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Well-posedness and ill-posedness of the stationary

Navier-Stokes equations in scaling invariant Besov spaces
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1 &

AT DIEEMGFARDES) % 5k 35 Navier-Stokes FiFER D EH M Z 22EHE R (n > 3)
IZBWTEZ 5.
—Au+u-Vu+Vr=f inzeR"
V-u=0 inxzeR"

22T, u=ux) = (u(x),u(x),...,u,(2)) BEF 7 =71(2) ZZNETNER 2 € R IZ
B33 RHOWHES B L CRMOEHEEL, [ = f(2) = (fi(@), fol@),.... ful)) 115
AONTNNERT. BB, u-Vu=3, ung“j Thd. ZOEHME(SNS)IZDW\WT
1%, FOMROEIENE, —BME, BLOCEMMEIZEL T REEPE SN TWS. HIZiX
Leray|[7] X Ladyzhenskaya[6] IZ & % (SNS) O DFFEVEIZBIT 2% eI N, 2D D5
Heywood[4] & (SNS) DEH D, FEEH TRANDOMOMKE LTHSND Z L ZFEHHL
7z. ¥7z, Secchi[8] IZ & % (SNS) D L" N LP, p > n 1T BT DEDFEMES K EAIMEIZD
WTORREEHTH 5.

ARRFZETIL, (SNS) DY, S X OFEBYIMEICERE LTS, £THDIT, ZDHEYIME
IZOWCHHIERER 25 A 5:

(SNS)

£ 1.1. (D, |- |p), (S.]-]ls) & 220D Banach & 2% (22T DIF5x 5Nk
71 (data) DJET 5%, 8LV S13f# (solution) DJET B2 %2£T) . /A (SNS)
DS 7B D L iEZEf S I LU C#EY) (well-posed) THB LI, HDEMe >0 &
e lZDAKIFET DS = d(2) > 0 BFEIEL TIRD (i), (i) BAZINDI %2V D:

(i) D DBAER Bp(c) 1B T 2RO TR LT, S ORISR Bs(6) (IZJET % (SNS) Ofi#
uWIPFIES D, 2D uld Bs(d) LB T 2L LTIE—ETHD. (Ro—EREEMN)

(i) () ICE D EBRTEDMMEM f € (Bple),| - |lp) — u € (Bs(9), ]| - ||s) 1Z#HETH 5.
Ozt 2 iR o itk A7)



ZZTBple)={feD; |fllp<e}, Bs(n) ={uesS; ||luls<d} THD. THabLiE)]
ThD e, HAHDEME LCHOERIZEWTHERE Fo/hE < 2 niE, ZoRHERM T
fift D — BTN S KON B @EHUREEDV R D LD Z & &2\ . iR (SNS) 23iE
T EBEDO LS4, K0 —BARZER DB XU S 2:kdd 2 L ix, WHFHIZ MO TH
R DOBEHELHETHD L NVZD.

JE4E Cunanan-Okabe-Tsutsui[3] # & U Kaneko-Kozono-Shimizu[5] i, (SNS) »3447%2
BID= B0 " LIRERS = PBya » IWHILT, 1<p<n®D1<q<ookbige
2% Z %R U7 (P Ik Helmholtz DEIRE) . %% DZERITIRTE TRE F X 115 AR Besov
ZEfTH Y, Sobolev 22D PR A TIZA D H 2 7\ VHBEEL (Dirac O 7V XL ) %
AT 2D EBGHEORMDIFVETEEIZ Lz, 512 p=nDHEITIE HSDHEED
FHEAVWDZLIZ&D, (SNS)IE1<q<20eED=DB2% S=PL"IZBELTHH
GICh s LAEHIBOENG. TNSD D & S 4% (SNS) I B BHT) f & s
Wl UCTAT —IVARETH D, KB, WInd D A7 — VAL {u, 7, f} = {ur, T\, A},
ur(z) = (), m(x) = XN2r(A\x), fi(z) =Nf(ox) TH Y,

Il = 1fllo, Nualls = [[ulls, YA > 0.
DS, UBITHD p, g DGE, T2bb
M p=nD22<q< o0,
Mn<p<oomPD21<g< 0

DEAIZHWVT, (SNS) DD = Bro 7 & S = PB,, » (2L THEYITH 2080 1AM
WThHo7z.

AR TE, LD 1), () DWFROBAICBNTS, (SNS) D= B,. 7 & § =
PBy P ICBILTEDTAWL (llposed) T EERLE. EDEL I (1), () DB,
fR58 feD—ueShH (FELEDN) R 2560552 L2 HLE. ¢
Bob, HENTIDOI{ fatnven THHT, DIZBEWT fiy X0 IR T 2%, % fy 23X L
THEET B uy € PL" DFID S OAHHT (X512 &0V B DRMETH-TH)
0IZPER LRV E S REDDBFEET 5. AFERIE, AT —IVAZE LK IR Besov 12 H
I} % (SNS) DM & JEEEIME DT X 45, ZNEN (p,q) € [1.n) x [1,00] DHE L (1),
(II) £ DHFEDRITHRING Z L ZWHHEIZRTEDTH 5.

FREMOFHD 72012, FELOIEERUKIFEZ 5 SR I T TI1DH % FFEEFHFTED S
B OAPRAEZ XS 2 fif D I e AR AFE 2 1158 U 7z Bourgain-Pavlovié[2] ¥ Yoneda[10] 12
& 2 JEBE R E AW 7RI A D 512 E > THERKT 5. X 512 Schrodinger 77 #2 A D JE#
YIHE % R U 72 Bejenaru-Tao[1] & DHEIZEEDWT, Bl OAMETE 0 IR L 22\ iR
{un}ven C PL" DFIO—EEAEM: % 7T
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2 #fE (BHZER, ARXOEW, 8L UBFOHRER)

S & R BB DZEN, B X0 S 2 EHIHEELE (Thbb SOX) OZEHE L, SD
HDZEM Sy 2, REHT pe SORBITHEMELTED S  EROZEHEER 0 ITH L,

/ x%p(z)dx = 0.
Rn

728, % Sy DR ERET L. ZOL EROAMPEY IO RSN TWDS
S, =8P,
ZITPIFZHALRDOEMTHS.
UZBIELD Littlewood-Paley I DOWTEHRT D. o€ S &

0ot swplo) = {eeRy jld <), Teero-16£0. )

JEL
RBBIL U, B {0)),, C S BIRTEDS.
¢;(€) = (27¢), jeL,
ZZTf=FfIEf®Fourier BEET. T ITHRHBRD IO L ITEELTHL.
supp(¢;) = {€ e R 27 < ¢l < 2F1}.

Z DR {¢i}en BLUOseR, 1<p,qg<oollHL, FIR Besov 22 Bé BIRD XS
IZEHRT B,

B, = {1 €SP Iflls, < oo}

1
(el s f1)) s g <o,
#1155, = |
swp,ea(P gy fll), g =00

FHR Besov 221X S'/P D372 & U T Banach 2Bl & 25 Z e BFIonTH Y, Z
EHIX (1) 2AT ¢ DBIUIMEE L. BN S 21, s 130 B, p 1% L WS
M, B LU ¢ IFFMERERT. S S5ITROUEBBRMPHLT 5.

Bi =B, sER 1<p<oo, 1<q <q <o,
Byl = By 1<q<o0, —00<s; <8 <00, 1<p <py <o, (2)

with s; —n/p1 = $2 — n/ps.

AT, Riesz BT > ¥ v )b (—A)s f e fE) (e e R) I, FEDs e R, 1 <
p,q < ool LT, B””f)’b BS ’\U)ﬂli*ﬁnﬁ”’i"—ix.é ERAYPXR

1=)% flgy, 2 1550



T, R R B GITAT D 72 01T, (SNS) Z IR AT EESHMAS. P [P —
Lg = {f €0 V=01 (P = (Py)icssens P = 8y + R;Ry) % Helmholtz D
Wedd ZITER; = W(—A)’ﬂ j=1,2 ... n ERiesz Z#TH 5. P(Vr) =0,
BECHEOV - u=0%2ulf LT Pu=uTh215, B P % (SNS) IS Xt
BT EITE>TRERS.

—Au+ P(u-Vu) = Pf,
& 5T (SNS) Dfff w IFHIRAITIRD L S I2RKI NS,
u=Lf+ B(u,u). (rSNS)

ZZT, Lf = (-A)'Pf, Blu,v) = —(=A)'P(u-Vov) TH5B. LTFTIFES ZOMY
FiFEK (rSNS) I DWW THEET 5.

1% U2, Cunanan-Okabe-Tsutsui, $ & U Kaneko-Kozono-Shimizu 1Z & 5 BEFD (rSNS)
((SNS)) DEEIMEIZEE S B IF5ERE R Z RN S,

& 2.1. (Cunanan-Okabe-Tsutsui[3], Kaneko-Kozono-Shimizu[5])
n>3,1<p<n 1<q¢g<oo&d5b. IZD&EHEA (rSNS) I 12 B;SJFE & fifzs
M PB,, " WHLEYTH 5.

22T, (SNS) I BWTZEM By o P (1< p,q < o0o) 34 fIZRLT, %M B, »
B I L TENENAY — L AT Y BORBOWH (2) 25D, py < p 551
B o B B ROB, T G B e D LI TEL.

p=nirD1<q< 2084, (rSNS) B4HZEM B2 L @2 PBY  CBLEYITH
ﬁ*”\ﬁ)ib\if*ﬂiﬁﬁﬁ%f?ﬁé U» USRDZE[H] % PL” 12 F TR 7‘7hi (k@i@@]‘l‘ﬁi@%%
EHEARIZEOND Z PO NT WS

BB 22 n>3,1<qg<2r¥5. I0LE (1SNS) I 1% B, 2 L i#ZER PL 12
BLTHEITHS.

LEOEYIMEE, IR TED 2y ARAOEMETME (B LLICB T 2@ETED+
PR BRI IEICEDRLND.

TE 2.3, (D.|-|p), (S| |ls) % 2 DD Banach 22l & 9%, SFER (1SNS) H34 1227
D Y fifZEfif] S 1ZBI L CEMICEY] (quantitatively well-posed) T#H 3 & 1%, H 5 EH
Cy,Cy > 0 DMEEL TIRD (i), (i) OFHEAK D LD Z & &2\ D

() [[Lflls < Cillfllp, VS e D,
(i) [[B(u,v)lls < Collullsllvlls, Vu,v e S.
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3 FHER

EHE 3.1, (EEE, [9) n>3&9%. BanachZfI DB LU D % D — D 2D (I)
EFF M) 2AETHEDET S,

(I) D=B,2 D=B;2 2<q<cx.

n,27 n,q°

n

= 2-2 ) = ._3+E m 1
() D=B,{,D=DB,, ",n<p<oo, 1<g< .

n,1»

(Zo & Eam 2212 X0 5EA (rSNS) 13422/ D L iRz PL" IZBIL Tt & 72 %)
WE £, 6>0%2EH1L1LIZEND, (rSNS) D D & PLM 2T 2 )M % a3 % 2 85
L, THIC0<n< e 2ERIZED. 2Dk EHEHR

feBom)l-115) = uwe Brun(d) - llp.)

BAREG L 25, 22T, (Bp(). || 15) & (Bpen(0), | [l52) 13T HEN D DLk AL
5 BBk Bp(n) &, Bl ORREFES BIER Bppo(0) 8T T b5, (1SNS) 12447120
D &7 PB e LB TH B,

EE 3.2, DE D% FEHOREDEY &T 5. E5IT, supyey lgnllp < € B4 S1DF
{gn}nen BAEFEIZL B, 2D EMB2.2125 0, % gy 12 L (1SNS) O—Ff# vy € PL"
DIFEET D, 512, D OAFHT 4l gy A0 IR T 272 61, Ytk (€% 1.1 0 (i) <
VRO oy & PL" DRAHTH ST 0ICWURT 2. & ZAHWEH 3.1 1%, D ORAET 4 H
DH] gy BROIZHR U722 ULTH, DS vy (& Bl ORMETEZ, B3 UH 0ITIGRT
BEIFRS RN L R EERT 5.

FER 3.3, n=2055, KO p qDBEIZEWTH, (1SNS) ((SNS)) 23] & 45 3k
WE L R DI D VWTIRRRO FETH S, EEEEIMEICBEL TE, 2T DEAICE
MBI DS (i) 2RT Z RN ETHD. — /5T, FETEEZF SR THLO
BHZOWTIE, B E TR LB E IR I THLETHS.

4 BEFADTTEF

fi 55 R EIZBI U T, Bejenaru-Tao[1] IZPA F Oz 2R LT W5,
8 4.1. (Bejenaru-Tao[1]) Jif&= (rSNS) (Z4 %M D & fRZE[H S IZBI U S iE
PThdedd W, LIEMEESRA, D -5, n=1223,.. ZRDEIIZEDS.

Aif=Lf,
Anf = pis1ri—n BARS, Aif), n > 2.



ZDEERD (1), (2) BELD LD,
(1) A fIESITEL, 2H2EHC > 0PFELT,
[Anflls < C"[fl, VneN.
EAET. ESHITVEVEDDEM: > 0MFELT, f € Bp(e) 2 513 (rSNS) O —F&fif

we SHEEL, Z0Midu=3"" A.f CREING.
(2) R D, SIZHU, ZNENGE VL |- |lp |- ls 252 3. Tibb,

1fllp < Cllfllp, Nulls < Cllulls.
T ¥, (1SNS) DIREM: f > u & 51 (Bp(e). || l5) 225 (Bs(6), [|- || 5) 125 L T g
THBROIE, HEDn e NIZHL, BB A, : D — S (Bp), || |) 25 (Bs(d), |- ll2)
W20 Uk TH B

M4 1L, ZOMEIZ LD, {A ey DT T—DTH M TRERE L 2572 51, 7T
DIREEMRE Z D[N TAERG L R D e 2B ®KT 5. Lizh - T, EH 3.1 2R 7121,
MOWEE RE XD THEI VD15,

WREA2 n>3L95 /2, DEDEEHIIDOEED £2F M DELEL, >0
ZEMILIZENDEEERL TS, ZOLENDF{ fninen BETERC =C(n) >0
T, RD (i), (i), (i) 2 AT HODEFEHET .

(i) supyen [[fnllp <,

i)

(i) || fnllp = 0 as N — oo,

(111) ianGN HAZ(fN)”Bgol,oo = il’lfNeN ||B(LfN, LfN)||B§ol,oo > C
EE 4.3 MEAIOHEBIZEASND X DIT, ZOHEIZ LS HEAOIEEY)MEDEF
BZIE, ZOABRADPEMEY 05 LS54 (TRbbROEFNE L mWAHTD
W2 B R IE M 2 REE L T D K5 %) BIREM D, SHBETHL. RIZZD X
5 IR BRI G, FiE 4.2 O (1), (i), (1i) KA T SIZEOFHEMER
Jim [ Aufllpn =0, VneN\{2}
HEERIZIINIERS VD, TNERTDIE—MHRITIZIES TlE.

EE 4.4 BEEEIMEORSR, BXU@mE41 OFRIEK —HROBESAEX (Thbb,
L:D—S B:SxS—8%&FNENEIIER I NAREIERZR, M ERFZE L L
i1

u=Lf+ B(u,u)
TRINDHEX) ICHHEHTES (B : FEEH Navier-Stokes HFEND Cauchy M —
f: #IHAME, L: Stokes ¥:#f, B: Duhamel JH) .
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5 W 4.2% AT HNDIEBRK
YeEST
supp(v)) = {€ € R™; [¢] < 1}, ¢(¢) > 0in {¢ e R [¢] < 1},
B5H0DE LD, ZABKEAWIROBEREHET %
U9 = (=A) {t,, cos(mzy)}, j=2,3, meN,

::Tw%:i%.:m%%%wfyﬁ%42%&t¢%ﬁ®m{h&%N%%m?%.if

— 0

IR5E (1), IE () DZBAEIZHT T, IRDEDBRNTA=R—(EDHNS1ERED D

{ Fz E el - ¥R ()
Iam =

Mea U8 — e (1)

CITAS0, M > 100 AT A=K —, ey = (0,1,0,...0), e5 = (0,0,1,...,0) 1ZZh
ZN oy i, 23 WIATIDBEMRZ MLTHY, T(r) =3, 171295 ZhoDsix
Bourgain-Pavlovi¢[2], 3 & U Yoneda[10] IZ & D f&R T N7z gIHHESN 2 2E1Z L5 DT
H5. MHOMIZV - oy =0THDDT, Poapyr = g A7 Lo T,

oo Lo K cos(2 ) {eathay (¢) = estn ()}, (1
Acos(Mxzy){eathy, (z) — e3thy, ()} (I)

Z ZIZHN B B D Fourier 28

Loy = (—A)'gam = {

1 - .
Fthe, cos(axy)](§) = —51'51‘{1/}(5 —ae)) +p(€+aer)}, j=2,3, a>0,
Flta kb a>0120 LT
{€eR: 277 < <IN {EeRYa—1<[¢<a+1}#0

81255 € ZIEEA3DUNFHELERNZ E, 512 (M) ODBAIZELU THMEED ki, by >
10, ky # ko IZXRL T

{J € Zi pj % (¥, cos(2521)) # 0} N {j € Z; 0 % (1, cos(2%21)) £ 0} = 0
MDD Z & 2ZETIUL, IROFH 255 LW TES

lgxmllp < CA, (3)

?AM ’ (D)
lonallp < § VIO (4)
CAM ™5, (D)



—/T, (1) DEA,

(Lgxar) - V(Lgam)

2 2 M

A A 2
= ?(ezqn + e3Py) + W(egfbl + e3Dy) kzzlo k= cos(28 1)

A2 . ) )
toprp (e Fes®) D k3 cos((2 +2%)m) + cos((2 — 2%)ay)
( ) 10§]£€7,£ll§]t1

=h+ 1L+
(m o,

1 1
(L) - V(Lgam) = 5)\2(62@1 +e3Dq) + 5)\2(62(191 cos(2Mx1) + e3Py cos(2May))
I, + I

P, = 'l/)ws/l/)wzm - 1//'1-2’1/}1%, Oy = _/l/)‘l'g/l/}r% + /l/szz/}mgm

THD (4,0 = gj:j; V) Ly Iy, BEOLIEANTA—R— MIZHIET2—H, [ 1 M

IRIEL 22\, & o CHTE & FREDTEEI > TEET 2 &, I, DO D OIS T
57=, M > 10012/ LT

IB(Lhar, Lhaad) g = (=) Pl = ON > 0. (5)
2155,
(3), 4), BEEB) 25, HASNEn>0IZHLTA= N > 02 FNS<EET S
ZEizLy,
In= Grg,N+100 N=123,...
L&D EDSNBHNTIDH { fxdven FHE 42D (1), (i), B L (i) ZAETI DD
5.

6 HiEE

Z O RIMS HFfR5E (NFIRY) FRERZERIO — (ke T DREI) 128 W TEERNSE
REOBERZTENZZ LIZEL £ LT, BFFRAEE ORRMPETJeE D ZEIB I3  HIfLH
LEFET.
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