
41

Fixed point and its iteration theorems of new mappings 
in Banach spaces 

S .,js:;k"jt/::E:Jll::k"lt JI lilllo'~r-€, (toshiharu.kawasaki@nifty.ne.jp) 
(Toshiharu Kawasaki, Nihon University; Tamagawa University) 

Abstract 

In a Hilbert space, concepts of attractive point and acute point studied by many 
reseachers. Moreover, these concepts extended to Banach space. In this paper, we 
introduce a new class of mappings on Banach space corresponding to the class of 
all widely more generalized hybrid mappings on Hilbert space. Moreover, we intro­
duce some extensions of acute point and prove some acute point theorems and some 
extensions of weak convergence theorems. 

1 Introduction 

In [24] Takahashi and Takeuchi introduced a concept of attractive point in a Hilbert 
space. Let H be a real Hilbert space, let C be a nonempty subset of H and let T be a 
mapping from C into H. x E His called an attractive point of T if llx - Tyll :s; llx - YII 
for any y EC. Let 

A(T) = {x EH I llx -Tyll :s; llx - YII for any y EC}. 

A mapping T from C into H is said to be generalized hybrid if there exist a, /3 E ~ such 
that 

allTx -Tyll 2 + (1- a)llx -Tyll 2 :s; /311Tx -yll 2 + (1- /3)11x - Yll 2 

for any x, y E C. Such a mapping is said to be ( a, /3)-generalized hybrid. The class of all 
generalized hybrid mappings is a new class of nonlinear mappings including nonexpansive 
mappings, nonspreading mappings [21] and hybrid mappings [23]. 

Motivated these mappings, in [16] Kawasaki and Takahashi introduced a new very wider 
class of mappings, called widely more generalized hybrid mappings, than the class of all 
generalized hybrid mappings. A mapping T from C into H is widely more generalized 
hybrid if there exist a, /3, 'Y, J, c, (, 7) E ~ such that 

allTx - Tyll 2 + /3llx - Tyll 2 + 'YIITx - Yll 2 + Jllx - Yll 2 

+cllx -Txll 2 + (IIY - Tyll 2 + 1/ll(x -Tx) - (y -Ty)ll 2 :s; 0 
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for any x,y EC. Such a mapping is said to be (a,,B,,,b,c,(,77)-widely more generalized 
hybrid. This class includes the class of all generalized hybrid mappings and also the class 
of all k-pseudo-contractions [3] for k E [O, l]. 

There are some studies on Banach space related to these results. In [25] Takahashi, 
Wong and Yao introduced the generalized nonspreading mapping and the skew-generalized 
nonspreading mapping in a Banach space. Let E be a smooth Banach space and let C be a 
nonempty subset of E. A mapping T from C into Eis said to be generalized nonspreading 
if there exist a, ,B, 1 , b, c, ( E lR such that 

mp(Tx, Ty)+ ,Bcp(x, Ty)+ ,</J(Tx, y) + b<fJ(x, y) 
::::; c(</J(Ty, Tx) - </J(Ty, x)) + ((</J(y, Tx) - </J(y, x)) 

for any x, y EC, where J is the duality mapping on E and </J(u, v) = llull 2 -2(u, Jv)+ llvll 2 -

Such a mapping is said to be (a, ,B, 1 , b, E, ()-generalized nonspreading. A mapping T from 
C into E is said to be skew-generalized nonspreading if there exist a, ,B, 1 , 8, E, ( E lR such 
that 

a<fJ(Tx, Ty)+ ,Bcp(x, Ty)+ 1</J(Tx, y) + 8</J(x, y) 
::::; c(</J(Ty, Tx) - </J(y, Tx)) + ((</J(Ty, x) - </J(y, x)) 

for any x, y E C. Such a mapping is said to be ( a, ,B, 1, 8, c, ()-skew-generalized nonspread­
ing. These classes include the class of generalized hybrid mappings in a Hilbert space, 
however, it does not include the class of widely more generalized hybrid mappings. More­
over they introduced some extensions of attractive point and proved some attractive point 
theorems. x E Eis an attractive point of T if </J(x, Ty) :s; </J(x, y) for any y E C; x E Eis a 
skew-attractive point of T if </J(Ty, x) ::::; </J(y, x) for any y E C. Let 

A(T) = {x EE I </J(x,Ty) :s; </J(x,y) for any y EC}; 
B(T) = {x EE I </J(Ty,x) :s; </J(y,x) for any y EC}. 

Let C be a nonempty subset of a smooth Banach space E. A mapping T from C into 
E is said to be generalized nonexpansive [4] if the set of all fixed points of T is nonempty 
and </J(Tx, y) :s; </J(x, y) for any x EC and for any fixed pointy of T. Let C be a nonempty 
subset of E of a Banach space E. A mapping R from E onto C is said to be sunny if 
R(Rx + t(x - Rx))= Rx for any x EE and for any t E [O, oo). A mapping R from E onto 
C is called a retraction or a projection if Rx= x for any x EC. 

On the other hand, in [1] Atsushiba, Iemoto, Kubota and Takeuchi introduced a concept 
of acute point as an extension of attractive point in a Hilbert space. Let H be a real Hilbert 
space, let C be a nonempty subset of Hand let T be a mapping from C into H and k E [O, 1]. 
x E His called a k-acute point of T if llx - Tyll 2 :s; llx - Yll 2 + kllY - Tyll 2 for any y E C. 
Let 

dk(T) = {x EH I llx -Tyll 2 :S: llx - Yll 2 + kllY -Tyll 2 for any y EC}. 

Moreover, using a concept of acute point, they proved convergence theorems without con­
vexity of C. 
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Motivated these results, in this paper we introduce some extensions of acute point and 
prove some acute point theorems and some extensions of weak convergence theorems. 

2 Acute point and skew-acute point 

Let Ebe a smooth Banach space, let C be a nonempty subset of E, let T be a mapping 
from C into E and let k, fJ. ER x E Eis called a (k, £)-acute point of T if 

cp(x, Ty) ::; cp(x, y) + kcp(y, Ty)+ fJ.cp(Ty, y) 

for any y E C. x E Eis called a (k, £)-skew-acute point of T if 

for any y EC. Let 

dk,e(T) 

cp(Ty, X) ::; cp(y, X) + kcp(y, Ty) + fJ.cp(Ty, y) 

= { x E E I cp(x, Ty) ::; cp(x, y) + kcp(y, Ty)+ fJ.cp(Ty, y) for any y E C}; 
!16k,e(T) 
= {x EE I cp(Ty, x) ::; cp(y, x) + kcp(y, Ty)+ fJ.cp(Ty, y) for any y EC}. 

It is obvious that 

3 Acute point and skew-acute point theorems 

(2.1) 

(2.2) 

Let Ebe a smooth Banach space and let C be a nonempty subset of E. A mapping T 
from C into Eis called a generalized pseudocontraction [11] if there exist a 1,a2,/31,/32, 11 , 

12, 61, 62, E1, E2, (1, (2 E ~ such that 

a 1cp(Tx, Ty)+ a2cp(Ty, Tx) + /31</J(x, Ty)+ /32</J(Ty, x) 
+11</J(Tx, y) + 12</J(y, Tx) + 61</J(x, y) + 62</J(y, x) 
+c1cp(Tx, x) + E2<p(x, Tx) + (1cp(y, Ty)+ (2cp(Ty, y) 

::; 0 

(3.1) 

for any x,y EC. Such a mapping is called an (a1,a2,/31,/32, 11, 12,61,62,c1,c2,(1,(2)­
generalized pseudocontraction. 

Theorem 3.1. Let E be a reflexive and smooth Banach space, let C be a nonempty subset 
of E and let T be an ( a 1, a 2, /31, /32, 11 , 12 , 61, 62, c1, c2, (1, (2)-generalized pseudocontraction 
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from C into itself. Suppose that there exists z EC such that {Tnz In E NU{0}} is bounded 
and suppose that there exists .X E [0, 1] such that 

(1 - .X)(o:1 + ,81 + 1'1 + 81) + .X(o:2 + ,82 + 1'2 + 82) 2 0; 

.X( 0:1 + 1'1) + (1 - .X)( 0:2 + ,82) 2 0; 

.X(,81 + 81) + (1 - .X)('Y2 + 82) 2 0; 

(1 - .X)s1 + .X(2 2 0; 

.X(1 + (1 - .X)s2 2 0; 

(1 - .X)(o:1 + ,81) + .X(o:2 + 1'2) > 0. 

Th th · t ( (l-.\)(1 +.Xe:2 .\q +(l-.\)(2 ) t · t 
en ere exis s a - (l-.X)(a, +th)+.X(az+rz), - (1-.X)(a,+i'h)+.X(az+rz) -acu e pain . 

Theorem 3.2. Let E be a strictly convex, reflexive and smooth Banach space, let C be a 
nonempty subset of E and let T be an (o:1,o:2,,81,,82,1'1,1'2,81,82,s1,s2,(1,(2)-genemlized 
pseudocontraction from C into itself. Suppose that there exists z E C such that {Tnz I n E 

NU {0}} is bounded and suppose that there exists .X E [0, 1] such that 

(1 - .X)(o:2 + ,82 + 1'2 + 82) + .X(o:1 + ,81 + 1'1 + 81) 2 0; 

.X( 0:2 + 1'2) + (1 - .X)( 0:1 + ,81) 2 0; 

.X(,82 + 82) + (1 - .X)('Y1 + 81) 2 0; 

(1 - .X)s2 + .X(1 2 0; 

.X(2 + (1 - .X)s1 2 0; 

(1 - .X)(o:2 + ,82) + .X(o:1 + 1'1) > 0. 

Th th . t ( (l-.\)(2+.Xci .\e:2+(1-.\)(1 ) k t · t 
en ere exis s a - (l-.X)(az+/3z)+.X(a, +n), - (1-.X)(az+/3z)+.X(a, +n) -s ew acu e pain . 

4 Weak convergence theorems 

Theorem 4.1. Let E be a strictly convex Banach space with a uniformly Gateaux differ­
entiable norm, let C be a nonempty subset of E, let { Xn} be a sequence in C and let T 
be an ( o:1, o:2, ,81, ,82, '"}'1, '"}'2, 81, 82, s1, s2, (1, (2 )-generalized pseudocontraction from C into E. 
Suppose that there exists .X E [0, 1] such that 

(1 - .X)(o:1 + ,81 + 1'1 + 81) + .X(o:2 + ,82 + 1'2 + 82) 2 0; 

.X( 0:1 + 1'1) + (1 - .X)( 0:2 + ,82) 2 0; 

.X(,81 + 81) + (1 - .X)('Y2 + 82) 2 0; 

(1 - .X)s1 + .X(2 2 0; 

.X(1 + (1 - .X)s2 2 0; 

(1 - .X)(o:1 + ,81) + .X(o:2 + 1'2) > 0. 
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If { Xn} is weakly convergent to q and { Xn - Txn} is strongly convergent to 0, then 

In particular, any fixed point of T belongs to 

Theorem 4.2. Let E be a uniformly convex Banach space with a uniformly Frechet differ­
entiable norm, let C be a nonempty convex subset of E and let T be an (a1,a2,f31,f32,')'1, 
')'2, 61, 62, s1, s2, (1, (2 )-generalized pseudocontraction from C into itself. Suppose that there 
exists ,.\ E [O, 1] such that 

and suppose that 

(1 - ..\)(a1 + f31 + ,'1 + 61) + ..\(a2 + f32 + ,'2 + 62) ~ O; 

..\( a1 + 11) + (1 - ..\)( a2 + f32) ~ O; 

..\(f31 + 61) + (1 - ..\)(1'2 + 62) ~ 0; 

(1 - ..\)c1 + ..\(2 ~ O; 

..\(1 + (1 - ..\)c2 ~ 0; 

(1 - ..\)(a1 + f31) + ..\(a2 + ,'2) > 0, 

Let R be the sunny generalized nonexpansive retraction of E onto B(T) and let { an} be a 
sequence of real numbers with an E (0, 1) and lirninfn---+oo an(l - an)> 0. Then a sequence 
{xn} generated by x1 = x EC and 

for any n E N is weakly convergent to an element 

where q = limn---+oo Rxn. 
Additionally, if C is closed and one of the following holds: 

(1) (1 - ..\)(a1 + f31 + (1) + ..\(a2 + ')'2 + s2) > 0 and ..\s1 + (1 - ..\)(2 ~ O; 

(2) (1 - ..\)(a1 + f31 + (1) + ..\(a2 + ')'2 + c2) ~ 0 and ..\c1 + (1 - ..\)(2 > 0, 

then q is a fixed point of T. 
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Theorem 4.3. Let E be a uniformly convex Banach space with a uniformly Frechet dif­
ferentiable norm, let C be a nonempty subset of E satisfying J(C) is convex and let T be 
an ( a 1, a 2, /31, /32, ry1, ry2, 61, 62, c:1, c:2, (1, (2 )-generalized pseudocontraction from C into itself. 
Suppose that there exists .X E [O, 1] such that 

suppose that 

(1 - .X)(a2 + ,82 + 'Y2 + 62) + .X(a1 + /31 + 'Y1 + 61) ?: 0; 

.X(a2 + 'Y2) + (1 - .X)(a1 + ,81) ?: 0; 

.X(,82 + 62) + (1 - .X)('Y1 + 61) ?: O; 

(1 - .X)c:2 + .X(1 ?: 0; 

.X(2 + (1 - .X)c:1 ?: O; 

(1 - .X)(a2 + ,82) + .X(a1 + 'Y1) > 0, 

and suppose that 1-1 is weakly sequentially continuous. Let R* be the sunny generalized 
nonexpansive retraction of E* onto J(A(T)) and let { an} be a sequence of real numbers with 
O!n E (0, 1) and liminfn--+oo an(l-an) > 0. Then a sequence {xn} generated by x1 = x EC 
and 

for any n E N is weakly convergent to an element 

where q = Iimn--+oo 1-1 R* Jxn. 
Additionally, if J(C) is closed and one of the following holds: 

(1) (1 - .X)(a2 + /32 + (2) + .X(a1 + "(1 + c1) > 0 and AE2 + (1 - .X)(1 ?: 0; 

(2) (1 - .X)( a2 + /32 + (2) + .X( a1 + "(1 + c:1) ?: 0 and .Xc2 + (1 - .X)(1 > 0, 

then q is a fixed point of T. 
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