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On absorbing sets for evolution eduations
in fluid mechanics

By Kazuo OEDA (Japan Women's University)
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§1. Introduction.

We consider an evolution equation generated by a
subdifferential operator and show the existence of an absorbing
set for this equation. As for examples, we deal with the Navier-

s

Stokes equation and the heat convection equation in a time-
dependent domain Q(t) in RZ.

In the case of a fixed domaih’Q(t) = Q, Constantin- Foias-
Temam [1] and Foias-Manley-Temam [2] studied the Navier-Stokes
equation and the heat convection equation respectively. They
discussed the existence of absorbing sets and attractors in
their papers. (See also Temam [61.)

§2. Abstract equation.

Let H and V be two Hilbert spaces with V c H. We identify
H with a subspace of V', where V~ stands for the duall of V. We
note Vc He V™,

Let wt be a proper lower semicontinuous convex function

and awt be a subdifferential of wt. We assume D(wt) c V. We

notice that D(awt) c D(wt) holds.
We make some assumptions on wt
Assumption 1. (Poincare type inequalityi

There exist a positive constant C, > 0 such that

1
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1) wt(u) > C ﬂu"2'> C "u"z for any u € D(¢t).
v = 71 LA H
Assumption II. There‘exist positive constants tO)C and C

2 3
such that the next properties hold:

t
For every tO € [0, T] and uO € D(o 0), There exists an

H-valued absolutely continuous function v(t) on a closed

Hi

interval l(to) [max(t0 T Ty 0}, m1n(tO * T, TY1 satisfying

t , :
dt -t |-e "(un)”‘Z for each t € I1(t )

2) vty - uOHH 9 o

and

t t

t Ca ) + C.-lt-t |ro ®°Cu ) for each t € I(t )
0 3 0 0 0

(3) o (v(t)) <o

Assumption IIT1. (Green's formula type)
For any u € D(Swt) and g € awt(u), the following holds

(4) (g, u)H = Zwt(u)

Remark. The constant 2 in the right hand side of (4) is
not essential.
Now, we introduce a bilinear operator Bt mapping V X V

into V~ and D(Swt) X D(awt) into H such that

(B0O) (Bt(u, v), v)H = () for any u, v € V ,
0 1-0 1-0 9
t . 4 4, 4 4
(B1) iB" (u, v)ﬂH < L4HuHH lIuIIv uvﬂv HgHH

for u € V, v € D(awt) and g € Swt(v),

1-0 (¢

t ‘ . 5,
IB™ (v. wll, ¢ Collully-liviy Igl,

5

+

82y IBt(u, vl

for u € vV, V€ D(awt) and g € Swt(v),
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é 0. 1-0, e,  1-0, .
| t ooy ‘ 6 . 1% o Pe 6
(B3) 1B u, vy, wil ¢ coltull” - luly iy = wlly ™ - Hwlly
for u, v, w € V ,
where C, (i = 4, 5, 6) are positive constants and 6, € [0,1)

Next, we :are given a linear operator R(t) mapping V into

V™ and D(th) into H such that

-0

1 -
(RD. IRCOUN, < Clluly, - UgNH7 for u € DY), g € 0ty
1+98 1-64
(R2) | (RCHu, vy | ¢ Colluly,  “-lully for u € vV ,

where Ci(i=7,8) are positive constanfs and Gi € [0,1) (i=7,8).
Then, we consider the nonlinear evolution equation (E)

in H as follows

o
=

(E)

+ 80 () + Bt(u, W + R(tHu > £ ,

.

t
where £ is given in H.

Here, we define a solution of (E) and an absorbing set

for (Ei in V.

Definition 1. Lét u : [0, T} — H. Then u is célled a
solution of (E) on [0,T] if it satisfies the following
properties (i), (ii).and (iii) ¢

(i) u € C([0o,T1 ; HY ,

(ii) u(t) is absolutely continuous in t on [0,T] and
du 2 .
it € L0, T ; H) .

(iii) wu(t) € D(awt) for a.e. t € [0,T] and there is a function

g € LZ(O‘T:H) satisfying g(t) € awt(u(t)) and
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du gty + B (uCt), u(t)) + RCHOUCt) = £ct)

-+

for a.e. t € [0,T].

Definition 2. Let u(t) be a solution of (E)isatisfing an
initial conditinh u(0) ;'un € D(woi. Then a subset;& of Q is‘
called an absorbing set for (E) in V if for an arbitraryA |
bounded set &SC-V; there exists a positive number i(B)'SUCh
that if the initial data ug is in &Sthen u(t) Gj& holds all - -
t > t®.

83. Examples.

We will give some examples in fluid mechanics.

Example 1. Let us consider the Navier-Stokes equation in
QCt) c Rz; We assume that there exists a bounded set B in Rz
satisfying Q(t) ¢ B and the boundary 9Q(t) is sufficiently
smooth with respect to (x, t). Moreover, suppose4that a function

B(-,t) on 9Q(t) is the bouhdary valﬁe of a smooth solenoidal

function b(+,t) which is defined on Q(t)Q Then we consider

u, * (u*v)u = vAu - Vp + f in QCt) .
(NS) ‘ div u = 0 in QCt) .
ulagcty = P ooulyy=a
where u means the velocity and p is the pressure. Putting u = i

+ b and'abbfeviating the roof A, we introduce the fol]owihgs

_ (v 2 . 1
¢plu) = szIVul dx if u € HO(B) ,
+ : if u € H (B) N\ H-(B)
o o ’

and
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0 if u € K(ty

‘IK(t)(u)

+o if u € H (B) \ K(t)
where K(t) = (u € H_(B) | w=0 a.e. in B\ Q(t)}.
Then we put

t

() (u} = @B(u) + IK(t)(U) for each t € [0,T1}.
Moreover, we define
Bt(u(t), u(t)) = PO(B)(u'V)u for u € H;(B).

R(tu(t) = PO(B)((U'V)b + (b:-V)u} for u € Hé(B),

where Pc(B) is the projection L2(B) — Ho(B)' We notice that

(B0 ~ (B3), (Rl) and (R2) are all satisfied if 94 = 95 = 96'

- -1 _
= 97 =5 and 98 = 0.
Remark. (Bl) dose not hold in the case R3.
Then, we can reduce the equation (NS) to the abstract

Navier—Stokes equation (ANS) as follows

o))
=

(ANS) + 9etcuct)) + BYuct), u(t)) + R(tHu(t) 3 P, (BYE(1),

Qu
-+

where f = ¥ - bt - (b*¥)b + vAb and ¥ is an extension of f
putting zero on the outside of Q(t).

Example 2. Consider the heat convection equation‘in QL)
c R2 with the boundary 3Q(t) = SQO U SQI(t). The domain Q(t) is
included in a bounded set B and the boundary 9Q(t) is
sufficiently smooth in (x,ti. u, p and B stand for the same as

in Example 1. While 6 denotes the temperature. Then the heat

convection equation is as follows



(u, + (w-Vu = - 2,
P
divu-=290

(HC) Gt + (u-v)0 = kAf

ulggeey = 8 9'890 =
kp't=o =a 9't=o =h

After suitable changes of

translations), we define for U

1 2 K 2
®g(U) 2fB(IVul + vIVOI )dx
+o if U € {HO(B)
and
0 if u € K(t)
Ik(t)(U) =
+® if U € {HO(B
9
where K(t) = (U € Ho(B) X L” (B
We put
t -
o (U) = wB(U) + IK(t)(U)
Moreover, we set
t t
B (U(t)Y, Ut)) = (PO(B)(u
for u
R(OUCH) = “(P_(B) ((u-¥)b
" and
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- (0 - TO))g + VvAu in QCt)y,
in Qt),
in QCt),

Ty >0 e'anl(t) 0

variables (some scalings and

t(u,

u

D)

. 1 o1
if U € Ha(B) X WZ(B)

2

X LZ(B)} \ {H;(B) X Wé(B)) ,

2

) X LY(BYY N K(t)

) 0 a.e. in B N Q(t)).

for each t € [0,T].

*V)u, (u-v)0)

€ Hé(B) x Wl(B)

’

1
2

+ (b*¥)u + RO), (u'9B + (b-V)O),
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3

F(t) = (-b, + (b*¥)b + Ab +'9—g - Ra(é -

t 5 ), =~(b-¥)0),
v

<Ix

wheré‘e is a solution of a linear heat equation in Q(t) with

0 = TO on SQO and 0 = 0 on 8Q1(t). Furthermore, Ra = agToda/Kv
and 2d is the diameter of B. Notice that (B0) ~ (B3), (R1) and

. . . . . - - ; _ 1 _
(R2) are satisfied if 94 = 95 = 96 = 97 =3 and 98 = 0.

Remark. (B1) does not hold if Q(t) c RS.
Then, we introduce the abstract heat convection equation

(AHC) as follows

o
=

t

(AHC) + awt(u(t)) + B (u(t), u(t)) + R(thult) @ P(BYT(t).

o

dt
§4. Some Lemmés.
First we mention lemmas on Bt.
Lemma 1. Let u, v € D(a¢t) and put w = u - v, then
(5) HBt(u. u) - Bt(v, il <

0 1-0 1-0 0 0 1-0 1-6 0
: 1 Sal Hraet carn 4 4 150" 4
04(NWHH IIwHV Hqu 3¢ (u)llH +"V“H IIvIIv Hw"v 3¢ (w)llH ).

Lemma 2. Let u, v € V and put w = u - v, then

(6) (BC(u, u) - B(v, v), w)H = (B(w,u), w)H .

(7) | (B(u, u) - B(v, v), w)HI

0 1-0 0 1-0

6 6 6 6
£ CBHWHH lellv : HuHH'HwHV HwHH

Next we prepare a lemma on wt.
Lemma 3. Suppose Assumption Il holds. Let u : [0,T] — H

and wt(u(')) : [0, T] — [0,+») be absolutely continuous on [O0,T].

Let L = (t € (0,T):du/dt, det(u(t))/dt exist and u(t) € Do )}.

T.



Then, there exist positive constants C, and C, such that

2 3

1/2 t

d,t - dice | : ot :
(8) |gge (uct))-(g, grut» | ¢ Cy-lgh @ (uct)) (u(t))

It * Cq-0

holds for every t € L. and g € awt(u(t)). where C are

2

andrC3

positive constants in Assumptidn 11.
Here we consider the following linear abstract evoiution

equation (E7).

a
=

(E7) + Bwt(u(t)) 3 f(t) , t € [0,T1.

o}
-+

Then we have
Lemma 4. Suppose that Assumption I ~ Il hold. Let f€
L2(0,T:H) and U, € D(wo). Then, there exist a unique pair of
functions u € C([O0,T1;H) and g E L2(0,T;H) such that the
following properties (i) ~ (V) hold |
(i) u(t) is strongly absolutely continuous onv[O,T] and du/dt
e L2¢0,T; 1)

(i1) u(t) € D' and g(t) € 80 u(t)) for a.e. t € [0,T1,

(iii) %ﬁ + g(t)y = f(t) for a.e. t € [0,T1,

(iV) u(t) € D(wt) for every t € [0,T] and wt(u(t)) is absolutely

continuous on [O0,T],

(V) u(0) = u_ in H.

Now, we return to the equation (E). In what follows in this
section, let @(t) - satisfy Assumption I ~ IIl, operators Bt
and R(t) have the properties (BO) ~ (B3) , (R1) and (R2),
respectively. Then we have

2

Lemma 5. Let f € L°(0,T;H) and u_ € D(¢®). Then a solution

u of (E) with u(0) = u0 is atmost one if it exists.

3,
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[.emma 6. Let f € LZ(O,T:H) and uo € D(wo). Then there
exists a positive number to (depending on f and uo) such'that a
solution of (E) with u(0) = u, exist on [O,tol,

Lemma 7. Let u be a local solution of (E) on [0,r0]
obtained in Lemma 6. Then wt(u(t)) is absolutely continuous in t
on [O;tol.

Here we mention the case that the operator Swt + R(t) is
coercive on V.

Lemma 8. Suppose that we can take a positive number o
independent of T > 0 such that for any u € D(ewt) and g €

det (uct))

(9) (g, W), + (R(Tu, u), > a'"uﬂs

H H =
holds for each t € [0,T]. Let u be solution of (E) with u(0) =
u, € D(¢°). Then the followings hold :

(i) If f € L%(0,T;H) , then

(10) BuctHi? ¢ &7 tnmmuf, + éyufuz2
- L0, T;H)

(i)" 1f £ € L(o,T;H) , then

A lueotd ¢ e™ fucon? « —— e, ca - e Y
= (@) L7 (o, T:H)

Moreover, if a solution u exists on [0,), then we have

(ii) If f € L2(0,m;H) , then
(12> ul? ¢ hucot? + 21617, ,
L (o,~3H)" L" (o, H)
(13) lim supﬂu(t)uﬁ < §7nfu22 X
t — o N L (o,»;H)

(ii)” 1f £ € Lm(o.m;H), then we can get two inequalities
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obtained by replacing Hfu22 /a” with Hfﬂzé /(oc')2 in

L™ (o, H) L (o,>;H)
(12) and (13). |
Remark. We can show that in the Navier-Stokes equation the
operator Swt + R(t) is coercive in Hé(B).
Now, the following two lemmas play important roles in

proving the existence of an absorbing set. Note that we does not

assume awt + R(t) is coercive in the lemmas below.

IFemma 9. Let f be in Lm(O.w;H) or in LZ(O,w;H). L.Let u(t) be

a solution of (E) on [0,T). Suppose that

(i) u(t) satisfies the following estimate :

2 . 2 .
(14) Hu(t)ﬂH < A0 + Aollu(())llH for any t € [0,T],

where AO and A; are two positive constants independent of T.

and that

(ii) wt(u(t)) is absolutely continuous with repect to t on [0,T].

Then, for any & in (0,T), there exist positive constants a,  (§),

1
a2(6\ and 33(6). independent of T, depending on &, such that

a, (8) a, (5)

(15) wt(u(t)) <« 26 + a3(6))e 1

holds for every t € [6,T1.

Corollary of Lemma 9. Let f be in Lm(o.w:H) or in L2(0,¢:H).
If the local solution u on [O.tol obtained in Lemma 6 satisfies
the estimate (14) in Lemma 9, then u can be extended globally to
[0,).

Lemma 10. Let £ € L™(0,@;H) or f € L?(0,=;H). Suppose that a

global solution u of (E) on [0,») has the following properties

(i) There exists a constant A > 0 such that for any € > 0 we can

(0.
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take t0 > 0 (depending on u(0) and €) satisfying
(16) Hu(t)“ﬁ $ A+ &g for any t 2 to

(ii) wt(u(t)) is absolutely continuous in. t on [0,T].
Then the followings hold

(g), a, and a,(g) (those

(i) There exist positive constants a 2 3

1
are depending on u(0)) such that

t al(E)
(17) o (u(t)) < (a2 + a3(8))e for any t 2t

v

o+
+

[y

(ii) vTheré exists‘an absorbfng set for (E) in V.

§5. Applications. - |

Example 1. We considef the abstract Navier—Stokeskequation
(ANS) introduced in §3. Note that Q(t) c R2.

Then we-have

Theorem 1. If ¥ - b, - (b*V) + vAb € L°(0,=:L2(B)) or

t
LZ(O;w;Lz(B)5, then there'exiéts an‘absorbihg set fbr (ANS)
in V = H;(B). | |
Outline of the proof. As we mentioned in Remark after Lémma
8, the operator Swt + R(t) is coercive in V = Hé(B).=Therefore,
Lemma 8 is applicable to (ANS). Hence, by virture of Lemma 9,
'Corollary of Lemma 9 and Lemma 10, we can show the existence of
an absorbing set. . : Q.E.D.
:Examplg 2. We cqnsider the abstract heat convection
equation (AHC) introduced in §3. Note that»Q(t) c Rz. Then we

have

- (b+*¥)b + Ab + d3g/v% - R (B -

Theorem 2. If T = (-b, a

|1
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K/v), -(b:v)8) € L”(0,»; L2(B) x L?(B)), then there exists an

absorbing set for "(AHC) in V = Hé(B) X &;(B).

Outline of the pfoqf. In the equation (AHCﬁ, the operator
awt + R(t) is not coercive. But an a priori estimaté on 6(t)
holds(see Lémma 1145e16w5. Thanks to’Lemma il; we can use Lemma
9, its corollary and Lemma 10. Thereforé we have est;blished the
theorem, | | Q.E.D.

Finally, we mention Lemma 11.

Lemma 11. Let U =.t(u.9) be a strong solution of (AHC).

Then there exist functions 91 and 92 such that

(18)  0(-, t) = 0, )+ 0, (-, b for a.e. (x, t),
(19 -—k/v ¢ 8, ¢, ) < K/Y for a.e. (x, t),
(20) e, il , < UB-k/v) (O, + 1@+ /V_(OI ,
L°(B) ~ L% (B) L°(B)
X exp(-2kt/v) for t 2 0.
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