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Preface

In 1959, late Professor Richard Brauer visited Japan and gave
interesting lectures at several universities, including Kyoto University.
Though twenty years have passed since then, these valuable note,
based on a series of his lectures at Nagoya University (March-April,

1959), have been kept unpublished.
In view of the mathematical value, we decided to publish these
notes in the lecture notes series of Department of Mathematics, Kyoto

University.

M. Nagata
June 1979
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I. Preliminaries

§1. Algebras and their representations

Let G be a finite group. A representation of G over a
field Q@ is a homomorphism of G onto a group of automorphisms
(non-singular linear transformations) of a vector sapce X over
2, such that the identity element of G is mapped onto the iden-
tity transformation. Such a representation of G over Q@ can be
extended in a natural way to a representation of the group alge-
bra I'=T(G,Q) of G over Q; recall T' is an algebra over @ having
a linearly independent basis over @ such that under the multi-
plication of T the elements of the basis form a group isomorphic
to G, and often identified with 6. A representation of an
algebra T over Q i1s a homomorphism of T onto an algebra over Q
of endomorphisms (linear transformations) of a vector space X
over &, such that the identity element of I', whose existence we
assume, is mapped onto the identity transformation.

So we first consider a finite-dimensional algebra T with
identity over a field Q. Let X be a representation of I by
linear transformations in a vector space X over Q2. We will call
X the representation space or the representation module of X.

X 1s then a I'-module, finite-dimensional over Q. Conversely,
any I'-module X, which is finite-dimensional over Q, gives rise
to a representation of T'. If we take a basis, say Vs Ups®t®s

v_ of X, then the transformations X(o), oel, assume matrix form;

14

we then speak of the matrix form of the representation X.



1 1
(1) E o = X(o) 5 o e T
v )
n n

The term representation often refers to such a matrix form of

S\ NS )

the representation. If E =Pk f is a second basis of X, where
e Un

P is a non-singular matrix in @, then the matrix form with res-
pect to the second basis is PX(o)P—l. This last matrix form is
said to be equivalent to the first. Equivalent matrix represen-
tations can always be regarded as matrix forms of the same re-
presentation taken with respect to different bases of the repre-
sentation space, and may thus be considered as essentially the
same. More generally, two representation modules of T gilve rise
to equivalent matrix representations if and only 1f they are
operator-isomorphic with T as ring of operators.

A representation X of T is called reducible or irreducible
according to whether its space X does or does not have proper
I'-subspace. In the former case, with a suitable choice of basis
of X, the matrix form of X may be taken in a form

X 0

(2) X =

*
X2

where Xl’ X, are the representations defined by the subspace

2

and the corresponding quotient space. Any representation may,

when we passed to an equivalent one, be written in a form



/'Xl 0 \
(3) X=[ X ) I’;l

with irreducilble XiS the representations Xl,°-°, Xr are called
the constituents of X, and are uniquely determined up to order
and equivalence by the Jordan-Holder theorem.

In case the part % in (3) (with irred@cible Xi> can be made
0, the representation X is called completely reducible. This
is the casge if and only if the representation space X is comple-
tely reducible, i.e. is a direct sum of irreducible I'-subspaces.

If we consider T itself as a right T'-module, we obtain the
so-called (right or first) regular representation of T'. Since
any irreducible T'-module is isomorphic to a module of the form
T/# with a maximal right ideal 7 of T, the regular representa-
tion contains any irreducible representation as a constilituent.

If A i1s an extension field of &, we obtain an algebra I',=
FXQA by extending the coefficient domain from @€ to A. A repre-
sentation X of T by linear transformation in an QN-space X can be
extended in a natural way to a representation XA of FA by linear
transformations in the A-space XA=XXQA. When we wish to differ-
entiate X from its extended representation XA’ we will call X a
representation of ' over . An irreducible representation X

(or its representation module X) is called absolutely irreducible

if XA is irreducible for every extension fileld A of ©; equiva-
lently, this amounts to the irreducibility of the FA—module XA

for every extension field A. If every irreducible representation



of an algebra T is absolutely irreducible, then I 1s said to

split. If FA splits, A is said to be a splitting field of T.

An algebra T over an algebraically closed fileld Q always
splits. For if X is an irreducible T-moudule, then the T'-~endo-
morphism ring of X coincides with @, since on the one hand it
is a division ring, and on the other hand it is finite-dimen-
sional over Q as a subring of the full matrix ring of degree
(x:2) over Q. But it is well-known (see below) that an irredu-
cible representation module is absolutely irreducible if (and
only if) its endomorphism ring coincides with the ground field.

Hence for any coefficient field Q, any algebraically closed
extension A of Q@ will be a splitting field of T. From this it
follows that T always has a splitting field which is of finite

degree over Q. To see this, consider an algebraically closed

]|

algebraic extension of @, and the finite number of coefficients
in those matrices corresponding to a basis of T in a complete
system of mutually inequivalent irreducible representations of
1-"5.

The above criterion for the absolute irreducibility of an
irreducible representation may be obtained as follows: We show
that if (vl,---,vm) is any basis of an irreducible representation

module X over its endomorphism ring, then there are m elements

0,5, Gm in T satisfying

v,0, = 6uvvu (W,v=l,~+,m).

Indeed, since X=viF for each 7 (and in fact X=vI for any non-zero
element v in X), this implies the existence of an element o in

I' transforming v

oo e
2

1 > Uy to m arbitrarily given elements in X.



Hence in case 2 is itself the endomorphism ring of X, the repre-
sentation X(I') consists of all mxm matrices over . Furthermore,
by considering the number of elements in X(T') linearly indepen-
dent over @, it follows that X(I') is a full matrix ring whenever
X is absolutely irreducible.

The subset

(4) v = {o ¢ T|Xi(o) = 0 for every irreducible representation

Xi of T over Q}

of T is a nilpotent ideal, since X(¥) is nilpotent when X is

the regular representation (or any faithful representation) of
. Conversely, any nilpotent right ideal 2 of T is represented
by 0 in any irreducible representation X (since X4#0 would imply
Xn=X and X&t=X for ¢t=1,2,°°+). Hence N is the largest nilpotent
ideal in T3 N contains all nilpotent right ideals in T and by
symmetry, also all nilpotent left ideals in I'. N is called the
radical of T.

If the regular representation (or any faithful representa-
tion) of T is completely reducible, then evidently N=0. The
converse is true too. Thus, if the radical ¥ of I is 0 (T is
then said to be semi-simple), every simple (Z.e. irreducible)
right ideal 2 of T is idempotent and we can then prove that 4
is generated by an idempotent element e in I', n=el. Any right

ideal 4, containing 4 is the direct sum 4 _ =ia+1!

0 0 , Where A'=

{0€&O|60=O}; observe that for any oe¢i, we have o=ec+(0-e0),

0

where edefn since eei, and 0-edgen'. It follows readily that T

is a direct sum



(5) T o= ony et on

of simple right ideals ni. If X is any I'-module, then X=XT is
the sum of subspaces uhi(uex). As an image of ni, each uai is
either 0 or irreducible. Thus any I'-module X is completely
reducible.

It is also well-known that under the same assumption of
semi-simplicity, ¥=0, T is a direct sum of simple (two-sided)

ideals which are themselves simple algebras:

(6) I =T, #eco4+ T .

This decomposition is even unique up to the order of the summands.
If n is a simple right ideals, then TI't is a sum of right ideals
isomorphic fto x; thus the sum of all right ideals isomorphic to
n and contained in an ideal is again an ideal. Thus all simple
right ideals contained in each component Fi are l1somorphic. It
is evident that two simple right ideals contained in two distinct
components, say Fi’ T. (Z#4), are not isomorphic. Hence the

J
components Fi are in 1-1 correspondence with the distinct irre-

ducible representations of I (in Q). If

(7) 1 =g, froet e, e; € Ty

is the decomposition of 1 according to (6), then €,,%", €, are
idempotents belonging to the center Z of I'. Z decomposes into

the direct sum

(8) Z = L) et 2, Z, = €.2.

Each Zi is the center of Fi and as such, 1s a simple commutative

algebra, Z.e. a field. In case the irreducible representation



Xi corresponding to the component Fi is absolutely irreducible,
then Fi:Xi(Fi) is a full matrix algebra over Q, and Z.=Q. Under
the same assumption of absolute irreducibility of Xi’ the regular
representation of T contains the constituent Xi as many times as
the degree ¥ of Xi’ since Ti as a full matrix algebra of degree

x is then a direct sum of x simple right i1deals.

i
If T is not semi-simple, the above considerations for the
semi-simple case can be applied to the residue algebra T/N of T
modules its radical N. For example, irreducible representations
of T in Q are in 1-1 correspondence with simple ideal components
of the residue algebra I'/N, and an extention A of Q is a split-
ting field for T if and only if A is one for T/N. TFurthermore,
if T is a commutative algebra, then the residue algebra I'/N is
a direct sum of fields and every absolutely I1rreducible repre-

sentation of T is linear, Z.e. of degree 1.

Given a representation X of an algebra T, the mapping
x + 0 > x(o) = TrX(v)

is called the character of T assocliated with the representation
X, or more simply, the character of X. If X 1s of degree 1,
then the corresponding character is said to be linear. Hence a
linear character in @ is just a homomorphism of the-algebra r
into Q.

We close this preparatory section with the following lemma

which will be used in III, §1 below.

LEMMA 1. ©Let T be a splitting commutative algebra over 0,

and B a subalgebra of T'. Then any linear character of B in Q



may be extended to a character of T in Q.

PROOF. Consider the restriction X|B to B of the regular
representation X of T'. Since all irreducible constituents of X
are linear, it is evident that the irreducible constituents of
X|B are all linear and are the restrictions to B of the irredu-
cible constituents of X. But the regular representation ¥ of B
is contained in X|B. It follows that every irreducible repre-
sentation of B in Q is linear and is the restriction of some

linear representation of T.

§2. Representations of finite groups — classical theory
Let G be a finite group. For any field @, the group algebra
I'=r(G,Q) of G over 2 has been defined before. T consists of all

iinear combinations

GeG ¢

of the elements G of G with coefficients a, in Q, when we iden-

G
tify a suitable basis of T' with G itself. Every representation
of G in © can be uniguely extended to one of T, and conversely
every representation of T in Q induces one of G. Notions con-
cerning representations of algebras as in §1 can readily be
transferred to those concerning representations of a group by
this correspondence. In particular, with every class of equi-
valent representations of G a character is associated. It is

readily seen that a character takes the same value on conjugate

elements of G and is thus a function on the classes of conjugate

- 8 -



elements of 6. By using the elements of G as basis elements,

the regular representation of G may be defined in a manner in-

dependent of the coefficient field Q. Its character is given
by

g G =1
(9) x(G) = i

0 G # 1,

where 1 is the unit element of G and g is the order of G.

PROPOSITION 1. If the characteristic chQ of Q is prime to
the order g of G, then the group algebra T=T(G,0) is semi-simple,
and hence every representation of G over Q is completely reduci-
ble.

PROOF. Let A be the Q-linear map of T to Q defined by

Y a ) =a,,
GeG ¢ 1
where 1 1s the unit element of G. If u=ZaGG is a non-zero ele-

ment of T, then g, #0 for some G.¢G, and hence AaGol)=a . #0.
GO 0 0 GO

It follows that if £ is a non-zero right ideal of T, then A(x)

#0, and gA(n)#0. Now

g G =1
gr(G) = {
0 G # 1.

Hence gX coincides with the character of the regular representa-
tion of T given in (9), and hence g (¥)=0 for the radical N of
' This implies by the above remark that ¥=0. Hence T is semi-
simple.

If ZaGG is an element of the center Z=Z(G,Q) of T'=T(G,Q),
G



then «a -1 for all G, HeG; conversely, such elements of T

¢ *HGH

are in Z. Hence, if

K K ,*++, K

l’
are the conjugate classes of G, and if for each i=l,2,--~,k,Ki

denotes the sum

of the elements in Ki’ then the center z(G,Q) of T(G,Q) is the

set of linear combinations
k
) ciKi’ c. € §
=1

of Ki’ i=1,++,k, over Q. For this reason Z is thus called the
class algebra of G over . If chQ is prime to the order g of
G, then T(G,0) is semi-simple by the above proposition; its
center Z2(G,0) is also semi-simple and is thus a direct sum of
fields, as was seen in the préceding section. If, moreover, Q
i1s algebraically closed, then these fields are all isomorphic
to Q; their number 1s necessarily equal to the rank k of 2(G,Q)

over . By our considerations of the preceding section, we have

PROPOSITION 2. Let chQ be prime to g. The number of dis-
tinct (i.e. imnequivalent) irreducible representations of G in
an algebraically closed field over Q is equal to the number k
of conjugate classes of G.

In particular, if © is an algebraically closed field of
characteristic 0 (e.g. the field of all algebraic numbers or

the field of all complex numbers), or more generally, if Q is

- 10 -



a splitting field of G of characteristic 0, then there are exac-

tly k distinect absolutely irreducible representations

Xis Xgpeee, X

of 6 in Q. Their characters

e

Xl’ Xoo» s Xk

are simply called the irreducible characters of G.

PROPOSITION 3. The irreducible characters Xy %% Xg of G

satisfy the orthogonality relation

1 -1
(10) = 3 Xi(G)X;(G ) = 8,
g GeG o o
PROQF. Let y denote the character of the regular represen-
tation of G. By our considerations in §1, we have
k
x(6) = ) =% (@)
=1
where xi=xi(l) is the degree of Xg (Z.e. of Xi)n Now x 1s given

by (9) as well. Hence for any two elements ¢, H# of G, we have,

on setting Xi(G)=(a5€>(G>),

GG 0= —-X(GH_l) = = ; x.x.(GH_l)
, g 15 T
kK %oz . k i . P
- "1 (D) -1y L () Y1 (1) ,,-1
121 uzl g Fu ) izl u,§=l auv @ g avu )
If we set
4= @@ B = (2 o)1y
nv G, (Z3u,v)° g vu (Z3u,v),6°

this relation may be expressed as

AB

1l
~

- 11 -



where I denotes the identity matrix of degree g. The matrices

k
2 . . .
A, B are square matrices, since g= Z Z; and this implies
=1

BA = T

3

this is, however, nothing else but the orthogonality relation
(10).

A function on G is called a class function if it is con-

stant on each conjugate class of G. Such a function is thus
essentially a function of conjugate classes of G, and as was
remarked before, examples of such are characters of G. The
totality A of class functions on G in a field Q forms a k-dimen-
sional vector space over . In 4 we can introduce an -bilinear
inner product

1

(11) (6,9) = = 1 e(e)w(e ™).

GeG
In the case of a splitting field Q of characteristic 0, the or-

thogonality relation (10) can be expressed simply as

It follows in particular that the k irreducible characters X1
*tts Xg are Q-linearly independent and form a basis of 4. Every
element 8 of 4 (Z.e. every class function 8 of G in Q) may be

written as a linear combination
k
(13) o = izl a;X;> a, < Q
of X1 Xgs each coefficient a; is determined by

(1) a, = (8,x;).

- 12 -



6 is a character if and only if a, (i=1,+++,k) are non-negative
integers.

The orthogonality relation (10) may be expressed also as

L % L (¢ Jx.(e1)=s

nglc(GK)Xi « XG0 IT0p50 OF

(15) % L 6 XL () =8
Loe(e ) Kbt X T Cago

where Gl,---, Gk are representatives of the k conjugate classes

K, oyoee, Kk of G, and e¢(¢) denotes the order of the centralizer

13

in G of the element G. If we set

X

(x;(6.)), X = (xi(G}l)) (2,521, ,k)

(G¢.) 0
)
0 c(Gk)

the relation (15) may be written as

(16) v iy = 1

1

where X' is the transpose matrix of X. Hence alsc N f'X=I, or

(17) X'X = N.

PROPOSITION 4. We have

(18) %gl X, (6%, (675 = e(6 )8,
where {GK, k=1l,+++,k} is a system of representatives of the k
conjugate classes of G, and c(GK) is the order of the centrali-
zer in G of G .

Now let ¢ be an element of the center Z(G,Q) of T(G,Q),

where @ is again a splitting field of G of characteristic 0.

- 13 -



For each irreducible representation Xi of G over 2, the matrix

Xi(C) is a scalar matrix
X,(0) = 0, ()T, w,(2) e g,

where I 1s the identity matrix of degree xi. Clearly W is a
linear character of 7Z(G,Q). Furthermore, if as before XK denotes
the sum of elements in the conjugate class K|< of G, and if GK is
a representative of KK, then we have on computing the trace of
Xi(KK)=wi(KK)I the equation

—gq = 3
c(GK)Xi(GK) miwi(KK), i.e.

Xi(GK)

= c(GK) © .

(19) o, (K,)

This formula shows that the k linear characters W (Z2=1,-
cee, k) of 7Z(G,R) are linearly independent over Q, and since
(2(G,Q):Q)=k, they are all the linear characters of Z(G,Q). We

have also

PROPOSITION 5. If ze¢Z(6,Q) and w_(2)=0 for all i=1,---,k,
then £=0. 1In particular, if s CEEZ(G,Q) and wi(cl)=wi(c2) for
all 2=1,+++,k, then glzgg.

Next, for each Xz consider the element

k
(20) e. = = ¥ y.(¢hHxk

of Z(G,Q). Then

238 B
(21) w,(e;) = — Kzl X (6w, (X)
X . k X'(G ) T
= 42_ -1 _&_ 1 K - __l _
g Kzl Xj(G ) C(GK) x@ xz(X7,>XJ) 57/‘7.

As w, is a linear character, we have

- 14 -



wi(5j81> = wi(ej)wi(el) = 6ij6ii = 6ij6j2 = wi(éjzej)'

Since this is the case for every <, we have
22 ge.e. =6
(22) ;

Thus €. ,*9, €, are mutually orthogonal idempotents in Z(G,R);

15

they are non-zero, as either the expression (20) or the relation

(21) shows. Furthermore, since
Zg )
w . ( €.) = §.. = w,(1)
0,5 G 7

for every Z=1,¢+¢,k, we have by Proposition 5
k
(23) 1= ) ¢

This relation (23) can also be seen from the fact that k is the
maximal number of mutually orthogonal idempotents in 2(G,Q).
This same observation also shows that each idempotent Ei is
primitive. Thus (23) 1s the unique decomposition of 1 into mu-
tually orthogonal primitive idempotents in 2Z2(G,0). We have ac-
cordingly the direct decompositions

k

7(G,Q) .2 eiZ(G,Q)

k
r(G,o) = ) eiF(G,Q).

Here each eiZ(G,Q) is isomorphic to © and EiF(G,Q) is a complete
matrix algebra of degree x, over Q.

Furthermore,

i}

wi<KK€j) = wi(KK)wi(ej) () - 6ij'

- 15 -



But we also have

1 -1
wi(c(@;jxj(GK)ng(Gk )KX)

. (G,)
- ET%ZT-XJ(GK) RCI v X‘xi“
(G )
= c(—éK; X300 2L Oaxg) = ey %-;5— 51
Since this is the case for all i=1,+++,k, we have
(24) KKej = ET%ZT x&(GK) % Xj(G;l)KA'

In the general case of a field @ of characteristic 0 which
is not necessarily a splitting field, we remark that the vector
space A(G) of all class functions on G in © is not only a vector
space with an inner product defined by (11), but also a commuta-
tive Q—aigebra under the usual multiplication (6¥)(G)=6(G)Y(G).
Let H be a subgroup of G. The restriction mapping 9+6H=6|H is
clearly an f-linear homomorphism of A(G) into A(H), the algebra
of class functions on H in Q. Furthermore, the identity element
of A(G) maps onto that of 4(H). 1In the reverse direction, for
YeA(H), we have the induction mapping w+wG defined by

1

(25) W = 1 woex™),
XeG

where k is the order of H, and wO(X)=w(X) or 0 according as

XeH or not. For Yed(H), 6c4(G) we have

(26) o = (vo,)°,

1

-1 1 -
Y (XGX 7)0(G)=% (pe,) (XGx ™)
gG 0 h XEG H

wG
since (wGS)(G)=¢G(G)9(G)=%
X

XGx"TeH
=(weH)G(G) (the third equality follows from the class property

_ 16 -



of 8). We have also the Frobenilus reciprocity
G -
(27) (111 ,e> - (11),9 )3

where the right-hand side is the inner product in 4(H). For by

(25)

G 1 G -1 1 1 -1 -1
(v7,0) = = Po(GE)e(E ) = = = Y, (XGX 7)0(G )
i g GszG g GezG h XEZG 0
1 -1 1 -1
= —= V(H)B(XH™"X) = = Y Y(H)B(H =) = (¥,6,).
gh XEG h HeH H

HeH
It is evident that if 6 is a character, then GH is one.
Furthermore, replacing § by a suitable extension if necessary,
and letting 6 range over the irreducible characters X155 Xg
of G, we see that if ¢ is a character of H, then wG 1s one of

G; wG is then called the character of G induced by ¥. In fact,

if ¢y 1s the character of a representation ¥ of H, and if Gl,--
©e, Gr form a system of representatives of the right cosets of
H in G, then wG is the character of the representation X of G

constructed as follows;

(28) / V(GlGGil)-°° V(GlGG;l)
-1
X(g) = V(GUGGv Yeoo
-1 -1 /
V(6,667 )" V(6,66.7) /

where we set Y(G)=0 whenever GiH; the representation X of G is
said to be induced by Y. In terms of representation spaces,
the space X of X has an H-subspace Y defining the representation

Y of H such that X is the direct sum

(29) X = YG, + YG, +eect YG .

- 17 -



Finally, if X is a representation of G and if we reduce by
similarity transformations the matrix X(G) representing an ele-
ment ¢ of G into triangular form in an algebraic closure of the
ground field, then elements on the main diagonal are (G)-th
roots of unity, where (G) is the order of ¢, and hence a divisor
of the order g of G. If x is the character of X, x(¢) is then
the sum of these roots of unity. In particular, the values of
a character are algebraic over the prime field. Instead of
dealing with abstract fields algebraic over an abstract prime
field of characteristic 0, we shall always work with fields of
algebraic numbers, i1.e. extensions of the rationals. Thus the
values of a character in a field of characteristic 0 are all
algebraic numbers, and are in particular, complex numbers.

From the expression of x(G) as a sum of roots of unity we then

readily obtain

(30) x (& = x(6), G e G,

where x(G)=%(G) is the complex conjugate of x(G), the orthogona-

lity relations (10), (15) may also be written as

' 1 — _
(10") 7 GZG Xg (G ;(6) = 6,
k 1 _
(15") Kzl ETEET Xi(GK)Xj<GK) = 6ij'
Also X=X and (18) becomes
K _
(18‘) '% Xi(GK)Xi(G)\) = G(GK)SKX'

T

1

(24) becomes

- 18 -



l —_
(24m) Koe; = IGR) x;5(6) ; x5 (G0K,

These suggest defining in the space of complex-valued class

functions on ¢ an inner product

(31) (8,9) =

Q|

Toe(e)v(e)
GeG

in place of (11). This inner product is Hermitian, satisfies
(6,9)=(¥,6), and makes the space a Hilbert space. If ¢ is a
linear combination of irreducible characters with real coeffi-
cients, then (11) and (31) coincide. In particular, (12), (13),
and (14) are valid for this new and more natural inner product
(31). Formula (27) is also valid, and can be proved either as

before or from (26) and the relation (e,w)=§ yo(ey)(6).
GeG

§3. Cyclotomic splitting fields

In this section we will prove the existence of certain
types of splitting fields for a finite group G. The proof, at
the same time, establishes theorems on the generation of the
characters of G from those of certain subgroups of G, and these
will be of use in later sections. As mentioned towards the end
of the last section, we shall always deal with complex-valued
characters rather than characters in abstract fields of charac-
teristic 0; these we simply call characters. Let A4(G) be the
space of all class functions on G in the complex field Q. For
any subring § of @ containing the ring Z of rational integers,

let XS(G) be the set of all linear combinations with coefficients
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in S of the characters of G. XS(G) is then an S-module of A4(G),
and since the product of two characters is again a character
(being the character associated with the Kronecker product of
the corresponding represenﬁations), XS(G) is a subring of 4(G).
If H is a subgroup of G, we define the ring XS(H) similarly.

Let {Ha} be a family of subgroups of G. We introduce

S-modules Vg and US of A(G) as follows: firstly,

_ G
Vg = g X (H )7,

i.e. V, is the set of all S-linear combinations with

G
Yoa. L.
S s a,J a,d

Secondly US is the seﬁ of all elements

8 in 4(G) such that the restriction GH belongs to XS(HQ) for
a

characters wa g of Ha.
2

every a. We will write X for XS(G).

PROPOSITION 6. Ug is a subring of A(G), Ve 18 an ideal of

U and

S.’

Uo 2 Xo2 V

S s S°

PROOF. The first assertion is clear from the ring property
of XS(Ha)' Every character of G belongs to Ug and this implies

the first inclusion of the proposition. Since wS 3 is a chérac—

ter of G for every character wa i of Ha, we have the second in-

s

clusion as well. Furthermore, for any 0eU, we have SH eXS(Ha)
Q
and hence by (26),

G

WS L0 = (w, 50, )°
o

G
a,d € XS(Ha) = VS

for every character wa i of Ha. VS is thus an ideal of US’

The constant 1, being the unit character, belongs to XS‘
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Its S-multiples S can thus be considered as a subring of XS'

LEMMA 2. If the subring S of Q possesses a Z-basis, and

if one of the basis elements is 1, then every rational integer

d in VS belongs to VZ.

PROOF. Let the Z-basis be {nu}, say with nl=l. The ele-

ments nu are then linearly independent over X To see this,

7
suppose we have a relation Enu6u=0 with eueXZ. Since every
H

character is a sum of absolutely irreducible characters Xys®® s

Xz 5 such a relation can be written in the form ZnuZauiXi=O with
TR

auiez. But the X; are linearly independent over £, so that

Enuaui=0 for i=1,-++,k. Hence g =0 for all w, ¢, and the n

are linearly independent over X Now 1if deVSnZ, then

7"

n

- 4 = G v
dn, =d = ] wuaj ﬁ CENUN

o,

with wa’jeXS(Ha) and zajuez. Comparing the coefficients of the

basis element nl=l on both sides, we obtain deVZ.
Now let g be the order of G, and € a primitive g-th root
of 1. We henceforth set 5=Z[e]. S has a Z-basis of the form 1,

€,°°°, am_l and hence Lemma 2 is applicable with this S.

LEMMA 3. Let M be a subgroup of G and assume H is the di-
rect product AxB of an abelian group A of order a and a group B
of order b, where a and b are relatively prime. Let 4 be a
fizxed element of A, and let C(A) be the centralizer of A in G.
Then there exists an element Y in XS(H) such that wG(G)eZ for

every GeG, wG(G)=O 1f G is not conjugate in G to an element of
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48, and vC(a)=cc(a):8).
PROOF. Each linear character Av of A can be extended to a

linear character w6 of H=AxB, where wv(B)=1 for BeB. Set
-1
p = g w,(4" Do,

so that wEXS(H). Since A is abelian of order a, the orthogonali-
ty relations for the characters of A show that Y(H)=a for HedB,
and Y(H)=0 for HeH, HXAB. We now compute wG by (25). It is
clear that wG(G) is a rational integer for every GeG. If G is
not conjugate to an element of 4B, the terms wO(XGX_l) in (25)
all vanish, and hence wG(G)=O. For G=4, we héve wO(XAX_l)=a if
XAX—l is an element 4B of 4B, and wO(XAX_l)=O in all other cases.
If B#1l, the order of AB is not a divisor of a, and hence 4B can-
nof be conjugate to 4. Thus xAx"1=4B holds only if B=1, and

then X must be in C(4). Since the order h of H is ab, (25) yields
v() = (C):l)ash = (C(A):1)/b = (C(4):B).

This proves our lemma.
Suppose that the subgroup H=AxB of Lemma 3 is contained in
some member Ha of the family {Hu}. Since the induction map_in

transitive,

G G
v« XS<Ha) S

We now show

PROPOSITION 7. If the subgroups H_ of the family {Ha} cover

G, then V, contains every class function 6€A(G) whose values be-

S
long to g8S.

PROOF. Let 4 be an element of a given conjugate class K of
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G, and let Hd contain 4. Apply the above lemma to the case

where A 1s the cyclic group generated by 4 and where B={1}. VS
then contains the class function ¢ which is 0 outside K and

which takes the value (C{(4):1) on K. Since (C(4):1) divides g,
it follows that if 6 satisfies the assumptions of the proposi-
tion, then 6 is a linear combination with coefficients in S of
the various functions 4 associated with the different classes K

of G. Hence eevs.

Combining Proposition 7 with Lemma 2, we have the

COROLLARY. If the subgroups Ha cover G, then geVZ.
Let p be a fixed prime number. We call an element of G

p-regular or p-singular according as to whether or not its order

is prime to p. An element whose order is a power of p is call-
ed a p-element. A conjugate class of G is then p-regular,
p-singular, or a p-class 1if it consists respectively of p-regu-
lar elements, p-singular elements, or p-elements.

Every element G of G can be uniquely expressed as a commu-

tative product
(32) G = RP = PR

of a p-regular element R and a p-element P, where R and P are
both powers of &¢. To prove this, express the order m of G as a

product m=pumo, where (p,mo)=1. There are then rational inte-

N u - spu tmo
gers s and t with l=sp +tm0. We may then take R=G s P=G .

R and P are called respectively the p-regular component and the
p-component of G.

such that 6(¢) and 0(R) belong

If 6 is any element of XS
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to Z, then

(33) 8(G) = 6(R) (mod p).

In order to prove this, it will be enough to do the case where

G is a cyclic group with G as generator. But in this case the

irreducible characters Xz of G are linear, and Xi(G)=xi(P)xi(R)‘

B H

If P has order p", this implies that xi(G)p =xi(R)p . Now 8 has

the form e=2aixi, where aies. Raising this equation to the pu—th
7

power, we have

1! u H u u u
8(¢)P = ) ag xi(G)p = J ag xi(R)p = o(g)P (mod pS).
7 7 :

By Fermat's theorem on the other hand,

e(c;)pu = 8(G), e(R)Pu = 9(R) (mod p).

Thus we have (33), since pSnZ=pZ.
We willi call a group H p-elementary if H is the direct pro-
duct AxB of a cyclic group A of order prime to p and a p-group

B.

LEMMA 4. If every p-elementary subgroup of G is contained
in a member Ha of the family {Hu}, then there exzists an element

n of VS such that n(G)eZ and

n(G) =1 (mod p)

for every GeG.
PROOF. Let {4} be a complete system of representatives for
the p-regular classes of G. To prove the lemma it will be suf-

ficient to construct an element n, of V., for every Ae{4A} with

S

the following properties:
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i) nA(G) e Z for every G ¢ G,

=1 (mod p) if the p-regular component of
ii) nA(G) G is conjugate to 4 in G
=0 otherwise.

For if such n, are obtained, we can take n to be the sum ZnA.
A

Hence fix 4e¢{4}, and let A be the cyclic group generated by 4.
Let B be a Sylow p-subgroup of the centralizer C(4) of 4, and
set H=AxB. H is p-elementary and hence 1s contained in some
Hae{Ha}. By Lemma 3 there is an element g of Vo such that
8(G)eZ for every GeG, #(G)=0 if ¢ is not conjugate to an ele-
ment of 4B, and #(4)=(C(4):B). Since (C(4):B) is prime to p,
there is a z¢Z such that z(C(4):B)z1 {(mod p). If we set nA=z¢,
has the required properties 1), ii). Indeed,

then nAeV and n

S’ 4
i) is evident. Furthermore, if the p-regular component of ¢ is
not conjugate to 4 in G, then ¢ is not conjugate to an element
of 4B, and hence g and Ny, vanish on ¢. On the other hand, we

have nA(A)El (mod p). The remark made before this lemma shows

that nA(G)El (mod p) if the p-regular component of ¢ is conjugate

to 4.

PROPOSITION 8. If every p-elementary subgroup of G is con-
tained in some group H of the family {Hu}’ then gocVys where
g=pago and (g ,p)=1.

PROOF. Let n be as in the above lemma. If ¢ is a rational
integer such that ¢=1 (mod pj) for some j=1,2;+++, then ¢F=z1
J+l

(mod p ). It then follows that

a-1
P (@) =1 (mod p%)
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a-1

for all G<G. Since VS is an ideal and hence a ring, np eVs.

a-1
Set np =1+eo. The above congruence shows that Proposition 7
can be applied to the class function e=goeo. It follows that
pa—l
goeoevs and hence 9o=9on —goeoevs. By Lemma 2 gOeVZ.
We will call a group elementary if it is p-elementary for

some prime p.

COROLLARY. If every elementary subgroup of G is contained

in some member Ha of the family {Ha}’ then

(34) U, = X (G) =V

Z Z Z

and for any subring S of the complex field containing 2 (not ne-

cessarily of the form Z[e]),
(35) Ug = Xg(6) = Vg.

PROOF. Proposition 8 can be applied for every prime P, SO

that V, contains a rational integer prime to p for every prime

Z

number p. Thus leVZ. Since v, is an 1deal of Uys

that UZ=VZ and thus (34). Furthermore, since VSEVZ we have le¢

and hence (35).

this implies

VS’
If we take {Ha} to be the set of all elementary subgroups

of G, we may express the equalities XZ(G)=V and XZ(G)=UZ as

Z

follows:

PROPOSITION 9. Every (complex-valued) character y of G can
be represented in the form
= *
(36) X =) ab%
where each wi 18 an irreducible character of some elementary sub-

group E of G, wi ts the character of G induced by Vs and each
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a, i8 a rational integer.

PROPOSITION 10. A complex-valued function 0 on G is a ge-
neralized character of G (i.e. a Z-linear combination of irredu-
cible characters) if and only i1f the following two conditions

are satisfied:
i) 8 418 a class function.

ii) For every elementary subgroup E of G, the restriction

O|E to E is a generalized character of E.

In connection with Proposition 9 we note

LEMMA 5. Every irreducible character Y of an elementary
group t is induced by a linear character of some subgroup.

PROOF. The lemma is actually true for any nilpotent group
E. By replacing E by a subgroup if necessary, we need consider
only the case where ¢ 1s primitive, Z.e. ¥ 1s not induced by a
character of some proper subgroup. Furthermore, by passing to
a factor group, we may also assume that ¥ is the character of a
faithful irreducible representation X over the complex field Q.
Let X be the representation space of X. Let A be an abelian nor-
mal subgroup of E. Since the group algebra T(A,R) 1s the direct
sum of (A:1) mutually orthogonal fields Fu all isomorphic to @,
the A-module X is the direct sum of the submodules XFU, some of
which may be 0. Each element G of E permutes by transformation
the Fp among themselves, and since XFMG=XGG;lFuG=XG_lFuG, G per-
mutes by right multiplication the Xl‘u among themselves. If we

consider only the non-zero summands XPU, then the permutation

- 27 -



group effected among them is transitive. Because of the irredu-~
cibility of the T(E,Q)-module X, X=ZXTU. Let XT, be a non-zero
summand among the XFu, and 1let El be the subgroup of E consist-
ing of all elements leaving XFl fixed. The representation X is
then induced by the representation of El defined by XFl. Becau-
se of the primitivity assumption on ¥, it follows that E=El and
X=XP1. Hence the representation module X of A 1s a direct sum
of irreducible modules, all of which are isomorphic to Pl and

of dimension 1 over Q. Thus the representation X(A) consists

of scalar matrices, and since X is faithful, A is contained in
the center of E. Being a factor group of a sﬁbgroup of the ori-
ginal group, E is nilpotent. This implies that E itself is abe-
lian. For if a maximal abelian normal subgroup A of E were smal-
1ef than E, then E/A would contain a cyclic ncrmal subgroup #1,
whose inverse image under the homomorphism E-E/A would be an
abelian normal subgroup of E larger than A, since A is central.
Thus E 1s abelian and its irreducible character ¢ is linear (in
fact £ is cyclic). This proves the lemma.

We now have the following refinement of Schur's conjecture.

PROPOSITION 11. Let m be the least common multiple of the
orders of the elements of G, and let K be the field of m-th ro-
ots of 1 over the rational field. Then K is a splitting field
of G, Z.e. every irreducible representation of G in K is absolu-
tely irreducible.

PROOF. Let X be an irreducible representation of G over
the complex field . X is then contained as in irreducible con-

stituent in an irreducible representation ¥ of G over K, say with
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multiplicity s. Since an irreducible representation of G over
K contains X if and only if it is equivalent to Y, the multipli-
city of X in any representation of G over XK is always a multiple
of 8. The number s is called the Schur index of X with respect
to K, and what we have to show is that s=1. Now K contains the
character x of X, as well as the characters of every subgroup of
G. In particular, if X is a linear character of a subgroup H of
G, and A¥ is the character of G induced by A, then the represen-
tation corresponding to A¥ is realizable in K. Indeed, we may
simply take the representation of G induced by the linear repre-
sentation A of H. Express now X in the form (36) of Proposition
9 with the a. and the wi as described there. If p is any fixed
prime, (36) shows that there exists at least one W% containing

x with a multiplicity ¢ relatively prime to p. By Lemma 5 wi is
induced by a linear character of some subgroup of Ei' Since the
process of induction is transitive, the character ¢§ of G is in-
duced by a linear character of a subgroup, and hence corresponds
to a representation of 6 realizable in XK. Since this represen-
tation contains X ¢ times, the Schur index s of X with respect
to K divides ¢, and is thus relatively prime to p. This is the
case for any prime p. Thus s=1.

Proposition 9 first appeared in [15]1 in connection with a
problem of Artin. This result was then used to prove Schur's
conjecture in [14]; the refinement as given in Proposition 11
appeared in [16]. Proposition 10 first appeared in [18]. Sub-
sequent simplifications of the proofs of Propositions 9 and 10

can be found in [1] or [30]. For proofs differing considerably
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from those in the above references, we refer to the papers [33']
of Solomon and [33"] of Swan. For problems concerning the Schur
index, see [17], [33], and [38].

The methods and results in this section have been rather
more arithmetical than algebraic. Properties of group characters
even more arithmetical will be studied in the following chapters.

In studying arithmetical properties of group representations
it is often useful and necessary to consider group algebras over
commutative rings which are not fields. The group algebra I (G,
0) of G over a commutative ring o with an identity is defined
in the same way as in the case of a group algebra over a field.
Its center Z(G,o0) consists of all linear combinations over ¢ of
the sums KA of elements of conjugate classes.

We close this chapter by mentioning a problem of some what
arithmetical nature on group algebras. Let Gl’ 02 be two finite
groups. Suppose that for every field X of characteristic 0 or a
prime number, the group algebras F(Gl,K), F(GQ,K) of Gl’ G2 over
K are isomorphic. Are then Gl and G2 isomorphic? Also,
if the group rings F(Gl,Z), F(GQ,Z) over the rational integers

7Z are isomorphic, are then Gl’ and 62 isomorphic?



II. Arithmetical Structure

§1. The numbers wi(Ka)

Let @ be an algebraic number field, and let QO be a subring
with 1 of Q. The center Z(G,QO) of the group ring F(G,QO) over
QO is spanned over Qo by the sums Kl,-o-, Kk of the elements of
the k conjugate classes of G. Each of the k functions w, (I,82)
maps Z(G,QO) onto a subring of the field generated over QO by the
g—-th roots of unity. Indeed the image is a finitely-generated
Q,-module, with generators wi(Kl),ea«, wi(Kk>° It follows that
the image consists of numbers integral over QO. Taking QO to be

any ring between the ring of rational integers and the ring of

algebraic integers in Q, we have

PROPOSITION 1. For each w. the numbers w.(K. ),e++, w.(K,)
7 771 i Tk

are algebraic integers.

PROPOSITION 2. For every irreducible character Xz of G,
the degree xi=Xi(l) divides the order g of G.

PROOF. By the orthogonality relation I, (15') we have

k
g / = .
ch(Ga)Xi(Ga)Xj\Gu) gsij’ L.e.

o=

(1)

i v XS

w. (K )x. (6 ) =T 5. ..
o1 toa’ti e x, iJ

k
In particular ) w.(XK )x.(G¢ )=Z-. The left hand side is an al-
a=1 7 o 7 o .’L'i

gebraic integer by Proposition 1. The right hand side is a ra-
tional number. Hence the common value is a rational integer,

proving xilg.
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§2. Modular representations and their characters
We now consider a fixed rational prime p. Let pa be the

highest power of p dividing the order g of G, so that

(2) g = 2%, (Prgy) = 1.

Let v be a fixed extension to @ of the p-adic exponential valua-
tion of the rationals, nprmalizea so that v(p)=1. Let o be the

ring of integers for v, and p the unique prime (and in fact ma-

ximal) ideal of ¢: recall p consists of those numbers with po-

sitive v-value. The residue class ring
(3) Q% = o/p

is then a field of characteristic p. A representation of G over

the field Q* is called a modular representation of G.

From now on we shall assume that the algebraic number field
Q contains all of the g-th roots of 1 in scme algebraic closure
of the rationals. Let EO and,Eg be the group of all go—th roots
of 1 in @ and Q% respectively. If n is in EO, and n* denotes
the residue class of n (mod p), then the mapping n»n#* is an iso-

morphism of EO onto the group Eg. Indeed, if n, n, are two dis-

1
tinct elements of EO, the quotient #L is a go—th root of 1 in Q
1

90

different from 1, Z.e. a root of the polynomial = Since
95 ]

X - _ n . . .
[(3371,-1"9,> we have a —l|go. This is possible only when

1
%Lil (mod p), Z.e. ni!Enl (mod p), since p*go. Thus the g, ele-
1

ments n¥, neEO, are all distinct. They are evidently go—th

roots of 1 in Q¥%¥. Since there are at most 90 go—th roots of 1
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in Q@*¥, the mapping n-n¥* is an isomorphism of EO onto Eg.

Now let F be a modular representation of G, Z.e. a repre-
sentation of G in the field Q%, and let f be its degree. Let
R be a p-regular element of G, and let ei,---, e} be the charac-
teristic roots of F(R). The eg are g,-th roots of 1 in Q#%*. By
the above remark there exists for each 82 one and only one go—th
root of 1 in @, say €55 whose residue class (mod p) is Ef. We

set

(4) $(R) =

€,
12

Il D1y

=1
and call ¢ the character of the modular representation F (or

more simply a modular character). We remark that ¢(R) is defined

only for p-regular elements R, and that the value ¢(R) belongs

to Q and not to Q*.l) The residue class ¢(R)¥ of ¢(R) (mod p)

f
is the trace tr F(R)= } €% of F(R).
=1

§3. Transition from an ordinary representation to a modu-
lar one
Representations over @ (or more generally over a field of

characteristic 0) will be called ordinary representations, and

their characters ordinary characters in order to distinguish

them from modular representations and their characters. Let X

be an ordinary representation of G over 2, and X its

1) It is known that two modular representations have the same irre-
ducible constituents if and only if their characters coincide; see [25].

However, we may and shall proceed without assuming this.



representation module. Let €55 e be an {i-basis of X. The

o-module M generated by the elements euG’ 1<u<x, GeG, has an
eee, e', since 1t is finitely-generated. Indeed, if

el,s+e, e' are elements of ¥ such that el e+, eé (mod pM) form

1
Y 12
an o/p=Q* basis of the finitely-generated o/p-module M/pM, then

ei,»--, eé generate M over ¢ (since p is the Jacobson radical of

o), ei,---, e! are then evidently linearly independent over o and
over Q. Since the Q-module generated by {euG} is X, we have y=x,
and ei,---, eé form an Q-basis of X. If we consider the matrix
form of X with respect to this new basis elf,<c--, eé, all the
matrices X(G), GeG, have coefficients in o. Passing to their
residue classes (mod p), we obtain a representation X* in Q%.

If we denote the o0-G-module aei+---+oeé by XO, the modular re-
présentation X¥* corresponds to the representation module XO/pXO

over Q¥,

REMARK. The representation X* depends on the choice of the
Q-basis @150, e, of X we started with, and hence is not uni-
quely determined by the representation X.l)

§4. Decomposition numbers and Cartan invariants

From now on we shall always assume that @ and Q% are

1) If we use the result in the foot-note of the preceding page, it
follows that the irreducible constituents of X¥ are uniquely determined by

X. We shall give an alternative proof of this in §k.
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splitting fields of G.1) Let Fis+++, F, be the totality of
non-equivalent irreducible modular representations of G (Z.e. ir-
reducible representations over Q%). Let ¢l,---, ¢2 be their
characters and fl,---, fz their degrees. Let Xl,---, Xk be the
totality of non-equivalent irreducible representations of G over
@ (Z.e. irreducible ordinary representations); the number k is
equal to the number of conjugate classes of G. Their characters

s

and degrees are denoted as before by Xqs®"%s Xy and x, s Tpe

Now construct a modular representation Xz from each Xi’ and denote
the multiplicity of Fp in Xf by dipa The non-negative integers

d (Z=1,°°°,k; p=1,°°,4) are called the decomposition numbers

=35

ip

of G (with respect to p). For a p-regular element R we have

Il 1

(5) X?:(R) = dipd)p(R)w

p=1

For each p=l,°°:,2 we define an ordinary character @p by
setting
k

(6) e () = d; Xz (G G e G.

=1

For R p-regular we obtain from (5) and (6)

£
(7 @p(R) = Gzl epo¢c(R), R p-regular,
where
k
(8) cpo = izl dipdic = cop

1) It is true that Q% is a splitting field of G whenever © is. How-
ever, we can proceed without using this fact by taking © large enough at

the beginning.



We call the non-negative integers s (p,0=1,++-,2) the Cartan

invariants of G (with respect to p).l) Let
b= <dip)i=l,°°',k;o=l,--°,£
c = (

e )
PO p,0=Ll 0,2
be the matrices of decomposition. numbers and Cartan invariants.

The last relation (8) may then be expressed in matrix form as
(9) C = D'D.

Now by our considerations in I, §1 on absolutely irreduci-
ble representations and the decomposition of an algebra modulo
its radical (essentially a lemma of Frobenius and Schur), there
exists for each p=l,<<<,% an element Y; in I'(G,Q%) such that if
Fl,---, F2 are in matrix form, then

/1 0 +=+ 0

/

O O e O
* =
FD(YD) e e ees s
O O s e O
Fp(yz) =0 for o # p.

It follows that the traces ¢i,---, ¢§ of Fl,---, FQ are linearly
independent over Q¥*¥. But each ¢g is determined by its values on
p-regular elements. For if G=RP=PR is the unique decomposition

of G into its p-regular component R and its p-component P (I,(32)),

1) They are in fact the Cartan invariants of the algebra T(G,0¥).
The characters ¢u have an important significance for the algebra I'(G,0%);
this was shown in [25] (ef. also [3], [31]). However, this will not be

needed.
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we have Fp(G)=Fp(R)Fp(P)=Fp(P)Fp(R). Thus tr Fp(G)=tr FO(R),
since the characteristic roots of Fp(P), being pu—th roots of 1
in Q¥*¥, are all 1. Thus each ¢; is essentially a function of the
p-regular classes of G. It follows that the number 2 is at most
equal to the number 20 of p-regular classes of G, ZSZO.

Since ¢§,-~-, ¢§ are linearly independent over 0%, and since
they are essentially functions on the p-regular classes, we see
that the 2 modular character ¢l,-~-, ¢z are linearly independent
over ¢ (mod p), and hence over ¢ itself (Z.e. over Q). By (5)

this yields

PROPOSITION 3. The decomposition numbers dip’ the Cartan
invariants Chgo and the characters @p do not depend on the choice
of the bases in the representation modules Xi from whieh the X;

were constructed.

REMARK. For each Xz there evidently exists at least one
¢p with dip#O, By considering the regular representation, we
can also see that for each ¢p, there exists at least one Xz with

dip#O. However, this will also be a consequence of (17) below.

§5. The number of irreducible modular characters

Consider the matrices

(10) X, = (Xi<Gu)) t = 1,°++,k; G runs over a set of

representatives of the 20 p-regular

classes Kl,---, Kl of G

0

and



e (G.) 0
(11) 1v=\1'- )
)

(the "r" refers to p-regular). We have by the orthogonality re-

lation I, (18")

(12) X'x =N
Now

(13) X, = D¢
where ¢ is the (leo)—matrix

(14) 0= (6,(6)) P =1,000, L

Ku p-regular

of irreducible modular characters. Hence (12) reads ¢'D'D$%Nr

or -

|
]
=]

(15) ¢'e

The rank of the matrix on the left hand side is at most equal to
2, while the rank of Nr is evidently 20 by (11). It follows &>
ZO. Combining this with the inequality obtained in the preced-
ing section, we have

PROPOSITION 4.1) The number % of irreducible modular cha-

racters of G.is equal to the number %O of p-regular classes of

G,

The matrix ¢ in (14) is thus a square matrix of degree 2=10,

1) This was first established in [2]. The present proof is similar

to the one in [25]. TFor a third proof, see [26] as well as §7 below.
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and since ¢1,---, ¢ are linearly independent (mod p),

2
(16) det ¢ Z 0 (mod p).
From (15) we have furthermorel)
(17) det ¢ # 0.
From (15) we also obtain Eﬁlc_l¢’_l=N;l, or
(18) o tor = ¢t
r

This can also be expressed as

. 1
(19) CoN_ o' = I.
If we put (6,¢) = ) —7%——6(6_)5(0 ) for any two class

7 L e(G ) a a
KOL p~regular a

functions 8, ¢ of G defined on the p-regular classes, then (19)

can also be written as

e ¢ ) =
lO’\)\)Y’ v

(20) (¢,

. Gy (Bgs8 ), = 6

r po’

[ P
il o

v 1

(20) implies that any class function 8 of G defined on p-regular

L
classes is a linear combination 8= ) ap¢p of the ¢p with coeffi-
p=1
cients
) !
(21) a = (8, ] c o), = c (859 ) .
P g=1 PO 0T go1 PO o'r

§6. The characters @p
The relation (15), (18), (19), and (20) are orthogonality

relations for the irreducible modular characters. By (7) the

1) The value of det ¢ will be determined in 811 below.



relation (15) can be written as

2

1 D - -
(151) pzl ¢Q<Ga)¢p(GB) c(Ga)GaB, K,» Kg p-regular
while (19), (20) can be written as
(191) ) ST ¢, (608 (6 = 5

Ka p-regular a 4 P

or

t =
(207) (655050, = 6,
in terms of the inner product defined above. (21) may be writ-
ten as ap=(8,®p)r. In these equations the characters @p are

not used fully. For the @p are defined not only for p-regular
elements, but for all elements of G. Indeed (15') may be gene-

ralized to the relation

2
Ay Vel Y - P _
(22) Ail ¢p\ua)¢p\08) C(GG)GQB’ Ka p-regular,
Y
where KB may be p-singular. This we obtain directly from the
orthogonality relation I, (18') by (5) and (6). For KB p-sin-

gular the right hand side is always 0. Since det ¢#0 we have

then ®p(G6)=O for all p. For p-regular KS’ we have
¢, (Gg) ©
. _ -1 .
: = ¢! c(?a)
QQ(GB) 0

Since det ¢Z0 (mod p), this implies v(@p(GB));v(c(GB)), p=1,-

I

PROPOSITION 5. For any p-singular element GeG, we have

(23) @p(G) =0, G p-sgingular; p = 1,+++, L.
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Furthermore,
(2u4) V(e (G)) > vie(G)) p o= 1,000, %

for any element G of G.
Setting G=1, we have in particular v(@p(l));v(c(l))=v(g)=a.

Thus

PROPOSITION 6. The degree @p(l) of the character @p is

divisible by the p-component pa of g.

§7. The p-rank of the matrix D of decomposition numbers
The matrix D=(dip) of decomposition numbers is a (kx%)-ma-
trix and therefore its p-rank is at most equal to 2£; its rank

is exactly %, as we see from (9) and (17). Now we wish to prove

PROPOSITION 7. The p-rank D is equal to L.
PROOF. It is sufficient to prove that the p-rank of the
matrix XP=D¢ is egual to &. Suppose that this is less than 2.

Then there exist £ elements My in 0, not all in p, such that

uaxi(Gu) =0 (mod p)
Ku p-regular
for all X - For any o-linear combination 6 of Xz WE also have
(25) ) u,6(6.) =0 (mod p).

Kq p-regular

Now the following argument 1s a special case of one which we
gave in I, §3, Lemma 3. Let B be an index with UBZO (mod p) and
let B={GB} be the cyclic group generated by GB’ B has order b
prime to p. Let Q be a Sylow p-subgroup of the centralizer



C(GB). The subgroup of G generated by GB and Q9 is the direct

product H=BxQ. We define a class function 6 of H by setting
6 =7 Cj(Gs)Cj’

cj ranging over the irreducible characters of B. More precisely,

n _ - 7
0(6gQ) = CZ. cj(GB)cJ.(GB>, Q e Q.
J

The last sum 1s b or 0 according as nz=l or nZl (mod »). Thus

b if # ¢ ¢, Q
0(H) = 8

0 otherwise

® induces a class function GG=G of G by

- 1 -1
o(g) = by XEG e(xXex™),

where g is the order of @, and 6(G)=0 when G£H (see I1,82). We

have

@(Ga) =

G(Gs)b O(GB) )
g - g Z 0 (mod p) if a

]
w

1f we express the class function 6 as a linear combination
of x;, the coefficients are all in ¢ by the relation I, (27) .
Hence (25) must hold for this 6. But this is a contradiction,

Hg c(GB)

since the sum in (25) reduces then to a single term q Z0

(mod p), as we have seen. This contradiction shows that the
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p-rank of Xr’ and hence that of D is equal to X&. (Actually we
have proved that the p-rank of X, is not smaller than 20. Since
Xr=D¢ and ¢ is an (lXKO)—matrix, this implies 2;20. Together
with inequality 2;20 obtained in §4, we have another proof that
2=%,. We also obtain det ¢Z0 (mod p). Thus the above is an
alternative approach to Proposition 4 and relation (16). The

proof in [2] i1s along these lines.)

§8. Blocks
In the center Z¥*=7(G,0*) of T#*=T(G,0%) we decompose the

unit element 1 into a sum of mutually orthogonal primitive idem-

potents:

(26) 1= n¥ +eees 0¥,

Such a decomposition is unique (c¢f. I,81). Then
(27) I'* = ni[’* Foeod n;p*}

(28) g% = niz* Jooot nzz*

are the unique decompositions of T¥*, Z* respectively into a di-
rect sum of mutually orthogonal indecomposable ideals. As inde-

composable commutative algebras, the nﬁZ* are primary and indeed
n¥z*/Rad(n¥z*) = Q¥

(ef. I,81). 1If wT is the mapping Z**niZ**(nﬁZ*/Rad(niZ*))=Q*,

then for T=1,**°,t, we obtain ¢ linear characters wT of z¥, and

(29) b (n¥) = 6

g*
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These are the totality of linear characters of Z¥.
To each irreducible character Xz of G there is associated
an algebra homomorphism w. of Z(G,0) into ¢ (81). w, induces a

linear character w}: 2*¥=7(G,0)/pz2(G,0)>0/p=0% of Z*¥. Hence

(30) X w¥ =
for some T, and

(31) x3(n¥) = wi(ng)f =6 I.

We distribute the k irreducible characters Xz into t blocks
BT by setting

BT = {Xi|m§ = wr}'

That Xz belongs to the block BT is characterized by (31). It

is also characterized elther by

(32) xg(pg) =7
or by
(33) Xf(ni) =0 for all ¢ # T.

Two irreducible characters Xz s Xj belong to the same block

if and only if wf=w§, i.e. if and only if

g xX(G) ¢ Xj(Ga)
(34) c(Ga) x . = c(Ga) xj

(mod p)

for all classes Ku in G.
If Fp is an irreducible modular constituent of Xz, then by

(31),



(35) Fp(ng) =6 I,

We will also say that an irreducible modular representation Fp
and 1ts character wp belong to a block BT, in symbols FpeBT,
¢peBT, when (35) holds. Each Fp appears in at least one Xi’ and
thus each ¢p belongs to one and only one block. Thus the £ ir-
reducible modular characters ¢p are distributed into ¢ blocks
B_. Again, that ¢p belongs to Br is characterized by (35). It

T

is also characterized either by

(36) Fp(n?) = 7T
or by
(37) Fp(nz) = 0 for all o # T.

With the distribution of irreducible ordinary and modular

characters into blocks, we have

fl

X, € B. == Xi(R)

i N ) dip¢p(3)’ R p-regular,

¢p€BT

¢ e BT === @p(G)

[
t~1

dipxi(G>’ G e G.

XieBT

. * * )= ¥ )= i -
For if XiEBT’ ¢peBO and Tt#0, then Xi(nr) T, Fp(nT) 0, and eviden
tly Fp is not a constituent of Xf, so that dip=0. The matrix D

breaks up then into ¢ parts, as does C.

D 0 - C 0

(38) D

- 45 -



ir kT, KT denote the number respectively of ordinary and modular
characters in a block BT, then DT is a (kTXKT)—matrix, and C’T is
a square matrix of degree QT. Since the p-rank of D has been
t -
seen to be % and &= J RT, we see that the p-rank of each DT is
t=1
L.
Each QT is at least one, ©Z.e. every block BT contains at
least one modular character ¢p. For i1if not, the idempotent n¥
would be represented in every Fp by 0 (ef. (37)), which is a
contradiction. It follows then, either by the remark at the
end of §4 or by (17) and (38), that every block B_ contains at
least one ordinary irreducible character X; (This can be seen

directly by considering the regular representation and (33)).

In fact, since the p-rank of DT is QT,

v
-

(39) ko2 %

for every t=1l,+++,t. Since li#o and det C#0, we also have det CT

#0 for every T.

§9. Idempotents belonging to blocks
The ¢t idempotents n¥ in Z¥=Z(G,0*) studied in the preceding
section are in 1-1 correspondence with the ¢ blocks BT. We now
turn to Z(G,R), and construct there (in fact in Z(G,0)) ¢ idem-
potents in correspondence with the ¢ blocks. For this purpose,
let €157 & be the k mutually orthogonal and primitive idem-
k

potents in Z(G,R) with the sum 1= § € these €; being in 1-1
=1



correspondence with the k irreducible characters Xys°°"s Xk'

For each block BT, set

(40) n. = ) €

The t elements Ny>***, N, are evidently mutually orthogonal

t

T
idempotents in 2(G,Q), and have the sum | n.=l. From (21) in
=1

I, 82, we see that

(41) w,(n ) =

0 if x. & B
We want to prove that each n_ belongs to Z(G,0) and that its
residue class modulo pZ(G,0) is the idempotent nﬁ. One method
of proving this is to show the existence of mutually orthogonal
idempotent representations of 1 in 2(G,0), and to show that
they satisfy the same relations as (41). This will then show
that they coincide with the nT.l) However we will follow the
more explicit way as given in paper [32] of Osima; the idempo-
tents n, were effectively introduced in this paper, so that we
will call them Osima's idempotents.e) Now the idempotents €;

are explicitly given in I, (20). Hence the idempotents n_ in

(40) are given by

1) This method is used in the lectures at Tokyo University. An ac-
count can be found in the summary of K. Sekino in "Sugaku" (Mathematics),
Vol. 11 (1960), page 229.

2) These were also introduced independently by H. Nagao.
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k
(42) n, = E b K, where b_ =

PROPOSITION 8. Each n_ belongs to 7(G,0) and its residue
class module pZ(G,0) is the idempotent n¥ in (26).

PROOF. For any block BT and any class Ku’ we have

X .

- iy -1 X
(43) b, = xgeB g %:(G) =3 XigBT Xz (1)x;(6)
1 —
=5 1 C§ d, e (x(6))

xieBT ¢peBT

Q|
~
—~

1 d. x.(6.))¢ (1)
¢ €eB  X.e€B e P
P T 1 T

Q|

¢p(1)6p(aa).

If the class Ku is p-singular, then @p(Ga)=O for all p by
Proposition 5, and hence bTa=0. For a p-regular class Ka, we

have

b = I ox, (DX ()

x; (1) 1 4,3 ()

P p
xieBT . ¢p€BT

n
Q|
o~

0 (1) ().

Q [
-

Here v(@p(l));v(g)=a by Proposition 6, and hence bTueo. This

proves nTeZ(G,O).
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Next we have w.(n )= ) w,(e;), and this is 1 or 0 accord-
X :€B J
J
ing as XiEBT or not by I, (23). Hence if we denote the residue

class of n. module pz(G,o0) by [nT]*, then

(4) 1 if x, ¢ B

wi([n 1%) = ‘

.0 otherwise.

In particular [nT]*#O for all t. Furthermore, since the [nT]*
are evidently mutually orthogonal idempotents in Z(G,0)/pZ(G,0)
=Z(G,Q%), the uniqueness of the decomposition of 1 into primitive
idempotents in a commutative algebra implies that the totality

of the [nT]* coincides with that of the n*. Relation (44) im-

plies furthermore that
[nT]*=T1*T‘, T = 1,000, %.

Incidentally, we have proved that

Ny = z bTaKa’ bTa €0
Ku p-regular
We have therefore n¥*= ) b*¥ K , where b* denotes the
T o o T
Ku p-regular
residue class of bra (mod p). This last equation can be refined
to
(45) ﬂf = X bﬁaKa’
Ka p-regular
vie(e,)) < d,
where
(Le) d_ = Max v(ﬁL).
¢ €B_ P

For by (43) we have



= vt
vib_ ) = v(gqb gB ¢p(1)¢p(ca)>
P T

f
> Min (v(P)+v(e (¢ ))) > Min v(e (¢ )) - 4
T ¢ eB g o a T ¢ B P K
[ T 2 T
and this is in turn iV(G(Ga))—dT by Proposition 5. Hence if

v(e(G,))>d , then v(b  )>0, or b* =0, which proves (45).

§10. Defect of a block
The number dT defined in (46) is called the defect of the

block BT. Thus

d = Max (a=-v(f )) = a - Min v(f ).
t ¢ €B e ¢ €B °
P T 0 T

In other words,

v(fp) >a - dT for all ¢p € B,
=q -d 7 for some ¢ e B .
T P T
As
(47) x, = y} 4. f for x, € B_,

R Y
B
¢p€
we have clearly d_> Max v(iL). Actually the equality holds, so
T X .€B xi
1 71

that the defect dT may also be defined by means of the degrees
of the ordinary irreducible characters X; @s well as by means

of the degrees of the irreducible modular characters ¢p as in

(46). Namely, we have

PROPOSITION 10. We have



(48) d. = Max v(i%).

XieBT 2

PROOF. As we have seen in §8, the p-rank of DT=(dip)Xi’¢p€BT

is equal to the number QT of irreducible modular characters ¢p

in B_. The relation (47) then implies Min v(xi)= Min v(fp),
XieBT ¢peBT

and this proves (48).
We now define the defect dG of an element GeG to be the

non-negative integer
(49) d, = vie(@)).

The defect of a conjugate class Kd of G is defined to be the
defect of a representative Ga; this is evidently independent of
the choice of representative. With this terminology we can say
that the sum in the right hand side of (45) ranges over p-regular

class with defect at most equal to d.

PROPOSITION 11. 4n irreducible character Xz belongs to a
block of defect d if and only <if wi(Ku)EO (mod p) for all class-~

es Ku of defect <d, but not for all p~regular classes Kd of

defect d.
PROOF. Let B_ Dbe the block of y, and set \)(xi)=\)(xi(l))=
g Xz (G )
a—dr+hi, where %.>0. Since wi(Ka)ze(Ga) , , we have

V(o (K )) = a - v(e(6)) + v (6)) - a +d - hy

2

Ihv

d .= vie(G)) - h,.

There exists an irreducible character Xj in BT with hj=O;'for

i1t we have similarly
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V(wj(Ka)) > dT - V(C(Gu)) - hj = dT - V(c(Ga)).

If the class K has defect v(c(Ga))<dT, we have v(wj(Ku))>O, or
wj(Ka)EO (mod p). Since wi(Ka)ij(Ka) (mod p), we have wi(Ka)E

0 (mod p) too. Together with (31) and (45), this yields

1= ) b* w3(X).
K, p-regular
dG =d_
o

Hence there exists at least one p-regular class Ka with defect
equal to dT such that wz(Ku)#O. The defect dT of the block BT
is thus the smallest integer d such that wi(Ka)EO (mod p) for
some p-regular class Ka of defect d. The above relation and
(45) also show that dT is the largest of the defects v(c(Ga))

of the p-regular classes Ka with b?a#O.

PROPOSITION 12. Let X; and Xj be two Zrreducible characters
belonging to blocks of the same defect d. Then they belong to
the same block if and only if mi(Ka)ij(Ka) (mod p) for all
p-regular classes K, of defect d.

PROOF. By (45) and the above proposition we have

(50) w¥(n¥) = ) b* w¥ (K )
Ka p-regular

class of defect d

for every block B_ of defect dr=d‘ For such a block BT we also

have

wX(n¥) = ) b® w¥ (K ).
gt K, p-regular te g @

class of defect d

So, if wi(Ka)ij(Ka) (mod p) for all p-regular classes K, of



defect d, then wz(nf)=w§(n$) for every block B of defect d.
The last equation holds trivially for every block BT of defect
#J, since both sides are 0. Hence wf(n§)=m§(nf) for every block
BT, and Xz and Xj belong to the same block. The coverse is
obvious.

The proofs of Propositions 11, 12 in these notes are due
to Osima [32]. The author's own proofs are in [20]. Each has

its advantage.

§11. The determinant of the matrix ¢ of Cartan invariants
¢ is a matrix with rational, integral coefficlents. Its

determinant is therefore a rational integer, and as was proved,
non-zero. Since (=D'D, the determinant 1s in fact positive.

We prove first

PROPOSITION 13. The determinant of C is a power of p.

We start with

LEMMA 1. Let g=pag’, where (g',p)=1. Let ¢ be a modular

character of G (with respect to the prime p), and set

pa¢(G) 1f G is p-regular
8(G) =
0 if G is p-singular.

Then eeXZ(G) (in the notation of I, 83), i.e. 0 i8 a Llinear com-
bination of ordinary irreducible characters of G with rational,
integral coefficients.

PROOF. By I, §3, Proposition 10' for the case K=Q, 1t is

sufficient to show that for every elementary subgroup H of G,
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the restriction 6{H belongs to XZ(H). H is the direct product
of a g-group and a cyclic group, where g is a prime which may
or may not be p. 1In any case H is the direct product of a

p-group P and a group B whose order 1s prime to p:
H=7Px B.
Now if He#H, and if H=PB with Peé, BeB, we set
Y(H)=p(P)é(B)

where p is the character of the ordinary regular representation
of P. Since the restriction of ¢ to B may be regarded as an or-
dinary character of B, ¥ is an ordinary charaéter of H. If we
set (P:l)=ps, we have

J pe(H) if P =1

0] if P # 1.

V(H) =

Hence 8[H is just p® °y, and 6|Hex,(H).
We now prove Proposition 13. Let ¢A’ A=l,**+,2, be the ir-
reducible modular characters of G (for the prime p). For each

A=1l,-+-,8, set

%o, (@) if ¢ is p-regular
_ A
6,(¢) =
0 if ¢ is p-singular.
By our lemma we have

k

e)\ = ’Z aixxi,
=1

where the aixez, and the X; are the ordinary irreducible charac-

ters of G. Here
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: ) 0, (@)X, ()
9 ¢ p-regular

Q
I
—
@
>
"
><

A

L
=% 1 4, ] 4, () ET%ZT 7.6

Ku p-regular

where the diu are the decomposition numbers, and Ga are repre-

sentatives of the p-regular conjugate classes Kq of G. Since
¢N;l$'=0_l by (18), we have
“ 2
aik =P Z diuYuA
u=1

where we set C_l=<YuA)° If we denote the matrix (aik) by 4,
then we can rewrite the above as
4 = p%c7t.

Since C=D'D and C'=C, we have furthermore

2 - -
cata = p°%ctppeTt = pF9r,

and hence det (C-det A'A=p2a2. Since both ¢ and A'4 are matrices

with coefficients in Z, det ¢ is thus a power of p.

The exact value of the determinant of ¢ can now be readily
obtained. The determinant of the matrix ¢ in (15) is a unit in
the domain ¢ of p-integers (Z.e. the domain of integers for v),
and the same is true for the determinant of ¢, since ¢ is obtain-
ed from ¢ by a permutation of the columns. Hence relation (15)
and the form (11) of Nr show that the p-component of det (¢ is

that of c(Gl)---c(Gz). But the p-component of a rational integer
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coincides with its p-component. This together with Proposition

13 implies

PROPOSITION 14. The determinant of the matrix C of Cartan
invariants is the highest power of p dividing the product c(Gl)
---a(Gl). _

Propositions 13 and 14 were first proved in [4] by different
methods. The present proofs, depending on I, §3, Proposition

10', were given in [18].

§12. The elementary divisors of ¢ and ¢,

The above considerations give us not only the determinant
of .C, but the elementary divisors of ¢ as well. Indeed, (15)
and (11) imply that the elementary divisors of (¢, as a matrix
in ¢, are up to order the p-components of c(Gl),---, e(GL).
This implies that the p—compoﬁents of the elementary divisors
of ¢, as a matrix with rational, integral coefficients, are up
to order, the p-components of c(Gl),---, e(Gl); Together with

Proposition 13 this yields.

PROPOSITION 15. The elementary divisors of C, as a matrix
in the domain of rational integers, are up to order the highest
powers of p dividing the numbers c(Gl),"', G(Gl)'

Now according to (38), the matrix ¢ breaks up into ¢ parts
CT corresponding to the ¢ blocks BT. The & elementary divisors

of ¢ are distributed accordingly into ¢ sets.

PROPOSITION 16. Assume a fixzed enumeration of the 2
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irreducible modular characters ¢p, p=l,+++,%. For each block BT
let ST be the set of indices p with ¢peBT. We can then enumerate
the & p-regular conjugate classes Kc’ such that for each block

Br’ we have

(51) det(¢p(Go)) (mod p),

o
p,0€ST

where GG 18 a representative of Kc' The elementary divisors of
C belonging to B_ (i.e. the elementary divisors of CT) are then
up to order the p-components of c(Go), OEST.

PROOF. For any enumeration Kg, o=1l,+<°,%, of the p-regular

classes we have det ¢=det(¢p((}o))p .. 2#0 (mod p) by (16).

»0=1,
Hence by Laplace's theorem,
det ¢ = § + alTIalT) Lo p (1)
1 2 t
T
Here T runs over all distinct partitions of 1l,¢++, & into ¢t sets

A(T)
T

Tr’ T=1l,°+°*,t, cach TT consisting of QT members; denotes the

subdeterminant det (¢ (G )) . Hence there must exist at
o) g peST,oeTT

least one partition T such that
(7) (7)) ... (T)
1B, A, o (med p).

(T
T

A

This implies however that A )$0 (mod p), or det(¢p(Ga))

. peST,oeTT
$0 (mod p) for each 1. If we enumerate the K, so that T_ coin-
cides with ST for each 1, which is certainly possible, we then
have (51) for each 1, which proves the first half of the proposi-

tion.

e

To prove the second half, fix a block BT, and let p ° be the

elementary divisors of CT, where the indices p run through ST.
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e ey

Let H be the diagonal matrix having the entries p l,---, p T

on
its main diagonal, and let U, V be unimodular matrices of degree

£T such that
(52) ve vTT o= H.

We may index the rows and columns of U, V by the indices of ST.

Thus set U=(u ) s V=(

oo p,ceST ) . For peST, set

v
po p,ceST

¢ = J u ©, 6 = ) v ¢
e cel po @ e ogeS poto’
T T
where the @0 are the characters defined in (6). Then (7) and
(52) imply
-~ e:v
@p(ﬁ) =p p¢p(3), pe S s

for any p-regular element R. It follows from Proposition 5 that

T

(53) ey + V(9 (R)) = vie(®)), p e S,
for p-regular R. However, we have

>

det(cbp(Go))p,UeST = det 7V det(¢p(G0))p’O€ST

and since ¥V i1s unimodular, we have by (51)

det(a)p(GG))p’%ST £0 (mod p).

Hence there exists a permutation ﬂT of the lr indices in Sr such

that pgg ¢p(G“T(p))$O (mod p), or v(¢p(GnT(p)))=O for each pes_.
T

The inequality (53) gives then

(54) e, 2 \)(c(GTT (p))), o e S

T
We may now suppose that . has been chosen for each T so that (54)

is the case for each 1. But by Proposition 14 the sums of the
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left and right hand sides of (54) summed over the block indices
1=1,+++,t are the same. Hence the inequalities (54) must be in
fact equalities, and this proves the second part of Proposition
16.

We now study the relation between the defect of a block BT
and the elementary divisors of CT. Let the multiplication in
Z(G,0) of the sums Ka of the elements of the conjugate classes

Ka be given by

(55) KOLKB = g aaay}(y,

Thus each coefficient a, is a non-negative integer, equal to

By

the number of pairs XEK&’ YeK_, such that XY is a fixed element,

B

say Gy, of KY' Clearly we have aaBY=aBuY'

LEMMA 2. If Ga, GY are representatives of Ku’ KY respective-

ly, and 1f V(C(Ga))<V(C(GY))’ then a, YEO (mod p) for any B.

8

PROOF. auBYg/c(GY) is the number of pairs XEKa’ YeKB such

that the product W=XY lies in KY' This number is equal to the

1

number of pairs WeKy, _YsKB with WY~ <K, Z.e. to g/c(Ga),

agig

where KB' is the conjugate class consisting of the inverses of

the elements of KB' Thus aaeyzays'ac(Gy>/c<Ga) and our lemma is

evident.

Now from I, (24) we deduce

(56) nTK = @) Z Xig}}_{ X'/:(GOL)X'Z:(GY)Ky'

Let KT o3 V=ls,t**,8 , be the £ classes Ka, aeS _, associated with

]

the block BT by Proposition 16, and KT V2 GT N respectively the

)

sum of the elements, a representative of KT 0" We thus have

B}



(57) (”1K1,1""’” K ,"-,nth’k )

where M is the matrix

- 1 v
M= (c(GT’u)XiEBTXi(GT?u)Xi(Gw,v))(m,v),(r,u)

having the pairs (w,v), (t,u) as row and column indices respec-
tively. The coefficients of ¥ lie in ¢, since Osima's idempotents

n, are o-linear combinations of the Ka. Furthermore

Iooxg (6 %06, )

7
XiEBT
= J Y d.¢é (. ) Y d.¢ (¢ )
ip Pt T,H 10 sV
xieB ¢peB ¢0€BT
= ) ZB s Ls ¢p(G ,u)cpo¢o(G sv)
p T
Thus
_ _det(y'¢)
det M T c(c ¥
T, THoU

where ¢ is as before the matrix of irreducible modular characters,

and ¢ is the matrix

¥,, O .
Y = o ..11) with IPT= (QG(GT,\J))’U—:L’.." 'Q'T: O-GST'
t
Since by Proposition 16 v(det ¢)=0 and v(det wT)=v(det CT)+

2
T
N =v( I c(GT u)), we have v(det M)=0,

peST’uzl’..', _l 2

v(det ¢ (G, )
T u=

or det M}0 (mod p). This shows that the 2=22T elements n*K, .,
T k]

"',n’T*KT u,---,nth 0 which are the residue classes modulo p
2 3 _t



of the elements of the left hand side of (57), are linearly in-

dependent over Q¥=0/p, so that each K " is a linear combination

2

of these elements over Q¥. In particular, every n¥ is a linear

. . . 2 .
combination of the anw v over Q%., But since ni =n¥, in such an
b

expression for n:, only terms with w=t1, Z.e. n¥*K

v=]1,9¢¢9¢ 2
i, v? 5 s X

need be considered. It follows by the above lemma that n¥ is a
linear combination over Q* of those Ka such that v(c(Ga))s

vie(G )) for some class X associated with B .
T,V T,V T

3

We now prove

PROPOSITION 17. If B_ is a block of defect d=drs the matrix
C, has one and only one elementary divisor pd. All other elemen-
tary divisors of ¢ are smaller powers of p.

PROOF. By the above result and a remark made prior to Pro-
position 12, there exists among the classes associated with BT a

class K such that d_sv(e(@ )). Since the p-rank of D_ 1is
T,U T T, p T

s 3

QT (§87,8), there are QT ordinary irreducible characters Xg 12°°

s Xgog such that the corresponding QT rows of DT are linearly
b
T

independent (mod p). Hence by our choice of KT 1207 K
b

(58) det(Xr,i(GT,v>)i,v=l,-",2T $ 0

(mod p).

Multiply a column, say the v-th by g/c(GT,v)' Now gXT,i(GT,v)/

C(GT,V)sz,in,i(KT,v)’ where xT,i is the degree of Xr,i and

wo o is the linear character of the center of the group ring cor-

responding to Xe 1+ Since w_ i(KT v) is integral, the determinant

a-d
of the new matrix thus obtained is divisible by p t

On the

other hand, the exact power of p dividing the determinant is by
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vig/ele )) a-viele_ )

(58) equal to p > =p . Hence
(59) \)(O(GT,\))) < d_,
and this is the case for v=1,--',lT. In particular, for the in-

dex u chosen at the beginning of the proof, we thus have

(60) v(e(6, )) = d

»H T
This proves our proposition in case 2T=l. Assume then 2122,
and consider an index v different from the index p in (60). Mul-
tiply the u-th and v-th columns of the matrix in (58) by g/c(GT,u)

and g/c(GT v) respectively. The new u-th and v-th columns con-

sists of =z .w_ .(K ) and . .w_ .(X ) respectively. When
T,7 T,7  T,lU ToZl ToTl T,sV
divided b a_dT they become the columns ( xT’i (K )
y p > y Ta-d Yr,i Feu’ o
p T
Tr,i
(_Z—d mT,i(KTav))’ which are congruent modulo p to
p T
Le,i 1,7
3 * > * .
( = wr,i(Kr, )y, ( T mr,i< + y))» and hence proportional.
p T p T
It follows that the quotient of the determinant of our new matrix
2(a—dT)
by p is still divisible by p. The exact exponent of p

occurring in it is, on the other hand, equal to \)(g/e(GT u))+

v(g/c(GT v))=2a-v(c(GT u))—-v(c(GT v)) by (58). Hence

b

(61) vie(G D) + vie(a, ) < 2d,

!
and because of (60),

(62) v(c(GT,v)) < dT for v # yu.

This proves our proposition.
Proposition 17 was first announced in [6], [10]. Our pre-

sent proof is a combination of those in [20] and in Osima [32],
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and differs from that sketched in footnote 18) of [6].

§13., The number of irreducible characters in a block

Consider first a block BT of defect d=0. Proposition 17
shows that the corresponding part CT of the matrix of Cartan in-
variants has only one elementary divisor, which is in fact 1.
Thus CT=(1). Since D is a matrix with non-negative rational,
integral coefficients, and none of its rows consists wholly of
O0's, we must have by the last relation in (38) that DT=(1) too.
Thus a block of defect 0 consists of a single ordinary irreduci-
ble character and a single modular irreducible character. In

the general case we have

PROPOSITION 18.%)

Let B_ be a p-block of defect d. The
number k of ordinary irreducible characters Xz in BT satisfies

k < %p2d+ 1.

PROOF. Consgider the matrix A=(aij), where

(63)  a;. = Yg) ) N ROXR), i, § = L,eee K
J R p-regular L J

the summation extending over all p-regular elements R in G. Let
D=DT, C=CT denote the matrices of decomposition numbers and Cartan
invariants for B=B_. By (5) and the orthogonality relation (18)

of modular characters, we have

1) This proposition appeared in Brauer-Feit [23], and is an improve-
ment of a weaker inequality in [13]. Readers are referred to the same paper

[23] for further results in this vein.



(64) A = pdDC_lD'.

It is clear that 4 is symmetric. Furthermore, the coefficients
aij of A are rational integers, since the matrix D has rational
integral coefficients and the largest elementary divisor of ¢ is
pd by Proposition 17.

By Proposition 7 there are ﬁnimodular matrices U, ¥V in o
respectively of degree k, & (£ is the number ET of irreducible

modular character in B) such that

' T
UDv = ( ) ,
0

where I is the unit matrix of degree %. We have

7T\ 11 g [V et 0
UAU' = p ( )V c vV '"(1,0) =p ( ).
0 6] 0
Hence there exists a unimcdular matrix U0 in ¢ of degree k such
that
d'c'l O)
U AU = p ( .
00 0 0

Again by Proposition 17, it follows that not all the coefficients
of A are divisible by p.
If z, denotes the degree Xi(l) of Xg 2 and w, has its by now
usual meaning, then by (63)
d _
a;; = By ) wy (KX (6,05

td p-regular
classes Ku

or

(65) SACIPVLIY I wy (KX (G)
p p-regular
classes Ka
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Ir Xy is another ordinary irreducible character in B=B_,
then wi(Ku)Ewr(Ka) (mod p) for a prime ideal divisor p of p in

Q. (65) and the corresponding formula for Xp yield
(66) (g/p%) (ay /2,0 = (g/p) ey, /5,) (mod p).

If v is the p-adic exponential valuation with v(p)=1, then

v(xi)=v(g)—d+ki, A;z0. Choose X, 8o that A =0, Z.e.
\)(xr) = v(g) - d.

Then (66) implies the congruence
14X,
a;; = (xi/xr)arj (mod p )

in the ring of p-local integers. Similarly,

'l*Kj
as, = (xj/xr)arr (mod p ).
Combining these two congruences, we have
> T+rg
(67) ay; = (xixj/xr)arr (mod p Y,
since apj=ajp. This holds for all 2, j=1l,c-¢,k. It follows that

@ is not divisible by p; otherwise all aij would be divisible

by p. Taking j=r in (67), we find then

V(air) =2

In particular, air¢o for all 4=1,¢+¢ k.
By (64) and D'D=C, we have A2=pdA. Hence

E 2 _ 4
i=1 Lir Py

. R . . 2 d .
Since aiP#O, i=1,+++,k, this yields (k—l)+arrsp a,,- The maxi-

mum of pdx—x2 is obtained for x=pd/2, and thus
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k-1 < p2dyy

which proves our proposition.
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III. Defect groups. Main theorem 4.

§1. Blocks of G and those of subgroups

Let G be as before a finite group of order g=pag0, (go,p)=l,
where p is a fixed prime number. We consider a palr of subgroups
T and H of G satisfying the following two conditions.

(%) For every element T of T there is a p-subgroup PT of

C(r)nN(T) such that C(P,)<T,
(%%) T cH < N(T).

For example, the centralizer T=C(Q) of any p-subgroup 2 of
G satisfies (¥), 1if PT=Q for all TeT. If H is any subgroup of
N(Q) containing T, the pair T, H satisfies (¥), (¥¥), Applica-
tions of the results below will be made only to pairs T=C(2), H

obtained in this manner.

PROPOSITION 1. Let 9% be a field of characteristic p, and
let T, H be as above. Then an algebra homomovphism of the class
algebra 7Z(G,2%) into the class algebra Z(H,0%*) is defined by

setting

(1) 8 : K -~ Kz = ) T,

where Ka denotes as before the sum of the elements in a conjugate

class Ka of G.
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PROOF. We denote conjugate classes of H by Lp. Since T is

normal in H, the sum in (1) may be expressed as

(2) ) L
L <K oaT °®
P o
where Lp is the sum of the elements in Lp. Thus Kg is an ele-

ment of Z(H,Q*), and @ is at least a linear mapping of Z(G,0%)

into Z(H,Q%). We show that it is an algebra homomorphism. Set

k" = Y s
¢ SeK_, 58T

so that Ka=K2+K2. If the multiplication of the Ku is given by

(3) KK = % @6y K,

where each a, is a non-negative integer, equal to the number

By

of pairs XEKa’ YeK,_, such that XY is a fixed element, say GY of

B8

Ky, then we have
0 n 7] n, 5] n
+K + = +K ).
(4) (X, Ol)(KB KB) % aaBY(KY Y)

The product KgKg is a sum of elements belonging to T (some with

n
B

not belonging to T, and the same is true of KZKZ. Furthermore,

coefficients possibly greater than 1). KzK is a sum of elements

the coefficient of an element T of T in the product KQKQ is a
multiple of p. 1Indeed, it is equal to the number of pairs (X,Y)
satisfying

XY = T3 X e Ka, XX T; Y e KB’ Y x T.
If P is an element of the subgroup PT in (¥), then for each pair
(X,Y) satisfying the above conditions, the pair (P—lXP,P_lYP)

will also satisfy the same conditions. Thus the totality of
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pairs (X,Y) satisfying the conditions are distributed into class-
es with respect to transformation by the elements of PT. The
number of pairs in suchva class is equal to the index (PT:PTnC(X)
nC(Y)), where (X,Y) is a pair in the class. This index is a
power of p distinct from 1, since if it were 1, then we would

have PTgC(X), whence XeC(PT> and XeT by (*). Being a sum of such

n
B

serted. Comparing the coefficients of elements of T in both

indices, the coefficient of T in KSK is a multiple of p as as-

0

sides of (4), we see that KEKB

differs from ZauBYKe by a sum
Y

whose coefficients are divisible by p. In Z(H,Q¥) we then have

K2K6=Za* k%, where a¥ (mod p),

is the residue class of a
B aByy o

BY By

considered as an element of the prime field of Q*. Since KQKS
=Zazska in Z(G,0%) by (3), this shows that our linear mapping
OYis an algebra homomorphism.

The kernel U of the homomorphism 6 has a basis consisting
of all Ku such that KanT is empty. The image V of 8 has a basis

consisting of all KS such that KanT is not void. We have the

isomorphisn
(5) z(G,0*¥)/U =V (in Z(H*,0Q))

induced by 6.
We now let the field Q% be the fileld Q¥=¢/p defined in ITI,
§2. If ¢ is a linear character in Q¥ of the algebra Z(H,Q%),

then ¥ defines a linear character ¢ of Z(G,0%) by

o ¥
(6) Yo Z(G,Q¥%) -~ V > Q%.
The kernel of Y contains the kernel U of 6. If conversely ¢ 1is

any linear character of Z(G,2%) whose kernel contains U, then it



induces a linear character of V by our isomorphism (5). This
linear character of V can be extended to a linear character @ of
Z(H,0%) by I, §1, Lemma 1. It is evident that this y induces our
linear character ¢ of %(G,Q2*) by (6). Thus we have the first

part of

PROPOSITION 2. For every linear character ¥ of Z(H,Q*%) we
obtain by setting

8 ~

(7) WK ) = w(k2) = ¥ W(L ),
@ @ L ek aT 0
P o
a linear character Y of Z(G,0%) whose kernel contains U. Conver-

sely, every linear character of 72(G,Q*) whose kernel contains U
can be obtained in this manner. By this correspondence $+¢ of

linear characters, we obtain a correspondence
(8) 55 =3°

from the blocks of H to those.-of G.

PROOF. Linear characters ¢ of Z(G,Q*¥) are in 1-1 correspon-
dence with blocks of G by II, 88, and similarly, linear characters
& of Z(H,Q¥) are in 1-1 correspondence with blocks of H. From
our correspondence &*W of linear characters, we obtain a corres-
pondence B~B of blocks. We denote by éG the image of B under
this correspondence.

If n denotes Osima's idempotent for the block B of G and if
n* denotes its residue class modulo pZ(G,c¢), the image n¥e of n¥
by our homomorphism 6 is an idempotent in Z(H,Q¥). Since @(n*e)
=¢(n¥*), and this is 1 or O according as whether or not the linear

character ¥ belongs to B, this idempotent n*¥6, when decomposed



into primitive idempotents in Z(H,2%*), is the sum of the residue
classes (mod pZ(H,o0)) of Osima's idempotents for those blocks B

of H satisfying §G=B.

§2. Defect groups of a block
Let Kd be a conjugate class of G. A Sylow p-subgroup of

the centralizer C(Ga) of any element G, in Ka will be called a

defect group of the class Ka. Its order is pd, where d is the
defect v(c(Ga)) of the class Ka. Any conjugate in G of a defect
group of Ku is also a defect group of Ka; conversely, any two
defect groups of Ku are conjugate in G by our definition and the
Sylow theorems.

Let B be a block of G of defect d. If ¥ is the linear cha-

racter of Z2(G,R*) assoclated with B, then there exists by II,

Proposition 11, a class Ku of defect d such that w(xu)¢o, A

defect group of such a class Ku is called a defect group of the
1

block B. ) A conjugate of a defect group of B is again a defect

group of B. As we shall see, the converse is also true. We

prove first

PROPOSITION 3. If KB 18 a conjugate class satisfying w(KS)
#0 (necessarily of defect 2d by I1I, Proposition 11), then any
defect group of the class KS contains a suitable defect group of

B.

1) Defect groups were first defined in [12]. Their main properties
as well as Theorems A, B below, were announced in [11], [12], [13]. Detailed

proofs are in [20], [22].
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PROOF. Let Ku be a class of defect d satisfying w(Ka)#O.

I = i =V g%

f K K, EaaBYKY as in (3), then w(xa)w(z{ﬁ) %aaBYd)(KY), where

* 1 4 .
aaBY is the residue class of a8y (mod p). Since w(Ku){O, w(KB)
#0, so that w(Kq)w(KB)#O, there must exist a class KY with

0
(9) afpy, * 0n WU ) FO.
By II, Proposition 11, the defect of KY is at least equal to d.
0
Let Q be a Sylow p-subgroup of C(GY ), Z.e. a defect group of
0
KY . Set T=C(Q), and let H be any subgroup satisfying TcHcN(Q).

0 .
If & is the algebra homomorphism of Z(G,Q%) into Z(H,Q¥*) consi-

dered in the preceding section, then K6K6=Za* Ke. Since G «
a B ¥ aBy Y Yo

C(Q)=T, K nT is not empty, hence % = ¥ T#0. Since a:B #0
Yo Yo TeK  nT Yo
by (9), we have

0 [¢]
K # 0, Ky # 0.

KS#O means that KanT is not empty, Z.e. there exists a represen-
tative Gu of Ka in T=C(Q), or equivalently, QsC(Gu). Similarly,

there exists a representative G, of KB satisfyling QsC(GB).

vie(e )) 4
The inclusion QgC(Ga) implies (Q:1)<p =p~. But (0:1)

8

v(e(ay )

is equal to p Hence \)(c(GY ))<d. Together with the

0

opposite inequality established earlier, this gives

(10) vie(G )) = d.
Yo

Therefore the subgroup Q of C(Ga) must be in fact a Sylow p-sub-

group of C(Gu), and Q is a defect group of the block B.
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We have thus proved that C(GS) contains a defect group Q of
B. This shows that some defect group of KB contains a defect
group of B, and since all defect groups of KB are conjugate,

this proves the proposition.

PROPOSITION 4. Any two defect groups of a block B are con-
jugate. Conversely, any conjugate of a defect group of B is
again one of B.

PROOF. In the above proof of Proposition 3 we proved that
if K, 1is a class of defect d with w(Ka)#O, and KB is a class with

w(KB)#O, then there exists an element Ga of Ka and an element G

B
of KB such that every Sylow p-subgroup of C(GB) contains a Sylow
p=-subgroup of C(Gu). If KB is also of defect d, then every Sylow

p-subgroup of C(GB) is actually a Sylow p-subgroup of C(Gq).

Proposition 4 is now evident.

PROPOSITION 5. Let D be a defect group of the block B of
G. Set T=C(D)}, and let H be any subgroup of G satisfying TcHc
N(D), ©.e. (¥¥*) of the preceding section. Then there exists a
block B of H such that B=éG in the sense of Proposition 2 (with
respect to the group pair T,H).

PROOF. Let ¥ be the linear character of Z(G,Q%*) associated
with B. It suffices to show that the kernel of Y contains the
kernel U of the map 6 of Proposition 1; equivalently, it suffices
to show that if KB is a class such that KBﬂT is empty, then
w(KB)=O. Now if w(KB)#O, then by Proposition 3, 4 we have D¢
C(GB), or GBEC(D)=T for some element GB of KB' Therefore there
exists a block B of H such that B=3C.
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PROPOSITION 6. Let T, H be a pair of subgroups of G satis-
fying the conditions (¥), (¥*) of the preceding section. If B
i8 a block of H, and B=§G 18 the block of G corresponding to B
in the sense of Proposition 2, then every defect group 5’of B is
contained in a defect group of B. In particular, the defect d
of B is at most equal to the defect d of B.

PROOF. Let Ka be a class of defect d of G satisfying w(Ka)
#0, where ¥ is the linear character of 2Z(G,Q%*) associated with
B. By the definition of the correspondence §+B=§G and formula
(7), there exists a class Lp in H such that LpgKunT and @(Lp)#o,

where @ is the linear character associated with B. If GpeLp,
then some defect group of B is contained in a Sylow p-subgroup

of the centralizer CH(@D) of @D in H by Proposition 3. This
Sylow group is contained in a Sylow p-subgroup of the centralizer

C(ép) in G. However, this last Sylow group is a defect group of

B since @psKa. This and Proposition 4 proves our proposition.

PROPOSITION 7. Let M be a normal p-subgroup of G. Then M
18 contained in every defect group of every block B of G.

PROOF. 1) We consider first a normal subgroup M of G which
is not necessarily a p-group. Let xo be an irreducible charac-
ter of the factor group GO=G/M. Using standard notation with

the superscript 0 for GO, we have

0 x2 (%)
) 0

0,.0y _ g
w (¢7) =
cO(G

Now xo can be considered in a natural way as an irreducible cha-
racter x of G whose kernel contains M. If GO is the coset of

GeG, then C(G)M/M is a subgroup of CO(GO). Since
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C(GIM/M=C(G)/C(G)nM, we have

c(G)

21(c ] co(GO), where z(G) = (C(G)nM:1) divides (M:1).

(11)

~

The degree xo of XO is also the degree x of x, so that we have

0 0
0a0y-_4g x(G). g c(G) - e(G)
w (¢7)= . w(G) w(G), or
cO(GO) z eO(GO) g (M:l)cO(GO)
0,0 _ 0,.0
(12)  w(g) = WLie (6 060 - Ml e (6 )2(8) (060,
) 0,.0
By (11) both gﬂg%) and & (g(éﬁ(G) are integers.

2) Assume now that the normal subgroup M of G is a p-group.
By II, Proposition 4 M has only one irreducible modular represen-—
tation, and this must be the l-representation. Hence any modular

representation of M may be taken in the form

(13) 1 0 \

Consider any irreducible modular representation ¥ of G. We may
assume that its restriction F|M to M has the form (13). Let e
be the first basis element of the representation module F of F.

Then
e = e for all M < M.

For any element G of G we have GMG_1=MleM, and

(eGI)M = e(GMG™1)G = eM G = eq.

1
Hence every element ¥ of M leaves fixed all elements of the sub-
module F, of F spanned by {eG|GeG}. Since Fy is a G-moudle, and

F is irreducible, we have F_=F, Z.e.

o]

(14) 1, o
FIM = M i
¢} 1/
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The kernel of F contains M, and F can naturally be considered as
an irreducible representation O or GO=G/M.

This shows that each block B of G contains at least one ir-
reducible character x whose kernel contains M and is thﬁs essen-
tially an irreducible character of GO=G/M. For starting with an
irreducible modular representation F in B, we may consider it by
the above considerations as a representation FO of GO. We may
then take an ordinary irreducible representation XO of G0 having
FO as a modular constituent, and consider it as an irreducible
representation X of G.

3) Let B be a block of G, and x an irreducible character
in B whose kernel contains M. Consider x as an irreducible cha-
racter XO of GO=G/M. Let D be a defect group of B, and choose
anrelement G of G such that D is a Sylow p-subgroup of C(&) and

w(6)30 (mod p). By (12) we then have

) 0,.0 .
(15) 2%2%> o0, Q—Lg?%%igl o0, w2 (%) 0 (mod p).

In particular, z(¢)=(M:1), Z.e. (C(G)nM:1)=(M:1) and McC(G).
(1)

Therefore M is contained in a Sylow p-subgroup D of C(G).

(1)

Since D is conjugate to D in C(G), and M is normal in G, we
have McD. This proves the proposition.

Incidentally formula (12) proves that if 3% is a block of
a factor group GO=G/M, where M is any normal subgroup of G, then
all irreducible characters of GO belonging to BO belong to a
single block of G when they are considered as irreducible charac-
ters of G. For if XS’ X?are two irreducible characters in BO, then
wg(GO)Ewg(GO) (mod p) for all 6°¢6°. This implies that w,(G)Z

wj(G) (mod p) for all GeG by formula (12), or that X, and X;

- 76 -



belong to the same block of G. Thus every block BO of GO, when

considered as a collection of irreducible characters of G, is

contained in a single block of G. In this sense we have

PROPOSITION 8. Let M be a normal p-subgroup of order pu of
G. If B is a block of defect d of G, and D is a defect group of
B, then every block Y of GO=G/M which is contained in B has a
defect group contained in D/M. Moreover, there exists at least
one block BO of defect d-u of GO contained in B for which D/M
is actually a defeet group.

PROOF. If G is any element of G such that D is a Sylow
p-subgroup of C(G), and w(G)30 (mod p), then we have already
proved the conditions of (15) hold, where XO is any i1rreducible
character of any block BO of GO contained in B. The first con-
dition implies that z(¢)=(M:1)=p", or McD. This together with

°6%z()
c(G)

Sylow p-subgroup of the centralizer CO(GO) of ¢%=a¢m in 6Y. Since

the second condition £ 0 (mod p) shows that D/M 1s a
0 (¢%)40 (mod p) by the third condition of (15), D/M contains a
defect group of BO, which proves the first part of our assertion.
In particular, the defect do of BO satisfies dosd—u, where d is
the defect of B.

Now there exists an irreducible modular representation F of

G in B whose degree f satisfies
v(f) =vig) -d=a - 4d.

F can be considered as a representation FO of GO; ir FO is in
the block B° of GY of defect do, then 1ts degree fo=f satisfies

V(f)év(g/p“)—do=a—u—do. Hence a—dza—u—do, i.e. dsdo+u. Hence



we have do=d—u. This implies however that D/M 1s actually a
defect group of the block BO containing FO. This proves the

second part of our assertion.

REMARK. Comnsider Proposition 2 in the case of the group
pair T, H, where T=C(Q), TcHcN(Q), and Q is a p-subgroup of G
(this is the case of later interést). Then the correspondence
P>y of linear characters is independent of the choice of Q and
T, and is determined uniquely by the subgroup H. Hence the same
holds for the correspondence §+B=§G of blocks.

PROOF. The linear character ¢ corresponding to ¥ is given
by (7). To verify our remark we will prove that the sum on the

right hand side is

) P(L )
LK nH e

where Lp runs over all conjugate classes of H contained in Ka.
This follows simply from the fact that if Lp is a conjugate class
of # having an empty intersection with T, then w(Lp)=O. Namely,
if $(Lp)#0, then the centralizer CH(&D) of any element 50 of Lp
contains a defect group of B by Proposition 3. But every defect

group of B contains the normal p-subgroup Q of H# by Proposition

7. Thus 5peC(Q)=T and L nT is not empty.

§3. Main Theorem 4
LEMMA 1. Let D be a p-subgroup of G, and let T=C(D), H=N(D).
i) If K is a conjugate class of G with D as defect group, then

the intersection KnT is a conjugate class of H. 1ii) If H is an
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element of H such that D is a Sylow p-subgroup of the centralizer
CH(H)=C(H)nH of H in H, then D is a Sylow p-subgroup of C(H);
hence i) can be applied to the conjugate class K of H in G.
PROOF. i) Let G be an element in K such that D is a Sylow
p-subgroup of C(G). Then GeT=C(D), and GeKnT. Let G' be any
other element in KnT. We can put G'=X_lGX with XeG. Since G'eT
=C(D), we have DcC(@'). Since D is a Sylow p-subgroup of (&),
it follows that D is a Sylow p-subgroup of C(G'). On the other
hand, ¥ 'Dx is contained in C(X_lGX)=C(G'), and so X 70X is also
a Sylow p-subgroup of C(G'). Hence D and ¥ 1iDx are conjugate in
C(G'), Z.e. there exists an element Y in C(G') such that 1" lox=
) )

y™'DY. We then have XY“leN(D)=H, and since (XY~ _lG(XY—

yg'y“l

=G', the element G' is conjugate to ¢ in H. Conversely,
since T is normal in H, any element of H conjugate to ¢ in H be-
longs to T and hence to KnT.

ii) Let Dl be a Sylow p-subgroup of C(Z) containing D. If
Ul contained 7 properly, then by a theorem on p-groups, the nor-
malizer of P in Dl would provide a p-subgroup of N(D)nC(H)=HnC(H)
properly containing ¥, which would contradict the assumption that
D is a Sylow p-subgroup of CH(H). Hence Dl=D, and D is a Sylow
p-subgroup of C(H).

We now come to

MAIN THEOREM A.l) Let D be a p-subgroup of G, and let pd

be its order. Then there is a 1-1 correspondence between blocks

1) An earlier weaker form of the theorem was announced in [10] as

Theorem 4. The proof of its present form appeared in [20].



of G having D as defect group and blocks B of defect d of H=N(D).

¢ of Proposition

This correspondence is given by the mapping B+B=B
2 with respect to the subgroup pair T=C(D), H=N(D).

PROOF. We remark that by Proposition 7 every block B of
defect d of H=N(D) has D as its unique defect group. The proof
of the theorem is in three parts.

1) Lét B be a block of G having D as a defect group. By
Proposition 5 there exists a block B of H such that the block ﬁG
of G (in the sense of Proposition 2 with respect to 7 and H) is
B. By Proposition 6 every defect group of B is contained in a
conjugate of P. On the other hand, Propositioh 7 shows that
every defect group of B contains D. It follows that D is the in
fagt unique defect group of ﬁ, and the defect of B is d.

2) Consider any conjugate class L of H such that D is a
Sylow p-subgroup of the centralizer CH(H)=C(H)nH in H of some
element H in L. By our lemma D is a Sylow p-subgroup of C(H)
and L=KnC(D), where K is the conjugate class of H in 6. If ¢
is the linear character of 2Z{(G,0*) corresponding to a linear

character ¥ of Z(H,2%) in the sense of Proposition 2, we have

by (7)
(16) Y(K) = §(5)

where K, L denote as usual the sum of the elements in K, L res-
pectively.

In particular let P be the linear character associated with
a block B of defect d of H. As remarked above, D is the unique
defect group of B. If L is a class of H such that D is a Sylow

p-subgroup of CH(H) for some Hel, and V(L)#0, then we have (16)



for the corresponding linear character ¥ and the class K of H in
G. Since @(L)#O, it thus follows that Y (X)#0. By Proposition 3
the Sylow p-subgroup D of C(H) contains a defect group of the
block B=§G associated to ¥. On the other hand, D is the unigue
defect group of §, and 1s thus contained in a defect group of B
by Proposition 6. It follows that U is actually a defect group
of B.

~

3) Evidently B determines BG uniquely. In order to prove

the converse, namely B is determined uniquely by EG, let %1 be

a second block of defect d of H such that §$=§G; El has D as its
unique defect group. Let @, @l be the linear characters of
Z(H,0%) associated with B, gl' Consider any conjugate class L
cf H of defect d in H. If L contains no element H such that D
is a Sylow p-subgroup of CH(H)5 then $(L)=0, @l(L)=O by Proposi-
tion 3. On the other hand, if L[ containsg an element Z such that
D is a Sylow subgroup of CH(H), then by (16) U (L)=¥(X), and simi-
larly, &l(L)=w(K). Hence @(L)=$1(L) for any class L of defect d
in H. But then §1=§ by II, Proposition 12 and II1I, Proposition
3. This shows that §G unique determines B and the proof is com-
plete.

Theorem A therefore reduces the problem of determining a
block with a given defect group to the case where the defect
group is a normal subgroup. By Proposition 8, the problem is
further reduced to the case of defect 0. For any group it is

possible to determine all blocks of defect 0 and their number

explicitly (see [201]).



IV. Generalized Decomposition Numbers. Main Theorem B

§1. Generalized decomposition numbers
Let G be an arbitrary element of G, and let P, R be its

p-component and p-regular component respectively, so that
G = PR = RP.

Let pa be the order of P. For the subgroup C(P) of G we will
use standard notation with a superscript P. Thus for instance
X? will denote an ordinary irreducible representation of C(P)
and x? its character. Since P is in the center of C(P), we have
X§(P)=ejI for some pu—th root €5 of 1.

Let Xz be an irreducible character of G, and let its res-

triction X4 |C(P) to C(P) be Z a; X § where the a;; are non-nega-

P
tive integers. If ¢p, d&p denote the irreducible modular cha-

racters and decomposition numbers of C(P), we have

Xz (6) = x;(PR) =} awa(PR)
J
=§ FACHE g ngp%(m
Thus
(1) Xz (6) = x (PR) = g »bp“’p(f?)
where
P _ P

(2) 85 = g a; i€z

The numbers aip are algebraic integers in the field of pa-th roots

of 1 over the rationals, and are called the generalized decompo-
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sition numbers of G with respect to the p-element P.l) Formula

(1) holds for any element G with P as its p-component. Hence
for anyv p-regular element R in C(P), formula (1) holds for G=PR.
The numbers Bipare uniguely characterized by (1), R ranging over
p-regular elements of C(P).

The generalized decomposition numbers can be computed ex-

plicitly by

P P 1 —P, P, P
(3) 8. = ) ¥.(PR ) —=%— ¢ (R Je
KZG v “ c(PRf) o o

p’
P . . P
where RK are representatives of the p-regular classes KK of C(P),

and cip are the Cartan invariants of C(P). 1Indeed, the right

hand side of (3) is equal to

) v, (prYy — L P (RrYy = of oP(rY) —E - 35 (D)
= 7 3Y (Jef(RD)—L 5 (D).
5 10 e 0K c(PHf) 0 K

c(PRf) is equal to the order cP(Rf) of the centralizer CP(Rf) of

P

Rf in C(P), since C(PH€)=C(P)nC(Rf)=C (Ri). Hence the above ex-

P s —BP

pression is equal to )9, =3, , which proves (3).
g topo “ip

Letting now X; range over all irreducible characters of G,

we have the following orthogonality relations.g)
() j 0 if P, @ are p-elements not
Y oL 39 = ] conjugate in G
2 T1p 1o
P . _
L %0 if P = @.

1) Generalized decomposition numbers were introduced in [5], where
their elementary properties, including the orthogonality relations (k4) below,
were proved.

2) Refinements of the relations will be given in §5, Proposition 2.



To prove this, we express (1) as

(5) zF = vPe?,

where VP denotes the matrix (85 ) of generalized decomposition

pii,p
numbers, ZP denotes the matrix (Xi(PRf))i < and ¢P denotes the
matrix (¢§(Rf))p o Of modular characters of c(p), Ri being repre-
b .
sentatives of the p-regular classes Kf in C(P). Similarly we

have ZQ=VQ¢Q. Hence
(z5)129 = (oF) 1 (vF) 7%,
If P and @ are not conjugate in G, then (ZP)'ZQ=O by I, (18'),

and hence (VP)'VQ=O, since the matrices ¢P, ¢Q are regular. This

proves the first part of (4). If P=@, then
(zF)1 2" = c(PRD) = " (rF) = (oF) e

by I, (18') and II, (15), where CP=(c§p). Comparing this with
the above formula with P=Q, we have

P\ ,=P r
(vi)w = ¢,

which is the second part of (4).

§2. Sections

Let P be a fixed p-element of G. The section of P in G,
denoted by S(P), is defined to be the set of all elements in G
having as p-component a conjugate in G of P. S(P) is thus a

collection of conjugate classes of G.
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LEmma 1.%)

Let P be a p-element of G in the center of G,
and R a p-regular element of G If G is any element of G not in

S(P), then

(6) i xi(PR)fi(G) =0

.eB
X$€

for every block B of G.

PROOF. Let @, S be the p-component and the p-regular com-
ponent respectively of ¢. Thus =S, and since GxS(P), the
p-element PQ_l is different from 1. The left hand side of (6)

is equal to

N 1 . RN -1, _ v DA -1
Loy (BIx (P, (677) = [ Xy (B)x, (P¢™T)
X.€B X .€B
i i
= 1L dge (R)x;(peh)
Xi€B ¢p€B
= I e, (®)e (pcTh).
¢psB
Here PG T=Pg ts™1 is p-singular, since PQ”1#1. Hence @p(PG~l)=O

by I1, Proposition 5, and the above sum is 0, which proves (6).
This lemma will be used below in studying certain coeffi-
cients connected with Osima's idempotents. Thus for each block
BT, let n. be Osima's idempotent for BT. Ir Ka is the sum of
elements in the conjugate class Ka of G, and Gu is a representa-

tive of Ku, we have

-1 —
(7) nkg = (@) Kza X¢ZBT Xz (Gg)X, (G K,

by I, (24) (this formula has already been used in II, (56)).

1) This is a very special case of the Corollary in §5 below.



Set

T -1 —
(8) esu = C(GS) X.ZBT Xi(GB)Xi(GOL>
so that
_ T
(9) n.Kg = g: €goky
o.

Under the assumptions of Lemma 1, ega=e;S=O whenever GB is p-re-

gular element not in S(P) and G, is in s(p).
If we consider a p-element P of G not necessarily lying in
the center of G, the above lemma can only be applied to the cen-

P, be the conjugate

tralizer C(P) of P. Thus let Ki, K=l,eee,k
classes of C(P). We assume that the enumeration is such that

the first QP, K=l,---,£P, are the p-regular classes of C(P); as
P

before denote the representatives of these classes by RK. The
conjugate classes K_ of G containing Pﬁf, K=l,---,2P5 are all
distinct, and are exactly the conjugate classes of G lying in

the section S(P) of P. Let ﬁc be blocks of C(P), and ﬁc their

Osima idempotents. Furthermore, for each block BT of G denote
by ﬁ(T) the sum of those ﬁc corresponding to BT in the sense
§g=BT; if there are no such 50, set ﬁ(T)=O. In analogy to (9)
we have
(10) 7 oxD = kZP 59 ¥
no A~k eAK K
k=1
with é;K defined by formulas analogous to (8). Hence
kP
() P _ ~(Tt) P
(11) ik = 2 & K>
k=1
where éiz) denotes the sum of those EiK such that §S=BT. The
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coefficients ééa, é;K, éiz) all belong to ¢, since Osima's idem-

potents N.» ﬁc are o-linear combinations of Ka, Kf respectively.
LEMMA 2. Let KK, K=l,---,£P, be the conjugate classes of
G containing PKi, K=1,~--,£P respectively. For A, K=l,--°,£P we

have

(12) e;K = eiz) (mod p).

PROOF. (The congruence is in fact an equality, but we shall

be able to see this only at the end of the next section.) Con-

sider the image Ki of K, under the map 6 defined in III, (1)

with H=T=C(P). Clearly

¥ =pxf+ 7 ol
A A P u
KugkA
kPs3(p)
u
where S(P) denotes the section of P in C(P). Hence
Al = 5l )pe? ¥ lTgP,
A A P N u
K =K, ,5S(P)
kP
The first product on the right hand side 1s equal to Z éiZ)PKP
k=1

P
K

P
L
by (11) and in fact to é;E)PK by the remark made after (9).
k=1

As for the terms ﬁ(T)Kf with K§§§(P), these are linear combina-

tions over ¢ of the K€ satisfying K€§§(P). This follows from

Lemma 1 applied to C(P). Thus we have

P
2
(13) CARRF L) éiZ)PKf + 7 it
k=1 Kf§§(P)

()

Ne €0 In z(H,Q*) consider (13) modulo pZ(H,o).

for suitable f
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(t)*_ (1)

. ~ o~ *9
Since 1 =1 (mod pZ(H,0)) is equal to n, by a remark at

the end of III, §1, we obtain

*0_0 _ ~(t)*__P (t)*_p
(14) n_ kK, = Z e PKK + o Z fAv KV'
K &S(P)
v
The left hand side 1s equal to (nﬁKA)e, gsince 0 1s a homomorphism.
By (9) this is in turn edqual to

*
Ao

(T)*= T*

Comparing this with (14), we get éAK e

is the assertion of Lemma 2.

§3. The matrix of generalized decomposition numbers

Denote by B(T) the collection of all blocks EG of C(P) satis-

fying §§=BT. If V, is the submatrix of the matrix vP in (5) of

generalized decomposition numbers defined by

(15) Vo = (3 ) ,
ip P (1)
XieBT’¢p€B

then we may decompose VP into

(16) p < s vy } B_
V:
B(t)

with a suitable enumeration of the Xi and ¢§. The part
P
(x; (PR _))

XieBT’K

of the matrix z¥ in (5) is then equal to
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P
(Vov e,
P . . P, P
where ¢  denotes as in (5) the matrix (¢A(RK))A of modular

characters of C(P). By (8) the matrix

(17) Bo= (e,

)

}‘,Kzl’coo,jz/P

of those coefficients e;K in (9) with indices arising from the

section S(P) is equal to

. 0
Cop \ P Vo P
c(PR ) ) (o7 ) (V V)9
Y v'
0 T . 1
/e 0 -1
. vV AL
P 1 —
- o (PRE) <¢P>v( R ki
° t 1
. \\vlvo Vivy
@] B
Here, as toward the end of §1,
/ot 0 o, 0]
e (PRY) - PrY)y
0 T 0 Toe

P
c 0
P PP P 0 —P
= (¢ )'C ¢ = (o) >¢
] Cl
where the matrix CP of Cartan invariants of C(P) is assumed de-

composed into

P (1)
(18) P 00 0 } BO
¢ = P
o
B(T)
Thus
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(19) 3 fcf o 7t ISP SU AR
B - (ch)-l{ 0 o (¢P)"l(¢P)'k o_o O_l E¢P
] 1 1 i
v 0 ¢y Vi ViV J
Pi-1,,o Py-1.,5 ©
) @P)_l (c™) viv, (cy) ViV, \,613-
ety tviv By e /
1 170 1 171
We next consider the matrix
(20) )= el o
K X,K'_-l,"',l
By a similar argument, we have
-1
(21) [, 0 oF
B - o (PRD) T L N (OO r i
0 T
P -1 P ‘
-1{c¢ 0 c 0
—P P.. - P _
=% 0 P) Rt AL 3
o} ¢y 0 0
f{r o)
= ()7t or,
o 0

where Dg denotes the matrix of decomposition numbers of the cha-

(T)’

racters in B and I denotes the identity matrix of the same
degree as Cg.

Since $P is obtained from ¢P by a permutation of the coiumns,
$P is a unimodular matrix in o. Since ET is a matrix in ¢, it
now follows from (19) that (Ci)_lvévo is also a matrix in o. By

Lemma 2 and (21), we now have
(22) ty tery =1 (mod p).

This implies in particular that the matrix (Cg)_lVéVO is unimodu-

lar in ¢ and non-singular. Let QO be the field of go—th roots
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of 1 over the rationals g, and let Ql be the field of pa—th roots
of 1 over ¢. Here g=pago is the order of G, and (g,,p)=1. The
Bip all belong to O, while the values of any ¢§ belong to QO.

If S is any element of the Galols group 9091/90, then S induces

a permutation among the ordinary irreducible characters Xz while
S leaves invariant the ¢§, Thus if XiéBr’ then xi also belongs
to B_, since the modular characters of B, are left invariant by
S. It follows that S induces a permutation among the rows of VO.
Each coefficient of the product matrix Vévo is then left fixed

by S (observe that S commutes with complex conjugation), Thus

each coefficient of Vévo lies in QO, and hence in Q0091=Q. Thus

the matrix V6§b is rational, and since 1ts coefficients are alge-

braic integers, they are even rational integers. The matrix
(Cﬁ)—lV6VO is then rational. Since the determinant of the ratio-

. . P
nal, integral matrix C

0 is a power of p by II, Proposition 13,

the coefficients of (Cﬁ)_lV6VO are rational numbers with powers
of p as denominators. On the other hand, we have already seen
that they are in 0. <Z.e. they are p-integral. It follows that

they are rational integral. We thus have proved

LEMMA 3. The matrix (Cg)—1VéVO is rational integral.

The matrix Vévo is positive-definite Hermitian. Indeed for
any column y of complex numbers of length equal to the degree of
v&Vo, we have gvVéVOyzo; if y#0, then VO§¥0 by the non-singularity
of V{Vy, and hence y'VIV y>0. We thus have

(23) det ViV, > O.

Consider now the product VAV,, where V, is as in (16). This
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is also a non-negative hermitian matrix of the same degree. By

(4) we have

(24) » %\ o _
- = 1 1
co = (V4V1) _,') ViV, + VAT,

v

2
so that

P —

(25) det €y = det V!V,

the inequality sing holding if v572¢o. Indeed, if C and Ul are
positive~definite hermitian matrices of the same degree and U2=
C-U, is nonnegative (U2 is necessarlily hermitian), then det (=
det Ul, the inequality sign holding if UZ#O. For since C 1is
positive-definite hermitian, there is a non-singular matrix W

such that W'CW=I, or

' 72 1 =
W UlW + W U2W I,

If X ranges over the eigen-values (Z.e. characteristic values)
of W'Ulﬁ, then 1-) ranges over those of I—W'U1W=W'U2ﬁ} Hence

1-A20 and
det W'Ulﬁ = TA < 1.

If U2¢O, i.e. W'U2W¥O, then there exists at least one A with
1-A>0 and hence det W'Ulﬁ<1. Multiplication by ((det W)(det W)) %
yields our assertion.

We now contend that Vévg in fact vanishes. By Lemma 3.
det v&VO is divisible by det cg and since det V6VO is positive,
det Véﬁbzdet Cg. However, by (25) we must have det V6V0=det Cg,

and this implies VéVé=O. This is turn evidently implies

(26) v, = 0.
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§4, Main Theorem B
As a consequence of (26) it follows that we must have 8§p=0

P ~(1)

for Xi&BT, ¢DEB Hence we have proved

MAIN THEOREM B. Let P be a p-element of G. Let B be a
block of G, and B a block of C(P). If §G ig the block of G cor-
responding to B in the sense of 111, Proposition 2 with respect

to the pair T=H=C(P), and éG#B, then

27) 32 -0
ip
for X .<B and ¢P5§
7 P :
This theorem was announced without proof in [13]. The ori-
ginal proof, somewhat simplified, can be found in [22]. The

present proof is based on an idea of Iizuka, [30"].

§5. Some consequences

We now derive some corollaries of Theorem B.

PROPOSITION 1. Let D be a defect group of a block B of G
and let Xz be an irreducible character in B. If P is a p-element

of G, and no congugate in G of P lies in D, then
(28) xi(PR) =0

for any p-regular element R of C(P).

PROOF. Suppose xi(PR)¢O. Then ng#o for some irreducible
modular character ¢f of C(p). 1If B is the block of C(P) contain-
ing ¢§, then by our main theorem, §G=B. Hence if D is a defect

group of é, D is contained in a conjugate of 0 by III, Proposition 6.

- 93 -



On the other hand, the normal subgroup {P} of C(P) is contained
in D by ITI, Proposition 7. Thus {P} is contained in a conjugate
of D, or equivalently, a conjugate of P is contained in D.

In particular, we have

COROLLARY. If x Ze an irreducible character in a block of
defect 0, then
(29) Xx(G) =0
for any p-singular element G.

PROPOSITION 2.1) If P, Q are two p-elements of G which are
not conjugate in G, then

(30) 7 L3¢ -0

ip 10
.eB
Xz

for any bloek B, and any irreducible modular characters ¢§, ¢§

of C(P), C(Q) respectively. If P=Q, then
P . P P
( cpc if ¢p, ¢0 belong to the same
(31) 7 oL 3 - block B of C(P) and 8% = B
ip 10
X .€B
1 0 otherwise.
PROOF. We know by (4) that
t P g
(32) ) ) 8,975 =0
T=1 x.cB
A
where T runs over the indices for the ¢t blocks of 6. If B is

the block of C(P) containing ¢§, then 3§p=0 for all x; not in

G

the block B® of G. Hence (30) is trivially true when B#3°. If

1) This refines §1, (L).
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we subtract from (32) these relations for blocks distinct from
EG, we obtain (30) for B=§G. The second part of Proposition 2
is similarly proved using Theorem B and (4).

The following corollary generalizes 83, Lemma 1.

COROLLARY. If G, H are elements in two different sections

of G, then

(33) ¥ X (G, (B) =0
XiEB

for any bloek B of 6.
PROOF. Let G=PR, H=gS be the decomposition of ¢, H into
their p-components and p-regular components. The left hand side

of (33) is equal to

3 oF 95905y = P 5@
X;ﬁ L8, 03)23100“)-p§JX§B%0¢0W (B)F2(5)

he)

and this is 0 by Proposition 2 if P, ¢ are not conjugate. This
corollary is also a consequence of the orthogonality relation I,
(18'") and the following proposition.

PROPOSITION 3. Suppose that the relation yaixi(G)=0 holds

X:

for every element G of a section S(P) in G, where the a;ef and

X, runs over all the <irreducible characters of G. Then
(34) Y a.x.(G) = 0, G ¢ S(P)
%7
XieB

for any bloek B of G.

PROOF. By our assumption

I I 8% 60 (Ra; = 0
X, P



for all p-regular elements R in C(P). Since the matrix (¢§(RO)),
where p runs over the indices of the irreducible modular charac-
ters of C(P) and R0 over representatives for the p-regular clas-

ses of C(P), is non-singular, it follows that

P =
) Bipai =0
Xz :
for every p. As in the proof of Proposition 2, this implies by

Theorem B that

y afpai =0
XieB

for every block B and for every p, which in turn implies (50).

COROLLARY. Let p, q be two distinet primes. Let G, H be
elements of G; P, P' their p-components; and @, Q' their g-com-
ponents. If P does not commute with any conjugate of @', or i1f

§ does not commute with any conjugate of P’, then

Xi(G)Xi(H) =0

XieB(p)nB'(q)

for any p-bloeck B(p) and any qg-block B'(q) of G. In particular

tf G is p-singular and C(P) has order prime to q, then

X.(G)Y.(H) = O
x;€B(p)nB'(q) v v

for any g-singular elemernt H. Furthermore,

(35) ) X-(G)X,(1) = 0 (mod 4?)
x;€B(pInB'(q) * "

where qb denotes the q-component of the order g of G.l)

1) If G contains no element of order pg, then this is the case for

every p-singular element G. Under this assumption (35) was proved in [29].
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PROOF. 1In proving the first part, we may assume that P com-
mutes with no conjugate of @'. It then follows that the p-sec-
tion S(P) of P and the g-section S(&') of @' have no element in
common. By the above Corollary to Proposition 2 (with g in place
of p) we have

Xie?.B'(q) Xz (G)%; (H) = 0
for any element &, in S$(P) and any element H, in S(Q'). For each
H,€S(@') consider this as a character relation Eaixi valid on the
p-section S(P), where ai=§;(Hl) or 0 according as whether x.¢B'(q)
or not. By Proposition 3 we then obtain

o (G Y. (B) = 0
xieB(p)nB'(q) 7z 1 7 1

for every GleS(P), which proves the first part of our Corollary.
To prove (35) let § be a Sylow g-subgroup of G. If ¢ is any

character of 9, the sum 7} w(Hl) is a multiple of qb in the do-
H. €Q
1

main of rational integers by I, (10). If ¢ is a linear combina-
tion of characters of Q with algebralc integers as coefficients,
the same is true in the domain of algebraic integers. We apply

this to

w(d ) = X (G)x . (H ).
1 XieB(p%nB‘(q) * Xi 1

where ¢ is fixed and Hy varies in Q. We then obtain

1
O

yoow(Ey) = ) X (G)x.- (H.)
Bt A <Q xieB(pgnB'(q) t 1

(mod qb).
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But by what has already been proved w(Hl)=O for Hl#l. Hence

P(1l)= Y Xz (G)x; (1)=0 (mod qb), which proves (35).
XieB(p)nB'(q) v

We now return to consideration of blocks for a fixed prime
p. For any p-element P and any block B of G, denote by RT(P)
the number of irreducible modular characters of C(P) belonging
to blocks B of C(P) satisfying §G=BT. As BT ranges over all

blocks of G, we have

o~

KT(P) = number 2(P) of irreducible modular characters of

=1

c(P)
= number of p-regular conjugate classes of C(P)
= number of conjugate classes of G contained in the

section S(P).

Thus if P1=1,P2,---5PP form a complete system of representatives
of the p-classes in G, then the sum

r r t

pzl Q(Pp) ) pzl Tzl QT(PD)

is the number k of conjugate classes of G. On the other hand,

we obviously have

where kT denotes the number of ordinary irreducible characters
in B_.
T

PROPOSITION 4. For every block B of G

(36) k=

. &T(Pp).

I~ R

p=1



P
PROOF. For each irreducible modular character ¢cp of C(Pp)

(p)

- on G by

define a class function ¢

P
¢é°>(a) = qbgp(R) if G lies in the section S(P ), and G
is conjugate to PpR, where R is a p-regu-

lar element of C(Pp).
0 otherwise.

If x; 1s an irreducible character in B_, then by (1) and Theorem
P
B, Xz is a linear combination with coefficients Big of those

¢ép) which belong to blocks B satisfying §G=BT. The total number
of these ¢ép) is the sum XQT(PD). Since the number of irreduci-
o

ble characters Xz in BT is kT, we obtain

X
In
Il o~188

N ZT(PD).

0

But the sum over t=l,°:+,¢ of each side of the inequality is equal
to k, as we observed above. Hence the equality sign holds for
each t.

These and many other results indicate that the properties
of each p-block are closely related to the distribution of p-sin-
gular elements in G. By considering the values of characters
for p-singular elements as given in (1) by means of the genera-
lized decomposition numbers, Proposition 18 in II, for example,
can be further refined; the reader is referred to [23].

For each pair (p,T) we define the %T(PQ)XQ(PO)—matrix ép,T,

the k¥ x2 (P )-matrix V , and the k X&(P )-matrix X as follows:
T T o) 0,T T o] PsT

) s



P P P
4] = (¢ "(R ®)), where ¢ ° ¢ B, B ranging over blocks of
p,T o a o
~G P
C(Pp) with B~ = B_, and qu ranges over

representatives of the p-regular classes of

c(z,),
P Pp P €]
vp,r = (3,57, where X ¢ B, ¢ " ¢ B, B = B_.
PD p
X = (X . .
- (XlUZRa )), where X; € B, R~ as in ﬁo,T
Furthermore, set
/ él,r 0 \
é'r = ¢2,T )
0 ¢P,T
v, = (vl’T,vg’T,---,vP’T),
X‘l’ = (Xl,T’XQ,T’.“’Xr,T)'

In view of Theorem B, the relations (1), (5) may be written as

(37) X =V
PsT PsT 0,71
or
(38) X =V g .
T T T

Setting

Xl\ Vl' 0 / ﬁl

X = E 5 vV = . R é =‘\ E R
Xe 0 Ve ! e

we obtain

(39) X = Vg.
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Hence the matrices X, V, and 4 are all square matrices of degree

k=ZkT. Furthermore, with a suitable arrangement of the rows, &
T

may be assumed decomposed into submatrices of the irreducible
modular characters of C(Pl), C(Py) e, C(Pr). Hence det g0
(mod p). Since p can be any prime factor of p in Q, det & is
actually prime to p. On the other hand, by permuting the rows,
V'V can be decomposed into matrices of Cartan invariants by

Proposition 2. Hence by II, Proposition 13,
(det V)2 = det V'V = £ a power of p.

Let QO be the field of go—th roots of 1 over the rationals
g, and let Ql be the field of pa—th roots of 1 over Q. As before
(G:1)=g=pago with (p,go)=l. Let ¢ be an element of the Galois
group Gal (QJ/Q) of ©,/¢. ¢ may also be regarded as an element

of Gal (Q1QO/QO)Q Letting o operate on (38), we obtain

(40) x° = v9%% = vo% |

T T 7 T 7T
since the values of the modular characters lie in QO by II, §2.
It follows that if XieBT’ then Xz also belongs to BT. Hence o
induces a permutation among the irreducible characters in BT.

Accordingly, V: is obtained from VT by a permutation of its rows,

i.¢e.
I o _
(L1) v, UT(G)VT
for some permutation matrix UT(G). On the other hand, there is

a rational integer s prime to p such that each pa—th root e of

1 is sent by ¢ onto its s-th power €°. From (1) we then obtain

(42) x; (P°R) = 2(359)%5(}?)'
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1f P° is conjugate to P,, and PA=G_1PSG for some GeG, then the
map ¢ 1rg as T runs through C(P) gives an isomorphism of C(P)
=C(P®) onto C(Px). Hence there i1s a permutation of the indices
p=1,2,---,£T(P)=2T(PA) such that

P Py, -1 .

¢p(R) = ¢p,(G RG), R p-regular in C(P).

Putting this into (42) we obtain

P
X (FOR) = TOED%0 (R = 10 )% 1(07 R0

[
But
P, P
s_\ _ -1 g _ -1 _ A A, -1
Xz (P"R) = x, (G "P°RG) = x (P,G""RG) = g aip¢p (G""RG).
Hence
P
P 0 A
(aip) = 87:01'

This means that V: is obtained from VT by a permutation of its

columns. If VT(O) is the matrix of this permutation we thus
have

0—-
(43) v, —VVTVT(O).

Together with (41) we have
(4h) » UT(O)VT = VTVT(O).

If o, is a second element of Gal (Ql/Q), then we easily see
from (41) and the non-singularity of V. that UT(001)=UT(0)UT(01).
Similarly, V_(o_o)=V _(oo_)=V (o )V (o). Letting o run over Gal

T 1 T 1 T 1 T
(QJ/Q), we thus get two representations G+UT(O) and 0+VT(0) of

the abelian Galois group Gal (ﬂ]/Q) by permutations; these are

equivalent to each other by (44).
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Let us call two ordinary irreducible characters Xg s Xj
- j 1 i Gal Q. /8 hich i
p-conjugate if there is an element o of Ga (Ql O/“O) (whi is

essentially the same as Gal (Ql/Q)) such XZ=Xj' p-conjugate

characters are necessarily in the same block.

PROPOSITION 5. The number of families of p-conjugate ir-
reducible characters in a block B, 18 equal to the number of
families of algebraically conjugate columns of VT.

PROOF. The first number in gquestion is egual to the number
of systems of transitivity of the permutation representation
{UT(G)}, and is thus equal to the multiplicity of the l-repre-
sentation as a constituent of {UT(G)}. On the other hand, the
generalized decomposition numbers all lie in @,. Thus the second
number is equal to the multiplicity.of the l-representation as a
constituent in the representation {VT(G)}. Since the two repre-

sentations are equivalent, these two numbers are equal.

PROPOSITION 6. Let p#2. There exists a 1l-~1 correspondence
between families of p-conjugate irreducible characters in B and
families of algebraically conjugate columns in V_ such that cor-
responding families consist of the same number of members.

PROOF. Since p#2, Gal (Ql/Q) is cyclic. Let o be a genera-
tor. The families of p-conjugate irreducible characters in BT
are in 1-1 correspondence with the cycles of the permutation
UT(O), and indeed, a family consists of r members if and only if
the corresponding cycle is of length ». Such a cycle of length
r corresponds 1in turn to » distinct »-th roots of 1 among the

characteristic roots of UT(O). Similarly, each family of
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algebralcally conjugate columns in VT with » members corresponds

to r» distinct r-th roots of 1 among the characteristic roots of
VT(O). Since the matrices UT(O) and VT(O) are similar, they
have the same characteristic roots. We therefore obtain a 1-1

correspondence as asserted.

PROPOSITION 7. Let p#2. In each B there exist at least
L. irreducible characters lying in Q-

PROOF. Each of the RT columns of v, belonging to the section
S(1) is rational, and hence constitutes by itself a family of
algebraically conjugate columns. By the above -proposition, there
must exist at least QT irreducible characters X; in Br’ each of

which is p-conjugate to itself, Z.e. lies in QO.

REMARK. For p=2 we may obtain analogues of Proposition 0,
7 by replacing the rational field Q@ by Q(Y-1). For p=2 and a=1,

2, Propositions 6, 7 im their original form remain valid.
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