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Abstract

Nuclear fission is a process in which a heavy nucleus splits into two smaller
nuclei. Fission plays an important role in many fields, such as nuclear engi-
neering, r-process nucleosynthesis, or radioisotope beam production. There-
fore, a precise and reliable theoretical calculation of nuclear fission, especially
neutron-induced fission, is highly required. However, even though more than
80 years have passed since the discovery of fission, its microscopic theory
has not been established. It is because fission is not only a large-amplitude
motion, which is difficult to treat theoretically, but also causes complex in-
teractions between collective and single-particle motions.

To establish a microscopic theory of induced fission reactions, we have
developed a novel approach to induced fission based on the non-equilibrium
Green'’s function (NEGF) method. The NEGF method has been widely
applied to calculate the electronic properties of a transistor using its micro-
scopic Hamiltonian. Focusing on the fact that a transistor’s Hamiltonian and
a Hamiltonian of fissioning nuclei have a similar structure, and the conduc-
tance of transistors is equivalent to the fission cross-section, application of
the NEGF method to nuclear fission is considered to be effective.

In this thesis, we will first review the theoretical foundation of our model,
which is based on the generator coordinate method and S-matrix theory.

Then, we will analyze the fluctuation of fission decay channels. Following
Porter and Thomas’ idea that the distribution of decay widths becomes the
chi-squared distribution and its degrees of freedom correspond to the number
of decay channels, we analyze the distribution of transmission coefficients of
fission channels. Thereby, we discuss the microscopic origin of the degrees of
freedom in fission channels.

Next, we will propose a novel approach to reduce the numerical costs
of the NEGF method. The main idea is that according to the distribution
of fission width, fission channels can be described by a small number of
degrees of freedom, and if these essential parts are calculated efficiently, the
numerical costs of the NEGF method will be reduced. To realize such efficient
calculation, we will apply the shift-invert Lanczos method and demonstrate
its effectiveness.

In the above chapters, we have restricted the model space to reduce nu-
merical costs; therefore the results have not been fully realistic. In the follow-
ing chapter, we will execute a calculation of fission cross sections with more
realistic model space including finite seniority configurations and carefully



check the convergence of the results to the model parameters. Thereby we
will discuss the applicability of our model and future challenges.
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1 Introduction

1.1 History of nuclear fission

Nuclear fission is a process in which a heavy nucleus splits into two smaller
nuclei. In 1938, O. Hahn and F. Strassmann discovered that isotopes of
Barium were emitted from Uranium targets under neutron bombardment
[1]. In 1939, L. Meitner and O. R. Frisch pointed out that an atomic nucleus
has the possibility of dividing itself into two smaller fragments based on the
liquid drop model [2]. The important point was that in high Z nuclei the
surface tension overcomes the coulomb repulsion slightly, and a small gain of
energy by neutron absorption makes this system divide itself. In the same
year, N. Bohr and J. Wheeler published an article in which they refined
Meitner and Frisch’s picture and calculated the competition between the
surface tension and the Coulomb force by expanding the nuclear shape using
the spherical harmonics [3]. In addition, they introduced the transition state
theory to calculate fission decay rates. This work established the theoretical
foundation of nuclear fission, which remains valid until now. On the other
hand, the quantum mechanical treatment of nuclear fission was started in
Strutinsky’s paper in 1967 [4], in which he introduced nuclear shell effects
to the liquid-drop model energy. Thereby, an asymmetry of fission fragment
distributions was explained, and this work still remains the foundation of
modern microscopic nuclear fission models.

Until now, numerous studies of nuclear fission have been done from exper-
imental and theoretical viewpoints. However, there remain many unresolved
problems about fission mechanisms, and especially the understanding of the
microscopic mechanism of nuclear fission has been far from complete, as men-
tioned in the recent review paper [5]. This point will be discussed in detail
later.

1.2 Topics related to nuclear fission

Fission plays an important role in many fields of nuclear physics. One exam-
ple is the r-process nucleosynthesis [6, 7, 8]. In astrophysical environments
where neutron flux is high, the neutron capture rates overcome the competing
beta-decay rates, and neutrons are captured sequentially by the target nuclei.
The resultant neutron-rich nuclei undergo 5~ decay and are transformed into
nuclei around the beta-stable line, though its yield is different from the one of



the s-process. In r-process yields, the 2nd peak around A = 130 is observed,
and it is considered to originate from the fission fragment of neutron-rich
actinide nuclei generated in the r-process [9, 10]. Therefore, in the numerical
simulations of the r-process nucleosynthesis, the resultant yield is known to
be sensitive to the input parameter of the fission properties [9, 10].

As another example, a synthesis of superheavy elements can be referred to
[11, 12]. In the laboratory, superheavy elements are produced by heavy-ion
collision experiments. The evaporation residue cross-sections can be factor-
ized into the products of a fusion probability, a survival probability against
quasi-fission, and a survival probability against fission. Compared with the
fusion probability, the uncertainties of quasi-fission probability and fission
probability are large partly due to the lack of theoretical understanding of
these processes.

Nuclear fission is also important in the nuclear engineering field [13, 14].
To calculate neutron transport in the nuclear reactor, the Boltzmann equa-
tion is solved, where the fission cross sections of fuel nuclei are inputted [15].
In addition, the neutron-capture reaction competes with the fission reaction.
Thereby, the fission-to-capture ratio becomes an important indicator of neu-
tron multiplication rate. This quantity is sensitive to the internal structure
of the many-body Hamiltonian and is used as a touchstone of a theoretical
fission model [16].

Theoretically, nuclear fission itself is an interesting and challenging prob-
lem [5, 17, 18]. In the fission process, the shape of the nucleus changes
drastically. It is one example of a large-amplitude motion, where a wave
function is largely changed, and perturbation theory or linear response theo-
ries are not applicable. It complicates the theoretical treatment of fission. In
addition, in the fission dynamics, the interplay between macroscopic and mi-
croscopic degrees of freedom should be appropriately treated. For example,
the collective inertia is known to be sensitive to pairing interaction [17]. Ad-
ditionally, energy transfer between macroscopic and microscopic degrees of
freedom can be considered as a dissipation. It is phenomenologically included
as a friction term in the equation of motion of the macroscopic coordinate,
though there are many challenges in consistent treatments of macroscopic
and macroscopic motions.



1.3 Motivation

As discussed above, the understanding of nuclear fission is not only an in-
teresting problem as a quantum many-body problem but also important in
related fields of science and engineering. To advance our understanding of
nuclear fission, in this thesis, we formulate a theoretical fission model based
on the microscopic degrees of freedom. A microscopic model has the strong
advantage that it does not require any fitting parameters except for the
nucleon-nucleon interaction terms in principle. Therefore, microscopic mod-
els are suitable for describing the fission process of unstable nuclei which are
difficult to study experimentally, though important in r-process nucleosyn-
thesis [6, 7, 8.

Thanks to the rapid growth of computational power including large-scale
supercomputer systems, microscopic models of fission have greatly advanced
since the onset of the 21st century. Most of those models are formulated
based on the mean-field theory and its extensions. This is because the com-
putational cost of mean-field theory increases moderately with respect to the
nucleon number which is more than 200 for the actinoid nuclei.

Our theoretical model is also based on the Hartree-Fock approximation
and the generator coordinate method (GCM) [19]. The application of the
GCM leads to the possibility of overcoming the problem that the time-
dependent Hartree-Fock theory fails to describe quantum tunneling of the
fission barrier due to the lack of many-body correlation. In addition, our
GCM-based framework has another advantage that the GCM Hamiltonian
can be connected to a reaction theory in a transparent way. In the follow-
ing, we apply S-matrix theory and derive a formula connecting the internal
Hamiltonian and fission cross-section. Microscopic derivation of fission cross-
section is a significant advantage of our theoretical approach, and we mainly
focus on this quantity in the following discussion.

1.4 Outlines

This thesis is organized as follows. In chap. 2, we introduce theoretical
concepts that are necessary to understand our approach. In chap. 3, we
explain the theoretical foundations of our microscopic fission model. In chap.
4, we apply our framework to neutron-induced fission of 236U and analyze the
fluctuation of fission probability. Thereby, we explain a small number of the
degrees of freedom of fission decay channels based on the GCM many-body



wave functions. In chap. 5, because our theoretical approach requires a high
computational cost for the calculation of the Green functions, we apply the
shift-invert Lanczos method to our fission model and overcome the problem
of high computational cost. In chap. 6, we calculate the fission-to-capture
branching ratio with a fully realistic model space and discuss the applicability
of our model to realistic cases. In chap. 7, we summarize this thesis and
discuss future directions.



2 Basic concepts of nuclear fission

In this chapter, we review the important concepts of nuclear fission. Though
there have been many theoretical works on nuclear fission, we select essential
topics to understand our theoretical framework explained in chap. 3.

2.1 The liquid drop model and fission barriers

Following the paper of Hahn and Strassmann [1], Meitner and Frisch pointed
out that in the Uranium nucleus the surface tension and the Coulomb force
are almost balanced, and by an external disturbance, the Coulomb force
overcomes the surface tension that makes the system undergo fission. Bohr
and Wheeler theoretically refined this discussion based on the liquid drop
model and spherical harmonic expansion of the shape of the liquid drop [3].
In the liquid-drop model, a binding energy B(N, Z) is parametrized as

ZQ
B(N, Z) = aVA - aSAQ/ngurf - CLCMBCOub <1>

where A is the nucleon number, and ay, ag, and ac are the volume, surface,
and Coulomb coefficients, respectively. The factor Bgys is the ratio of the
surface energy for the deformed nucleus to the spherical nucleus, and Bggy is
defined in the same way. Then the fissility parameter x is defined as a ratio
of the Colomb and the surface force,

T = <aCAZTj3) / (2a5A*?) (2)

which indicates how easily fission occurs. Using the fissility, the dimensionless
deformation energy Bgef is calculated as

2

A Z?
Baet = (GSA2/3Bsurf+aCmBCOul)/(GSA2/3+CLC YO

) = (Bswt—1)+22(Boou—1).
(3)

Next, to calculate the explicit expressions of Byt and Bcou, we parametrize
the nuclear shape r as

r(0) = R[1 4+ aa P (0)], (4)

where R is a radius of considered nuclei without deformation, and P, is the
2nd Legendre polynomial. Using deformation parameters as, the surface and
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Figure 1: Deformation energy Bger as a function of as with different x.
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Due to the coefficients of a3, if z exceeds one, the nucleus becomes unstable
against quadrupole deformation. In fig. 1, we plot Bger(aw) with different x,
and it is confirmed that the fission barrier disappears as x approaches one.

2.2 Transition state theory

As discussed in the previous subsection, the liquid-drop model gives the foun-
dation of static properties of nuclear fission. To describe fission dynamics,
the authors of ref. [3] applied the transition state theory. In this theory, a
microcanonical ensemble is assumed for fissioning nuclei which have excita-
tion energy E. The fission decay width I'zs(E) and the number of decaying
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nuclei per unit time Ngecay are related as
p(E)dETs(E)/h = Necay - (8)

Here p(F) is the level density of compound states. Then, under the assump-
tion that the degrees of freedom are separated into the collective motion and
the others, we calculate Ngecay. Here we use ¢ and p for a collective coordi-
nate and its conjugate momentum. In the direction of ¢ there is a potential
barrier and the states above the barrier are called transition states. We count
the number of flux passing through the transition states,

/O " o(dp/h)e* (E - Ey — K)dE, )

where v is the velocity of the collective motion, £y is the height of the fission
barrier, and p* is the level density of the transition states. (dp/h)p*(E—E;—
K)dF represents the number of the quantum states with the momentum p in
internal dp and the kinetic energy K in dK = d(vp/2) = vdp. Substituting
dK = vdp, eq. (9) becomes,

dE E-Ey

; dKp'(E — By — K). (10)
0

Assuming that the backscattered flux is negligibly small and comparing eq.
(8) with eq. (10), the fission width becomes

1 E-Ey
Fﬁs / de*(E—Ef—K) (11)
E) Jo

- 27p(

Notice that we have applied the microcanonical ensemble to the compound
states, and this derivation is justified only when p(FE) are sufficiently large.

2.3 The Gaussian Orthogonal Ensemble and the chi-
squared distribution

In neutron-induced reactions, especially neutron-induced fission, a nucleus
after absorbing a neutron is highly excited. Such a highly excited state is
called a compound nucleus. Regardless of nuclides, compound nuclei show
common properties in the distribution of the level densities (the Wigner dis-
tribution) or the decay widths (the Porter-Thomas distribution) [21]. How-
ever, a microscopic calculation of such highly excited nuclei is difficult due

11
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Figure 2: A schematic image of the transition state theory. ¢ and V(q) are
the deformation parameter and the potential energy. Ey is the height of the
fission barrier. There are transition states above the fission barrier and their
number is integrated up to the excitation energy FE.

to the complex configuration mixing. As an alternative method, Wigner
introduced the Gaussian orthogonal ensemble (GOE) to describe the sta-
tistical properties of compound nuclei, which is one type of random matrix
22, 23, 24]. The matrix elements of a GOE Hamiltonian are given as

(Heor)ij = vrij(1+6:;), (12)

where 7; j(= r;;) is a random number sampled from the standard normal
distribution, and v is the size of the matrix elements. This Hamiltonian
matrix represents the situation where all configurations interact randomly.

The eigensolution of a GOE matrix well reproduces the statistical prop-
erties of compound nuclei. In experiments, the distribution of level spacings
of compound nuclei is known to be well fitted by the Wigner distribution
[25],

T

P(z) = 57 exp(—ma?/4). (13)

Fig. 3 shows the distribution of the level spacings calculated by the GOE
Hamiltonian with 2500 dimensions and v = 1, which is also well fitted by the
Wigner distribution. At z = 0, P(z) becomes zero, and it reflects the effects
of the level repulsion due to the mixing of basis configurations.

In addition, the eigenvector of a GOE Hamiltonian has an important
statistical property: the components of each eigenvector follow the Gauss
distribution in the large matrix-size limit. Fig. 4 shows the distribution of

12
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Figure 3: The distribution of level spacings calculated by diagonalizing the
GOE Hamiltonian with 2500 dimensions and v = 1. The level spacings are
normalized by dividing by their average.

the components of a certain GOE eigenvector, which follows well the Gauss
distribution. This property is a foundation of the following discussion about
the statistical properties of decay widths. In ref. [26], Porter and Thomas
pointed out that the distribution of the neutron width I, of 23U is well fitted
by the chi-squared distribution with v =1,

PAo) = 55073 ()" e (14)

The variable of the chi-squared distribution () is the sum of the squares of
the variables X1, Xs, ..., X, following the independent normal distributions,

Q= ZX,?. (15)

Keeping in mind this property, we consider the decay of a compound nucleus.
To this end, we introduce a decay width matrix I' which has v diagonal matrix
elements v, i.e.,
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Figure 4: 'The distribution of the components of a certain GOE eigenvec-
tor fitted by the Gauss distribution. The result does not depend on which
eigenvectors are chosen.

Then we solve eigenvalue problem for the non-Hermite Hamiltonian Hgog —
%I’. Typically, the size of decay width + is much smaller than the size of the
GOE matrix elements v. Therefore a perturbative treatment of the imaginary
part is justified. The imaginary part of the eigenenergy Fj. is calculated as

—2Im(Ey) = (k[T[k) = Z [(ilk) I, (17)

where [i) is the basis used in eq. (12) and |k) is the one eigenstates. Due to
the properties of the GOE matrix, (k|I'|k) follows the chi-squared distribution
with v degrees of freedom. Note that the number of the decay channel is equal
to the degrees of freedom v. In low-energy neutron reactions on 23U targets,
neutron channels are closed except for the one elastic channel. Therefore, the
values of T',, are distributed according to the chi-squared distribution with
v =1 [26], and it is consistent with the above discussion.

2.4 S-matrix dispersion formula

To describe compound nucleus reactions, we need to relate reaction channels
and internal configurations. As a first step, we divide the considered model
space into P-space and ()-space. Here P-space includes reaction channels,
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and ()-space contains mono-nucleus quasi-bound states. The projection op-
erators P and () satisfy the following relations,

P+Q=1, P2=P Q*=Q, PQ=QP =0. (18)
Inserting the projection operators into the Schrodinger eq.,
(F— H)V =0, (19)
we obtain the equations within P-space and ()-space as
(E — Hpp)PU = HppQU (20)
and ) R
(E— Hgg)QY = Hop PV, (21)

where Hpp = PHP, Hog = QHQ, and Hpg = PHQ. Hgq is the Hamilto-
nian of bound states, and the eigenstates of a compound nucleus are defined
as

(E)x — Hgg) X\ = 0. (22)

To calculate the S—mat}"ix, the continuum wavefunctions P¥ are needed.
From egs. (20) and (21), PV satisfies

1 . .
(Hpp + Hpg————Hqp) PV = EPU. (23)
E — Hoo

Applying (E +1id — Hpp)~! to eq. (23), we obtain,

1 1
H
T E T Hpp TOE Hog
1 1
+ —H
E+’L(S—pr PQE_HQQ

1 1
+ : H — HopPyp). 24
E+id—Hpp "°E—Hoy v (24

Py — w(+) HQPP\I/(+)

— o) HQPP¢(+)

_ ¢(+)

Here ¢(*) is a solution of

(E — Hpp)y'™ =0, (25)

15



HPP—HPP‘l‘HPQE Ho HQP, and HQQ—HQQ+HQPE Hp HPQ USlIlg

the solution of eq. (24), \IJ( and its similar incoming solution \IJ S matrix
elements becomes

Sab(Ea)(S(Ea - Eb) = <\Ij((zi)|qj¢(1+)>> (26>
where 1
Sap = Sy = 2mi (V7 | Hpq———=—Harlug ). (27)
— HQQ

Inserting some complete basis of the @) space, |u), Sq, becomes

Sa(E) = S0, (E) — 2iv} (E — Hoq) b
= Sc(z]b(E) - QZle(E(; - (HQQ + A —um Z 'Y,ucf}/cy ’Yl/b‘ (28>

where 7, = v/ (ulHoplua”) = V(| Hrglu).

Supposing the basis sets |u) are many-body configurations, the parame-
ters in eq. (28) are calculated based on a microscopic model. In this case,
Yua Tepresents the coupling strength between the continuum channel @ and
the configuration |u). The transmission coefficient T}, between channels a

and b (a # b) also becomes [27]

Tab = |Sab|2
= (2m)%( Z Wi .aGp o Wis)( Z Wos.aGlug s Wi )
B1,142 K34
- Z ((Fa)m,mGL%M (Pb)uz,wGus,m)
1,102,143, 144
= Z ((Fa)m,mGu&M (Fb)M#QGLz,m)
1,12, 43, 44
= Tr[[,G(E)[W,GT(E)]. (29)

This trace formula is well known in the electron transport simulation in nano-
devices with the non-equilibrium Green function [28, 29, 30, 31, 32, 33]. It
suggests that the induced fission reaction can be formulated in a similar way
to the electron transport in nano-devices.
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2.5 Electron transport in nano-devices

A description of electron transports in electronic many-body systems is an
important topic in the design of nano-devices. The non-equilibrium Green
function (NEGF) method is an efficient computational method to calculate
the electronic properties of nanodevices [34, 35]. The equation (29) can
be derived based on the Keldish non-equilibrium Green function formalism
(36, 37] and has been applied to describe the electron transport in a nanoscale
transistor.

A field effect transistor (FET) includes a source electrode, a channel semi-
conductor, and a drain electrode, as shown in fig. 5. Both electrodes play
the role of the electron reservoir, and are connected to the channel region.
If the bias voltage is zero, V;, = Vg and u; = pug. Hence the system is in
equilibrium. By applying the voltage such that V; < Vi, the electrons in
the source tend to flow to the drain through the channel region. The NEGF
method gives its conductance as a function of the bias voltage Vi — V.

In the NEGF method, first, we divide the total Hamiltonian into the three
spaces as

H V. 0
H= |Vl He W |. (30)
0 VT Hy

Here Hy,, Hg, and Hg correspond to the source, the channel, and the drain
regions. Typically the dimensions of Hy, and Hgr are much larger than the
one of H¢g since miniaturization of the channel size is required for better
performance of transistors. Therefore direct calculation of the side regions
requires a lot of numerical costs. We avoid this problem by the construction
of the effective Hamiltonian in the channel region,

1 1
HgE)=Ho4+VI— — Viayl
w(B) = He + LE_H 1t T RE _Hg+ie ©
= Hc+ XL(E) + Zr(E). (31)

Here F is the energy of the electrons, which is equal to eV — eVy. The
important point is that the interaction regions between the source and the
channels are localized around its boundaries, and we do not need full infor-
mation on the Hamiltonian matrix Hy, for the calculation of the self energy
Y(E). The same is true for the drain region. Using the scattering theory,
the transmission coefficient from the source to the drain is calculated as [3§]

T(E) = Tr[TLG(E)TRGT(E)), (32)
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Figure 5: A schematic picture of a field effect transistor. V; and pu;(i =
L or R) are reservoirs’ voltages and chemical potentials.

where

G(E) = (E - Ha(E))™ (33)

and
TLr =i(SLR — ELR). (34)

This is the main result of the NEGF calculation. The total current [ is also
calculated using T'(F) as

o [+
=2 / ABTE)fu(E = )  falE = )], (35)

where fr and fg are the Fermi-Dirac distribution functions of the reservoirs.
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3 Formulation of the NEFG-based fission model

To develop a reliable microscopic model of induced fission, we reformulate
the NEGF method in the words of nuclear theory and apply it to neutron-
induced fission reactions. For this goal, we need to construct the internal
Hamiltonian H and the decay widths I',. Thereafter, we compute the Green
function G(E) and transmission coefficients of induced fission reaction, 7}, ss,
based on eq. (29). This quantity is proportional to the fission cross section

as,
s

R

where £, is the wavelength of the incoming neutron. Since there is no other
theory that can compute fission cross section microscopically, this point is
a prominent advantage of the NEGF approach. The details of these points
will be discussed in the following.

Un,ﬁs(E> Tn,ﬁs(E)7 (36>

3.1 Internal Hamiltonian

In the nuclear fission process, the effects of collective deformation are im-
portant. To incorporate it, the GCM has been widely applied [19]. In this
method, we prepare many-body states |Q) labeled by the collective parame-
ter () and superpose them as

IGOM) = / 1QF(Q)Q). (37)

where f(Q) is a weight function. f(Q) is determined by solving the Hill-
Wheeler equation,

/ IQ(QIHIQ) Q) = E / 1Q Q) Q). (38)

which is delivered by the variational condition. For the GCM basis |Q), the
Hartree-Fock(-Bogoliubov) wavefunctions obtained with the constraints on
() parameter are standardly applied. However, it fails to take into account
single-particle excitations. In induced fission reactions, the fissioning mother
nucleus is in high temperatures and single-particle excitations become im-
portant. To overcome this defect, the GCM can be augmented. In ref. [39],
the authors superposed not only the local ground states |@Q) but also the

19
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Figure 6: Schematic representation of GCM basis in eq. (39).

two-quasi-particle excited states a,al,|Q). Following them, we construct
the GCM wavefunction as

G - | 103 1QQ. B (39)

where |Q, E,) is the Hartree-Fock wavefunction having the expectation value
of the quadrupole moment (Q> = () and the particle-hole excitation energy
E,. Unlike ref. [39], we incorporate any number of particle-hole pairs up to
a certain energy cutoff. Using the GCM basis in eq. (39), we calculate the
norm kernel

Nw’ = <|Z,> = <Q7EM|Q/7EM'>’ (4())

and the Hamiltonain kernel
H;» = (i|H|i") = (Q, E,|JH|Q', E,»), (41)

with |7) = |@, E,). Fig. 6 shows the schematic representation of the GCM
basis in eq. (39). At each @, there are excited states above the local ground
states. This is analogous to the microscopic models of electron transport in
solid systems, where at each lattice point different electron states are located,
and the electronic current flows among them [38].
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Figure 7: Schematic image of our model. The squares with () represent the
diagonal sub-matrices in the Hamiltonian matrix.

3.2 Decay width matrices

In low-energy neutron-induced reactions, the main decay channels of a com-
pound nucleus are neutron channels, capture channels, and fission channels.
Neutron emissions and gamma decay are considered to occur in compound
nucleus configurations. On the other hand, fission occurs in scission con-
figurations. In our model, we regard the diagonal sub-block of the Hamilto-
nian matrix labeled with the smallest () as compound nucleus configurations.
Similarly, the diagonal sub-block with the largest () is considered as scission
configurations. Therefore, the former sub-block includes the neutron width
I',, and the capture width I'c,p,, and the later sub-block has the fission width
[gs. Fig. 7 shows the schematic image of this structure (see also fig. 10).

In principle, we can calculate these decay widths microscopically. How-
ever, our main purpose is to understand fission mechanism, and we take the
value of I',, and I'c,, from the Reference Input Parameter Library (RIPS)
[40]. The values of decay widths taken from this library are energy-averaged
ones. Therefore the decay width matrices have the same averaged values in
their diagonal parts and the off-diagonal elements should be zero. Regarding
the fission width, the insensitivity of the fission cross section to the size of
['gs is known [16]. Therefore, we check the convergence of results to the value
of I'gs and use a value that ensures convergence.
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3.3 Transmission coefficients

To calculate transmission coefficients 7}, .o, and 7T), g5 based on the trace for-
mula,

T,; = Tr[[,G(E)T;G(E)] (j = cap or fis), (42)

we need the Green function matrix,
mquEN—H+%D4. (43)

Here N and H are the overlap matrix and the Hamiltonian matrix defined
in egs. (40,41), E is the excitation energy of the target nuclei, being the sum
of the neutron separation energy S,, and the neutron kinetic energy FE,, and
I' =TI, 4+ cap+Tss is the total width. By inverting the matrix (EN—H—l—%F),
the Green function is calculated. However, it requires huge numerical costs
when applied to nuclear fission because the dimension of the matrix becomes
very large. In the case of neutron-induced fission of 23U, the dimension was
estimated to be O(10°) [16].

To overcome this problem, we will apply the method introduced in ref.
[41], in which the Green function is efficiently calculated by using the Hamil-
tonian’s block-tridiagonal structure. In addition, we have developed a novel
method of computing the Green function using the shift-invert Lanczos method
[42]. This method has the advantage of not requiring the block-tridiagonal
structure, and its detail will be explained in chap. 5.

After calculating the Green functions, the capture cross section and the
fission cross section are derived using eq. (36). Thereby we numerically
compare the results with experimental data.
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4 Analysis of fluctuations in fission reactions

The NEGF approach was applied to neutron-induced fission as a preliminary
calculation in ref. [16]. In that paper, only neutron seniority-zero configura-
tions in 25U were included for the model space because this approach requires
matrix inversion calculation of a large dimensional Hamiltonian matrix. In
addition, the second fission barrier was not taken into account, and fission
was assumed to occur just after the first fission barrier. Therefore, in this
chapter, we enlarge the model space and include both neutron and proton
excitations and the double barriers.

With the extension of the model space, we will analyze the distribution
of fission width. As discussed in sec. 2.3, the distribution of decay widths is
characterized by the chi-squared distribution with the degrees of freedom v
(22, 26], which reflects the number of open exit channels. On the other hand,
it has been known that the distribution of the fission widths is characterized
by a small values of v, despite the fact that the number of fission decay
channels is about the order of 10'° in low-energy neutron-induced fission
[43]. For example, in the analysis of 2°U(n, f) reaction, the distributions of
the fission widths were well-fitted by the chi-squared distribution with v = 2
[44].

The small values of v have been explained based on the transition state
theory: fission takes place through a few transition states above a fission
barrier, and the number of degrees of freedom corresponds to the number of
open transition states [26]. However, the derivation of transition state theory
relies on the macroscopic classical model, and there is still no explanation
of the small value of v based on the quantum theory of many-body systems.
Thus, in this chapter, we discuss the origin of the small v based on the NEGF
fission model. The contents in this chapter are summarized in ref. [45]

4.1 GOCM bases

We apply the theoretical framework detailed in sec. 3 to neutron-induced
fission of 233U. First, we prepare many-body basis for the GCM calculation.
We solve the Skyrme-Hartree-Fock equation with the constraint on the mass
quadrupole moment Q29 = () (The details of the Hartree-Fock calculation
are summarized in Appendix. B). As a solver of the Skyrme-Hartree-Fock
equation, we apply the Skyax code [46], in which the equation is solved in the
cylindrical coordinate space. As a Skyrme energy functional, we apply the
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UNEDF1 parameter set [47], which was parametrized to reproduce the energy
of fission isomers of the actinide nuclei. Fig. 8 shows the potential energy
surface of 23°U as a function of the quadrupole moment and the octupole
moment. The ground state is located around ()2 = 14b and QY3 = 0. By
fixing the value of ()2 and optimizing the energy in the ()3 direction, we can
determine the fission path as shown in fig. 8. Up to the first fission barrier,
the deformation is parity symmetric, and after the first barrier ()3 becomes
finite.
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[]

U
y (M

-1780.0

| Energ

1a

-1782.5
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-1785.0
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Figure 8: The potential energy of U as a function of Q, and Q3. The
upper-left corner of the figure is blank because the shape of the fissioning
nucleus is parity symmetric with small ()5. The green solid line shows the
fission path determined from the potential energy surface.

In numerical calculations of the GCM, generator coordinates are dis-
cretized. Following the previous work [16], we discretize the coordinate @
with the criterion that the overlap between the nearest neighbor local ground
state becomes (Q|Q’) = e~!. The range of Q is from @ = 14b, where ground
states are located to () = 83b just after the second fission barrier. Fig. 9
shows the potential energy curve along the fission path in the blue line as a
function of ). 13 reference points are selected after the discretization, and
we can confirm the first and second fission barriers around )» = 30b and
()2 = 60b, respectively.

From the reference states |@)), we generate many particle-hole excited
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Figure 9: The blue solid line shows the potential energy of 22U along the
fission path as a function of the quadrupole moment, (J5. It is scaled by
a factor of 0.71 (see the main text). The red dashed line shows the lowest
eigenenergy after diagonalizing each ()-block, off-diagonal elements of which

are the residual pairing interaction. The origin of the energy is set at the
lowest eigenvalue at (Qo=14b.
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states as
a0 @ Q) a0y 8l ) n@ (@) | Q) - (44)

These excited states are labeled by its particle-hole excitation energy F,, as
|Q, E,,). In the previous work, neutron particle-hole excitation up to 4 MeV
was taken into account [16]. Here we extend the model space to include
both proton and neutron excitations. The energy cutoff is set to 5 MeV
for both proton excitation and neutron excitation at each (). On the other
hand, the seniority quantum number of the configurations is restricted to zero
as in the previous work [16]. This is because the inclusion of finite seniority
configurations increases numerical cost drastically. Even in the seniority zero
case, the dimension of the Hamiltonian becomes 6.6 x 10* as shown in table
1, and it requires a huge numerical cost for the calculation of the Green
function.

Q2(barn) 14 18 23 29 34 39 46 51 57 62 67 74 79 83

total

dim. Ncor 2520 9794 15088 11577 2774 2940 3021 3150 2196 3752 2871 4420 Ngog

64103 + 2Ngor

Table 1: The dimension of the diagonal submatrices labeled by @2 in the
Hamiltonian (see fig.10). Ngog is the dimension of the GOE matrices, and
Ngor = 1000 is used in this chapter.

4.2 GCM kernels

The next step is the calculation of the off-diagonal elements of the norm
kernel and the Hamiltonian kernel. Based on the Gaussian overlap approxi-
mation, the off-diagonal term of the norm kernel between configurations at )
and )" decreases exponentially with the square of AQ = Q' — ). Therefore,
we neglect the off-diagonal term between blocks separated by more than two
blocks, making the norm kernel and the Hamiltonian kernel block-tridiagonal
(see fig. 10). We will refer to the diagonal sub-blocks as @-blocks. This
treatment also corresponds to the tight-binding approximation in solid state
systems.

In the actual calculations of the norm kernel, the off-diagonal matrix
elements between diabatically connected configurations are set to be e™!,
and other elements are set to zero. This treatment greatly reduces memory
usage when the matrices are stored in a sparse matrix format. Due to this
treatment, the Hamiltonian matrix also becomes sparse.
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Figure 10: A schematic illustration of the Hamiltonian matrix.

In the calculation of the Hamiltonian kernel, as residual interactions, we
apply a monopole pairing interaction,

Hpoir = =G Z azagagaj, (45)
i#]

and a diabatic interaction, [48]

<Q> Eﬂ|vdb‘Qlﬂ Eﬂ’> _ E(Q’ EM) + E(le E/L’)
<Q7EM’Q17EM’> 2

The pairing interaction connects configurations in the adiabatic way: the
deformation causes the band crossing, and the pairing interaction is neces-
sary to connect the ground state configurations before and after the crossing
[49]. On the other hand, the diabatic interaction connects diabatically con-
nected configurations complementarily. The monopole pairing strength G is
determined to reproduce the excitation energy of the first excited 0" state
of 256U, which becomes G = 0.16 MeV. Regarding h,, the value of hy is
microscopically estimated in ref. [16], and we use the same value, hy = 1.5
MeV.

+ h21n(<Q7 EM|Q,7 EN'))‘ (46)
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The red line in fig. 9 shows the lowest eigenvalue obtained by diagonaliz-
ing each ()-blocks. The height of a fission barrier is sensitive to the pairing
interaction, and we have to compare the red line in fig. 9 the experimental
fission barrier heights, not the blue line. To reproduce the barrier height 5.7
MeV [44], we scale the blue solid line in fig. 9 by a factor 0.71. Then we
diagonalize the Hamiltonian for each ()-block. Thereby, the top of the red
dashed line in fig. 9 is located at 5.7 MeV. As we have mentioned, in the
calculation of the Skyrme-Hartree-Fock equation, the axial symmetry is as-
sumed. On the other hand, the height of the first fission barrier is lowered by
the triaxial deformation [50], which may be the cause of the overestimation.

4.3 GOE matrices

The left-end @) block at () = 14b can be regarded as compound states, which
is well described by a GOE matrix. The GOE is characterized by two pa-
rameters, the dimension of the matrix Ngor and the size of the matrix el-
ements v in eq. (12). In the following calculation, we set v = 0.317 MeV
and Ngogr = 1000 with some arbitrariness. In addition, we shift the central
energy of the GOE matrix by adding the constant matrix. This energy cor-
responds to the excitation energy of the compound nucleus and depends on
the setup. The ()-block after the second fission barrier corresponds to the
doorway state to the fission decay, and it is highly excited. Therefore we also
replace the block at @) = 83b with a GOE matrix with the same parameter
with the GOE matrix at () = 14b.

4.4 Width matrices

The left-end GOE matrix includes neutron and capture decay widths. In
low-energy neutron reactions, one neutron channel is open [26]. Therefore
the matrix I',, has one diagonal component =, in the first diagonal compo-
nent. It gives the chi-squared distribution with the degrees of freedom one
as explained in sec. 2.3. On the other hand, there are multiple capture
channels, and I'c,, has the following structure,
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where fcap = Yeapd, with I being the unit matrix with the dimension Ngog.
Regarding fission width, since the right-end GOE configurations are the door-
way states of fission, ['gs is given by

0
1—‘ﬁs - o s (48)

where fﬁs = Yus/. Here we have assumed that I'c,, and I'ss do not have
off-diagonal parts. Using the reduced width amplitude g, ;, the decay width
matrix is represented as (I'y)i; = ¢ai0a;- When the system is highly ex-
cited, the configurations interact in a complex way, and the value of (I',); ;
becomes zero on average for ¢ # j. In our setup, the left-end and right-end
GOE matrices correspond to the compound states and scission configuration.
Therefore this treatment is justified.

To determine the size of decay widths 7, (a = n,cap, or fis), we employ
compound nucleus phenomenological formula [16],

T, = 2mpy,. (49)

Here T}, is the transmission coefficient for channel a, and p is the level density
of the compound states. In n+23U—230U* reaction, T, is parametrized as

T, = 2rS, B2, (50)

where Sy the is s-wave neutron strength function, and FE,, is incident neutron
energy in eV units. Sy is about 10™* and we take FE, = 10 keV. Thereby
T, = 0.063. Using p = 31.8MeV ™', ~, becomes 0.01 MeV. On the other
hand, the empirical value of Ti,, is about 0.25 [16]. Applying the same
formula in eq. (49), Yeap is estimated to be 0.00125 MeV.

The determination of g4 is more difficult. The value of 4, determined by
the S-matrix theory or the R-matrix theory referring to the experimental data
is not the fission width for the scission configurations but for the compound
configurations. In addition, in a theoretical view as well, its value has rarely
been investigated [51]. However, it is known that the transition probability
T, s is insensitive to the size of v [16]. It can be understood based on the
transition state picture. In this theory, the decay rate of fission is mainly
determined by the information of the saddle, and details after the fission
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barrier do not change the decay rate. It is because the flux passing through
the barrier is assumed not to be backscattered. The insensitivity to g
implies the validity of this assumption. In the calculation below, we use
s = 0.015 MeV referring ref. [16], which value is within the insensitive
range.

4.5 Calculation of the Green function

According to the discussion above, the Hamiltonian kernel has the following
structure,

(L

aigy (VT

V&) H,y Vi O
Vor Hy Vg

0 Vigie Hip (VE)T
v A,
Here O is zero matrix, and I:IéLO)E and ﬁggE are the GOE matrices includ-
ing the decay width. H; are diagonal block components ((Q)-blocks), and
Vi, V) and V) are the off-diagonal matrices connecting neighboring
configurations. We assume that the matrix elements of V(&) and V& fol-
low the Gaussian distributions with the variances set to be v, = 0.02 MeV
and v, = 0.03 MeV, respectively. These values are close to the strength of
the particle-hole random interaction 0.025 MeV which was estimated by the
overlap of the single particle orbitals [52].
The structure of the overlap kernel is similar to the Hamiltonian as

M 0 @)
) L 51,2
Soy Iy S
N — 2,1 2 '2,3 ’ (52>
O 511,12 Ly, O
O 1%

where [ is the identity matrix, and Sj i represents the overlap between neigh-
boring @-block configurations. Therefore, the matrix (EFN — H) also has the
same block-tridiagonal structure. We can utilize this special structure for the
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inversion calculation of the Green function G(E) as we explain in appendix

C.

4.6 The fission to capture branching ratio

Let us now numerically evaluate the branching ratio a=! = T s/ T cap- In
the experiment, o' is measured to be about 3 in low energy neutron reac-
tion of ?¥U [53], and we regard this value as a benchmark of the fidelity of
our model. Considering that in experiments cross-sections of neutron reac-
tions are measured within an energy resolution, we calculate energy-averaged
transmission coefficients (a = cap or fis)

1 E4+AE/2
TholE)) = —/ dE'T, .(E"), 53
Tl =35 ), () (5

where AF is an energy interval. We take AE = 0.25 MeV, which satisfies
the condition AE > 1/p. Furthermore, we have to take an ensemble average
of the transmission coefficients with different samples due to the usage of the
random matrices. With 100 samples, the statistical error becomes less than
10 %, and the results following are the ones obtained using 100 samples. Fig.
11 shows the energy and ensemble averaged transmission coefficients for the
capture and the fission as functions of the excitation energy. (T, ss) increases
as the energy increases, while (7}, c.p) decreases due to the conversation of
the total reaction probability. Figure 12 also plots the fission to capture
branching ratios, a™' = (T}, ) /(Theap)- At E = 6.5 MeV, that is close to
the neutron separation energy of U (S,, = 6.536 MeV) [44], o~ is 0.071 in
this calculation. This value underestimates the empirical value a=! ~ 3.0 by
a factor of about 40. It indicates that one needs to extend the model space
by including the finite seniority configurations to reproduce the empirical
branching ratio.

4.7 Distribution of Fg

In compound nucleus reactions, the number of decay channels is character-
ized by the degrees of freedom v. We examine this quantity using the the
distribution and the fluctuation of the fission probability

Pﬁs = n,ﬁs/Tn ~ Tn,ﬁs/(Tn,cap + Tn,ﬁs)- (54>
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Figure 11: The averaged transmission coefficients for capture (7}, cap(E)) (the
blue solid line) and for fission (7}, s(E)) (the orange dashed line). The sum
of these transmission coefficients is also plotted with the green dot-dashed
line. The vertical dotted line shows the height of the fission barrier located
at 5.7 MeV.
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Figure 12: The branching ratio a1 (E) = (T, 4s(E)) /{Ty.cap(E)) as a func-
tion of the excitation energy E. The vertical dotted line shows the height of
the fission barrier located at 5.7 MeV.
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Figure 13: Distributions of Pgs(F) for 1000 samples at E = 6.5 MeV. The
orange solid line shows a chi-squared distribution with v determined by the
maximum likelihood fit. The value of v is shown in the inset.

By dividing by 7T,,, the fluctuation of the input channel is canceled out,
and Py reflects the fluctuation of the fission channel only. The relation
T, ~ Ty cap + Thsis is derived from the conservation of the probability flux,
and its validity was numerically confirmed in the appendix in ref. [16].

The distribution of Pss with £ = 6.5 MeV is shown in fig. 14, which
is fitted by the chi-squared distribution given by eq. (13). It is remarkable
that the distribution is well-fitted by the chi-squared distribution with the
small value of v. In this model, the apparent number of the fission channels
is Ngor = 1000 in eq. (48), and the resultant value of ¥ = 1.25 is much
smaller than it. This value is also consistent with the estimate of Porter and
Thomas (v = 2.3+ 1.1) [26].

We also plot the value of v as a function of the excitation energy E in
fig. 14. v gradually increases as a function of E, which reflects the number
of open exit channels increases as the excitation energy increases.

We emphasize that this result is the first indication of the small number of
v in fission channels based on a microscopic approach without the transition
state assumption. In the next subsection, we will further discuss the value of
v based on a different approach: the effective Hamiltonian method. Thereby,
we try to reinforce the above discussion and clarify the mechanism of the
small number of v.
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Figure 14: The number of degrees of the freedom v obtained by fitting the
distribution of transmission coefficients for fission to the chi-squared distri-
bution. The blue diamond is the empirical estimate of v in ref. [26], while
the star represents the data from ENDF/B-VIIL.0 [54]. The vertical dotted
line denotes the height of the fission barrier.

4.8 Effective Hamiltonian H.g

The distribution of Pgs close to the chi-squared distribution is explained
by the properties of the GOE matrix included in the Hamiltonian in eq.
(51). To clarify it, we divide the model space into the compound nucleus
configurations (the left-end GOE) and the other spaces as

J25) VINT
i = (Hgoe (VIIT) (55)
1 Ho

where Hg is the Hamiltonian in the model space excluding HéL(gE and V@)
is defined as V) = (VB 0,0,---,0)T. In the discussion here, only the
fission channels play a role and we set I',, = I'c,, = 0. The overlap kernel N
is expressed in the same way;,

(5 )
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The effective Hamiltonian for the space of HéLO)E is constructed as

He(E) = Hiop + VP (ENg — Ho) (V)T
= HE. + A(E) — iTeg(E) /2. (57)

Here HéchE + A(E) and —I'es(F)/2 are the real and the imaginary parts
of the effective Hamiltonian, respectively. I'oz(E) corresponds to the fission
width for the compound states. Notice that the fission width in eq. (48)
is the width for the fission doorway configurations, not for the compound
states.

If A(E) is negligibly small, the real part of Hes(E) becomes a GOE
matrix, and we can apply the discussion in sec. 2.3. That is, the rank of the
decay width matrix corresponds to the degrees of freedom. Fig. 15 shows
the eigenvalues of I'eg with E = 5.5 MeV and 6.5 MeV for specific random
seeds. There is a clear gap between large eigenvalues and negligibly small
eigenvalues. It suggests that there are small number of dominant fission
modes, and the others do not play a role. The dimension of I'eg is Ngog =
1000, and the number of the dominant fission mode is significantly smaller
than it. These modes are considered to be the microscopic counterparts of
transition states.

Next, to understand the small value of v shown in fig. 14, we analyze
the rank of I'eg as discussed in sec. 2.3. To numerically calculate the rank
of Teg, we shall set 1072 for the threshold value, which is indicated by the
dotted line in fig. 15. Therefore the rank of ['¢ is the number of the singular
values larger than the threshold 1072. Fig. 16 plots the rank of I'ez as a
function of . It exhibits a similar behavior to fig. 14, and the small number
of v = rank(Ieg) is reproduced. At E = 5.5 MeV rank(Ieg) ~ 1. It indicates
that the first open channel is around the height of the fission barrier 5.7 MeV,
and consistent with the transition state picture.

We also find the insensitivity of rank(Ie) to the size of the right-end GOE
matrix Ngog, as shown in fig. 16. This is consistent with the experimental
finding that the number of apparent fission channels is not related to the
degrees of freedom v.

4.9 Discussion

In the previous subsections, we have shown that the fission channels have a
small number of degrees of freedom. To understand its mechanism micro-
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Figure 15: The eigenvalues of I'.g at E=5.5 MeV (the blue circles) and
6.5 MeV (the orange diamonds) for a typical sample. They are plotted in
descending order. The dotted line shows the threshold value 1072 used to
calculate the rank of I'.g.
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Figure 16: The rank of I'.g as a function of excitation energy, obtained
after averaging over 100 samples. The different lines indicate the results of
different dimensions of the right-end GOE matrix. The blue diamond shows
the empirical estimate of v [26].
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scopically, we go back to the trace formula in eq. (29). Here I, and I'¢,, are
reintroduced.
With the setup of our model of the width, the transition probability reads,

Tn,ﬁs = YnVfis Z |Gn7j|2' (58)

jefis

Here the neutron channel n represents a specific configuration in the left-
end GOE and the fission channel includes all configurations in the right-end
GOE. Then we apply a spectral decomposition of the Green function G(FE)
as

GolB) = 35 =y U (59)

Here fi(’\) is a solution of the Hill-Wheeler equation

S (H - ExN) Y =0, (60)

J

with the GCM kernels in eqgs.(40) and (41). In general, the Hamiltonian
matrix is not Hermitian, and the Green function should be decomposed using
a non-identical left-eigenvector and right-eigenvector. However, in our setup,
the imaginary parts in the Hamiltonian are small and can be perturbatively
treated. Thus the imaginary part of the eigenvalue I'y is given by

A) A
Dy = () (i 4+ Teap + Do) (61)
1,
and we use the eigenvector fi(’\) of the non-perturbative Hamiltonian in eq.
(59). Then we substitute eq. (59) into eq. (92), and the transition probability
becomes

2
Tn,ﬁs = TnVfs Z (E E|)\f1 | /2 Z |f

jJ€Efis
Z Z ( ) (>\’) f( )fO\ )%
+ Yo Veis . (62)
A#A’]Gﬁs E E)‘ E— ES\)

Based on this expression, we can understand how each eigenstates contribute
to the transition process. Taking an ensemble average of T}, g5, the expression
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Figure 17: The spectrum decomposition of the transmission coefficient for
fission at £ = 5.5 MeV defined by eq. (63).

becomes simplified. To this end, we notice that f,g’\) follows a Gaussian
distribution when £k is for the neutron or the fission channels. This is because
amplitudes of GOE eigenstates follow in general a Gaussian distribution, and
this property is expected to be conserved in our model as long as the couplings
between the GOE matrices and the bridge Hamiltonian are not too strong.
The coefficients f](’\) f;)‘,) follow the independent Gauss distributions when
A # X, and thereby the second term in eq. (82) vanish after the average.
Finally, ensemble averaged transmission coefficients for fission becomes

<Tn,ﬁs(E)> = Tn"Vfis Z(‘f)\(QLa En)|2>

A

e FA/2><ZUAQR, > (63)

where ()7, and Qg denote the left-most and the right-most configurations,
respectively. Here (T}, 45(£)) is decomposed into a sum of contributions of
each GCM eigenstates \.

Let us investigate how many eigenstates contribute to the transition prob-
ability 7T}, ss. Fig. 17 plots the contribution of each eigenmodes for £ = 5.5
MeV as a function of E). Due to the Breit-Wigner term acting as an energy
window, the eigenstates whose F) is close to the excitation energy E only
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Table 2: The breakdown of eq. (63) at E = 5.5 MeV for specific eigenstates,
including the dominant eigenmode (at E), = 5.4999 MeV) shown in the
bottom panel in fig. 17. The table also lists the value of I'y defined by eq.
(91).

Ey (MeV) | |A(Qr, En)|? W > I A(@r, EL)P | the product | T'y (MeV)
5.4946 2.56 x 107 3.51 x 10* 2.82 x 1072 2.58x107% | 4.23x1074
5.4969 1.30 x 10=° 9.04 x 10* 2.26 x 1076 2.68x107% | 5.68x 1074
5.4999 1.17 x 1077 6.22 x 10° 5.34 x 1072 3.89x1072% | 8.02x10~*
5.5008 9.54 x 107 1.66 x 10° 3.59 x 1073 5.68x107° | 5.39x107°
5.5032 1.41 x 1077 6.57 x 10* 2.96 x 1071 2.74x107% | 4.45x1073

contribute to 7}, 5. The breakdown of each term in eq. (63) for five eigen-
states around the dominant eigenmode is shown in table 2. One can see that
the components both at the left-most and the right-most @) are relatively
large for the dominant eigenmode as compared to those for the other eigen-
modes. This is a necessary condition to have a large transmission coefficient,
as is evident from eq. (63).

4.10 Rank of the matrix ['.g

In the previous subsection, we have discussed the smallness of degrees of

freedom, v, in terms of the spectrum decomposition of the Green function.

Here we present an alternative explanation of the smallness of v based on

the rank of I'eg. As shown in fig.16, e has a low-rank structure, and the

value of rank corresponds to the degrees of freedom in the fission channels.

Here we analytically evaluate the rank of I'eg to explain the smallness of v.
From eq. (57), Teg is given by,

(Tem)ij =2 Valm((Go)w) (V7 )i, (64)

where G denotes the Green function corresponding to Hy,
Gq = (ENg — Ho)™", (65)

and V is simple expression of V(). Then we decompose G into its eigen-
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states \ as

(GQlu = ZOM G)aOy. (66)

Here, (éQ)A denotes the eigenvalue of G and O is defined as O = <f1, f;, ey fN>

with the column-vectors f; representing the GCM weight functions. Substi-
tuting eq. (66) into eq. (65), ['eg reads

Ter)is = Y Viue\(Q1,E)

NEy, !
Y
X
(E =B+ (%)
where )y is the first Q-block in ) space at () = 18b and £, denotes the label
for the configurations at ;. The rank of a matrix VAV? is known to be

equal to the rank of the symmetric matrix A [55], and thereby the rank of
the matrix ey is equal to the rank of ), Ay, defined as

I (Qh ) 3(Qu.E 1) (67>

Iy

(A/\)u,u' = (@1, Eu) (E — E))? + (TA)

Q1 E). (68)

Applying the relation

rank (Z A)\> < Zrank(A)\), (69)

one can analyze the rank of each A, separately. Furthermore A, is rank-1
matrix and it has only one nonzero eigenvalue ay. It is equal to Tr(A,) and
evaluated as

L'y
axz;ux(Ql,Ekﬂ =Byt (D)

-~ 9 VﬁS(ZEl |f’n(QR7El)|2)
) (?NQ“E’“)' ) E-Byr+(G) o

In the last line, we apply the perturbative expression of I'y in eq. (91). This
expression is analogous to eq. (63). In eq. (70), only the eigenstates which
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have enough amplitude at both ) = @)1 and ) = Qg and whose eigenenergy
is close to E contributes to the rank of I'yg.

1.75+

=
ul
o

Eigenvalues of A,

°

0.00-— " oy " "

5.3 5.4 5.5 5.6 5.7
Ex(MeV)

Figure 18: Eigenvalues of A,, defined in eq. (68) as a function of eigenenergy
E,.

The eigenvalues of A,, that is, ay for our model at £ = 5.5 MeV are
shown as a function of F in fig. 18. One can see that most of a, are almost
zero, and only two of them have significant values. That is, only two matrices
of A, have rank 1 while the rest may be regarded to have rank 0. Therefore
effectively ), rank(A,) is 2, which provides the upper limit of rank(I'es) as
rank(I'eg) < 2. This is a direct proof why the rank(I'es) is small as shown in
fig. 14.
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5 Application of the shift-invert Lanczos al-
gorithm to a nonequilibrium Green’s func-
tion for transport problems

The NEGF method is a powerful tool to describe the transport properties
in fermionic many-body systems. On the other hand, NEGF methods re-
quire a significant numerical cost, especially for calculations of the Green
function. To overcome this problem, many numerical methods have been
proposed [56, 57, 58]. However, the applicability of these methods is limited
by the structure of the considered Hamiltonian, such as the block-tridiagonal
structure.

In this section, we discuss the applicability of the Lanczos method to the
NEGF method. Applying the spectrum decomposition of the Green function,
we can transform the calculation of the Green function to the eigenvalue
problem. On the other hand, the Lanczos method is known to be an efficient
tool to solve eigenvalue problems. Therefore, there is a possibility that it
reduces the numerical cost of the NEGF method without assuming special
structures of the Hamiltonian matrix, and we demonstrate it.

The contents in this chapter are summarized in ref. [42]

5.1 The Lancozs algorithm

Consider the eigenvalue problems for a Hamiltonian H,
Hy = Eq. (71)

The numerical cost of the direct diagonalization increases cubically to the
dimension of the Hamiltonian. On the other hand, the dimension of the
Hamiltonian increases exponentially to the number of particles considered,
and it complicates the numerical approach to many-body systems.

The Lanczos algorithm is a powerful method to overcome these problems.
If one is interested in the eigenstates only around the ground state, this
method calculates a small set of these eigenstates efficiently. For example,
in nuclear spectroscopy, if we are interested in transitions among low-lying
states, the application of the Lanczos to the Hamiltonian in many-particle
many-hole configuration space is a promising way to calculate these levels
and transitions.
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In this algorithm, first, we introduce the Krylov subspace
span{q, Hq, H*q, ..., H"'q}. (72)

Here ¢ is an arbitrary initial vector and n is the dimension of the subspace.
Usually, n is much smaller than the dimension of H. Then the original
Hamiltonian H can be tridiagonalized in this subspace in the following way.
First, we prepare the initial Lanczos vector, vy = ¢/|q]. Then we start the
Lanczos iteration with gy = 0 and v_; =0,

ay = (HU, Ux), (73)
W = Hvj, — BUk—1 — Uy, (74)
Bre1 =[], (75)
and
17k:+1 = w/ﬂkﬂ- (76)
Using the matrix
V = (0o, V1, ey Un_1), (77)
the original Hamiltonian H is projected into the Krylov subspace as
T=VHV. (78)
Here T is the tridiagonal matrix,
ap B
Bi ar P
ﬁan Qp—9 ﬁnfl

ﬁn—l Q1

and the eigenvalues of T approximate the eigenvalues of H. The eigenvector
of T, v is related to the eigenvector of H, 1 as ¢ = V).
The initial vector ¢ can be decomposed using ;, the eigenvectors of H,

q= Z ait;. (80)
Then the other vectors in eq. (7 2) reads,
Z a;(E;)" i), (81)

where F; is the eigenvalue for ;. Thereby the eigenstates with large abso-
lute value of the eigenvalue are dominately selected, and the approximate
eigenvalues of H are obtained in order of the magnitude of the eigenvalues.
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5.2 The shift-invert Lancozs algorithm

Notice that the equation of the transmission coefficients in the spectral de-
composed representation is given by,

(/\ )%

Tob =YW Y MWWf”P +77§: T . (82)
N (B - Ey)? A+ (D ‘ (E — Ey)( E—E’A)*

This equation suggests that due to the energy dominator those eigenstates
whose eigenvalue F), is close to the excitation energy E' dominantly contribute
to the transition process. This motivates calculating these dominant eigen-
states and approximating 7}, by these selected states. However, there is a
problem that the Lanczos algorithm can only calculate eigenstates around the
ground states or the top of the spectrum, though in general the eigenstates
around the excitation energy E are neither of those. In the case of neutron-
induced fission, an excitation energy is typically 6 ~ 8 MeV, and there are
amount of states between the ground state and the considered excited states.

To avoid this difficulty, we apply the shift-invert Lanczos method [59]. In
this method, the original eigenvalue problem Hvy = Ev is first transformed
to

(H —ol)y = (E— o), (83)

where o is a real parameter and [ is the identity matrix. Then we apply
(E— o) '(H —oI)™! to the both sides of eq. (83), and we obtain

(H — o) = (B - o) ", (84)

Here the original eigenvalue problems is transformed into the eigenvalue prob-
lem of the matrix (H — ¢I)~!, and the eigenvalues around o have large ab-
solute values due to the form of (E — )~!. Thereby applying the Lanczos
iteration to the matrix (H —oI)~! we can efficiently calculate the eigenstate
whose eigenenergy is close to o.

Remembering the Lanczos iteration in sec. 5.1, we do not need the in-
version matrix (H — ol)™! itself, but the Lanczos vector multiplied by the
inversion matrix, (H — ol)7'v;. This can be done by solving the linear
equation,

(H —ol)Z = v, (85)

using the LU factorization or other methods. This series of procedures
is called the shift-invert Lanczos method, and it has been implemented in
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ARPACK [60], which is a numerical software library written in FORTRAN
77. In the next subsections, we apply this method to the NEGF formalism
and demonstrate its effectiveness.

5.3 GOE+barrier+GOE model

As a first example, we apply our method to a simple model Hamiltonian.
It has been used to model and discuss the transition state dynamics in refs.
(61, 62, 63]. The model Hamiltonian is given by

H Vi 0
H= |Vl B, VI]. (86)
0 Vo H,

Here H; and Hs are random matrices sampled from the GOE. As discussed
in sec.2.3, the GOE matrix is parametrized by the two parameters, v and
Ngog. In the calculation shown below, we take Ngog = 100 and v = 0.1 in
the units of the typical energy scale of the system for both H; and Hs. In this
subsection, all quantities related to energy are scaled in a similar way to the
typical energy scale of the system. B, is a real scalar number and represents
the height of a potential barrier. In the following, we take B, = 2. The
vectors V; and V5 connect the GOE matrices and the barrier configuration.
The elements of V; and V5 are random numbers sampled from the normal
distribution with a mean value of zero and a standard deviation of 0.1.

We assume that H; is connected to two different kinds of external chan-
nels, the input channel T';, and the left output channels I';,. On the other
hand, H, is assumed to connect to the right output channels I'r. In the
problem of neutron induced fission reactions, I'y,, I'r,, and I'g correspond to
a neutron channel, capture channels, and fission channels, respectively. The
decay matrices corresponding to these channels are given by,

(Cin) ki = YinOk,10k7 1, (87)
I 00

I'y, = 0 0 0], (88)
0 00

and

00 0

I'r=10 0 O (89)
0 0 i
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For the size of the decay matrices, we take v, = 1.25 x 1073, ~, = 3.25 X
1073, and vg = 1 x 1073, which are much smaller than the real parts of the
Hamiltonian matrix elements, v = 0.1 in eq. (86). Since the values of 7 are
small, one can perturbatively treat the decay matrix I' = I';, + I'r + ', to
evaluate the eigenstaets of the non-Hermitian matrix H — ¢I'/2. That is, we
first solve the Schrodinger equation without the imaginary part as

Hf\ = E\N fj, (90)

and then evaluate the imaginary part of the eigenvalues approximately as
[y = Z ()il L. (91)

A similar simplified treatment of the decay matrices was employed in the
previous chapter.
In our setup, the trace formula (42) is transformed to

Tor = Y r Y 1G1jl* (92)
JER
and
7—1in,L = YinVL Z ’Gl,j’2- (93>
jEL

Then applying the spectrum decomposition of the Green function, 15 ; reads,

(a2l (P2 (Fal B )5 (A ()
= - Bt TP T 2 (B = BB Y

pY

In our approach, we calculate k eigenstates around the excitation energy
E by setting ¢ = FE in the shift-invert Lanczos method and use these k
eigenstates to calculate T, by reducing the summation in eq. (94) as

Yo=Y (95)

A=1

The dimension of the Hamiltonian in eq. (86) is 201, and we can easily
calculate the inverse matrix (£ — H)™! in a direct way. Then we compare
the transmission coefficients obtained by the direct method to those with the
shift-invert Lanczos method.
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Figure 19: The ratio of transmission coefficients for the Hamiltonian in eq.
(86) calculated by the direct matrix inversion and the shift-invert Lanczos
approach. The number of eigenstates k included in the shift-invert Lanczos
calculation is shown on the horizontal axis. Calculations for Ti, 1, and Ti, r
are shown in the upper and lower panels, respectively.

Since the Hamiltonian in eq. (86) includes the random matrices, we need
to take an ensemble average to calculate physical quantities. The ratio of the
ensemble averaged transition probabilities at £/ = 0 calculated with the shift-
invert Lanczos method to those with the direct method is shown in fig. 30.
The horizontal axis in fig. 30 is the number of the eigenstates k used in the
summation in eq. (95). In the cases with 1 sample, the transition coefficients
obtained with the shift-invert Lanczos method do not converge even with
large values of k. As the sample number increases, the ratios become close
to one. With 100 samples, the error becomes less than 1% for both 7i, 1, and

Tinr at k = 20.
Next, we consider a case where i, 71,, and g are no longer smaller than
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the real part of the Hamiltonian, which corresponds to the case that the
resonances are overlapping with each other. In this case, the perturbative
treatment of I" in eq. (91) is not justified, and one needs to solve the eigen-
value equation for the Hamiltonian H — %F itself. The Lanczos algorithm
is only applicable to the symmetric or Hermite Hamiltonian, and instead we
have to use the Arnoldi algorithm, which is a generalization of the Lanczos
algorithm [60]. In the Arnoldi algorithm, the original Hamiltonian matrix H
is transformed into a Hessenberg matrix as

hin hia his ... hin
h21 h22 h23 oo h2n

]:I = QHQT — 0 h32 h33 . hgn , (96)
hnfl,n hn,n

where the matrix @ is constructed by aligning the Arnoldi vectors ¢;. H
approximates the original Hamiltonian in the Krylov subspace and its eigen-
values approximate the original ones.

We apply the shift-invert Arnoldi algorithm to the Hamiltonian H — %

and calculate the right eigenvector f,\, the left eigenvector f,\ and its complex
eigenvalues E) — %I‘A. Then we substitute them into eq. (82) directly and
calculate the transition probabilities Ti, 1, and Ti,g. Figure. 20 shows the
results for v, = v = g = 0.1, while the other parameters are set to be
the same as before. One can confirm that the transmission coefficients with
the Arnoldi algorithm are converged to those with direct calculations when
the value of k is large enough. The number of k required is larger compared
to the case with the smaller decay widths shown in fig. 30. The slower
convergence can be easily understood with eq. (82), which indicates that
more eigenstates contribute to the transition process with larger values of
widths.

5.4 23U with seniority zero configurations

Next, we apply the same approach to a case of neutron-induced fission of
2361, The setup of the Hamiltonian is the same as the one used in chapter
4. We use the UNEDF1 parameter set to solve the Skyrme-Hartree-Fock eq.
and calculate the reference states along the fission path labeled by (5. Then
we generate many-particle many-hole excited states at each ()5, calculate the
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Hamiltonian kernel and the norm kernel following the GCM procedure, and
replace the first and the last @)-blocks with the GOE matrices. Finally, we
add the decay matrices to the Hamiltonian kernel and calculate the transition
probability T}, cap or T}, 5s. Notice that in this case, we have to solve the
generalized eigenvalue problems

Hf =ENf (97)

to calculate the eigenstates. The shift-invert Lancozs method is known to
be applicable to the generalized eigenvalue problems by simply replacing the
identity matrix I with the overlap matrix N in eqs. (83, 84).

The following calculations were performed using a single node equipped
in Yukawa-21 supercomputer at the Yukawa Institute for Theoretical Physics
(YITP), Kyoto University. We apply the ZGETRF and ZGETRI subroutines
included in LAPACK [64] for the calculations of the matrix inversion. On the
other hand, the ARPACK library is used for the calculation of the shift-invert
Lanczos algorithm [60].

Fig. 21 shows the ratios of the transition probabilities calculated with
the shift-invert Lanczos method to those with the direct method. By taking
an ensemble average with 100 samples, the error of our approach is smaller
than 3% for both capture and fission, as shown by the red lines. Moreover,
one can also observe that the result is almost converged with £ = 10. That
is, we need only as small as 10 eigenstates to represent the Green function,
whose dimension is 66103.
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Figure 22: (The upper panel) The real computational time for the shift-
invert Lanczos method and the direct matrix inversion. To draw this figure,
the left-end and the right-end GOE matrices are fixed and the number of
intermediate (Q-blocks is increased one by one. The quantity k in the legend
denotes the number of eigenvectors calculated with the shift-invert Lanczos
method. See the text for details of the numerical calculations. (The lower
panel) Similar to the upper panel, but for the CPU times.

Next, we discuss the computation times needed to compute the Green
function,

G(E) = (EN _(H- %r)) - (98)

In the following calculations, we fix the left-end and the right-end GOE
matrices and increase the number of the intermediate subblocks H; and V; ;1
one by one. We measure the needed times for the matrix inversion or the
shift-invert Lanczos calculation. The upper and lower pannes in fig. 22 show
the real times and the CPU times as a function of the matrix dimension,
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Table 3: The computational times required to compute the Green function
with the direct matrix inversion method and with the shift-invert Lanczos

method.
dimension direct shift-invert Lanczos

k=1 k=10 k=20

4520 3.59 1.18 1.51 1.89
Real time(s) 43753 2.01 x 103 | 511 x 10 | 7.26 x 10 | 8.17 x 10
66103 (full) | 7.03 x 10 | 1.22 x 10% | 1.67 x 10* | 2.10 x 10?
4520 2.04 x 103 | 3.35 x 10% | 3.42 x 10? | 3.81 x 10?
CPU time(s) 43753 2.21 x 10° | 4.17 x 103 | 6.57 x 103 | 7.51 x 103
66103 (full) | 7.77 x 105 | 9.14 x 10® | 1.41 x 10* | 1.93 x 104

respectively. As shown in the panels, the shift-invert Lanczos method reduces
the computational times with any value of k. For the dimension of 66103, the
shift-invert Lanczos method is faster by a factor of about 34.0 in real time
and about 40.3 in the CPU time as compared to the direct matrix inversion.
The computation times are also summarized in table 3.
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6 Realstic model space calculations with fi-
nite seniority configurations

In the previous chapters, we have taken into account seniority zero configu-
rations only due to the restriction of the numerical cost. Even in this case,
the dimension of the Hamiltonian is about 66 thousand, and the repeated
calculation of the Green function requires a huge numerical cost. In addition,
we have replaced the left-end and right-end @ blocks with the GOE matrices.
Due to this treatment, we have to introduce the parameters of interaction
strength by hand. It introduces uncertainty to the resultant transmission
coefficients, and it is desirable to remove it for a reliable calculation. If we
remove these two restrictions and take into account realistic model spaces
including the compound nucleus configurations, the dimension of the Hamil-
tonian becomes the order of 10° to 10° [16]. Consequently, the numerical
costs become huge. In this chapter, we tackle this problem and execute a
realistic calculation of the transmission coefficients.

—— seniority 0
seniority 2

—— seniority 4

—— seniority > 4

105 4
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o
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5.0 5.5 6.0 6.5 7.0 7.5 8.0
Emax

Figure 23: The number of configurations with different seniority numbers
whose particle-hole excitation energy is lower than FE,,... The particle-hole
excited configurations are generated from the Hartree-Fock wave function of

26U at Q2 = 14 b. We use the UNEDF1 parameter set for the Hartree-Fock
calculation.
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6.1 Inclusion of finite seniority configurations

The seniority quantum number is defined as the number of particles not
forming the Kramers pair. Fig. 23 shows the number of configurations of
236U whose excitation energy is under Ey... The particle-excited states are
generated from the ground state at () = 14b, and the lines in the figure corre-
spond to configurations with different seniority numbers. This figure clearly
shows that incorporating only seniority zero configurations is insufficient for
a realistic description of nuclear fission. In addition, the proton-neutron
particle-hole interaction is known to be important in a transport coefficient
of induced fission [65]. However, this interaction can not be included unless
finite seniority configurations are incorporated.

The inclusion of finite seniority configurations increases the size of the
Hamiltonian matrix and makes numerical calculation difficult. To mitigate
numerical difficulty, we introduce energy cutoff in a ()-dependent manner.
With the deformation energy V(@) and the particle-hole excitation energy
of configuration i at @, F;(Q), we take into account configurations satisfying
the condition,

Ez(Q) + V(Q) S Erna)m (99>

where the energy cutoff F,,.. is constant. Compared to the energy cutoff
criterion in chap. 4, configurations dominantly contributing to nuclear fission
are incorporated avoiding the increase of the matrix dimension.

Then we discretize the fission path and generate particle-hole excited
configurations from reference states. As the discretization criterion, we have
taken into account the neighboring reference states satisfying (Q;|Qiy1) ~
e~!, in chapters 4 and 5. To execute more reliable calculations, we have to
precisely determine the value of overlap.

We use the same fission path shown in fig. 8 and discretize it with dif-
ferent overlap sizes. Next, we calculate the Hamiltonian matrix elements
and the overlap matrix. As residual interactions, we apply the monopole
pairing interaction, the diabatic interaction, and the particle-hole random
interaction,

H,ph = VsanT aja}alak, (100)
ijkl
where r is a random number sampled from the standard distribution. The
value of v,,, was estimated microscopically in ref. [52], and we apply vy, =
0.025 MeV for proton-neutron channels and v.,, = 0.02 MeV for neutron-
neutron and proton-proton channels, respectively.
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Figure 24: The GCM ground state energy with different overlaps between
neighboring reference states. The energy cutoff of the GCM basis is Ep.x = 7
MeV, and the details of other parameters are explained in the main text.

Then we solve the the Hill-Wheeler eq. and examine the convergence of
GCM ground energies. Fig. 24 shows the obtained GCM ground energies
with different overlap size. The energy gradually decreases as the overlap
increases, though it suddenly decreases between 0.5 and 0.55. It signifies the
numerical instability due to the overcompleteness of the GCM basis. There-
fore, in the following calculations, we use 0.5 as the size of the neighboring
overlap.

6.2 Description of the compound nucleus configura-
tions

In the previous chapters, we have replaced the parts of the Hamiltonian
matrix with the GOE matrices. However, due to the usage of the GOE
matrices, we have to introduce phenomenological parameters, the dimension
of the GOE matrix and the size of the GOE matrix elements, and it intro-
duces uncertainty to our theoretical calculations. In addition, in neutron-
induced fission reactions of neutron-rich nuclei, which are important in the
r-process nucleosynthesis, the excitation energy of the mother nucleus is not
high enough to form a compound nucleus. In this case, the usage of the GOE
matrix is not justified.
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Therefore, in this chapter, we directly calculate the Hamiltonian matrix
for compound nucleus configurations (left-end) and fission doorway configu-
rations (right-end) from the Hartree-Fock wave functions. For the calculation
of the compound nucleus and fission doorway configurations, the particle-hole
excited states are taken into account up to Epay in eq. (99).

The Hamiltonian submatrices corresponding to the compound nucleus
and fission doorway configurations include decay width matrices. Unlike
previous chapters, compound nucleus configurations and fission doorway con-
figurations have finite overlaps between other basis functions. Consequently,
the decay width matrices should be modified from the diagonal ones used in
chap. 4.4. The width matrices are defined as [52]

(Fn)i,j = ’YnNn,iNn,jy (10]‘)
(Fcap)i,j = Yeap Z Nk,iNk,ja (102)
kecap
and
(Fﬁs)i,j = Vfs Z Nk,iNk,j7 (103>
kefis

where N is the overlap matrix. This form of decay width matrices is de-
termined to make decay width matrices diagonal after the Lowdin transfor-
mation, and the detail is discussed in appendix A. The neutron channel n
and the capture channels are a single configuration and multiple configura-
tions respectively in the left-end ()-block. The excitation energy of these
configurations should be around F,, + S,. The fission channels are the all
configurations in the fission doorway states.

In the previous chapters, we estimated the size of the decay widths ~;
using these equations,

T; = 2mpy;, (104)
T, = 2rS, B2, (105)

and
Trap = 0.25. (106)

However, these formulas should be used with the assumption of the com-
plete compound nucleus formation, and this is not the case in our model.
Fig. 25 shows the distribution of the component of the eigenvector having
eigenenergy around 6.546 MeV. This eigenstate is obtained by diagonalizing
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Figure 25: The distribution of coefficients of an eigenvector at () = 14 b.
The red lines shows the result of the Gaussian fitting.

the first diagonal submatrix in the total Hamiltonian matrix, which includes
the particle-hole excitation configurations at () = 14b up to Fy.x = 7 MeV.
This distribution is not perfectly fitted by the Gauss distribution contrary to
the eigenvector of the GOE matrix (see fig. 4). All matrix elements of the
GOE matrix have non-zero characters. However, the Hamiltonian matrix for
the configurations we take is not dense but sparse due to the two-body nature
of the residual interactions. Therefore, its behavior deviates from the GOE
matrix. Similar results were reported in the studies applying the embedded
GOE matrix [66]. Hence, the eq. (104) can not be applied directly, and we
make modifications to that formula. In the following calculation, we assume
the linear relationship of T; and I'; as

T; = faor2mpyi, (107)

and rescale 7, and 7., by the factor foor. Thereby, we determine the value
of faor which reproduces the results in the case of the GOE matrix.

Fig. 26 shows the dependence of T, cop, on the factor feor. The number
of the neutron channels is one and that of the capture channels is 77 [44].
In the calculation of T, cop, We take an energy average of the input channel
around the energy £ = S, + E,, = (6.536 + 0.01) MeV with a range of 0.5
keV. Fig. 26 shows that the dependence of T, cap 01 for is well fitted by a
quadratic function. On the other hand, using egs. (105,106) and the GOE
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Figure 26: T, cap as a function of fgop. The values of the neutron decay
width and the capture decay width are determined by eqgs.(105,106,107). On
the other hand, I'gs is set to be zero. The horizontal dotted line indicates
T, cap = 0.036 obtained by the GOE matrix and eq. (104).

matrix, 7}, cap becomes 0.036. Therefore, by interpolation, we determine the
value of fgop with which T, .., equals 0.036. In the same way, we determine
the value of fgop with different E,,.., and the results are summarized in
table 4.

On the other hand, the determination of 7 is relatively simple. In the
previous works, the insensitivity of results to the size of 45 was reported
[16, 52]. The insensitivity can be confirmed even in the case with finite-
seniority configurations. Fig. 27 shows the values of o~ with different ~gs.
The energy cutoff is F.. = 7 MeV, and a random seed is fixed in this
calculation. This result reproduces the insensitivity reported in ref. [16].
Therefore, in the following calculations, we use 45 = 0.15 MeV, with which
the result converges.

6.3 calculation of the transmission coefficients

In order to calculate the transmission coefficients T}, cap and T}, g5, we have to
solve the linear equation,

(EN — H)G(E) = I, (108)
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Figure 27: The fission to capture branching ratio o' with different vg5. The
ensemble average and the energy average are not taken, and the calculation
is done with a fixed random seed.

where [ is the identity matrix. With the inclusion of the finite seniority
configurations, Ngi, becomes O(10%). When Ngi,, = 5x 105, for instance, the
memory size of the Hamiltonian matrix becomes (848)x (5x10%) x (5% 10°) =
4T bytes. It exceeds a typical memory capacity of supercomputer systems.
Therefore, the usage of sparse matrix formats is almost mandatory. Because
we apply residual two-body interactions in the calculation of the Hamiltonian
matrix, the Hamiltonian matrix becomes sparse. The percentage of finite
matrix elements is about 0.01 %, and the required memory size does not
exceed 1G bytes.

In addition, we can notice that the neutron input channel n is single
and the corresponding few lines of the Green function are enough for the
calculation of the fission probability. If decay matrices are diagonal, the
fission transmission coefficient becomes

Tn,ﬁs = Tn s Z |Gn,z

i€fis

2 (109)

Also, the Green function G(F) is a complex symmetric matrix. Therefore it
is enough to calculate the single column of the Green function

> (EN - H); ;G = (0,...,0,1,0,...,0)] (110)

1)

J
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where one component of the right-hand side vector corresponding to the
channel n is one. Actually, the decay matrices are non-diagonal as defined
in eqs. (101-103). However, even in this case, it is enough to make small
modifications in eq. (109), and we need to calculate two lines of the Green
function matrix to obtain 7, 5s. We detail this point in appendix D.

To solve the simultaneous linear equations in eq. (110), instead of the
LU decomposition which destroys the sparsity of a matrix, we apply the
LSMR algorithm to solve linear equation eq. (110) [67]. This method is
mathematically equivalent to the minimal residual method. However, it is
more robust than the minimal residual method or other ones. The LSMR
algorithm is implemented in SciPy and CuPy libraries, and we use the latter
implementation to make use of the NVIDIA A100 GPU equipped in SQUID
supercomputer system at Osaka University.

6.4 Results

In a similar way to the previous subsection, we determine the parameters in-
cluded in our model. First, we generate seniority-zero configurations only up
to Fmax and determine the pairing strength G to reproduce the excitation en-
ergy of the second 0" state. Then we calculate the fission path and discretize
it based on the criterion that (Q;|Q;+1) ~ 0.5. It generates the chain of the
@-blocks: @ = 14,17,20,24, 28, 31, 36,39, 44,49, 53, 56, 59,62, 66,69, 72, 79,
and 84. Next, we determine the value of factor f to reproduce experimental
fission barrier height, 5.7 MeV [44]. After that, we generate finite seniority
particle-hole excited states at each (), and the size of each ()-blocks are de-
termined. The resultant values of G and f are summarized in table 4, and
the sizes of each -blocks are also plotted in fig. 28.

Table 4: The determined values of G, f, and fgor with different Fy ..

Enax(MeV) | G (MeV) / faok
6.0 -0.1425 | 0.6810 | 35070
6.5 -0.1448 | 0.6905 | 23954
7.0 -0.1465 | 0.6980 | 28288
7.5 -0.1436 | 0.6973 | 26476
8.0 -0.1412 | 0.6949 | 40964

To calculate transmission coefficients, we have to determine the factor
feor in eq. (107). foor depends on the excitation energy, and we fix
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Figure 28: Each lines shows the sizes of Q)-blocks at ) with different E, ..
The horizontal lines show the total sizes of the Hamiltonian matrix with
different F ..

E=S5,+FE, =(6.53640.01) MeV here and in the following calculation. As
detailed in sec. 6.2, we fit the dependence of T}, cap 00 feor by the quadratic
function and take a value of foor giving T, cap = 0.036. The values of
obtained fgog are summarized in table 4.

Based on the above setup, we calculate the branching ratio a=! = T g5/ T cap
and check the convergence to the energy cutoff. Fig. 29 shows the calculated
a~! with different E.x. The value of a~! converges in the region where
EL.x is greater than 7 MeV. It suggests that the model space is adequate
to describe the induced fission with £ = 6.546 MeV. However, our results
underestimate the experimental value a~! ~ 3 by an order of magnitude
[53]. Though it is an achievement that values comparable to experimental
results were obtained through realistic microscopic calculations for the first
time, the improvement of the underestimation should be an important future
work.
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Figure 29: o~ ! with different E,... The error bars indicate a statistical
error, and it is smaller than 20 %.

One of the possible reasons might be the lack of symmetric fission modes.
According to the fission yields of 23°U(n, f) reaction, even though the sym-
metric fission mode is not dominant, it contributes to some extent [68]. To
incorporate this effect in our model, as a first step, it is possible to consider
splitting the fission path into two branches in the Q)3 — Q)3 plane. Then, it is
desirable to execute full two-dimensional GCM calculation with Q)3 and )3
coordinates for the next step. As another direction, one could consider the
role of the dynamical effects of the generator coordinate. It is well known
that the GCM fails to reproduce the mass of the center of mass motion [19],
though the incorporation of the conjugate collective momentum resolves this
problem [69]. The importance of the collective momentum in the fission re-
action was pointed out in the recent publication [70]. In this reference, the
authors discussed that based on the simple Hamiltonian, it will be meaningful
to test the role of the collective momentum in a more realistic setup.
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7 Conculusion and Outlook

In this thesis, we have discussed a microscopic formulation of neutron-induced
fission and its applications. In chap. 1 we have introduced nuclear fission,
and in chap. 2, we have reviewed the previous theoretical works being the
foundation of our approach. In chap. 3, we have detailed our NEGF ap-
proach based on the S-matrix dispersion formula and the generator coor-
dinate method. In chap. 4, we have applied the NEGF approach to the
induced fission reaction ?*U(n, f), and analyzed the fluctuation of the fis-
sion channels. Our calculation has reproduced the small value of the degrees
of freedom in the fission channels microscopically for the first time. In addi-
tion, by applying the spectrum decomposition of the Green function, we have
shown that the number of the GCM eigenstates contributing to the fission
corresponds to the degrees of freedom. In chap. 5, to reduce the numerical
costs of the NEGF calculation, we have proposed the usage of the shift-invert
Lanczos method. Using this method we can calculate the dominantly con-
tributing eigenstates to the fission and well approximate the transmission
coefficients. In our demonstration, the error of this approximation is about
1%, and the numerical costs are reduced about 30-40 times. In chap. 6, we
have taken into account all seniority configurations and have improved the
reliability of our approach. To manage the increase of the numerical costs
accompanied with the finite seniority configurations, we have improved the
criteria for the energy cutoff, made use of the high-performance GPU, and
applied the efficient numerical algorithm of the linear simultaneous equation,
the LSMR algorithm. It allowed us to calculate the branching ratio for the
large-dimensional Hamiltonian of the order of O(10°). Although our results
underestimate the experimental value of the branching ratio by about one
order, it provides a reasonable estimation of it. This point will be improved
by the inclusion of the symmetric fission modes or the effects of the conjugate
collective momentum.

As a future direction, an application of the NEGF approach to the in-
duced fission of the neutron-rich nuclei is a promising one. In these cases,
experimental studies are extremely difficult, and an analysis based on reliable
microscopic models is highly desired. Also, in neutron-rich nuclei, the exci-
tation energy of the fissioning nuclei is lower, and studying how the fission
mechanism changes with energy and temperature is intriguing. As another
future direction, the analysis of the spontaneous fission process based on
the eigenmode decomposition is also interesting. In the microscopic studies
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of spontaneous fission, adiabatic approximation is widely applied, and this
approach is suitable to examine the validity of it.
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A Schematic model calculation with finite se-
niority configurations

In this appendix, we detail the calculation of nuclear fission based on the
schematic Hamiltonian. A calculation with finite seniority configuration like
sec. 6 requires huge numerical cost. Therefore we apply the simple model
Hamiltonian and examine the role of the finite seniority configurations and
different types of nucleon-nucleon interactions. The contents in this appendix
are summarized in ref. [52]

A.1 Model Hamiltonian
The Hamiltonian for each () is constructed as
Ho =V(Q) + Hsp + Hpair + Hyan- (111)

Here V(Q) is the potential energy, Hy, is the single-particle Hamiltonian,
Hpyie is the pairing interaction, and Hi,i, is the random neutron-proton in-
teraction. We use a model with a uniform spectrum of orbital energies with
a spacing d for both protons and neutrons. Thus, the single-particle Hamil-
tonian is given as

Hpoir = d Z Nl aq + d Z Nalaa) . (112)

a:ng>0 ang<0

The label « includes the parameter ¢ and an index v of orbitals, and the
conserved quantum numbers, parity m, isospin ¢, and angular momentum
projection K. To keep the model as simple, K is restricted to :i:%.

The single-particle excitation energy of many-particle configurations be-
comes integral multiples of d, Fox = kd. The number of configurations hav-
ing > K =0and ) t, = 0 increases exponentially as a function of v/ Ey as
shown in fig. 30, and it reproduces the empirical forms of level density [40].

About the size of the level spacing d, there are several estimates of d for
2367 [52] summarized in table 5. In this appendix, we use 0.5 MeV for the
value of d.

For residual interactions, we include both the particle-particle (pp) and
particle-hole (ph) types. For the pp interaction, we use a monopole pairing
interaction,

Hooir = —Glpair ai,a;a,—,al,. (113)
v#U!

67



104{ HEE with interaction
e without interaction

3|
10%% —— log(Ny) ~ Vk
102.

Ny

101.
100.

10—1.

2 3 4
k=E/d

Figure 30: A spectrum of many-body configurations in the uniform spacing
model. N denotes the number of configurations at the excitation energy £ =
kd. The green circles show the spectrum without the interaction terms, while
the orange curve shows its fit to the functional form of N}, = exp(avk + b)
with @ = 3.97 and b = —3.06. The blue histograms show the interacting
spectrum, obtained by diagonalizing the Hamiltonian with Gp. = 0 and
Upp = 0.03d.
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Table 5: Estimated orbital level spacing in 230U.

d (MeV) Source
0.45 Woods-Saxon well
0.51 FRLDM [71]
0.33 FGM [72]

Empirically, Gpair = 2 has been used [73], and we take Gpair = 0.3d as the
baseline value. For the ph type interaction, we employ a random interaction

/
_ Tt
Hian = —Upyp E Tal 090640403, (114)
al,a2,a3,a4

where the parameter v,, is the strength of the interaction and r is a ran-
dom number sampled from the standard normal distribution. The sum of «
is restricted to the combinations satisfying K; + Ko = K3 + K4. Ref .[65]
suggests that the proton-neutron interaction dominantly contributes to a
diffusion process in a deformation parameter space compared with the inter-
actions between identical particles. We therefore take into account only the
proton-neutron interaction. The strength of the proton-neutron interaction
is summarized in table 6 and we take v,, = 0.03d as a base value.

Table 6: Estimates of the neutron-proton interaction strength.

Basis of estimate | vy (MeV fm?) | Citation
G-matrix 530 [65]

sd-shell spectra 490 [74]
B-decay 395,320 [75]

A.2 Couplings between the Q-blocks

The interaction between different () blocks is suppressed due to the imperfect
overlap of basis functions. The size of the suppression is determined by the
overlap kernel N(Qj, Q'j"). For simplicity, we assume that the change of the
single-particle orbital is small, and the configurations with the same j with
different () are connected as

N(Qj, Q") = N(Q, Q') ;- (115)
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N(Q, Q') is the overlap between the same configurations and parametrized
based on the Gaussian overlap approximation,

N(Q, Q) = exp(—=A(Q — Q)). (116)

The parameter \ is the measure of the distance between neighboring config-
urations, and we take A = 1.0.

We can calculate the Hamiltonian kernel with the same assumptions. The
matrix elements between the configurations belonging to different ) blocks
is multiplied by the factor N(Q,Q’). In addition, the diabatic interaction
should be taken into account for the diabatically connected configurations.
The form of this interaction was derived in ref. [48], and the formula reads

(ajlvald's) _ Elqj) + E(d]) 2
= —ha(lqg—q)". 117
The value of hy was estimated to be about 1.5 MeV in ref. [16], and we take
ho = 3d in this model.

A.3 Width matrices

To derive the form of width matrices in a non-orthogonal basis, first, we
consider the Green function for the collective Hamiltonian

Hegy = N"Y2HN7Y2, (118)

where H and N are the Hamiltonian and the norm kernel. The Green func-
tion reads . )
GCOH(E) = (EI - Hcoll)_l- (119)

The Green function in the orthogonalized basis is transformed as
Geon(E) = (EI — N"'V2EN"Y3)" = NY3(EN — H)"'NY2. (120)

The decay width matrix T, in the orthogonalized basis is also transformed
as
(To)i; = NMPNY2T,, (121)

ia ja

which is derived based on the invariance of the transmission coefficients,
Top(E) = Tr[[oGeon(E)T,GL ] = Tr[T,G(E)T,GH(E)). (122)
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Therefore in this appendix, we use the form of the decay width matrix

(Ta)rw = %Z(Nl/2)kz(N1/2)k'z, (123)

l€a

which is parametrized by the scalar parameter ~,.

A.4 Results

In this subsection, we consider a chain of three () blocks with ¢ = —1,0, 1.
Thus the overlap between neighboring @ blocks is N(Q,Q 4= 1) = e™! by eq.
(116). For the barrier, we set V(Q = £1) = 0 and V(Q = 0) = 4d. The single
particle excitation is taken into account up to E. = V(Q) + 5.5d in each Q)
blocks. The neutron and capture channels are coupled to all configurations
at Q = —1, and likewise the fission channels are coupled to all configurations
at () = 1. In the actinide region, the relation v,, < Yeap < Vs is known, and
we set v, = 0.001d, Yeap = 0.01d, and 55 = 0.1d.

Fig. 31 shows the transition probability T, 5s with two different values
of vp,. Here the pairing interaction Gy, is set to be zero. The peaks in
fig. 31 are lowered and broadened as vy, increases. It is because the random
interaction spreads the spectrum as indicated in fig. 30. The proton-neutron
random interaction also increases the fission probability as summarized in

table 7 below.

Table 7: The average transmission coefficient for fission (75, 4s) and the
branching ratio a~! for several sets of interactions. The parameters shown
for models I-V are the only ones that differ from the base model.

Model Unp Gpair hg <Tn,ﬁs> Oé_l

base | 0.03 0.3 3 | 0417 1.62

I 0.0 0.413 149
II 0.0 0372 1.14
I1I 0.05 0.429 227
IV 0.0 ] 0294 0.739

\Y 0.0 00 0.0} 0172 0.291

Then, fig. 32 shows an average fission-to-capture branching ratio defined

as E+0.5d
I T (B

a L (E) = LE=0d .
dE" T, cap(E')

(124)

E£4-0.5d
E—0.5d
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Figure 31: The transmission coefficient T}, ss(E) with two different values of
Upp. The pairing interaction Gpai = 0, and the other parameters are set to

be A = 1.0, hy = 3d, and B), = 4d.

The solid and the dashed lines show the results with hs = 3d and hy = 0,
respectively. a~1(E) increases with the excitation energy, and the diabatic
interaction increases the branching ratios, being consistent with the result in
ref. [16].

Table 7 summarizes the results for several parameter sets. The results of
models I, II, and III indicate that both the neutron-proton random interac-
tion and the pairing interaction increase the fission probability, though the
probability is more sensitive to the neutron-proton interaction. The model
IV tells us that the T, 55 and a~ ! significantly decreases without the dia-
batic interaction. In model V, the transmission coefficient is not zero even
though all the interaction strengths are set to zero. This is due to the non-
orthogonality of the reference states. By constructing the non-orthogonal
basis by the transformation from the orthogonal basis, the transmission is
confirmed to become zero [52].

Then we examine the validity of the transition state hypothesis. The
Bohr-Wheeler formula in eq. (11) indicates that the transition states entirely
determine the decay rate, and the details after the barrier are unimportant.
Fig. 33 shows the branching ratios at £ = 4d as a function of 5. In
the case of the orthogonal basis, the branching ratio is almost insensitive to
Vhs, in agreement with the insensitivity property. On the other hand, a~!
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Figure 32: The average fission-to-capture branching ratios as a function of
the energy with two different values of hs. The random neutron-proton in-
teraction is taken into account with the strength of v,, = 0.03d, while the
pairing interaction is set to be zero.

gradually increases and tends to converge at a large value of yg5. To check the
dependence on the number of ) blocks, we repeat the calculations with 7¢)
blocks ranging from ¢ = —3 to ¢ = 3. In this case, o~ ! changes by less than
a factor of two within the whole range of 4. All of these results indicate
that the transition state hypothesis is realized in the microscopic theory.

B Skyrme-Hartree-Fock equation

In this appendix, we explain the Skyrme-Hartree-Fock equation, which has
been applied to generate many-body configurations in the main part of this
thesis.

In the Hartree-Fock approximation, a many-body Hamiltonian

1
H= Z tijala; + B Z Vijwalalaa (125)
ij ikl

73



0.40
0.35{ —— orthogonal

non-orthogonal (x0.04)
——+ non-orthogonal, 7Q model

0.30-
0.25

T 0.20]

0.
0.15
0.10-
0.051 |
0.00

00 02 04 06 08 1.0
Yfls/d

Figure 33: The branching ratios at £/ = 4d as a function of yg5. The interac-
tion strengths are (v, Gpair, h2) = (0.03,0.3,3)d. The solid and the dashed
lines show the results of the 3() model, while the dot-dashed line the result
of the 7¢) model. The non-orthogonality of the configurations is neglected in
the solid line.

is approximated as

1
Hyp = {tii T3 > (Viwalata) — Vi (agak))} ala;,
kl

ij

ij

where ¢;; and Vj;ji are the kinetic term and a two-body interaction [19]. We
defined the single particle Hamiltonian /;; in the last line. The total Hamil-
tonian becomes the sum of the single-particle Hamiltonians, and the many-
body wavefunction becomes the Slater determinant. On the other hand, h;;
includes the ond-body particle-hole density (aLal% and it depends on the
single particle wavefunctions. Therefore we have to solve the Schrodinger
equation for Hyr iteratively until the solution converges self-consistently.
As a two-body interaction in eq. (125), we apply the Skyrme interaction
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[76] defined as

. t - 1
V(0.d) = tolL + 20 = ) + 1+ a0~ 506 (504 7))

2
— 214 mB)(Va - Vo) B ) + he)
—to(1+ 22 B,) (Vi = V)8 (7 — 75)(Vi = V)

Here tg,t1,to, t3,t4, g, 1, T2, x3 and « are the parameters, and P, = %(1 +
g; - 0;) is the spin-exchange operator. The Skyrme interaction has zero-
range spatial parts and it simplifies the treatment of the non-local exchange
interactions.

Using the Skyrme interaction, the Schrodinger equation for the single-
particle Hamiltonian becomes,

1 V(7 ’ % = 1. Op(T
Pv%aﬁv+mm+mqmmﬂvX@%Mﬁ—kmﬁ, (128)

where ¢y, is the single-particle wavefunction, the effective mass 2mj is written
as

1 1 1

2mi(F)  2m 4

{na+ P vu0+ 20} {aG +o0 - ui +a)

2
(129)
and the potential term U, becomes

~ T 1
Uy(7) = 1o <1+ ?0) p—to (5 +$0) Pq

t3 T3 a+1 t3 1 a—1 2 a
—l—ﬁ(l—l—?)(oﬁ—Q)p AR G gpq+2ppq

ri{n(r ) (e )i o) e 5) v
{10 —n (e ) ane g fon (5o ) v (3) +ofan
—%‘{vf+ w}}. (130)
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Here, the density, the kinetic energy density, and the spin current density
are defined as,

p(F) = len(MP, (131)
HGED PG (132)

and

= —zquk [V (7) x &, (133)

respectively. ¢ is the label of the isospin and the term without ¢ is the sum
of the neutron and proton term as p = p,, + p,.

We can solve this single-particle Schrodinger equation by diagonalizing
the Hamiltonian matrix. Thereby the single-particle wavefunctions and the
single-particle Hamiltonian are updated. This procedure is continued until
the solution converges. As an alternative way, using the gradient methods
and updating the single-particle wavefunctions to minimize the total energy,
we can obtain the correct Hartree-Fock wavefunction. In the SkyAx code
[46], the latter procedure is adopted.

In the main text, we have used the Hartree-Fock wave functions labeled
by the quadrupole moment, |(Q);). Because the derivation of the Hartree-
Fock equation is based on the variation, we added the constraint terms to
the original Hamiltonian,

Hyp = Hyrp + )‘(QQ —Q2) + %(QQ — )7, (134)

where A and C are the parameters, QQ is the quadrupole moment operator,
and ()9 is the desired value. Solving the Hartree-Fock equation for H{, the
Hartree-Fock wavefunction satisfying <Q2>HF = ()9 is obtained. Within the
constraint Hartree-Fock calculation, the usage of the linear and quadratic
constraints is called the augmented Lagrangian method and is known to be
numerically advantageous compared to the case with only linear or quadratic
constraints [77].
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C Details of the inversion calculation of the
Green function

In this appendix, we detail the calculation of the Green function matrix used
in Chapter. 4. The following discussion is mainly based on Ref. [41]. We
consider the block tridiagonal matrix A as

ai; Qaig
ag1 A2z Q23
A= aszy Q33 34 . (135)

aANN—-1 AaNN

In the calculation of the transition probability T,;, we do not need all matrix
elements of the inversion matrix G = A~!. First we augment the matrix A
with the identity matrix I as

ailr aig i1
a1 Q22 (23 122

[AI] = agy (33 A34 133 . (136)

aANN—-1 AaNN

By manipulating the matrix to [A|l] such that A is reduced to the identity
matrix I, the augmented matrix is converted to [/|G], where the inversion
matrix G is obtained. To do so, the forward and backward block Gaussian
elimination method can be applied.

In the block Gaussian elimination step, first, we add the first block row
multiplied by the matrix ¢/ = —aga]; to the second block row. Thereby,
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the block in the (2,1) position becomes zero as,

a1 12 111
L L L; .
Qo1 + CTG11 G2 + CYG12  G23 Cyl11 192
a32 a33 Aa34 133
an a12 111
—1 —1.- .
0 agp— A21017 12 A23 —Q21017 111 122
o a3z a3 34 133
(137)
Next, the second row is added to the third row after multiplied by the factor
CE = —agy(ags — anajjan)™t, and the block in the (3,2) position is erased.

This process is continued up to the last row block. Thereby the diagonal
blocks of the resulting matrix on the left become,

L
diy = an

L Ly\—1
dyy = a2 — ag1(dy;) " an

L L \—1
d33 = a33 — a32(d22) @23

‘ 138
dﬁ = ay; — ai,ifl(dilil,ifl)ilaz‘fl,i (138)
iy = ann — ann=1(d_y y_1) lanon
and the multiplication factor is

cf = —an(dyy) ™

ey = —ag(dy,) "

o5 = —auz(dgy) ™
: (139)

¢ = —aipr(di)
CJIV—1 = _aNJV*l(d]LV—l,N—l)_l'
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Using d” and c”, the resultant matrix after the forward Gaussian elimination
process is written as,

L .
dn a2 11
0 db a clq 1
Li 7L 22 (23 1011 22
D=|\J"| = L L L L; . 140
[ | ] 0 d33 asq CoCrl11 Cylaa 133 ( )

In the same way, the backward process is defined and the resultant matrix
becomes,

d® d% . i1 052'22 Cg;?{.{igg
[DR‘JR] _ Q21 aiz &0 122 63%;;3 (141)
Here, we use the facts
AG =1,D'G = J*, DRG = J*&, (142)
the relation
(A-D*-D®G=1-J"-J" (143)

is obtained. This linear equation is represented in the form of the augmented
matrix as,

[B|F] = [A[I] — [A*]JF] — [A%|JH], (144)
where
an —dfy — dfy
a9 — d§2 — d%
B - as— L dE . (14)
and
—iy —cf —clcl
L . R
—C —192 —C3
= —CQLclL —c% —133 (146)
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The green function G is expressed as G = B7'F and B~! is also block
diagonal. Therefore, using the factors g;; = (—a; + d% + d%)~1, G becomes,

R R_.R R.R R

g11 g11Co g11¢y C3 <. g11CyCy...Cy

L R R.R R

g22C7 922 g22C3 <o g22C3°Cy . .Cy

L .L L R.R R

G = g33C5'Cy g33Cy 333 ... g33C4Cy...Cn
L L L L L L

InnCN_1--C1 GnnCN_1---C3 GnnCN_1---C3 .. Gnn

(147)
Following this expression, we can calculate the block elements of G' by the
matrix inversion of the submatrix (—ay; + d% + dff) instead of the full matrix
inversion. Another advantage of this expression is calculating the block ma-
trix elements of G selectively. In the neutron fission reaction, we need only
the block matrix in the (1,N) position.

D Transmission coefficients with non-orthogonal
baiss

We derive the simple expression for the trace formula
Tis = Tr[T,G(E)gG(E)T, (148)

when the bases are non-orthogonal and the overlap matrix is not identity.
To make the discussion simple, we consider the 3 x 3 Hamiltonian and the
overlap matrix,

0 V 0
H=\|V B, V], (149)
0o vV 0
and
1 00
N=10 1 n (150)
0 n 1

The first, second, and third bases correspond to a compound nucleus, a
barrier configuration, and a fission doorway, respectively. The important
point is the second and the third bases are not orthogonal. Therefore I'gg
becomes non-diagonal,

(Ths)iyy = Yas(N'2)3:(N/2)3 ;. (151)
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On the other hand, I',, is still diagonal,

Y 0 0
I,=(0 00 (152)
0 00

Using a = 3(v1+n++1—-n)and b = 2(vV1+n —+1—n), N/? can be
expressed as
1 00
NY2=10

a (153)
0 b

L o

Then I'gs becomes

o O
e}
[en}

B2 ab | . (154)

ab aa

I‘ﬁs = Yfis

)

Therefore,

Gll
Grn = Tn GQI
G

(155)

o O O
o O O

and

0 (b2G21 + angl)* (angl + CLQGgl)*
G'Tas = 7as | 0 (b2Goy + abGsy)*  (abGay 4 a?Gsy)* | . (156)
0 (bQng + Clegg)* (angg + CL2G33)*
Finally,
T[T, G(E)sG(E)] = ynyas(b%|Gar|* + 2abRe(Go1Gyy) + a®|Gar|?). (157)

The generalization of this expression for arbitral dimension cases is straight-
forward, and we made use of it in the calculation in chapter 6.
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