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AZUMAYA ALGEBRAS AND SKEW POLYNOMIAIL RINGS

Shuichi IKEHATA

Department of Mathematics, Okayama University

This note is an abstract of the author's paper
[1] and includes some improvements of the results in
it.
| Throughout this note, every ring has identity 1,
its subring contains 1, and every module over a ring
is unital. A ring homomorphism means such one sending
1 to 1. 1In what follows, B will represent a.ring,
p an automorphism of B, D a p-derivation of B (i.e.
an additive endomorphism of B such that D(ab) = D(a)p (b)
+ aD(b) for all a, beB). Let R = B[X;p,D] be the
skew polynomial ring in which the multiplication is
given by aX = Xp(a) + D(a) (a€B). By R(O)’ we
denote the set of all monic polynomials in R with gR.
= Rg.

A ring extension B/A 1is called to be separable
if the B-B4homomorphism of BtsAB onto B defined
by a® b » ab splits, and B/A 1is called to be H-
separable if BG)AB is B-B-isomorphic to a direct

summand of a finite direct sum of copies of B. As
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is well known, an H-separable extension is separable.
A polynomial g in R(O) is called to be separable
(resp. H-separable) if R/gR 1is a separable (resp.
H-separable) éxtension of B. Moreover, a ring
extension B/A 1is called to be G-Galois if there
exists a finite group G of automorphisms of B such
that A = B® (the fixed ring of G in B) and J.;x;0(y,)
= 61,0 (ce G) for some finite X.,Y; € B.

We shall use the following conventions:

U(B) = the set of all invertible elements in B.

uy (resp. ur) = the left (resp. right) multiplication
effected by ue B, By = {uL | ueg B}.

D

B” = {aeB | p(a) = a}, B = {a€B | D(a) = 0}.

1. H-separable polynomials. In our study, H-
/éeparable polynomials in skew polynomial rings play
important r6les. Therefore, this. section is devoted
to giving some results cbncerning H-separable polyno-

m-1

mials. Throughput, 1let £ = o+ x a +...+ Xa, +

m-1 ' 1
a, be in B[X;p,D] and m > 2. First, we state the
following which is easily obtained from the result of

Miyashita [2, Theorem 1.9].

Theorem 1.1. Let ‘£ Dbe in R(O)’ and I = fR.
If £ is an H-separable polynomial in R, then there
exist Y124 &€ R with deg Y § m and deg z, <m

such that ay; = v;a, pm_l(a)zi = z.a (a €B) and
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I

m-1 _ k -
, = <
Ziin zZ; 1 (mod I), Ziin zZ; 0 (mod I) (0 £ k£

m-2), and conversely.

By virture of Theorem 1.1, we have the following

Proposition 1.2. Let £ be in R(O) = B[X;p](o).
If £ 1is H-separable in R, then aOGEU(B), p(ao) =
m o_ -1 _ o
agr 0 = (a0 )Z(ao)r’ and f =X + ag- Moreover,

. _,om 0
{geR | g is H-separable} = {X + b, | b €U (Z,B )ao},

where Z 1is the center of B.

Proposition 1.3. Let £ be in R(O) = B[X;D](O).
If f 1is H-separable in R, then B is of prime

characteristic p, and f 1is a p-polynomial of the

+ by (€ = m). Moreover, {gé&R l
= {

e pJ
form zj=0 XTTby g

. Je _pl D
g is H-separable} Zj=0x bj+l +8 |B - b, €2 AB }.

2. Azumaya -algebras induced by B[X;p]. Throughout
this section, B will méan a commutative ring, p an

‘automorphism of B, G the cyclic group generated by o,

A=BG=B, and R = B[X; po].

Theorem 2.1. Let £ = XU + Xm_la +...+ Xa, + a

1
bé in R(O)' and S = R/fR. Then, £ is H-separable

m-1 0

in R if and only if S 1is an Azumaya A-algebra. When
this is the case, there holds that B/A is G-Galois,

the order of G is m, f = XM+ ags and aOéEU(A).
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Theorem 2.2. The following conditions are
2qguivalent:

(a) B/A is a G-Galois extension with G of
order m.

(b) R(O) contains an H-separable polynomial
of degree m.

{c) R(O) contains a polynomial f of degree m
such that R/fR 1is an Azumaya A-algebra.

(@) {geR | g is H-separable} = {x™ + a |
aeU(A)}.

When this is the case, for every a € U(A), B
is a maximal commutative A-subalgebra of R/(Xm + a)R,
(R/(X" + a)R) @ ;B » B®, (R/(X" + a)) » M (B), and
moreover, if meU(A) then AIX]/(X™ + a)A[X] is a

separable splitting ring for R/(Xm + a)R.

Theorem 2.3. Assume that R contains an H-
separable polynomial of degree m > 2. For féER(O),
the following conditions are equivalent::

(a) £ 1is sepafable in R.

(by f = g(Xm) or Xg(X™) for some g(t) in
A[t](o) such that g(t) is separable in A[t] and
the constant term of g(t) is in TU(a).

(c) R/fR is a separable A-algebra.



3. Azumaya algebras induced by BI[X;D]. Throughout
this section, B will mean a commutative ring, D a

derivation of B, A = BD and R = B[X;D].

Theorem 3.1. Let f&R deg £f = m, and S =

(0) '
R/fR. Then the following conditions are equivalent:
(a) £ 1is 4H—separable in R.
(b) S 1is an Azumaya A-algebra.

(c) There exist yir 2; €B such . that

m-1 k
ziD (y;)z; =1 and ZiD (yj)z; =0 (0 <k < m-2).

Theorem 3.2. The followings are equivalent:

(a) 2B is a finitely generated projective module

of rank m and Hom(AB,AB) = B[D] (the subring generated

by BZ and D).

(b) R contains an H-separable polynomial f of
degree m.

(c) R(O) contains a polynomial £ of‘degree m
such that R/fR 1is an Azumaya A-algebra.

(a) R(O) contains a polynomial f of degree m,
and there exist y,, z;&B such that ZiDm—l(yi)zi =1
and J.0"(y,)z; = 0 (0 < k < m-2).

When this is the case, for any H-separable
polynomial £, there holds the following:

(1) R = B[X;D] is an Azumaya Al[f]-algebra

such that B[f] is a maximal commutative A[f]-sub-
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algebra of R with B[f]@A[f]R v R@A[f]B[f] N Mm(B[f])-
(2) B is a maximal commutative A-subalgebra

of R/fR with B®,(R/fR) » (R/fR) @,B v M_(B).

Theorem 3.3. Assume that R contains an H-
separable polynomial £f. Let VY : Alt] » R be defined
by W(go(t)) = go(f);

(a) ¥ induces a one-to-one correspondence between

(b) For gOeEA[t](O), 90 is separable in A[t]
if and only if R/W(gO)R is a separable A-algebra,
and moreover, W(go) is H-separable in R if and

. only if deg dg = 1.
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