ooooboooao
2430 19750 42-66

42

oN H-COBORDISMS BETWEEN
THREE DIMENSIONAL HOMOLOGY HANDLES

AXIO KAWAUCHI

Graduate school, Osaka City University

The present note will introduce a cobordism theory, called
ﬁ-cobordism, to the class of 3-dimensional homology oriented
handles and to the class of 3-dimensional homology non-orientable
handles. These classes modulo M-cobordism relations will form
groups SP(SlXSZ),SEKSlXtSZ), called H-cobordism groups,respectively.

We will discuss about the properties of the invariants of
gzgs%<s2) ana‘SE(slxrsz). Then we will know that SE(S;sz) is so
related to the Fox-Milnor's classical knot cobordism group C1 and
the Levine's matrix cobordism goup G_ , and that SE(SIXZSZ) is
isomorphic to the direct sum of infinite countable copies of the
cyelic group of order 2.

Section 1 will construct the oriented H-cobordism group
QE(SIXS2). In Section 2, we will discuss about the properties of
the invariants of g}(s;xSZ) and compare SE(S%&SZ) with the Fox-
Milnor's knot cobordism group Cl and with the Levine's matrix
cobordism group G_. Section 3 will describe the non-orientable
H-cobordism group Q(slxtsz) and determine its group structure.
Section 4 will pr0pose:further discussions and questions.

Throughout this note, the space will be considered in the
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piecewise-linear category.

§ 1
A CONSTRUCTION OF THE ORIENTED H-COBORDISM GROUP Gps'xs?)

A 3-dimensional homology orientable handle M is a compact

%-manifold having the homology of the orientable handle 81X82 :
He(M;2) = H*(slxsz;z). A homology orientable handle M is oriented
if one generator of HB(M;Z) is distinguished. The class of all
homology oriented handles is denoted by EZ(S%KSZ). If M is in
E&S%&Sz), then =M, which is the same manifold as M but has
the opposite orientation, also lies in E?(slxsz).

1.1 DEFINITION, Two homology oriented handles MO ’ Ml are

H-cobordant and denoted by Moz\-Ml, if there exists a compact
connected oriented 4-manifold W with the boundary <IW being

the disjoint union MOU(—Ml) and such that there is an infinite
cyclic connected covering (ﬁ}ﬁb;ﬁi) — (W;MO,Ml) of the triad

(W My, Ml) with H*(WEQ) being finitely generated over Q.

As usual, the triad (W;Mo,Ml) is called an ﬁ?cobordism.

For any M é@(slxs2), note that H*(ﬁ;Q) is finitely generated
over Q. Then the use of the Mayer-Vietoris sequence clearly yields

the following.

1.2 LEMMA, The'ﬁ-cobordism relation A~ is an equivalence

relation.

If M ~ SXS° then we write M ~ O. Note that M~ O if

~—) =
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and only if there exists a compact connected oriented 4-manifold
W with the boundary oW Dbeing M and such that there is an
infinite cyclic connected covering (fv\f,'l\‘ﬁ') —> (W,M) of the pair
(W,M) with H,(W;Q) being finitely generated over Q. In this
case the notation (W;M,®) may be adapted.

1.3 DEFINIT.ON. The set SZ(SIKSZ)' is defined to be the set

' ~
of -@(slxsz) modulo the H-cobordism relation.

"For any Mé@(slxsz) [M] denotes the element of SZ(SIXSZ)
havj_ng M as %he ;épresentative.

To show that the set Q(S])(SZ) forms a non-trivial abelian
group, we introduce a sum oparation, called a circle union.

Let MO, Mlé —é"(slxs2) and choose polyhedral simple closed
curves COOC MO’ aolc Ml which represent generators of Hl(MO;Z),
Hl(Ml;Z), respectively. Then there exist closed connected orientable
surfaces FOC Mg» Flc Ml such that Foﬂ(oo, Flﬂwl consist of
single points, respectively.[To see this, first note that the
identity map CUOC c‘oo can be extended to a piecewise-linear map
fO:MO —9(.00 by meahs of the elementary obstruction theory.
Second, note that there is a point poéa)o such that the preimage
fo_l(po) is a closed (not necessarily connected ) orientable
surface. Now choose the component of fal(po) containing pj as
Fy. Similarly, the desired F, exists. ]

Consider the solid torus Slx32 and piecewise-linear
embeddings

ho:STKBRO  —> M,

ol o2
hyiSTKBXL —> M)

G R
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such that
2
(1) there exist points Sésl,b €IntB  with ho(st2x 0) < Fg»
2 1
l(st x1)< F,; and hl(S xbx1) =w, ,
(2) the orientations of shB%x 0 and Slele are induced

1
hO(S Xbx0) =@q, h

from some orientation of Sle2x[O,l] and hO is orientation-
preserving and hl is orientation-reversing.

1.4 DEFINITION. The oriented manifold

SlXBZX[O,l]Uh M, - slxntB°x[0,1]
0 1

is called a circle union of MO and Ml.

MOO Ml = MOUh

From construction, easily we have MNyO Mlé —e’(slxsz).

1.5 REMARK. In general, the homeomorphism type of MOO Ml

1

depends upon the choices of Coo and u)l. For example let @w<S X82

be a simple closed curve of geometrical index 1 and T(w) be
the tubular neighborhood of co in SYXS2. If the circle unionm
s s%0 s'xs® is defined to be the double of c1(SXS°-7(w)), then

2

Sl)(320 SlXS is clearly piecewise-linearly homeomorphic to SIXSZ.

On the other hand, consider for example a simplé closed curve
m'-cs]xsz of geometrical index 3 and algebraic index 1(See
figure 1.) and let T(@w') be the tubular neighborhood of ' in
s1xs®. If the circle union S'x5%0's'xs8? is defined to be the
double of cl(s'XS°-T(w')), then s'xso'slxs?

2’& SlXS20 SleZ, because the natural inclusion

is not homeomorphic
to STXS
IM(w!') —> S]')<S2O‘Sl7<S2 induces the monomorphism T{IT(c'))—>

‘]q(SlKSZQ‘ sixs?) by the loop theorem and hence n,(slxsgd Sle2j# Z.
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Skt

figure 1.

In‘spite of REMARK 1.5, for arbitrary two circle unions
MO()Ml, MOCer we have the following.
1.6 LEMMA. M,OM; ~ MOQ‘
X0 U, sle x[0,1]u, AL -5 ntB%x[0,1]
and  -(MQ'M,)=MX1 U sleQX[o 1]U : M

Proof. Let MOOM =M

Xt - siieintB x[0,1]

and Sl 5
u

hy

x[0,1]
W= Mox[O,l] 1 Mx[o 1] (See figure 2.).
o sx8%x[0,1] Uy
Clearly we have QW = o° M, U -(M,O'M,). Further, the infinite
cyclic connected covering MSETMI —ﬁ?-Nkﬂ)Nﬁh can be easily
‘extended to aﬁ infinite cyclic covering 'W-—e>\w. From construction
the restriction to MOQ‘Ml gives the infinite cyclic connected
covering —ﬁngﬁl —_ —(MoofMl). Using the Mayer-Vietoris sequence
we obtain that H*(W;Q) is finitely generated over Q. Thus, the

o~
triad (W;MOC)Ml,MdD‘Ml) gives an H-cobordism and the proof is

completed.

Hxt \)/> < Ryxen
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1.7 LEMMA, My~ My

Proof. Assume MONMJ_. Then there is a compact connected

oriented 4-manifold W with 3JIW = MO U -Ml and such that for

is equivalent to IVIOO—M1~ O.

some infinite cyclic connected covering (W;'Mo,ﬁl) e (W;Mo’Ml)
H*((VY;Q) is finitely generated over Q. Let

1
MOQ-—Ml = MO Uh S
Wh=wly, sixB2x[0,1] (See figure 3.). Clearly, A '=My0 -M;

0’1
and the infinite cyclic covering W —> W is extended to an

«8%[0,1]U, (M) - s'xIntB°x[0,1] and
1

infinite cyclic covering W' — W' and H*(?\I";Q) is finitely
generated over Q. Therefore MOO —M:L'V 0. Conversely, assume

MOO—M A, O, Then there is a compact connected oriented 4-manifold

1
W" with QW" = MOO -M; and such that for some infinite cyclic
connected covering (’V?"',M'gajfil) —_— (W“,Moo-Ml), H*(W';Q) is
finitely generated over Q. Note that by the definition of the
circle union there is a natural injection j:SlX'ang[O,l]~>1VIOQ—IVI .
Now we let W= " U s1xB%[0,1]. It is easy to see that W™ is
equal to the disjoint union MOU -Ml and that the triad (W"’;MO,Ml)

gives an H-cobordism between Mo and Ml' This completes the proof.

1.8 IEMMA, If M

~{Q and M

~ 0, then MOQM]_NO.

0 1

-Q—
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Proof. Let (W;Mo,ﬁ), (W’;Ml,ﬁ) be H-cobordisms, and let

1,02 1 2

MO M, = I, Uho S*xB“x[0,1] Uhl My - §°XIntB%[0,1]. If we let

W= WUy s'xB%[0,1] U, W' (See figure 4.), then the triad
0 1

(W";MOO Ml,ﬁ) gives an H-cobordism, which completes the proof.

Now we state the main theorem of this section.

1.9 THEOREM. The set SE(SJ‘XSZ) forms an abelian group under

the sum [MD] + [Ml] = [MOOMl]. The zero element of this group

is [181)(82]. The inverse of any element [M] is the element [-M].
Proof. To show that the sum [MO] + [Ml] = [Moo Ml] is

well-defined, we let MOA'. Mé and lev Mi By LEMMA 1.7,
MpQ -Mj ~0 and Ello-MiA- 0. ’Phen by LEMMA 1.8
(MOO -MC')) O(MlO —M]'_)tv 0. On the other hand, clearly

(MOQ Ml)O—(MéoMi) ~ (MOO—M('))O(MlO—Mi)
(Use LEMMA 1.6.). Hence again by LEMMA 1.7 Moo er\, M(')OM'. Thus,
[Mol = [Mé] and [MlJ = [M]'_] imply [MO]+[M1] = [M6]+Emi];_lt is
clear that ([MO]+[I‘VI1])+[M2] = [MO]+([Ml]+[M2]) and
[Myl+[M ] = [M;1+[M,]. Also, we have [M]+[sxs2]=[ Mo sx 82 ]=[M]

and, by LEMMA 1.7, [M]+[-M] = [81032]. This completes the proof.

The group Q(Slﬁsz) is called the (oriented) H-cobordism

I
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group between 3-dimensional homology oriented handles. The zero

element is denoted by O and the inverse of [M] is -[M].

§ 2
, 1, .2
GEOMBTRIC AND ALGEBRAIC STRUCTURES.OF S&S: X §°)

Let p: M —> M be the infinite cyclic orientation-preserving
covering projection and t be a generator of the covering
transformation group. Since M is oriented, one fundamental class
(M] & H3(M';Z) is specified. Then the choice of t determines a
finite fundamental class f GH2('1V\'I;Z)(@ Z) of M. In fact, we let
M= p;l(a) N{M]), where (pe& Hl(M;Z) is a cocycle identified with
the covering transformation + and p*:HZ('NT;Z)’n‘: HZ(M;Z)(x Z)
(See Kawauchi [6,Remark 2.[4].). Note that the dual isomorphism
ﬂ);.: Hl('i'fI;Q)% Hl(ﬁ;Q) holds(See Kawauchi [5,Theorem 2.A3].).

Equivalently, the skew-symmetric aup p\"oiuc"t pairing

m () x B @0 ——s B2 % 5,Ma) = q

is non-singular (See Milnor[(e,pl27].).
2.1 DEFINITION.The bilinear form < , >:HT(M;Q)eu (¥;Q)—> Q

defined by the equality <x,y> = (xUty)ilx + (yUtx)ilge is called

the guadratic form of M.

It is easy to check that the quadratic form is uniquely
determined by the oriented M (in particular, it does not depend

upon ‘the choice of t), and that it is a symmetric bilinear form

- —
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with the identity <tx,ty> = <x,y>. Furthermore, this form < , >

is always non-singular. To see this, it is convenient to introduce

the concept of the Alexander polynomial.

2.2 DEFINITION. The (rational) ‘'Alexander polynomial A(t) of

M is the characteristic polynomial of the isomorphism
t Hl(ﬁ}Q) —> Hl(ﬁ;Q) (See Kawauchi[6] for details and the

definition of the integral Alexander polynomial.).

A(t) is the invariant of M wup P units ctiei Q[t,t_l]

_l)

and

has the properties A(+1) # 0 and A(t) = A(t

Suppose , for all x, <x,y> = {xU(t—t-l)y]ﬂ}L= 0. Then
(t—t-l)y = —t_l(t-l)(t+l)y = 0, which implies y = O, since

A(+1) # 0. Thus, the quadratic form < , > is non-singular.

Since <, > is non-singular and symmetric, with a suitable

basis of Hl(ﬁ}Q), <, > represents a rational diagonal matrix

1, O

( a; >0, bjt> 0).

2.3 DEFINITION. The integer 0 (M) = m - n is called the

signature of the oriented M.

It is not difficult to see that &(M) is even (, since

aim, Hl(fv‘x’;Q) = degh(t) is even) and that €*(~M) = - §(M).

—~q—
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2.4 THEOREM. If M~ O, then the signature (M) is O and
_1)

the Alexander polynomial A(t) of M has the form f(t)f(t

for some rational volynomial f(t).

One may note an analogy of the signature and the Alexander
. . ~ . 1x 2
polynomial hetween the oriented H-cobordism group S2(s'xs ) and
the Fox-Milnor's knot cdbordism group Cl(See Fox~-Milnor [2].).
This relation will be clarified in this section.

2.5 DEFINITION. The reduced Alexander polyvnomial K?t) of M

is the rational polynomial obtained from the Alexander polynomial

A(t) by cancelling the factors of the type f(t)f(t-l).

Let 'K(t), T'(t) be the reduced Alexander polynomials of M,
M', respectively. The following is a direct consequence of THEOREM
2.4.

2.6 THEORFM., If M A M', then (M)= @¥') and X(+)2X'(t).

[Note that there is a canonical isomorphism Hl(ﬁa:M’)3:H1(ﬁ)+ﬁl(4ﬁ“)3

2.7 PROOF QF THEOREM 2.4, Since M~0O, there exists an

T-cobordism (W;M,8). Then for an infinite cyclic connected covering
(ﬁ:ﬁ)—e> (w,M), H*(W;Q) is finitely generated over Q.

Now we consider the following diagranm

Hl(W;Q) x5 Hl('IVA;Q) __§'___> HQ(Wﬁ;Q)

Loy W

H, (0 —%= 1 (W;q) .

..(o-_
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Here, the top sequence is exact and the vertical maps are
isomorphisms and ILGHB(W,,I‘VI;Z)(G”Z is a finite fundamental class
(See Kawauchi [B,Theorem 2.3].) obtained from the finite
fundamental class ﬂeHz(ﬁ;Z) by the boundary-isomorphism
’aij(W,TVf;Z) %Hz(f’l’; Z). And the square is commutative.

Because the sequence O —> Im i* —> Hl(fVIV; Q) —> In§ —> 0
is exact, the equality A(t) = B(t)C(t) holds, where B(t),C(t)
are the characteristic polynomials of the linear isomorphisms
t: Im i* —> Im i* and t: ImS —> Im § , respectively.

By the commutativity of the above sequare, we have the
isomorphism ﬂ}i: InS —> Im i,. This asserts that the equality
c(+™1) 2 B(t) holds.[Use the identities (tu)k = t™T(ulf) and
Im i%= Hom(Im i,,Q).] Thus, we have A(t)2C(t)c(+™13& B(+™1)B(t).

Next, for all uéHl(glv;Q), suppose <i*(u),y> = 0. This
situation is equivalent to S(t—t—l)y = 0, that is,(t—t‘l)ye Im i*,
because <i*u,y> = i*u U(t—t_l)y = ng(‘t-‘t_l)y.[Use the. above
square is commutative.] Using (t—’c"l)Im i*CIm i* and the
isomorphism t-t"T:HY(MQ) — EN(MQ), (4-t Dy e Im i* is
equivalent to y € Im i*, Thus, we showed that the orthogonal
complement of Im i* is Im i* itself. Then, a familiar protess
implies ®(M) = O (See for example Milnor-Husemoller[{l,p13].).

This completes the proof.
Let )< be the set of knot types of tame @riented l-knots in

' -
the oriented S°. We shall construct a function m : X ——->G(Sle2).

(Now we regard the class @(Slxsz) as the set of orientation-
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preserving homeomorphism types of homology oriented handles.)

Let T(k)<283 be the tubular neighborhood of a knot k(ZSB.

\N

By Schubert [12], the knotted torus T(k) in 87 has unique
meridean and longitude curves ( up to isotopies of dT(k)). Define
m(k) . to be the oriented manifold obtained from thé surgery of S3
along T(k) by using the unique meridean and longitude curves:
m(k) = Ss—T(k) U ngsl.(The orientation of m(k) will adapt the
orientation induced from S°-T(k).)

This assignment clearly implies a function m’?))( — a(Sle2)
from the knot types to the homeomorphism types.

Two knot types &, &, ave (knot) cobordant if for representative

knots kl€€| and k,€fy the sum kif-k, C S° bounds a locally flat
2-cell in the 4-cell B4. Such a concept is called the knot
cobordism. The set }( modulo the knot cobordism relation forms an
abelian group Cl, called the knot cobordism group (See Fox-Milnor
[Q] for details.).

Note that the function m: )(——>€(slxs2) induces a
homomorphism m: Cl‘—€>SﬁE(SIXS2). In fact, easily we have
m(kf#kz) = m(kl)C)m(kz), and if k is cobordant to a trivial knot

%: B4

then m(k)A O [To see this, let D be a locally flat 2-cell
with k = 30°C 7. By using an embedding @: IBXB° —> 87, giving
a tubular neighborhood of k = fK?BZXp) such that a circle
?(QB%kp‘) is the longitude curve, we construct a 4-manifold

W o= B4U@ BXB®. Then W = m(k) and a 2-sphere 5= DU BXp C i

is lecally flat., By performing a surgery along the tubular

neighborhood of 3 , we obtain a 4-manifold W' with JW' = m(k)

*) This function is not injective. A non-invertible knot would
provide such an example.
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and H,(4';2)=~ H, (s

;2). The triad (W';m(k),¥) gives an

Fa'd
H-cobordism. ].

2.8 LEMMA., The homomorphism ms Cl —_— S?(Slxs2) satisfies

<t = ¢[mk)] and A (%) = A[m(K)J(t) for all <k cl.

The proof will be given later,

By LEMMA 2.8, the known results of Cl also imply the
following two corollaries.

2.9 COROLLARY. For any intemer i, there exists Me @Sk 52)

with @(M) = 21i.

2.10 COROLLARY. The oriented H-cobordism group §2(S¥x82) has

the free part of infinite rank and contains a torsion element.

For example, for the figure eight knot 41(See figure 5.), the
element [m(41)]é§2(SlXSZ) gives an &lement of order 2, because
the element <41>é C:L has order 2 and the reduced Alexander
polynomial of ;m(4l) is t2—3t+l which implies [m(41)] £ 0 by
THEOREM 2.4. - .

figure 5.

—\3—
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Now we need a concept of Seifert matrices. A Seifert matrix

V is an integral square matrix with det(V-V') = + 1- (V' 1is the
transepose of V.)
For two Seifert matrices V and W, if the block sum

V@ «W is congruent ( over the integers ) to a matrix of the form

J B
( ) (B,C,D are square matrices of the same size.) then V is
c D

said to be (matrix) cobordant to W. Such a concept is called the

matrix cobordism. The set of Seifert matrices modulo the matrix

cobordism relation forms a group G_ , called the matrix cobordism

group (See Levine[®§] for details. Note that only Seifert matrices
with sign -1 are considered.). By Levine (9], G_ is isomorphic
a0 - s = ’_’“ .
. i i i
to the direct sum Z&? @i‘a,zz @3y, 7.
For a knot %k in 33, denote M(k) to be the knot exterior,
or the closed knot complement of k, and ‘ﬁkk) to be its infinite

cyclic covering space. By a Seifert matrix of the knot k we

will mean a Seifert matrix which is S-equivalent to a Seifert matrix
associated with a Seifert surface of k. (See Trotter(l3] for recent
results of S-equivalences.)

The quadratic form < , >: H'(M(x),df(x); QX (M(x),3f(k); Q)

—> Q of the oriented knot k in the ortented 52 is defined

by the equality <x,y> = (xUty)ilM+ (yUtx)tyu (See Milnor [/0] and
Erle [/].), which is a complete analogue of DEFINITION 2.1.[Note
that since k and 83 are oriented, both t and }o are specified

uniquely.] (Here, pet(fiK),ak@;2) is & fimite fundamenBal class [4] )

Erle [/] then showed that , with a suitable basis of

— (4 —
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Hl(ﬂ?k),?ﬁkk);Q), the linear isomorphism t : Hl(ﬁﬂlc),éﬁ(k);Q)-—€>
1

Hl(ﬁ(k),aﬁ(k);Q) represents the matrix V' ~V and the quadratic

form <, > represents the matrix V + V' for some non-singular

Sgifert matrix V.,

The same assertion also applies for the homology oriented
handles.

By Kawauchi E;,Corollary 1.3], there is a piecewise-linear
map f : M —> s' such that F = f'l(p) is a closg€2g§?¥ace.
Clearly, the homology class [F]§54H2(ﬁ;z) coincides with
i}LeHz(TV’f; Z). If t is specified, then M is also specified and
hence we may orient F so that [F] f}L . Let M* Dbe a manifold
obtained from M by splitting along F. Note that a duality
Hl(F;Z)Q;Hl(M*;Z) holds. Let 9M* = FU ~F (Here we identify the
component of QJM* with the orientation compatible with F.).

With dual bases of Hl(F;Z) and Hl(M*;Z), the canonical
homomorphism Hl(F;Z) — Hl(M*;Z) represents a square matrix VO.
To show that Vo is a Seifert matrix, let V; be another matrix
representing the canonical homomorphism Hl(—F;Z) —> Hl(M*;Z).

By an analogy of Levine [T] it is not difficult to see that the
natrix tvo - Y; is a relation matrix of Hl(ﬁﬁz) and that V;

is in fact the transpose Vé of Vo' Thus, tVO—Vg is a relation
matrix of H (W;2). Using H (4;2) = 2, det(V-V!) = & 1. Thus, V_

is a Seifert matrix.

2.11 DEFINITION. A Seifert matrix V which is S-equivalent

to V0 is called a Seifert matrix of M ( with a specified

generator of Hl(M;Z)).

—/§—
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Note that if another generator of Hl(M;Z) is specified
then the transpose V' of V is considered as a Seifert matrix
of M.

A technique of Erle [/] then implies the following :

2.12 LEMMA. With a suitable basis of Hl(ﬂ’;Q), the linear

1

isomorphism t : Hl((l‘K;Q) — Hl(ﬁ;Q) represents the matrix V'~V

and the quadratic form < , >:Hl(ﬁ;Q)X Hl(TfI;Q) —> Q represents

the matrix V + V' for some non-singular Seifert matrix V of M.

Using LEMMA 2.12, we obtain a well-defined homomorphism
Y' :Q(SIXSQ) —> G_ sending homology oriented handles to the
Seifert matrices (See Levine [4,p101].). [Note that the Seifert
matrix V is always cobordant to the transpose V', although V
is in general not S-equivalen‘l; to V' (See Trotter(/3].).]

Thus, we sketched the following. |

2,13 THEOREM, There is the commutative triangle

D

G—
il

0,1 =0 i X l
DE‘Z @1@( Z5 Gi@t Zy

, where cb: Cl —> G_ 1is a canonical epimorphism defined by Levine

(@] and %:S?(SJXSZ) —> G_ is an epimorphism defined as above

and m satisfies ,E;k?(‘t) éfkl[m(k)J(t)' and 0T<& =@[m(k)] for

—(6—
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all <€ ot

2.14 PROOF OF LEMMA 2.7. The inclusion map i : M(k) —> M(k)

Ar . . .
induces an isomorphism i*:Hl(M(k);Q)czfﬁﬁm(k);Q). From this, it
. ~ L~
follows that Ak(#) = Am(k)(t)’ and hence A (t) = A[m(K)](t)‘
Next, since the following triangle
1,2 1,
H™(M(k);Q) XH (M(k);Q) _
o B
= l, i xiy Q

BN (@ (0);0) XELE(0);0) —

is commutative, we obtain that @(k) = Q(m(k)). This completes the

proof.,

The general problem of deciding a geometrical condition of
“H~cobordism seems difficult, but a partial result is presented
here.

el o2
2.15 THEOREM. If M € @(5'xS°) is embeddale in a homology

4-sphere '§4, then M is ﬁ:cobordant to O.

Proof. Assume M <f§4. By an easy computation of the
homology, we obtain that M separates §4 into two manifolds,
say, Wl, W2 and that one of Wl, W2 has the homology of the
circle, say, H*(Wl;Z)csﬂ*(Sl;Z). Then (wl;M,ﬁ) gives an
%icobordism. This proves THEOREM 2.14.

Here are u few examples, whose somewhat analogous properties

were also noticed by Kato[4:].

2.16 BEXAMPLES, First we consider a trefoil 31 (figure 6).

— (01—
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Using  C(m(3,)) =+ 2 or K(t) = t°~t+1, we see that m(3;) is

not H-cotordant to O. Hence m(31) is not embeddable to the
4-sphere S4 and the minimal embedding dimension of m(Bl) into a
svhere is five [In fact, Hirsch[3] showed that every compact

orientable manifold is locally flatly embeddable to the S5-sphere.].

s

figure 6.

On the other hand, a stevedore's knot 61 (figure 7) is a
slice knot and hence m(6l)ﬂr0.

Note that a slice knot k can be realized as a local knot
type of a 2-sphere S(k) in 34 with only one locally knotted
point (See Fox-Milnor[2].).

*)

Let N(S(Gl);S be the regular neighborhood of S(6l) in

4

S7. It is not hard to see that 9N(S(6l);s4) = m(6l). Thus, m(6l)

is embedddble in the 4-sphere S4.
s,
figure 7.

Similar arguments also applies for a granny knot Bi#31 and

a square knot 3£ﬁ—31 (See figure 8.). In fact, m(3ﬂ¢31) is not



60

g4

embeddable to S%, although m(3#-3,) is embeddaple to ¥, since

(I*(m(Bl'-&Bl)) =207(3,) =+ 4 and 33-3; is a slice knot.

v 4L

3|# 3’ 3\#“‘3'

$ 3
~ 1 2
THE NON—ORIENTABLE H-COBORDISM GROUP STXS)

A 3-dimensional homology non-orientable handle M is a
compact 3-manifold having the homology of the non-orientable handle
s1Xs? + B, (452) % H(51%5%;2), and 1let ((s1%S%) be the class
of the homology non-orientable handles.

Ca ly &2 o . . . .

In (C(57XgS°), an H-cobordism relation is defined as an
analogy of DEFINITION 1.1.

3.1 DEFINITION. Two homology handles My, M, in € (s1xes?)

1
are H-cobordant and denoted by MOvN-Ml if there exists a compact

connected (non-orientable) 4-manifold W with the boundary oW
being the disjoint union MOU M1 and such that there is an
infinite cyclic connected covering (W}ﬁb,ﬁi) ——9-(W;MO,M1) with
T being orientable and with H*(ﬁ?Q) being finitely generated
over Q. [Note that W is always orientable (See Kawauchil§,

Lemma 2.3%].). |

—[9—



61

We say that [ is ﬁ;cobordant to O if s fﬁcobordant to
51 57,

- . . e 1y o2 .

For i, lfLéf (S™¥3x37), choose polyhedral simple closed
curves Q)OCMO y G < Ml which represent generators of Hl(MO;Z)
, Hl(Ml;Z), respectively. It is not difficult to see that the
tubular neighborhoods T(&p) < lyy; of &, and (@) <My of
&y are both piecewise-linear homeomorphic to the solid Klein
bottle S XgB°.

Let FOCC M Fl M be closed connected orientable

0 1
surfaces transversally intersecting Q%, &)y in single points,
respectively.
Consider two piecewise-linear embeddings
hyt 5'%eBXO —> M
2

0

n.: SWeBX1 —> M

1 1
such that there exist points seST , b €IntB® with
hy (37XcbX0) =cd,, hy(sXB°X0) CF, hy (5% bX1) = & and
2 -
h) (s BX1) C F,.
As an analogy of DEFINITION 1.4, we may have DEFINITION 3.2,

3.2 DEIFINITION, The homology non-orientable handle

_ 1y o2 1
Mo My = Mol STKB x[o,ljuhlnl - s X_:IntBZx[O,l]

is called a circle union of MO and Ml'

It is not difficult to check that for two circle unions
{ {
MOO Ml, MOO Ml, MOQ erv Moo Ml. Further, we can prove that
MOﬁVMl if and only if MdDMla/O as an analogy of LEMMA 1.7.
Thus, we sketched that the set,SﬁKS¥Xt82) = cf(slxts2)//u
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forms an abelian group under the sum [MUJ + LMlj = {NOC)Mlj.

This group is called the non-orientable 'ﬁQCObordisﬁ:group of

3-dimensional homology non-orientable handles.
Lvery non-zero clement of gz(slxvsz) has order 2, by

construction.

2y

Further, Sz(SlXtS is not finitely generated. Actually, the

following is obtained.

3.3 THEOREM. GQL(siXe57 )% 1&‘ 73 .

To prove THEOREM 3.3, the Alexander polynomial is useful.

The Alexander polynomial A(t) of M e;éﬂslxtSZ) is simply

defined to be the characteristic polynomial of the linear

@ﬁQ).(bee Kawauchi [&].)

isomorphism t :Hl(ﬁﬁQ) —_— Hl(
Then THEOREM 3.3 follows from LMMMA 3.4 (, which is somewhat
analogous to THEOREM 2.4).

3.4 TEMMA, If Me& Q(5™Xes®) is Tecobordant to O then

the Alexander polynomial A(t) of ™ has 2 type of f(t)f(—t_l)

for some rational polynomial f(t).

3.5 PRCOF OF THEOREM 3.3. By Kawauchi [CJ, the irreducible

integral polynomial A (t) = nt“+t-n (n =1, 2, 3, ....) is
realized as the Alexander polynomial of some NHGEC?(SlXtSQ).
Then it is easy to see that Ml, MZ’ M3’ ..... represent a set
of linearly independent elements of quslxrsz). This completes

the proof.
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3.0 PRUOF OF LIMMA 3.3, Since Iia 0, there exists a compact

connected 4-manifold ¥ with QW = M and such that for some
infinite cyclic conneeted covering (W;ﬁ) — (W,M), W is
orientable and H*(%}Q) is finitely generated over Q. Then from
the exact sequence Hl(QGQ) A= Hl(ﬁ}Q) -Ea-Hg(W,M}Q) we obtain
the short exact seguence d ~—> Im i* ——9-Hl(ﬁ}Q) —> In§ —> O.
Thus we have A(t) £ B(t)C(t), where B(t), C(t) are the
characteristic polynomials of t : Im i* —> Im i*, t:Im§—=Ind ,
respectively. Since the square

i q) —$s B2 @, 0)

sle  HeE

i (50— 1 (T;0)

is commutative, we obtain the dual isomorphism Q]Z}szé? ~ Im i;.

Using the identities ‘(tu)U}2= -t—l(uU;3 and Im i*=Hom(Im i,,Q),

this dual isomornhism gives the equality C(—t‘l) = B(t). This

proves LEMMA 3.3,

§ 4
FURTHER DISCUSSIONS AND QUESTIONS

The most basic and interesting problem on this paper is the
following question,.

4.1 QUESTION. Whether or not are the homomorphisms m, ¢,</)

in THEOREM 2.13 isomorphic 7

asd
This question also asks the difference between H-cobordism and

—_—20 —
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H-cobordism.

Usually , for compact closed oriented n-manifolds Nl’ Jg, if

there exists an oriented compact (n+l)-manifold L it

n+l

n+l n 52) = 0 (= H (5™, N

utl_ N} U -N) and Hy(H 532)), then

Nl is said to be H-cobordant to N?. Also, such a condept is called

H—-cobordism.

> 2 : o :
4.2 QuesTIoN.In C(s'xs?), are H-cobordism and F-cobordism

strictly distinct ?

For example, it is not difficult to see that two H-cobordant
homology oriented handles are ﬁlcobordant.

In —?b ﬁS or a class of more general manifolds it seems
difficult to define a non-trivial H-cobordism group. However, for
the class of homology oriented n-spheres, the H-cobordism group
:K}Sn) is defined in the natural way. In the piecewise-linear
category, it is not so hard to see that‘){lsn) =0 for n>5.

At n = 4, the author does not know whether :KXS4) vanishes or

not. At n =3, Kato pointed out that X(S?) is non—trivial, that
is, there exists a homology 3-sphere which is not the boundary of
any homology 4-ball. In fact, the dodecahedral space 7= 83/SL(2;5)
is such an example.

53

4.3 QUSSTION. For any homology 3-sphere » i1s the connected

sum SlKS%#§3 'ﬁ;cobordant to 3 XS ?

Note that for the dodecahedral space §3, S%XS%#§3 is not

H-cobordant to S%XSZ.

—23—
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Let 33’1& be the class of compact oriented 3-manifolds having
the integral homology of the connected sum #HSIXS2 of n
copies of SlXSQ. Similarly, let 'ég,n be the class of compact

oriented 3-manifolds having the rational homology of #nSlXSZ.

4.4 QUISTION. In @ or @%n (n>2), can a

'I:f-cobordism theory be developed 7

It seems that for n > 2 ail _things would become extremely
difficult.

In ég’l, the H-cobordism group Qa’l is actually defined
as an analogy of Q(S]XSQ).(This group is so related to the Levine's
rational matrix cobordism group GE.)

Now suppose the ?I’-cobordism groups S?’n = 63’!1//» and
S-{g’n = 8é’n/~ are obtained. Let S2°°° =)(s%) and let
928’0' be the rational H-cobordism group of rational homology
3-spheres. The direct sums @ = ﬁS’OQ 323’169 5—23’2, @ .....
and Qg = S?'?),C)@ 93’169 @3’2@ vese.. would have ring
structures under the connected sum operation.

In the higer dimensional case, we can also define the
'ﬁ-coboi{dism groups S?(Slxsn'l) and S‘?_(Slx@n—l) of n-dimensional
homology oriented and non-orientable handles, respectively.

The following seems nqt so difficult for n > 5.

4.5 QUESTION. Is S?_(Slksn-l) isomorphic to the piecewise~

linear (n-2)-knot cobordism group oB=2 o Also, is Q(Slxrsn"l)

PL
isomorphic to z:‘"z; if n is even, or to O if n is odd 2
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