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Coefficients for certain analytic functions
related to arguments of f/(z)

Toshio Hayami, Kazuo Kuroki, Hitoshi Shiraishi and Shigeyoshi Owa

Abstract
For some real 4; and d; (—7 < 3 < 0 < & < 7), the properties of the coefficients of functions
f(2), normalized by f(0) = f'(0) — 1 = 0 and satisfying the conditions sup {arg f'(z)} = 6; and
inf {arg f'(2)} = d2, are discussed.

1 Introduction

Let A be the class of functions f(z) of the form

flz)=z+ ianzn

n=2
which are analytic in the open unit disk U = {2 € C: |2| < 1}, and let P be the class of functions
p(z) of the form

o0
p(z) =1+ Z cx 2
k=1
which are analytic in U and satisfy the condition
Re(p(z)) >0 (z€U).
A function p(z) € P is said to be the Carathéodory function. The following lemma is well-known

and it can be found in excellent books by Duren [1] or by Pommerenke [4].

Lemma 1.1 Ifp(z) € P, then the coefficient estimates
lex| £ 2
for each k (k=1,2,3,---) are obtained. Equality holds true for the function p(z) given by

_l+2 o~k
p(z)ml_z~1+kZﬂQz.

We say that f(z) € R(d1,d2) if f(2) € A satisfies the following conditions
sup {arg f'(z)} =4, (2€U) and inf{arg f'(2)} =40, (2€U)
for some real d; and d; (—7 < 8, <0< d; < 7) and f/(2) #0in U.
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In particular, for some real § (0 < § < ), we write R(6,6 — m) = R; which means that if
f(z) € Rs, then f(z) satisfies

Re (e"(g"")f'(z)) >0 (zeU).

By Noshiro-Warschawski Theorem (for detail, see [3], [6]), it is well-known that all functions
f(z) € R; are univalent in U and belong to the classical family of univalent functions S. In fact, all
functions f(z) € Ry are close-to-convex univalent in U. The class R = Ry was studied and many
results were established (cf. [2]). For a function f(2) € R(d1,d;), supposing that

—ip £ * ..
£ g

_ (& + )
T 2(6 —82)’

b1 — &

where X = — and ¢ we see that q(z) is a member of the class P. Furthermore,

setting -
f2)% =1+ ¥,
k=1

for a function f(z) € A, we have the following theorem by the help of Lemma 1.1 We can find this
result, for example, in [5, Theorem 4]. However, a proof is included for the benefit of the readers.

Theorem 1.2 If f(z) € R(d1,82), then
|bk|-§2C0890 (k=1v2:3)"')a

where p = M Equality holds true for f(z) given by
2(61 — d2)
$2p
"ANE — 14 etz
f (Z) 1 -2 *

Proof. Noting that
F(2)% = {(cosp)g(z) — isinp} € =1+ Y (e* cosp)erz*
k=1
for some g(z) € P, we know that b, = (¢'# cos p)cx. Therefore, we obtain that
lox| = [€*] - |cos ] - |ex| < 2cos .

If we consider f(z) given by

20 .
. %=1+e‘ z _ i20 k
f(2) s 1+ (1+e )Zz,

1 k=1

then we see that

bl = v2(1 +cos2p) =2co8p  (k=1,2,3,--).



2 Main results

Our first result is contained in the following theorem.

Theorem 2.1 If f(z) € R{d1,02), then the coefficients of f(z) are represented as follows:

1 n—1 X
an=; (m) (l Z 1b11blz-.'blm> (n=2,3,4,...)’

1+t Hm=n—

where I, 1z, ,lm € N={1,2,3,---} and X = 61;62.

Proof. We first remark that

=) 00 X 00 00 m
f’(z)=1+znanz"’1 = (1+Zbkz") =1+ Z {(iﬁ ) (Zbkzk) }
k=1 m=1 k=1

n=2

Then, considering the coefficient of 2"~! with
ac m
(z bkzk) = (bz + b222 + b323 40 )™,
k=1

we have that

0 X oo n—1 X
(1+Zbkzk) =1+E{Z(m ) ( b b,lbhn.bzm)}z"‘l.
k=1 m=1 hiHa+ Hm=n—1

n=2

()LD )

b+ Hm=n—1

Thus, we know that

which completes the proof of the theorem.

By virtue of Theorem 1.2 and Theorem 2.1, we derive

Theorem 2.2 If f(2) € R(d1,82), then it follows that

n—1 m fm—1
[an]_ﬁ_-:-i}:{(;:zl)%(Hb—)ﬂ)cosm\p} (n=234,-).

m=1 J=0

Proof. By Theorem 1.2, Theorem 2.1 and the triangle inequality, we obtain that



1 n—-1 X
ol = 23|(X))] ( > ol lbtal“'lbtm|)
m=1 i Ha+Hm=n—-1
n-1
1 IX||X-1]---|X —m+1]|
< ;Z:l — 2™ cos™ Z 1
m=

L4+ +lm=n—-1

n—1 m—1
1 n—-21\2" . m
= - {(m_l)m(HIJ—Xl)cos ',c}.

m=1 J=0

a
Taking d; = & and &, = 6 — 7 for some § (0 < § < «) in Theorem 2.2, we can immediately see
that X =1 and p =4 — g Therefore, we have the following corollary.

Corollary 2.3 If f(2) € Rs, then it follows that
lan] < %siné (n=2,34,).

The result is sharp for

o0

f(2) =€z~ (1—e¥)log(l—2) =2~ Z

n=2

2iesind
—_— "
n

Proof. The coefficient estimates in the corollary are readily obtained by Theorem 2.2. To prove the
sharpness, we define the function P(z) given by
—ié

e ¥ — ey

Ple) ===~

(2 € ).

Then, )
P(z) —e™™

o= [P <!

which implies that
P(2)P(z) - €¥P(z) — e *P(2) + 1 < P(2)P(z) — e ¥P(2) — e*P(z) + 1.

Thus, we have that
(e —e7¥) (P(z) - P(z)) >0,

that is, that
—4sind - Im (P(z)) > 0.



Therefore, P(z) satisfies
~Im(P(2)) >0 (zeU).

This leads us that
Re (e!(3-4) f’(z)) =Re(iP(z)) = -Im(P(2)) >0 (2 € V).

Therefore, we know that f(z) = €2z — (1 — &?0) log(1 — 2) € R; and

2ie¥sing| 2 |
lap| = |-———| = =sind.
n n

Remark 2.4 Putting § = % in Corollary 2.3, we have that

f(2) =iz = (1= i)log(1~ 2) = 2 + ) =22

n=2

This function f(z) maps the open unit disk U onto the following domain.

3 Appendix

In this section, for some real d; and d; (—7 < §; < 0 < §; < =), we define the subclass Q(4;, d82) of
A as follows:
Q(dy,82) = {f(z) € A:sup (arg &2) = 4y, inf (arg _f_(f_l) = d, and f—(z—zl #0(z€e U)} .

4 z
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When é; = 6 and 85 = § — 7 for some 4 (0 < § < 7), we write Q(6,0 — 7) = @5 and we know the
next relation between R(d;,d;) and Q(dy, d2).

Remark 3.1

f(z) € Q(8,,42) if and only if /z f—(;ld{ =2z+ Z gnz‘-z" € R(d1,2)-
0

n=2

Applying the above remark and Theorem 2.2, we deduce the following theorem.

Theorem 3.2 If f(z) € @(d1.62), then

n—1 m [m—1
(DY {( Z—_i ) 2;5 (g |j—X|) cos"‘c.a} (n=234,).

m=1

Setting 6; = ¢ and d; = § — 7 for some J (0 < § < 7) in Theorem 3.2, we have

Corollary 3.3 If f(2) € Qs, then
lan] < 2sind (n=2,34,---).
The result is sharp for f(z) given by

7z — el

f@)=———=2z- Z (2i€* sin 6) 2™.

l1-2z2

Remark 3.4 If we take § = % in Corollary 3.3, we obtain that

z—1z

2 o0
f(z) = > =z+2(1-—i)z".
n=2

This function f(z) maps the open unit disk U onto the following domain.
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