4- 1. Let E = 1/2, and let x2 be as in Lemma 4.3. The symbol pj denotes 
a variable running over P. For every m EN. By Lemma 4.2, we observe that 

W = { A > 1 : l A 3k J E P for all k E N} 

= LJ { A > 1 : l A 3 J = P1} n w 
P1EP 

=U u 
P1EP p2E[py,(p1 +1)3) 

By iterating the above argument, for every k EN, we have 

W=LJ u u 
p1EP p2E[pVp1 +1) 3) PkE[pL1,(Pk-l +1)3) 

{A> 1: lA3JJ =pj for every j E [1,k]}nW. 
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We note that Pk 2 pf 2 23k since Pl :S Pi+l for every j = m, m + 1, ... , k - l. Thus, we 
take a positive integer m as Pm 2 23m 2 x2 . By the subadditivity of the Lebesgue measure, 
it suffices to show that for every fixed (P1, ... ,Pm) E pm with Pi E [pJ_1, (Pj-1 + 1)3) 
(j = 2, 3, ... , m), the Lebesgue measure of 

{A> 1: lA31 J =pi for every j E [1,m]}nW 

is zero. Let W' be this set. Similarly, for every k > m, the set W' is 

u u {A> 1: lA31 J =pi for every j E [1,k]}nW 
Pm+1E[pi,(Pm+l) 3 ) PkE[pL1,(Pk-l +1)3 ) 

Here, for every k > m, we observe that 

µ({A> 1: lA3JJ =pi for allj E [1,k]}) :S µ({A> 1: lA3kj =pk}) 

= µ ( lvt\ (Pk+ 1)1/3k)) = (Pk+ 1)1/3k - Ptk :S Pt/;:-1' 

where we apply (x + 1)°' - xa :S axa-l for all x > 0 at the last inequality. Thus, the 
subadditivity of the Lebesgue measure implies that µ(W') is less than or equal to 

L L µ({A>l:lA31 J=p1 foralljE[l,k]}) 
Pi:":=Pm+l <(Pm+1)3 PL1'.':=Pk<(Pk-1 +1)3 

< I: 
Pi:":=Pm+l <(Pm+l)3 

< I: 
Pi:":=Pm+l <(Pm+1)3 

where we apply Lemma 4.3 with E = 1/2 at the last inequality. Therefore, by iterating 
this calculation, we obtain 

µ(W') :S ( ~) k-m 3~p;,{3m_1 

for all integers k > m, and hence by taking k--+ oo, we conclude that µ(W') = 0. □ 

Combining Theorems 2.2, 3.1, 3.3, and 4.1, we obtain Theorem 1.2. 

In [11, Theorem 18], the author showed that the Hausdorff dimension of 

W n [pl/3, (p + 1)1/3) 

is greater than or equal to ( 1 + pl!gp )-1 for every sufficiently large p E P. It is still open 

to verify that the dimension equals 1. 
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