ON THE HEAT KERNEL ON FORMS ON THE
HEISENBERG GROUP

W. BAUER, K. FURUTANI, C. IWASAKI

ABSTRACT. In this note we give an expression of the heat kernel on forms on the Heisenberg
group. This expression is obtained by using the fundamental solutions of a series of systems
of ordinary differential equations of second order. This study generalizes previous results in
the case of one-forms on the Heisenberg group.

1. INTRODUCTION

There are many studies about both, the Laplacian Ay and sub-Laplacian A, acting on
functions on the Heisenberg group Hy, 1. In this note we study the heat kernel of the Hodge
Laplacian acting on forms on Hy, 1 (see also [1, 2]). Our aim is to obtain an exact expression
of this heat kernel. We expect that this result will enable us to study the Laplacian on the
Heisenberg group under an adiabatic type limit similar to the analysis performed by M.
Rumin in [3] and [4].

It is natural to consider a one-form as a (2n + 1)-vector as in the paper [2] by D. Miiller,
M.M. Peloso, and F. Ricci. In Section 4 we show that the problem of finding the heat kernel
on one-forms is reduced to the solution of a system of ordinary differential equations of size
(2n+1) x (2n + 1). We give an expression of the heat kernel by using operators defined in
terms of the Laplacian Ag. More precisely, we use the fundamental solution of an ordinary
differential equation of second order with Ay as a parameter (see Theorem 4.1). We show
that this mechanism can be applied to calculate the heat kernel on forms. That is, the
heat kernel on forms is obtained inductively by using the fundamental solutions of ordinary
differential equations of second order. This observation is the main result of the present work
(see Theorem 7.1).

The structure of the paper is as follows: we introduce some notations in Section 2. In Sec-
tion 3 we give an expression of the Heisenberg Laplacian on p-forms of any degree (Theorem
3.3). We provide an exact formula of the heat kernel on one-forms with a rough sketch of a
proof in Section 4. In Section 5 some properties of the operators are given which appear in
Theorem 3.3 and are necessary to obtain a system of equations in Theorem 6.1. In Section 6
we make an Ansatz for the solution of the heat equation in the form given in Section 3. By
using results from Section 5 we derive a system of operator-valued ODEs for the coefficients
in this Ansatz. After introducing new variables {w;(t), z;(t)} Theorem 7.1 then states that
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the problem is reduced to solving certain systems of operator-valued first order ordinary dif-
ferential equations inductively. In Section 8 we give an expression of e "N (see Definition 7.2)
which is an essential part of Theorem 7.1. In the last section we obtain an exact expression
of Xi(¢), the starting term of the series of the inductive equations in Theorem 7.1. From the
solutions of the equations in this theorem we can in principle derive an exact form of the
heat kernel of the Laplacian on p-forms. This generalizes the expression in Theorem 4.1 in
the case p = 1.

2. HEISENBERG LAPLACIAN ON p-FORMS

Let Hy,41 denote the (2n + 1)-dimensional Heisenberg group with coordinates
(@1, @y Y1, Yne 2) E R X R® X R = Hyypg
and a frame of left-invariant vector fields
X=Xy, -, X, Y1, Y, 7]
defined by

Xi—y@*a&? Y;_aiyiJrE&’ Z_(9Z7 (i=1--,n).

The dual basis is given by © := [0x,, -+ ,0x,,0y,, -+ ,0y,,07] where
1 n
Ox, :==dz;, Oy, :=dy;, 0z;=dz+ 5 Zl (yidwi — x,dyz>

Therefore we have
n

(2.1) dz =0, — %Z (yiﬁ)g - xieyz).

i=1

Let k€ {0,---,2n + 1} and consider the star-operator:
1 QF (Hapgr) = Q2% (Haopg).
More precisely, with a permutation o = (i1, -+, 9541) of (1,---,2n + 1) we find:
(2.2) #(0:, Ao A 0i) =sgn(o)bi,,, A AD

We denote the de Rham complex as follows:

i1 ion1-
0 —— QHaypyy) —2 Q' (Hanir) —2s -~y Q21 (Hy,iq) —— 0.
With £ =0,---,2n and in a standard way we define
8° L QR (1) — QF(H2ZMH
through the relation
(ékwl,wg) = (wl,dkwg),
Then it is well-known that
G = (—1)@nHReD) y ganet
Recall that the Hodge Laplacian Ay, : QF(Hypy1) — QF(Hy,yy) is defined by
Ay, = " d" + dF 1o
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In the following we use the notation
W7:X], I/I/n+j:}/j7 W2n+1:Z (j:17 7”)7
QJ:QXN 9n+j=6y]., (92n+1=6.z (j=1,'~- 777,).
The Riemannian metric g on THy,, 1 and T*Hs,,, is defined by assuming that X and ©

form an orthonormal basis, respectively. Let V be the Riemannian connection, that is V is
the unique connection which satifies

Vg=0, T(X,Y)=VxY -VyX-[X,Y]=0.
Definition 2.1. Let c,'f’j fori,j,k=1,--- 2n+ 1 denote the coefficients of V defined by
2n+1

VWi =Y Wi
k=1

Lemma 2.1. The coefficients cﬁj are constant with the values:

on+1 _ i i 7}
Ciitn = Citn2n+1 = Contlitn = 5
C2n+1 _ Ci+n _ Ci+n _ _1

i+nydg T i,2n+1 T 2n414 T 2'

All other coefficients cﬁj are zero.
By the previous lemma we have the following formula for the connection:

Corollary 2.2.
1 1
Vw,Wiin = §W2n+17 Vw, W = _§W2n+17

1
ij W2n+1 = VW2n+1 Wj = 7§Wj+nu VW]

+n

1
Wans1 = vW2n+1 I/I/}+n = EWJ

3. REPRESENTATION OF A

We use the following notations:
arw =e(0%)w = 0" A w,
(aaw)(}/lv o 73/17*1) :(Z(Wl)w)(}/lv e 7}/;)71) = w(VVm Y17 e 7}/p71)-

Then we can write

2n+1 2n+1
d=Ye(0)WVw,, 6=— uWa)Vu,.
a=1 a=1

The following proposition collects some fundamental equations for aq, aj.
Proposition 3.1. The operators {aa,ag}lga,5§2n+1 satisfy the relations:
aqag + aga, =0,
ayay + aga;, =0,
Aoy + a3aq = dag-
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According to Corollary 2.2 we have the formula below for Vy,_:

(3.1) Vi, = Wy — Ga, (a=1,2,--- 2n+1),
where for j =1,--- n:
1 * *
Gj= 3 (aj+na2n+1 - a2n+1aj+n) )
1 * *
Gijn = ) ( jA2n+1 — a2n+1aj) )

1 n
— — * . J— * .
Gony1 = 3 E :(ajaﬁ—” aj+naj>'
j=1

Definition 3.1. Throughout the paper the operators below will play a role:

2n 2n

dg =y (@Wy), du=—=_(a;W;), Ay =dudy +udy,
Jj=1 j=1
n n 2n
L=~ Z (aja;rn) ’ A= (akak+n) ) Q = ZaZaa.
J=1 k=1 a=1

For example, ajW; acts on a p-form ¢ = f0* A 62 A---6°7 in the following way:
(@;Wi) (@) = (W;f)0; AO* NG N -0,
By (3.1) we have:
Proposition 3.2.

d=dy + a5, 17 + Lagni1,
0 :6H — a2n+1Z + a;n+1A.

Finally, we represent the Hodge Laplacian Ay for any k in a closed form. Put
P:=Ap—27% A:=[og, L], B:=[Adyl.
Theorem 3.3. Forallk € {0,--- ,2n+1}:
A=Ay =P+a5, B+ A1 + (n — Q)ay,  aons1 + LA

We uniquely can decompose any p-form ¢ as ¢ = u + 0, A v where u is a p-form and v is
a (p — 1)-form both not containing #z. According this resolution we have:

Corollary 3.4.
Au+0z Av)={(P+ LAN)u+ Av}+0; AN{(P+ LA+n — Q)v+ Bu}.

The heat equation on p-forms

(% + A) (u(t) + 0z Av(t) =0, w(0) =Us, v(0)="Vp
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is equivalent to a system of equations:

<% Py LA) u(t) + Av(t) =0,  u(0) = Uy,

d
(E-&-P—I—LA—l-n—p—&-l)v(t)—i-Bu(t)—O, v(0) = V.

In the following it will be convenient to use complex vector fields Z;, 7j instead of X, Y;:

Definition 3.2. For j=1,--- ,n put

1 — 1

Zj = \/E(XJ - ZY'J)? Zj = ﬂ(X] +ZY’J)? Waopir :=2
1 4 — 1 )

CJ . E(QX] + /LGYJ)’ CJ = E(BX] - ’ZHY].), C = 9Z7

by i=e((y), bj=uZ), bji=e((y), bi=uZ)).
According to our previous notations we obtain for the Laplacian on forms:
A=Ay — 2%+ Aasyi1 + @4 B+ (0 — Q) 100041 + LA
with

Ay==> (ZZ;+Z;2;)+ MZ, M=iY_(b;b; —b;"b;),

Jj=1 Jj=1

A=iy (0Z;-b2;), B=iY (b;Z;—bZ;),
i=1 i=1

Q=Y (Bibj+0b;b;), L=i» bib* A=i) b
i=1 i=1

j=1

Remark 3.1. The identity P = Ag + M Z holds, where

Bo==3 (X+v7) -2

j=1

denotes the Laplacian on 0-forms.

4. THE HEAT KERNEL ON ONE-FORMS

Consider the fundamental solution h = h(t) of the following differential operator:

d? d d
— _A = = — =1.
(dt2 + no 0) h(t) =0, h(0)=0, dth(o)

We will see that the heat kernel of the Laplacian on one-forms can be expressed in form of
an operator-valued matrix. The function h appears in the definition of the matrix entries.
In the present section we give a rough sketch of this fact.
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Set .
Z Z
Z = ’ z = .
Zn Z,
Especially for 1-forms and with respect to the basis
|:gj<ja g’erLija anJrlC : 7 = 17 N where 955 In+js 92n+1 S COO(H2n+1):|
the Laplacian Ay can be written in a (2n + 1) X (2n + 1) matrix form:
Ag—iZ 0 —iZ
Alz(g A’iﬂ): 0 Ag+iZ il
0 —i'Z i'Z Ag+n
Definition 4.1. (1)
n? " 5 5
Oy fnur T B G),
Jj=1
(2)

¢
h(t) = e ™20 sinh(C1),  B(t) = / h(s)ds.
0
Characterization of h and ®: Consider the second order differential operator
— d_2 + i — A
Tae T Ma T o
Then Ah(t) and ®(¢) satisfy the following equations:
Lh(t) =0, h(0)=0, he(0)=1,
LO(t) =1, @(0)=0, &(0)=0.
Theorem 4.1. The heat kernel E(t) on one-forms is given by:

o tDo—iZ)

0 0 Za(t)'Z ZB)'Z Za(t)
E(t) = 0 e toi2) o | 4| ZBWZ Za(t)Z Zalt) |.
0 0 0 at)Z a'Z  c(t)
where

a(t) = e*mo{@(t) or G,M} B(t) = eBod(1),

d d?
N AW —e o 4 Z) ().
a(t) =e (Zdt + > (t), c(t)=e e + (t)
Here and in some of the formulas below we denote by * the convolution product, i.e.

(h(t) * e*itz)(t) = h(t) * e—itZ /0 h(t — S)efides.

Note that there are various ways to define e HAo+Z

) which all lead to the same operator.
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Outline of proof: Assume that the heat kernel E(t) is of the form

Mll ]\/[12 b1
E(t) = Mgl ]\/[22 b2
t

a; ‘fay ¢

Then the components of this matrix satisfy the following equations:

d
(4.1) (dt + Ay — z‘Z) My —iZta; =0, M;(0) =1,
d _
(42) (a + A() + ’LZ) ]\/le + iztal = 0, ]Wm(()) = 0,
d _
(4.3) (dt + A + n) (‘a1) —i ("ZMy =" ZM5) =0, a1(0) = 0.

According to (4.1) we have:

t
]\411 _ eft(AgfiZ) +Z/ ef(tfs)(AgfiZ)Ztal(s)dS
0

= ¢ HBo—i2) 4 47, (/t e~ (=) (BotiZ) (tal(s))d5>
0
= ¢ HBo=iZ) 4 Z'm, (t)
with
(4.4) my(t) = i/ot e~ =Bt D) g, (5)ds.
Similarly, by (4.2):

¢
My = —i/ e~ =Bt 7t (5)ds
0

t
= —iZ (/ 67<t75)(A°7iZ>(ta1(s))ds)
0

with
t

(4.5) my(t) = —i/ e~ t=9)(B0=iZ)q, (5)ds.
0

According to (4.4) one obtains:
d
Similarly, by (4.5)

(% + Ay — iZ) ma(t) = —ian(t), ma(0) = 0.
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Hence (4.1)~(4.3) are reduced to
d

(4.6) <dt +Ap+ ZZ) m; —da; =0, my(0) =0,
d .

(47) d_ + AO — iz ms + a7 = 0, mg(O) = 0,

4.8 + Ao +n —je B2 Z i (*ZZmy —' ZZmy) =0, ay(0) =0,
s (5
where we use
tZMH —t ZM21 =t Z(eit(AoiiZ)) +t ZZtml(t) —t szmz(t)
= (e MAHONT 1t 770m, (1) = ZZ'my(t).
By (4.6)~(4.8) we may put
my (1) = e"°a(1)Z, my(t) = eftAOB(t)Z ai(t) = e "a(t)Z.
Then we obtain
(% + z'Z) a(t) —ida(t) =0, a(0)=0,
d ~ -
(dt - ZZ) B(t)+1ia(t) =0, p£(0)=0,

dt

Here we have applied the relation:

( I + n) a(t) —ie "% ¢ fAsub(d(t) —B(t)) - %Z(d(t) +B(t)) =0, a(0)=0.

77 — —% (Ao +in2), ‘27 — —% (Auy — inZ) .
We obtain a part of the assertion of Theorem 4.1 via the next lemma.
Lemma 4.2. The above system of equations is solved by:
at) = B(t) — 2 h(t) * 7,
B(t) = (1),
a(t) = Zo(t) + ih(t).
Proof. Set

()= 3@~ B), nlo)=3a+5).

Then we have

d o~
i i(a—Zy) =0, z:(0)=0,

d .
%yl + ’LZ.Z'l = 0, yl(O) = 07

%Zz —ie T 4 iAgpay +n(a— Zy1) =0, a(0) = 0.
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These equations lead the following equation for xy(t);

(4.9) ( &~ + ni - AO) o(t)+e T =0, 2,0)=0, —x.(0)=0.

drz "t dt
The unique solution of (4.9) is given
z1(t) = —h(t) x e 2.

Then we have

and

It is easy to see that:
Moy = My, M= My, as=ay.

Now for by, ba, ¢ we have the following system:

(4.11) <jt+A0+iZ> by +iZc =0, by(0) =0,
(4.12) (% +Ag+ n) c—i("Zby —"Zby) =0, ¢(0)=1.

Using a similar argument for M, My, and a; we find:
b1 = Ze_tAogl (t), b2 = Ze_tAOBQ(t)7 C(t) = €_tA06(t)
with
d2

bi(t) =a(t), by(t)=alt), &)= <E + ZQ) d(t).

Then we get the assertion of theorem.
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5. PROPERTIES OF OPERATORS
We list some properties of the operators which were introduced in the previous sections:

Proposition 5.1. The operators defined above fulfill the following relations:

(5.1) Ady +dyA=0, Biy+éuyB=0,

(5.2) (dy)*=A*=—LZ, (6y)*=B*=AZ

(5.3) [B,L] = —du, [\, A]=—dn

(5.4) [du, L] = [6n,A] =0, [AL]=[B,A]=0, [Ap L]=[Ay A]=0,

(5.5) AB+ BA= Ay, Ag+0gA=(n—-Q)Z Bdy+dyB=—(n-Q)Z,
(5.6) [P.dy| = [Ap,du] = —AZ, [P Al =[Ay, Al =duZ,

(5.7) [P,0x] = [Am,0u) = —BZ, [P,B]=[Ay,B]=0uZ.

6. THE HEAT KERNEL ON p-FORMS

For the rest of the paper we study the Laplacian acting on p-forms on the Heisenberg group
and we assume that 0 < p < n. We make a suitable Ansatz and assume that the functions
u(t) and v(t) in Section 3 are of the following form:

u(t) = ¢ Pan(t) + > uy(0),

o) = e Pyl + 3 i),

where

UQk-(t) = Lk71 (Leftpx%(t) — A dHeitPi‘Qk(t)),
Uppy1 (t) = LF (AG*tP«T2k+1(t) + dHeftPkaH(t))
Uzk-(t) = Lk_l (Ae_tpygk(t) + dye_tpﬂzk-(t)),

vy (t) = L1 (Leftpyzkﬂ(t) —A dHeftP?§2k+1(t)>7 k=1,

and {x;,Z;,y;,9;} for 0 < j < p are (p— j)-form valued functions on the real line. Moreover,
we note that {x;,Z;,y;,9;} vanish for all j > p+ 1. We may set

The initial conditions are
70(0) =Uo,  11(0) = Wy,
7;(0) =0, 7;(0)=0 (1<j<p), w(0)=0, 7(0)=0 (2<j<p).
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If p=1, then
u(t) =e Pro(t) + Ae™Fay(t) + dge 7, (1),
v(t) =e Py (t).
If p =2, then
u(t) = Fao(t) + Ae™Pay(t) + dye 7 (t) + Le Pay(t) — Adge P ay(t),
U(t) :6_tpy1 (t) + Ae_tpyg(t) + dHG_tpgg(t)‘
Definition 6.1. For j =0,1,2,--- we put
a; =jn—p+j), bj=jn—p+j+1).
Definition 6.2. (1)
1 1
1 -1 R
(2)
Ta(t) =Be™7,  T(t) = Be"?,
Tp(t) =Ts(t) + T5(t), Ts,(t) = —i (Ts(t) — T5(t)) -

Using Proposition 5.1 we obtain the following theorem on a relation between the coefficients
of u(t) and v(t):

Theorem 6.1. (1)
d ~ -
(— + bk) Topt1(t) = ZZopy1 (t) + yors1(t) — T(t) Tk (t) + Azgp_1(t) = 0,

it
k< [’Ll}

and 1‘2k+1(0) = 0, 0 B

IN

d 5 N - N
(51 0) T30+ 2 a6+ a0 = Ty (O + A 1(6) =0,

-1
and Fa(0) =0, 0<k<[P=],
2
d ~ N
(% + ak+1> Yory1(t) + Ap (zopr1(t) + Jor1(t) — (0 —p+k + 1) ZTop 11 ()

— Ty (O)yar(t) + Tp(t) (v2x(t) + For(t)) + Ayar—1(t) = 0,

-1
and  yo41(0) = bkoVo, 0<k < {p_Q }7

d N - -
(1 0) B (6)  btmn) + Ta)zae(t) + Ada () =0,
-1
and  fopir(0) =0, 1<k< [pT}
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(11)
(i + bk) l‘gk(t) + AH.i’Qk(t) — Zygk(t) -+ TB(t).i’Qkfl(t)
dt ' ' o
— Tp,, () z2-1(t) + Amgy2(t) = 0,
and ng(O) = (5&0(]0 0 S k S |:§i|,
(41 00o1) 20) = n(0) + Adeal0) =

and Fop(0)=0 1<k< [g}

(i + ak) Yor(t) — Zijar(t) — (n — p + k) ZTo(2)
— Tp(t) (Fok—1(t) + w2u-1(t)) + Ayar—2(t) = 0,

and y(0) =0, 1<k <[L],

<% + ak) Tok(t) + Zyan(t) — kaor(t) — AuZon(t) — Ts,, (t)You—1(t)
— Tp(t)Top—1(t) + AJar—2(t) = 0,
and  §o(0) =0, 1<k< [g}

7. REDUCTION TO A SYSTEM OF THE EQUATIONS

We note that
Io(t) = U(].

Indeed z is characterized by the equation:

d
El’o(t) = 0, SCQ(O) = UO

Definition 7.1. Define w;(t) and z(t) for (0 < j < p) as:
wi(t) = z;(t) +g;(t),  z(t) = y;(t) — Z2;(t)
We note that
zo(t) = wo(t) = Vo, wi(t) =m1(t), 2(t) =0, =(0)=V

Definition 7.2. (1) Define vectors X;(t) for 0 < j < p as follows:

Wap41(1) To(t)
X () = ;jj;i((’?) (k>0), Xult) = ZZ'L%IQ)) (k> 0).
Topy(t) Zon(1)
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(2) Define 2 x 2 matrices N; (1 < j < p) and 4 x 4 matrices N; (1 < j < p) by:

b1 1 a, 1
NQk:( kl:)l b/c)7 N2k+1:<1:]f ak+1>7

bk,1 1 -1 0 Qg 1 0 0
N P bk 0 -7 5 _ Q41 0 0
NQk - 0 0 ag 0 ) N2k+1 - 7 0 bk 0 7(k Z 0)
0 0 0 oa 0 1 0 b
Remark 7.1. We have:
0 T (t)
UO Z1 (t)
Xo(t) = Xit)y=1 =
0( ) Us ) 1( ) 7 (t)
0 T (t)
The following statement follows from Theorem 6.1:
Theorem 7.1. (1) X;(t) solves the initial value problem:
0 0
d - Te(t)Uy | _ . W
0 0

(2) Using the above notations we obtain the following equations for 2 < j < p:

0
<% + Nj> X;(t) +S#)X;m1(t) +AX;5(t) =0 with  X;(0) = 8
0
and
0 0 0
0 0 TB(t) =T Il(t)
SO=1| _n,® 0 o 0
—Tp(t) 0 0 0

We present an exact form of X;(¢). Then X;(t) for 2 < j < p is given in the form:
X;(t) = etV & (S(t)xj,l(t) + ij,z(t)),
Moreover, we obtain y;(t), 7;(t) (1 < j < p) as follows:

y(t) = 2(t) + 22;(t),  9;(1) = w;(t) — x;(t).
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8. THE FORMULA FOR e Vi

In this section we give the exact form of et (1<j<p).

Definition 8.1. (1) Define a system of p second order ordinary differential operators L,

where 1 < j < p:
d d P
Low. = — 1<Ek< |=
" (dter’c 1> (dt+bk) b —k—[z}’

d d —1
L2k+1:(dt+ak> <dt+ak+1)*P7 0<k< [pT}

(2) Let hj(t) for 1 < j < p be operator-valued functions such that

Lihy(t) =0, hy(0) =0, (%h]) (0) = 1.

(3) Define ®;(t) for1 < j <p by:
Do = hop x e~
7bkt.

Dopy1 = hopy1 * e

Proposition 8.1. (1) The functions ®;(t) satisfy the equations:
d d d?
T +ay | Lor®ar(t) = 0, $oi(0) =0, dt%k (0) =0, E(I)% (0)=1,

d d d?
(dt + bk> Lok11Pop41(t) = 0, Popy1(0) =0, (dt‘%kﬂ) (0) =0, (@(D%—H) (0)=1.

(2) The fundamental solutions e™s (1 < j < p) have the form:

d
“tNppr _ [ @ T Okl < {p - 1}
‘ < P4 + ax > haan (9 sh= 2 I
d
—tNoy _ dt + bk —1 <k< |:E:|
(& ( _p ‘;—lt + bk71 ) hgk(t), 1 S k =13 .

(3) The fundamental solutions etV (1 < j <p) have the form:

- —tNopt1 0 —1
—tNgpyr _ [ € p }
& 2k+1 — < G2k+1(t) e*bktfg ) ) 0 S k S [ )

_ —tNoy
67tN2k:<6 02 giig?g), 1§k§ [2}7



39

ON THE HEAT KERNEL ON FORMS ON THE HEISENBERG GROUP

where G;(t) are 2 x 2 matrices which are defined by

G (t) = ( P H —(2 + a) )‘I’%H(t)

— (5 D) e,

O (L I ST X))

Remark 8.1. By using the operatorP the functions h;(t) for 1 < j < p can be written as
follows:

. sinh {t i(bk — bk—1)2 + P}
g (t) =200t :
%(bk — bk_1)2 + P

sinh {t Hapsr — a)? + P}

h2k+1(t) zg_%(ak+1+ak)t
\/i(akJrl —ag)?+ P

9. AN EXACT FORM OF X (t)

In the present section we give an exact form of the function X (¢). It satisfies the following
equation:

0 0
d ~ Tp(t)U, \%
(E—'—Nl) Xi(t) + B(O) o =0 Xx0)= OO
0 0
Therefore, we have
0
Xl(t) = 67”\7le (0) — 67tN1 % TB%)UO
0
Theorem 9.1. The function X1(t) has the form:
A
ok (t
— arz
NO=1 Tw |
— gk (t)

where
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Proof. We have

0 —hy ()W —%cb (W
| W Shw | _ | Lomw
¢ o |~ Zzeww |~ | Zeww
0 —4d, ()W —4P, ()W
and
0 — (§®1(8) * T(t)) U — i (@1(1) * Ty(1)) Uy
oy | Tt | _ | (G« TB(t)) U | _ ;tQ (@1(2) * Tp(t)) U
0 Z(®1(t) = Ts(t)) Uy (‘1’1(t) *Tp(t)Uo |’
0 — (L@, (t) * Ts(t)) Uy — i (P1(t) * T(t)) Uy
where we used p
P1(0) = @@1(0) =0
O
Corollary 9.2. (1)

(2)

uy(t) = — ae™” (;t + zZ) ki(t) — ae™” <jt - z'Z) ki (t),

vy (t) =e (j—; + ZQ) ki (t).

According to Corollary 9.2 we obtain the exact form of the heat kernel for one-forms which
coincides with the expression in Theorem 4.1 since a; = n for one-forms.

Remark 9.1.
sinh 4 ¢y/1a? + P
hl(t) 7—a1t { }, Cl1 :nprrl).,
jai + P
&? 9 &? 9 d . d . —
ﬁ_FZ kl(t) = @‘FZ ( )‘/()— ﬁ—ZZ (I)l(t)/on— £+2Z (I)l(t)/on,

(
@ + ZZ) ka(t) = (% + iZ) B1(t)Vo — B1(t)BUy + {@1(1) — 2 (ha(t) * €*7) (t)} B,
(

i (1(0) % ) (1) = By (1) — (ha(0) x e 7) (1),
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