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Cohomology with polynomial growth and completion theory

Nobuo sasakura

Introduction.

Chapter I. Cohomology with polynomial growth and completion theory
1. Cohomology with polynomial growth
2. Cohomology with algebraic division and polynomial growth

3, Application to analytic de Rham theoxry

Chapter ITI, Uniform estimations on homomorphisms of coherent sheaves
4. Uniform estimations with bound and algebraic division
5. Proof of the results in 1) 4

Appensix I. Elementary computations---1

Chapter I1I. Polynomail growth uniform estimations for the structure

sheaves of complex euclidean spaces
6. Cousin integrals and spectral sequences

1. A sharpening of degerency theorem and polynomial growth uniform

estimations

Appendix II. Elementary computations--- 2

Introduction

1 As the title indicates, the main purpose of this paper is to
give: a unification of the following two basic throries for coherent

sheaves on analytic varieties: (1) a type of cohbmology theory, in which:
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what we Call polynomial growth(=p,g. ) conditions on cochains and coverings

are involved and (2) _completion theory. along sybvarieties of a given
analytic variety, Our theory is given to (algébraic) affine vakieties
and their anélytic analogues(n.1l,8 1,2), which are more general than

the affine varieties, The main body of this paper is devoted to certain
explicit uniform estimations'on_ngl‘and what we call_algberaigmdiyj%julL
(ingi) properties of coherent sheaves on such varieties(n,2), Our main

application of such uniform estimations is #o gives

(1) an analogue of Th A,B of H Cartan in our unified cohomology theory

for the two theories mentioned just above, which we simply callfgghggglggy
with .8 in completion theory(cf.Th.2.5, T,2.6 and Th,1.5,Th,1.6),
We will apply such a'result to generalize, to varieties with singulérities
the well kﬁown theorems of A.Grothendieck on algebraic and analytic de
Rham theory(cf,L57]) . This paper is originally developpegoto provide an
g@g;nggwbéﬁﬁaof the generalization as above, in such a manner that the
c§§g£g_ggq“alggpygic”propertie§, which may bekgiff important properties of
the varieties as above, reflect closely insgggfing the generalization,
Our explicit formulations in (1) and in our uniform estimations are
so chosen, to certain degrees, that they are convenient for the applicatior
to the.de Rham theorye.

2, Cdncerning the two quantitative properties mentioned in n.l, the
first one tg{g: is a syngnymwioykfpatipqal'pr ‘meromorphic’ , when the
degree of the cohomology degree is zero(Th.1l, 5), and such a property

concerns most basic properties of algebraic and analytic varieties. Tuw

#) ef.[ ]l .
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When gz 1, our treatments of the D, g, cohomology (=cohomology with p, g)
theory may be a sharpening of purely algebraic treatments of coherent
sheaves( §1). By the second one, algebraic division(=a,d.)property, we
mean such a property that concerns the degrees of zeros of cochains etc.
along (imbedded) subvarieties of an analytic variefy, As we iearh'from the
classical Hilbert zZero point theorem, such a property concerns basic A
properties of the imbedded varieties, and is important for investigations
of analytic varieties. ITOW our studies of the a.d.properties will be
focussed on what we call open map properties(Def-2.1) of geometric filtered
complexes, such as Cech and de Rham complexes of global nature(§2,§ 3)

as well as certain local complexes formed from homomorphiems of coherent
sheaves(§1¢), where the filtered structures are defined by the powers of
the ideals of the subvarieties . The open map property concerns that propert
of the degree one map in question(§‘2,1), and implies standard comparison
theorems in completion theories(cf.[13 J). In particular, it insures:

(2)  exactness of cpmplexes-—?’that of the completlon of the complexes

The open map property for the Cech complexes w1ll insure the an

alogue

of Th,A,B mentioned in (1), n,l, while that for the other complexes will

concern interesting a.d. properties of analytic varieties( §3, §4 and § 5)

Our main task in the uniform estimations is to combine those on that

open map properties with those on the P, g properties of the above compl.exes,
,NoW'letting the type of our cohomology theories be as above, we

summarize briefly the content of this paper,
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% Chap I contains the basic notion8: asl the main reésults of
this paper, First, in §1.l, we summarize basic notions which are used
in our p, g, cohomology theory , In 81.2 we give our main results in
the p, g, uniform estimations(Th.1l,1 ~ Th,1.4), and we derive from them
an analogue of Th A,B in our p, g cohomology theory(Th.L. 5, Th.1l.6), The
cohomology theory in &1 concerns the p,g properties of the complexes
but not with the a.d.properties, and  Th,1.5, Th.1l.6 may be regarded
as a profotype of the result mentioned in 1); n.1, Our proof of Th 1.1
~Th,1,6 will be given by using a p, g, version of standard toois for
treatments of coherent sheaves, syzygies, imbedding of analytic varieties
as well as extensions of cochains, and a p, g, uniform estimation on
Cousin integrals(cf, ILemma 1,2 ~ Lemma 1,4 and Th.1l,7 in$§ 1e3)e

Cohomology theories with p, g conditions were studied by P.Deligne-
G, Maliotionist [{{3 and by M.Corbalna-P.A , Griffiths [z 1] for 1océlly
free sheavés over smooth algebraic baiieties, by using the § -estimationss
The situafion in our p, g,cohomology theory, where we work with what we
‘call ‘p,g,coherent sheaves(Def.l.B))over the analytic varieties as in n.,l,
is more general than theirs. Our method depending on Cousin integrals
differ from theirgziext, in § 2, we generalize the p,g uniform estimations

by combining them with uniform estimations on the a.d.properties of the
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complexes in question. The main results 1n this generalization, which

we call d.p.(=a.d. +_p,g.)_unifqrmwestimationJ as well as in the unifor;

estimation of this paper are given in Th.2.1~~ Th.2.4. Such results

insure the open map properties of the complexes, and our analogue of

Th.A,B in the p.g.cohomology in the completions(cf.(1),n.1) is a

formal consequence of them,

ﬁﬂ: In the first part of Chap.II, we summarize our non cohomologica

uniform estimations on homomoxphisms of coherent shéaves(gf.§ 4.1).

We then giye a cohomological vYersion of those estimations, and’ we

derive, from such cohomologicél results, all the lemmas in Chap,I,II

which concern the uniform estimations on the sheaf homomorphisms(§4.2),

The uniform estimations in 8 4.1 contain results on the open map
_property of certain Koszul complexes, which provide a cohomological.

version of the main lemma, Lemma 2.5, in the d.p.uniform estimations

in §2(cf.Lemma 4.2~ Lemma 4.L). Such a fact, together with an open

mép property of the de Rham complex(Lemma 4.7), is our main result on

the open map property of the sheaf homomorphisms, and may be worthwhiie

pointing out in connection with our treatmenf% of dompletion theories.

’

5. Finally, in Chap.III, we prove the key theorem, Th.1l.7, for
" the geometric arguments in §1, § 2(as was indicated in $ 3), which
concerns a p.g.uniform estimation of the structure sheaves of the
complex euclidean spaces. We prove Th.l1l.7, by reducing it to rather

elementary p.g.estimations on Cousin integrals(on the euclidean 1ine)
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OQur reduction depends on certain filtrations defined for the sets of
the cochains (in gquestion) and some algebraic machinaries for the
filtrations, which imply a strong sharpening of the standard degerency
theorem in the spectral sequence theory « The algebraic arguments and
the p, g_estimations on Cousin integrals in Chap,III may owe their own
interests, aparting from the applications to Chap.I,II , (For the content
of Chap III indicated soon above, see the beginning of Chap III We
add a brief outline of Chap;I~~III in the beginning of each chapter,
Such an introduction may be useful for understanding of the content of
each chépter and of the whole line takin in this paper)

6, In giving the application of the cohomology theories in §1,§& 2
to the analytic de Rham theory( £3), we should quote our results on
the the Rham theory for certsin stratified spaces, whose outline was

Wwill be published

4 SN
¢ande/p3>

elsewhere in a near future , Except thr part of the applicatisn %o the

given in L 15 32‘«/ and in{177 The details of TS 3o

de Rnam theory in.~§3, this paper is completely self containédv
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The author began the study of the contents of this paper and of
the analytic de Rham theory in 1971, and the very early versions of the
content of this paper were given in[:]Sjl.andtjéjjbnsiderable parts of
the explicit computaions in the uniform estimation of the presént paper

depend oh[iLj.HoweVer, the present paper is written entirely newly from

presency ,
in more general situations: our p,g, cohomology theory is given in a more

Ciéﬂ_Finally, the contenisof theipaper seém'to desefvebto be geng#alizedi.‘
or less categorical form. Generalizations of the content of § 1 seems to
beivery desirablevin that line(cf.n,6, §1.2), Assuming the p,g, cohomology
theory in §1, the most impoxkant facts in giving the. d,p,cohombiogy~
theory are the open map pfopetiés of the geometric complexesAmentioned
hitherto . From the scope of the afguments inﬁ§2, the validity of the
open property as well as tﬁe clarifications of their geometric meanings
segms to be desirable for more general classes of geometric complexes .,
Finally, our explicit p.g.unicorm estimatiofgand the élgebraic’machinaries
i Chap,III seem tolbe tried,their applicablities for more general'types
of! cohomologyv wi‘bhditionsl, The author hopes that he will try |
possible genralizations about what are mentionéd above ,We also hope that

the contents of the present paper provide a basis for possible generalizé—

~tions,
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Chapter I, Cohomology with polynomail growth and completion theory

Here, for convenience of reading of Chap I, we illustrate the basic
notions and the styles of the formulations in our p,g, uniform estimations.
Wor this we first let C" be a complex euclidean space and z coordinates
of 1t We set g:=lz] +1, O:=structure sheaf of ", and, for an element d

—(&1,6 r=4 R+2, we define:
o, {H @,Qs8), +={dCQ); (@I algm in ¢},
et ge), pim Yer2 B O(d.0s8)y -
We.then recall that a cla831ca1 consequence of Cauchy integral formula
implies:
(O)i HO(Cth;g) J:::{polynomialszin z }.
I{ett letting X be a complex space, we may say that

Coh(X

oherent sheaves over X }
(0)2 Gov(x

[¢]
3‘: collection of all{open coverings of X

and the cochain map
(0)5  c%:Con(X) X Cov(X) D(F,4) — c%(4,pB)
constitute the underlying data for‘the cohomology theories of coherent

sheaves over X._ﬁlow our first task in 81 is to give p,g.versions of

(0)2,(0)3, which yieldy a generalization of the sets in (0); , with
respect to the underlying varieties, coherent sheaves and cbhomology
degrees, Our main results in §1 for the case éf the degree =0 are a
generalization of (O)i, while those for-degreegél.imsnlés the vanishing
property of the cochomllogy groups*): in §1.1 we introduce spme abstract

notions, pmgqﬁiltpgﬁggn,_g:ﬁj;ggﬁgge of abelian sheaveg%gnd,p_g,functioQ§;

¥) ¢f,Th,1.5 and Th,1.6 . Also see Introduction. _
%) This is an obvious abstraction of the ‘absolute value’as in

(0)

1 to general abelian sheaves(ef. Def,l.ﬂl).

3
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we see that such nokions suffice to generalize the sets as in (0) to

genral abelain sheaves(Deﬂ.l.45) and to give a p, g, version of Coh(X), denote
by cOh(X)p‘ , to reduced complex spaceé, Also,using the p, g.and atdistance

function’of a topological space X, we define for each subset Y of X what we

call Sp.g_covering of Y ;Q_XZ in a concrete-p,g,fashion(Dele.?);

In the first part of §1.2, we attach, to our,anal&tic vatieties in
the main body of Chap.I(cf.n.l, 81.2), a p,g, version of Cov(X), denoted
by Cov(X)p g by using the arguments in§1.1. Next take a P.g,sheaf JI

L4

EECoh(X)p g Then, using a p.g.version of the cochain map as in (0)3, we

o : ¢ . i %
attath to H what we call ‘p,g, cochain collection, C (X,H) in symbol.

w'D. 8

Such a p_g,collection contains all necessary sets of P, g,.cochains in our

P, g uniform estimations, and may be the most basic underlying data for

our p, g, cohomology theory. We note that the above p.g,collections, Cov(X)p

ang C%(X’E)p,g , are parametrized in a certain concrete fashion, where
the main part of the parameter space;is a product_gjs(s:>o); we define
what we call p_g,estimatidn maps, which are a céncrete transformation
of_gfs(s:>0). The main results in 81, Th 1,1 ~ Th 1,6, are given to
the p,g.cochain collections . We use the p,.g.estimation maps for the

explicit estimations in those resultsy

0
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In§2 we éeneralize the p.g_cohémology theory in §1 to what we célled the
d.p.cohomology theo:y(cf.lntroduction5° We give a generalization of the
p. g, cohanin collection, which we call d. p,cochain collection( §2.2). The
main uniform estimations, Th.2.l~. Th,2,4, of §2 as well as of this paper
are formulated in terms ofAthe latter cochain collections(§ 2.2). The
content of §2 is more general than the one of §l, by the introduction of
the new factor of what we called the a d estimatioﬁs(cf.Introduction).
However, the algebraic style of the formulations in &2 will be given

parallely to the one in %1,

Terminologies and Notations

Here we summarize some terminologies and notations, which are used
throughout the present paper

1 First letting X be a topologlcal space, we set:

(1), {X?{m bi=

o open sets oof X
Cova(X) 1= 2

1le°tl°n of all{abeilan sheaves over X

ouv{X)

Tor an element_éz vJVO(X) we set Al = .We use the symbolig%égqul)

k
= (A
for the g-nerve of A:

(1), N o= {2 8)C 43 1A= R Y,

2, PFor a positive number a, we set:
(2); =& : ={I‘6R; r =alt.
We use the set__l frequently in the uniform estimations in this paper, Also
we use the symbol_g_, as usual, for the set{reig;r > O}..Horeover, for a
subset T of R, we use the set:

_|_

(2), o =ften tzay.
We use such a set for the case T=Z=set of all integers(cf.Chap II).

10



194

Next, for an element T=(>_ ,% )& R+2, we define:

1; 2 1
+2 . _ ) +, =
(2), R : {(ry37y)) @R % R sr zom, r2 o).
When o =(1,1), we use the symbol 312 also for R;? .(This symbol is

+
concordant to R12=R; XR'{(cf.(2)l). Thirdly, for elements_d=(r§1,d~2)

€ r*? ana a6R+, we set:
(2)4 a»&:=(a&1,&2).
[] ¥
Moreover, for elements 0"=(0‘1,o§), cr:(c‘,l;rg) €R+2 , we write u*;a*l, if

& ‘ o~zo~/ > > 4
algol and 0% 5 When o777 or T,7T5, We write o~ > O~ |
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§ 1. Cohomology with polynomial growth

§1.1. Polynomial growth conditions

1. Cochain collection.First letting X be a topological space

and (4,F) an eleménet of Covo(X)XAb(X), we make:

Definition 1.1, By g-th cochain(resp.cocycle) collection for
(4,F), we mean the collection of all subsets of Cq(_}_&.,g/)(resp.zq(ﬁ,:{‘))).
We use the symbols _Qq(g,_@,_z;qw for such collections. Here we check:

Provosition 1,1, The following two facts are equivalent:
(1.1); 2z3(a,F) C 50971 (4,E). |
(l.l)2 For each D é_Z__q(i&_,@), there is an element D € Qq—l(gx_,l«‘“v) so that

(1.1), Dc §D .

_Proof. Taking D to be 2%(4.I) € 23a,7), (1.1), insures (1.1),.
Converse.lly" sett,ing._]_)'—-cq_l(_f_l._,ﬁ;‘) ég_q"l(&g‘,g), we have (1.1), from (1.1);.
In our léter arguments, we 4o mét"work with the‘"s:{hole spaces’

Cq(;l_,:g‘),..,_ bﬁt fvith what we call p.g.subgroups, Cq(;i__‘,g\)p'g in symbol,

eves OF Cq(_é_,a),..., which are characterized by concrete p.g.conditions

(cf. §1.2.5ee also n.2 soon below). We will derive corresponding

facts to (1.1)l (:_vanishing property ’ in p.g.cohomology theory) from
correspondences of (1.1)2‘. In the later arguments, the former is also
a formal consequence of the latter, but the converse is not true. Cur
main subject in§1 will ve to get similar inclusions 1o (1.1)2 in our

p.g.cohomology, by making explicit similar correspondences to the

1
one;D—>D in (l.l)z. Our main results in such a direction are given
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in Th.l.1l~~ Tifl.l.(v in §81.2. The remainder of §1.1 will be devoted
to define what we call p.g.cochain collggf}gnj which is a family
of elements of ¢4 (4,B) (characterized|concrete p.g.cocnditions), by
making clear basic notions in the definition of such collections.

The arguments will be given in a somewhat abstract fashion.

2. P.g.filtration. We begin n,2 by making a defihition, which

will v»lay a basic role to define the collection mentioned at the
end of n.l.

Definition 1.2, . (1) By b-(resp.p.g-) flltatlon fo*)’: an abelian

group 3, we mean a map 6:R -———-92—(resu 4 -R : 2*3) satisfying:
(1.2)l 8(a)> 0 for each aé’}l (resp. W (@)D 0 for each S€_R+2).
(1.2), B(<) D a(a) if 'z a(resp.Y@)2U(s) if d'Za).
(1.2)3 (Archimedian property) For any a,a’'e R *(resp. q, &e ),A there
is an element a€X (resp.d @_2) so that
(1.2)3', e(a“):» {v= b';(b,B)ée(a)xe(d)}(resp.v(&")D{_b_a_rb' ; (0, D)ew(A)x¥@)} .

(2) we call U 8a), U %)

aer ez+2 V() respectively ¢-bdd  and

Y -p.z. subgroups of 3.
A . ., . .) )
(When no confusions occur, we drop the terms bdd  and ‘p.g. fronm
the terminology Jjust avove.

Definition 1.2,. We say that b- .Lll trations 91,62.-\ —>23 are

equivalent, if 8, (R7)(i=1,2) are cofinal with respct to the increasing

inclusion as in (3_.2)2
Definition 1.43. Letting B be a subgroup of B(resp.w: B—?B
& homomorohis:a of abelian group), we call the b- i‘__"l“tram on 6 'sa

1 1]
= 1 y
—28 5 8(a) (\i(resp.w*e:;jfa a —> Zl;ws(a)) the one induced from

)
— {
”)Lb’:z initial of Lbounded7 and ‘pad’ = abbreviation of bounded .

13
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N

to iB'(resp.to B by ). Moreover, letting 8,9 be b-filtrations of B,B”

we say that g ,’é” are compatible withw, if, for each bpert , we have:

(1.2),w6(0) CB(b'), with a suitable v'e r*.

The Yinduced filtrations)) ‘equivalence’ and lcompatibli‘cyJ as above are_

defined for p.g.filtrations in the smular manner to Def.l. 22. Now

taking B to be C%(4,F) in n.1, let ¥ . be theln g.filtration in Def.1.2;:
Definition 1.3. By q-th¥P ~p.g.cochain and cocycle collections

for (A,F), we mean:

(1.3); oMa,FE) =R (Cca,T), 22, 750) =R €24, 1),

whereﬁiis. the induced filtration of ¥ to Zq(A,F)(Def.l.ZZ).

Also we set:

(1. 3)1 c%a, F;‘f) o.:=\)?—p.g.subgroup of Cq(A,F)(Def.l.Zl).

(1. 3)1 73(a,1 ,Y) = vq(A,F;\}’)p.Sﬂ 7%(a,7),

moreover, ‘when A consnsts of the single element X(i.e.A ={X}), we set:

(.30 POLF D), o= 2004, 750)

Now we w111 construct p.g.flltration in a geometric manner, For
this we first make a definition, which is a slice abstraction of
‘absolute value’ for analytic functions etec., in the standard meaning:

Definition 1.41.(1) By g-structure of ® €Ab(X), we mean a family
€] ={9U;U€'“:L1V(X)} of b-filtrations GU:R"L.Z—-)ZB,B =I(U,r), satisfying:

(1. 3)2 QeUa(a)DeU(a) for any U'5U and aef{q‘, where @ =restriction:

B(uls ) >Iu L F) .
(1.3)3 The stalk @ of B at peX(i.e. GP.R 3 a»@, (a)-—%}inPQU(o.) satisfies:
(1.3); 6, is a b-filtration for Fy, and F,= U €]+e (a).

(2) For an elementfPeFP we call inf(a&Rr'; eP(a)abuP)(é R*U0)
the 8 -absolute value of}?P.
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We call the pair (#,8) simply g-sheaf. Vhen there is no fear of
confusions, we write the symbol (E}G)) also as 2@’.Letting (XiQK)

be a reduced complex space, we define a a-structure GX={GU;U€EOuV(X)}
by

(1'3)4 esza a—?[‘(U,QK)a:{‘?e[‘(U,Q\K); ¥(B)l<a on U} , wherel| {denotes

the absolute value (in the standard sense).

Definition l.4,. We call exzﬁheﬂstandard g-structure Of.gx?

One check easily that the absolute value defined by the standard
a- -structure” coincides w1*h that in (1. 9)4. For O§ we define the
standard g-structure by‘ {9 }u’ vhere 6 assigns to each.51G§L
the k-times diruct sum of the subsej in (l.3)4(ofﬂf(Ua9X)).

efine g-structures for gneral coherent Sheaves in n.3. Yow returning

def
’ RN 1
3 3 - T 3 T - ] B e o T = -
to the pair (A,EQ in De¢.1.4l, take a subsheaf F of ¥ and a

1
homomorphismw: ™ —7F .,
- w v B 2
1
Z, induced from ¥,(7,w),

we mean:

1 +
(1.3)5 0 :={e:2"2 a g (a)- %amm z 3}U,«ae =032 > anfi(a) }
&
where € is the g-structure of g as in Bef 1.r1. “et#17
Next the following simvle definition plays basic roles not only
in our geometric construction of p.g.filtrations but also in many
aspects of later arguments:

Definition'l.44. By a _ defining function of p.g.structure of X

(or, simply, a D. Q.fuggiion , we sinmply mean a map g:X-—BR;.
We call (¥,g) simply a p.g.pair. Yow, using the p.g.pair (¥,g) and
the g-sheaf (#,0) as in Def.1.4l, we define p.g.cochain collection

for (A,F) in the following Ffashion:
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- Defimition 1.45.(1) We say that an element Y GECQQAKE) is
(g,e)-—;}—grgwr’c};_r(_.@‘é_g_"'z), if, for each Le ﬁ+lA, we have:
(1.3)6 lBk(Q)]gq.g(Q) on (4) , wherel lg=9 -absolute value(Def.l.4l).

(2) By (g,e)—p.g.filtrationVfggjgg(éjg), we mean:
(1.3)7 Wg,eggfzag-?the subset of Cqﬁéﬁﬁ)rconsisting of all (g,e)iirowth

cochains.

Letting the subsheaf F' of F and the homomorphism w-F-;F" be as

in Def.l.4,, we use the symbols o , 0 for the gq-structures for F F
which are induced from & to ﬂresp to F by w). Then we ea811y have:

Proposition l.Z.Wg,e,= (‘kg,e)' gg@\kg,wawwg,@ , where the

right sides are induced from Ys,et_o_ V_Cq(A,g‘v') and to Cq(é_,vg:l) by w .
In n.3 soon below we define a p.g.filtration for certain coherent

sheaves in a more explicit manner.

14
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- 9, £

. P.g.coherent sheaf. Letting (X,0 {) be a reduced complex

take a p.g.function g of X(Def.l.44). We begin n.3 by giving
a p.g.condi ion on coherent sheaves over X, which is used in the

remaindey of this paper:

Definition 1.5. By a §§2~p.gl;esq}g§iggﬂof an\gx—coherent sheaf
. A -1 N .
X, we mean a pair K=(w, {Kj}§=l) con51si3ng of an Qg-homomorphism W
and matrices K.(léjép—l) with entries in.E(X;gXﬁ%gp o The pair K

must satisfy a resolutlon as f0110WS°

k .D:.. w
(1.4), 0 -0, RS IS ‘9;{1 =K —0.
1

1

EAN

(For later convenience we call Q.= in (1. 4)1 the'first resolution
tlof 1 )
vart of I,

Convention 1.1. (1) By a p.g.coherent sheaf over X, we mean a

vair ‘gf(h, as above; starting with the sheaf‘§>'our explicit

uniform estimations depend not only on I but also on a resolution

like (1.4),. The terminology FB;SLM§E§§§“?S above is convenient for

- . - P t._J
(2) when there is no fear of confusions we use the symbol H
. Lana™d

[

$for also )

e arrange here some data which are useful in later arguments:

first, Weiting (X,g) as I, we set:
(1.4)2 CoL(g)nﬁvz=collec tion of all p.g.coherent sheaves over X,
- <O

We define a map(length map):

(1.4)5 1g:Con(X 0. P ;_9911(--1enrrth of the resolution of H)(cf.(1.4
and we al

so define an incr eas1ng filtration of Coh(_}gﬁ_)D

) of, (13)]

ol
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(1.4)4 Cohp(_}_{)p‘gm{v}j\,é COh(X)p.g;%&é p} .

Our coherent sheaves in later arguments are in Coh(_)_g)p g* Next letting

the p.g.sheaf H be as in (1. 4)1, we mean by standard g-structure of 51»
k
the one induced fromw:Q "*VJCf Def.l. 42 and (1. 4) ). This g-structure

BH is determlned by @, while that of O l is uniquely de’cermmned by

the analytic structure of X(cf.n.2); we may say that 9\@ is determined
(

W

uniquely by the analytic structure of, (‘IVIJ,X). Now letting 'Lkg,e

9
denote the (g,SH)-p.g.filtrar:tion for Cq(é',vlj‘)(cf.])ef.l.ll ), we get
L4 ’8 ~-D. g cochaln collection etc., which are obtalned by applying

’9H

some notaion foP such cotlections.(The key point in the arrangement

Def.1%% 3 to For later notaional convenience we arrange here

ise(1) to drop-¥ne term 8y from Qfg,e se.. and (2) to wri’ce&g:;&kg,o

W
simply as tg', when no notational ambiguities take place.) Thus we have:

"q(_ H,g) ~ ¢cochain _
(1. 4)6{ }--_- \yg—p.g.{ }collection for (A,V}‘?‘_,)

v3(a, H; g) cocycle
(1.4), ¢ ({k_,g;g)p_g==\£g~ p.g.subgroup of CI(A,H).
q . -
(1.4) {C (A’gjg)a},= {se‘t of (%,Gﬂ%—&—growth cochains with value in \g]
® 2, me), c¥(4,H;8),N 7

(A1)

(For the above sets, collections and subgroup, see (1.3)6 and (1.3)1.)
Also‘ we will abbreviate(\fg-p g. andt(g, H)-) in the above terminologies
simply as' g . The data as in (l 4)6 8 w111 be frequently used 1n

the remainder of §1. .(cf. §1.2,81.3). Using the above notaion we have ‘

the following easily from Prop.l.2:

Xk
Proposition 1.3. ¢%(4,H;g); =wci(A ,ijl;g)vl (cf.Def.1.4).
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I - q -
(The similar relzation to the above holds for C (ézy’g)p,g and
a s 4 . .
H; .) We f£inish n.3 by the following remark for convenience
C™(A, ,g)p.g ) i 3 by e _

of later argumnets(cf. $1.3).

Remark 1.1. (1) For‘gi(k3>0) one can attach the p.g.coherent
’ k

T4 o K e el
QK ————9QK-—?O, with the identity i..

as the p.g.coherent sheaf is useful

sheaf in the following manner:0—>

This trivial realization of 9};

in later arguments. Unless we say otherwise, we mean by the‘_glgLA
?
~_coherent sheaj_.‘__\QzX the above (trivial) one.

(2) Next we define a suhcollection of Cth§ D g:

1]
(1.&)9 Coh (K)p.g:= {Q}ECoh(g)p'gg where the first resolution @:

Q§—f?§1cf‘Def.l.5) is defined by a matrix X(i.e.wW=X), with entries
. [
in P(X,gx;g)p.g}. Note that H is a subsheaf of Q,I;( with k=length of

colums of K, and we have a p.g.filtration for H by means of the

]
incolusion:ﬁj—iQ&(Def.l.U and Prop.1.3). Writing this filtration

2
§
as %é, the set of@kg~g—growth cochains with value invﬁjcf.(l.h)8)
is explicitly as follows:
a T =4 k, a

(1.3)y5 CO(AH;Y, )y =C7(A,0p58) N CH(A H)(er.(1.4) ).
f/ .

In §l.3 we give a comparison of ¥ and the standard p.g.filtration
&g

g(g, which is a key fact in our p.g.uniform estimations(Lemma 1.2).

4. P.g.covering. Here we assume that the p.g.pair (X,g) is

as in n.2, and we fix a map d:XXX>0,05), to which we impose the
)

single conditlion ’':d=0 on the diagonal AX of X. We define a type of

p.g.covering, which is used in the main body of this paper. Faré%ffij
lettin
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P be a point of X we use the symbol U,.(P):={9€X; d(?,0)< r}. Then
taking a subset Y of X and an element Wéi;{z we make:
Definition 1.6;. By g-p.g.covering of Y of size 0" in X, we mean

the following collection™) of elements of 2%:

=

(1.5); A (Y;g):= 1Ty (Pig); PeY}, where T(a;8):=0(2), with r={rg(®)}
Next take subsets XCY"of X satisfying Yevnx' and an elementcfsgzg
| satisfying o'zo, : |
Definition 1.62. We call the map:
(1.5), s:B(Y ;8) D T (Pie)—> A, (¥;2)5 To(Pse)
ELgLyefining_ggpgfrom the left side to right side). Here the left side
denotes the g-p.g.covering of Y' of size o in X', and'ﬁ;(P;g):zﬁ;(P;g)an
Fixing Y(resp.X',Y'), the p.g.covering in (1.5)l(resp.the p.g.map in
(1.5)2) is determined uniquely byq—(résp;c-,O{). This fact will be
useful tq'fix our ideas and to simplify argumeitns in later explicit
- uniform estimations{cf, §1.3 and § 4). Also such coverings and maps
~are suitable for our geometric applications of the uniform estimations
to’geometric situations(cf. 81.2, 82,2 and83). The coverings and the
refining maps in the main body of this paper will be the ones in (1.5)1,2.
Iﬂow, by Def.l.Gl,2 we have introduced all necessary basic notions

to define what we call ‘D.g.cohomology_theory for analytic_yariet;§§f

the first basic datum is the p.g.function gi§:93i which is used to
measure the p.g.broperties of cochalins and coverings. The g-structure
for abeléin sheaves is used to define the p.g.condition on cochains
(cf.Def.l.41). Finally " distance function d, is used to define the
p.g.condition of the coverings. As was checked in n.%, the g-structure

for coherent sheaves may be regard as determined by the underlyin analytic

structure of the varieties; we may regard the p.g.function g and the

#) In our later examples of the varieties X, A (¥;g) is a collection

of ‘open sets in X ,

WY
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.

‘d;igfcgpce ‘ Iung__ti_or;’ d are most basic _f._addi.ti.onal-_daia) to the analytic
~varieties, which are used to define what we call p.g.cohomology for
those varieties. In order to emphasize this, we will sometimes call

(X,g) and (X,g,d) as just above ‘_g,.gtpi?:%;.'and‘ygzlg,_fgripl_@‘f |
__5_: Finally we ar:bange here ggtain concrete maps, which are used

in later explicit estimations:first, by a _positive monomial, we means:

M(t):atb(a,b? 0), where t is a variable., We call a map 1_,;;_{3‘23(&1 ,-0’2)
—>R*?> (¥),5,) to be of ‘exponential linear type{or, simply,‘el-map), -
if 1:1-';_(01)ex'p }'il(oé)’hoi2=l’(°~2)’ with a positive monomial M, a finite
sum 11 of positive monomials and a linear function L(t)=ct;c>0. It

is easily checked that a composition of el-maps is also an el-map.
Next making a notational convention: '

(1.6)5 a-(ﬁl,&2)=(adl,&2) for any a,cll and d2 é_lf‘,

we set: \ .

(1.6); B, . := {8 :2"%1%> (r,0) SRR (¢) } , where r'=1y(x),
o =11, (x™ 1)L, (o),

(1.6)2 B i={3: (‘R_fX_RjZ)x_;‘;tj 5(r,r;d) —> @m’*%xﬁ:‘g >(r,d;d) } , where

—r.g
i ~.—\' i 7\' 1 ./ = .

(r',0)=E (r,o), with an element E e—:@p.g’ and 3 =I»’13(r YL, (445) .
N o s - Fig.I
(Here 1%, ,L. are positive monomials and el-maps.) ALEel

1255 , , Q’;XEZ)XR'FZ"‘:' (3.+X_11+2)
We write the correspondence:_j_ﬂ_p.gs E——?_Fip.gagg : \L 5 G \L w/

1 '

as 7T, where Z,B are as in (1.6),(cf.Tig.T). (_}_1+X§2) 7‘3_“'2—759 (B:LXT{“Q)

Definition 1.7. We call an element Eég_p .

an_estimation ﬁ or p.g.cohomology(or, simply, p.g.c.map) and 7 = RS _L;EZg g

its first parts

!
In the later estimations, the map E concerns those on coverings, while

the map 3 concerns those on both coverings and cochains(§ 1.2). 1et’cinrr
et =
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the element (r;o3;4) be as in (1.6)2, the estimation:(r;&)‘7(53¥)=E'(r;ﬁ)
concerns that of coverings, while the element J concerns that of
cochains. Note that the factorization in Fig.I insures that the term

[&] has no influences on the corréspondence:(r;ga—ﬁ (r';oj). We use thié

fact in § 1.2. Next take p.g.c.maps E Eéyéi_gp g Then the composition

1° .
X g . ' . . + o +2 42
E2eEl is not,in genral, in Ep g However, define an order in R XR "xR

by
(1.6);  (r3m39) > (r'30;3) &= r<r , 07 o0 and 3.
%Ehen the set_@p'g. is closed under the compisit&on in the sense that
there is a p.g.c.map E3 E%jzp.g' satisfying

(1.6); < Ey(r3o5d) > E,eE (r3o58) for each (rjr33)& (0,11x) X2y
We USE® this fact in later p.g.estimatiohs frequently, without mentioning
it explicitly(ef.$§ 1.3). Also we usé the symbol: E3 e E2=El to

indicate the inequality in (1.6)3. '

“Finaliy, the p.g.c.maps as above will be used in ourmlain results

"in the p.g.uniform estimations(cf.Thel.1l and Th.1.2). Our explicit form
- of the p.g.c.maps are chosen iJLsuch a manner that (1) the p.g.estimations
obtained by such maps insure our p.g.analg%yes of H.Cartan and (2)

the p.g.c.maps'are’concordant to more ele%entary p.g.estimations on

sheaf homomorphisms and on Cousin integrals(cf. 8§84 and§ 6). Fixing

the explicit forms of the p.g.c.maps as above, considerable pafts of

the arguments will be reduced to those of p.g.c.maps, which are

vessentially algebraic and elementary(cf. §1.3. Also see, in particular,

§u.2).
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l.2. Main results

Here we summarize our main results on the p.g.cohomology theory
in 81:in n.1l~n.4 we introduce some pasic data, which will underlie
the grguments in the cohomology theory in the remainder of Chép.I. Using
such data, we give‘our main results on the wniform estimations in the
P.g.cohomology in Th.l,1~Th.1l.4(cf.n.4,n.5). Also dropping the explicit
estimations in these results, we give analogues of Th.A.B of H,Cartan

in our cohomology theory in §1(cf.Th.1.5,Th.1.6 in n.6).

: . . *2 . R .
1. Geometric data, As was mentioned , our analytic varieties in

Chap.I will be Stein varieties with suitable glgebraicity(and will have
similarities to affine varieties). Here we introduce such varieties.
(i) First, by a coordinated complex euclidean space, we mean a
pair (g?,z) of a complex euclidean space QE and its coordinates z. When
" “there is no fear of confusions, we use the terminology ‘gg@plggnguolidean

} )
space ¢'(z)(or, simply,‘euclidean space C'(z)) as a synonym for ‘gggggiga

euclidean space (Q?,z){ We then introduce a geometric datum:

(1.7)6 22=(§?(z)x g?ké);%;g?(Z)XUé,Pé), where g?(z),gfké) ére euclidean
spaces and Ué(E?Pé) is an open set of C- ,

and we set:

(1.7)0 Any:=collection of all geometric data as in (1.7)8 .

&~ n

~ 1 4
The underlying variety of X will be X=C xU . We regard gfng as the

~ t
ambient space of XEQ?XU; and the point P, as the tcenter? of X. As we

%) ct,Introduction’,

23
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will see in later arguments, the uniform estimations, which are given
to varieties in An., are most basic among the ones-in 8§1.2.(In §l.2 we
introduce two another types of varieties(cf.(1.8)y and (1.11)0)\. The
p.g.estimations for such varieites will be derived from the ones for
varieties in Az_le, by using explicit relations. of the former varieties

to the latter;see Cor.l.4 and Lemma 1.3 in 81.3.)

(ii) Next, by a (smooth) local analytic f affine type, we mean

a geometric datum: ,
! n . . .

(1.8), _X_=(_C__(z),UO,XO,h,PO,H£), where XO(EPO) is an analytic variety

. . n . .

in an open set UO of C°, and h is an element of f‘(Db,,ng), Q'UO being

the structure sheaf of Uo.

Moreover, setting

(1.8)g Dp=divisor of h(in Uy), D=X, (D, , and X=X -D ,

the final datum Hy, in (1.8)j is a ™% -p.g.resolution of 0, over Uy-D

0
(4cf.'(l.4,)1)', where Q. is the structure sheaf of X and the first term

of H.Z»_. is of the fom;'QﬁO_Do Lo \,QK(Cf'(l'Af)l)s with the natural
homomorphism w ,(Here \'QUO—DO is the structure sheaf of UO~DO.)

The datum X must satisfy:

(1.8)1 D PPO , and X is smooth,

(1.8)2 the germs of XO,D at PO have no common irreducible components.

We set:

0 =a°
(cf.(1.8)y)- ard:

(1.8). An,. :=collection of all smooth(\)analytic varieties of affine type
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The underlying variety of X will be X=XO~D. We regard Uy-Dy as the
ambient space of X and the point PEX, as the ‘center’ of X,....

The p.g.uniform estimation for _)_(.ég\_gla will play basic roles in
semi-global estimations in later arguments(cf.‘§2). (Note that we incluy
the p.g. resolution Hy of the structure: gheaf Q. in (1.8)O . The
resolution HX is used“‘bo 'give an explicit uniform estimations for the
sheaf ng_;see~§1.3.)

In the remainder of 81.2 we will fix geometric data”)\(_ie An, and
X_éé_r_xla of the form in (1."{')'O and (1.8)'0. In (iii) soon below we fix
some additional data and notation for such varieties,

(iii) Pirst, to X,L we attach the following p.g. and distance

functions:

!
gy iz +1 ds. s _C_n(z) X ¢ (2
(1.9)0 {3—;—}= { m‘%‘, {dis-‘;: natural distance _*) of \{_Cf(z) £l

whez"e Z2=(z,z!). When there is no fear of confusions, wve »vrite dX’dX alg
as dz’dgg . In our frame work, p.g. and distance functions have bgsic
meanings to define what we call ! p.g.cohomology theory? for analytic
varieties(ef.n.4,51.1). The p.g. é.nd distance functions for :}\('_Jg_ as ah
may reflect closely the analytic structures of _’_}E,g and may be natural

n
ones for studies of p.g. properties of coherent sheaves over X,X . Our

p.g. and distance functions for :XIQA_Q_O,XEAnga irL the remainder of
Chap.I will be the ones in (1.9)0(cf.also Remark 1.2 ,n.6, §1.2).
Next, gX’dX as above are determined by X, We will use the symbol

, » 4
also for the p.g. pair and triple:(_}_{_,gﬁ and (X_,gx/,dx)(cf.n.tt, §1.1). A

when there is no fear of confuaiosn, we use X for its underlying var’

%) natural distance of C7(z) is defined to be dj:i=.  la-Zl fo
~ _.n e
Z Z é‘g\’_,é
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X TPor the VarietyieAne we use the similar notational convenience to

the above,

_j_, P,g parametrization. Take analytic varieties _Zé Ang and _X_éAn;a_

We then attach to ig(_what we call ‘p_ g.cochain collection’ , which will

contain all necessary sets of cochains in our-p,g,uniform estimations
for X (ct. Introductlon of Chap,I), The arguments are given parallely

to XEAn and XG Anl . For notational 81mp11f1catlon we set:

._.o
(1. 9)0 X P 2):=(X,% PO) or (XX ,Pg) (et (1. 7)0, (1.8)g \), and Doy
' ;=Uo or D, '

I[e construct the p, g, cochain collectlon in the following three steps.

FlI‘S't we define a parametrization of open submanlfolds of X by

(Pr) (P) :=C"rUL(P)
(1.9); V_}_c*’v;(*‘= 0°x* KR 5V P; r)} {lXir(P)HU (?) ﬂ_.

where U, (P ),U (P) are the discs in C©

’

T1

, C° of center P ,P and radius r,

and we set-

(1.9); ouwr (X)) i= vy (V“

. 4

Next setting MX_—;— VXf )(_‘EL1 » we define a parametrization of elements of
CovO(X_W) by: '
. _ ) +2 . *,_ % ¥, ¥, o
(1.9)5 vyss Uyw = Vgs XBE™ D (750)—>A,(X,(27)), where L()=X.(p)
or _)_(T(P) as in (1.9)1, and

4 L ¥ R 3% * . .
(1.9), A (X.(P ));:gz*—p,g_coverlng of -X-r(P*).- of size 6~ in _}_(j(cf,(l.G)l)\
We then set:

(1 9)3 _CovO(X ) 1= u;("(’u‘)h

‘O

Thlrdly, taking an element H GCoh(_ )P g(Def 1. 5), we define a parametm-

-zation of sets of p g cochalns with value in H by:

*¥) Note that an manlfold ‘{ (P ) in ouv' (_)g) g does not share
particular p, g, propertles However, the suffix ¢p g ? just above makes the

no’cahon" to the ones in (1.9)2, (1.9)3 .

Q4



(1,9)5 cf: )\v:,:.::}/fi XE oa =(use) —> (A ()e;:(P"'”'),;‘i)él i—set of all

D
S

d —growth cochains with value in Eﬂcf,(l.4)7))

and we set:

t
(1.9); A&, =0
We define a parametrlzatlon Z%
' wJ

by changing ¢ 40 297
P, g parametrization table
cd . ,

-.,+2 _ . q * q ¥,
111_ oA =(us9) ——— A& m) |, D0MA (E. (2., ,
)&_ XEFE D U=(v39) ———-X--)uovo(X )p g D ALK,

Dy XRW=(Rs )L sout (g ) g, 2 L(®) .

ll

.X.
v—
The manifolds , their coverings and the sets of the cochains in our

p. g, wniform estimations for X will be taken from Ouv (X ) .8’ Covo(gf)P g
and Cq(é ;) ,_ne last collection contains all necessary data in our

. g, uniform estlmaulons . In order to empha31ze the role of such a

collection in our uniform estimation, we make:

Definition 1,8, We call cq(g*,g)p . 9-th p g_cochain collection

for H
o
3 . Bstimation data . In the uniform estima- Fig.I-
-tions in n.4, we use the p g,c estimation map B '(?+xR xR+2)"-'(R (R )
g;_@; g 20d itd first part E C_gp £(DeT.1.7), LE } sl

42 12 - +2
Next note that our uniform estimation does not (q XRT SR )—5 (R x R )

work for all elements of lk%(cf.(l.9)3)but for
elements of a suitable subset ofﬁkxﬁ-;More;preCisely, take subsets Ui(;;Pé)

1
of U

- - N R _ 'v .
o and Ul(EBPO) of'LB(cf (1.7)0, (1,8)y), and we se# DlﬂZf"Ul or (DnUl)



211

~ ~ _ = . A
(co Dy»yx) Also taking elements rwx“gc, c R and %= _a;:z, we set"‘:"

(1.9), 'ZQ!* Dy sy X(0,5) /lx wi=Pe X 27 ana Mg, ,ux__x &2,
We fix this restricted parameter=space in the I_'emainder of 81, Our p,g.
uniform estimations for X" in §1 will work for all elements of /\,X*’

- 4, Main results ~Now, uSing ’_che sets of the coverings and ﬂ;
cochains in (1,9)1’\‘3 and the estimation maps as in n, 3, we will give

our main results on the p g uniform estimations for gf: iior L_ &= Angal.

First we will be concermned with Cech coboundary operator:
:_‘.

N

Theorem 1,1, (P.g uniform estimation for Cech operator5=%(-:+) -

There is a map__esz Co.h@) D}IV-—P'.J e B,EH(q 70), with which we have:
' -

3 3 2 - *,_* A :
(1.10); s 2%(a, (X (") g,)&c: ST (A (L AP™)), B)yr , with (Fh5e39)= Fﬁ(r;v;d‘
Qver,

Here 'the _parameter (P;r;e;g) is in. 1nA (C Dl’X xR %'1-!'2 ﬁ+.4)

_8=p, g refining map: fzf(_f (P)) <> A (X (P"))(cf.Def, 1,6,),

*) R+,.§:=' {ere _PQ'Z; & Z&)} (cf.the end of Introduction of Chap,'I).
%) For the p,g.refining maps: , see n,4, 81.1. In the later arguments
wvhen there is no fear of confusions, we use the symbol‘s ’ for the B, g,

refining map in: qQuestion (without mentionimg it) .

23
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Next we will *}be concerned with the: rrsolution of HéCoh(X ) (cf.also
(1.4)2): |
Theorem 1.2, (P.g.uniform estimation ,_forr_._u,l‘:-.ejs_o,lﬂtion ).

There is a map EX‘: Coh(_"‘)p ga‘g/——}D 9EI(q 0), with _vwhich we havy

(1.20), s"2%s, (D) Byc? Zq(Ao\(_Iu(lé)),QX*)‘; i th <r-m-a> By(s3d),

where the parameter (P;r;e;d) is as in Th,1l.l. Moreover, cuH w)@. H is

the first resolution part of H(Def.1l.5).
For the proof of Th,1.1,Th.l.2, see §1.3. Also we give applications
of Th.1.1,Th.1.2 in n.6, §1.2 and in 3. Here we add the following

Corolally 1.1, There is a ma.pE8 7 --9_£p g - which _ Fig,IT

satisfies the factorization in Fig,IT.(In Fig.II __g Coh(x{)& ——S—yE

denotes the length machf.(l.4)2), and the ’pronectlorl 1lg J/
. . —Z—i E'

% is as in PFig,I,n.6, 81.1). D.
The similar factorization to Fig.IT holds slso for the map SX*ln Th.1l.2.

(Cor.1.1 is not a consequence of Th.l.l. But ‘bhe proof of the latter
will also insure§the former;see §1,3.)
N—ov{)in an accordance to the parametrization table in n,2, we rewrit

Th.l1.1 in the followlng diagram:

#) Btrictly, the map ES in Th.1l.1l depends. not only operator § but
also the cohomology degree q . But the influence of the degree g in
determinihg the map 88 is quite. small(cf. §1.3). Here and in the remaind
of this paper, we use the phrase ‘there is a map 8 )(q>0) ,ees @S a syng
for “there is a map gs, (g~ O),.... The similar remarks also holds for tH

map gX* in Th,1.2.(See also Remark 1. 2 at the end of n.l1 on the depen—a
~dence of the maps€ E. e O the o’cher geometric data like. G Qg »)p

yeos)

29
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Pig . I11,P.g.uniform estimation for Cech operator

A
"~

S

qy* 74
280Dy, 2 20

5c4L () —;»gc‘l l(EH(/\)) = s*z;_i(x)

L

3%

CovOQ(_ ).

NG

.):_
~ C X
5 ovo(__“)p .

(The similar diagram also holds for Th.1.2.) Next we assume that the

variety X X in Th.l, 1,Th.1.2 is id _!gl_l X

a point P € Dy, ,(‘(UlnD) We then set ﬂx.-—(o X P*ﬁ (cf.(1.9)4),

—XEAn (cf (1.8)0), and take

For an element U=(r; a*)Eﬂ (=(0, r))( ), we write the p.g.covering
A (X (P))(ef. (1. 9) ) as .(Q)rfloreover, we set:
a - o %) q :
. (1.10)5 A (P),B), 3= awg cd(4 L, (P) ) (—g_x_p.g.subgrou'é of G (i%w@
Then, from the explicit formulaulons of Thh.1.1,7h.1.2 and from the

factorization in Fig.I,n.3,3% 1.2(of the p.g.c.maps EH &EE ), we easily

25 P.g
have:

Corollarly 1.2, We have the inclusions:

*,q . mq_ )
(1.10), {Sf (4(2). 1) 5. g < ¥ (4,/(P), B, (e Z 1),
A s«zq(ﬁ(P),ﬁ)p'gC wHZ*(Ap{(l)’@p.g 4z 0),

where Lis a suitable element of My

Cor.1.2 is given in terms of the p.g.subgroups as in (1. 10)4, and may
bel suitable for geometric apvllcatlons than Th 1.1,Th.1.2, where we
(mores

used the sets of the cochains, c2% (*‘ﬂ,(P) ,E’)& yeseas ‘We use Cor.1.2 in n.6.

%) The similar fact to Cor.L.2 holds also for £ & An,. But we do not
use such a fact(cf.n.6, §1.2).

*x) cf. (1.4')7,
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Here we make a remark on the ekplicit estimation in Th.l.l*)

Remark 1.21f As may be clear from its formulation, the estimation
map EHéiEp‘g is taken independently from the point Pf which is the origin
of the manifold X,(P) in question When the varieky X =X&An,,, the
~divisor Dl,X*(EPP*) hés, in general, singularieites , and the above
independence is never of obvious nature, As we will see in §1.3, §4.2
and in §5.1, this independence is insured by certain uniform estimations
on Weierstrass polynomials and the coherency theorem of K, Oka (oe, more
precisely, the structure of the proof of ﬂis theorem) , From its formulatio
we méy regard that the coherency theorem insukes a uniform structure of
the coherent sheaves with respect to the points on the analytic variéties;
The independence mentioned just above plays a very basic role in our
treatments of the cohomology theoires in this paper(af§2,§3) . As in
the case of +theories of cohernet sheaves, where no explicit estimations
are involved, the coherency theorem of K Oka will play the basic role

in our cohomology theory in this paper N ext Cor,}.l and Cor.l,% concern

a type of unlform estlmatlons with respect ot the p, g shea#es on the
analytic varieties in question , Though we do not use those results in
this paper, the factorizations in Cor,1,1 and Cor 1.3 may be useful, when
ome concerns a family of p_ g, coherent sheaves ,

Remark 1.22. The remark here is of technical nature for‘the proofvof
Th.1,1 . Letting X" be an varietyy in .A.nl(a or An,, we use the phrase (Th.l,

>

»holds for OX*) as a synonym for thst (1°10)1 h®lds for Oyx» with a suitabl
p,g.C map EX* lﬂéxt letting C be a collection of p,g, coherent sheaves
over X , we use the phrase {Th,1,1 holds for C ’as a synonym for (1 10)4
holds for each H & C (by changing Coh x ) in Th.1,1 by C‘). When we use
‘this terminology, we assume that the factorization in Cor.1.1 holds for

C .We use the similar terminplogy for Th.l,2 and Th,1.3,Th,1.4

%) The similar remark also holds for Th,1,1_
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5., An affine analogue., Here we give anganalogue of the results

in n.4 to affine varieties. The content here is chiefly ;given for
purpose of geometric épplication(cf.n.e soon below and §3). We d-o

not give corresponding explicit estimations to Th.1l.1,Th.1.2 to

affine varieties*). Our results here will given in a similar form to, .
Cor.f.2. In order to formulate such results, we first mean bggnooth

a
imbedded affine variety a datum }_{_' as follows:

(1.11) vX'=(Cn(z),X' H,1), where x' is ag affine variety in a euclidean
0 =" = w7 : SGooth
space g'n(z)(cf.n.l;‘«@ 1.2) and Hy' is a(izt +I)y=p-g.resolution of the
structure sheaf"gj{, of X' over QF

We then set:

(1.11), Aff::colleé“::lo_n of alliiixbded affine varieties.
Letting an element X & Aff be of the form in (1.11)0, the underlying
analytic variety is ‘the affine variety X' . In this paper, unless we
- . | -
say otherwise, we ..r,ega.rd_-Z_i_C_.' Q! ) as_the analytic variety. When we

1
regard it as the algebraic variety, we write it as (X where

alg "'QVX' ’alg) ?
the underlying topology is that of Zariski. The p.g.and distance

t -
functions for X will be:gyr = 21+ 1 , dyt:= induced distance from

the natural one'dz of Q_I_l(z). We write the p.g.pair (X' ) and triple

:gzi
(I;%%,,dxr) also as _)g'(cf.also n.1,§ 1.2).
- )

Next setting MX‘L’:@IZ, our coverings will be taken from the familyi?\

! - ! ' L
(1.11);  Covp(X )y o= {Aa(L )5 o€y}, where 4,1 (X.):=gy"-P-g.covering
of X,' of size o inX_'(De;E.l.Gl),

Taking an element H & Coh(_}_(_:)p g» OUr underlying datum for the p.g.

%) Tor the explicit estimations for Th 1,5, Th 1.4, seeslj and

$4,2, where the proof of these theorsms is given,

*%) As in n,3, we use the symbol _1_{_' also for its underlying variety

_..
I
(W
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cohomology{given to gj) will be the followi%g p.g.group;

: (:L,ll)2 Cq(&(gl) ,g)p_g::EgXL-subgroup of Cq(ém(i),vli')p.g(l)ef.l.j and -

(1.4),1 ).

Thirdly we will use el-—maps_.L_L+2 >R+2(cf n.5, 1.1) in our estimations

sooh below. We set: |

(1. 11)3 I= collectlon of all el-maps.

For each qez 0 we fix a restricted parame’cer space /.LX/:—_E& with
&£,

an element &= 0;,; CP{Z, our uniform estimations w111 work for /‘(X(cf

also n.3, §l.2). ow we give an analogue of Th.l.l,Th.l.Z to 1(_ in

the following fashion:

Theorem 1.3.(P.g.uniform estimation for Cech operator§ = § /)

There is a map 8 -Coh(_) 9H——~>L9__H‘(q70), with Wthh we_have
(1.12)l s"zq(A (X'),}f) < gc‘l‘l(A .(_) B g w1tho~~LH( o).

There is a map EX’ Coh(__ )

. W—-—}L?LH(q?O) with which we have:
(1.12), s 7 9a, () J c;wH.zq(___\(X ),H) g wrbhv—-LHq(o-) '
where UJH. OX,->H is the first fesolutlon of gv(cf Def.1. 5)

(In the above o/ is in the restricted parameter space /LX/ ) Also,
corresponding to Cor.1.2, we have:

Corollary 1.3, We have the foll_eyy;ing_»faeto”x{;}g_a‘t}gq‘:

.-
, Con(X )p.g & (Here igklength map(cf. (1.4)5), and
(1.12), \!:ng AN =gor Ey1.)
zr — 5L

The proof of the above results is glven in §1.3(ecf.also §4).

Ly
g
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6. P.g.complexes, Here we give our analogue of Th,A,B of H,Cartan
to the p.g.cohomology theory. For this we fix the following data as
in Th.1.1 ~~ Th.l.4(cf.also Cor.1,2):

the local analytic variety X€ An

An, , the point P&D,
(1.13)O and the parameter space}/j( (o, ) xR~ ’
the affine variety X_ and the parameter space,LL
and we set:
(1.13), ann) =(X, /5() or ( x' }gg ), and’g_#' =A,(X_.(P)) or A_ A_(x)

for each j,(, (r rr)C}i (0,T) ¥R i or *VC,L{X —‘B.g,
where the point P €D is as in Cor.l1,2. :

* '
Letting the p.g.sheafg =£I/ or'& be as in Th.1.1, or Th.1.3, e make

R
Definition 1.9,. By p.g.Cech complex for (A ’-§4)’ we mean:

0 * . q *
(1.13); 00— (A LE )y g> - - —>C (Ax’ﬁ,);ﬁ
We write this complex as C (#.

H) p.g
* v

Next, assuming that H is of the form in (1.1)., we call the
e 1

¥
following complex g-th p.g.resolution complex for H

k K e,
q p-1 q H. ,a
(1.13)5 0——=27(8,, 06" g————e — > 2 (4, WX; Yo, g7t A
Thlrdly, we regard ,LLX or/ xt as the ordered set in the

following manner(cf.(1.13)0).
(1‘13)14 m=(r;a) >‘M’=(r';¢i)<.77 r<r', 0~>'P’, and M=o >/t,=ﬂ\f .

Then 1etting'_}§f, denote the germ of X at P we make:

] '
Definition 1.9,. By p.g.Cech complex for Q_(‘Pe\lj/) or (_)_c__,gv), we mean:

¥ . ¥ ® ' 1
. o= 1 1 .
(1.13)5 C (Xp,H), o }le C AL, » ¢ &XLH), lle c (_#,Qgp e
We define {p.g.resolution complex for Q_(P,H) or (X H y by operating

the similar limit procedure to (1.13)5 to the complex in (1.13)3 .

9
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Writing the g-th cohomology groups of the p.g.Cech complexes in Def.1.93
q q 4 1 4
as H (XP,H)p.g, (X ,H )

and Th.l.3:

p.g? we have the following directly from Cor.l.2
v q r~ q ! ! [
Theorem 1,5, H (XP’H)p.g==O and H¥(X ,H )p‘g__.o(q;>0).
ext applying the standard syzygy arguments to Cor.1.2 and Th.l.4, we
easily have:
Lemma 1.1l. The -th p.g.resolution complex(gqz 0) for (XP’H) and
(X',H') are exact(Def.1.9,):
Ko K kqy )

; q AP - 1 s q
(1.13), 0~>1lin 2 (4,(P),0.7) ——5 - ——1lin 2 (8,4R) 504 )54

Jié;> ﬁgg Zq(ApﬂP),H)p.g, where we sef Anyk=Av(Xr(P)),
(and the similar exact sequence for (X ,H ).)
Now, in order to determine HO(XP’H)p.g’ HO(Xf,H')p'g, we. let Qp,exzdenote
the natural homomorphisms from the algebraic object to the analytic one:
(1.13), eP:OXO(*D)P——:;HO(XP,OX)p.g SNEIRCITNIRIR E S C QNN D I
where
(1.13); Oy (#¥D) :=sheaf(over XO) of meromorphic functions with the pole D.
Then we hage: _

Theorem 1.61; The homomorphisms@P and'eX/ are isomorphic.
If X'=Cn then Th.1.61 is a classically well known consequence of Cauchy
integral formul&?@[f XO is smooth, then we get‘Th.l.61 also easily from
Hartogus theorem on removable singularities(in the codimension one case).
For general X,X' we derive Th.l.6l from what are mentioned just abvoe
(cfon.4,%1.3). Finally, avpplying the étandard Syzyey argumegis t§

x*)

Th.,1l.6, and Lemma 1.1, we easily'havé:

7 .
*#%) ¢f. also Lemma 1.2 in § 1.3,
q,w.) ef. (0); in the introduction of Chap, T,

2 S
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arguments to Th 1.61, we easlly have:

.Theorem 1.6,. The following complexes are exact:
B, K K 4y
e .-————-——»——'70 7H L ) —> 0,
F(—alg’ux"alg) -——-7E(X Xolg QX ralg ) —_— i X ,&i,)p:;? 0.
Th.1.5,Th 1.6 are our p.g.analogues of Th.A,B of H.Cartan( ).

Applications of Th.1.5 and Th.1,6 will be given in § 3.

Remark 1.3,. In [ 1, H. Yamaguchi showed an analogue of Th.l;g,
Th.1.6 to algebfaic 1ocally free coherent sheaves over affine varieties,
by using Th.1.5 and Th.1.6. Next, note that, in Th.1l,1~ Th.1.6, we gave
a- more or less categorlcal treatments of the.p.g.uniform estimations.

At present, we lack the notion of (p.g. maps{ In this direction, S.Kamiyab
([ 1) gave some funqgﬁial treatments of our p.g;cohomology‘theory. 1t
seems to be quite desirable to give a suitable fonctorial generalization
of our p.g.cohomology theory in §1.
Remark 1,32. As was mentionedf’cohomology theories with p.g.condition
 were studied by P.Deligne-G.Maliotiost([ i1 1) and by M.Corbalna-
P.A.Griffiths(l Q,]) for ~locally free algebraic coherent sheaves over
smooth algberaic varieties. Our results for p.g.coherent sheaves over
the analytic varieties as in §1.2, together with the result of -
H.Yamaguchi([21]), are more genral than theiTs.” In particular, the
independence assertions mentioned in Remark 1.2 are not found in (21,011 1.
Also, our proof of Th.l.1.~ Th.1.6 dependé:igjthe uniform estimétions on
p.g.estimations on .
homomorphisms on coherent sheaves in §1.3 anx“on*CUuSTﬁ—+o;;;;%ls (cf.

Chap.III), and is entirely different from in [;agj"ilij, which use the

5— estimations.
#¥) ¢f.Introduction.

30
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81.3.-A key theorem and key ,lemma's
0

.

Here we will reduce Th.l.1~~Th.1l.4 in §1.2 to a key theorem,Th.l1l.7,
and key lemmas,lLemma 1.2~1.4. The latter is proven in Chap.III and$§ 4.

1. A key theorem First setting

(1.14)0 Euc := collection of all products G (z)XC (z ) of coordinated

euclidean spaces(n.1,§ 1.2),

we define a map(dimension map) dim:Euc_ 's X~Cn(z))( Cn(z )—}Z x2*>(n, n)

The p.g.and distance functions for _)g are:gg= iz} +1,with z=(z,z ), and

dz:=dz(_nétural distance of _)Z)(cf.n.l, §1.2). Taking an 'element (P;r,;-;d)
eA~-—g X (0,11xRT X_Rl , the set of the cochains in Th,1,7 soon below

is as follows: . |

(1. 14)1 Cq(.Ab(X (P)),wX ):=set of all 8y -, ~growth cochains with value
in the structure sheaf Qg of Xef. (1. 4)8), where

(1.14)2‘ %o-(—r(P )):=g~ -p.g.cOvering of X (P Y:=g" XU, (P ) of size o—
in &® XA , with*hr(P'):={Q e (z)3d,, (Q,P‘)< r }oe£.1.6.).

Then the following theorem is most basic among the resul'ts in § 1.%:

Theorem 1.7.(P.g.uniform estimation for Oﬁ,X_CnXC ).

There is a map 8 Euc_ 's X—-—-)_E_p g9 X'(cpo), ‘ Fig.I
which is factored ds :'Lp» Fig.I, and with which we Euc Q%
_have the following for each fé Euc': ‘dlm )

z'xgt ———> E.g

(1.14); s Zq(A AX (2')) .05 )Cch“ A ENR)) 005 s
with (2 o.,el) L,T,Q.), where (P r,v 3) is. 1nA~ —-Cn')( e o =X3+2.

*) ds natrural distance in C (z ).
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As may "be clear from its formulation, Th.ll.'] will be most basic for

the proof of Th.‘l.lNTh.l.G(among the p.g.uniform estimations givinv

in §1.3). The proof of Th.1.7 will be given in Chap.III in an independer
manner*)from the contents of Chap.I,II. Here we .derive a consequence‘ '{
of Th.1.7. For this we first set: |

(l.lli)3 Euc:=collection of all euclidean spaces §'=_C_n(z).

We denote by t 3im? the map:Euc 91'——?Z+9 n, and we also define a map:

0.

. ! ' : '
(1.14),, I':Euc;i)_( =gn(z)——?Aff9(g_n(z),X =¢",4.s), where 'T;I_x,denotes

»Hy
the trivial resolution of 'Q'X’ :0 =0 ,%Qlﬂ—eo(cf .Remark 1.1).

By means of I we regard an elemenet X (z)e Euc as the elemenet of
Aff‘ we use the terminology for Aff(n.5, §1.2) for X . In oarticular,
the p.g. and distance functions for X are: gx,— {z| +1 and d.(, =natural
distance of__(z)(n.lj;, §1.2). Next taking an elemenet (5a )éAf 12X3+2
we set: " '

(1. lll);4 Cq(A (}' )’~X ) = set oﬁgvowth cochains with value in J,

where A?(X ): —g .g.covering o (in _L) of size o (Def.1.6 )
We use »e}“maps f‘or the estimations in Cor.1l.l4 soon below. We seu:

(1.111)‘; IE\‘:E’( L, with L=collection of all el-—maps(cf.(l.ll)3).
To- an element :f’—z(L’-l’-—EQ) = _'f,:=T: XL we attach a map:

T 42, 42 +2y 42
(1.18), L:REXR“3(3) —> R X R D (L, () ,L3+0)).

We then have:

3%
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Corollary 1,4 . There is a map £:7uc3 X =0"(z) 4 Fig,II
~T 3 17.,,(q>0), which satisfies Fig T, and with Euc _ &
b4 ? . ldim
~which we have the following for each X € ERuc: 7t S T

% ' -
(124) 8 2880 ), 041 % € 8 ¢TTH(a,(X ) ,040)y

with (\'r';df)=LX:(vr;d-), where (s33) is in AX:(=RIZ;(RIZ),

Proof, Letting U:'L denote the disc j .'C(w) with the center O(=origin
of C) and radus r=1, we identify c? w%Ui » We write the
projec’cion:cniU]'_ > ¢ aSIX,.Then, writing the left side of (1.14)5 as

3 ' ’
_Zq, we have:’l§zq C Zq(Ar(CnxU'l),O)(;,where O:=structure sheaf of Cnx U; »
Apply Th 1,7 to the right

39
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side of thé inclusion just above, and we re%trict the resulting inclusion

of the form in (1‘14)1 to _c_nxo'(-:ég;“). Then, comparing the explicit

estimations in Th,1.7 and Céx,1.4(cf.also the explicit forms of the

p.g.c.maps and el-maps in n.5, §1.1), we get easily (1.14)5. g.e.d.
Comparing _(1.14)5 with (1‘12)1,Th 1.3, we easily have the implication
Corpllary 1 ‘1:" Th.1.7—> Th.1l.3 for each Q‘{f ;X' € Fuc.

" The right side will be our starting point of the proof of Th.l.3,Th.l.4
(ef.n.2 ~~n.5 soon below).

2. Sheaf homomorphisms. Lettlng X be one of ;{_éAnC, é_e_A_r_l‘lav or

X € Aff as in Th.1.2 or Th,l.4, we will give here a lemma on the title of

n,2, which will be most basic in deriving Th.,l1.1~Th.l.4 from Th,1l.7.
For this taking an element I GCoh'(X*) (cf.(l.4)e) we recall that
such a sheaf H is endowed with two * natural1 p.g.filtrations: the first
cne, ¥ , is induced from the IreScﬂublon L.O.’ *—> 1 of H, where X is a
matrix with-entries 1nf(A "A ,g,y)D g(cf (1 A)g), and has been used
hitherto 1'11 §1, The second one, ‘F in symbol, is induced from the
inclusion:H (_;.'),,\6-, k_lang bh. 01 colums of K,and letting the parameter
(P57,05d) or (3 a)eA have the similar meaning to Th.1.2 or Th.l.4,

the set of 3 -g:om,h cochains defined byg’is as follows(cf. (1.4)9):
1 D ]

(1'15)1 Cq(_éo\(l—{. ):E;Y)&'=ﬂq(” (Y );ﬂ) nC (A~ (V ) *r* )& .

(Here 1(:* denotes the manifold X ( ) or _}_(_ as in Th.1.2,Th.1.4.)

e write the corresponding set to W explicitly as follows(ef.(l. 4)8)
1
(1.15), C3(A(¥),150):= T L (h (L) 00, -

Now we give the key lemma, mentioned soon above, in terms of

. ’ 1
a comparsion of the sets of the cochains in (1.15)],2:

%) cf.Remark 1.2,. , .
##) gy# =p.g.function for Xé= 12 !+1,[h;(ll or IZ{-'I-l(cf.Th.l.l‘,l.li).

%%%) For the sets of the parameter A',*, see n.2 and n.5, §1.2.

4o
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Lemma 1.2.(P.g.uniform estimations for. Ox-e -homomorph_isms)*)

There are maps. Sx’x . Coh’ (X ) 9@-—-}119 L and  Fig,IIT
2 e
E %2l ——?L which is factored in Flg II1, and. w1th Coh (_.) -———X—?L
X ‘1' lg g I'
which we have: Z+ L
B * ¢ ’
(1.15); 57l (1), Y, € A Y, with (o A>-_Lﬂ<<r 4), where

the parameter (¢3;¢) is as in (1. 1‘5)l .

For the proof of Lemma 1.2, see §4.(See also Remark 1.4 at the end of §1.3
3. Consequences of Temma 1.2, First we prove the implication:

Corollary 1.5. Th,1.7 + Lemma 1.2—>Th.1.2,Th.1.1 for An,.
Proof, Take an element X [ An . Then, applying Th.1l.7 to the i'ight

side of (1. 11)2,1‘11 1.2, we easily have:

(1.15), Th.1.2 for An,-—>Th.1.1 for An, (cfn4 §1.2).

We prove the left side inductively on Cohp(::)p.g(p=l,2,..)(cf.(l.4)2),
using the standard syzygy arguments:if p=1 then g;olzc(k>-0),, and we

have directly Th.1.>2 from Th.l.7(cf.§1.2). Assume th;t (L)p=2 (2) Th,1.2
holds%%gr Cohp“l(j and (3) HéCohp('f(’) w:c'ltlng H as .--?OX ““L>OX'
—>H-—>0, we define an element & 6Cohp 1(X)p g(\ Coh (_) to be:

.

—~—-}Q,f L (COX—)—%O Now taking a parameter (P $T,0 ¢ a)CA (CUO XR"'XR'W)(_
(cf.Th.1.2), we set:
(a) z7'4, {&PGCQ(A (P;r), Qy')a ,urx&?._o}— where we set A (P r)=A (X (P)).
Then letting the p.g.filtrations lkl,‘}:'l for H "_.3_ have the similar meanings
to ¥,V for H(as in Lemma 1. 2), we have: 82"1(: Cq*l(A (p; r),éig_;&i)&.
Applying Lemma 1.2 and Th,l,. l )to the right side, we get: |
(v) s'8z'%C zq"l(Ang r) Hy ¥ )80 (A (B3 1) 1y 5 )y, where (D,&)—_];rg_ (o3
and (s &) (r,q,&) are defined as in Lemma 1.2, Th.l1l.2.

*) For the sets _i_’,}_;_ of estimation maps, see (1.14)4, Also the set
L in Fig.III is the first component of :1::,1_: xL, and lg=length map(cf.(1.4)'2:

"--‘*) For this terminology, see Remark 1. 22 and Remark 1.3, A
“%#) By the induction hypothesis we have Th.1.2 for CohP~ l(__)

. 'by
p.g’
(1 15)2 we have Th.1l,1 for Cohp 1(3;) ’

pP.g

4
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It is clear that (b) insures:

(¢) s'z2'%¢c 22 (A,,,o‘-),, + O%(A 4,1y )y where A=A 4(P; .

Finally operating the homomorphism e to the both dides of (c), we get the
desired inclusion (l.ll)l,Th.l.Z. Q.e.d. V
For later gotations, we rewrite Cor.1l.5 in the form:

(1.15)5 Th.1,7 —SyZyey(bemma 1. 2) § gn.1.2 for Ang—S1h.1.1 for an, .
Next take subsets oflé;gf_of An, ,Aff(n.1,n.5,81.2). Then the similar

syzygy arguments to Cor.l.5 inéure; ' o

5 Proposition 1.4,If Th 1.1 holds for each O eiA(resp.Th 1.3 holds

%<

L _‘K

for each 0 .;K'ééié'), then we have Th,1,1,Th,1,2 for A(resp, Th.1.3,Th.lq 4

Taking_é: to be Fuc(n.l,81.5), Prop.l.4 and Coxr 1.4 insure:

Corollary 1,6, Th, 1.3 Tomsa
syzygay(Lemma 1‘2l;-Th.1,3J ™, 1,4 for Buc,

4
Mh.1.7 for each Oy ;X &€3Buc .

We give here an analogue of Cor,1.6 to An, ., For this we define a sub-
+i 0 .
-collection Any of An,  as follows.
0 ] . ' n :
(1.15), _!}g_la:={}£eé_n_la; X is of the form:(_C_(z),UO,XO,h.X,ﬂX,PO)}Jf
(cf.(l,s)o), where X
is the trivial resolution of g§:0—>ggie;gx—90(3gmark 1.1), where X:=

coincides with the ambient space UO‘ Horeover,ﬁx

X

Thus X coincides with the ambient space UO—D . This paroperfty is similar

to the one of X C (z) € Buc(C Aff)(cf, (1,14)3), and,_A_r;_g_)a(:Ang has

~D, with the divisor D of hX.

—

a simi}lar role to Eucc Aff-

o}
Corollary 1.7, Th 1,1,Th 1,2 for Ago—saih .1l for Q&’X éi;uﬁ

o 0
—>Th.1.1, Th.J.2 for Anga

{%.2 .
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The second inplication follows from Prop.l.4. The first one 18
Ano to higher dimensional

proven in n.4, by imbedding varieties X & a

euclidean spaces(cf.Lemma 1.3 in n.4 soon below).

Diagram 1

Psbabind & Smbmmit Y
' 'y Syzyey Th.1.1,Th,1.2 for An
. Eu.c X — U, —_— ¢ —— —_— . ‘
Th,1.7(0y5X € Buc ) (Tomma 122) — .; TS50
& - —imbedding — — —> ) 0

L &——syzyey _ —— 7 \l/

(Lemma 1.2+Prop.l.4) 0
Th.1.%,Th.1.4 for Euc T™h,1l.1,Th.1.2 for Anaa

(The theorems at the bottom will be the starting points of the final
- ——paxk ot the proof of Th.l.1~ Th.1.4(cf.n.5).)
£ Th.l.1~ Thel.4{ct.n.2).) -

4, Imbedding, Pirst taking a euclidean line C(w), we define a map:

(1. 16)0 I: An EB X—>An, > A=( (w)x__(z), X_CXU )(cf n.1l,§1, 2), where

X=Xy-D, with XO_UO, is as in (1.15)4-

Setting ﬁ; ~1—h Vs St —oy.—locus of hh'njlji, and'EX =biregular map:S-—>

X=U,-D, we Wlll use the 1mbedd1ng”[gI.X UO—U <55 and the P, g, sheaf Hes

O—aQX 79% ~9O over X for the proof of Lemma 1.3 soon below .(Here
&kz and QS aré—the structure sheaves of X S. )]ﬂamely, letting the parameter
(P73 O,&)C:AV(C3J X (0, r)X3+2x)+2) be as in Th.1.2, we will compare the
following two sets Qf Q -growth cochains in Lemma 1,3 soon below:

%4 (x.(P)),0 n~Y '
(1,16)1 (&.(& ( ) X) :=set of g::{! } -d-growth cochains with
<A, (“ () ,Hg), z) + lwl+1

value in {”~}_(cf.(l,4)7 and Def,1,45)

Bs
where ( '( ) ( )
A (X (P X (P Un=D
(1.16), -ﬁrj:n j =g-p, g, —covering of {’ }of size o in.{up .L
A_(X.(?) X X.(P) X =chb.J -

(Here X (P)..Xf\U (p), x (1>) = er(P), with the disc in Ur(P) C. C, are as in
(1,9),,§1.2). | |

#) The element hy is also as in (1,15)4«

B 43
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Temma 1,%, (P, g uniform estimation for imbedding),
g LB g unlTorm estimatl )

(g z0), with: which we have:

_There is an element. EL( & B DI
. 16)3{ Cq(A;“—‘f‘(P” O 2o (T Wie U (X (2) )
s7ix? X (2D 0 ) g a8 EA2) By .
with (I',,v,l)=EX_(r;o,a) , whirg ‘vs—natural homomorphism:Jo—Dg and Sy,sg
_are the ‘p.g ,r;jf:ini_ng__.m@pﬁ_ X,S,
We check ILemma 1.3 in$4.2. Cor, 1,7 follows from Lemma 1,% as follows:
apply Th.1.1 for_jg_r_l_o to HS’ which is a p, g, coherent sheaf over _QXUO.
Then we have the inclusion of the form (1. lO)1 for the right side of
the second inclusion in (1.16)3 . Using the first inclusion in (1.16)3,
we pull back this inclusion to X(by means of ILX)’Then we have the
desired inclusibn in (1 10)y for 2 e -
I"inally,.we will complete'Diagram I in the following fashion

Diagram IT.

o _ _ _ 0
Th.1.3,Th.1.4 for Buc . Th.1.1,7h, 1.2 for An a
é _ _ __ extension 5 |

gor 1.9 -+ Jemma 1.4) — - -
Th.1.3(0Y, ;X c ££) orsyzjt; J emma 4) Th.l.l(;ax;ﬁe -"-\-I-l-la)
; é - “(Lemma 1,2) - - = N
Th,1.3,Th.14 for Aff Th.l.1,Th,1.2 for An, .

(The second implication is insured by Prop l.4 §Cor 1.8 and TLemma 1.4
will be given soon below). By Diagram I,II, the remaining task for

the proof of Th,1.1~ Thd 4 is to prove:

corollary 1,8, We have the following implications:

ih.l.1,7.1.2 for An Thel.1,fox Ve 2 X
(1.17)1{ T }.._.. eded,or each By X &y,
™h,1,3, Th.1.4 for Euc

- Th.1.3 for each'“( ,XCAff

) 5 N o C 4 K ~
For the proof of Cor.1,8,we attach to elements of An

C ANy ALE their ambient

<

%;L\Tote that *}-IS’QS are obtained by regarding the structure sheaf

o

of S as the sheaves over X,S .

*¥) For the precise form of the refining maps sﬁ,s}x, see (2.13),

in Prop 4. 7
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spaces:

(1,17), J -{i 12%=(87(2),Tg Koo Bally P o) Ang, D¥=(c” (Z) »Up»¥=Ug=Dg 1,8y, Pg),
£r9X =(c" (z),X Hy 1)—> FueBY =(c™(z), v =g ,yy.)

(For the above notaion, see (1, 8)0 and (1. ll)O,In particular, “I,{l is the

-D, with D=locus of g on Xos

0

and 'I:‘Il_ is the trivial resolution Of—!:UO"DO:O_)Qg__}\Q}_%’ with the pole‘

: f honW :)We will prove Cor,1.8 by extending cochains on X to its
<§ = Eiiiébt); :
ambl@&nt space ¥ .

5, Extensions of cochains, Letting the variety X E_Agla and _X:J(_}Q be

p. g, resolution of the structure sheaf _QX of X=X

/7
as in (1.17)2 and letting the parameter (P;r;eosd)C AX-v have the similar

meaning to Lemma 1,3, we compare the following sets of the  cochaind¥

(1.17)1{C (4,& (P))’WX) :=set of g(:lh—ll Y=)3-growth cochains with value in{gx

%4, (X.(P)),Hy s al L
where _
{A (Xr(P))L X .(P):=XNUL(P) ) X=Xy-D
(1.,17) :=8-Dp, 8, —coverlng of{_ )gof Size ¢ 1n{ }
A (r (NS Y .(P):=Y0U,(P ¥=Ugy-Dq
Also letting the affine variety X' & Aff and ¥ =E_(z) be as in (l.-17)2,

we will compare the following sets*)

¥
T4, (X )50 0
(l 17) {N MX{ L set of all g(=lzl +1)-j-growth cochains with value 1n{qz

c(a_(x) HK)J i

where

A (x') X
(1'17);{'—0" );\ g-p, g, coverings ofj }of size o~ in .{“;,} .

> A +2 '
(In the above, the parameter (033) is in X,(C_Ql X—EJ‘MV&
, (ef. Th, 1. 3)

-};) cf (1,4)8 and (133)6 12
¥x) U (D) =disc in Cn as in (109)]_: \§1'2 .
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Lemma 1.4.(P.g.wniform estimation for extension).

_Take suitable By € -i%.g ggg_;:}_c_e T(g=z0). Then 'we‘ have:
1.17) {S*Zqﬂ%@r(l’)) Qs © Wyl (AL (7)) ’“}'ii)?;,here {(rl,o';a’)=FX_(r,0‘;a
T, (XD) g )y € O A () By )y h D ()5 9).
Here C'JX, &JX/ .are the natural h:momorphisms :_I:IX——igX gﬁg =vI:rIX' -—-—>vg_&: .'_
(We prove ;mmé 1.4, by extending cochains o;z_t:»Uo-DOT..(vcf. 8§4.2).)

Now Cor.i.S is deri\(ed from Lemma 1.4 as follows: first applying the
Th.l.1(for gg,x) to the first inclusion in (1.17)3, we get the inclusion
of the form '—(‘1.10)1 for the right side of the former inclusion,Then,
operating Wy to that inclusion(of the form (1.10)1), we have the
desired inclusion of the form (1'10)1 for Oy. This insures the checked
first implication in (1.1-7)1. The second implication is checked in the

similar manner to the above. Thus we have Cor.1.8, and we also finish

the proof of Th.1l.l ~Th.1l.4(cf.alsofsoon below Cor.l.8)%) o
) b , — e s

6 , Proof of Th.,l.6l, First recall that we checked the comparison of

iz )
‘meromorphic’and ‘p, g’ in Th.1.6; for elements of Anga and Buc(cf,n.6,81. ¢

Then, using the extension of the cochains in Temma 1.4 for Anl Aff
=—lg ===

we get ‘Th.l. 61 for Anaa,Aff from the correspohdirng factéﬂgfor An, . Euc,

Thus we have shown that, for the proof of Th Jd,1 ~ T™ 1,6, it suffices

to prove the key theorem,Th.1.7 and the key lemmas,lemma 1,2~ TLemma 1.4.

*) See also Diagrams I,II .
**) Also, in this step, we use Th.1.2 ",  Th,1.4 for AnQ_,Euc
; _ —la o
This follows from Lemma 1.2(cf,n.3 §1.3), and our use of those theorems

is legitimate(cf also Diagram III at the end of £1.3).
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For convenience of understanding of the logical structure of §1.3,

' we summarize Diagrm I,ITI and the content of n.6, §1.3

as follows:

Diagram III

Th,1.7
(0x;Xe Buc)

le = —

Cor.l.4
(OX;XGEuc)

Th.1.61 for XE&Bue

é_ — —
v

Th.1.3,1.4
(for X&Euc)

\4

Th.1.3
(OX;XEAff)

Th’1'61 for XCGATFT
< —

Th,1.3,1.4
(for XEALT)

" (for X€Euc, X€An

= — — ——

Temma 1.2 > Th,1.1,1.2
(for X €Anj) (for X€&Any)
Lemma 1.3 0

(for X€&EBuc,X EAnla) J,
Cor.l.!

(Oy;X€Ahny, ) o
Th.1.6; for X&An;

0O y———=
la) \[/

Lemma 1,2

Th.l.l,l,(Z)
(for XGSAnla)
Lemma 1.4
(for X& Aff,X&Anla) -
Th.1.1
(OX;X & Anla)
_ Th.1.6, for X&Anq
Lemma 1.2

- >
(for XE&Aff X EAnla) l

Th.,1.,1,Th,1.2
(for XC,Anla)

We will finish 81.3 by a technlcal remark for the proof of Lemma 1,2:

Remark 1.4, Letting the varietyes X & An
Lemma 1,2, we define the following subcollections of Coh (X )

coh' (x' )p.
(1.18)1 bOh (X )

X éAnla
k K

.0. D p-
(1.18)1 H:0 -0y n___ﬁvox t o - -
the element I must satisfy:
(1. 18)l the entrles of K (0£j< p) are in E(XO,O ("D)) orf‘(X

12 x' € Aff be as in

Pg’

(cf n.2, §1.% and (1. 4)9)
={® & con' (X"
ox =X 6 AIf and writing H expllcl‘cly in the form of (1. 4)1.

(cf. (2. 4);}' , where X =

Ky kl KO

e — —%0y —23H—30 ,

alg? OX' alg)

4y
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according as X*=X165Aﬁ1a or=X' € Aff

t o
(Recall that, for an element H &Coh (X )p , the corresppnding condition

g
to (1.18); is 'the entries o Kj are p, g, with respect to the p, g,

function gX%=l§]+l or izl +1 {(cf.(l.4)9)-

1%
Now recall that Lemma 1. 2 was given to Coh (X )D g* Here we check:
(1.18)2 one can replace (Coh'(X*)p é by (Coh"(X%)p g in Lemma 1.2 -

FMrst, if X<§Anga or X'GE Fuc , then the comparison of ip,g’ and‘meromorphi

?
(or, rational ) in ’i‘h.l.6l is a well known fact(cf.n.6,8§1.2),.and (1.18)2
is legitimate. On the otherhand, Diagram III insures that ‘Lemma 1.2
’
for Anga; suc as well as the extension of cochains in Lemma 1.4 imply

Th.l‘6l for genral X&An,, and x'&€ Aff . Thus we have (1,18)2

#*)N ote that Lemma 1 4 follows from am estimation on local
parametrization of analytic varieties, and is independent from Lemma 1 2
(n,5,88-2)_ Also we use Lemma 1,3 in Diagram IIT . This lemma is also

proven independently from Lemma 1.2(n.6, §4,2) .

4X
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g 2 , Cohomology with algebraic division and polynomial growth

This section contains the main results cﬁ' this paper: first, in
§2.l, we summarize some algebraic notions concerning the a.d.and p, g_’()
properties of certain complexes. Using such notiohs we give our main
results of §& as well as of this paper in§2.2_ In 32,3 we reduce the
~results of §2,2.to those in §1, by using#s)ome uniform estimation on the

a.d.and p_g.properties of coherent sheavesg,

82,1, Algebraic division conditions

1, Open map property. We begin 8§ 2,1 by arranging some terminology -

which will be used in later é.rgmnents: first, . : a filtered_gmy_ﬁ ig,

as usual a decreasing sequence B= {B(m)}nﬁo of abelian groups B(m). -
When there is no fear of confusions we write B(0) also as B.By a filtered
complex we mean such a one:

(2,1)l 0—E -E—ﬁ_c_o;--—‘——a_qf_l-il—} , where dq(q 20) is a homomorphism

of filtered groups z'ind the augumentation e is that of abelian groups ,
Letting,ﬁg'%?:O—bE'-e%-_v- _Q:o-—)- g__‘_‘l-; be an another filtered complex,

a homomorphism w_g\-—-?_t_,‘_'_* is a collection W ={w:{‘0q§ ;O} of homomorphisms
ch:Q? —> _C_'q(of filtered groups) and that of abelian groups co’:E——-—?E' _
satisfying the standard commutativity condition.ﬂext 1et__q_=’{_gj; ;;Lé,u_}
_be a direct system of filtered c_omplexes » Writing ,C;L as:O—-‘)E)ﬁ&;(_}gg,%

A oo
’-~-9_Q}qL———7 (cf. (2.1_)1,) and _Q}L as {Cg_(m)}m=o ..y we make:

)
#) ‘a,d,= algebraic division” and ‘p g’Lpolynomial growth(cf., -
Introduction),

¥%x) cf. also Introduction.

™~
i
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Definition 2.11. We say that_g_has open map property(resp.is

/LL—_Q&C_E) if, for each qe"g_+uo and }LéjL,Jthere is an element,zé,QJwith
which (2.1)2(resp.(2.1)3) below holds:
(2.1), there is a map a:z'—z' so that a, i,(m) 28y, 7q+l ‘(a(m))).
(2.2)y 4C" D B,z e (@), e, D02°(g0) (a=0), where c‘)i—;l:c‘};:
and G, =X -5 Ch -

(If#)[=1 then (2.1)2 is equivalent to say that d a*l

%
C s
W H;~9Z ( #) is an
open map, with respect to the topology determined by CgL,...) The
following equivalent condition to (2.1) is useful in later arguments:
]
(2.1)2‘ there 1s a map bzzf;—>2L satisfying lim> b(m)=00 and dM 7(b\m))
* .
D0,z2% (¢’ (m)) for m>>o0.
L W %)
The open map property is important because we have:

Proposition 2.1 If C satisfies the open map property and is

1
u.exact then we _have:

q q -
(2. 1)4{-.i$}{(11m Qb/%@(m))~—— akg(llm HA(C ¥/C&(m))) 0(q=Z1),

%}m YA (é_p C*/C (m) ) == 11m(11m 70(F /C (m)))”vllm(llm %m?u?

Eggggqu is_the natural homomorohlsm Ff——4>c /uk(m)

Remark 2.1. Take a Noetherian ring 0, an ideal ];of\g_and a complexr
~y ~

3 = (%)
¢ of O—modulesf*)o——?Co_a-ecq_9~— . We set E?:={E?Cq}m=0 . Then Artin-Rees

theorem insures that if C* is exact then“gf satisfies the

¥) For the proof of Prop,Z,ll and for roles of the open map property

in other standard comparison theorems in the completion theory, see

ll,N'g“gl 133,

*%) We understand that the augumentation map e:®E 2go is of the form:

E=0 and e=zero map ,We use the similar notations in later arguments

(cf.Def,2.52)4

5 O
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open map property,Also it is well known that the above theorem insures

‘the exactness of the completion of C?cf,ﬂjzj)‘ln spite of this basic
character of the open map property(involved in the above result), it

seems that such a property has not been taken up in general siturations,
(The author knowé no other examples of complexes.of general nafure, where
that property is emphﬁsized explicitly,) As was mentioned*), the conjecture
of S, Lubkin for such éipropety for local de Rham complex is our starting
point of the studies of the contents in §2 ., The open map properties will

be given*%gr some complexes in § 2, §3 and part B,$ 4.2. As we will see

in the coufse of.§2, the most substantial part of§ 2 concerns that property

v
for certain Cech complexes of global nature ,

#)#x) cf, Introduction,
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Finally, letting C'= {Q_: skeidibe as in Def 2.1y , take an another
¥ . 13
direct system g‘:{'g;f;he}l}of filtered complexes, Writing _Q;f,g_n as

- 0 ! 10 ?
0—s B,—C ;ﬁ"ﬁ?{“’ and oaﬁhﬁgﬁé_,{gw 9,.., we assume thgt the complexes

t 1] 1
(of abelian groips):O—éE;;-? CE——) ~503 and O_';E}é-—; cho—a ~—70Mq-—? coincide ,

(Here ¢%=c%(0),.. .)

. 1
" Definition 2. 12. We sat that C,C are _equivalent, if for each qe_-‘:_Z_'*()O

and e ){, there is an element }L’?AL, with which we have the following for
each m=>0:

1 ! ? ]
2.1 9 C 9 m with an element m € 2z* satisfying lim m =eo
(2.0)5f,c0(m) = 0} @), , z ying lim m'= eo,
and, if the converse relation to this holds .

1
Proposition 2.1,. Assume that C,C are equivalent .Tf C satisfies

the open map property , then g' satisfies that condition,

_g_. A.d, filtration, Let X be a topological space , Jg‘,a sheaf of ring

. . s . s
over X, K an Q-module and £=( fj)j::l a subset of ‘P(X’Q) . We write {f?}j—_—l

as ", By.m-th standard homomorphism for. f, we mean the homomorphism ™,
E)fa @ ="(‘€j)——-9 .QVQZJ. f?j%(léj = s), and we write the image Fm\thCig also
as £'0, We use the symbol _I_mg_g for the Q-submodule of X, which is . ~. ° -
spanned by elements ¥ ¥ | with ¥ & £f70 and Yex.
m m "y w/ .
Next take an element A & Covo(X), We then make the following

definition for later terminological convenience}

Definition 2.2, By f-a.d.filtered group of C%(a,K)(or, g-th f- a,d—

filtered cochain group for (A,K)), we mean the following:

q 91 Dt ith £Ox=
(2,2) {c%a ,f(&)}m:o , with £ K=K .
In n,3 soon brlow we will combifle Def 2.2 with the p g _filtration in-
Def, 1, 21,
#*) CovO(X)=20uv(X)(cf.the end of the introduction of Chap.I).

g
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3. D.p.filtration., First taking an abelian group B and a map

$:(z1v0) x‘§+29(m,a)—92]—3—, we denote by §m the restriction of 3 to
mx B2 (2p2). Setting B(m;®), oi=Ucpr2® 0 )(C B), we make:

Definition 2. 31. We say that & is a d. p.flltratlon of B, if we have:

(2. 3)1 § R -—92—B- is a p.g.filtration for each mez *yo(pef.1. 21)

(2.3), -}?(m;ﬂp.gc :_@(m ,_Eé)p.g for any m;m , and Em&m, are compatible
with the inclusion:B(m ;§)p.gg,y_I_i(m';ﬁ'g)p'g(Def.l.Zg).

Next letting the geometric datum (X,_'Q,}‘g,vi_‘) be as in n.2, we take
a p.g.function g:X-—e_IgI(Def.l.lldr),. We will define d.p.filtrations for
c9(a, K)(cf n.2), by means of (f,g). For this we assume that Xis a
homomorphi¢ image of O (k> 0): Q -——‘9K—>O, Ve assume that 0 is endowed with
a g-structure 9(Def.1.41), and we endow K with the induced g-structure,
6. in symbol, from (8,w)(Def.l. 45) Recall that (g,8),(g, K) define

X
p.g.filtrations for Cq(A O ),c%(4, K)(Def.1.4 ). For an elementd\e_'l*z we set

) Cq,_(_f_x,,, ,gn (g,6) le

(2.3)3 q J:= set of{ —J-8rowth cochains with value in{ ]
CT(A.K;8)y (8,6 K) X

(cf.(1. 3)6 7) )Also recall that Prop 1.% implies:

(2.3)5 o4, Kse)=wed(a,0%8), -

Next we use the symbol F'(=m-th standard homomorphlsm for f): O —->O(cf n.2)

for its k-times direct sum:Q k::g . -+,9MS &_% ++ +0. Then
assuming that f C_F (X oF g) we make: a '
- l Fig I

Ay oSk a
(£,g)-d.p.filtrations of_B;quL_,IQ, we ¢ L—*O ,g) CS) >C1 ('—lfmo ,g)
mean the maps in (2.3)3 soon below: \Cl(-é’-i:m\{{v’g)d\

) . E‘qu(A OSk'g)&
1%¢ 25 (m: ) —> B—i =
(2.3)5 {I}E}.,z}: (Z'V0) x RT3 (m;9)—>2% cta,xse) 0 cta,rK) .

#)'D.p? = %.d? + ‘p.g., where ‘a.dldalgebraic division’and‘'p.g?

Spolynomial growtW(cf.n.2, §2.1 and §1.1).

5J

Deflnltlon 2. 3,,. By 1eft angd rlght

‘**) cf.also (1.4)g .
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We use the following notation for the first set in the right side of (2J¥

(2.3), ¢4 (A i K,g) 1§ L(m33), Zq(A,_K g) _,,.,léf’ (m a)nS 1( 0).

e i e iy ,,a

N

Note that (2.3)3 lnblles

(2.3)5 Cq(_,me; :=CJC%(At£25;g)& (cf, also Fig.I) .

(Here and in Fig.I, we regardVQF as the trivial p,g, sheaf: o-aok~iqo§;>o
with the identity i(Regérk 1.1),) We.use the notaion CrQ§l§?§;g)d,.rf
for the second set of (2. 3)3, Moreover, we setd:

(2 3)g  CF(4,£7Ks8), '—U 232 cd(a,2;8) o (ef . (2.3)), where the
symbol p indicates the symbol ‘1 or ‘r”’ ‘
The left filtration li% makes use of informations of the left side of
the homomorphism e 7 0 -; H)and the definition of the sets in (2 3)4
is concordant to the similar gets in the p,g‘cohomology‘theory in §1
(cf,(1.4)8). The left filtration is suitable for later explicit uniform
estimatién(cf.§2.2), The right filtration r§i£,g is, as we will see
soon later, suitable_for applications to the completion theory:

Definition 2.%,, By g-p. g subgroup of Cq(A "'i? i*:llm K /5%,
<——_ —

39
we mean:
(2.3 CE5E), gi= L, CULELE), o/ RULIE),
The word subgroup is justified by the following:

Eroposition 2.2 There is a natural Jngectlon-

l\‘

(2.3)  1:030,M50) ) 5 )

Proof, Flrst, from (2 3)3, we have the exact sequence:
(a) o._._;cq(A fmfx;g) ———>c (4,538) ‘Lm 1 5034, KICTALETK)
wnere the homomorphlgmjg_ is induced fi;ﬁ the natural one: T~%>K/ h nd
1=1nclus1on:Cq(_4w;g g t.q;Cq(_hé),(Tﬂus we use the information of the
right side of (a) in the definition of the right filtration r;%’g ).
It is easy to get (2*3)8 from (a), gq,e,d.

54
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Concerning the right and left filtrations, we remarke:é)

E s 4 a a2 A,
Proposition &é,, ¢ (A )p g - ¢y A,,_l_éyg)p‘g'

This follows directly from the definition of the both sides;see (2,3)6
In ILemma 2.3 ,§ 2.2, we show that the above two filtrations are
‘equivalent’for the varieties of the type in §1.

2 1

4. D, p,c estimation map. Finally we introduce an estimation map,

which will be used in the main estimations in §2(cf, Th.2.1~Th 2.2, 82.2),

Definition 2 4, By a d.p.c.estimation map, we mean a collection

E=(¥,exp 1,L), where ® is a p_g_c estimation map -é_lﬁ_}peg(Def.l.S), M

is a positive monomial(n.5, _§l,l) and I is a linear mamR'*;m—;R"’chw’;O
Recall that ¥ is a map:D:=(R'%R*H2™2) D (r3038) = e KREXRY?) 3 (203 4),
We regard E as the maﬁ‘?ﬂ

(2.4)i E:D X (2*00) D (rjo33) xm —> __D_x(_z_“‘_uo)a(r ,o-, L, )k[t.(m):] , where
a_’zexp M(m) .

(In the later estimations, we write the parameter space D X(z*U0) as

(X )X (z'v0) X °+2, see §2.2) Note that the correspondence:(r; a»)_,>(r o~)
is given by the first part B of B( € 3 g)(ef.Def.1,5), We call i

also the first part of B, The corresponaence-(_vo) =) m——>L+UO)9L(mB

will concern thela_d Qart’of the cochains (cf, §2 2). We call this

__,..

X .
correspondence Yhe a_.d, part of = . The map E is factored as follows:

e "o &

L @t?) 1 (2'0) X *2_.___; (22*?) x(z'vo)x °
(2e[f)1 \‘/ nt \" :
(&Fxa*?) w@tvo) 2 XL 5 (" xi*?) x(z'Wo)

(flere ‘1 'denotes the a,d.part of E,)
[{ (,q )

) R

corresponding fact to (2"3)8 fails in genral; the right filtration is

then the

b

f we repiace the symbol C%’ in (2‘3)7 by

more suitable than the left one for application to the completion theory

7 ’ / t
*%) Writing &'é_ﬁzg as‘(‘g,la“;% we set a-d :=(ad),35)(ef.(1.6)4).

[N
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£2.2. Main results

_1,Case of local variety, Letting the local variety_K?(QP(Z),UO,Xo,h,n

be as in Th,1,1(cf.also (1.8)0), we fix a finite subset_i;(fj)jilcl?(X

satisfying (1) fj(Po)=o(1;j:<s),, and (2) fj?‘. O(XO,PO,V)(lé j£s) for

0 ’.Q,X(

each irreducible component XO’PO’VOf the germ XO at Py . Here we generalize

Th,1.1,Th.1,2 to the present d.p. cohomology theory , which is given to

the pair (X,f). As in 81, the underlying variety for the arguments here

is X=XO—D, where D =locus of h, The p, g, properties of cochains etc.ére
measured, as in §1, by the p, g, function gxrzlh”% , while the a.d.propertiec
of the cochains will be meaéured byfg pA;_;n.§l we use the symboégilso for

X and (X,g,). When there is no fear of confusion, we use ‘z;’also for

Ay

(£,87,5) and (X4,1)s

(i) D, p parametrization, Here we generalize the p, g, parametrization
in n.2, §1.2 to the present d.p, cohomology theory, #irst the parametrizatio

of the coverings here is same as that in n_S,,§l.2(cf,(1.8)2):

- 2 . f - N 7~ -
(2-5)1 u.}.(_: }l’j—(:zDi X:i+)@+ a)=(P;r;7)—> COVO(_J;&_)p' g 3 —éﬂ-=—%9\\'{(‘r(ﬁ)) , where

we write D as D, .Also the manifold.gr(P) and its p_g, covering A are as

N

be

in (1.9)2,
. 3 ~ ] 42 . ; .
Next, we form a product g§:=‘%%f(éﬁ)0)xngf s and{ for an element éﬁECthA)R.

(Def.1.5), we define the following parametrization of sets of cochains:

~a
— S . v
(2.5), L= Mu(Z7u0) A 0Tsms0) —&5 0, 5s8)y (o2 (2.3),),

(Je define a parametrization Z% by changing ‘C%’ to (Z%)(cf_(2.3)4)3Then,
-/

T
we generalize the p,g_Coghain collection in (1_9)3 as follows:

—~ -\ Q ~Q 75 ~ . S0 7 A , oyt
(2.5)5 ;%(gt,g);‘g :=CR( ) ={bcll(ﬂ L H8) g ;09T = /’E;EX\_@)O)A_\.L .

50
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we call gy (X,H) g—th (f,g)-d.p.cochain _collection for H. We

define (f,g) . De cocycle collection Zl(X Iw{)p by changin% the symbol

C% in (2.5)3 to Zﬁ. Such collections contain all necessary sets of
TR,

uniform estimations in n.1l. We will fix the p.g.

cochains in the d.pe.

sheaf H as above in the remalnder of §2

D.D. Darametraza+1on table.
Ty Myx(z00) X5y 120 (m3 8) —— > ML, > od(a_(X() £ Hje)

)5&—(11X T¥By 2)om=(P;,T) _'—-—=—»——>Covo(?9p.g 2 A (X.(P)).

* (ii) Estimation data. We will use the d.p.c.estimation maps EEE, o

. (Def.2.4) for the unlform estimations in n.l. As in§1.2 our uniform

estimations will work for a subset of the parameter space L’X :letting Dl’X

be an open subset of DX’ which contains PO(—or:Lgln of DX,_,,,(cf.n.l ,81.2

we take an element (%, s m) &R ?{i‘zx +. We then form a subset}/,H

®,
X0, ) X sz of}LX~D XR XR“/Z and T ,uH Xz xR+2 of L ,Uxx(z‘*uo)xq g

As 1n§1 2 we call tH res’cmcted a;ametg; space for H We fix Z’
w\/

the remainder of 8 2.

(ii) Now, using the sets of the cochains as in the table soon above

(cf.also (2.5)2), we generalize Th.1l.1,Th.1l.2 to the d.p.cohomology

. theoTry:

'“heorem 2 ol o (D.p,gnlform estimation for Cech operator S 8 )

There 13 a d,p,C, estimati

. - P eimlma ion 2211: E C-—-d p(q’}'O), with whlch we have
1 s zl(_ (%, (®)), H),C §C (_d(x (P)), me) ¢, , where

(2,6);  (F50%5if5d) =By (r305m;9) (of. DeL.2.4) .

There is a d,P.C. map_E e_u (q ?O) w1th whlch we_have:
(2. 6)2 s zle(X (#)),£75), C Wyt g_v( L (2)),£% g 0x) g’ » Mhere.
(2.6)2 (r s\,m 3)=E\2H(r o3m;d)
*) ._{qcﬁ 2, o->g~}and Zﬁ,r:{mcz smzfiy(cf, the end of the 1ntroduct}

of Chap,I), In Th.2.2, we are :
-2, concerned with the structure sheaf Oy and

we should understand that U.= T
7 by

I

5
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ndw Q,(-—?H is the first resolution of ngef.l.S)ie)

Note that the sheaves_.fm in (2.6)2 are, in general, not free sheaves.

In order to complete the resolution in Th.2.2l we give:

Theorem 2.2,.(D.p.uniform estimation for {img_x'rf:l ).
There is an element B, (q 0), with which we have:

(2. 6)3 s z3(4, (X.(2)), fmo )d - Fm 23 (A (X,(2)) Q3 )y » vhere
(2.6);  (xof3m8)=Ey (r,03m;3)

and F :.g;—% Q,Lls the m-th stands ,l'_ci._h.o.mo_mo,rphi‘smgioi f(n.2,8§2.1).
In Th.2.1~ Th.2.2,, t%e paramete (P‘I',wm;e) is in the restricted

" I
parameter spacez x(O r)X X_Z'v X R ). We will rewrite Th.2.1 in

the following diagram(cf.also Flg.III,n.4,§ 1.2).

Fig.I.(D.p.vanishing properties for Cech operator)

q
T 3T Z Ay q .
% 1 7, (_ H)8 . & > ZE.S T ) o*
\
\E% C(J.“l t N\
B () —A 5tz )d 2560 e (v) DO s*23(w)
x 2 wp.g H H
. we w s
v |
uy 3 \/X '
}}(.X =7 = ?OVO(—)P-g|
\ﬁ},{, u\S \] v
}ix .X_ - “COVO()Q

P.g R 4 . |

v'roJr the prznof of 1‘hv2 1~ Th 2. 22,_ see $ 2.3. Also appllcatlons of these
results will be given in n.3, n.4,%2.2 and in 5 3+ As we will see in
3 2.3, '1‘h.2,22 concerns an open map property of KoSzul complexes; which
relates to a cohomological -generalization of Hilbert zero point theorem
(cf Lemma 2.5;see also Introduction). Th.2.2, will also fill the gap

lbe‘bween the d¢psand p,g. estimations in 82 and £1, and may be most basic

among “Th.2.1 ~~ Th, 2.2,

————

#) Also, in Th,2,1 -~ Th,2. 22, we drop the term g ? from the sets of

hochalns(cf also (2. 5) )-

¥#) The map B in Fig.I is the first part of = (ef,n 4, 82.1).
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2, hn affine analogue . Letting the affine variety }_g_'E _'g_n(z) be as
C e ! 'y S L
in ,1.3, we take a finite Set'—j—:(fj>j=l c (X ’Wg(_';g}}’_l)p.g , where

the p, g, function gx,={z| +1 is as in n.5, §1.2 ., Similarly to n.l, we use
the symbol X' alsobfor (_}g',ng), (_X,' ,_il) and (Z,y,gzv ,é‘:), We generalize
here 7h.1.3 and Th.1, 4.The s—e-‘c of the p.g. coverings:CovO(X')pﬂé :=
_{ik_o_(Xj');GE_;j_+2} , x\rhere__é&(gg’) is the p_ g covering of_l{{: of size &, is
as in M.1,3, M1 4. Next we set Tpri= X(2*V0), with iyt := ;2 Then
taking a p,g,sheaf E' ECoh(_,z{_')p'g(cfc Defy 1. 41) , our d,p,‘gc;chalns in n,2
will be parametrized as follows: ,

(2.7)4 *q ‘ZY:= ;;1{‘[2)( (ZTU0) 2 (psm) —f“/“TB%(A,,\(;X_'% k‘v;g )pgg(cf- (2.3))

2

42 Y OIS R
+ Xz", we setT:= i« Z%m Jur d,p, estimation
-0

Taking an element (T,'q) & 3
soon below will work for elements in Tir thirdly, our estimation maps
here will be of the following form: v . ;
(2,7); & =3 X(Z00) D (sym) —5 57 X(200) D(L(e), [(m)]), with an
el-—map_jfi and a linear map L=ct;c >0 |

e write the collection of all such maps as E(;»,'P »

Theorem 2.3, (D, p,uniform estimation for Cech operator $ =SK: ).

for a suitable iLC.J b, V€ have:
ER , ! wat\t ; l LN ‘m. !
(2.7), s Zq\_,g,\(zx_ ) £08), p 5T :(A 1T )y g WitH (ol 3m) =3 By(73m
“heorem 2,4 ,(D,.p uniform estimation for resolution).

sor a_suitable &, e___d P we have:
\ ,}i,q N mle\ q ‘bl |m T_"r'
(2.,7/-5 s 7 (A (»L )a_f_ Y, ] (. LL] 'Z QAO{(/: )y..f_ ”,}Q )p g’ Wlth (0‘ m)—*ifb(d"m

- | ), g Wit
H(ver

_where 7. i .1 5)

) According as we are concer - —
3 ; concerned with Th, 2,3, Th, 2, 4, or m, 2.4,,

o .
(¢ ;%) depends on (¥,H) or X
4Gl per Y \_AL,‘_E) or X, Thus we should Uaoeﬁstaqq that L' TH or =ZK
3. v -" ’
according to the thorens just above. - ™

59



243

- ' - . o - i o= Fos
“heorem 2.4, (. p.,uniform estimation for {f Q. "}m—o ).For a
5 =2 ®X " m= gt

suitable By & Ey we have:

— M '

% 1 'm .mtm ' —-\s : 4 4 1‘\' .
(227)y 8723 A L), 2790 ), o © 7 2 ALK ) 0y )y g 5 VR bo)=E (o5m)

In the above the parameter (¢4m) is in T _Rgx 7%

For the proof of Th,2,3, Th’2'4l’2’ see £2.3,

3.0pen map properties, Here we show the prope‘rties in the title

for some p,g filtered cpmplexes, For this we first set:

* ok I B T
(X ,L L .8 ):=(X’v-:/"~’gX) or (v :~ L ’gx_')
et = Uy 3=(0,F) Xy or«ﬂ .

We regard,t(ﬁ as the direct set in the manner as in n,6,81.2, For an

(2,8), (cf.n.l, n.2 , §2.2)

’

element l(_ (r o-)éjL, (o, r))(r{ or =M/(,' , we denote by'A}Lthe D £
covering A (X (P)) or A (;‘L)(cf.*h 2,1 and Th,2.3),We generalize Def.1.9

to the present d.p.cohomology theory }

Definition 2,5}. By left (g_)é,_f%)—p!m_g,filtered Cech complex for

(A}L,ég), we mean the following filtered complex(cf,n,1,82,1):

d
(258)1 O—>Z‘ A ’v»./ )p g__—?-*‘-g_(A—}L’E« )p p' -"'V (A 9-— )p? Py
where we set:
' ~q m.,. % oo
(2.8); ARG g = 1 (A%,* i )p o3 oo (ef (2.3),),
and i:=inclusion: KD(AN}'L) (A N )p'g ) 1 qu\,_
{ X < s S
Next we write I in the form of (1,4)1:0—39)(? —2=ls Lok —srtso,
and we set:
O

d q m.., % .

(2.8), (AM )5, 5 =B TTE ) oo

:(\‘El'é define Zl(g ,0 41) L in the similar manner to the above,)
SR8

(O
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Definition 2,5, By g-th left (g*.f%)—p,g;-filtered resolution comple:

for (——L*H )(q.,O) we mean:

d
(2.8)5 0—229(4,,0R)7 4
where the augumentatlon map is understood to be the zero map(n.l,?Z.l).

- We write the filtered complexes in Def.2, 51,2 as C (A )g g

d
&%(_}L,E/I )P. , The right (f »E )—p g filtered comnlexes C” (—é/L"E)p g 2nd and_

K

X k @ _ % )
p-1 1_.9 1.d H o.q *.d
-y (A, 00%)p 23 Ay E )y o> O

N
7

and

3 Y .
—Z—I'(‘Au’g)p, g will be defined similarly » Then we have.
Lemma 2,1, (Open map properties of the left p.g filtered Cech and

resolution complexes). The direct systems of the left p_ g. filtered
* * ‘
complexes —{’Q (_*L,N D. g.}}L {__( L g,) g} satisfy the open map propeo:'t
and are },(——exact(l)ef 2. 1) ;where jt runs through j,({cf (2,8)q) »
_Proof® Let EH (R*R*?)—> (R* x&*?) and 1L

H.Z ->Z UO be the first and
a.d, parts of the d,p.c map % in Th,2.1 (cf, also n.4,§ 2, l) Then, letting
the element f{(=(T;¢ )G}LX(C +2) be as in Def,2.5;, we have dlrectly the

following from (2. 6)1 and (2, 4)1 :

'
(2 8)ljr s zl(__ﬂ fmw) 8 Cq_l(A}_,_fFl }5) & wlth}x_.-(r »)=E (r;cr) and

= [1(m) ] (m>70>. |
Compamng this with the numerlcal criterion (2.1)2' for the open map
property, we have that condition for the Cech complex defined for Xé«-@a:a
The open map property for the Cech complex for_)_(_ G Aff follows from Th,k2,3
Similarly to the above, Also the open map proper’cies for the resolution
complexes defined for _Xé_Al:l and X & Aff follow :%‘rom Th. 2. 21, Th, 2. 41,
Finally, the ﬂ_-exactness condltlon for the Cech and the resolution
’

complexes follow from the ! P, &, exactnesses, Cor,1,2, Th,1.3%,Th.1.4
and we finish the proof of Lem?na 2.1. gq,e,d,

%) cf.also (2.14) , n,4,8 2,3, which is used in the proof of

Th,2.2, and Th,2,41°

1

o1
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For the right d,p, filtration we have the similar fact to Lemma 2,%!

Lemma 2.2, (Open map properties of the rlght a. p flltratlons%

"‘2.

The direct systems_of the right p,g filtered complexes fur( H )p

g

and {éq(A ,v@ ) K} satisfy the open map property and are/,(—exact»

p.8’
By Lemma 2,1l and Prop 2,1, , the following lemma insures Lemma 2,2,

Lemma 2.3 (Eguivalence Qi the left and'righ:t_d_._p,iiltz:ations)
The direct systems{c (%LE ) g}}L and -& ( W p g} as welll as

q " . :
{Zl(A H )p g,jg]] and {Z (A g ,&}are equivalent(Def, 2,1,) .

' Recalling the: definitions of "equivalence'and Prop 2422, we see

eas‘ivly that the proof of the following leads to Lemma 2 3:

\
Lemma 2,3, Ve have the inclusion:
(29); s 0HaLIT, of (ay £ g with n'fype(m)), and
a suitable parameter Méﬂx)‘_, where m>>O an Liy i—s-"«lloste_;_*’-* an

independent manner from (MU; .
The proof of Lemma 2.3" is given in § 4,2,
4,2.g complexes, 7irst, letting the pair (i;ulfa) and £eMX,0p0)

be as in n.5, we define:

A

29y AN esding O(aE) /o, T, L, where 1=

1_1m H /f (_)ef 2.3), M
1 P L # is, as in Lemma 2.1, a linear map. Also the pair (4,0

has the similar meaning to Lemma 2.1.

a
[
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;_é-; ‘ég
Denoting by_)gP the germ of X at P, we generalize Def.1l.9 to the

completion theory as follows:
™M

Definition 2.6. (1) By p.g.Cech complexes for (X,,}1) and (X ,VI;I\/)

we mean the ones: _ »

~y Al
(2.9)5 o (__Dw)p =ln © (.L,N)p g *x! ,,g,)p g —}ngc (Mgl )p g0
where X, 7 run through,lLX MX’ . :

(2) By gq-th p.g.resolution complexes for (X? §) and ()_( ,_,J )(qz o),

we mean the complexes(cf Def 2. 52) ~

k . . “\

' Q p-l\..__ 1.,90% 1 , q \
0—2Zp ’wX P.g ., . (‘?’~X )p g”)Z QLP’ﬁ)pTgL'? 0

(2 9)4. q_ Kp l K q q 3 ,/'~ .

~

(cf.(2.8)3,Def.2.52), where ‘{p—l”"’wﬁ;"' are the completions of
Now, using the above p;g.complexes we generalize Th:1l.5, Th 1.6 to
~the completion theory as follows: first denoting by Hq(_P,H) greee the

q-th cohomology group of C Q(-P’H)p greeee we have the follow:.ng generaliza-j

fheorem 1.5. HY(x. A =0 anqu(X {1\)
Theorem 2.5. o g = A ). g

Also, applying Lemma 2.3 and Prop‘.Z.ll to the p.g.complexes in (2.9)4,

~tion of Th.l.5 froni Lemma 2.3% and Prop.2 21:
= 0(gz1l).

we have the following generalization of Tewma 1l.l:

Lemma 2.4. The p.g.complexes in (2. 9)4 are" exact.
F‘lnaﬂ.ﬂy we w:..ll determine the structure of H (X «)p g s H
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For th$s letting the sheaves Oy (#¥D) of meromorphlc functions over Xq
0

and OX”alg of (algebraic) regular functions ovez'éalg be as in Th.ly6l
!
(ef. also (1»13)7) . Then we have:
;Ehggxgm_zﬁéi, There are natural isomorphisms from|meromorphic
the

and algebraic completions_ to the p.g.completions:

B .5 (= 0 A A By, A 0y A
(2-9)5 SP‘QVXO()LD)P —> H (‘XP’Q’QQ)P,g ’ gz("- J. (X,ai_g;g)i' 9alg)“—?H (.‘X. "'O"X_')P..g

where the left sides are as follows%)

!
(2-9)5 (*D) = lm RK (*-D)/ ( D)’ ‘VX, 3alg'—1glmm QX 7a1g/F QX' ’alg

Proof « We prove the first 1somorphlsm in (2, 9)5 ., The second is

proven similarly, First, from the isomorphism © bt wA (¢ D) ;:;.H (gn,gx) g’

we See: that the following natural homomorphlsm is an isomorphism:
(a) ‘éﬂ.b ( D)P——} llm(éi_ 7 (A (P)&Qy) /FmZ (épﬁP),gggp’g), where we
write A ﬁAvjz (P)) as AySP) (cf.also (2.8)0).
On the otherhand, (2. 9)4 , T™h,2.2, and Lemma 2.3 -imply that
(b) "O(lﬁ,QX) o~ right side of (a),
and we have (2,9)5 . Qq.e,d,
Finally, applying Lemma 2,4 to Th.lr6l, we generalize Th,1,62 to

~1
the completions f Sl as follows:

Theorem 2, 60, Lhe following complexes are exact-

— G(*D)P ——@———> “ﬁp’-D)p

> HI(E D) o

ca.0 __)11@ &*) I'(Y &5) > B, (9 @ rad
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Th.2.5 and Th.2,6 are a generalization of Th.1.5 and Th.1.6 as
well as our anaologue of Th.A.B of H.Cartan in the p.g.cohomology theory
in the completion, We give an application of Th.1.5,Th.2.6 to the

analytic de Rham theory in §3.

§2.3. Key lemmas

Here we give key lemmas for Th.,2.l1~~ Th.2.4, which concerns the

- * ? B
open map properties of QK*’ where X =X or X (cf.Lemma 2.5~Lemma 2.7),

Also, using those lemmas, we prove Th.2.1 ~ Th.2.4.

1. Koszul complexes, In our proof of Th.2.1+v Th.2.U4, we will
take Th.2.22 and Th.2.ll2 » which concerns the a.d.properties of OX*’

as the starting point(cf.n.3) h.ﬂ). Recalling that the a.d.properties
* 1
in Th.2.2,Th.2.lI2 are measured by the powers of f :=f or f-, we first

* *
attach to £ ™ what we call m-th Foszul complex for f
¥m ¥m ¥m
FO >o * o (E) F OS* FS—l >0 *___?0
U~ -y x :
¥_homomorphism Fp is given, as usual, in terms of the

*¥)

(2.10)O 0~—§QX*

Here thew(;)/X

s : . ¥ - p
exterior product as follows ’': for a point Q&X , let ELQ denote ‘Q'Q

(:=QX*,Q)—module consisting of differential forms of degree q with
coefficients 1n,gQ. Letting x be a (formal) indeterminate, we denote by
the identification: o(p)sﬁ’— (}fJ)J—-—} &pQZ; 15 deJ , Where J exhaust:

Q

all indices J=(Jl<-.<gp) Then Fp is defined by: 1Q pm =Amm- Q’ where

¥) ef. J.P.Serre [ 1.
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where we set ”m:=2*j.—s=l f?dxj and A denotes the symbols of the exterior

product,Noting that Fgl_l:Fm(cf,_n.Z, § 2.1)'%), we use the Xoszul complexes
in (2.10)0, ™ in sybbol, for analyays of of the sheaves f%mOX.;;.(=F*m0)S(*)
(cf.n,2 soon below, The lemma in n, 2, Lemma 2,5, will be our key facts

for the proof of Th, 2.22 ,Th.2 (42, which concern the sheaves meX, In

—m 'm ,'m *m

later argwnents we use the SymbO]‘S b ’FI:;"-"» or ¥ ,Fp P Rladl for F F%m

3 p H
* t
according as we are conce®ned with X =X or X ,)

2 o Open map property for F%, Letting the parameter spaces/vﬁx(c DXKR+x'22ﬁ

and]\lxt:=_1{+2 be as in Th,2.2, , Th.2.4,(cf,also (2.5)1,(2.7)1),

we form a product kX:'—'/u'X )(;I%CDX)( R+)<31’2XR‘1‘"2) . Also we take a linear

%) Precisely the homomorphisms FIg

-1 and i are:()}s{ = (\fj)jzl——?u}s&
9Z\ji1 (_—l)Jf? ‘fj ' andzjil ‘{)j-fg] o This difference of the signatures

does not cause differences for the appiications of the resultsffor FSI_?

L. %

l L4
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have the similar meaning to %.2.22, Th.2‘42= Also we take a linear

function LO’X%ZCO ’)Q“t;co ,l*70 ., Then we havel

—

Lemma 2 .5.(0pen map property for F%). Choose suitable d.p, estimation

ln_aljﬂ XE E4.p .a‘n‘d‘..bxne._d p - ~Then, for each (W,m)e z*% 3™ ai:]sf;zng_

n >k ’X:‘(m) , we have the following incluSionfl=s<p):

(2.10) s %4 (xr@)) fmvg)(ﬁ))a(\ (fm)"l(oncvm chv(xr (p)),_f_mg(p 1)),
‘ 1{ \(Cq(A (X) (ﬁ)) n(r m)“l(o)) C.Fp 1Cq(—m(~m £ 97_5(( —l))

with (% o-;'ﬁ{;al) _,X(r v;M;3) and (of}@ "= EX_(G' m), Here the parameteres

P;rio;d) are inAX(C’,D p +3(_1I2>(R+2) and o is 1nAX,(C_‘ ) .

X
If we fix an element me..__Z_ , which defineS the homomorphisms ]?g, then
Lemma 2,5 insures the open map property for Il‘;l . As we will see soon below,
Lemma 2,5 plays' the most basic role in getting the d.p, unifoxrm estimations
in §2 from the p,g, estimations in §1.Also Lemma 2,5 will concern a
cohomoloigecal genralization of Hilbertﬂ zero point theorem(cf, part B, §4.1),
Lemma 2,5 will play the most imp’o'rta’ﬂ.‘t‘ roles in the lemmas given in §2.3,

% s Here we will prove the following implication:

Lemma 2.6. (Reduction of d,p.uniform es timations to.p g _uniform-

estimations) . . .
Th,1,1 ¥ Th, 2.2
. a.L.L * 2_.1
2 ——————n o e
(2,10), + Lemma 2,5 for{ ,} { B
Th 1.3 Th, 2,4, ’
#) cf. Def, 2,4 ancL (2e7):IL

E\

o 97
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Precisely, in the above implication, we use Th.1l,1 and Th.1.3, applied

to the structure sheaves 0y and ' Note that Th.1.1 and Th.1.3 do

not concern the a.d.properties of Ovs>+., while those properties are
& ,
2

the basic factor in Th.2.2 and Th. .112.; we rewrite Lemma 2.6 in the

follow:mg symbollcal form:

%
(2. 10) P. g uniform estimation for ~9~K ooén map property for F

—>d.p. uniform estimation for Q. .

We prove Lemma 2,6 in three steps, First we introduce a type of
auxili.arly estimation maps, which is used to fill the gap between the
estimations in Th.2, 2 ,Th.2. ll and in Th,1.1,Th.1.3.

(1) Pre d. p c.map, Denote by D D the parameter space (R XR+2)'XZ ;@+2
and (__ X.R )g_ > on which the d.p.c. and p.g.c.maps operate. Then we make

Definition 2,5, By a pre d,p.c map we mean such a map: E“ig‘ I
(2'11)0 E:_ZQ%_D_', where ® is written as E=pr+E , with a D 2 D
i) pr

d.p.cC. maé (Def,2.4) and the projection pr:p_—.-—}_D',
Take D, g,c.and d,p.c,maps Iy ,B,sThen, for each t=(r;s;m;4) &
(O,l)XR XZ X_i_iz and the pre d,p.c.map £ as in (2,11)0, we have:
(2, 11)(') El(l, )>El=E (z), and TE-Z('L’))*E °E2(’2: ), with suitable pre d.p.cC
maps Tzl,";fz ,(For the order 7> , see (1.6);,)

(ii) Letting tl;le parameter space _A},(% and the linear function LO’.,Xf
be as in Lemma 2.5, we check that the s—y_mbol( c?’? in Lemma 2.5 1is changed
by ‘Zq(,b}f-using the pre d.p.c.,map instead of the d.p.c.map).(In Lemma 2,6‘

, >
soon below, the parameter (P;r;s;d) or G‘SJX* is as in Lemma 2.5, Also

the elements (¥,m)e&z'xz" satisfies:m >LO,X.x.(m),)

6]
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Lemma 2 6: (1) For a suitable pre d.p.c map E we have(l= p<s)
(2,11); 8™ (2%(a(E.(?)) £ o(P)%n(F ) o) C 7y 1zq@,s. (0 (2)) 59 ("-1)) .,

with (r;m;&):EX(r;G‘;m;&),
(2) For a suitable el-map —-Lé(' we have:
s
(2.11), "(23(a,00) 2" mo(P) ™) o)) lzq(A,(_) oF™)
with o =Lyr (o).

D&

;Eroo?. The proof of (1),(2) is parallel, We prove only (1), For this
we first remark that, by applying Th.l.1l to the right side of (2411)1,
we have:
1 -1
(2.11)4 s (1eft side of (2,11),) CS q (A (xr () Q§(P l))a/ (q>1)
where (r o~ &)_HX(I' o3M;d), with a pre d P. Cemap B , which is determined

by “‘X

(Rem;—rk that the estimation in Th.1l.1l is given by a p, g, ¢, map; aQnOL from
(2.11)0, we have (2. ll)i.) Now, usi‘ng (2,11):'L, the proof of Lemma 2, 6
is given inductively on p: if p=1, then, remarklng that Fm OX——?QX
injective, we have (2. 11)1 directly from Lemma 2.5, Assume that PZ2 and
that (2.11)1(and s0 (2 11) ) holds for P < p, Take an elemenet Y from
the left side of (2. 11) , and we write Yas Y —I‘m 1\{7 with ‘;?,e
Cq(ixv(xi ; (B)) L fm O(p"l))a , Here (r o,m 3)-~ (r;r;m; d), with a d.p,c.map

_J}( as in Lemma 2,5, Applying (2, 11)l for p p-1 to 8';? , we héve'

D o0 (AR (20,0870 + 23 (R (2)) 0P D)., vitn

(r o~,3~) E (r} c.-'m,al) , where the pre d, p; c, map J:K is detemlned by

(a) s E?c.r

the maps EX just above and T‘}li in (2, 11) (ef also (2. 11)0) .

Finally, operating Fm to the both sides of (a), we have (2. 11)1, g, €.d .

69
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(iii) Proof of Lemma 2.6, We derive Th,2,2, from (2.11), Lemma 2.6 .

The proof of Th.2.4 is giveh by using Lemma 2.6' in the similar manner,
Letting the linear function L, (t)= LO,X(t) be as in Lemma 2.5,Lemma 2 6,

‘we take a suitable linear map L(t). Then we have the following for each
integer m >=>0:

(a) m-m > Lo(m‘), with m' =[T(m)7.

Now take an element (PCZZq(A (», me )& , where A (P) —Awgg;(P))(cf.Th.z.zé
Then settz_ng m '=[L(m)] and m-=m-—m , one can write ¥ =Fm_l'5? I, with )fle
Cq(_#jp) i? X)a ,By (a) one can apply Lemma 2, 6! to {9’ , and we have:

(b) sy’ Pl kL. (2)), o(P 2)) g0 + 29, (£ (2)),95) " » with

(r o's 3)_.Xﬂr o3 3) » (Here EX is the pre d,p.c.map as in Lemma 2. 6 )

Operating F2~1 to the both sides, we have:
1

(c) sy € Fg_12%(8, (X (2)),03)a” -

On the pthé"rhand we see easily that the correspondence:

(4)  (r303m39) —3(r 505m' 50)

define§ a d,p.c.map, which is determined by EX and L(t), It is clear that
(¢) and (d) insure Th, 2,2, . q.e.d.

)
w
-

By Lemma 2.6 we see that the open map property for ¥ in Lemma 2,5
suffices to get Th.2.22 and Th, 2, 42 from the p,g, uniform estimations in
€1, In n,4 we give a lemma, which is used to get Th, 2. 21,Th,2,1 from

T, 2,2,(resp, Th 2.3, Th°2'4l from Th.2.4,) .

7.0
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4, ‘i,etting the p. g sheaves 'Ié,b be as in Th.,2 1, ™.2,3%, we assume
that L, are in Cohl(i_‘()pog, Coh’Q(_'_) (cf (1« 4) ) . Thus hCOX, H C"‘QQL
with a suitable kE_Z_"L, Then letting the parameter spaces ZH’ ’ZH' and the
estimation maps LH and EI:I' éf__@é"P have the similar ;ean?ngs to
Th,é.l Th. 2,3, we have- ~

Lemma 2,7, We have the fbllowing inciusions- .
(2.12){5*(0(1(&"@%@),) och M 0, (X(2)) ) Cq(—q\(x /()),2005

SH M), 08 ) o N cq(,,ﬁ.(’),,g))c T:CQ(A 2, fmoxf) .

where (T';o’ m,&)_ (r o3m;d) and (om )_’#j(a’,m), and the parameters

(P;r;o;m;d) and (9",1"1) are 1n'CH(C D ¥R )(’+2)(_Z )(R ) and 1n'ZH,(C R"'ZX Z )

loreoveY:, w -O —-9,QX ye s, aTre _fche,,_,Jil,,rs,t‘,_,reso,lu:c_zLo,n,,Q_f_,.N. .,(Remark 1.1

We prove hemma 2.7 in §4,2 .Note that Lemma 2.7 concerns the exact

complexes and is of Artin-~Rees theorem type , The role of Lemma 2,7 in

’
our d,p, estimations in§ 2 is similar to that of the above theorem in the

completions of rings(ef,L1d) , Here we check the implication:

(2,13) Th. 2,2, + Lemma 2,7-—> Th 2.2{—>Th, 2, 1 (and T. 2,4, + Lemma 2,7
= Th,2,4; —>Th, 2.3) ,
(¥rom a simple observation’,(“)we see that Th.2.21,2, together with Th,1.1,
imply Th, 2.1, Here we check the first implication in (2.13),) The key fact
for (2,1%) is the following inclusion, which is similar to (2 ll)i :
% ~ k >

(2.14) 57 (224, (L (7)), 705 )y 0 2% (4 (X.(2)),B) oWzt (ay(Fu(2)) .1 QK )+
(This follows using the similar inductive arguments ?on the length of j&,}.)

. o n, :
Actually, remarking that 29(a (_)_(_I(P)),anaC.' (left side of (2,14)), we
easily have : Th.2,2. from (2,14), and we also have the first implication

1
in (2.13),

*) As in n,3, we consider only the case of the local variety Xe ]

4
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We will conclude § 2.3 by the following proposition.

Proposition 2.3, For the proof of Th,2,1 ~. Th,2.4, it suffices tg_v

prove Lemmg 2.5, Lemmg 2,7 and Lemmd 2.3,

FOr the proof of these lemmgs, see §4.2.
Remark '2,2 ., Here we make some remarks, which are used in the later

drguments . Firstliawe saw the following implication in (2.10),:

(2.15);  Lemmd 2.5 — > Th,2.2, .

Next we remdrk that the open map property in Lemmg 2.5 is given in terms of
the symbol (Cq ], Using the similar (syzygy) ‘arguments to Lemma. 2.6' , we see
easily that Lemma 2,5and Th.2. 2, enable us to change the symbol‘r ¢4’ in
(2.12) in Lemmg 2.7 to the one qu.)(Namely we have the following inclusion)

r—~ ( -] N ad / §
(2.15), s*<ZQ(A(,Qgr(P)>,fpﬁ)>a§uF‘g) (0)) ¥ 23X, (), £ gfP Ny, -
By (2.15)i, we have the following implic&tion:

(2'15)2 Lema. 205’—% (2615)2 L]

Thirdly, & s we checked in (2.14), the symbolfcd “in Lemma 2.7 is changed to
tzq? (by using Lemmd 2,7 and Th. 2.2, ).This fact, together With (2.15)4,
insures the implicJtion: |
(2.15)4 Lemma 2,5 + Lemmy2.7 —> (2.14),

We use (2.15)1,\5 in the proof of Prop,4.2(in n.4, § 4.2) .

11— [:»;5
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3e Agplica;tion to Analytic de Rham theory

Here we summarize our applications of the cohomology theories in §1,.82
to the analytic de Rham theory, As was méntioned%), we use here our results
on Co:de Rham theory for certain stratified spaces and real a,nalytj.é varieties,
which were @nnounced in 5 3, ~d and [173(cf.Lemmz, 3,2 dnd Lemmd %.3), The
details of those results will be published elsewhere in a4 near futufe(cf,[ﬁj ).

1, Letting the smooth local variety X=X.-D and the smooth affine

0
variety X x' be as in §1, §2, we sex‘)

- 2 arg) N P . rationgl differential forms, |
, Y .5% %]) [2= Saeal over meromorphic differentidl forms with

x(
- the pole D ,

. 1
Horeover, let the subvarieties V,V of Xy, X in§2 , we set:

(3.1), Si;x_(%D):= im, S (D) /365 (*D) QX q1g% L,.;SE ,ng/;,w,uggﬁxi ,a_lkg )

where and I denote the ideal shegves o‘i‘ V and Véllg"

! rglg
We Write V-D ss V , dnd, takingd point P&DNV, we denote by X pE \7;, the

germs of _)_(_,TI at P, We then set:

(3,1)8 H*()_(P,g_):= ]ﬁj%U;?H*(’)SﬂU,E) , where U exhaust @1l neighborhoods of P in
X, (and we define H (V,,C) similarly ).

Then we hﬁ_vea‘;)

Theorem 3.1 H’\(X_P,Q_)E H':\'.(S%((*D)P),i?._rlg H (K. ,C)—— H (J.L(_.;U_g, ’a.lg))°
~ -
Theorem 3.2 1 (T, 022 1 (8 (*D);) , and W'(v',0)xn (ﬁyﬂg,ﬁl"alg))

¥) Similarly to 31,§2, Xa]gétnd V&lg

whose underlying,an&lytic varietges are _X_,V' .

denote the algebraic vqrieties

72
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(Th,3.1 is given to the smooth varieties X,X, , while Th,3.2 is g genergliz -
~tion of Th,3,1 to the varieties V,VP, which have in general singularities,)
Except the concrete style of the formulation, Th.3.1 is the well knoyn
theorems of A.Grothendirck in[b57.The ,sécond algebraic iéomorphism in T™h.3,.2
is due to P, Deligne(cf.[r( ]),The first andlytic isomorphism in Th.3.2 .3
seems to have been not known. In the both theorems, the andlytic isomorphisms

Jre stronger than the dlgebraic onesf{ The analytic isomorphisms, together ‘
with standard Gaga. arguments, leéd_ to the glgebrdic ones . The proof of the
former is harder than the lgtter(cf.C51),) e note that the a_rgv_meri‘cs in
L51 ,L7] use the resolution theorem of H,Hironzkda . We dlso note that,

in the proof of the first isomorphism in Th.3.1,[5] uses & comparison
theorem of H.Grauert-R.Remmert(on the behqviors of coherent sheaves under
propea: maps ).As we will see soon later, our proof of Th,3.1 @nd Th.3,2

is largely different from the arguments in L51, £7] . Qur proof i$ more

close to that of the holomorphic de Rham theorem fbor Stein mgnifolds(cf.
H.CartanT 13 ): |
(3.1) H*(Y,_Q);H*Of'(x,ﬁy)), where Y is&Stein manifold and Sy is the

shegf of holomorphic differentigl forms over Y .

As is well known, (3.1)l is & form3al consequence of the following facts:
(3.1),  H(Y,%)=0(az=1), HO(Y,Q%)EEE(Y,Q§) (Th.A,B of H.Cartan for ) .

. St Q_ p ~ .- = 3
(Bcl)3 Exactness of ﬂy.o-s_g—ﬁy -—aS?.Y*—-?* (Poincare lemm=a) ,
Th.A,B isamdin wesult.in the theory of Stein vqrieties, while (3 .1)3 is
ba.‘sed on the dnglytic contractiblity of the anglytic mcmifoldg. Our ..
proof of Th.3.1 aund Th 3.2 is patterned on the proof of (3.1)5 indicdted qbove

We dlso use & topological fact(Temma 3.5 ), whose correspondence does not

/3
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appear in the proof of (3 1),

2 Flrst lettlng Szkl be the sheaves of holomorphic differential
/\
t

forms over X,,_, we set: 5%& 1im A /Im§a andﬁﬁﬁr.~11m Sﬁx /quax

where gv andugvl denote the ideals of V V . Then, from our main results,

Th.1.5,Th.1.6 and Th.2.5,Th.2.6, in §1, § 2, ‘we have: _
~ q, ~
Lemma 3 1. (1) H (XP,ﬁk)p g S0, H x' q‘k )p = 0, and H (XP,%)p ;
i_*5§(¥D)P 2 H (X S&')p g’v~E(Xalg Sax ’alg) ‘

(2) Hq(xP;S?x)p_gN 0, HI(x ﬁxv) & 0(az=1), and H (XP,%)

=Ry omyp s 1O R, SO LRy -

» Lemma 3.1 corresponds to (3.1)2 in our p.g.cohomology theory and in
‘p.g.cohomology'theorg.in the completions{FAs in the proof of (3.1)1,
Lemma 3 1 will play the mbst basic roles in buf proof of Th.3.1 and
Th.3.2. Also we note that Lemma 3.1 concerns the Stein and the algebraic:
properties of X,X', which may be the most impertant proﬁerties of these
varieties(cf.also Introduction).

3. Next let j, be the injection:C<pfld: , and we define:
(3.1),, cq(x',c)p. "Z“L\:Lm7Cq(Ac_(X ),0), , » where C(a X),0) -
1= j—lcq(AGIX'),Qg)p. , and the p.g. covering A (X ) is as in Th.l. 3
We define Cq(XP,C)p.g 51m11arly to the above. Then we have‘

p

Proposition 3.1. (P.g.Poincare lemma). The following complexes are

"exact:

(.19 { 0 —3C (XP,C) —-—> cq(xpﬁx)p‘g——jﬁ C (XP,%IZ)p_g——?
5

0 —5cx’,0). —————> cdex' ), —S5ctx /R g

where d denotes the exterior differential operator.

!7’if
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Prop.4.1 will correspond to (3.1)3 in our proof of Th.3.1 ., The proof of
Prop.3.l is essentially very elementary(cf. the end of § 5.2). Next letting

R S t 1 s ' B
fche finite sets__f_:(i'j)j=l C P(XO’\-QJXO)_ ?Lnd__f_‘_.—_(fj)j=16‘_["(§ ,Qi:)p.g be qs
in %2, we set:

% x e x : ‘e
(3.2)5: QJ :=ﬁn.SZX+ dimﬂ;\gf,x 1 ,Q_\Xl,m:= ,f_,m-ﬂ;;r + d__f_'mﬂ]‘_g?,(;:l , and

X’'m :
q ' .- 7' IAa ' s mel Qg oty OF-L
(3.2);  CCAX) Lyiop)y o= FEHALX) Ry)%), oo+ L TATAE R,
Also letting the‘p, g.,covering A,tg P), attached to -X_P;,be ‘2s in Cor.1.2, we
- q N .-
define the p.g. complex C (AiP)’%(_'m)pag similarly to the @bove.
Lemma 3, 2,(P,g open mdp property for de Rham complex) . We have the

inclusions:

-1
(CUA(R), Q2,0 , Na20) < acl(AL®), Ry,
(3-2)4 a ', AP e -1 q 1 -1 . (pzl, gz0)
(CLA LX), Q51 o) g O 477(0)) € d0U A UX), B35, g

-where the parameters N, ¢ are chosen suitably in the mannner as in Temmi?2.?

Moreover, m'=[LX(m)]and ’fﬁ'szX, (m)},with linear mqps LX(“b)=cXt and Iy/(t)

¥ Cil >0 .

=CX(“"t;C
o For the proof of Lemm 3.2 , see Lemma 4,7(cf,part B, §4.1) and the
end of §5, 2, Our proof of Lema_ 3.2 uses certain open mdp properties for

Koszul complexes @nd :. g,d.properties of (topological) contremctiblity of
andlytic varieties(cf. §5.2), Lemma 3-2 is, no longer, of obvious néjcure .

Now , gpplying Prop. 2.11 to the open m3p property in Lemma3.2, we h&ve:

Lemm® 3.3,(P,.g Poincgre lemmd in the completion theory) . Ehg following

complexes dre exa.ct: ‘ N 4 A :
. A : a Y QT QP —
(3.2), 0= (Vpul)p g — € ﬁﬁ’qi(_)p,g“%‘“ —>C (Vp» o g
a A QO d v/ B
0—5 MV ,0), , ——CUY Ry gz —- 0 ),

. ?
(In Lemmd 3.3, the varieties in question &re ,V,V (instedd of g,g(__' in
Lemmg 3.2 : byd simple observation of p,g.properties of the imbedded varieties:
~N 1 ~ Ay g
7 oy QT 7 e her -
V,V , we have:C (JP’%L)p,g —= ¢ (X% ’S’:"X)p gr - - (c£.T133) . Then, aqlso

75
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from g simple observytion, we eqsily check that d"l(O) at the first steps
in (3.2), @re:03(Xp,0), gy .- . (cf.aqlso L18T ). |
P, g :
Now, from Lemmq 3,1 ~~ Lemmnd 3,5, we edsily have:
Lemmz__3.4 . We have the following isomorphisms:
% I~ , * t N ¥, t . :
{50y TG, D, TG
6 * ~ ~ '
H (Vp.0)p oK @J*D)P) and B (V' C)p g =2 H (XY, a,lg,%g ra1g))

These isomorphisms summgrize our gpplicgtions of the p, g, cohomology theories

as in LemmA 3.1 ~ Lemmd 3.3 . In order to get Th.3,1 dnd Th.3,2, we should |

drop the term ‘p g’ from the cohomology groups H*LXP@ »o « « in the left

b. g
sides in (3,2)6. In this step we will use our main results on p.g,C?-ode Rham

theory for certain stratified spaces in E15] Ei'[]

4, Let C be thea;nblent (euclid ) space of the local varlety )X nd

the affine varlety X »We 1dent1fy C with 'bhe redl euclid sp3ce R2 in

2n

natural mapner, Qnd we fix coordlna.tes.x (x ) of R R7¢ The symbol E will

‘denote the shedaf of Cifferentidble) dlfferentm_l forms over _'{ . Taking gn

2

open set Y of R R and & p,g, function g:Y—?&i, we set:

(3.2)O 8(Y;g)p‘g:= {‘fé E(Y); v =%%{de satisfies the following for edch .
suffix K and each element J &€ @"WO)ZH

(3. 2)(') lD ¥ (P)|<&Jg(P) in Y, with @ suitable & eﬁl , where D -—sjj/gx‘i

Next taklng subsets 7, Z of X, X , we define:

B,(Z)
.( )0 { (‘23) = g-p g.covering of{ Sof size o :an(ﬂR )’

‘where g is tne p,g, funct_wﬂ(hX | or Izl +1 of X or X (cfy Th.1,1 ~ Th,1. 4)
We use.the symbols N,.('Z\) ,N’?(‘Z\) for supp.B (Z) and supp __(h('Z\) We my

i

#) Recall thak X is of the form X=X,-D, with & variety X, in U . We
are assuming that Uy o7,

15~ 1
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may callNﬁ\(ZJ‘,NT(Z') the P.g neighborhtods of \Z',X' in ‘Q? of size 9 ., Such

D.g.neighborhoods dre sultlple for investiga_‘cibns of the p,.g.properties of
imbeddéd varieties(cf. Eii‘)] . See &1s0 Pro_p,4.6 , §4.2 of the present paper,
where we discuss p.g.properties in connection with extensions of cochains
from imbedded varieties to their gmbient spaces,) Now we set: .

Ep), o= dim € (N2 ,e), v ETR), pi= Lim ERUT (D) 8),, g}
EQ@), g = 1 SOLED ), g 5 By ¢ = Linbl( )8, 4
where g:{h‘;_l| or 1z]+1.Also the manifold _X_r(P):=_X_(\UI‘,(P), where,Ui,(P):: disc

(3.2)i

in C" of center Pand radius r, is @s in Th.1l.1l. Moreover, we set 'Vr(P):=Vqu(I

Then our main result in O7] insures:)

Lemmi3, 5. We have the following isomorphisms:
B Up0) =H (B, o)y H (5,0 S8 (B(Vp), )

L0 S E(EE), ), B ,0 SR, )

(3.2),

-

Note that the right sides in (3.3); may be regarded as dfhnalogues
of the andlytic de Rham cohomology groups &S L’lfl.~(3.,i)6 , Lemma3. 3,.Also
note that the left sides in ( 3.2)1Qre the topologic&l cohomology gfoups
H*(X,,,0) ,- - -, while the left sides in (3.1), , H*(E?’ﬁarag’ .. contdin
the suffix ° p.g)‘(This differen}ce occurs from the following situation:
firgt, in the definition of H%@P&)p,g" we used the p, g;cqverings _N;Qgr(P)), |
whichare gttached to 2(_1,(13) (cf.Def.l;62) ,a&nd our use of such p,g, coverings
is @& main source for the suffix (p,g’, mentiohed just above . On the otherhand,

our proof of Lemm 3,5 is bgsed ong type of stratified spaces attached to
realanddytic varieties , which we call normdlized. series of strqtified space:

| *) Lemm 3,5 is given in[l7] for local andlytic varieties,and is gpplied
to the v;;rietj -)—{1 . On the otherhand, Remarking that, the affine variety X'
is compdActified (in Pn(g)DQi) dnd,applying the locdl results just Qbove to

: ]
~eqch point of ‘the completion of X , we get Lemmy3.5 for )(_'.

75—+
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(cf .0M). Such stratifiei,spaces admitt what we call p.g.simple coverings,
where the word (simpleJ is Qséd in the similar sensé to the ’simpie
covering’ in the dfbe Rham theorém in [21]. The siﬁpleness as above
insures that the ébove coverings satisfy thé strndard Leray condition‘
for the constant sheaf Z(and so for R and C), and they are used to determi
the topological cohomology groups H*(XP,C),... Such coverings are also .-
suitable for teeatments of the p.g.properties of éfdifferential forms
over analytic varieties. Using the abové stratified spaces and the P.g.
simple coverings of them, the proof of Lemma 3.5 is formal(ef.[17] and
[18]. See also Remark 3.1 at the end of § 3. | |
5. Finally we will see that Th.3.1 ahd Th.3.2 are derived from
Lemma 3.3 and Lemma 3.5 in a formal fashion.‘ﬁor fhis we firsf let eX’QXJ
denote the sheaves of éfdifferential forms over X,X'. Letting the subsets
Z,Zt of X:,X! be as in (3.2)0, we define tp_.g.complexes'of éfaifferentia
for’ms’: '
(3.2); 'fix(z)p.g and 8&,(Z')p.g (in thé similar ménner to (3.2)0, by
using the coordinates of X,X‘ instéad of those of ¢ as in (3.2)0).
Moreover, we use the symbols B;(Z), BQ&Z') for the p.g.coverings of
2,2' in X,x' of size o (cf.also (3.2)5). Ve also use the symbold N.(2),N,(
for\supp Bé(Z)igéésg') . (Thus Né(z), Né!Zﬁ are the p.g.neighborhoods
of Z,Z' in X,X .) Then, corresponding to (3.2);: we define:
~
(3.2)'2'{ X(le)p.g = %Efigx‘%(x{»(?)”p./gg ?’vaP)p.gF«r}él—“;ex(i{;(‘?:’f))p.g'
Ex (X )p g 1T Lin Came ™y s B v =1 BV L
Then 1t is not difficultko check:H (€, (Xp) ) ) o2 (g (x

and Lemma 3.5 is rewritten in the followihg manner:

plp.gliees

—

)
#) From that X,X are smooth, this isomorphism is rather easily checke

%

(cf.[18]. See also Prop.4.6 for tretmants of the p.g.neighborgoods.)
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g % ov PR AN |
( ) {H @P C)""‘ H ( ( P)p g) t H (VP’,Q):. H (EX(VP)p. g) }
3 2 - »/\— ]
$ /2 5 *, 1 *
H (X ,0)SZE (51'@ Jpg) r  HV,002 HExV ), o)
b‘:ow we denote by T ,'r the néz,tural homomorphisms from the gnalytic de Rham
groups to the p g, cZde Rham groups: ‘ |
~ S ~
(3:2)5 T: S D)€ (D)0, Ty (D) —> €3V o
%
Moreover, from a simple observation, we have ngtural homomorphisms')
x* * ~ P B
(3g2)4 }L:_H_ (E_X_Q(P)p,g)—_% H (-)—(P’Q)p'g ) }L :,H_ (K@:(VP) )"—'? H (VP,_._)

Then we easily ’L'&ve the following diagrams

Figl.,1l.
1 G p)p) = (1,0, E& G0y == 1(7,.0,,
B x % J
H €y (Xp), V0% B (Xp,0) E(ExWp), o) 2y B (75,0

@nd the similsr diggrqms for_)g' dnd _V', ) It is clear that the above diagmm-
jlnsures. the implic@tion:
(3.2)5 Lemmy 3,3 + Lemmd 3,5 ——> Th.3,1 and Th.3,2 .

Remark %,1,As m3y be clegr from the content of €3, the most importgnt

topologicgl fact in getting Th,3.1 &nd Th.3.,2 is the p, g C2de Rham isomorphism

As in Lemma?.5, klso we use some ad. proiaerties of (topological) contractiblity
of gnalytic varities in getting the open map property of the de Rham complex

ds in Lemmea. 3‘4(cf‘[152,Also see the end of §5.2) The underlying basic fact
for the above topologicdl facts is the existence of stra’cifiecl, spaces for
analytic varieties(=normalized series of stratified spaces), which were
mentioned previously . The details of the _a.bove topological facts dre in
[15']2,\,4 and the duthors forthcoming paper[18](The first three adre outlines
of .What 4re mentioned soon &bove, while [{81will contgin the detgils 0)

%) Such-homomorphismsare constructed, by using similar grguments to
the one intilj)which attaches,to the closed differenti?l forms,their cohomology
cldsses ., Seedlso the grguments in §5.1and n.5, n.6 in §5,2, where we glve

some cohomologicdal Qrguments.  (Such Arguments have similar algebraic structures

with the arguments in[af] . 75-_ 4\
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As may be from the context of<§3, the above topological facts
are indispensable in getting Th.3.1 and Th.3.2. Howeyer, as in the
case of the holomorphic de Rham theorem (3.1)1, and ih the proof of
Th.3.1 in [5]; the most importantkfacts'in getting the analytic,de Rham
de Rham theorem(as in Th.3.1, Th.3.2) are the results on the coherent
sheaves in Lemma 3.1. | o 4
Remark 3.1. At present, our fesults on the anaiytic de  Tham theory
'are given separatedly, according as we are concerned with the analytiec
or topological aspects. The present paper covers the necessafy analytic
facts for the proof of Th.3.1,Th.3.2, while the nécessary topological
facts are summarized in'tjj;]zaﬂ,[iq] and in [i1g 1. The‘author plans
to write a sUrvey paper on the analytic de Rham theory, which wiil
include (1) =even treatments of the analytic and topological parts as
above and (2) comparisons of our methods indicated as in§ 3 and the

methods taken in [5]1,[71.
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Chapter II. Uniform estimations on homomorphisms of

coherent sheaves

§4. Uniform estimations with bound and algebraic division

In §4.1, 84,2, we give the first and second uniform estimations in
the title, which are semi-global in nature(Lemma 4.1~4.6). In §4.3,84.4
we give global versions of the results in §4.1, §4.2. Also using such
results, we prove the 1emma?, whose groof is postponed untii now, The
proof of Lemma 4.1 ~4.6 will be given in § 5.

g 4.1. Uniform estimation with bound

l} First we take a datum:
(4.1)0 g;(c (z),UO,XO,XO,PO) consisting of an analytic variety X5(2 Pg)
-in an open set U, of a euclidean space C(z) and a subvariety Xé of Xg.
The variety Xé may be empty, but should Satisfy:
(4.1)5 X=Xy~ XO is smooth,'andjwhen Xé £, Xé contains Py .
We fix the datum X in the remainder of § 4 and in §5. The underliying
variety of X will be: X_YO XO’ Moreover, for convenience of the formulation
of the estimations in ¥ 4, we fix subvarieties Xl’XZ of XO satisfying
(4. l)o Xy 2 XIE_%X :Dx

2. Underlyigng data. Setting Xl.—Xl--X2 we first define a parametrlza~
~tion of manifolds in X(=X ~XO) '
(4.1)4 uii}ky_lm X, X RT3 W =(P5r) —0uv(X) D U(P):= {0€ X;d(P,Q)< T},
where d=natural distance in C¢%(z)(cf.n.l, §1.2).

*) cf.n.l, § 1.2,

74
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varieties with singularities. Finally, the procedure inlé 4.2, which
rewrites the non cohomological estimations in § 4.1 in cohomological
forms, is essentially algebraic; large parts of & 4.2 is given in an
abstract fashion in terms of the q—sheaves(Def.1.41). The content of

§ 4.2 may be useful for general treatments of the p.g. and a.d. properties
of g-sheaves.

§4. Uniform estimations with bound and algebraic diwvisions.

b

§4.1..Non cohomological estimations

In part A,B we give non cohomological estimations of local forms,
which concern the first and second properties in the title. In C we

give a global version of the results in A,B;

i& Uniform estimations with bound

1. geometric underlying data. In a similar manner to § 1.2, we

start with giving the following geometric datum:
(4,1)0 _X;=(g?(z),ﬁa,XO,Xé,Po) consisting of an analytic variety XO(EBIb)
in an open set Ub of a euclidean space_g?(z) and a subvariety Xé of XO.
The variety Xé may be empty, but should satisfy: '

[] r ] . . 1
(4.1)g X:=X,-X, is smooth, and X, contains Py, if X, % # .
(When Xé is the divisor of an element héif(onQK ), the datum X is of
the form which was used in §142:XZGEAnla(cf.(l.S)O). Note that, in this
case, X:Xé—Xé is a Stein variety. In Chap.II we do not require this

condition. The datum X is more general than geometric data in Anla in§1.°
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We fiXx the geometric datum X in the remainder of Chap.II. The underlying
t
variety of X will be X=Xq-X5- Moreover, for convenience of the formulatior
of the estimations in§ 4, we fix subvarieties Xy ,%, of X, satisfying
t
2 Xy -

(4.1)y X, 2 42X,

2. Parametrizations. Next we will define certain sets of cross

sections to certain coherent sheaves, which are parametrized in an explici
manner(cf.(4.1)2 soon below). The parametrization here is of non cohomolo-
-gical form and is simpler than the one in §1,8 2. However, the formulatic
of the former has some similarities to the one in the latter: first

setting X --Xl—X2 we define a parametrization of open manifolds in

x(:xﬂ—xo): '
(4.1); g s }kgfl:ilxg*a H=(sr)—>0uv(X) DT (p):= {0 € Ga(p,0)<r},
where d is the natural distance in g__n(z)(cf,n.l, 21.2).

Next takihg a matrix K:O%——?‘qu(u v>0), whose entries are in P(XO,QX ),
0

we write the image KO, (C. vQ/X) as K. (Here OX’WX are the structure sheaves

-of X,XO.) We use the symbols % » e},@ for the q—structures Of,\; which are

3 . V .

induced from K:0y-» X and the ln,]eC'tlon.NI}dC.ngX(Def.l.42). Setting )\Xl"

“;u‘{ , we take anh element (P'r'a)ek)«; (Cf1XR+)(3{). Then the sets of
1

the cro$s sections, which are used in §4, §5, will be of the form:

(TP K3 6) .. M), <a N
(4.1) { £'a e F(T.(P) g3 in §.(2)J,

2 ) 5560, - el @.0; {\‘\?(Q)IK<3} in Gk
wherel ‘K | l are the Q'K- and 9 -absolute values(Def.l.4l).

Fasd 'u\/

No‘be that by the definition of B

¢ SAR the above sets are explicitly as

follows:
(4.0, T, 536, = x[E2.050), » Fd.m .58, - [F.o, o%8),

~
N E(Ur(P)’E) ,where @, 9 are the standard g-structures of O QK(Def 1. 43)
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3. Bstimation maps, Letting M denote the Fig.I
collection of all positive monomials(n.5, §1.1), R xf{_ —“—‘—% R*
we set ﬁ::ﬂiﬂ, and we regard an element M=(I My) lf' !

R%R" — R

é M=MXM as a map(cf.also Fig.I):
(4.1)5 M:RURT D (r52) >R R 2 (v) ,M,y(a/T)).

We use such a map in the remainder of €4.1.

)
4. Bdd" uniform estimation---1. Letting the matrix K be as in n.2,

we take an open subset U= l,K(aP ) of U, and an element 5 = e +_2. We
then form the follow1ng parameter spaces-
(4.1), Myi= {(Bsm)€ (UOK)XBYs refr(®)} T3, with g(p)=a(?,%,)"  , and

>\K:=}/LKX__1

. .
Lemma 4.1 . (uniform estimation with bound--1). Take a suitable

My € H. Then we have;
(425 37 P B80T (0 &0y, vith A)=fig(zia), vhore

We prove TLemma 4.1 1n§ 5.1.

2. Bdd uniform estimation--2, Here we give an another uniform

—

!
estimation, which is derived from Lemma 4.1(cf.§ 5.1) and is sharper than
Temma 4.1' in some aspects(cf.Remark 4.1): first take a set,_l’;:{hu}u_g C
t
E(XO ,QXO) satisfying (}u Du = XO, where Du=divisor of hu on XO, and we set:
(4.1)6 Coh(XO;E):=collection of all coherent sheaves H over X, which

admits a resolutlon of the form:

k) K, kK, " A
(4. 1)6 0 —>0y _—-————> — = — ——=) 0y ——>H(C0y)>0, where

Kj(O: j £p) are matrices with entries inP(X,QIX) and. satisfy:

(4.1-)" the entries of K. are in J'(X .0+ (¥D.))( for each j,u).
6 3 0 XO u

Here Qp (*Du) denotes the sheaf over X, of meromorphic functions with pole

D

W
%) Bdd ¢= bounded
*+) When X, =¢‘ , we understand that d(?,X,)=1,

19



269

Now taking an open subset U ,h(SPO) of U, and an elemento" €R+§ we
form parameter spaceslb(h(c XIX_R_) and A_ﬁt::}’(ﬂn.XBi‘ in' the s:Lmllar manner '
to (4.1)4(by using (Ul_’_h’ajh_)i ). Then we have: <

-

Lemma 4,1. (Uniform estimation with bound---2). Fig.lff)

_ ~ ~ 7 o
_There are maps eh_:Coh(XO;_h)a g—->_1»_1_ Srllgj and E_]g_: zon .COh(XO;h),_ll;;_M“
which are factored as in Fig.IT, and with which we have lg
the following for each HE Coh(X ,_> ( . ' ' z* -—-—-h'-—“} M
(4' l) i E(U (P) ’-v’ gr) CB(UrI(P) s‘hpe’g) ¢, with (I‘ a,)"M (r a)’ M’
the parameter (P;r;a) is 1n7\h(CX )(R+X R ).

We derive Lemma 4.1 from Lemma 4-.1 (ef. §5.1).

1
Here we give a remark on the formulation in Lemma 4.1 and Lemma 4.1,
t

which we use in getting Lemma 4.1 from Lemma 4.1 (cf. & 5.1).

Remark 4.1 . (1) Wake an element nelX(x »Qy ), and let O, (*D) dencdte
the sheaf- over Xo of meromorphic functions with pole D(=diviosr of h) .
Then, réplacing the condition: 'the entries of the matrix X are in
E‘(X ,“K ) in Lemma 4, 1’ by 'those are 1nI‘(X 0+9x (*D)) 7, we get also

O L

the s1m11ar inclusion to (4. 1) (1n Lemma 4, l)for X (after the above

change). Actually remark that K=h K are in .E(X with a suitable- de__z_"’}

0%,
and we apply Lemma 4. l to L Then, recalllng 'the explicit form of the
estimation:(r;a)—> (r ja ) as in Lemma 4.1 ; we get easily the inclusion
mentioned soon above" for K £rom the application of Lemma 4.1' to K.

r (2) Lemma 4.1 is sharper than Lemma 4,1 in the point that (a) the
parameter space ,Uh is independent from the individual sheaf E\/é Coh(XO;g)
and (b) Lemma 4.J:atisfies Fig.II(as in that lemma). The latter is used
to get the similar diagréms in Cor,l.1, Cor.l.3 and in Lemma 1.2, Concerning
the first, we remark that. the .oper! U =U1’K in the parameter space ]ué\,

(cf. (4.1)4) is ‘taken independently from the individual matrix X as in ,
Lemma 4.1, Actually, take an open set U1=U1,X(9PO) of Uy, and finite points‘%

%) I‘Q‘ﬁ_" in Fig, X is the length map(cf.(1.4),), @n@;
P

T
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means for the measure of the a.d.properties. For this taking an open
subset Uy X1(5]?()) of Uy and an element 0"*}‘('16 R{z, we form a subset }(3(‘1
of Xl)(R in the manner in (4.1)4, by using (Ul’il’&f ). Also taking an
element mE 7% we set: t _M XZ XRl. For an element (P;rim;a) &
Ny (@ Exr*z* XR]) we d]e:flne
( %2) {I%Ur(P),f 0y), } { P E.(P),0336), (cf. (4.1),) R

ST, (P),00)7 £3eMT(P),00); 8 (Plgale(@) ™ in T(P)} ]
In the above & is the standard g-structure of O§(cf.(4.l)2 and Def.l.41).
We then have: )

Lemma 4.2.(Algebraic and analytic comparison of a.d;properties).

For a suitable a.d.map By = B, g We have ™)
(4.2)3 i F(U (P) OX) C_]—_"(U ],.(P) f IOX) /5, with (r m; a)J‘A— (r ms;a)

(cf. (4. 2)1). Here (P;r;m;a) is in L~ (CX xrtXztxrt).

Treatments of the left side of (4. 2)3 are sometimes easier than the
right side;Lemma 4.2 is useful in treatments of the a.d.properties of OX‘
Next we may regard Lemma 4.2 as an analogue of the compariSon of ¢ P.g.
and meromorphic)(as in Th.1.6) in our treatments of the a.d.properties.
Moreover, as we will see in n.3%, Lemma 4,% implies Hilbert zero point
theorem for f(Iemma 4.3'). Lemma 4.2 may be a basic fact in the a,d.
properties of'OX.

3. Koszul complex- -1, Taking a finite set g= (g ) Il(XO’OX )
satisfying the s1m11ag condition to (4. 2)2, weGdenote by G the Koszul
complex for g:O—éOX——-;_ ———?O}(( )~—————> - - - ~JE-—]-'—-';OX~-70. We assume:
(4.2);,r the locus W of g (C V(=locus of f).

N'ow ’céking an open subset Ul,G(QPO) of Uo and an element O*G & R{2, we form
a subset }LG(C§1XR+) in the manner in (4.1)4. Also taking an element E:EG

+ . . j + +
e 77 we set: Lyi= /J;zel-ﬁle .

!
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B ', Algebraic division unfiorm estimations

This . PCCI i’, 7 concerns mainly uniform estimations on open map
properties of (, -—homomorphlsms(Lemma 4 2~ 4.,5). Such results are our
maln results on non cohomologlcal uniform estimations in this paper.)

The proof of the results of 8§ 4.2 will be given in §5.2.

1. A.d.estimation map_§jf*) We begin § 4.2 by the following
.f‘-‘__,— Definition 4.1. By an a.d d ,estimation map we mean the one:

(4 2)1 E:R’ x(Z XR+)53(I' m; a)—-}R RK(Z x._)sa (Z; n! ;a ), where r ~Ml(r),
m =[L(m)] and a :I{Iz(a/r)' exp M3(m). Here Mi(lél_.._._3) are positive monomials

and L is a linear function:I=ct;c>0. Fig.I
| | R*¥(z*%RY)—> RXz"

We then set: . ‘ LE G 1}@:&
(4. 2)1 E,. d.~collectlon of all a.d.maps. R (%)

> RXz*
Letting E€ E_ ; be as in (4. 2)1 we call My

and I the first and a.d.parts of E. The map E is factored as in Fig.I.
(In Fig.I, the factor ! _B_"" in the right side is the first factor of
RR(ZX&).) |

2. Algebraic and analytic a.d.properties. Take a finite set f=

(f. )3 1C_[L(XO, ), which vanishes at POCXO(cf (4, l) ) and satisfies:
0
(4.2)2 fj‘v O(XO,.) for each f.(l‘é;;:s‘) and each irreducible component

X of the germ of X, ai;P

0%i »
Then the set f°: (i';) _1» the m-th homomorphlsm e O ~> Oy and the sheaf

‘;tflw(\)x;:‘ fAK(CQvX) will have the similar meaning to n.2, §2.1. As in §2 we

use fm' +0 measure the a.d.properties of gx—coherent sheaves, On the
otherhand, letting V be the locus of f, we also use Jc)he distance | f(E}:=

52,2 [£,(2)] to v’

3 to measure such properties. We will compare the above two

*) cf.also the beginning of Chap.II.

¥x) ‘a.d) =algebrraic division(cf. §2).

¥#%) By Lojasiewicz inequality, we may regard [£(P)| also as the
distance to V, %:_
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means for the measure of the a.d.properties. For this taking an open
» .
subset Uy (BP ) of Uy and an element 97§ E_R_:{ , we form a subset}-(i'
of X X Rt 1n the manner in (4. 1)4, by using (U;,% ,@)}1) Also taking an -
element mCZ we set: zv -_/i“'XZmX_;. For an element (P;r;m;a) &
1

)»(. (CX XR%z* XR ) we define:
TH(U,.(P) £7y) (T, @), 0358, (et (4.1);) N
(4"2)2{ o~ m a }‘ m , o
B(U.(P),04)7 LPeT(P), 05 8 (PU 2 l£(2N ™ in Tp(P)}
Tn the above © is the standard g-structure of ‘_‘Q,;(cf.(df.l)g and Def.1.4l).
We then have: '

Lemma 4.2.(Algebrdic and ahalytic comparison of a.d.properties).
X

For a suitable a.d.magEi-'lC-E_E_) .q-vel we have -
(4.2), BE(2),00% C P/ (2),5% 0y) s, with (zimba)- =ng, (xim;a).
(cf. (4. 2)1) Here (P;r;m;a) is in L~ (CX XRtxztxrh).
Treatments of the left side of (4. 2)3 are sometimes easier than the
right side;Lemma 4.2 is usefui in treatments of the a.d.properties of QX
Next we may regard Lemma 4.2 as an analogue of the compariSon of ! P.g.
and meromorphic)(as in Th.1.6) in our treatments of the a.d.properties.
Moreover, as we will see in n,3, Lemma 4,& implies Hilbert zero point
theorem for f(Lemma 4.3'). Lemma 4.2 may be a basic fact in the a.d,.
properties of %(

3. .Koszul complex--l. Taklng a finite set g= (g. )J 7 Il(XO’,-K )

satisfying the s1m11ar condition to (4. 2)2, we denote by G the Koszul
G

complex %or g: OQOX—.._;_ __ao( )—_———) - . -jc-—l—s-gx —X0, We assume:

(4.2)4 the locus W of g C V(=locus of _f).

- Now taking an open subset U ,G(BPO) of Uy and an element _QG R+2, we form

a subse’c}l, (CXlXR__) in the manner in (4~.1)4. Also taking an element m=mG
EL we set: Tpi= M X ZEXE]

#) ‘he symbolti ) means the injection: U :( )('? . (B) In later zf""o"ume”lg
in queotw on, w1ﬁhout mentioning 1t

we use this symbol for the injections
(when no fear of confusions occurs) .
%) In the terminology of§2 3,

3

@=m(=1)-th Koszul homomorphism -for 8,
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Lemma 4.3.(Open map property for Koszul complex).

For a suitable a.d.ma’p_}:].g_E_Ea.d we have(1=p ét,—l):t
(4.2), 1*(ET,E) o), 067L(0)) € 6 BT, ()£ 0P, i
(r';m';a'):EG(r;m;a), where (P;r;m;a) is inJ,(C %XEX_Z_J’X,R_I).

. We c;géck that Temma 4.2, 4,3 give a c;—c;;;mological generalization _of
Hil‘bert ‘Zero pbint theorem, For this, taking a point Péi’lﬂw, we .formta .
filtered complex _C_-;:O-e_gg—%-— -—>Q_£ _G_P_;-_ _;"_—9 _Q}-;O, where ~(;_£:=§‘.£1,CJ})((I,’})'3 }m:
and the degré)one map is GP(O"S‘: p_S__t—l)fcf.n.l,§2.l).

Lemma 4.3 .(1) The compl_ex‘_ga; satisfies the open map property(Def.Z.li*
(23:_;Clghe open map property for _C; at the final gj;(_agg )Q;;( ——ti—}- 90 is

o

equivalent to Hilbert zero point theorem for (f,g) :§9X’P:)fs91x’l> , with

a suitable W &z, |
Proof. The check of (2) is easy. To see (1) take an element &6_}}_;[2.
Then ‘fjso on W ' implies: I£;(Q)1£ 4(Q,¥) in a small neighborhood Uy of
]

P in X. By ILojasiewicz inequality we have: (fj(Q)mtga.lg_(Q)‘ m’ with suitable
m,m'e,,zj and a G:_Ef: Applying Lemma 4,2 to g, we have;fngX,PngX,P. By
(2) this implies the open map property for Gt_1:£§ —%'QX. Finally, Lemma 4,3
insures the open map property for Gp(O._S,_p<t—1), and we have (1). gq.e.d.

Hilbert zero point theorem may be the most basic fact on the a.d.

properties of analytic varieties.Its cohomologicé]_ generalization, Lemma 4.2

and Lemma 4.3,may be also basic in treatments of

7 .
*) This means that Gt_l(j_m Q;E’P)D _f_mQX for m>0,Here m’=c(m), with
a map c:2—> 7t satisfying lim c(m)=ca(cf.Def.2.1).
- - m—
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the a.d. propertles. Also note that Koszul complex is intimately

related to the structure of the cohomology groups " (XP P,OX,P),...,
where XP,WP are the germs of X,W at P. It looks like interesting to

try applicablities of Lemma 4.2,4.3 £o investigations of the structures
of the above cohomology groups.(See also Lemma 4.7,n.6, where we use
Lemma 4.1,4.2 in our analytic de Rham theory, by applying those lemmas
to determine the structure of H*(XP- polxsp)sees) (We gave Lemma 4.3
in terms of the germ QX’P' Formulations of semi~global and global
versions of Lemma 4.3 will be left to interested readers .)

3. Koszul complex--2. Lemma 4.3 concerns the single Koszul complex

G. Here we will be concerned with the family F= {Fm} -1 of the m-th
Koszul complexes 030y —289 -90(%l_,__29 OX .22_1_7oxwao(cf n.1,8 2.3):
letting the rest: 1cted parameter space }L (C:)C XR') ve as in Lemma 4.2,
we take a suitable linear function Lo(t) =cyt;cy>0. Then we have:
Lemma 4.4,.(0pen map property for the family F = {E?};Zl).
Choose a suitable a.d.map By €B, 4. Then we have the following
for each m € 2¥(1< ssp-1):
(4.2)5 i {IOLP), fﬁo(%)) N (kernel of F)JC ¥y (U ()£ Ao (P Dy,
where (r'{i;a)= Ex(r m;a). Moreover, (P;r) is 1njL;l(C:XlX R"), and the

a.d,exponent mc;_f of fm satisfies:m ;>Lo(m)(cf.also Lemma 2.5).

If we fix an elementlméiz+, which characterize the complex‘gw, then
(4. 2)5 follows from Lemma 4,.3. The independence of the map 5¢§rom such
m(:Z is the key fact in Lemma 4.4, We use Lemma 4.4 to get the correspon~-

=ding
cohomological version, Lemma 2.5(cf.§‘4.4).

S5
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5. Exact complex, Letting the set h={n} _ 1<:f(xo,o ) be as in

Lemma 4.1, take a coherent sheaf § & Coh(XO,_h_)_ of the form in (4. 1)6.
L - L8 %
0 —_;QK - - - > \QIX

. , +2
a suitable open subset U;=U), H(::'?P ) of Ty and eleménts o= Tgeﬂl- )

>“I:I/(CQVX)—> 0. Moreover, taking

m., & Z s, we form parameter spac:es,b(IL and LHI by*’ _

(4. 2>5MH ={EimEa® ) xE e <foa(®) Y, T ,LLHXZ XE' .
; Lemma 4.5. (Open map property for exact comple:g).

For a smtable a.d.map E}L G_a q, vWe have: y ,
(4»2)6 1 (BU(R) %05 0 B(T.(2) 1)) < xo (T, (2), & g Og )yt » With
(r s a) EH(r ¥:a). Here (P;r;d; ;2) is in Z/H(CX XB_)kz,m XBi)

Note that Lemma 4.5 concerns an 1nclus:|_on of Artin-Rees theorem type
(cf. §2.1), and is used in the proof of the corresponding cohomological
fact(cf.Lemma 2.7, § 2.3. Also see § 4.4.) As we will see in §5.2, the
proof of Lemma 4.5 is easier than that of Lemma 4.3 ,Lemma 4.4, which
concern the open map property of Koszul complexes.(ote that the Koszul
complexes are not, in general, exact,)

6. Comparison of filtrations. Here we add a lemma, which is used

in the proof of the comparison of the filtrations in Lemma 2.3, For this
letting the sheaf EE Coh(XO;_I_l_) be as in Lemma 2.5, we define Qx-homo-
-morphisms: | B

: X . .
(4.2)7 Korms= +FJH:QX1+OSk =R +§’2'——>Q§ EKOW + Fmbg 'y where we use
the symbo 1%& of the homomorph_'Lsm.“vX%ﬁg)X also for its k-times dlrect sum:
sk
05%:=0% - - .-+QX ‘_‘—;*QX"*QX"P-"';QX(Cf n.2, 82.1).

<X wX
k. +sk
g 1
Alsq we use .’chev symbol Y for the image of KQ,’ﬂmel?ImzzKO’m(OX )C_'_OX .

%) cf, also (441)4

5 8
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Next, in Lemma 2.6 soon below, we use an estimatioh map, which is
slicely different from the a.d.maps in Lemma 4.2 ~4.5. For this we set:
(4. 2),7 ac= collection of all maps B :RH XZ XR 3 (r;m;a)—>R XZ+Xh

Q(I;m;a) , where (rhd)=T(r;a), m' = [_'_T__;(mﬂ , with a map I«IGQT_(cf.n.l_,§4.IQ:
and a linear map L=ct;c¢>0. In a similaX manner to n.l, §4.2‘,we call

the maps M:R'> r—‘——'?Rf' 51 and L:2"9m—5z"on’ Fig.IT
the first and a.d. barts of E . Then, as in n.l, R+¥Z XR ""—"> _EL\_L
§4.2, we have the factorization in Fig.II. e

RTxg* gt ———-—> Bixz*
Lemma 4.6. LComparlson of flltratlons) For a suitable

X)
map 8H.Z ;m—>u d =) EH, satls rying Fig.III, we have: EA&E
’ k +sk g
(4.2)7 1" RO (2) 05, N () W) C X BT ()00 Ea
with (r';m’;af):EH,m(r;m;a), where (P;r;m;a) is as in Lemma 4.5, {O}-—-—?MX]

The proof of Lemma 4.6 is also given in §5.

e

Remark 4.—2 We make here a remark on the explicit estima blons in

Lemma 4,2~4.5 and in Lemma 4.6. For this take an a.d.map E €F, 4 of
. 1] 1 1]
the form in (4.2),. We then define a series {EE,m};:;l of maps Ep, EE, 4,
which satisfies the factorization in Fig.II1I, in the following manner:
~ arld t 1/

(4.2)8 E};,m:R*'x Z+>(R+ 2 (r'm-a) ———>I_{_'_*><_Z_+x£9 (;H;a ), where (r;a)=
(11 (r), M, (a/ryexp My (m)) and ™ L—L(r“ﬂ)j (For the first and a.d.parts
My,L of E€E, d and the positive monomials M, ’NB’ see (4. 2)1.
Also it is easy to see that the estimations in Lemma 4.2~4.5, for exa,n)p}-
that in Lemma 4.5, is given in the form:
(4. Z)é (r"m'~ef)-—E' (r'm-a), where E € E, ; is as in Lemma 4.5.
Remark that the dependence of B E’ on mé_zj is quite explicit(cf.(4.2)8),
and we may say that the estimation (4.2)g, derived from that in Lemma 4.5

,e., is sharper than the one '(4.2)7 in Lemma 4.6.

%) The set {0 ¥ consists of the single element 0 6_&'_*\10. Thus Fig,III
¢laims that the first and a.d.parts of EH,m(m e_z_*’)a;ce independent of me_Z_*.

oreover, we denote by Ln the set of all linear maps B t)=ct;c>0 .

¥
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- 7,De Rham complex, Here we assume that XO is irreducible'at the
origin PO of Xo « We also assume that the pair (Xl’XZ ) is of the form:
1
(XO,XO), with a subvariety XC') of Xy, and that the coordinares z'=(zl, o sZy)
provide a local parameter at each PE(XO—X(')) . We identify the sheafSi’_%z

k "
. . ' I ZL M 4
(cf.§3) with O)((%) in the standard manner: ﬁ%aﬁ’l '-':?Idx = O}((p)a ,I }S’I)I p
where I exhaust all indices of the fom:(il<.<..<ip), with lgil<.<ip_5_k .

Letting the parameter space ’CX be as in n 2, part B, § 4,1, we take a
parameter (P;r;a;m)é‘tX(CXXR"';(Ri ;CRI xz¥), and we set:

1 ~ ~dq A
(4.2)g  R(T.(2), ™R8, = LT (2), %)),
Then, letting d

X be the exterior differential operator on X, we have:
Lemma 4.7.(Open map property for de Rham complex), For a suitable
a.d, map Ey & E, 4 we have(pz 1):
1

(42)g 1 (P(T.2),£589), 0 a3H(0) © o P(T,r(2), " P,/ , with
(r’;nf;a’):EX(r;m;a) , where (P;r';m';a')‘ is in ?:X( <Xt x R+XRIX z*%) .
Lemma 4,7 is derived from Th,1.722, Lemma 4,3 and from our uniform estimation
on the a.d.properties of (local) contractible properties of analytic
varieties(cf.¥ ]2) . The latter concerns some topological properties of
the varieties, and the details of it will be given elsewhere in a near
future, We summarize the key points of the proof of Lemma 4,7 at the end
of §5,2 . Lemma 47 is used in the proof of our (p, g.,open map property
for the de Rham comple;(’as in Lemma 3,2 , The relation of Lemma 4,7 to
Lemma 3, 2 is also summarized a.t the end of §5.2 -

.Now, letting the parameter (P;r) be 'as in Lemma 4,7, we form a filtered

complex C:(P) by

¢

1 ne ~ | oo d" (-]
(4.2)g  0=P(UL(R),0) —>{f(UL(2), &3y Wyoo—2 -~ - S0, 8F, b0 —

28
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where we set:

(4,2)9V QP = Y + (%32 fg”l dx A2

Corollary 4,1. (1) The direct system {p (P);re(0; l)}- satisfies the

open map property.,

(2) The following complex is exact{formal Poincare lemma):
0—> > Lim Sl;/fmﬁ?(—a Iz, —;<1_@_mmél§/f?‘31§ —

The first follows easily from Lemma 4,7(by d:opping the explicit estimation
in it), and the second follows from the first by Prop 2,1l ,It is in the
form of (1), Cor 4.1 that S,Lubkin conjectured the open map property for
the de Rham complex , The formal Poincare lemma (4.9);' was proved by
R Hartshorne and by A Fujiki. independently,by using the resolution theorem
of H Hironaka, (Their methods are also independent,) The open map property
in (1), Cor 4,1 is also proven by A,Fujiki by using the resolution theorem,
(His proof also uses some local contractible properties of analytic
varieties.)

Remark, The content of part B, §4.1 contains all examples of complexes
, which we know, where thé open map property hold, From the basic property
of Artin-Rees theorem in the completion theory as well as from the scope
of our eiamples of the openvmap properties as above, it looks like that -
the open map properties deserve to be studied for more general types of
(geomtric complexes) ., The author hopes that the content of part B call
attension of analytic geometeres, who are working with complexes of

geometric nayute(on analytic varieties).
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®. Some remarks. Heré we summarize some remarks for Lemma 4.l~4.6 %
which will be used in the proof of those lemmas(cf. §5).

(i) Terminologies. We begin n.§, by arranging some terminologies.
for later convenience. First recall that the estimation in Lemma 4.1'
was given to points of §;=X1—X2 and that the underlying homomorphism was:
K?OX—;sou; we will use the terminology:
(4.3); Lemma 4.1'holds for (X;,X,;K) |
as a synonym for ‘the estimation (4.1)5(in Lemma 4.1') holds’ for the
parameter (P;r;a) as in (4.1)5. Here (P;r;a) should be in the parameter
space of the form‘XK as in (4.1)5, and the estimation map should be of
the form MKGE'M as in (4.1)5’. Similarly to the @bove we use the *
terminology:
(4.3)2 Lemma 4.2 holds for (Xl,Xz;f)(resp.Lemma 4.3Vholds for (Xl,XZ;f,G
Lemma 4.4 holds for (X ,Xz;f), Lemma 4.5 holds for (Xl,Xz;f,K) or
Lemna 4.6 holds for (X;,X,;f,K)) '
as a synonym for the following:
(4.3); the estimation (4.2)3(resp.(4.2)4,(4.2)5,(4.2)6 or (4,2)7) holds
for the parameter (P;r;m;a) as in (4.2)3(resp.(4.2)3,....).
(Here note that (4.2)3f~—f(4.2)6 are the explicit estimations in lLemma 4.2
~~ Lemma 4,6, Also remark that f,(f,G),.. are the underlying geometric
data in Lemma 4.2 ~ Lemma 4.6.) DMoreover, for the first terminology
in (4.3)2, the parameter (P;r;m;a) should be in the parameter space‘Zi’ =
as in Lemma 4.2 and the estimation map should Le of the form EX'GEEa.dl
as in Lemma 4.2, For the okher terminologies in,(4.5)2, the parameter

spaces and the estimation maps should be understood in the similar

- manner to the above.

% I
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o b !
of X SatleYll’lg.XlD)q,ch X
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(ii) Next taking subvarieties X
we have the following implication:
(4.3)5 Demma 4.1" for (x{,x[;K) — Lemma 4.1” for (X ,%,3K)

This is checked easily,‘by remarking that the estimations in the left
and right sides are given to points in (X&-Xé) and (Xl—Xz) and that the
estiﬁation in the left side is applied to the right side.(See also the
explicit estimation in Lemma 4. 14) By (4. 3)3 we have:

(4.3)5 Lemma 4.1 for (X, ) —>Lemma 4. l( ~Lemma 4.1'for (Xl,X2,K))

O’sing
. ) 1]
We prove Lemma 4.1 in the form of the left side. The similar implications

to the above hold for Lemma 4.2*4?Lemma 4,6,

' (iii) Chain property. Thirdly take a subvariety X3 of XO satisf.ybta

(4.3‘),Jr X024 R 22,‘,X3’.)X

Then we have the following implication, which will play a role in the

proof of Lemma 4.1'(cf.§ 5.1):

proposition 4.1. Lemma 4.1' for (X,,X; ;3K)(i=1,2)—>that for (X ,Xs;K|

i+l?
The similar implication to the above also holds for Lemma 4.2 ~Lemma 4.6,

The proof of Prop.4.2 is given in part C,App.I.
(iv) Here we add a technical remark for the proof of Lemma 4.5:
rrcall that the gheaf H in Lemma 4.5 is in the collection Coh(XO;Mp g’
Uy ~ .
where --h—=(hu)u= is a subset of L(KO’~X ). We then havel
(4.3)5 Lemma 4.5 for (X, XO,H) for 'the case :¥h=1—>» that for the

genral case: ¥ h & 2.

Actually, assuming that ¥ h = 2, we easily have that e Coh(XO;h.u)
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¢ ! |
Lemma 4,1 for ( 3,_\) from the above two estimation

It is easy to get
(The former is given to poin’cs Pe( 3), ‘and the size r of T, (P) should
satisfy the 1nequa11ty .oLihg__form_.r<{0' a(p, X3) ]} 1t is easy to fill the
gap between what is mentloned just above and (4.3)5,6, by usingelementary
distance properties of analytic varieties; sc—.@ author’s forthcoming
paper L ) ’ |
(iv) Here we add a fechnical remark for the proof of Lemma 4,1 and

Lemma 4,5, Lemma 4,6:recall that the sheaf H in ‘chese 1emmas is in

Coh(XO,___) , where h= (h ) is a subset of JF(X.,0, ). We then have:

' , '

(4.3)7 _Lemma_4,1 k&3 for (XO,XO;K) for the case:3 h=1=3that for_ the ~
' .
-geneJ:aL_gas_ez‘%_Z_ 2, where X, =locuS of h (and the similar fact for Lemma‘th

and Lemma 4.'6) 0

Actually, let b b _ "0 e as in Lemma 4.1, we apply the left side of

(4.3)7 "to each hu(u= seessUg), Then the inclusion of the form in (4,1)7,

Lemma 4,1 holds for each PGXO—Du , anc{j‘t‘lle‘ size of the manifold 'ffr(P)

(cf,(4..1)7) should~satisfy:r<{<rd(1’,l)u) },(Here D, is the locus qf hu‘)

But Xé: l\uDu Also, by the Lojasiewicz inequality , we have:

(4:3)g c'a(e,xy)< X, 4(2,0,) < < da(P,Xy), with suitable c,c' &R*?,
This implies:

— (4. 3)9 Ta(p, X') < d(»,B ), with a suitable index u, where the element

e% is deteremined by the element c in (4.3)g,

From thiS the inequality mentioned just above is replaced by r<fd(P, XO)}

arid we get (4.3)7(cf also similar arguments in (iii) ).

91
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(v) A key proposition, Here we give a key proposition for Lemma 4,2

~ Lemma 4,5(cf,Prop,4.2).In (v) we take an element hEP(XO’wX ) satisfyin
DDXO’slng , where D=divisor of h, Now we assume the follow1ng

(4,4) ZLemma 4.4 for (XO,D;N;')(resp, Lemma 4,3 for (XO,D;j_',_G_), Lemma 4.4

for (XovD;.i) or Lemma 4.5 for (XO,D;_f_,;I))(cf.(4.3)m) , where the Koszul
complex G and the sheaf fe Coh(X A'h) are a.s in TLemma 4,3 é,nd Lemma 4.5,
Then taking a suitable*) open set U 1’ h(BP ) of UO and an element¥ = h
G__B"TZ, we define the -fol‘lowing parameter épace(cf. also (4,1)5): _

(4,4)' /U'h:= {_(P;r)e(D—X ,Sing)nUl) *RF; rda-d(P,Xo,sing)-,l}__l}’
Also we take a suitaeble d=d, & 1*')-? an a,d.map B, ega-d’ a linear function
Lo h=lo n=Co ntiCgru =0 and an element ﬁ:ﬁhEQj. Then, from the four
uniform estimations in (4_4), we get the following weakere version of
Lemma 4.2 for (D, XO’s1ng’—)"‘ . , Lemma 4.5 for (D, XO’s:Lng f,H -\) |

Proposition 4.2 We ‘have the follow:Lng inclusions:

(4.5), TROEEL0) 008 € B, (), 0t s - |
(4.5), i hdL‘(U (®),£57) 610 < o BT, (), " 1’) (1=p<t),
(4,5), i"n% (BT (2) fm%@)) n <fm)"1<o>)c BT, " {P1)) (12pes)
(4.5), R EEE),EE), 0T, 0),0) FE(D, 2y, 2 g?{) .

(In (4. 5)4, the homomorphlsm Ky is as in Lemma 4, 5) In the abqve, the

estimation is: (] o a) (r m; a) Moreover, _thg__ps;rameter (P;r) is J’.n)ﬁ1

(C(D_Xo,qng))ﬁ ) and a is in R'. The element mGZ in (4, 5)1,2,4 satisfie

- W>T, while the pair (w, m)éZ XZ in (4, 523 satlsfles m7LO(h)a
We prove Prop 402 in §4.2, N'ote that if, we drop the term ¢ 19° from

the left sides of (4, 5)1 4 WE get Lemma 4 2 for (D, XO’s1ng’—) s ey and
Drop'4 2 will play a key role in the proof of Lemma 4+2 ~ Lemma 4. 5(cf §5.%)

ae) Precz,sely, the data (U ,h,(r‘) and (d LE ),.. depend also on G

or H, according as we are conce):‘wed with (4. 5) or (4,5),. (The above

data also depend on_f. As in Lemma_4.2~Lema 4.6, we write Ehsév'

instead of Ey,pov-- )’

84
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C. Global version of the results in A,B

Taking an analytic varietfigj=(Cn(z)xcn(z'),i;CnXUé,Pé)EiAno(cfe(107)0
and an affine varietf%&féiCn(z)(cfﬁ(l,ll)o), we give here a global
version%*) of Lemma 4,1 to g%:ézvor ;Xf and that of Lemma 4,4~ Lemma 406>
“to X"(In the above the euclidean space Cn(z),... and the open set Ué(EBIé)

in ¢ are as in (1°7)O“)

! 1!
1 Global version of Lemma 4.1, First taking an open set Ul(EBPO)\of

9 +2

Ug and an element o= Tk%.GERl , we attach to Xfthe following parameter

spéce.(cﬁ,also (4.1)7):

G U]

s . -1 #* O AL

(4,6)0 /&4: {(Q_;r)&&l x3%; I’<{3‘%<-x-(Q)} }, where X := { x! } and
Lzl - . ¥ X . s .

%X%'"'LZI+1}" according as X—‘{;x'} (Recall that %&” is the p, g, function
e 1

of X and 24(z,z )(cfen.l and n.5,§1.2),)

LI ] v o+
(4 6)0 /\2(;: /»LX-.\(- X2y e
Next we set:
1 A S T oA " t
(4.6), Coh (K—)p,g :=Coh (g)p°g or Coh ()_g_)p‘g(cf,(l,zl)g and (1.18)),
(Recall that such collections consist of the p, g coherent sheaves over

X" satisfying certain algebraic conditions(as in (1:4)g and (1.18);).

*) As in Chap,I we use the symbol.iialso for its underlying variety
-~

X . Also recall that the affine variety Xj in (1@11)0 consists of the data
(Qf(z),X,,HXv), where X? is the underlying varietg_of_gl and Hyris the
resolution of the structure sheaf of X’(cf.(lcll)o)o We also ﬁse.the
symbol_&f for its underlying variety X,¢

*#) Similar global results for Lemma 4.2,Lemma 4.3 also hold for

B ol 1 ) N e
X =X or X , Also, for X =X , similar global facts for Lemma 4 4 ~Temma 4,6

= = e

hold ., But we do not use such facts(cf § 2) .
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For an element I ECoh*(X*) g’ the g-structures SH,eébwill be as in

(4. 1)2. Also for an element (P r;a) 6)\X*( C X XR+)(_I_11), the set of the
cochains f‘(U (P) I;{,G )a, where 6N= ew or Gﬂ/ , will have the similar
meaning to (4. 1)2.(Here, as in (4. 1)2, we set U (P):= {qQ € X ;d(P,Q)< r}
with the natural metric d in Cn(z)xg__(z ) or C™(z).)

Lgm_g__.ﬁl.(Unlform estimation with bound :t‘Qr_X =X or X ).

_There_are maps )EX* Coh™ (X ) BH—%M?M and E,X*' Fig.I*)
e
Z —-)M, which satisfy the factorlza'tlon in Fig.I1 and with Coh*(XS X*aﬁ
b.g T
which we have the following forv each g & Coh (_}_g_ )p g: llg , \L
'* 1, f ~ . : 6:@7
(4.6); 17 T(U,(2) 1:08), CL(T,1(2),5:0,) 1, with Z M

(r’;eb:ﬁH(r;a). Here (P;r;a) is in /\X*(Czixfxﬁ_{). =

We prove Lemma 4. 8 in n,%, and we derive Lemma 1.2 from Lemma 4. 81 iné4.4

2. Globalization of Tremma 4.4 ~~ Temma 4,6,to0 X . In n.2 we let the '

set f _(f ). Sle( p g , the m~th Koszul complex F for f O—-?\QKI
m L]
F

> —}O(%) ,“% %OX,-E—-)O 70 and the sheaves f 1( F QX,) be

as in Lemma 2. 5 é 2. 3 In Lemms 4.82~4 we globalize Lemma 4.4
~ Lemma 4.6 to 2(_ , by using the sheaves i‘_'mQx' yees The estimation maps

. 1
in Lemma 4.8, , will be in _Ea.d(cf.(d,.Z);). We use the symbols Ty,T, for

%) For the set§ M,M of the estimadi®@m maps and the map tlg’,.., see

Lemuna 4.1, § 4.1. v
o~ ~
*%) i=inclusion:Ur,(P) C-,7Ur(P). When there is no fear of confusions,

we use the symbol ‘i’ for the inclusion in gquestion, without mentioning it
(cf.also §4.1, § 4.2). '

&)
_7/_\
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the assignments:ﬁé a EBEL—€7M,L, where 1M,L are the first and a.d. parts of
E'. Then, taking a suitable linezmr function LO=LO,X'(t)=cOt;cO>-O, we
globalize Lemma 4,4 to_z' in the following manner:

1
Lemma 4.8,,(0pen map property for the Koszul complexes {E_m}C:i )v

. e *-‘1‘ o s .3 s
_ ~Therﬂ;hi£LﬂE;L£X.:szaID__?EJ E?zx:,mq_ﬂh;ghﬁgg&kgf;gs,
_the similar factorization to Tig ITT, Lemma 4.6, and with which we have

the following for each (i,m) EEZ X Z satlsleng_m->'Lo(m)(l‘<p <s):

(4.6), L0, P, nem TN C rE T (B @), T g,

_with, (Iﬁﬁﬂaﬁ—gx,,~(r m;a) , Here (P r; a)eC&X?5§f) is as in Lemma i;uia
hext letting the sheaf H (CLOX,) and the homomorphlsm LO '’ Ox}e>H

k. +sk

be as in’ *) Lemma 2,7, we define a sheaf Hé and a homomorphism ké, OA}

~9H;(m &Ez%) in the similar manner to (4 2)%‘
k. +sk
(4.6)5 Thop:0y +05, 2 4 8, —5 O DKGY w7, and Hyr=Kg,0p) ¢

Moreover, taking sultableq' OH,GE R{ and m=jgégz*', we form parameter

k]
Ox

spaces:

(4.6>;’ Jhg= {@s) € x' X B 5r<pey ()Y 7MY, Gm Mg ah X 27
| Lemma 4.83, There is a map EH5Z+5391 Tégclza By, which satisfies
the Similar factprimation to Fig.ITL ,Lemma 4.6, with which we have the
féllowing: ,

(1) (ﬂpen map property for the sheaf H):
(4.6)5 1 (@Y, 2" ™%, ) AKT (2) 1) C x5 F (T (@)1 01;})&,

(2) (uomparmSon of Illtratlons):
k. +sk

(4.6), 1 (TT(2), 050, NEUL(R) HL)) C KGn BT, (2),047  )pr |
In the above (rﬁﬁﬁd):Eﬂxﬁ(r;ﬁfa), and (P;r;m;a) is in Qﬁ(chfo+ xzt X3h)

h

N
#) The map AO is the first resolution, denoted by %h“ in the sheaf
H/in Lemma 2,7. The symbol LKé )is concordant to the one in TLemma 4,5, °

Kemma 4.6, and is convenient for the argumenis on Lemma 4.83 .

e
(-
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We use Lemma 4.8 in the proof of Lemma 2.%,2.5 and Lemma 2.7(cf§4,2),

2’3
_3.Proof of Lemma 4‘81\’3‘(1) For the proof of Lemma 4‘81,\,3’ we will

give a natural compactification(=completion) of _)_(_lz or =_2{_'7, For this

we first set:

(4"7)1 Pn(,g_):,=Ujr=log_g.1 s with_QE::_Qf,(LTamely, Pn(g).—.projective space, which
is the natural completion of _C_)E, Moreover, _C_)_;l are euclidean spaces, which
cover Pn(_) )

(4, 7)2 TP (C)xU (ch(4 6)0) or the completion X X of _}_(j in Pn(_C_), and
(47,,7)5 D ;:unl or Dn;g , with D:=p" (_c_:)-g_ e

We then take a point PGD% and a small neighborkgod T of P in z{_, Also
taking an element U= CT é +2 ;s we form parameter spaces /',TP’ AP similarly
to (4,6)0:

(4.7), Moi= {(@im) € (T-DIXE"s <l @I}, Apim ke o

Then the following analogue of Lemma 4,1,Lemma 4.4 at the l'poin“c at
X 3

infinity}P & D" will suffice to insure Lemma 4.81,9 :
¥ w
Lemma 4,1"g Take a suitable mapE’ :Coh(X‘) ?H—?MBL » 'Lhen EP

ol
satisfies the similar factorization to Fig.I,Lemma 4. 81,and

we have the following for each H & con™ (_}_(__)p g

(4‘8)1 i [L(U (Q),H; H)ac [L(U /(Q),H€.) of with (r ;a )_u (r;a), Here
- s+ W
(P;r;a) is 1n,\P(C (U—D’SXL{ xg_l) o ‘

Lemma 4¢4E Take a suitable map EP;&‘*B?{—-}@;A?EP,ﬁgnd,awlinear
function LO-.JO P(“c):co’c;co> O.Then we have the similar factorization to
Fig 11, Lemma 4r8 and we also have the following for each (ﬁ’,m)e ‘&+X£+
satisfying m > Ly (m)(l <5< p):

~F S
_‘f ~ fm -1
(0.0, 1(E L] Fol), N i Hon @ BB, @)L )

with (r';?’n ;a') B, (r m;a), where (Q;r;a) is J_ni

98
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We use Lemma 4.8 in the proof of Lemma 2.3%,2.5 and Lemma 2.7(cf§4,2) .,

2’3
3. Proof of Lemma 4‘81.\,3«(” For the proof of Lemma 4.8, 3, we will

give a natural compactification(=completion) of _)fff:_)_(’\_’ or =§' » For this

we first set:

(4,,7)l Pn(C):=le'1;1003.1 , with Cg::Cn,(Hamely, P*(C)=projective space, which

is the natural completion of o™ Moreover, C? are euclidean spaces, which

cover Pn(O) )

(4.7, X

(4—-,-7)5 D .—unl or Dﬂ_)_(_ , with D:=P™(c)-c"

=p" (C)xU (of (4. 6) ) or the completion X T of _}g' in Pn(C), and

Yo.

We then take a point PGD% and a small neighbork,ood Tof P in‘ 5'_(_4, Also
taking an element 0‘=‘ O‘P éR{Z , we form parameter spaces /(‘P’ AD similarly
to (4, 6)O

B -1
(4.7), Moi= {(@sm)€T-D)x"s gl 1™ Y Aps= kel

Then the-following analogue of Lemma 4,1,Lemma 4.4 at the rpoint at

X will suffice to insure Lemma 4.8

. n- 3 )
infinity P& D 12

Lemma, 4.1"_. Take a suitable mang:Coh(X%)p g@H —71_’\1‘3'“ "Then FE
satisfies the similar factorization to Pig.I,Lemma 4c81,and

we have the following for each H é.(}oh*(_}’f)p gt

(4.8); 1 TOT(0) 158, C [T (), 18,5, with (¢'5a")H(rsa) | Here
(P3r3a) is in,\P(C. (U—D’SXﬂ )(nl) .

_ 1 . : v .
Lemma 4¢4 . Take a suitable map EP.Z Bm--}ua?d s~ and a linear

. P m
function ”O"’O P(t):cot;co> O.Then we have the similar factorization to
Fig .11, Lemma 4c82 and we also have the following for each (fﬁ’,m)e A A
satisfying o > Lo(m) (1 <8< Dp):

1 ' ~ Vol (o8
(4.8), (EE@,e T N @ one i, P,

with (v ;7 ;a )-_—E.. ,~(r;m;a), where (Q;r;a) is inAP



288

(4.8)) D)= {r ex’ng® dz,0 <r ¥,

Then the following distance comparison between d* and d; is checked easily,

by using (4.8)1;_: | | :
Proposition 4.3 . For a suitable positive monomial, My &M, JoLe__ha.ye

the_following for each (Q;r) C(U—-D )XR satisfyin r<{ch%(Q)} WJ.th a suitd

C(b]_e o Gﬁ;z

- (4.8)g (Ur,(Q)) T (Q) J(U (Q))D rz(O), with r =M (\7— where
the open set U (Q) is as in Lemma 4-l

Now, Lemma 4.1" is checked as follows: taking an open set U(;P) in the
ambient space Q,J of U( C X ) satisfying Uﬂ,( —U , we define a local analyt%
Varlety = An, (cf (l 8)0) by

*J
(a) P -~(QJ (z7¢), U U Z Po) ’

and we attach the oollectlon Coh' (X )p | (1 ;18)1 . Then, remarking that
D" is the divisor of zg, we have: @ ‘
* % ", ox 4, :
n(x; Coh (X £.(4.6)~). ~
(b)  Con(x), o & Coh (Xpy, o (cf.(4.6)p) ;,

By this we apply Lemma 4,1 to™) HeCoh(Z_g) Then, we have the similar

p.8°
1 . P

inclusion to (4.8)1, Lemma 4.1', by changing ‘the open set U, (P), which

is required in Lemma 4,1", to ’T.T%(Q)j using Prop,4.3, we can '/izgeplace fIgI,(Q)

by U.((Q), and we have Lemma 4,1 from Lemma 4.1 .

Next, the check of Lemma 4.4' is similar to the above, and is as
follows~first we remark that
(c)l ___.~(z3) f C_L*(ijﬁz), with a suitable dez R

_f Q,X‘ in U— ,Me easily have:
Then

(e), (¥, EMgy), CIU,, £ gy, [l 0y, e, 3 QX.)a/,

where a’ =113,m(2!,4-)) with a positive monomial Mpsm- which is independent from

and that f QX_.

~ LS r~ ~
Q€ U-D", (Here we write U (Q) as U )
‘ " 4
Using a similar argument to the proof of Lemma 4.1 , we see easily that

the comparisons of the distance and cochains as in Prop.4.3 and (c), lead

%) ecall that Lemma 4 1 is also applied to such a sheaf o by (1),
Remark 4,1 at the end of part A, §4.1 '

98

Ed
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(d) LEeMma, 4,4 ———>> Lemma. 4.4 , ’
(Here we apply Lemma ;1.4 to the éet ' at the point at infinity P& D,)
Thus we cbecked Lemma 4.1" and Lemma 4.4' , and we é.lso have ILemma 4.8l and
Lemma 4.82(cf° (). |

4 _ Finally we add here an elementary uniform estimation on local
parametrization of the variety _;(:(Cn(z) UO,X X PO)(cf.(4.l)O), “s -' T

' .
We set X=Xy-X,, and we assume that XO =X, » Also taking a suitable

0’sing
. 2
open subset Ul,X(BPO) of Uy and an element FX ER; , we form a parameter

space*),l&w{(Q;r)e(Ul,XﬂX)XR+;r<{s}-(~gX(P)7(—l}, with gX(P):=d(P,XC') )“"‘.

Proposition 4,4, For a suitable positive monomialfMXé'}:_I' we have
the following- for each (P;r) G,U,X( C XX R*):
(4,9) there is an é.nalytic map W:UI;(P)-—>B'I,(P) y whi;:h 1s the identity
on 'ﬁr" (P) , with r':=I‘-'IX(r), Here Ur(P):={,Q GCn;d(Q,P)< r},’ and ffr(P):=Ur(P)ﬂ;
We use Prop.4.4 for the proof of Lemma 1, 4(for the local variety X& Anla '
as in ILiemma 1.4),The check of Prop.4,4 is given in part A, App I.
Next letting the affine variety X' CCn(z) and the divisor Sc Cnx'UO
be as in Lemma 1.4 and Lemma 1.3*), we fake elements ¥ = 9y, ,5:3—861%{2
and an open subset U of UO, and we form parameter spaces:
(a) Myri= {2sx) €X' 23" rfps(@t™ , and Mg:= {25 r)é(sn(cxuonw :
r<a-gS(P)}} where the p,g, functi on Byt of X is as in Lemma 1. 4, and
we set gS:=lw| , with the coordinate of C(cf.Lemfﬂa 1.3)‘,
We then have the following analogur of Propz1.4 for X’ and S,
Proposition 4.4'. For suitable positive monomials Myr, 1 Mg , we have *
the following for €ach (P;{r)euxr and (P';r)é.)(s :
(4.9)' there are analytic maps w :UI;(P)—9(UI,(P)!} X'), and q:v’:Ur,,(]E!)
~>. (U0,(¥)ns), which are the identities on (Uu(PMX') , (U (Phns) ,
where ¢’ =iy (r) and r’_uq(r) Also the discs U (P) U (P') in C (z),

¢(w) XC™(2z) have the similar meaning to the one UI_(P) in Prop 4.4.
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?
We use Prop 4.4 for the proof of Lemma 1.4 for X and of Lemma 1.3 , v

-t - 9 ’
Proof. Let X and S denote the completions of X ,S in P'(C), P(CKT, .

Then, taking a points Py & ¥'-x" and ?Oe:_(]?(g)-g) x Uy, we have the
similar fact to Prop.4.4 for (X' ,PO) and (S,f;o)(using a similar arguments
to Lemma 4-1"), Then, using the distance comparison, Prop.4.3, and the
similar arguments to the ones in n.3%, we have Prop.4. 4' from the above
analogues of Prop.4.4 at the points at infinity Py, f’é and from Prop 4.4

St
(applied to finite points PEX and Tas ). g.e,d .

(o)
-
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$4.,2., Proof of the lemmas in Chapter I

In n.l~n.3 we give a cohomological version of Lemma 4.1~4.8, and,
using such a result, we prove the lemmas in Chap,I, Lemma 1.2 and Lemma 2,.%
Lemma 2.5 as well as Lemma 2.7, which concern the uniform estimations on
the sheaf homomorphisms. Also, using the results in n.1~n.3, we prove

Prop.4.2 in n.4. Moreover, we prove Lemma 1.%,l.4 in n.5,n.6, by using

/Prop.4.ég~é

j: Comparison of cohomological and non cohomological estimations.

ﬁére we give propositions, which play a key role in the proof of the

first set of the lemmas just above(cf.Prop.4.51,2). Such propositions will

be given iﬁ an abstract manner in terms of g-sheaves and is more general

than the pne used in the proof of the lemmas. In n.l we fix g-sheaves

QEJGK),(g,e ) and a homomorphism @ :XK—>H(of abelian sheaves). Also we

fix ; ﬁ.g.fﬁnction g:X——?g% and a distance function d:X %X X—~L[0,«) satisfy%

d=0 on the diagonalAX(CXX X)(cf.Def.l.l’r4 and Def.1.6l). Moreover, we ;

fix an element ?;E;gz, and we assume the following for each P & X:

(4.10), &()/2 < g(P) < 2g(Q) for each QET(P;g):= {2€X;d(P,Q)cka(R)y ™

(4.10)q the triangular inequality:d(Q;,Q) Sd(Qq,0,)+d(Q,,05): hold for

awﬂ%él@@gﬁﬂéiéﬂ. e

For a point P € X and an element (r;a)e;gﬂggz we sét:

(4.20)5 P(UL(P) 158,) ,:={#el (T.(2) 803 [P(Q)l < 2 in Tu() , wherel iy =

QHfabsolute value / and ﬁ}(P):: {Q EEX;d(P,Q)<'r-}.

(We use the simialr notation for (&,Gk).) Also, for the formulation of
L

Prop.4.51,2, we fix a subset Y of X, and we form the following pafameter

spaces(cf.also (4.1)4):

*) cf.Def.l,4l.

ok
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(4.10)y My:={(rsr)EYXR"; raFa@ ™}, A=l X

(i) Bad estimations—}p.g.estimations%). First taking an estimation

“~ ~e . .
map M=(1 ,M, ) € UH=liX M(cf.n.1, §4,1), we assume the following uniform

L,
estimation for £U°K——¥>H on Y:
(4.10); 1 E(T.(®) /50y L C W[ (2),k; 6 )gr » With (rie)H(r;a), where
(P;r;a) is 1nl (CY)(R XR+) and i=inclusion:T. /(P)C,;»ﬁ' (P).
Note that (4.10)1 is of similar form to the estimation in Lemma 4.8,
In Prop.4.5, soon below we give a cohomological version of (4.10)1, which
1s of similar form to the estimations in Lemma 1.2. In Prop.4.5l we fix
an estimation map j_E—-'__L’::R x r* ~—-B, 2>(_R,_+ , which is detemfined by ﬁ@_ﬁ:
(For the explicit dependence of T on M, see (4.10)7,(iii) in the proof of
Prop.4.5;.)

Proposition 4. <51 - (Bdd estimations—p.g.estimations)..For each element
(V3050 € 2¥ X B X BF?
(4.10), s c¥(a, (Y ) 58 857), Cwot(ag(Y) K3 8 o, , i th (o 80=2(o; &), where

{ .__0\(Y) g-p.g.covering of. Y in Y of sigze a~(Def.1.6‘
1
(4'10)2 Cq(A (h, H; Gﬁ)d}'" {set of (g,e‘ﬁl)—&—growth cochains with value. |

in Hef. (13 )G )

we have:

We prove Prop.4.5; in (iii). In n.2 we use Prop.4.‘51 for theﬂ proof of
Lemma 1.2. \
(ii) A.d.estimations-—3D.p.estimations, Fig.I

m
We give here a key proposition,Prop.4.52, for OSE.__F_.;()k oSh——L—)oh

' ~ @ Q|
the implication: \Kf!{ QJL\ %I]{Iwiﬁ;

(4. 10)3 Lemma 4. 8 513 —STemna 2.5,2.7 and Lemma 2.3.

*) The ‘estimations of the left and right sides in the tltle of (i), (11
concern respectively non cohomological and cohomological uniform estimatiof

(cf.Lemma 4.8y, 5 and Lemma 1,2,Lemma 2.552.T50000).

#%) _L’::;_x;_, with the collection L of all el-maps(cf.n.5, $1.2).

102,

K
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For this we fix a sheaf O of ring over X, and we assume that (1) X, H
v

k
are Q-modules, and (2) I\ H are homomorphic images of Q 9 (h k >0):
w
of K
W ,
. . B / 1 . . ,
series of homomorphlsms wm:&,f—?_gi, wm; ~>H, (m=1,2,. ..) satisfying tdm»wm =0.

O “H 7 H~0. loreover, we fix an abelian sheaf ‘I:IJ and

Furthermoge, we fix a subset f=(f.)jSle(X Ol{;g)p g(ci‘.(l.S )’Z), and

we use the symbol F"(=m-th homomorphlsm for £):0 S—Q also for its

vﬁ: and %’dlrect sums: Q, *'—‘795 —; (cf n.2, 82,1, See also Fig.Il.)

For an element (P;r; [ ja) € XXR'xzH XR we set:

(4 10); F(U(®) £ K) =Wy mE(U (P) OSk)dL(cf (4.10), and Fig.I).

(We use the similar notatlon for H. ) Now taking a linear function Lo(t)~
coticg >0 and an a.d.map E G E, 4(cf.n.1,84.2), we assume the following

uniform estimations for the series {w } ,{w }(mé Z+):

(4. 10) For each (m m) & z2'X2" satisfying @ >L0(m) we have:
(4.10)5 1 (P(U () .57)_0d-Lo)cw F(E,, (), 1, , vith ()
=®(r;f;a), where (P;r;a) is 1n}\ (C Y x___*xil )(cf,(4,]_o)o ).

Note that (4. 10)3 is a similar inclusion to Lemma 4.4. In Prop.4.5, soon
below, taking a d.p.estimation map Eeﬁd.p(cf.n.i-, §2.1) ), we give a

cohomological version of (13,.].0)3 , which is samilar to Lemma 4.82:

Proposition 4.52.(Add estimation—> d.p. estimation)

For_each (m, 1"1) €z" xz' satisfying & >L (m)_we have:

(4.10), s (O%(A (x'), __;{vg\nw"l(o)) C‘UC&_(A LY ),_ W\)t;, , with (s';@; 1=

E(or;m;d), where (Y/5o3d) is in ZYX_i}Z 312 , and

1
(4.10)1; C%(_A,}(Y ),_ffnLI‘,)ol :=left (f,g)~d.p.filtered set of cochains with
value in %(cf.(2.3)3,5).

. . — - : ; N
#) As in Prop.4.51, the map E e-é'd.p is determined by E =E, .4a

in a simple fashion(cf.(4.10)7),

[ 0%
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(i1i) Proof of Prop.4.5
)

135+ (1) Letting the positive monomials
t

1
- t 4
define el-maps LllefR %9@->R+29ﬁ{oy by the equation:

(4.1o)é (ét)—l =M1( Grt)—l), (&%)—1=M£((¢t)—l), where t is a variable.

%
Ml,M be the first parts of the estimation maps M,E in (M.10)3, we first

Then taking an el-map L :R+2B(c)l,az)f-—‘—)R‘an(il&l;)\ZJ&z), we define:

0

- I = r3 ,c
(14.10)5 Ll—LOoLchO , L1 LO Il LO

Such el-maps will be the first components of the desired estimation maps
L,E in Prop.&.Sl,z(cf.(u.10)7). Then, letting‘TCER;2 be as in Prop.ﬂ.Sl,2
%% set: »

(2.10), o =Ly (@), F =T (o) ana¥ =1, (& (<, (), wnere ),T)=(E
or (f{,L;).

Next taking an element A'éiNQ+1A3KY')(cf,Prop.H.51,2) and a point Q EHA\,

qtl

! ¥ ] )
we set:A=s(A Y& N Aon ), where s=p.g.refining map;Ad(Y ) C;Aer )

(Def.l.62), Then we have the following from (M.lo); and (4.10)0,(M.10)g:
<u.1o)'5” lAlfor(Q) D'ffr,(Q) . \A'l, where r={<>”g(Q)}"l,r'={"&"g(Q)}"l .
(Note that, by (4.10)2, we have:r'=ﬁ;(r), with ﬁ;=Ml or Mi (cf.(u.lo)l,B)
The relation (M.IO)glwill be a key fact for the proof of Prop.u.51,2.

(2) Now taking elements ?ecq(A@(Y’),H;G )g and ﬁécq(Av(Y'),me)&

~»~

(cf.(u.lo)z,a), we write ¥ explicitly as@=wHFmY, with b & Cq(AO\(Y'),OSk)

[+3
(cf.(u.10)2,u). Then from (1}.10)O we have:

o
" o ~ /
(4.10)¢ lQA(R)Liﬁk(R)i<: a:=<¥g(Q) in U_(Q), where g =(&12 2,62) with
d=(d;5 ).
P .
We will apply (4.10)1,3 to QA, QA in Ur(Q)' Then there are elements

~ ~ ~ 4
9f5kar,(Q),K)a, and}ﬁeE(Ur”(Q),me)ay satisfying
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(4,10)6 ‘§A=wffl ’@Azwmi;l’ with (r';a’):ﬁ(r;a) and ('r?%f;a”):E‘(r;r’nv;a),

where the estimation maps € and E/E E, 4 are as in (4.10)1;\,3.

~ o~
» . ., o
We write ‘?l asql_wKF .'i'l,

that (4.10)’6 implies:

with'lklﬁf(ﬁ'r” (Q) ,OSk)a:, (cf.Fig,I), We note

1) 1] A\
(4,10)¢ \‘31] < a and l“fl[ <a . |
' Then from that r = {gi’g(Q)}“l(cf.(4.1o)5) and (4.,10),, together with the
-~ 7
explicit forms of the estimation maps M,E: we easily see that (4.10)6 is
rewritten in the form:
1P, (R)j<a"g(R) 3’ =L,( +v)
1 . 2
A y }, with
1Y (R)1<¥g(R p

where the el-maps LZ,L;_ and the positive monomial M are determined by the

(4 |1O)6 ” !
3" =exp M(m) - L, (3 +o)

~ i
maps M,E in (4.10)3 .
Finally, letting L:Z"—> z* be the a.d.part of E(cf, (4.2);), we define
a mpTe iﬂ:_@ xL and a d,p, c.map E & Eq P by the following,

T:a*2 X ¥ D (65 33 KRB (1,(0),I,(347))

(4'10)7{ W2, +2

E:R"XR 2)( 7*35 (333m)—> R xR+2x Z+9(Li(o—),exp M(m).L'é(& +5) ,L(m)

s

We take the estimation maps L and E +to be the dcoir

[¢]
[¢R

ones in Prop;4.51,2
~t b )
Then remarking that the restrictions (g',g: of Vi, ¥y to A satisfy:
%* / ®0 ~/
(4.10)g s’ Yy=wy and s¥=d,¥ |,

we have (4.10)2,4 . g, e.d.

.

Prop‘4.52 will be used in the proof of Lemma 2.5, when the variety is
the local one XeAnla(cf‘n_3,§4.2), Here we give a slice modification of"

Prop,4.52, which is used in the proof of the other lemmas in §2 .
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- — w 3 -
Remark 4.%.(i) First take a series {L'ii‘f}ﬁ&l of estimation maps Ex~
< E; d(cf,(4‘2);), which satisfies the similar factorization to Fig,III,
Temma 4.6, and we make the following change of the estimation in (4, 10).;:

[ |

(4.10)g  (r3F;a) —> (x ;fi 'a')=E~(I';I’ﬁ’;é)
Then, letting the el-map T R+2——>R+2 and the linear map T be as in (4.10),
we have the follow1ng inclusion, which is similar to (4 10)4, from the |
argumeats in the proof of Prop 4 5 (cf.,ln partlcular,(ZL 10)5~8)
(4. 10) s (Cq(A LX), an) (o))ccu,u cq(Ao((Y ), £ K)p g+ With
(o’ ~m) (L(7), [L@)]) . (For the p,g,subgroup as above, see (2 3)6 «)
We use the above remark in the proof of Lemma 2.5, when the variety is
X' & Aff . |

(2) Next we assume that the homomorphisms wm’a"nlz in Prop.4.5, are
independent of m&z": W= a’ “72— yee co and w':tvi:«ié:, ..ce « Also take an
element m &€ 7. Then, assuming the s:imilar inclusion %o (4.10); for each*J
m zm, we obviously have the similar inclusion to (4,10)4 for such m& 7t
We use this fact for the proof of Lemma 2,7{given to X & Anla);Finally,
we assume that the similar inclusion to (4.10)3 holds for each WZ T, by
changing the estimation in (4. 10)3 to (4. J_O)9 . Then we have the similar

~
inclusion to (4.10)9 :E‘or each m Z W, We use this for the procf nf

Lemma 2,7(given to X' 6 Aff) (We also use a siice modification of
Prop,4.5 in the proof of Lemma 2,3, Such a modification is given in

“the proof of Lemma 2,3 in n.3, § 4.2.)

%) Precisely, we replace the inequality: m > Lo(m) in (4 ]_O)3 by

r~
m

N

m

1o6
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2 , Proof of Lemma 1,2, Here we derive Lemma 1.2 from Lemma 4.1,
Lemma 4,81, by using Prop 4.51:
(4.11)l non cohomological estimation in Lemma 4.1, Lemma 4.8y

Prop 4.5¢ > cohomologcal estimation in Lemma 1,2,

‘Tor this we set:

la
* ¥ 1 1 n ]
= Coh (X cf.(1.4)g. (1.18),
Coh™ (X') g, @ i= Coh (X), ., Cob (X)p g or Coh (X)) o (1.4)g ( );
‘ %, % . . *)
Also we denote by EX* the map:Coh (X )p,g 3H—->_I\'_19MH as in Lemma 4,1

. .
X*:=‘}\(’€-_ Any, X € An, or X € Aff(cf.lLemma 1.2),
(a {

or Lemma.4.81(according as g%:g'or g,gﬁ), Moreover, we set:
(b) Ef::CnXUi( C_')‘(’), Ul(\ X(C X) or 1'.(For the open set U]fCCn ,U]_CCn
see (4,1)4 and (4,7)2‘)

Then one can apply,to each H & Coh*(X%) o.8 and Q E&i?é, the estimation

in the left side of (4, 11) (ctf, also the exp11c1t formulations in Lemma 4,1
Lemma, 4 8 ) Now let the manlfold 1;._X (P) (P) or X , the p,g.covering

Ao{Y") and the sets of the cochains c%(a (¥") H?) c¥(a () H'P/)a ve

a b
as in Lemma 1.2, Then, by applying Prop 4. 51 to g%e non cohomological
estimation mentioned soon above, we get the desired inclusion of the

cohomological form in Lemma 1,2(cf,§1.3):

(c) 8704 (¥"),m¥) € cA(a,(x), 1B, , where (¢3d)=Ly(7;d), with the

~
element Ly & L(=LxL) determined by MH(cf.(a) ) in the manner in (4,10)7‘

%) When we apply Lemma 4.1 to X =X€An), , we understand that X=X,

in Lemma 4,1 is of the form:X=X,-D, where the divisor D of X, is as in

*%) By Remark le4(cf . the end of §1,% ), the proof of Lemma 1,2 for
such a sheaf H suffices for that of TLemma 1,2 in its original form as in

, 81,3,

*y*) X (P ) C XU (P§ and X (P)‘XJ\U (P), with the discs U (P) ,U (P)

in C Cn of center P P and radius r(cf, Lemma 1,2), Also note that Y C:Y
- (cf.Lemma 1.2), and one can apply Lemma 1 2 to Y

Lo
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Next, recall that, in Lemma 1,2, we imposed the factorization on the
correspondence:Coh*(X*)p.gFBII—G’f%BlfH(cf.Fig.III,Lemma 1.2). This
follows from the corresponding factorization in Lemma 4.1,4.81, and we
finish the proof of Lemma 1.2, g.e.d.

3, Proof of Lemma 2.5,2,7. The proof of these lemmas is similar to
Temma 1.2, We summarize the key point of the proof:first letting the
Koszul homomorphism Fﬁ:o§%L%>o§p§1)U)§;»<s) be as in Lemma 2.5,Lemma 4.4,
we note that (1) the non cohomological estimation(given to Fg) is of the
form in (4.10)3 and (2) Prop.4.5, is given to (4.10)3; applying Prop.4.5,
to the estimation in Lemma 4.4, we get the following implication:

(4.11)2 Lemma 4.4 (which concerns the open map property of Fg) ___Efifgiﬁég

——>S Temma 2,5(given to F?):cohomological version of Lemma 4.4
Also recall that Lemma 4'81 concerns the non cohomological estimation on

s
the Koszul homomorphisms F;m:O§El——> O§p+l) and is of the form (4.10)8.
Thus the using the implication:(4.10)8——>(4.10)9(=cohomologica1 version
of (4.10)8)(cf.(ii),Remark 4,3), we have the similar implication tn (4.77)

(4.11)é Lemma 4.81-—;>Lemma 2.5(given to F;m)=cohomological version of
Temma 4.81.

K .k

Next, for the homomorphisms KO:OXl"> H, KO:OXl

——>-H' as in Lemma 2,7, we
have the following implications:
(4.11)3 Lemma 4.5 —> Lemma 2,7(given to Kq), Lemma 4.8; —> Lemma 2.7

(given to Ké).
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Actually remark that the estimations in the left sides are of the form
in (4'10)3’8’ while those in the right sides are of the form in (4.10),,4.
Thus, using the implication:(4.10)3-—9(4.10)4(which is insured by Prop.4.5
and the one:(4.10)8—%>(4.10)9 (as in Remark 4.3), we have (4.11)3 in the
t
parallel manner to (4.11)2,(4.11)2
4., Proof of Lemma 2.3, Finally, letting the homomorphism Ko,m:
kl+sk X ) ) kl+sk
Oy" —> 0O and its imahe H=Kq»,(Oy

t
we note that the estimations in Lemma 4.6, Lemma 2.3 are of the form in

) be as in Lemma 4.6, Lemma 2.3

(4.10)8,9. Thus, applying the implication:(4.10)8-—ﬁ>(4.10)9 to Lemma 4.6,
we have the following implication parallely to (4.11)3:
(4.11), Temma 4.6 —> Lemma 2.3'(given to X €iny,).

Recalling that Lemma 2.3' insures Lemma 2.%(cf. §2.2), we have Lemma 2,3

k_+sk
(given to X€4ny,) from (4.11),. Hext, for the sheaf H =K, (04 ), whic]

was given to X'EE Aff in Lemma 2,3%,Lemma 4.81, we get the following
implicafion in the parallel manner to (4.11)4:

(4.11)2 Lemma 4.83<——; Lemma 2.3'(goven to X'EE AfT).

Thus we have Lemma 2.3, and we also finsh the proof of all the uniform

estimations in §l, 8§ 2, which concern Oi—,bx—énd 6%5555&£6£pﬁi5ms. The

remaining uniform estimatiomg in §1,2,2, Lemma 1.3 and Lemma 1.4, will

be checked in n,5,n.6 soon below, by using Prop.4.4.. . -

#) Note that the a.d.exponent m&%* of the sheaf meX,.. in Lemma 2,7
and the index m€2z* of the sheaf H ,.. in Lemma 2.3 satisfies the
inequality of the form:m > T with a suitable meZ+(instead of the
inequality of the form in (4'10)3’8)' Thus, in applying Prop.4.5, and
the implication:(4.10)8-—9(4.10)9 to (4.11)3,4 and (4.11)4, we should

use the remarks in (i),(ii),Remark 4.3.
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4, Proof of Prop.4.2. Here, using the implications (4.11)2~4, we
prove Prop.4.2. First we prove (4.5)3(cf.Prop.4.2), which is a key fact
for the proof of Lemma 4.4(cf.& 5.2). For this letting the element h &
f(X s0y ) and the divisor D of h be as in (4.5)3, we have the following
from 4.11 :

(), ’ ’
(a) Lemma 4.4 for (XO,D;f) —> YLemma 2,5 for (Xg,D;£)
Noxv,»,.;l_etting the parameters (P;r)éﬂh(c (D"!’(O’sing
elements (M,m) € z™¥ z* be as in (4. 5)3, we define:
(b)) d:=(a,1) € RI?, Fi=r/2 and 0:=(2/r,1) € R}Z.

Then, for the set of the holomorphic functlons as in (4. 5)3, we easily ha

(b)2 f(U (p), fm 3 (i (A (X ~(P)), f 0 1’))O,Uwrlhe:c'z'—,‘ the p.g.covering A (X~(

YXRY), aéRI and the

and the set 2 (~~ ) in the right side are as in Lemma 2.5(cf. § 2.3).

Applying Lemma 2.5 to the right side(cf.(a)), we have:

(), o (200, (Hu(®)), 0B 0 (T 2(0)) € F_ 0 g, (2)) 27 0§P1))
3 S o ¥ 10y 4N Uy p-1 AN o 3

with (r’;w’;ﬁ'f;&'):E(r; o—;'rﬁ;a), where the d.p.map E is as in Lemma 2.5.

X% )
On the otherhand, applying%‘_ﬂh 2. 2,, to the right side, we have:

3% ~ l/ ~ N
(v), s ZO(AOL_(X (P)), g X) c g z (Ad<(X w(P)) Ox) v, with (r3o%sm;9)
:E’(r';zr a), where the d.p.map E éhd p 1s as in Th.2, 2&’

Prom (b)7,4, we have:

(b)5 (left side of (b) yC F l(I‘ Z (A\,;KXM;(P)) O(p"l) )~//, with

~ SN S ¥

(T;o5m;9)= J:,(':c,(r,m Jd), where the d.p.map £ is determined by E,E.

*)**) Recall that Lemma 2 5 implies Th,2 .2, and the inclusion of the

form (b)3(0f Remark &,2 at the end of §Q).
*%¥%) For the homomorphism F —Fm _1» Se€e n. 2, §2,1 and §2.3

11e
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4 Proof of Lemma 1.4, (i) ‘fake an open set U of a euclidean space

: . s
Cn(z)'and a subset X of U, Also taking a p,g function g:U =1y and an
element F%ER{Z we assume(cfe.also (4,10)0):

(4.12), &(Q)/2 < g(®) < 2g(Q) for each Pel and QEUL(P;8)AU,
where U_(P3g):= {0&d™;a(?,0) < Fe(@)t

For an open subset U of U we say that U is a (g{&%—d—envelop of U',if
(4- 12)0 U. (Q-ﬁ) C U for each Q cu .

We fix such an open set U in the remainder of n.4. Now take an el-map

ﬁb'OL the form uo-” 2> (&1,ﬂ2)~—? +2 39(4&1& ,02) (et n,d).-

Then setting
(4.12); U (x58):=VUp oy U(P58)
we easily have:
(4‘1252 Uy (Q;2)0X= ¢ for each Q€U "J&Sn,b) , where & HJO( o~ ).
(This follows also if U is a (g,o—)—d—envelop of U,vﬂmretréﬁzzsatisfies:¥;£
(ii) Extension of cochains, Here we give a key proposition for Lemma 1.
for this we assﬁme that X is an analytic variety in U and that there
are open sets ﬁ,go in ¢" and varieties ¥ io in J ﬁé satisfying
(a) ﬁ’,%b are (g,%)-d-envelop of U,U , aad A~A0nu, =InT.
Also taking: a positive monomial ii(cf.n.5,81.1), we assume the following
uniform estimation(cf, Prop.4.4):for each Wea“ and r& R’ satisfying
T <ﬁ;g(Q)}—1 , there is an analytic map
(4.12)3 w0, (P) s ':;(ﬁ) , which is the identity on U (P), Here I"=I~£(r)
and we set U,(2):= feecae,0<r ), T(2)=u(2) 0T, .

7

"
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for an element & ?{2 we set:
A
A_(X) X ¥ 5 of e
(4.12), { T ,}::g—-p g -covering of { ,} in {Gn of SLze o7 (Def.1.67),
3 (U) °e U

+2

. Y +2 e . . ..
Next we define an el-map T :R7—x"° from II in the manner in (4.10)5,

and we set i,:=LO GL'a LO’ where LO is as in (4.,12)3 ., Also denoting by
+2

! ; L+2
o the el-map:R™"5o—>1" 3 Lo(2-7), we set:

o

(4,12)5 Tr= Lg-h

L

¥ . . - A0
Then, denocting by 0.,0 and «. respectively the structure sheaf of X,C
Favy Fas

ard the natural homomorphism:O-—?OX , we have:

) o — . . - 42
Proposition 4 6,(Extension of cochains), For any s-eﬂ“t{;/ and ;:(d1,32)

e&{z we have a map:
" , - o / / d2 / .
(4'12)6 € :Zq<AD,(A> -Ox>a c‘;’Vq(BO\I(-‘G’> ’O)&/ 2 whered =(4&12 719{2) ’ O~=L(O' )
which satisfies a} e = 0 and \
H P avooae . . . - -~
(4.12), s =L<2Xe , with the p,g_refining map S‘AO{(X)C%A:»(}L) .

(“he similar facts to the above holds by changing (U',o—‘) to (T:f' ,3:'),

e Jo? o~

. ™~ ! ! - %
with an open subset U ~of U and an element ';6:';1;'“2 satisfying 6~ 70" . )
Proof, (1) First we extend cochains on X to its small p,g.neighborhood.

for this setting B(r‘(j:{);=g—-p g ~covering of X in " of size G‘(Def,l.61),

we sjow lthe existence of a map:

1 . _ 3
(4.12)7 e :Zq(AO‘(X) ’OX)d Cs Cq(B&:(X),D)dg , satisfying WX* Se =0 and

s =W,e , with the p, g, refining map S:Ao{,(X) A (X)),

4 S
where the element o~'ei'<i2 is defined as follows:

7 /! ~ - LY~ U # '/ ~
(4.12)7 & =0y(67), 0=5 (), and o'=Ly (F5 (=1 (o)),

1 t !
T;l_;e an element B = {BJ}gz:lL ent FlBa.l(X) satisfying tB'i{\X X f‘ , and

. T . . . 7 preraan N
) Note that this implies that U is a (g,0)-d-envelop of Ur
] ®
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we set A = {Aalg+]l_ , with Ay =Bj N%, and a=s(a') € NI+1A_(X) “hen, taking ¢

point 0 1A' , wWe have:

~d

(3.)1 QA‘iD'ﬁr(Q)s r/(Q)D,_}l , with I'_{q- m/));

(cf, (4,-12)5 and (4,10)5) . ©

L
v & ~
By (4.12)5 take an analytic mapfd:U,, (Q)<UL(Q), which is the identity
~ 1T e ot D ! 2 o
on U (Q), Now, for an element k[*ez\q(AT(X),oX)d , we set Lfg;_—_-«.’ji,é["( [Z],0),

Then we have:
(a), wi¥.=Yy , andmm)ka s(Q) .
e then dellne an element ¢’ i=e' \P by
A / ~
(a)z ‘5)1'2——- wf‘Pn; or =0, according an BN 7 xpor = £ .

Then it is easy to see that (a)2 insures (4. J.2)7 .

(2) _[\Text setting o =20 and 0~'=LO( =’ )(:Lc(&')), we set 3':= {Z}Oi(Q;g);
T
QE&T N supp B..,(X)}- (cf.(4.12)7) . ‘then we have a refining map
- ‘ :
(b)] . 5:B ¢y By(X) so that t(Uu(Q58))=U,(7;8),if Q€X nv’,
Also we note that (4. 12)2 1nsures§—)

(b:"z —,J!(*uo)n A=¢ s if Qé‘-’ -Supp _)aj(:{) 3

e T, et P oy s
i e s O

*Then we set: , )
" 1 R n " oo '
(b)3 Lﬂ‘l}? .(U ):Nq‘l_‘a Us , where B := {'Dheﬁq“lee{,(Tj ); where one of
"
elements U ,(Q‘;) € 5, satisfies:Q & supp 2} .,
8) & P & e 3

Note that (b), implies:

me ce ot "
(®), Pz - ¢ ig B, € B

/
Now letting CP=e'*§f be as in (a)B, we define an elementP= ¢ ‘pc q(q,(m) )
<
by the following:
ER 4 , H
(e) Wfb ¢ OanTIB' , and =0 on B .

By \b,l A and (a)3 we easily have (4°12_)6” g.€.d.

. . . ‘ R P o . T
i) (D)2 holds for the pair (U, 0") as in the remark so01 below

~

Prop. 4,6, and also the remark itself holds .

113
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we set A = {A;}g:% , with AJr =1—33f N%, and A=s(A") G,Nq*”le_(X) Then, taking ,
point Q elA'{ , we have: -

o . v ) i -1 -1, .
(a), II2T(Q), U, (@218, with r={Fg(an ™, = =pE(Q)}(=(r))

(cf, (4,12)5 and (4:10)5) o @

/ - .
[ ~~
By (4,12)3 take an analytic mapzﬁd:Ur,(Q)g_-aUr(Q), which is the identity

~ . o I A / .
on U, (Q), Now, for an element '*PG-Z\Q(AT(X),OT )y » we set (fB‘:::dj}]&E‘[l( IB[,0),

Then we have:
=t 4 ’ . /
(a), W, Foi= ?A/ , and (R 1< 3'e(R) an 18]
e then define an element LP'::e"‘\P by
/ Kl . Y g
(a)3 (?1.3 o= (UX ‘FB, or =0, according an BNX x¢ or = % .

Then it is easy to see that (a)2 insures (4.12)7 .

= . ’
(2) ,Next setting o =20 and 0~'—~=LO(K/)(=LCL#)), we set B':i= {Uoi(Q;g);
Q(:U'(\ supp BK’(X)} (cf.(4.12)7) . Then we have a refining map

1 .
(b)]  :B ¢5 By(X) so that t(U(Q;8))=U4(0s8),if Q€X Ny’

o °

; . _ )
Also we note that Q4:12)2 1nsu:r'es’§~

' !
(0), U, (28)N%=§, if QEUV -supp BofX) ,

*Ten we set:
L o H 1t . 1 ’ 1
(b)3 L\ﬁ'lj@‘goi(u')z_gq‘lB' U " , where B :={Bp€Nq‘LlEe\,(U ; where one of
" 1 3 m '.
elements Um,(Q;g) G‘ B}L satisfies:Q ¢ supp ﬁj?} .
Note that (b), implies:
. IRV R R |
(), Bli-¢ iz, €3
T s N : . . 5 1 " ~d /
Now letting [F=e (Y be as in (a)z, we define an elementP= e P&C (Bo((U),OI
by the following:
YN 4 s 1 1
(c) Xl{:t ¢ on NquB , and =0 on B .

By (b)]"4 and (a)3 we easily have (4’12)6” g.e.d,

) (b)2 holds for the pair (ﬁq,"(}") as in the remark soon below

Prop. 4,6, and also the remark itself holds .
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(1iii) Proof of Lemma 1.4. Now Lemma 1.4 follows from Prop.4.6
almost directly as follows. First let the local variety XeEAnla be as
in Lemma 1.4. Then letting the parameter space MX(C:X XR+) and the

positive monomial M, be as in Prop.l4.4, we assume the estimation (4.9)

X
+2 +2 . .
in Prop.ﬂ.ﬂﬁfﬂuesiiiii Ly denotes the el-map:R ~» R °, which is formed
from M, in the WEAReT 1n Prop.l.6. Next let the manifolds YP(P)=Ur(P)—DO,

= . .. n
Xr(P)—YP(P)nX and their p.g.coverings AT(YP(P)),AV\(XP(P)) in C', X be

- v
as in Lemma 1.4. Then choosing suitable neighborhoods U ,U‘ of the

origin P, of X(cf.(l.S)O) in Cn, and an element ngRIZ, we have:

1. n a7 & £1)
(a) U —Do(resp.U -DO) 15" (gx,m)-d~envelop of U —Do(resp.Yr(P))
\
Thirdly, let EX
1
Then setting (fg4)=EX(r;r) we have the following from the explicit form

‘be the first part of the p.g.c.map EX as in Lemma 1.4,

- t
of the map EX(cf.n.5,§ 1.1).
. ' ~
(b) Yr(P) is a (gX,O~)-d—envelop of Yr’(P)’ and o > LX(O’).
By (a),(b), one can apply Prop.4.6 to (AoéYr,(P)),AT(Xr(P))) and the

structure sheaves OX,O of X, Cn: ﬂriting the p.g.resolution HX of OX
w D,

over UO—DO in the form: —» O ———?I{—?O where HX coincides with O

as the coherent sheaf over U-D

X
O,
Prop.4.6: X -

: £ q,. _ a { Lo * X%
(e) e :7Z (Am(xr(P))’OX)&'_? 7 (ANCQ;KP))’beﬁ which satisfies:s =&Xe.

we have a map e from (M.12)6 in

(Here s=p.g.refining map:AN(Xr,(P))(ﬂ> A$(Xr(P)), and we use the symbol

#) When we apply Prop.4.lU to X, we assume that the pair (Xo'Xé)
‘ . { :
in Prop.4.4 is of the form'(XO,X )=(XO,'[)“‘)J with the divisor p. of

3% as in Lemma 1.4.(zD0X ; with the divisor Dy of U,).

#xy U (P):={aec” d(P Q) <7 } (er.arh .

***) From the explicit form of the paparmeter space‘ux one can
take u' U independently from the manifold Yr(D) in Lemma 1.4,

****) gX( _th , Where hX(:E(JO, U )) is the p.g.function for
X(ef. 81). 0

£15
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"";:Oﬂ"ﬁx also for the obvious homomorphism:HX-) Oy » We note that the

map & in Lemma 1,4 was used in the latter serse.)

X
It is clear that (c¢) insures the desired inclusion in Lemma 1.4:

(6) 87298, (X(2)),04) & 0323 (A (T oy (2)) Eyly
and we have Lemma 1.4 for the local variety X € An,, . For the affine
variety X' e Aff, we note that the ambient space C" is (gX,o")-d—envelop of
" itself for any v& R{Z . Using this remark and Prop,4.4 for X' , the |
proof of Lemma 1, 4 for X' & Aff is given similarly (and more easily) to
the case of X & An, ., and we finish the proof of Lemma 1,4 »

6 . Proof of Lemma 1.3, Let the diwisor S&X:=C(w)xUy( € C(w)X ¢"(z))
be as in Lemma l.3(cf.also (1,16)0) . Then for points = 5,Q€X=Uy-D and

crERiLz, we set(cf, Lemma 1,3):
gy, 4 T gs} [ res a(q, R)<(¢gs(cz>> with } i
0 U,,(Q,gx) R € X; d(Q,R)« (rgX(Q)) - .
(Here hy 6J’.‘(Uo, ) and its divisor D in Uy are as in Lemma 1.3(cf.also
4 l

(1e15)4,) DExt take a suitable open subset Uy of Uy, an element o= 9‘X62{2

and an el-map LX.&+2-—-—>“\ (¢f.n5,$1.1). Then, from a simple observation,
we have the following comparison of the p,g properties of S and X:
. o
Proposition 4.7, . (1) gX(Q)/Z < gS(Q) < ZgX(Q) .
— P A ~s S ~ P~ : 7

() B (§ D) €, () and B(Te(@) D Taa) , with o'=Ly()
Here (Q;6) is in (Uy—D) )(Rfr2 , and Q=I§1(Q) . Moreover, TL)X is the natural
projection:S —F¥=Uy-D(cf,n,4, § 1.3),Also we write Ua(a;gs) as Uy (Q),. ..

Letting the point P &€ D and the element re£{+,0'€R{2 be as in .

Lemma 1.3, we set:
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. 5 -
(a):L sr(P)::sn)’Z’r(P), with X_(P):=CXU_(P), and Xr(}?):=Ur(P)—DO(cf.(l.l6)2),

A (s LP) 84 : (P S
(a)2 A,(?r(P)) = {gs]‘ p. g. covering of {2’ (P)Lof size o 11n{ )¢ }
=, : n *
152 ey x_(2) c
Then from Pr0p.4.7l we easily have:

Propos;L‘tlon 4, 7  There are (natural) reflns_ng maps sS and Sy:
.<o,r<f)>:—>u KD EF A (X, ()P (U (g (D))
(4.13),

X=A4<Xf<2’>>aud<a>—ws< 8,(5,(2)) 3 T (U, (L7 (Q)))} wi th sl (),

Thirdly let the estimation:(r;e;a)—> (e’ g"):EX(r;'r;a), where (r;=;)
GRJ’)(RIZ)(RIZ and By & B g be as in Lemma 1,3 . Then from the explicit
form of.EX(cf. Def.1,5), we ;asily have:
(b) Xr('f) is a (gX,s*)—d-envelop of Xr,(P)(cf.(i), n,5,8§4.2),
By this we apply Prop.’4.6 to (Aw(Sr(P)),Av(i‘r(P)))(cf,also Prop,4.4), and
we have:

Proposition 4.7, . (Bxtension of cochains), There is a map:
(4 13)5 €238, (5,(2)),09)y —> 2UA LK e(2)) ,5g) 4, with (re33)=
ZDX(r;v;a), which satisfies: s =QJSe

Here the homomorphism a.'o:Hﬂ-—aOS is as in Lemma 1.3 and s:=p g refining map:

28, (B)) s & _(5.(P)) .
(ixo oe that Prop, 4 ’73 insures, in the similar manner to n, 5, the following

- inclusion:
* ~ o N X, - | :
(4.13)4 wszq(Aq!(KlJ(P)) ,hs)al:) S Zq(Aagz(f (P)) ,Os)a , where the correspondenc.
(r;s";o\)-——}(r";cr,;aﬁ is as in (4.13)3 )
.Now, it is easy to get the compariosn of the sets of the cochains
Zq(Aq.(Xr(P”’HS)& and zq(;\,r(xr(P)),oX)a in Lemma 1.3, which are defined
respectively for C x ¢ and UO—D, from Prop,4,7l,2 and (4.13)/[ . . Thus we
have Lemma 1.3, and we also finish the proof of all the lemmas in Chap,I,
which is postponed in §4

#) U.(P):= {2&€ ¢™aR,P) < v } (cfun 4, §1.3),

1in



