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An Optimal Operation of a Free-Standing Foucault Pendulum

Toshinori Michishita* and Teruo Takahashi

Graduate School of Human and Environmental Studies, Kyoto University , Kyoto 606-8501, Japan

This paper presents a new strategy which allows us to achieve a successful Foucault pen-
dulum with a portable and free-standing device developed. A numerical calculation for the
two-dimensional Hamilton’s equations predicted that the pendulum realizes the ideal Foucault
performance when the time-averaged action vanishes. Experimental results strongly confirmed
the numerical prediction from measurement of the action as a function of the distance between
the control magnets. The device has performed the Foucault pendulum with the sufficiently ac-
curate and reliable rotation rates corresponding to the latitudes. Independency of latitude for
the optimal condition to the device was verified by the measurement of the rotation rates of the
pendulum at different latitudes. Limit cycle and locking phenomena for the pendulum rotation
were observed depending on the distance between the magnets. A criterion for their occurrences

was examined by using the Adler equation.
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1. Introduction

In 1851 Leon Foucault demonstrated the Earth’s
rotation with a 67m wire in length and a 28kg
bob in weight at the Pantheon in Paris."” Apro-
pos of a Foucault pendulum, most people may re-
call up large-scale devices which are displayed in
the halls of museums and the universities.” Most
of their massive devices are provided exclusively
for demonstration of the Earth’s rotation and are
scarcely utilized for studying dynamics in greater
detail.

Moderate or small Foucault pendulums, on the
other hand, have been developed not only for ed-
ucation but also for investigations on nonlinear
dynamics such as phase-lock phenomenon and
chaos.* Reductions both in length and in weight
of a pendulum bring about undesirable effects in
rotation of the plane of oscillation, resulting in fer-
rible rotation far from “ideal” Foucault one. The
most serious problem to overcome is restraint of
undesirable rotation due to elliptical motion of the
plane of oscillation.®”

Recently several authors have developed mod-
erate or small pendulums showing the ideal Fou-
cault rotation, which are continuously operated
with the electromagnetic drive.>'? In order to op-
erate “ideal” Foucault performance, they elimi-
nated the elliptical motion itself of the plane of
oscillation with a Charron ring and restrained the
increase of undesirable rotation rate due to the el-
liptical motion with a pair of permanent magnets
forming the repulsive magnetic field. Instead of
the damping method with the Charron ring, the
eddy current brake was applied for damping of the
elliptical motion by several authors.'!-1?

Hecht analyzed the motion of the free pendu-
lum using the action-angle variable perturbation
theory and compared the rotation rates measured
by Crane with his analyzed ones.'® In the analysis
he supposed that the pendulum was free and az-
imuthally symmetric, and that the fast and slow
actions, which corresponded to the angular mo-
menta of the oscillation and the rotation, respec-
tively, still remained constant. He indicated that
the optimal setting for the distance between the
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magnets was determined by locating the intersec-
tion of rotation rate curves for both clockwise and
counterclockwise elliptical motion.

We developed a portable and free-standing Fou-
cault pendulum accompanied by the eddy-current
brake. Our primary interest was how to determine
such an optimal condition to realize an “ideal”
Foucault performance for this pendulum. Under
the optimal condition we performed a steady-state
operation for this device with the reliable and ac-
curate Foucault rotation rate.

The next section describes analysis for realizing
a successful Foucault pendulum. For the purpose
we analyze the pendulum motion making use of
the two-dimensional Hamilton’s equations for an
azimuthally asymmetric pendulum; two variables
are the action and angle of the rotation. It is noted
that in the analysis the rotation-associated action
is treated as time-varying variable different from
that in reference.!® According to Hecht, we make
use of the perturbation theory with the control per-
manent magnets in the terms of the action—angle
variables. Besides the magnet effect, we now in-
troduce asymmetric potential effect and damping
effect perpendicular to the plane of oscillation due
to the eddy current brake into the Hamilton’s equa-
tions. Depending on the relevant parameters, the
pendulum exhibited periodic or non-periodic mo-
tion. We show that the pendulum achieved the suc-
cessful Foucault rotation when the time-averaged
canonical action vanished. A brief observation as
reported in the references!® '3 would not be capa-
ble of such determination.

The third section describes a setup of a portable
and free-standing device and experimental results.
A motion of the pendulum was observed with a
webcam from the upper onto the pendulum bob.
Measurements of barycentric coordinates of the
bob enabled the detailed analysis of temporal be-
haviors of the angular momentum of the pendu-
lum and the rotation angle of the plane of oscilla-
tion. Once the optimal condition is experimentally
known, we are able to adjust the relevant control
parameter on the pendulum to make “ideal” Fou-
cault performance even at different latitudes. This
might bring significant benefits in developing Fou-
cault pendulum devices, for an example, for edu-
cation.

Limit cycle and locking phenomena for the pen-
dulum rotation were observed depending on the

distance between the control magnets. A crite-
rion for their occurrences was examined by using
the Adler’s equation derived from the perturbed
Hamilton’s equations. The final section is devoted
to conclusion.

2. Analysis for ”Ideal” Foucault Pendulum
Performance

Dynamics of the Foucault pendulum was ana-
lyzed by taking into account of the following ef-
fects; 1) the Coriolis force causing rotation of the
plane of oscillation of the pendulum, 2) the el-
liptical motion due to the nonlinear effect, 3) the
Crane-type repulsion force between the permanent
magnets” !9 for removing the undesirable rota-
tion, and 4) the asymmetric effects of the system,
which might be resulted from support at the upper
end of wire suspending a bob, the error in the po-
sitioning of the driving coil, and the residual devi-
ation of the axis of the copper annular disk for the
eddy current brake.

We supposed that in the steady state the energy
gained from the magnetic driving force was com-
pensated by the energy lost due to the air friction
and the eddy current brake in the major direction
of the plane of oscillation over one period of rota-
tion of the pendulum. Moreover the driving system
of the push-pull voltage adopted for the device, in
principle, brought about no significant effect to the
rotation rate. We, however, retained the damping
effect in the transversal component of motion due
to the eddy current brake.

2.1 Theoretical model

To describe motion of a spherical pendulum
shown in Fig. 1.(a), the center-of-mass of the pen-
dulum is given by the following spherical coordi-
nates (€, 0, @) ;

x = £y sin 6 cos ¢,
y = {psin6 sin @, (1)
z ={y(1 — cosH)

With the magnetic and asymmetric perturbed

potentials, Viiae and Vagym, respectively, we have

the Hamiltonian given by,

1 P?,
2
= — + —— |+ mgly(1 —cos O
2ml? (pg sinzf}] gl )
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Fig. 1. Spherical Coordinates and projection of trajec-
tory of the center of a bob onto the horizontal plane; (a)
spherical coordinates for pendulum, (b) a top view of el-
liptical trajectory with major radius a and minor radius
b for the pendulum bob. The angles of 6,,,,x and 6y, cor-
respond to ratios of a/{y and b/ ¢, respectively

- Qesinapy + Qccosa(l — cos 6)

COS:
X singpy — ﬂ]
sinf
+ VAsym + VMag (2)

where Q.is the rotation speed of the Earth, « the
laboratory latitude.

In the approximation of small amplitudes, that
is, |x| /€y < 1,|yl/ €y < 1, we can expand the
Hamiltonian into the following equations;

H = Hy+H, 3)
2
1 2 Pe 1 20202
Ho = 2m[(2) (pﬁ + 0—2] + EmwOKOH 5 (4)
2
Py 1 2 p2 i
H, = mﬁ’é = Qppy — ﬁmwofoe s
+ VAsym + VMag, (5)

where Qr = Q. sin « is the Foucault rotation rate.
The asymmetric potential energy, Vagym, is given

by ( see Appendix )

Vagm = 8omwoQrly67cos2g, (6)

where ¢ is the asymmetric coefficient. It is used
as a fitting parameter in this work.
In the magnet system shown in Fig.2, for ex-

ample, the magnetic potential between the poles

denoted by 17 and 3", Vi3, is given by

I 1

Viz = Vimag(d, 0) = T T
THO [d? + €(¢ + d)6?]?

N

where gy 1s the strength of the magnetic poles, d
the distance between the magnets and ¢ the length
from the supporting point to the bottom of the
magnet embedded into the bob. The other terms
of V4, V14 and Vy3 are easily obtained by replac-
ing arguments of d and £ in Ve With appropri-
ate ones. Consequently the total magnetic energy,

VMag, in the system is given by!»

VMag Viz+ Vog = Vig = Vo3
= Vl,Mag(da [) + V] ,Mag(d + 2ha 5 - h)
- VI,Mag(d + ]’l, - h) - VI,Mag(d + ]’l, f)

®)

Bob

D'—VQ«D'AT

)
o e magnetic poles

Fig. 2. Model for calculation of magnetic potential
among the magnetic poles. ¢, is the length from the
supporting point to the center of the bob, ¢ is length
from the supporting point to the bottom of the perma-
nent magnet attached at the bottom of the bob, 6 is the
azimuth angle, and ’d” is the distance between the mag-
nets, which controls the rotation rate.

Now we make the canonical transformation

from the action variables of pg and py to those of
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Jo and Jy.

1 1
Jo = ﬂsgdgpe, Jy = gsgdqﬁm- ©

The further canonical transformation of J; =
Jo +1Jg|l and J, = J, yields the zeroth-order
Hamiltonian given by

H() = (.L)()J[ =E. (10)

For a classical oscillation, we have £ = 1/2 -
mw% (a® + b*), where a and b are the major and
minor semi-radii of the ellipse, respectively.

The Hamilton’s characteristic function S is

So= 56d9P9+ 566117517‘1)

do
= ¢J2+mw0€3f?
27,62 2T
x[—92+ 7 —%] (11)
mwoly  mwyly

The new angle variables of ¥ and ¥, related to
Jy and J,, respectively, are given by

g B0,
ST YA S YA

(12)

Performing the complicated but well-known
calculation,'® ¥ we can write down the perturbed
Hamiltonian in the terms of the fast and slow
action—angle variables of (1, ¥», Ji, J2), which is

given by
J Ji

H = —22 - Q) - ———
6md; 24mwt
2

2 1/2

X 1-11- —= cos 24,
Jl

+  WMagW1,J1,02) + VagmWi, 42, J1, J2)
(13)
where Vi, corresponds to eq.(8) with the com-
ponents of

du

ViMag = .

1

172"
L4 o (4 J3 172 5
o |1 \Lm ) cos2h
070 1

(14)

X

The asymmetric potential is rewritten in the terms
of the action- angle variables (see Appendix) as

follows;

Ak
Vasym = 00QpJ1 €08 25 | cos 241 — [1 - J—i]
1

J2

+ 0'609]:]1 Sil’lzdlz J_ sin2g[/]. (15)
1
Now we have the Hamilton’s equation of motion
given by
. 0H, . 0H,
= —_— = = - = l
U1 a7, wo, Ji a0, 0, (16)
. O0H, ) 0H,
=1 J=——. 17
) o 2 a0, (17)

From the zeroth-order equation we directly ob-
tain the angle variable ¢y = wof and the action
variable J; = const. It is sufficient that the slow
variables are calculated after time-averaging the
perturbed Hamiltonian over the fast frequency pe-
riod. Namely, the equations to be solved are given
by

=3<H1> j2=_6<H1>

oJ, ° O, (18

v

27
>= J,~ dy.... Conse-

quently we obtain the perturbed Hamilton’s equa-

where the bracket < ...

tions to be solved as follows:

v = —QF+m[l—fmag(d,f)]
L
I Jg)
+60Qr cos 20 2 (1 - 2 19
0{2F COS lﬁzjl( 72 (19)
. T2\ 2
by = —AJy —260Qsin 2y, J, (1—1—2) (20)
1

Here fiag(d, €) represents the magnet effect,

which is described in the form of infinite series!?
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and is given by

Jmag(d, €) = f(d, ) + f(d + h: £ = h)

—fd+h;6) - f(d+2h;¢—-h), 21
where
4 q me? 3\ (m+ DHa™!
f.0 =5 (5) A DA
muod Jl n>Todd \ < /n 21 [(%)V]
(22)
with
Ped+ €(€+d)J], _ é’(d_+ 0 J )
ma)0€ d>  mwoly

It is noted that the dissipation term in eq.(20)
is empirically introduced for the action variable
J», of which the damping coefficient will be given
in the next section. The asymmetric effect is de-
scribed in the above equations of (19) and (20).
Therefore the slow action variable J; is no longer
treated as constant, in contrast to the case in the
reference.'® As shown in the next subsection, it is
difficult to predict the optimal setting for the dis-
tance between the magnets by locating the inter-
section of rotation rate curves for both the clock-
wise and counterclockwise elliptical motions. Be-
cause the rotation rate curves for both clockwise
and counterclockwise elliptical motions did not in-
tersect each other. An alternative method will be
presented for “ideal” Foucault pendulum perfor-
mance.

2.2 Numerically calculated results

We focus on the dependence of slow variables,
namely, the angle ¢, and the action J, on the dis-
tance between the control magnets. Hereafter the
distance “d,p " denotes one at which the magnetic
effect nullifies the undesirable rotation due to the
elliptical motion. In the references,!®!? the opti-
mal setting for dop Was determined by locating the
intersection of rotation rate curves for both clock-
wise and counterclockwise elliptical motion from
a brief observation every five minutes. Our method
for locating d,p was quite different from that in the
references, as will be seen in the present subsec-
tion no such intersection was observed.

Mathematica programs led easily to the numer-
ical solutions for ¢, and J, with the initial con-

ditions, without losing generality, of ,(0) =
and J>(0) = 0. We adopted empirically the other
parameters as follows: g = 2.0 - 10Whb, &)=
943 mm, & =40mm, a= 36.5mm, b = 0.5mm,
00=02~05, and A= 2h~!. Here the intensity
of the magnetic pole, g\, was obtained by detect-
ing a spatial intensity profile with a gauss meter.
The latitude was adopted to 35°01’N at an experi-
mental laboratory of the Kyoto University.

(@) (b)
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Fig. 3. Analytical Results for the approximately opti-

mal case of < J, >~ 0 for the parameters of d = 59 mm,
A =2h7" and 6, = 0.4; (a) temporal behavior of rota-
tion angle of the plane of oscillation, (b) temporal be-
haviors of slow action variable J, per unit mass (solid
curve) and its derivative J, (broken curve), (c) rotation
rate of the plane of oscillation, (d) trajectory in phase
space (J», J,). It is noted in (c) that a harmonic oscilla-
tion with small amplitude emerges in rotation rate due
to the asymmetric effect.

Figure 3 shows the approximately optimal case
with the distance of d = 59mm (= dyp). As
shown in Fig.3(a), the rotation angle i, linearly
decreased with a time. Its gradient gave the aver-
age rotation rate, {w,), which was —8.63 deg/h.
The rotation rate showed an excellent agreement
with the theoretical values, ws oot = —Qp = —€, -
sina = —8.63 deg/h with @ = 35°01’N. As shown
in Fig.3(b), the action variable J, per unit mass
had a sinusoidal waveform with a second har-
monic oscillation to the rotation rate. It is noted
that in the case of d = doy the rotation rate ex-
hibited a fourth harmonic oscillation with a small
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amplitude as seen in Fig.3(c). This resulted from
the asymmetric effect described in the third term
of r.h.s. in the eq.(19). Furthermore we can see a
stable limit-cycle motion as shown in Fig. 3(d).

(a) (b)
0 15
_2 1.0 .
g -4 NQ 05 \ A . :‘\"
g 5 ool
ES 3 -05 - =
-8 -1.0
-10 -15
0 10 20 30 40 50 0 10 20 30 40 50
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0 15
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5 3
2 -10 £ 00
o o
= S -05 J
3 -15 -
-1.0
-20 -15
0 10 20 30 40 50 ~1.5-1.0-0.50.0 0.5 1.0 1.5
time ( hr) J2 (cm?/s )
Fig. 4. Analytical Results for the case of < J, > < 0

per unit mass for the parameters of d = 54 mm, 4 =
2h~! and 6, = 0.4; (a) temporal behavior of rotation an-
gle of the plane of oscillation, (b) temporal behaviors
of slow action variable J, per unit mass and its deriva-
tive J,, (c) rotation rate of the plane of oscillation, (d)
trajectory in phase space (Ja, J,).

When the distance, d, was set out of, but not
very far from the optimal one, doy, the rotation
angle exhibited a temporal behavior with a wavy
line as shown in Fig.4(a). Its rotation rate was
(wy) = —7.95 deg/h.

For the case of insufficiently nullifying the un-
desirable rotation due to the elliptical motion, the
action J, and the rotation rate w, varied largely
in time as seen in Figs.4(b) and 4(c). In the case
the rotation rate w, varied out of phase with the
action J. For the other case of d > dyp, w; var-
ied in phase with J,. In both the regions, the aver-
age rotation rates, {(w;), became smaller in mag-
nitude than that at d = d,p, because averaging
J2 X (1= fmag) in the second term of r.h.s. in eq.(19)
over the rotation period always reduced the rota-
tion rate. This was in contrast with the result in the
other analysis.'?

Such numerical results of the temporal behav-

iors of the pendulum could be straightforwardly

predicted from the following analysis. Suppose
that the solution for Eq.(20) is of form of J;t =
Asin 2y, + Bcos 2y, in a steady state. Substitut-
ing the equation into Eq.(20) and solving for the

coeflicients of A and B, the action was given by

Qp

260QrJ
b S _ 2009 /1.

J' =~ Asin2 1

, A= 24

where we adopted an approximation of A4 > Qg.
In the analysis we made use of ¥ = wy ~ —QF at
d = dyp. Neglecting contribution from the third
term of r.h.s. in eq.(19) and substituting eq.(24)
into J, in the second term of r.h.s. in eq.(19), the
equation was rewritten as the Adler’s equation'
namely,

dy;
R S —dl‘, 25
QF + wy, sin 25 (25

where I,D; = Yo + Qp/A and w, = 650QJ; -
(1 = fmag)/ (8m£’(2)/l). Carrying out the integration,
we obtained the angle ¥ as a function of time as

follows:

vy =—tan” {| g1+ V1B tan [Qr 1 - 52 ]} (26)

where 8 = wy,/Qp. From the equation, the rota-
tion rate was determined from the time derivatives
of the above ¥/ and is given by

Lﬁz = W
Qr [(1 = ) sec?[Qp T - 1]
L+[1B1+ VT-Fan(Qe VT-5 1)

€2))

For the case of exactly d = dqp , the rotation
rate was w, = —Qp, and the rotation angle was
Yr = —Qpt with the initial condition of ¥,(0) = 0
because of B = 0. It is noted that no oscillation
in wy was expected just at d = dop because of
neglecting the asymmetric effect in the analysis;
the asymmetric effect influenced the rotation rate
through the action J,. But practically the numeri-
cal result showed that the rotation rate had a small
amplitude with a higher harmonic oscillation with
a frequency of 4 Qg for the case of d =~ dypy as
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shown in Fig.3(c). This resulted from the asym-
metric effect, which was neglected in the above
analysis. The action J,, on the other hand, had a
frequency of 2Qg. It implies that the action J»,
which corresponded to the slow rotation rate, ro-
tated twice while the pendulum rotated around the
z—axis once.

Finally we turn to how to find out the opti-
mal distance, dop. First we calculated the aver-
age rotation rate, (w,), as a function of the dis-
tance. Figure 5 shows those for several values of
the asymmetric coefficient ¢y. It was practically
difficult to clearly distinguish d,p from other dis-
tances, where the pendulum performed the ideal
Foucault rotation with the rate of —Qg. The fig-
ure also shows the distance dependence of the ac-
tion (J;). It exactly vanished at d,p for all of the
asymmetric coefficients, quite unlike (w,). Conse-
quently dyp was the distance where (J,) = 0. This
method imposed consuming time for the measure-
ment; it took at least 41 hours to measure (J5).
Finding out such the distance as (J,) = 0 required
more than one week. It is emphasized that the op-
timum condition was not the result of artificially
producing the ideal Foucault rotation rate, but the
result of merely eliminating the undesirable rota-
tion due to the elliptical motion. This would be
experimentally verified trough the measurement.
Measurements at different latitudes with the same
optimal condition, which is given in the next sec-
tion.

It is noted that the locking phenomena could be
observed when an inequality of |wp| < Qp was sat-
isfied. Such the locking phenomena will be exam-
ined in the following experimental results.

3. Experiments with a Foucault Pendulum

We focus on an optimal condition to realize
the ideal” Foucault rotation with the developed
device, which was portable and free-standing for
easy fabrication and removal. The device was
utilized for performing Foucault rotation experi-
ment at different latitudes to validate the above-
mentioned prediction, as well as educational ap-
plication.

3.1 Setup

Figure 6 shows a photograph of the pendulum
whole. The cumulative height of the unit was 1.5
m. We adopted the similar system developed by

2z

(deg/h)
(s/zwa) <>

<w_ >
2

d (mm)

Fig. 5. Average rotation rate (w,) for several values of
the asymmetric coefficient &y (= ¢ - (Qr/wy)) as a func-
tion of the distance, d, between the permanent magnets.
With increasing in magnitude of the asymmetric param-
eter, &y, the locking domain corresponding to ¥, = 0
becomes wider. The solid and broken lines correspond
to the cases of rotation frequencies and canonical angu-
lar momenta, respectively.

Crane,'” namely, in which a permanent magnet
was embedded at the bottom of the bob. His de-
vice was fixed on the wall, but our portable de-
vice was free-standing. For stability against var-
ious mechanical noises such as sound generated
by air-conditioners, several lead blocks were put
at the bottom of the device as an anchor.

Fig. 6. Photograph of the portable and free-standing
pendulum device
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The rectangular framework of the pendulum
was fabricated from 30mmx30mmx1,500mm alu-
minum frames of which each has a raceway
groove on each face for fixing. They were firmly
fastened with lateral frames at the top, the
medium, and the bottom.

The ceiling board provided a rectangular frame-
work for supporting a wire, a LED lamp and a
webcam. The board held the pendulum support,
which was constituted of two triangular prisms
and an annular disk as shown in Fig. 7. Both the
prisms and the disk were made of carburized steel.
Each prism was of 35 mm length and of a trian-
gular section of one side of 10 mm. The disk was
of 10 mm inner and 35 mm outer diameters, and
10 mm thick. The supporting point was set at the
center of the air core of the annular disk. The mo-
ments of inertia around two axes of X and Y were
slightly different in magnitude. This might lead to
an asymmetric effect.

Fig. 7. The support for the pendulum bob made of two
triangular prisms and an annular disk. The supporting
point was set at the center of the annular disk. The lower
prism was mounted on the ceiling board of the frame-
work. Two axes of X and Y through the supporting point
are shown.

The whole fabrication was covered with a
blackout curtain to prevent air flow as well as to
block obstructive lights radiated from the periph-
ery for successful photographing. A LED lamp il-
luminated the interior of the framework for taking
images of a pendulum bob with a webcam.

A piano wire of 0.8 mm diameter was used to
suspend the bob and installed at the support. The
distance from the supporting point to the center of
the bob was 943 mm. The bob was a brass column
of 60 mm in diameter, 100 mm in length and 2.4

kg in weight. A permanent magnet was embedded
into the bottom. It was a cylindrical neodymium
magnet of 5 mm diameter and 40 mm length, and
its flux density was 0.49 T at the surface.

Figure 8 shows a diagram of the drive and mea-
surement system. A board was installed at 20 cm
above the bottom of the framework. An acrylic
stem was mounted on the board for supporting
drive and searching coils with air cores, and an an-
nular copper disk (60 mm*%x 140 mm®%x10 mm")
for eddy current brake.

o

PC M

PS] PSy

Fig. 8. Diagram of drive and measurement system; a:
a webcam, b: a bob, c1: a searching coil, c2: a drive coil,
d: a copper disk for eddy current brake, e: an acrylic
stem, f: neodymium magnets, PS1 and PS2: a power
supply for searching and drive coils, respectively, M: an
automatic drive system for moving the lower magnet,
PC: a personal computer for measurement and analysis

The magnet embedded at the bottom of the bob
was accelerated by an electromagnetic coil with
push-pull type voltage, which was triggered by
a signal detected with the small searching coil.
The electromagnetic coil was 900 turns, which
was made of 0.5 mm-diameter enameled wire, and
its resistance was 106 Q. The applied voltage re-
quired to drive the bob was typically 1 V, result-
ing in the excited current of the order of 10 mA.
The electromagnetic-field detection coil was 2,300
turns, which was constituted by winding the 0.128
mm ( 1/200” ) diameter wire on a small acrylic
bobbin. Its resistance was approximately 410 Q.
Both the coils were installed in a stem.

The annular copper disk was mounted above the
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coils on the stem. The disk served to keep the
amplitude of oscillation constant and to control
the elliptical motion by damping the transversal
component of motion of the pendulum. Replac-
ing the mechanical method for the damping of mo-
tion of the pendulum with the electromagnetic one
was indispensable for a long term operation. The
damping coefficient in the longitudinal direction (
the direction of the major axis of the ellipse ), v,
could be obtained by turning off the driving power
source and by observing damping of the major ra-
dius; typically ¥ ~ 0.27 h~!. The damping strength
for the copper disk could be expressed using the
quality factor Q, which was given by Q = wy /(2y)
( = (oscillation energy )/ (loss of oscillation en-
ergy per cycle) ). The damping effect by the eddy
current depended on the space between the lower
magnet and the copper disk. It was observed that
the effect hardly changed in the case of the space
less than 2.5 mm. In the present experiment, we
set the space to I mm. Then we obtained approxi-
mately Q ~ 5.5x 10? in the region less than the in-
ner radius of the disk, and Q ~ 2.5x 10? in the up-
per part of the disk: the energy loss of the pendu-
lum was estimated as Ejog ~ 9.4 X 1077 J/cycle in
the region without the disk, and Ejoe =~ 2.1 x 107°
J/cycle in the upper part of the disk. Thus the
damping was very effective for the action in the
upper part of the disk.

When the lower magnet reached the maxi-
mum amplitude in the longitudinal direction, the
brake due to the induced eddy current effectively
acted on the transversal component of motion. The
damping coefficient, A, due to the induced eddy
current was approximately 2 h™!, which was mea-
sured at the time when an earthquake happened to
cause the large displacement in the transversal di-
rection.

The whole stem attached with the coils and the
disk was mounted on a XY stage. Use of the in-
strument allows alignment to be accurately set the
center axis of the coils and the pendulum bob.
Using visual inspection combining with a digital
camera capable of performing magnified images,
we have an error of a fraction of 0.01 mm.

The lower magnet was set in the bottom of the
acrylic stem for controlling the rotation. The mag-
net attached to an electric drive was automatically
positioned by using a micro controller and a step-
per motor. The automatic drive system changed

the distance between the magnets at every 2 mm,
after measuring the barycentric coordinates of the
bob for more than one period of the rotation. Its
movable range was typically 30 mm from 40 mm
to 70 mm. The system provided with an automatic
operation function was very helpful to perform
operations and updating from a remote location
through a network.

100 -
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Fig. 9. Top views of hour-to-hour trajectories of the
center-of-mass of the pendulum bob with a webcam; the
two cases of (a) and (b) correspond to those of d = dy
and d < dopy, respectively. The filled circles represent
measured positions of the center of the bob. The trajec-
tory at each measurement time formed a sufficiently thin
ellipse. Each plane of oscillation rotated clockwise.

An object tracking method with a webcam was
used for measurement of the barycenter of the bob.
The camera had a frame rate of 15 ~ 30 fps and
an image size of 640 x 480 pixels per frame. A
spatial resolution was 0.347 mm/pixel, which as-
sured a sufficient position analysis for motion of
the bob. Each image to motion of the bob was pho-
tographed with 60 frames every five minutes. An
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analysis of the image was capable to determine the
barycenter coordinates of the bob. A PC program
calculated the coordinates of the top area of the
bob on the basis of the produced binarized image
detected by the webcam, and saved the data on the
PC while performing measurements. The PC pro-
gram was made with the C++ language using the
OpenCV package.'® The program in Mathemat-
ica also allowed us to visualize the motion of the
pendulum from the data on the PC.

3.2 Experimental results and discussions

We continuously performed the steady state op-
eration and measured the center of the pendulum
bob every 5 minutes with the webcam. In the case
of much longer operations, it continued even more
than one year.

Figure 9 shows top views of hour-to-hour tra-
jectories of the barycentric coordinates during the
half period of the pendulum rotation, which was
approximately 21 hours in the present experiment.
Figures 9(a) and 9(b) corresponded to the cases of
d =~ dop and d < dop, Tespectively. In the figures,
each trajectory of ellipse was drawn by overlaying
60 frames of the moving image; the shooting pe-
riod was approximately 2 seconds. In Fig.9(a) we
recognized that the plane of oscillation of the pen-
dulum rotated with an equal advanced angle ev-
ery hour. On the other hand, it took different ad-
vanced angles during the equal elapsed time in
the case of Fig.9(b). The typical major semi-radius
was 36.5 £0.5 mm and the minor one was less than
1 mm. Both the radii remained approximately con-
stant throughout the measurement. The major ra-
dius was calculated by the method of least squares
from the image. It was, on the other hand, diffi-
cult to directly determine the minor one from the
images because of very thin ellipses. A principal
component analysis ( PCA ) allowed the minor ra-
dius to be determined for the observed data.

Figure 10 show typical temporal behaviors of
the rotation angle ¢, the action J, and the rota-
tion rate w, from the top to the bottom for two
cases of d = dyp and of d < dop. In the case of
d = dypy, the rotation angle linearly deceased in
magnitude, resulting in the averaged rotation rate
of (wy) = —8.63 deg/h; in the case of d < dop,
(wy) = —7.93 deg/h. Comparing the measured re-
sults on temporary behaviors of the action and the
rotation rate with the calculated ones as shown in

d = dopt
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Fig. 10. Measured temporal behaviors of ¢, J, per

unit mass, and w, from the top to the bottom. The fig-
ures in the left and right sides correspond to the case of
d =~ dyp and to that of d < d,y, respectively.

Fig.3 and 4, we recognize strong resemblances to
each others. We also observe the higher harmon-
ics oscillation of the rotation rate at d =~ dyp. For
d < dopi, wo oscillates out of phase with respect to
J.

The characteristics in the temporal behaviors
can be explained by using the Adler’s equation as
described in the previous section. Figure 11, for a
example, shows measured periods as a function of
the distance, d. The solid curve was numerically
obtained by solving eqs.(19) and (20) with the rel-
evant parameters. The broken curve in the figure
shows periods calculated by using the equation of
7/Qr /1 — 52 derived from the Adler’s equation
(25). In the region near dop the two curves were
very similar. Apart from the optimal distance, the
period increased as expected in the present analy-
sis even when the distance became larger as well
as smaller than d,p. The experimental results were
in an excellent agreement with the numerical cal-
culated ones as shown in the figure.

In the circumstance we focus on the optimal
performance of the Foucault pendulum. As seen
in the previous section, a short-term measurement
did not always lead to the optimal condition real-
izing the ideal Foucault rotation rate. Because of
lack of precise knowledge as to the asymmetry on
the system, the condition should not be a priori ex-
actly determined from the analysis, but could be a
posteriori obtained through a long-term measure-
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Fig. 11.  Periods of the action J, as a function of the
distance d. The filled circles represent measured peri-
ods for the action. The solid curve is numerically deter-
mined by solving eqs.(19) and (20) with parameters of
A =2h7"and 6, = 0.4. The broken one is analytically
determined by using the period of 7/Qg+/1 — 5% with
the same parameters.
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Fig. 12. Experimental results at Kyoto; (a): difference
of the average rotation rate (w,) from the Foucault one,
—Qr = —-8.63deg/h at Kyoto, (b): the average action
variable (J,) per unit mass; the broken line to the dis-
tance, dop, corresponding to (J,) = 0. The filled circles
represent measured data and the solid curves were nu-
merically calculated for eqs.(19) and (20) with parame-
tersof A =2h7!and §, = 0.4.

Figure 12 shows the average rotation rate and
the average action over one rotation period at Ky-
oto. As seen from the figure, the experimental re-
sults showed an excellent agreement of the calcu-
lated ones with relevant parameters. It was, how-
ever, difficult to distinguish the “’ideal Foucault ro-
tation rate”, —Qp, from others near dyy. It was,
on the other hand, much easier to find out dp,
at which (J;) = 0 as shown in the Fig.12(b).
Consequently the pendulum was able to succeed

in the optimal performance when the average ac-
tion (J,) vanished as a result of nullifying the sur-
plus rotation due to the elliptical motion with the
magnetic force by the pair of the permanent mag-
nets. This was completely different from the result
with a brief observation as reported in the refer-

ences.'® 1
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Fig. 13. Experimental results at Yamagata; (a): differ-

ence of the average rotation rate (w,) from the Foucault
one, —Qr = —9.31 deg/h at Yamagata, (b): the average
action variable (J,) per unit mass; the broken line to the
distance, dopy, corresponding to (J,) = 0. The filled cir-
cles represent measured data and the solid curves were
numerically calculated for eqs.(19) and (20) with pa-
rameters of A =2 h™! and ¢, = 0.2.

As expected in eqgs.(19) and (20), the optimal
condition must be independent of a latitude. For
the purpose of examining such the expectation
about optimal condition, the present portable de-
vice was transferred, set and operated at Yama-
gata. The first reason why Yamagata was selected
was its location. The latitude difference is large
enough to distinguish the Foucault rotation rate
from that in Kyoto; Yamagata is at the latitude
of 38°14’N, and the corresponding to the Fou-
cault rotation rate is -9.31 deg/h. The other rea-
son, which was more important, was that we were
available for a staff supporting and a facility usage
essential to a long-term operation of the device.
Figure 13 shows the average rotation rate and the
average action over one rotation period measured
in Yamagata. As seen from Fig.13(b), the optimal
distance, which nullifies the surplus rotation, re-
mained the same distance as that measured in Ky-
oto when the action (J,) = 0. Consequently it is
confirmed that once the optimal condition was ex-
perimentally found, the pendulum were able to be
operated in the “ideal” Foucault pendulum perfor-
mance with the same distance d, even at different



12 Toshinori MICHISHITA and Teruo TAKAHASHI

latitudes.

In the experiment it was observed sufficiently
small amplitude of higher harmonic oscillation in
the rotation rate at d =~ d,p . One possible mech-
anism causing such the small amplitude might be
an asymmetric effect due to the difference between
the moments of inertia around two axes of X and
Y through the supporting point as shown in Fig.7.
The system was symmetrical below the support-
ing point, resulting in equal moment in magnitude.
Therefore the asymmetry might be caused by the
supporting itself. The moment of inertia around
the X—axis was Ix = my(5a;,/12) contributed
only from the upper triangular prism, where mye ,
aye and hy, were the mass, the one side length and
the length of the prism, respectively. On the other
hand, the moment of inertia around the Y-—axis
was contributed not only from the triangular prism
but also from the disk, so that Iy = m(3a},/8 +
hﬁe/12) + Mmgjsk /4 - (R% + R% + H2/4), where mg;sk,
R;,R, and H were the mass, the inner and outer
radii, and the depth of the annular disk, respec-
tively. The difference between the moments was
Al =1y —Ix = mke(hie/n - aie/24) + mgisk /4 -
(Rf + R% + H?/4). Total moment of inertia, Lo,
was approximately equal to the moment of iner-
tia of the bob around the X—axis or the Y—axis;
Lotar = Mpop(RE, /4 + 19L2 | /12) + myoy (3, where
Mpobs Rbob, and Ly, Were the mass, the radius and
the length of the cylindrical bob, respectively. In
the experiment, we had my. = 11.9g, iy = 3.5cm
and ax. = lcm for the triangular prism, mgisx =
69.4g, Ry = 0.5cm,R, = 1.75cm,H = lcm
for the annular disk, and mpe, = 2.4kg, Rpop =
3cm and Ly, = 10cm for the bob. The ratio of the
moment difference to the total moment of inertia
was approximately A/l =~ 3.43-107°. Suppos-
ing that the difference was equal to the asymmetric
coefficient, namely, 6 (= d0-Qp/wg) = Al/Liota1, WE
obtained the expected coefficient of 63“ = 0.26.
On the other hand, the observed variation in w»
was typically Aw®P = 3 deg/h for d = d,p as seen
from Fig.10. By using eqgs.(19) and (24) with the
observed amplitude, Aw®*P, we could obtain the
equation of 6;" = VA - Aw®?/Qp, which yielded
68’“3 ~ (.28.

The asymmetric coefficient, &y, best fitting with
the experimental result of both the rotation rate
and the action was a factor of 1.4 in Kyoto, and
a factor of 0.71 in Yamagata to 68”’ . These results

indicated that the small amplitude in w, observed
at d = dyp might resulted from the asymmetric ef-
fect due to the difference between the moments of
inertia.

The present experiments exhibited the limit-
cycle oscillation and sometimes brought about
the locking phenomena. For the case of [1 —
(wp/QE)*] > 0, the stable limit cycle oscillations
were observed as seen from the Figs.12 and 13.
The locking phenomena happened when the rota-
tion rate satisfied the equality of |w,/Qg| = 1. The

equality is rewritten as follows;
660-’1 (] _f;nag) _ 1 ford>d0pl’

28

for d < dqy.

For the present movable range of the distance
from 40 mm to 70 mm, the factor of (1 — fia)
as a function of the distance monotonically in-
creased from —3.834 to +0.534 for the relevant pa-
rameters. Consequently in the present experiment
the locking phenomena happened in the region of
40mm < d < dop for 6o > 0.08; in the region
of 70 mm > d > d,y they might occur when the
asymmetry satisfied the inequality of ¢y > 0.58.

At the end of this section, we mention the damp-
ing of the transversal component of motion. Earth-
quakes were sometimes experienced while oper-
ating the device because it was Japan. They, by
chance, gifted us an experimental result of the
damping of the transversal component for motion
of the pendulum. Figure 14 shows temporal behav-
iors of ¥, w, and J; recorded when an earthquake
suddenly disturbed the motion of the pendulum.
The seismic intensity was less than 1 at the labo-
ratory of Kyoto University and was too small for
us to experience. We observed a break in the line
of the rotation angle just when the earthquake oc-
curred, as shown in Fig.14(a). The rotation angle
abruptly advanced approximately 7.6 degrees dur-
ing 10 minutes in the clockwise direction. At this
time the rotation rate increased in the clockwise
direction by 2.5 times or more in a spike shape as
shown in Fig.14(b). At the same time the action
rapidly increased in the direction to compensate
the rapid increase in the rotation by the law of in-
ertia. After a few hours, the pendulum recovered
its previous motion without other residual effects.
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Fig. 14. Temporal behaviors of ¥, w, and J, observed
for the pendulum when an earthquake of the intensity
less than 1 took place in Kyoto; from the top to the bot-
tom, (a), (b) and (c) correspond to the rotation angle, the
rotation rate and the action, respectively. The earthquake
occurred at the time indicated by the arrow in Fig.(a).

The typical damping time of the action was esti-
mated to be half an hour from the observed result
as shown in Fig.14(c). Therefore, we have adopted
A =~ 2h7! in general as the damping coefficient of
the action in the present analysis.

4. Conclusion

We analyzed the motion in a portable Foucault
pendulum by both experimental and numerical ap-
proaches. A theoretical model was formulated by
considering the effects of the elliptical motion,
the magnetic field and the asymmetry, and also
the dissipation due to the eddy current induced
by the permanent magnet into the disk. The ex-
perimental pendulum had both driving and damp-
ing, and its motion was observed in detail with a
webcam. After parameter identification, numerical
calculations showed an excellent agreement with
the experimental results. The present portable de-
vice made the ideal Foucault performance when
the average action vanished. It was experimentally
proved that the pendulum was able to realize the
Foucault performance corresponding to the lati-
tude when the same optimal condition was set for
the pendulum even at a different latitude. Short-
coming in difference between the moments of in-

ertia, which brought about the small asymmetry,
would be overcome by development of a more
symmetric support.

Some limitations, however, are worth noting to
develop new table-size pendulums, which can be
easily utilized for educational purposes and inves-
tigations of various nonlinear phenomena. Further
reduction to the table-size device might require al-
ternative method and device for successful opera-
tion.

Furthermore, limit cycle motion and locking
phenomenon were observed, depending on the dis-
tance between the control magnets. The criterion
to the locking phenomena could be estimated by
using the Adler’s equation. Chaotic and locking
phenomena themselves, however, should require
follow-up investigations in future works .
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Appendix: Asymmetric Potential

In this appendix we give the asymmetric poten-
tial in the terms of canonical action—angle vari-
ables of Y1, ¥», J; and J,. The gravitational poten-
tial energy V for the mass of pendulum, m, is given
by

V = mgz = mgly(1 — cos6), (A1)

V1 -sin?0 = 1 - (x2 +y2)/€%. Here

we introduce the asymmetry in the coordinates of

cosf =

X,y into the potential as follows;

X+ — (1+6)2- 2 +(1-67%y. (A-2)

where, ¢ is the asymmetric coefficient of order
0(8) ~ O((x/£)?), O((y/£o)*) < 1. Expanding the

above equation until the fourth power of x/{, and
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v/ €y, we obtain the following equation,

Vv = mgz
I2+y* 1 xz+y22 X -y
= f — - 5
mg(’[z 7 +8( 7 )+ e
~  mgl lez—le“+5cos2¢>92 (A-3)
0127 T 24 '

where, the first term in the braces of the r.h.s.
represents the harmonic oscillation, the second
one the nonlinear oscillation, and the last one the
asymmetric oscillation. By replacing ¢ by 6y =

0/(Qp/wyp), the asymmetric term,

Vagm(®, ¢) = 8o m woQ £ cos 2¢ 67, (A-4)

is rewritten by using the action-angle variables of
1,4, J1, and J, as follows;

VAsym(l»[/b wZ» Jl i JZ) = §OQFJ]

JZ )
X OS2, | cos 2y — [1 - J_i]
1

J>

+0'(S()QFJ1 sin2¢12 7
1

sin 2y, (A-5)

where o = +1 for J,/|J»|. Time-averaging the
asymmetric potential over the oscillation period
lead to the equation given by

2n

wo @0
Vasymd?

Vagym) = =—
<Ay> 2”0

2\
= —60Qp J, cos 2y (1 - J_;) . (A6)
1
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