Fixed point and its iteration theorems of new mappings
in Banach spaces

HARRY:E)IRF IS (toshiharu kawasaki@nifty.ne.jp)
(Toshiharu Kawasaki, Nihon University; Tamagawa University)

Abstract

In a Hilbert space, concepts of attractive point and acute point studied by many
reseachers. Moreover, these concepts extended to Banach space. In this paper, we
introduce a new class of mappings on Banach space corresponding to the class of
all widely more generalized hybrid mappings on Hilbert space. Moreover, we intro-
duce some extensions of acute point and prove some acute point theorems and some
extensions of weak convergence theorems.

1 Introduction

In [24] Takahashi and Takeuchi introduced a concept of attractive point in a Hilbert
space. Let H be a real Hilbert space, let C' be a nonempty subset of H and let T be a
mapping from C into H. x € H is called an attractive point of 7" if ||z — Ty| < ||z — y|
for any y € C. Let

AT) ={z e H ||z = Ty|| < |z — y]| for any y € C}.

A mapping T from C into H is said to be generalized hybrid if there exist «, 3 € R such
that

alTz =Ty + (1 = a)lle = Tyl* < BTz —y* + (1 = B)llz — y[*

for any z,y € C. Such a mapping is said to be (a, §)-generalized hybrid. The class of all
generalized hybrid mappings is a new class of nonlinear mappings including nonexpansive
mappings, nonspreading mappings [21] and hybrid mappings [23].

Motivated these mappings, in [16] Kawasaki and Takahashi introduced a new very wider
class of mappings, called widely more generalized hybrid mappings, than the class of all
generalized hybrid mappings. A mapping 7" from C into H is widely more generalized
hybrid if there exist «, 3,7, 6,¢,(,n € R such that

o[ Tz = Ty||* + Bllz — Tyl + [Tz — ylI* + o]z — y||?
+ellz — Tx||* + Clly — Tyl* + nll(x — Tx) — (y = Ty)|I* <0
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for any x,y € C. Such a mapping is said to be («, 3,7, 9, ¢, (,n)-widely more generalized
hybrid. This class includes the class of all generalized hybrid mappings and also the class
of all k-pseudo-contractions [3] for k € [0, 1].

There are some studies on Banach space related to these results. In [25] Takahashi,
Wong and Yao introduced the generalized nonspreading mapping and the skew-generalized
nonspreading mapping in a Banach space. Let F be a smooth Banach space and let C be a
nonempty subset of E. A mapping 7" from C into E is said to be generalized nonspreading
if there exist «, 3,7, d,¢,( € R such that

ad(Tz, Ty) + Bz, Ty) + vd(Tx,y) + 6¢(z,y)

for any z,y € C, where J is the duality mapping on E and ¢(u, v) = ||ul|? —2{u, Jv)+||v||*.
Such a mapping is said to be («, 3,7, 9, €, {)-generalized nonspreading. A mapping T from
C into E is said to be skew-generalized nonspreading if there exist «, 3,7, 9, e, € R such
that

ap(Tx, Ty) + po(x, Ty) +vd(Tz,y) + 0¢(z,y)

for any z,y € C. Such a mapping is said to be («a, 3,7, 0, €, ()-skew-generalized nonspread-
ing. These classes include the class of generalized hybrid mappings in a Hilbert space,
however, it does not include the class of widely more generalized hybrid mappings. More-
over they introduced some extensions of attractive point and proved some attractive point
theorems. z € F is an attractive point of T if ¢(x, Ty) < ¢(x,y) for any y € C; x € E is a
skew-attractive point of T"if ¢(T'y,z) < ¢(y,x) for any y € C. Let

AT) = {ze€E|¢(,Ty) < ¢(x,y) for any y € C};
B(T) = {ze€E|¢Ty,z) < d(y,z) for any y € C}.

Let C' be a nonempty subset of a smooth Banach space E. A mapping 7" from C into
E is said to be generalized nonexpansive [4] if the set of all fixed points of T' is nonempty
and ¢(Tz,y) < ¢(z,y) for any x € C and for any fixed point y of T. Let C' be a nonempty
subset of £ of a Banach space . A mapping R from E onto C is said to be sunny if
R(Rz +t(z — Rx)) = Rx for any « € E and for any ¢ € [0,00). A mapping R from E onto
C is called a retraction or a projection if Rx = x for any x € C.

On the other hand, in [1] Atsushiba, Iemoto, Kubota and Takeuchi introduced a concept
of acute point as an extension of attractive point in a Hilbert space. Let H be a real Hilbert
space, let C' be a nonempty subset of H and let T' be a mapping from C into H and k € [0, 1].
x € H is called a k-acute point of 7" if ||z — Ty||* < ||z — y||* + k|jy — T'y||* for any y € C.
Let

A(T) ={z € H| |lo = Tyl < llx — y||* + klly — Ty||* for any y € C}.

Moreover, using a concept of acute point, they proved convergence theorems without con-
vexity of C.



Motivated these results, in this paper we introduce some extensions of acute point and
prove some acute point theorems and some extensions of weak convergence theorems.

2 Acute point and skew-acute point

Let E be a smooth Banach space, let C' be a nonempty subset of F, let T' be a mapping
from C into E and let k,¢ € R. z € F is called a (k, ¢)-acute point of T if

oz, Ty) < d(z,y) + kdly, Ty) + Ld(Ty, y) (2.1)
for any y € C. x € E is called a (k, £)-skew-acute point of T" if
o(Ty,x) < Py, ) + kd(y, Ty) + Ld(Ty,y) (2.2)
for any y € C. Let
Ay o(T)
={z € E|¢(z,Ty) < ¢(x,y) + kd(y, Ty) + £p(Ty,y) for any y € C};
Broo(T)

={z e E|¢(Ty,x) < d(y,x) + kd(y, Ty) + Lp(Ty,y) for any y € C}.

It is obvious that
%1511 (T) - %2,52 (T)7 ‘@khll (T) - *%)/m,@ (T)

for any kl, k?g,gl,ég € R with kl < kg and él < 52,

3 Acute point and skew-acute point theorems

Let E be a smooth Banach space and let C' be a nonempty subset of E. A mapping T
from C' into F is called a generalized pseudocontraction [11] if there exist oy, ag, 81, P2, 71,
V2,01, 02,€1,€2, 1, G2 € R such that

a1¢(Tz, Ty) + aep(Ty, T'x) + Pid(z, Ty) + Lod(T'y, x)
+e1d(Tx, x) + eap(z, Tx) + Gy, Ty) + Ty, y) '
<0

for any ¥,y € C. Such a mapplng is called an (aly Qy, 617 ﬁ27 Y1572y 51) 627 €1,€&2, Cl7 C?)_
generalized pseudocontraction.

Theorem 3.1. Let E be a reflexive and smooth Banach space, let C' be a nonempty subset
of E and let T be an (ay, ag, B1, P2, 71, V2, 01, 09, €1, €9, (1, (2 ) -generalized pseudocontraction
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from C' into itself. Suppose that there exists z € C' such that {T"z | n € NU{0}} is bounded
and suppose that there exists A € [0, 1] such that

(1= A)(ar + B +7 +61) + Moz + Ba + 72+ d2) > 0;
Aar+71) + (1 = A)(az + B2) = 0;

ABr+61) + (1= N9 +82) > 0

(1= Xer+ A > 0;

A+ (1= N)eg > 0;

(1 — )\)(C\’,l + ﬁ1) + )\(0(2 + ’)/2) > 0.

ot _ A=NG+Xen o Ae1+(1—-N)C2
Then there ezists a ( TVt e~ T e M et

) -acute point.

Theorem 3.2. Let E be a strictly convex, reflexive and smooth Banach space, let C' be a
nonempty subset of E and let T be an (aq, ag, 1, B2, 71,72, 01, 02, €1, €2, (1, (2)-generalized
pseudocontraction from C into itself. Suppose that there exists z € C' such that {T"z | n €
NU{0}} is bounded and suppose that there exists X € [0, 1] such that

(T=XN(aa+ Bo+ 72+ 82) + Mag + 1 + 71+ 61) > 0;
Mag +72) + (1= XN (ag + 31) > 0;

A(B2 4 02) + (1L = A) (1 + 1) > 05

(1 =X)ea+ A > 0;

Ao+ (1= Neg > 0;

(T =X (az+ B2) + Mag +m) > 0.

; (A-N¢a+Xer Aea+(1—-A)C1
Then there exists a (— [ [Py Y poprwey Pl G w y Y oSz 2y Wi Y pSpprevy

)—skew acute point.

4 Weak convergence theorems

Theorem 4.1. Let E be a strictly convex Banach space with a uniformly Gateauz differ-
entiable norm, let C be a nonempty subset of E, let {x,} be a sequence in C and let T
be an (a1, g, B, B2, 1, Y2, 01,02, €1, €2, C1, (o) -generalized pseudocontraction from C into E.
Suppose that there exists A € [0,1] such that

(I=XN(oa+Fi+m+0)+Aag+ Fs+ 72 +069) > 0;
Mag +m) + (1= N)(az + B2) > 0;

A(Br+01) + (L= A)(y2 + 62) = 0;

(1=XN)e1 +AG > 0;

MG+ (1= N)eg > 0;

(=X (a4 B1) + Mag + ) > 0.



If {x,} is weakly convergent to q and {x, — Tx,} is strongly convergent to 0, then

qe A (1-2)¢+Aen 3 Aep+(1—N)Co (T)
(I=XN (a1 +81)+A(ax+72) (A=X)(a1+61)+A(az+72)

In particular, any fized point of T belongs to

4277 (1=X)¢g FAen o Ae1+(1-N)¢o (T)
(I=XN{a1+81)+A(az+72) (1=X){ag+81)+A(az+72)

Theorem 4.2. Let E be a uniformly convex Banach space with a uniformly Fréchet differ-
entiable norm, let C' be a nonempty conver subset of E and let T' be an (aq, o, B1, P2, 71,
Y2, 01, 09, €1, €2, (1, Ca)-generalized pseudocontraction from C into itself. Suppose that there
exists A € [0,1] such that

(T=X(ag + 61 +71 +81) + Mag + By + 79 + d9) > 0;
Mag +71) + (1= XN(ay + 32) > 0;

APy +61) + (1= A) (72 + d2) > 0;
(1=Xe1+Ae>0;

MG+ (1 —XN)eg > 0;

(1= A1 + Br) + Az +72) >0,

and suppose that

o (1=A)¢FAey Aeq+(1=N)Co (T) C B(T) 7é @

T TN FB)FA(ag ) =N (e 81 Frlaz+72)

Let R be the sunny generalized nonexpansive retraction of E onto B(T) and let {a,} be a
sequence of real numbers with «, € (0,1) and lim inf,, . @,(1 — «,) > 0. Then a sequence
{z,} generated by x1 = x € C and

Tps1 = @y + (1 — )Tz,
for any n € N is weakly convergent to an element

q€ (1=N)¢g+Aep _ Ae1+(1-NG (T),
I=N (a1 +81) A (e +72) " (A=XN)(a1+61)+A(az+72)

where ¢ = lim,,_, o Rx,,.
Additionally, if C is closed and one of the following holds:

(1) (L=N(ar+ B+ ) + Moz +72 +83) >0 and Aey + (1 = N)& > 0;
(2) (=N +5+G)+Maz+y2+e2) >0 and Aep + (1 = A)G >0,

then q is a fized point of T.
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Theorem 4.3. Let E be a uniformly conver Banach space with a uniformly Fréchet dif-
ferentiable norm, let C' be a nonempty subset of E satisfying J(C') is convex and let T be
an (o, ag, 1, B2, 1,72, 01, 09, €1, €2, C1, Co)-generalized pseudocontraction from C' into itself.
Suppose that there exists X € [0,1] such that

(1 =X (ag + By +v2 + 02) + Aoy + B+ 71+ 01) > 0;
Al +72) + (L = A)(ar + Br) = 0;

A(Ba +02) + (L= A) (1 +61) = 0;

(1=Ne2+ A > 0;

A+ (1= XNy > 0;

(T=XN)(az + B2) + Mag +m) >0,

suppose that

B Aea+(1-0)¢y (1-A)¢atreg (T) Cc A(T) # 0

TN (axFB2)FA (a1 +1) T T=N)(ag+B2)+Ala1+71)

and suppose that J=' is weakly sequentially continuous. Let R* be the sunny generalized
nonezpansive retraction of E* onto J(A(T)) and let {c,} be a sequence of real numbers with
ay, € (0,1) and liminf, o o, (1 —a,,) > 0. Then a sequence {x,} generated by 1 =z € C
and

Tpi1 = J HanJz, + (1 — a,)JT,)
for any n € N is weakly convergent to an element

qc f@_ Aeo+(1-2)¢g B (1=X\)CoHAeg (T),
A=XN(ag+B2)+A (a1 +71) (A=XN)(az+B2)+A(a1+71)

where ¢ = limy,_y00 J ' R*J2,,.

Additionally, if J(C) is closed and one of the following holds:
(1) T=XN( a2+ B+ &)+ AMar+71+¢e1) >0 and Xey + (1 — NG > 0;
(2) (1 - )\)(012 + ﬁz + CQ) + )\(Oll + Y1 + 51) Z 0 and )\62 + (1 — )‘)Cl > O,

then q is a fized point of T.
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